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  Examples	
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§  Molecular	
  traits:	
  

	
  	
  	
  Molecular	
  binding	
  intera&ons,	
  e.g.,	
  between	
  transcrip&on	
  factors	
  and	
  	
  regulatory	
  DNA 

E(a) 

 a1      …                                  ak 

§  Organismic	
  traits:	
  

	
  	
  	
  	
  	
  	
  	
  body	
  weight	
  and	
  size,	
  shapes,	
  metabolic	
  rates	
  	
  
	
  	
  	
  	
  	
  	
  	
  fitness,	
  longevity	
  	
  	
  

§  Cellular	
  traits:	
  	
  

	
  	
  	
  	
  	
  	
  metabolic,	
  regulatory,	
  and	
  signaling	
  pathways	
  

	
  	
  	
  	
  	
  	
  

 Quan4ta4ve	
  traits	
  	
  occur	
  	
  in	
  coarse-­‐grained	
  descrip4ons	
  of	
  increasing	
  level.	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  



	
  Evolu&onary	
  theories	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

§  Sequence	
  level:	
  	
  popula4on	
  gene4cs	
  

è  Evolu4onary	
  systems	
  biology	
  	
  	
  	
  	
  	
  	
  	
  	
  

§  	
  Cellular	
  level:	
  	
  systems	
  biology	
  	
  

§  	
  Organismic	
  level:	
  	
  quan4ta4ve	
  gene4cs	
  	
  

§  We	
  need	
  to	
  rethink	
  the	
  quan4ta4ve	
  gene4cs	
  of	
  molecular	
  traits.	
  	
  
	
  



1.  Evolutionary statistics of quantitative traits"



Popula&on	
  gene&cs	
  

§ 	
  Stochas4c	
  equa4on	
  of	
  mo4on	
  for	
  popula4on	
  frequencies:	
  
	
  	
  	
  	
  

selec4on	
  	
   reproduc4ve	
  fluctua4ons	
  	
  
(gene&c	
  driT)	
  	
  

muta4ons	
  	
  

§ 	
  Equa4on	
  of	
  mo4on	
  for	
  the	
  frequency	
  distribu4on:	
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Figure 1. Evolution of a quantitative trait under stabilizing selection (schematic).
The trait E evolves in a fitness landscape f(E) favoring a single trait value E⇤

(red line, upper panel), which can be compared to neutral evolution (lower panel).
Its dynamics is a stochastic process, which results from the underlying genome
evolution (section 2). This process can be described by an ensemble of populations
(section 3). An individual population from the ensemble has a trait distribution
with mean � and variance (diversity) �; two such populations are shown as
brown curves. The trait mean is at a distance �̂ ⌘ � � h�i from the ensemble
average h�i and at a distance ⇤ ⌘ � � E⇤ from the optimal trait value E⇤.
The phenotypic population ensemble is characterized by the average divergence
between populations (which equals twice the ensemble variance h�̂2i), the average
diversity h�i, and the average distance from the trait optimum, h⇤i. Stabilizing
selection reduces all of these quantities compared to neutrality, but the relative
change is larger for h�̂2i and h⇤i than for h�i (section 4). Our theory describes a
number of important characteristics of the population ensemble: genetic load, free
fitness and predictability of evolution (section 5). The ratio between divergence
and diversity is the basis of a new test for stabilizing selection on quantitative
traits (section 6).

We describe the population state by recording the linearly independent frequencies
x = (x1, . . . , xK�1) for a set A of K � 1 genotypes (the one remaining, arbitrarily chosen
reference genotype a

K

has the frequency xK = 1 � P
a2Axa).

The evolution of genotypes is a stochastic process, which generates a probability
distribution of genotype frequencies, P (x, t). This distribution describes an ensemble of
independently evolving ‘replicate’ populations and follows a generalized Kimura di↵usion
equation [19, 31],

@

@t
P (x, t) =

X

a,b2A


1

2N

@2

@xa@xb
gab(x) � @

@xa
(ma(x) + gab(x)sb(x))

�
P (x, t). (1)

Here and below, we adopt the convention that di↵erential operators act on all functions
to their right. The first term on the right-hand side of equation (1) accounts for stochastic
changes of genotype frequencies by reproductive fluctuations in a finite population (i.e., by
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� ⌘ E =

Z
EW(E) dE, � ⌘ (E � �)2 =

Z
(E � �)2 W(E) dE, (3)

where overbars denote the averages within one population.
Similar to the approach taken by [14], we characterize the stochastic evolution of trait

statistics � and � by their distributions across population ensembles. In this paper, we also
employ a probabilistic description for the moving fitness seascape f(E, t). At each point
in time, Q(�,�, f, t) characterizes the joint distribution of fitness and trait statistics across
realizations of independently evolving populations. We characterize the dynamics of this dis-
tribution by a Fokker-Planck equation (equation of motion). As discussed in detail by [14],
the joint evolutionary dynamics of trait mean and diversity leads to a non-equilibrium sta-
tionary distribution even in static neutrality (absence of selection pressure). The nature of
this persistent probability current in the ��� plane however is not of biological significance.
Nourmohammad et al [14] showed that by forming appropriate marginal distributions, one
can disregard such probability current and still characterize the trait statistics under stabi-
lizing selection. For the choice of the adaptive fitness seascapes that we will introduce in
this paper, marginal distributions Q(�, F

1

, t) and Q(�, F
2

, t) are su�cient to characterize
the dynamics of the trait statistics. F

1

and F
2

are the mean population fitness in the � and
� coordinate respectively. In this paper we will further assume that an individual’s fitness
f(E) depends on the di↵erence between its trait value and the temporal reference trait E⇤(t)
which can change adiabtically over time,

f(E, t) = f(E � E⇤(t)). (4)

We also assume that the curvature of the fitness function is constant and the movement
of its reference trait E⇤(t) follow a di↵usion dynamics,

d

dt
R(E⇤, t) = rE⇤JE⇤R(E⇤, t), (5)

where JE⇤R(E⇤, t) is the corresponding probability current for the underlying time-dependent
distribution of the reference trait, R(E⇤, t). It should be emphasized that static fitness land-
scapes are the special case where the fitness-related probability current JE⇤R(E⇤, t) is zero.
The analysis by Nourmohammad et al. [14] focuses on this particular case. We can therefore
parametrize the projected fitness functions [14] only by the changes in the reference trait.

F
1

(�, t) = f(�� E⇤(t)) +
1

2
h�i @2

@�2

f(�� E⇤(t)) ⌘ F
1

(�|E⇤(t)), (6)

F
2

(�, t) =
1

2
h @2

@�2

f(�� E⇤(t))i�, (7)

This simplifying assumption also reduces the general form of the marginal distributions to
joint distributions for the reference trait and the trait statistics, i.e., Q(�, F

1

, t) ! Q(�, E⇤, t)
and Q(�, F

2

, t) ! Q(�, E⇤, t).
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Table 1. From genotypes to phenotypes. This table shows the genomic and
phenotypic stationary population ensembles discussed in the text. These
ensembles are obtained by di↵erent projections of the di↵usive genotype dynamics
(1) under time-independent selection, which are marked by arrows. In the low-
mutation regime, we obtain an equilibrium distribution of fixed genotypes,
which can be projected further onto an equilibrium of fixed trait values; see
equations (17) and (33). In the strong-recombination regime, we obtain an
equilibrium distribution of allele frequencies, which can be projected further
onto a joint equilibrium of trait mean and diversity; see equations (21) and
(34). For complex traits evolving without recombination, we obtain a stationary
non-equilibrium distribution of trait mean and diversity, which can be projected
further onto equilibrium marginal distributions; see equations (42), (48) and (52).

the equilibrium probability distribution under time-independent selection, P , with the
corresponding distribution for neutral evolution, P0; this relation can serve as a starting
point for the inference of selection. However, genomic equilibria do not exist for strongly
coupled multi-site evolution with large linkage disequilibrium, which is common in
asexual populations and even in sexual populations for compact, intermediate-size genomic
regions [12].

3. Evolution of quantitative traits

In this section, we first introduce the basic statistical observables for quantitative traits. In
the low-mutation and in the strong-recombination regime, we obtain phenotypic equilibria
by projection from the genomic equilibrium distributions discussed in section 2. For
complex traits evolving under linkage disequilibrium, we show that projection of the
general genotype dynamics leads to a stationary non-equilibrium distribution, which
describes the statistics of trait divergence and diversity under time-independent selection.
Further projections lead to equilibrium marginal distributions of trait divergence and
diversity, which are the basis for our subsequent analysis of stabilizing selection. The
projections from genomic to phenotypic distributions are also shown in table 1.
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This equation has an equilibrium solution

Qeq(�) =
1

Z
Q0(�) exp[2NF̃ (�)], (52)

where Q0(�) is the neutral equilibrium

Q0(�) =
1

Z0
��3�4✓ exp


� 4✓E2

0

�

�
(no recombination) (53)

with the normalization Z0 = (2✓E2
0)

�2�4✓�Euler(2 + 4✓). This distribution has mean and
variance

h�i0 = 4✓E2
0 (1 � 4✓) + O(✓3),

h(� � h�i0)
2i0 = 4✓E4

0 (1 � 8✓) + O(✓3) (no recombination).
(54)

It is of the form Q0(�) = `�1Q̂0(`�1�), with a scale-invariant shape function Q̂0, which
implies coherent scaling (44) of the diversity mean and fluctuations (see also appendix).

The trait diversity equilibrium (52) and (53) can be compared with its counterpart for
free recombination. The equilibrium distribution Qeq(�) for the free-recombining traits
is also of the form (52), with the neutral distribution Q0(�) obtained by projection from
the allele frequency distribution (22),

Q0(�) =
Z
�

 

� �
`X

i=1

E2
i

y
i

(1 � y
i

)

!

P0(y) dy1 · · · dy
`

(free recombination). (55)

For su�ciently large `, this distribution is again Gaussian with mean and variance [17]

h�i0 = 4✓E2
0 (1 � 4✓) + O(✓3),

h(� � h�i0)
2i0 = ✓

`X

i=1

E4
i

✓
1

6
� 14✓

9

◆
+ O(✓3) (free recombination),

(56)

which implies the standard scaling of diversity average and fluctuations, h�i ⇠ ` and
h�̂ni ⇠ `n/2 for (n = 2, 3, . . .).

In a generic fitness landscape, the equilibrium distributions (48) and (52) for trait
mean and diversity depend on each other, and a consistent joint solution has to be
obtained iteratively. Mean and diversity decouple in a linear fitness landscape [4], and
the dynamics of the diversity is still autonomous in a quadratic fitness landscape. This
case will be discussed in section 4.

We test our analytical results by simulations of a Fisher–Wright process under
stabilizing selection and at neutrality. We evolve a population of N individuals with
genomes a

(1), . . . , a(N), which are bi-allelic sequences of length `. A genotype a defines
a phenotype E(a) =

P
`

i=1Ei

a
i

; the phenotypic e↵ects E
i

are drawn from various
distributions. In each generation, the sequences undergo point mutations with a rate
⌧µ per generation (where ⌧ is the generation time). The sequences of the next generation
are then obtained by multinomial sampling; the sampling probability is proportional to
[1 + ⌧f(E(a)] with the fitness f(E) = �c0(E � E⇤)2 (details are given in section 4). For
sexual populations, we permute the alleles a

i,1, . . . , ai,N

at each genomic site i between
the individuals in each generation, which amounts to recombination with an infinite
rate. As shown in figure 3, the analytical equilibrium distributions Qeq(�) and Q0(�)
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3.3. Marginal evolution of the trait mean

By integrating over the trait diversity in equation (35), we obtain a one-dimensional
di↵usion equation for the trait mean. This integration amounts to replacing the variable
�, which appears in the di↵usion coe�cient g�� and in the selection coe�cient s�, by its
expectation value h�i. The projected equation reads

@

@t
Q(�, t) =


g̃��

2N

@2

@�2
� @

@�

�
m� + g̃��s̃�

��
Q(�, t) (45)

with the e↵ective di↵usion coe�cient

g̃�� = h�i, (46)

the mutation coe�cient m� = �2µ(� � h�i0) given by equation (39), and the selection
coe�cient s̃�, which is the gradient of the e↵ective fitness landscape

F̃ (�) = f̄(�, h�i) = f(�) + 1
2 h�i f 00(�). (47)

This equation has an equilibrium solution

Qeq(�) =
1

Z
Q̃0(�) exp [2NF̃ (�)], (48)

with

Q̃0(�) '
s

2✓

⇡h�i exp


� 1

2

(� � �0)2

h�i/4✓
�

(49)

and �0 given by equation (24). The Gaussian form of Q̃0(�) is valid for su�ciently large
values of `. It implies the scaling form (43) of the average and fluctuations of �, in
accordance with the central limit theorem. Since � depends only on the allele frequencies
of the constituent loci and not on their linkage correlations, the di↵usion equation (45)
and the form of its solution (48), (49) are valid regardless of recombination. However,
the distribution Q̃0(�) depends on the average diversity h�i under selection, which enters
the e↵ective di↵usion coe�cient (46). Hence, Q̃0(�) di↵ers from the neutral distribution
Q0(�). Because h�i depends on recombination (see below), the statistics of the trait mean
also acquires a small but systematic dependence on the recombination rate.

3.4. Marginal evolution of the trait diversity

For non-recombining populations, we obtain a one-dimensional di↵usion equation for the
trait diversity from equation (35),

@

@t
Q(�, t) =


1

2N

@2

@�2
g�� � @

@�

�
m� + g��s̃�

��
Q(�, t) (50)

with the di↵usion coe�cient g�� = 2�2 given by (37), the mutation coe�cient m� =
�4µ(� � E2

0) � �/N given by (40), and the selection coe�cient s̃�, which is the gradient
of the e↵ective fitness landscape

F̃ (�) = 1
2 hf 00(�)i �. (51)
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d�
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2N
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dE
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r

2
(E⇤ � E) + ⌘E⇤

h⌘E⇤(t)⌘E⇤(t0)i = �E

2
0 �(t� t

0)

2

with	
  noise	
  generated	
  by	
  gene&c	
  driT:	
  
	
  
+	
  similar	
  equa&on	
  for	
  	
  Δ	
  

d�

dt

= �h�i 2c0(�� E

⇤)� 2µ(�� �0) + ⌘�(t)

h⌘�(t)⌘�(t0)i =
h�i
2N

d�

dt

= �h�i 2c0(�� E

⇤(t))� 2µ(�� �0) + ⌘�(t)

h⌘�(t)⌘�(t0)i =
h�i
2N

�(t� t

0)

dE

⇤
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=
�

r
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2
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Adaptive evolution of molecular phenotypes

We obtain simple estimates of stabilizing strength and driving rate,

c ≈ 1
Ωstab

, υ ≈ 2Ωad(τ)
τ

, (78)

and we infer that a fraction

ωad(τ) ≡ Ωad(τ)
Ω(τ)

=
Ω(τ) − Ωstab

Ω(τ)
(79)

of the observed trait divergence is adaptive, i.e. driven by directional selection.
The Ω test reflects generic characteristics of quantitative trait evolution, which are

described by equations (74)–(76): The expected trait divergence 〈D〉(τ) always grows in
a quasi-neutral linear way for divergence times τ ! τeq(c); beyond this regime, it depends
on both stabilizing and directional selection. This behavior has important consequences
for applications. First, the Ω test is insensitive to selection if the species compared
are too close. Second, cross-species comparisons that provide evidence for enhanced Ω
values in a single lineage cannot distinguish directional from relaxed stabilizing selection.
These limitations may partially explain the difficulties to infer system-wide evidence for
directional selection on gene expression [61–63].

An important prerequisite for the wide applicability of the Ω test is its universality: the
divergence-diversity ratio depends on the selection parameters c and υ, but it decouples
from the trait’s genetic basis. In particular, it depends only weakly on the number and
trait amplitudes of the constitutive sequence sites, and on the amount of recombination
between these sites. All of these genetic factors are, in general, unknown. They act as
confounding factors for an inference of selection based on non-universal observables [18].
The Ω statistics also decouples from details of the selection dynamics; it can be applied
to continual as well as to punctuated adaptive processes. We have tested this universality
by extensive numerical simulations, which are reported in appendix B.

The Ω test is based on ensemble averages of trait divergence and diversity. Our
statistical theory also specifies the deviations of individual evolutionary trajectories from
the ensemble averages; these fluctuations are described by the propagator functions in
appendix A. We can use the propagator statistics to build a hidden Markov model for the
inference of selection from noisy trajectories of individual traits. This method is essential
in the analysis of trait divergence over phylogenies of species, which is described in detail
in a follow-up paper [42].

5.3. Comparison with sequence-based inference of selection

The Ω test for selection on quantitative traits is related to a test for adaptive sequence
evolution of the McDonald-Kreitman type [64]. This test evaluates the divergence-diversity
ratio Ω for a sequence class under putative selection (e.g. nonsynonymous mutations in
protein-coding sequence) and compares it to the analogous ratio Ω0 for bona fide neutral
changes (e.g. synonymous mutations). Positive selection in the query sequence is inferred
if Ω > Ω0. In this case, the amplitude ratio

α =
Ω − Ω0

Ω
(80)

estimates the fraction of nonsynonymous substitutions that are adaptive, i.e. driven by
positive selection [65].
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§  The	
  evolu4onary	
  sta4s4cs	
  of	
  quan4ta4ve	
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  shows	
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  characteris4cs.	
  	
  
	
  	
  
	
  
§  These	
  can	
  be	
  used	
  to	
  infer	
  phenotypic	
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§  The	
  single-­‐peak	
  seascape	
  	
  	
  -­‐	
  unifies	
  stabilizing	
  and	
  direc4onal	
  selec4on.	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  provides	
  a	
  minimal	
  model	
  for	
  adap4ve	
  evolu4on.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  
	
  	
  



2.	
  Evolu&on	
  of	
  gene	
  expression	
  levels	
  in	
  Drosophila	
  



Varia&on	
  of	
  gene	
  expression	
  across	
  7	
  Drosophila	
  species	
  	
  

§ 	
  	
  	
  	
  Compara4ve	
  assay	
  of	
  genome-­‐wide	
  expression	
  levels	
  	
  	
  [Zhang	
  et	
  al,	
  Nature	
  2007]	
  
	
  	
  	
  	
  	
  	
  -­‐	
  RNA	
  levels	
  of	
  >	
  6000	
  genes	
  from	
  inbred	
  lines,	
  	
  
	
  	
  	
  	
  	
  	
  -­‐	
  7	
  Drosophila	
  species,	
  2	
  popula&ons	
  of	
  D.	
  simulans,	
  	
  
	
  	
  	
  	
  	
  	
  -­‐	
  data	
  from	
  males	
  and	
  females.	
  



The	
  papern	
  of	
  gene	
  expression	
  divergence	
  	
  

§ 	
  	
  	
  	
  Ω	
  ra4o	
  for	
  clades	
  of	
  different	
  divergence	
  4mes	
  	
  

The	
  Ω	
  data	
  are	
  	
  	
  	
  	
  -­‐	
  incompa&ble	
  with	
  neutral	
  evolu&on.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  incompa&ble	
  with	
  evolu&on	
  under	
  &me-­‐independent	
  stabilizing	
  selec&on.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  consistent	
  with	
  evolu4on	
  in	
  a	
  single-­‐peak	
  fitness	
  seascape.	
  

[Nourmohammad,	
  Rambeau,	
  Held,	
  Berg,	
  ML,	
  submiped]	
  



Inferring	
  adap&ve	
  evolu&on	
  

§ 	
  	
  	
  	
  Aggregate	
  analysis	
  

§ 	
  	
  	
  	
  Probabilis4c	
  inference	
  for	
  individual	
  genes:	
  	
  

	
  	
  	
  	
  	
  	
  Between	
  	
  	
  	
  mel	
  and	
  sim,	
  	
  	
  	
  about	
  	
  	
  	
  	
  	
  	
  	
  8%	
  	
  	
  	
  	
  	
  of	
  the	
  observed	
  expression	
  divergence	
  is	
  adap&ve.	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  mel	
  and	
  pse,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  64%	
  
	
  	
  	
  

•  54%	
  of	
  all	
  genes	
  are	
  significantly	
  adap&ve	
  (ΦML	
  >	
  	
  4).	
  

•  Less	
  adapta&on	
  in	
  genes	
  with	
  specific	
  codon	
  usage	
  
and	
  in	
  genes	
  with	
  high	
  expression	
  level.	
  	
  

•  More	
  adapta&on	
  in	
  genes	
  with	
  broad	
  codon	
  usage,	
  	
  
	
  	
  	
  	
  	
  	
  genes	
  with	
  specific	
  func&ons	
  (sensory	
  percep&on,	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  regula&on,	
  neural	
  matura&on,	
  regula&on	
  of	
  growth,	
  	
  
	
  	
  	
  	
  	
  	
  aging	
  and	
  morphology),	
  	
  
	
  	
  	
  	
  	
  	
  genes	
  with	
  male-­‐biased	
  expression.	
  	
  
	
  
	
  	
  	
   [Nourmohammad,	
  Rambeau,	
  Held,	
  Berg,	
  ML,	
  submiped]	
  



Inferring	
  adap&ve	
  evolu&on	
  

§ 	
  	
  	
  	
  Tes4ng	
  alterna4ve	
  evolu4onary	
  scenarios:	
  	
  

•  Lineage-­‐specific	
  demography.	
  	
  

•  Lineage-­‐	
  and	
  gene-­‐specific	
  relaxa-on	
  of	
  stabilizing	
  selec-on:	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  stochas&c	
  gene	
  loss.	
  	
  

•  Punctuated	
  fitness	
  seascape:	
  	
  	
  
	
  	
  	
  	
  	
  	
  large	
  peak	
  shiTs	
  with	
  small	
  rate.	
  	
  
	
  
	
  
	
  	
  	
  

[Nourmohammad,	
  Rambeau,	
  Held,	
  Berg,	
  ML,	
  submiped]	
  



	
  Conclusions	
  Conclusions	
  (2)	
  	
  

§ 	
  	
  	
  	
  Adap4ve	
  evolu4on	
  of	
  gene	
  expression	
  in	
  Drosophila	
  is	
  pervasive.	
  	
  	
  

§  The	
  adap4ve	
  paSern	
  of	
  expression	
  has	
  two	
  molecular	
  clocks.	
  	
  	
  
	
  	
  
	
  
§  Quan4ta4ve	
  gene4cs	
  can	
  be	
  put	
  to	
  use	
  for	
  evolu4onary	
  systems	
  biology.	
  	
  	
  
	
  	
  


