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Abstract

We establish a large deviation principle for a reflected Poisson driven SDE. Our
motivation is to study in a forthcoming paper the problem of exit of such a process
from the basin of attraction of a locally stable equilibrium associated with its law
of large numbers. Two examples are described in which we verify the assumptions
that we make to establish the large deviation principle.
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1 Introduction

Consider a compartmental model for an infectious disease which takes the form of the
Poisson driven SDFE

2= B Ly p (v [ sz o), )

where NV is the total size of the population that is assumed to be constant, k is the number
of possible types of transitions for a given individual, the d components of Z"*(t) denote
the proportions of individuals in the d distincts compartments at time ¢, P; (j =1, ..., k)
are mutually independent standard Poisson processes, h; € {—1,0,1}* (j = 1,...,k) are
the distinct jump directions with rates §;(.) which are R —valued, and such that the
solution of (1) remains in the set

A::{ZGRi:izigl}.

i=1
Under appropriate assumptions, as N — oo, Z*(t) — Y?Z(t) in probability, locally
uniformly in ¢, where Y*(¢) solves the ODE
dY~
dt
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(1) = b(Y*(#)), Y*(0) = 2, (2)




with b(z) = 2?21 Bi(2)h;. We have established in [13] a large deviation principle for the
solution of such an SDFE.

Our aim in this paper is to establish a large deviation principle for a similar Poisson
driven SDFE, which is reflected in the interior of some subset O of A. Indeed, let us
look at the literature on the exit problem from a domain O of a dynamical system with
a small Brownian perturbation. We note that most authors assume that the dynamical
system crosses JO non-tangentially i.e. (n(z),b(z)) <0, for all z € O where n(z) is the
unit outward normal to dO at z. On the other hand, Day in [I| considers the case of a
"characteristic boundary", i.e. where the dynamical system which begins at a point on
the boundary remains there, in other words (n(z),b(z)) = 0 for all z € JO. For instance,
O might be the basin of attraction of a locally stable equilibrium of the ODE (2). In
order to study the limit as N — oo of the exit law of a small Brownian perturbation of
the solution of (2) from O, he needs first to study the large deviation of a reflected SDE.

Similarly, we want to study in a forthcoming publication the large deviation of the exit
law of a solution of (1) through a characteristic boundary of a stable domain of its law of
large numbers limits Y*(¢). Our motivation is the study of the most probable trajectory
of ZN#(t) when exiting the basin of attraction of an endemic situation, which is a locally
stable equilibrium of the deterministic model (2).

The proof of the large deviation principle for the reflecting Poisson driven SDFE follows
the same steps as the proof of the large deviation principle for the original Poisson driven
SDE defined by (1), but the arguments are modified when necessary. The paper is
organized as follows. The reflected Poisson driven SDE is defined in section 2. The law of
large numbers for that reflected SDE is established in section 3. Some preliminary results
towards the large deviation are established in section 4. The lower bound is established
in section 5, and the upper bound in section 6. Finally, in section 7, we show that our
assumptions are satisfied in two examples of epidemics models which we have in mind
among the possible applications of our results.

2 The reflected Poisson driven SDE
We will need to consider in this paper the sets OY = O N AW) where
AW = {z €eA:Nze Z‘i}.

For any z € O, we let [Nz] = ([Nzi], ..., [Nz4]) where [a] denotes the integer part of the
real number a. And we define the vector zVV by

V2] o INZ - A
o it 5§ €0,
Z T Yarginfly — 2| otherwise.
yeOWN)

We now define the d—dimensional reflected process Z N7y

~N _~N,z ,J__ N,j
ZN@) = 2N (t) = 2N + = Zh@t Zh/ (Vom0 10

1
N , ~ N.j
=2" + N ]E_l hj/o 1{Z It JGO}dQ (3)



where the Qs are defined by
t
= p (v [ BN as). ()

We remark that for any ¢t > 0, ZV(t) € O™Y) and then a solution of (3) on the time interval
[0, 7] belongs a.s. to D5, which is the set of functions from [0, 7] into O and which are
right continuous and have left limits. The aim of this paper is to show that the solution
of the above reflecting Poisson driven SDFE obeys the same large deviation principle with
the same "good" rate function as the solution of (1). In the sequel, we denote PV the
probability measure on Dy 5 such that the process ZN has as initial condition ZV (0) = 2V,
where 2" is chosen as we specified above.

The main difficulty to establish our result is that some of the rates ; vanish on parts

of the boundary of the set O. To solve this problem, we make the following assumptions:

Assumption 2.1. 1. O is compact and there exists a point zy in the interior of O
such that each segment joining zy and any z € 0O does not touch any other point
of the boundary 00.

2. For each a > 0 small enough and z € O, denoting z* = z + a(zy — 2), we assume
that there exist two positive constants ¢, and co such that

|z — 2% < ¢a,
dist(z%, 00) > caa.
3. The rate functions B; are Lipschitz continuous with the Lipschitz constant C'.

4. There exist two constants \; and Ay such that, whenever z € O is such that Bi(z) <
A1, Bi(2%) > B;(2) for all a €]0, Ao .

5. There exist constants v €|0,1/2] and ag > 0 such that C, > exp{—a~"} for all
a < ag, where
C, = inf inf B;(2).

J  z:dist(2,00)>caa

We define o = sup  supf;(z).
1<j<k z€A

3 The weak law of large numbers

We first assume that 0O is smooth enough so that the following assumption is satisfied.

Assumption 3.1. There exists a function u € C}(O) which satisfies the following as-
sumptions:

1.O=An{z€0:u(z) >0}, 00 =AN{z€ O :u(z) =0}
2. Vu(z) # 0 for all z € 00.
3. There exist Cy, Cy > 0 such that min{C dist(z,90), Cy} < u(2), for all z € O



_ k
4. (b(2),Vu(z)) >0 for all z € O, with b(z) = ;Bj(z)hj.

k _
5. There exits p > 0 such that { — gn(2), Vu(z)) > pd> 1y w,__y forallz € O,

where .
gn(z) =) Lr. oy 1ibi(2):
j=1

In the remaining of this section we assume that both Assumption 2.1 and Assumption
3.1 are in force.

—~

Lemma 3.2. Let (MY (t));>0 be the process defined for all t > 0 by

k t

— ~
t) = h:ly. S dQ
M ( ) ]Zl\/(; ¥ {ZN(87)+%€O} QS )

where . .

R R Al

N 0

Then ./\7]\’() is a square integrable martingale and for all T > 0,

— p
sup (M) — 0.
0§t£T| ( )l N—+o0

Proof. MY (t) is a square integrable martingale since it is a sum of k stochastic integrals of

bounded predictable processes with respect to square integrable martingales. We deduce
from Doob’s inequality, see e.g. [11] ,that

E( sup [MY(0)) < 4E(IMY (D))
- 4E<<MVN>T>’

where (M™) is the increasing predictable process such that |MM(t)[* — (M) is a
martingale. We have

T kK
— 1 5
N\ 2 N
()= [P oy VB2 )
j=1
kdoT
< .
- N
Thus Lo T
E( sup |MN(t)|2>§ ]3 —0, as N — .
0<t<T
The result follows. []

W



We note that equation (3) can be re-written as

Z(t) = 2" + /0 b(Z™(s))ds — /0 gn(Z" (s))ds + MM (1), (5)
where for all z € A, b(z) = iﬁj(z)hj

Lemma 3.3. Let (fN(t))tzo be the process defined for all t > 0 by

Then for all T > 0,

Proof. Let u be the function appearing in the Assumption 3.1. Applying Itd’s formula to
u, we deduce that,

W(ZN () / (Vu(ZN(5)),b(Z" (5)))ds — / (Vu(ZN(5)), gn(Z¥ (s)) Vds
/<Vu (ZN(s)), dMN (s +Z (ZN(s)) —u(ZV(s7)) = {Vu(ZV (s7)), AZN (s))].

Thus, we can use the Assumption 3.1 4 to deduce

w(ZN(1)) > u(=N) - / (Va2 (5)), g (27 (s)))ds + E¥ 1 &2, (6)

where

g = / (Vu(ZY(s)), dMY (s))

0

G =0 [ulZN(s) = u(ZV(s7) = (Vu(ZN(s7)), AZV(s))].

s<t

Moreover sup |§tN ’1| 0. Indeed, again from Doob’s inequality,
0<t<T N—+o0

E( sup ') <4E(GYP)

0<t<T
< 4E((X™),).
But

&)y = [ 1wz @)Paiar),

NZrh : / VUZ¥ DL 1 o) B EY O

kdO’KlT
< .
- N




Then vdo KT
E( sup |C~tN1|2) <M L0 as N — oo

0<t<T N

We also have sup \ftN ’2\ 0. Indeed by Taylor’s expansion, if 0 < ¢ < T is a jump
0<t<T N—+o0

time of ZN(t),
wW(ZN ) —u(ZV (7)) = <Vu(ZN(t‘)+0AZN(t)),AZN(t)> for some random 0 < 0 < 1.

Consequently, since u € C}(O) and |AZN(t)| < Vd/N,

u(Z™(t)
=|(v

Nz

>—wuzN< ) = (Vu(Z¥ (7). AZY (1)
w(Z() + 0827 (1) - Vu(ZV (1)), AZY (1))

<|vu(z¥e >+9AzN< )) = Vu(ZY ()] x |aZ¥(t)
< % sup  |Vu(z+0Az) — Vu(z)| = %léN,With oy = 0as N — co.

z€O,\9Az|§%

It follows that

sup ¢, |—Sup|z s)) —u(ZN(s7)) — (Vu(ZN(s7)), AZ"(s))]]

0<t<T

<Z\u (Z4(9) ~ u(ZV(7) — (V2" (57)), 57" (3)

s<T
Vi,
< Vv e

Then

(OittlgTKf”D <V E(ZQ )ow
< C'kdy.
Let 6 > 0 and .
BN = {ze O : ;I{H%QO} >0}
and with the convention that inf ) = oo, let T5N 1 be the stopping time defined by
TN = inf {t >0: XY > 25/3} AT.

By using (6) and the Assumption 3.1 5 we have for any ¢ € [TN Al

. 25~ _
w(ZN(8) = p3 + G Y

6



We deduce that

inf  w(ZV(t)) > p%(s + inf (@Nl + (~tN2)

Tt <t<T Tt <t<T
Then 5
lim IF’Z< inf  w(ZN(t)) > —) =1. 7
Jm (et 20) 2 g 0

With the convention that inf ) = oo, let T(SN 2 the stopping time defined by
T =it {t > TN ZV0) € BY} AT,

As u = 0 on the boundary 0O and Vu is bounded, there exists a constant p" such that if
ZN(t) € BY then u(Z™(t)) < p'/N and then we deduce from (7) that for any § > 0,

lim P,(T,* < T) =0,

N—o0

and consequently
Nl@@ﬂ(/() Z L o 005 > 6) =0
O

Theorem 3.4. Let ZN(t) be the sequence of processes solution of the reflecting Pois-
son driven SDE (3) with the initial condition 2. Assuming that the 8;’s are Lipschitz
continuous, then for all T > 0,

ZNt)-Y(@®)| — 0,
sup 27 (1) Ol

where Y (t) is the unique solution of (2).
Proof. We have

_ N.j
7 z+Nzh/ o1
t
_ N >N MY (¢
— +/Ob(Z (s))ds + MN( /Z {27 ]go}ﬁj ))hjds,
where MY (t) is defined as in Lemma 3.2. We define

@N(t)zﬂN(t)—/ Z (7500s jgo}ﬁ] ))h;ds

and
UN(t) = ZN(t) — V().



Then .
1ZY(t) =Y ()] < |UN(t) = Y ()] + 2% (2)].

Moreover we have the following inequalities where the second one follows from the Lips-
chitz character of the ;s

U0 = YO < 120 = 2|+ [ 1607 6) + 9 (6) — b () s
< |V — 2+ kC /Ot U () = Y (5)|ds + kC /Ot Y (5)|ds.
We now deduce from Gronwall’s inequality
U0 =Y (O] < (12 = 2|+ 40 [ [97(5)1ds) expfhC
hence
1ZV(1) — Y ()] < (|ZN — 2|+ kC /Ot |<I>N(s)\ds> exp{kCt} + |®¥ (1)),

Therefore

sup |ZN(t) =Y (t)] < |2V — 2| exp{kCT} + (1+ kCT exp{kCT}) sup |®"(t)].

0<t<T 0<t<T

Lemmas 3.2 and 3.3 imply that sup,, [®V (t)]l>0, as N — oco. The result follows. [

4 Large Deviations: preliminary results

For all ¢ € ACr 5, the subspace of Dy 5 consisting of absolutely continuous functions, let
Aq(¢) denote the (possibly empty) set of R¥-valued Borel measurable functions p such
that

k
doy ;
o ;Zl pihi, ta.e.
We define the rate function

inf I , if g € ACr s,
iy | T, 6 € Acro
0, else,

where

ol = [ 3 ek Byo)a

with f(v,w) = vlog(rv/w) — v +w. We assume in the definition of f(v,w) that for all
v >0, log(r/0) = co and 01log(0/0) = 0log(0) = 0.
The following result is a direct consequence of Lemma 4.22 in [10]



Lemma 4.1. Let I a closed subset of Dy 4 and z € A. We have

lim  inf inf  Ip(¢) = inf Ir(¢).

=0 yeA,ly—z|<e pEF,do=y PEF,Po=2
The next lemma states a large deviation estimate for Poisson random variables.

Lemma 4.2. Let Y1,Y5,...be independent Poisson random variables with mean oe. For

all N € N, let
XN
YV =—3% "y,
v

For any s > 0 there exist K,ey > 0 and Ny € N such that with

g(e) = Ky/log™'(e71), (8)
we have B
PY(YN > g(e)) < exp{—sN}
for all e < eg and N > Nj.

Proof. We apply Cramer’s theorem, see e.g [2|, chapter 2 :

1 _
limsup — log(PY (Y™ > g(e))) < — inf A¥(2),
N—oo N x>g(e)

where Af(z) = supyep{ Az — Ac(A)} with
Ac(N) = log(E(eM?) = ge(e? — 1).

We deduce that .
Al(z) =xlog — — x + oe.
o€

This last function is convex It reaches its infimum at x = oe and as lim._, % = +00

there exists €; > 0 such that g(€) > oe for all € < ¢; and then, with the notation a. = b,
meaning that there exists a constant C' such that C~'b, < a. < Cb, for all € > 0,

nt ) = g log 2 () + o
= g(€) log(g(€)) — g(e) log(o€) — g(e) + o
~ g(€)log(1/e)

~ Ky/log(l/e) > 00 as e€—0.

Then there exists €, > 0 such that inf,>gc) A(z) > s for all € < €. The lemma follows
by choosing ey = min{ey, €3 }. O



5 The Lower Bound

This section is summarized by the following result whose proof is essentially the same as
that of Theorem 2.4 in section 2 of [13]. It mainly uses a Girsanov change of probability
for doubly stochastic Poisson processes as well as the law of large numbers established in
section 3.

Theorem 5.1. Assume that both Assumption 2.1 and Assumption 5.1 are satisfied. Let
ZN= be the solution of (3) with t restricted to [0, T).

a) Forz€ O, ¢ € Dro, ¢o=2,1m>0 and § > 0 there exists Ny 5 € N such that for all
N > Nm(g

inf B, (12 = 6llr < 8) = exp{=N(Iz(6) + n)}.

yily—z|<6/2

b) For any open subset G of Dr o, the following hold uniformly over z € @)

.. 1 5N .

— > — .

th_>1an logP,(Z" € G) > ¢€C1£z§fo:z Ir(9)
y—z

6 The Upper Bound

In [13], the upper bound was established as a consequence of a result in [1]|, which does
not apply here. This is why we need to detail the proof of the upper bound.

In this section, we shall assume that both Assumption 2.1 and Assumption 3.1 are in
force.

For all ¢ € Dy and F C Dy, we define pr(¢, F) = infyer ||¢ — ¢|r. For z € O,
8,5 > 0 we define the sets ®.(s) = {¢ € Dyp : g = z,Ip(¢) < s} and Fj(z) = {¢ €
Dio : pr(,0.(s)) > 8},

The following Proposition constitutes the main step in the proof of the upper bound.

Proposition 6.1. For §, n and s > 0 there exists Ny € IN such that
P.(Z" € F}(2)) < exp{—N(s — 1)} (9)
whenever N > Ny and z € O.

Proof. Let ZN(t) = (1—a)ZN(t)+azy then ||ZN = ZN |7 < cra and for all ¢ya < 6(d—1)/d,

. ~ )
P.(Z" € F;(2) < P.(pr(Z), 0(5)) > =). (10)
We now approximate the ZV by piecewise linear paths. Let € > 0 be such that T/e € IN.
We construct a polygonal approximation of ZV defined for all ¢ € [le, (¢ + 1)e[ by
t—le

S (=

T, = Y9 = ZN(le)

10



Since {||ZY — Yllr < S} N {pr(ZY,®.(s)) > 3} C {pr(L. 0(s)) > &},

. (pr(2Y,0.()) 2 5) < Bu(pr(T, 0090 2 o) + B (125 = Tl 2 )
)

< > 7N — > — .

< P(Ir(0) 2 5) + P (I12Y = Tle = ) (1)

We now bound P, (Ir(T) > s). For any choice p € A4(T) we have Ip(T) < Ip(Y|u) and
P.(I7(T) > s) < P.(I7(T|p) > s). (12)

Let {u],1 < j <k} € Aq(T) be constant on the intervals [le, (¢ + 1)e[ and equal to

1—a
Hy = [

S [ o) - n(v [a@ew)]. o

To control the change of T over the intervals of length €, we will use the constant g(e)
from (8) and consider the collection of events B = {B.}.~o defined by

T/e—1
B.= () B with Bf:{ sup  |ZN(t) — ZV(t)] < gle) for ¢:1,...,d}.
=0

Le<t1,ta<(f+1)e

We have
P.(Ir(Y|p) > s) < P.({Ir(Y|u) > s} N B.) + P,(BY). (14)

Combining (10), (11), (12) and (14), we deduce that

P.(ZY € F3(2)) < Bu({Ir(Th) > s} 0 B + B.(B) + . (|12 = T = ). (19

The next Lemmas give appropriate upper bounds for the three terms in the right side of
(15). The proof of the first one relies upon Lemma 4.2.

Lemma 6.2. For any s > 0 there exists €, > 0, Ny € N and K > 0 such that

5 dkT
P.(B) +P.(||ZY — Y|z > §/2d) < 2T exp{—sN} (16)

for all e < ey, N > Ny and any z € O.

Proof. 1t is enough to show that the two terms on the left of (16) have %L exp{—sN} as
upper bound. For the first terms in that left side, we first remark that for all j =1,....k
and £ =1,...,T/e we can write

(¢+1)e N Le N
/ B;(ZN)ds < B;(ZN)ds + oe.
0 0
Moreover, we have

r= U U { s 12025 w) > 0@}

e<t1,to<le

11



Thus
T/e
PBO <Y S R s (ZN(0) - 2(0)] > 90}

i=1 (—1)e<t1,ta<le

Using (3) we have

sup 1ZN(t1) — Z (t2)]
(—1)e<tq,ta<le

hi' t1 . t2 .
= E :_J —1 . o Nyj _ —1 . o N,j
(4—1)68;11),15296 7 N[/O (1 1{ZN(S)+%J¢O})dQS /0 (1 1{ZN(S)+%J¢O})dQS ]

1 Le '
<V ‘ / (= Tiani sty goy) 49
J (£—1)e
1 (£—1)e . (£—1)e .
< N; Pj<N/O Bi(Z%(s))ds + Noe ) — Pj(N/O B2V (s))as)|
1

where Z; j = 1,..., k are Poisson random variables with the mean Noe. Then

P s 12N = 20| > (0} < BPYNTIZ > gle)/b

e<ty,ta<le

Since it is a Poisson random variable with mean Noe, Z; is the sum of N iid Poisson
random variable with mean oe. Hence, from lemma 4.2, for each s > 0 there exist
constants K > 0, € > 0 and Ny € N such that

]P)z{ sup |ZZN(t1) - ZZN(tz)| > g(e)} < kexp{—sN}
(£—1)e<ty ta<le

for all € < ¢! and N > N,. Consequently

dkT
P.(BY) < - exp{—sN},
€

which is the first half of (16). We now establish the second half.
We first show that there exist ¢, < €l and Ny € N such that for all € < €, N > N

and any z € O,

~ dkT
B.(I1ZY ~ Yz > 6/2d) < = exp{—sN}.
€

12



We deduce from (3) that for all ¢ € [le, (£ + 1)¢[

(L+1De—t,

) ot - . >
125 =T £ ——= IZV+ 1)e) — ZN)| + |Z () — Z] (te)|

K3 2 €

t— e 1 (£+1)e A

< — _ ~ o N,j

= z]: N|/t R R TL P Lo
t

+(€+1E)e—tzl

N X _ NJ
N' Jp (U= Lm0y 05

J
Le

B(NA%MVMZW@MQ—fo()@uﬂ@»wﬂ

1
DI
J
1
SN;
1
Sﬁzj:zj,

where the Z; are as in the first part of the proof. Let € be the largest e such that
§/kd > g(¢). Then we have from Lemma 4.2 that for all € < ¢y = min{e}, €5} and N > N,

Pj(N O& B.(ZN(s))ds + NUE) . Pj(N 0& ﬁj(ZN(s))d:s)‘

d
. - _)
P.(| 2V = Ty > 8) < P.(JUZ¥“() = Ti| > 5} for some ¢ € [0,7])
i=1 d
T ‘ 5
<= 7N () — T > =
< max PZ(g“Zl (t) — Y3 > d} for some t € [le, (£ + 1)6[)

€ 0<U<T/e—1

kT dkT
< SO P21 /N > §/kd) < - exp{—sN}.
€ €

The result follows. O

It remains to upper bound P, ({I7(Y|u) > s} N B,) from the right hand side of (15).
We first deduce from Chebyshev’s inequality that for all 0 < a < 1

exp{aN I (T|u)}1p,)
exp{aNs} '

E,
(L (X]p) > s} 0 B) < = (17)
In order to conclude the proof of Proposition 6.1, all we need to do is to get an upper
bound of the numerator in the right hand side of (17) of the type exp{N{d}, with ¢
arbitrarily small. This will be achieved in Lemma 6.6. Note that the ideas behind this
proof come from [3| and the proof of Theorem 3.2.2, chapter 3 in [7]. We first establish

Lemma 6.3. Forall0<a<1,j=1,..,kandl{=0,..,T/e—1, there exists W; which
conditionally upon }"jXN are mutually independent Poisson random variables with respective
mean Nef; = Ne(B;(ZN (le)) + Cdg(e)), such that if

(t4+1)e )
0 = exp {aN F (el Bi(X0)dt f1

Le

13



and
(1—a)WV;

eN 7 ;’j>}

Eﬁ = exp{aNe(o + 2Cdg(e)) } exp {aNef(
where By = (Bj(Te) — Cdgle))y, then

@ﬁ < Ef a.s (18)

Proof. On BY, if g(¢) < 1 and t € [le, (£ + 1)¢], we have
(£+1)e B ~
‘N/ Bi(ZN(t))dt — NeB;(ZN (€e))| < NeCdg(e), j=1,...k.
Le

If 1], j = 1,..., k are defined by (13), we have

j (1 —a)W;
0< 7 < E—N a.s., (19)
where
Le B N te ~
W= B (N | B(2(s))ds + eN(B(2"(00)) + Cag(0) = By (N [ 32" ()ds).

Moreover on the event B! for all t € [le, (£ + 1), if 857 = (8;(Ye) — Cdg(e))s,
Bi7 < Bi(Th) < 577+ 2Cdg(e).

Hence, again on B’ . A A
F Qs B5(Ce)) < f (i, By™) + 2Cdg(e).

In fact,
j j i j
futs B5(Th)) = pui log By Mt B(T+)
< itog L _ 4 gm 1 ac log V2
< puii log e py + By +2Cdg(€) + 11z log 5,(T)
< f(ul, B07) +2Cdg(e) since log Bj(g;t) < 0.
As i} = ), is constant over the interval [fe, (£ 4 1)e[, we deduce that on B!
(+1)e
exp {aN g, Bi(T0)dt} < exp{aNef (), B7) + 2aNCdeg(e)}.  (20)
(18) follows from (19), (20) and the convexity of f(v,w) in v. O

The next Proposition gives us an upper bound for the conditional expectation of the
right hand side of the inequality (18).

14



Proposition 6.4. Let a )

h(e) [ log g*/2(e )] where v is the constant in the

For all 0 < o < 1 there exist €q, K, and K such that for all € < ¢,
we have, with g(e) defined by (8), for any z € O,

]Ez<exp {aNef(% C”) }|]—}6>} < Ko exp{NeK(1 — o+ 2h(e) + 2dg(e))}.

Proof. Conditionally upon F7, W; is a Poisson random variable with mean N eﬁﬁ' More-
over we have, see the definitions of 3,

N

Assumption 2.1 5

and /) in the statement of Lemma 6.3
1587 = 1 < Cla+2dg(e)).

a) and @ = (1 — a)«, we have

= o faver (g ) ) = B {aves (G )

With ¢ = ¢/(1 —

N
= Z exp {&Nef( ) } (NGﬁz) exp{—Neﬁg}

m)!

- Sy () - By o) SN

< exp{NeC(a + 2dg(e))} Z exp{ am}

m>0

: _ Jo\m ,
(Nep - (L) exp-Ned (1 - a))

¢

eXP{ Oém}(Nﬁ 7ym(i- a)<%)meXp{—N€5g’j(1—5‘>}-

4

< exp{NeCi(a+ 2dg(e))} Z

m>0

(21)
= 2"(1=%) exp{—2z(1 — &)} reaches its maximum at z = m/2

(Negdy 0= expl—aNe? (1 - )} < ()™ exp{om(1 - a)}.

Since the function v(x)

Thus

L exif—@m} (Ve 1) (LL) " exp—Nege(1 - )
m>0 ’

4

< exp{Negii(1-ay Yy = eXp{ M(@/ﬁ )

= (22)
m>0 2(1 )

We shall show (see the proof of Lemma 6.5 below) that for all 0 < o < 1 there exists
€ > 0 such that for all € < ¢, ,

B
é}
Then for e small enough we have

< 9l—a)/2 _ 9(1-d)/2.

< Neb(1-a) f¢

eXp{Neﬁg }Z <qu/5 > < a (23)

a)

m>0

since the above series converges. The proposition follows from (21), (22) and (23)
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Lemma 6.5. For all 0 < o < 1 there exists €, > 0 such that for all € < €,

B g-a)2 _ g1-a)2
a,j )
¢

with again & = (1 — a)a, a as in the statement of Proposition 6./.
Proof. We have )

Bl _ _ Bi(ZN(le)) + Cdy(e)

. (B](ZNQ(&E)) — Cdg(e))*
If 8;(ZN(le)) < \; we have using the Assumptions 2.1 4 and 5,

Bg Bi(ZNe(te)) + Cdyg(e)
“] - (ﬁJ(ZNa(E(—:)) — Cdg(e))*t

Cdg(e
CotCdgle) _ 1 0

~ (Co— Cdg(e))* — (1 cdg<>)
172(c)

—1 as e€—0.

If ;(ZN (te)) > A1, we have

B B;(ZN (le)) + Cdg(e)
0 (B](ZN(&)) — CChle) — Cdg(e))*
A1+ Cdg(e)

—_ 1 .
S a = CCn(e) — Cagleyyr 1 & <70

Then there exists €, such that ﬁﬂT‘?y < 20=0)/2 < 9(1=8)/2 for all € < ¢,. O

(4

The next lemma gives us an upper bound for the quantity ]Ez<exp{aN Ir(Y|p)}1 Be>-

Lemma 6.6. For all 0 < a < 1 there exist €, K, and f(l such that for all € < €., we
have the following inequality

E. (exp{aNIz(T)} 15, ) < (2K.)" explkNTE (1 - o+ h(e) + 4dg(e))},  (24)
for any z € O.
Proof. We first deduce from Lemma 6.3 and Proposition 6.4
E.(0)F) < E.(EUFY) < Koexp{NeRy(1— a +2h(e) + 4dg(e))}

Moreover, the E?, j = 1,...,k are conditionnally independent given ;. So we can
take successively the conditional expectations with respect to F% ., F ]\} e o YV to

(Z-1)e
conclude that for all 0 < a < 1 and € < ¢,,

Ez(exp{aNIT(T\u)}lBe>: ( (1‘_[11‘[@4‘ 1))) ( (ﬁﬁ*f\ 1)))
SEza:[ H”%(ﬁE Fir 1>e)>

(=0 j=1

= (K.)'¢ exp{kNTK1(1 — o+ h(e) + 4dg(e))}.
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The result follows O

We now conclude the proof of Proposition 6.1. The upper bound of the first term in
the right side of (15) is obtained by combining (17) and (24). Indeed, for all 0 < o < 1,

1

v

e < min{eg, €4, €1} and a = h(e) = [— log g'2(e)| ",

P.({Ir(Y|n) > s}NB,) < (Ka)%T exp{kNTK,(1—a+h(e)+4dg(e))} xexp{—aNs} (25)
Combining (15), (16) and (25), we have for all 6 > 0, «, € and a as above,

2dTk
€

~ kT

P.(ZN € Fi(2)) < (K,)« exp{kNTK,(1—a+h(e)+4dg(e))} xexp{—aNs}+

exp{—sN}.

Finally, we choose 1—a and e small enough to ensure that kT K (1—a+h(e)+4dg(e)) < n/4
and (1 —a)s < n/4. We also take N large enough so that k7T log(K,)/Ne < n/4 and
log(2dkT/e)/N < n/4, hence we deduce that for any z € A,

P.(Z" € Fi(2)) < exp{—N(s - n)}.

m
We now establish the upper bound.
Theorem 6.7. For any closed subset F' of Dy 4, z € A
1 -
li —logP,(ZN € F) < — inf Ip(9). 26
im sup- log Py )<= inf Ir(¢) (26)
Yy—z

Proof. We first assume that inf e g po—. I7(¢) < 00, and let v > 0 be arbitrary. By Lemma
4.1, there exists €7 > 0 such that for all € < €7,

€Aly—z<e = _inf Ip(¢)> inf Ir(¢)—7.
yeAly—2se= if Ir(¢)z inf Ir(¢)—1

For € < €7, let s = infyep go—z IT(0) — 7,
W()={oeF:|pp—zl<e} and Ue)= |J @,
y€A7|y—Z‘§€

W (e) is closed in Dr 4 and does not intersect the set U(e), which is compact, see Propo-
sition 4.21 in [10]. By the Hahn-Banach theorem,

0= inf inf - > 0.
¢€W(€)¢EU(€)H¢ Yllr

We deduce that for all n > 0 and any y € A with |y — z| < ¢, there exists Ny € N such
that for all N > Ny, using (9) for the second inequality,

P,(ZN € F) = P,(ZY € W(e))
<P, (ZV € F5.(y))
< exp{—N(s —n)}.
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Consequently, for any N > Ny (where Ny depends upon €, v and 7) and |y — z| < €7,

1 5N :
— < — .
NlogIP’y(Z €EF)< ¢>€}{<lz>fo=z[T(¢)+7+n

We deduce that

1 .
limsup— logP,(ZN € F) < — inf T +v+n,
m sup log P, ( )<= inf Ir(@)+y+7
y*}z

for any v,n > 0, hence the result in the case infyepg,=. I7(¢) < co. Otherwise, for any
s > 0, there exists ¢ > 0 such that the distance between W (e) and U(e) is greater that
some ¢ > 0. Following the above argument, we deduce that

1 N
limsup— log P, (ZY € F) < —s + 1,
N—oo N

y—z

for any s,7 > 0, from which the result follows. m
We deduce as in [2| Corollary 5.6.15,

Corollary 6.8. For any open subset F' of Dr 4 and any compact subset K of A,

1 -
li —1 P.(ZVN € F)< —inf inf Ip(o).
m sup  log sup ( ) < —inf eitd 7(¢)

7 Applications

In this section we present two models of infectious diseases for which the hypothesis 3.1
is verified. Indeed, the characteristic boundary (that we note 0O) between the basin
of attraction of the disease-free equilibrium z and the basin of attraction of the endemic
equilibrium z* is the global stable manifold of the saddle point Z (another point of endemic
equilibrium). We know from [9] (Theorem 1.3.1, page 13) that this boundary is a curve
of class C*.

7.1 A model with vaccination (SIV)
7.1.1 Description of the model

We consider the so-called SY IV model: it is a model with vaccination and demography.
In this model, we suppose that a population with constant size N is divided into three
compartments namely: S™(t), IV(t) and V¥ (t) are respectively the number of suscepti-
ble, infectious and vaccinated individuals at time ¢. Figure 1 gives us a good graphical
representation of the disease transmission for this model. We assume that susceptibles
are vaccinated at rate n and lose their protection at rate ; the vaccine is not perfect but
decreases the rate of infection by a factor x € [0,1]. While each infected infects a given
susceptible at rate 3S™(t)/N, it infects a given vaccinated individual at rate xSV /N,
where 8 = rk, k being the mean number of individuals met by one infected per unit time,

18



uN BSNIN /N

(birth rate) S (infection rate) ] uI™N
L SN v N
(death rate (recovery rate)

ovN
SN (loss of vaccinatio BVNIN/N (x € [0,1])
(vaccination rate (infection of vaccinated

uvy

Figure 1: Diagram of the SYIVV¥ model.

r (resp rx) is the probability that an encounter between an infected and a susceptible

(resp a vaccinated) results in an infection.

The proportions of infectious iV (t) = % and vaccinated vV (t) = ijv(t) can be

described as follows. Let Py, P, P3, P, , Ps, Py, P; be iid standard Poisson processes:

i) = N (0) + %Pl (N5 /0 "IN (s)(1— N (s) — VN (5))ds) + P (Nxs /0 t (5o (s)ds)

(e ) = (o [ ),

If we let

hy = (LO)T, Bi(z) = Ba1(1 — 21 — 22),
h2 = (17 _1)T7 62(2) = Xﬁzlz%
hs = (=1,0)", B3(2) = vz,
h4 (Oa _1)T> B4(Z) - 022,
h5 = (O, 1)T, ﬁ5(2) = 7](1 — 21— ZQ)
he = (—170)T, 56(2) = Hz1,
h7 = (07 _1)T7 ﬁ7(Z) = W22,
our epidemic model takes the form
oy - V2] 1§ e
Z¥o(t) = 2+ < ;hjpj (v /0 Bi(Z7(s))ds ), (27)

where ZN20(t) = (i (t), o™ (t)).
It is easy to show that for all T > 0 the process (Z"*(t))o<;<r defined by (27)
converges almost surely and uniformly on [0, 7] as N tends to oo to the solution (i(t), v(t))

19



of the following ODFE

LLt) = (B —p—7)at) = (1 = x)z(t)2(t) — B21(t)
L2(t) =n—n=1(t) = (n+ p+0)2a(t) — xBz1(8)2(1).
where i(t), v(t) denote respectively the proportion of infectious and vaccinated at time

t. This deterministic STV model (28) is the two dimensional version of the SIV model
studied in [ 1] by Kribs-Zaleta and Velasco-Hernandez (see Theorem 1). They show that

if (1 +0+x1)* < (u+7)x(1 = x)n and By < B < By where

(28)

w+04+n
= -+ -
Bo (N 7)#+0+X77
w+0+xn 2
51=u+7—7+;\/(u+7)0(1—x)n,

then two endemic equilibria z* = (2§, 25), Z = (21, Z2) exist, one of which namely 2* is
locally stable while Z is unstable. These two equilibria are completed with the disease free
equilibrium Zz (21 =0,z = —1 ) which is locally stable. The figure 2 shows the basin

p+0+n -
of attraction O of the endemic equilibrium z*. It is delimited by the boundary 0O and it
contains the point z*. The first components of the equilibria z* and Z are the solutions
of the equation 29 and the second components is given by equation 30 below

Dy2? + Dy + D3 =0
where Dy = —0x, Dy =x(8—p—7) — (n+0+xn) (29)
and Dy = (u+0+n)(1—#5) — (1 - x)n.

B n(l—2)
9 = .
w40 +n+ Bxx

(30)

7.1.2 The boundary 9O in the SIV model

The aim of this section is to establish that the assumptions 2.1 1 and 2.1 2 are satisfied by

the model with vaccination of [11] and with O the basin of attraction of the equilibrium
. We define
e (D;;) the straight line whose equation reads (5 —pu —v) — 5(1 —x)22 — 21 =0 i.e
pll=x)  Bll=x)
e (H1) the curve having the equation n —nz; — (n+ p + 0)20 — xBz122 = 0 i.e
n—n=

Zo = s
2T XBa+ (et 0)

In order to obtain a parametrization of the characteristic boundary on the interval [0,
2], we make the change of variable u = t/(1 + ¢) and the ODE (28) can be re-written

{%w = (8 = =y (w) = B = X)ys (w)ya () — By3(u))
W2 () = azln — ma(u) = (n+ p+ 0)ya(u) — xByr (w)ya(w)].

(31)
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Figure 2: The characteristic boundary 90 in the SIV model
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Remarks 7.1. e The part of characteristic boundary 5@1 which starts from the point

B (different to the origin) to the unstable endemic equilibrium Z of the dynamical
system (28) has as parametrization the solution p'(u) = (p}(u), ps(u))o<u<1 of (31)
with the initial condition B.

The part of characteristic boundary 552 which starts from the extremity E to the
unstable endemic equilibrium Z of the dynamical system (28) (see Figure 2) has as
parametrization the solution p*(u) = (p3(u), p3(w))o<u<i of the dynamical system
defined by (31) with as initial condition the point E.

Thus the characteristic boundary admits as parametric curve (p(u))o<u<a defined by

pt(u) if 0<u<l1
pu) =<2 if u=1
P’(2—u) if 1<u<2

As the tangent to the boundary 90 at the origin B 1s vertical, by the continuity
there exist a ball Br,(B) and a constant v > 0 such that for all (p1(u),pz(u)) €

90 N Bg,(B),
pa(u)
Pr(u)

>V

In all what follows, D15 will be the line having the equation zo = vz;.

From these remarks we deduce that for all ¢ € [0,2], pi(u) > 0 and pe(u) > 0 since
the first part of the characteristic boundary is below both (D;;) and H; and the second
part 862 is above both (D) and H;.

Now we choose the point zy € O such that the following conditions are satisfied

2o is above (Dy1) and (H;),
2p is below (Dy ),
zp is at the right side of (D 3),

its second coordinate is smaller than that the point of 90 at distance Ry to B.

It clear that such a point exists.
We now verify the assumptions 2.1 1 and 2.1 2 through the proof of the following
Lemma

Lemma 7.2. The assumption 2.1 1 is satisfied and there exists 6 €]0, 7| such that for all
y € 00 and a €]0,1],

dist(y*,00) > a x sin(f) x inf |v — 2. (32)
vedO

where y* =y + a(zy — y) and 2z is chosen above.
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al™
uN BSNIN /N (recovered rate)
(birth rate) SO (infection rate) [ BSNI/N Sl

(re-infection rate)
pl™ pSy

Sy
(deoath rate)

Figure 3: Compartmental diagram of S IS model.

Proof. We first note that the only part of boundary 0O on which (32) could fail is the
boundary 90. So let’s check it on this one. To this end we divide the boundary 8:@ into
three parts. The first one goes from B to the intersection point (namely C) of JO and
the horizontal line passing through the point z;. The second part goes from C' to the
intersection point (namely D) of 0O and Bg,(B). And the last goes from D to E.

On the first part of 55, we fix a current point y and we denote by 6;(y) the angle
that the segment which joins the points z; and y makes with the vertical line passing
through y. We also denote 5(y) the angle that make the same segment with the line
with slope v passing through y. It is not very difficult to see that there exist 6} and 6,
such that /2 < 6;(y) < 0] < 7,0 < 6 < 0y(y) < m/2 and then sin(6;(y)) > sin(h]) and
sin(f2(y)) > sin(6q)(see figure 2).

On the part of the boundary 90 from C to D, there exist 67 such that 0 < 62 < 0, (y) <
7/2 and 0 < 0y < O(y) < 7/2 and then sin(6;(y)) > sin(6?) and sin(fz(y)) > sin(6y).

For the part of 90 from D to E, the segment from zy to y makes with the horizontal
line passing through the point y an angle 65(y) and with the vertical line passing through
the point y an angle 64(y). Moreover it is not difficult to remark (see figure 2) that
there exist #3 and 6, with 0 < 03 < 03(y) < 7/2, 0 < 0, < 04(y) < 7/2 such that
sin(f3(y)) > sin(f3) and sin(04(y)) > sin(6y).

We deduce from the above that for all y € 56,

dist(y*,00) > min sin(0;(y)) < |y* — y|
=ax min sin(:(y)) x |y — zo

=ax min sin(6;) x vle%fb |v — zo].

7.2 A model with two levels of susceptibility (S5y/51)
7.2.1 Description of the model.

The SY IV SY epidemic model is a model which describes an endemic infection having two
levels of susceptibility. In this model, we suppose that a population with constant size N
is divided into three compartments namely:
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e SYV-"the class of naive individuals" who are susceptibles without past infections. i.e
individuals who have never been infected and may contract the infection.

e IV is the class of infectious individuals

e SV is the class of susceptible individuals with at least one past infection. They are
also called recovered.

We assume that the probability of infection of an S{¥ type (resp. S{) individual upon
contact with an infected individual is 7o (resp. r1). If k is the number of individuals
which an infected individual meets per unit time, the rate of infection from Sy (resp.
S1) compartment is oSy () IV (t) /N (resp. xSy (t) IV (t)/N). Each infected individual
recovers at rate a. Each individual dies at rate p, at which he is replaced in the population
by a susceptible individual. The total population size is constant equal to N. The
schematic representation of the disease transmission for this model is given by figure 3

The process described above is a continuous Markov Chain with state (I™(t), S™V(t)).
Let Py, P, P3, Py, P5 be the iid standard Poisson processes, we have

V() = iV (0) + %Pl <N /Ot BN (u)(1 — i (u) — siv(u))du) - %Pz <N /Ot az‘N(u)du>
— %Pg, (N /Ot ,uiN(u)du> + %Rl (N /Ot T/BiN(u)s]lV(u)du> (33)

sV (t) = sV (0) + %PZ (N /Ot aiN(u)du) — %RL (N /Ot rﬁiN(u)siV(u)du> - %]% (N /Ot usf(u)du),

where iV (t) = % and s1(t) = % represent respectively the proportion of infectious

and the proportion of susceptibles which have already been sick. Thus if we let Z¥*(t) =
(i"(t), s ()" and

o Bi(x) =By (1 —x1 — 33), by = (1,0)7

The equation (33) can be re-written as

ZN4 (1) = [N—]\fo] + % i h,P; (N /0 t Bj(ZN’ZO(s))ds>. (34)

It is easy to show that for all T > 0 the process (Z"*(t))o<;<r defined by (34)
converges almost surely and uniformly on [0, 7] as N tends to 0o to the solution (i(t), s1(t))
of the ODE

{%(ﬂ B(1 = z1(t) = za(t)) 21 (1) — pza(t) — ez (t) + 7Bz (1) 2 (1)
%(t) = az(t) — pea(t) — rBzi(t)z(1),

24

(35)



B

Proportion of infectious

Figure 4: Characteristic boundary 0O in the SyIS; model
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with the initial condition (i(0),s1(0)) = zo. Note that the deterministic model defined
by (35) is the SpIS; model studied by M. Safan, H. Heesterbeek, and K. Dietz [15]. The

basic reproduction number is given by

B
a+pu’

Ry = (36)

and for r > 1+ p/a, if we let

*_
0=

* / - 1 2
a+ [ T

then If the parameters values are chosen in such away that Ry < Ry < 1 and r > 1+ pu/a,
there exist two positive endemic equilibria (E'E): the first one z* defined by (38) which is

locally asymptotically stable and the second one Z defined by (39) which is unstable. In
addition the disease free equilibrium (DFFE) z = (0,0) is locally asymptotically stable.

2 a4
* 1 1 e S S T 7 Ro’
S ((1 7Ry (a+#)Ro> + (1 o (a+M)R0> + <a+mr19co> (39)

- pArpzy
2
- dp(l—5-)
1 _ 1 e ) _ _ 1 H R
1 =5 ((1 rRo (a+u)Ro) \/(1 rRo (oz—i—u)Ro) + (oz-l—u)rl%o) (39)
22 = Mffﬁlgl

7.2.2 The boundary 90 in the SolS; model

In this section, we verify that the assumptions 2.1 1 and 2.1 2 are satisfied for the model
SNINSN. On the figure 4 we see the bassin of attraction O of the equilibrium 2* delimited

by the boundary 0O and containing the point z*.
Let

e (D, ) the straight line having the equation —(a+p— ) + 5(r —1)zo — fz; =0 i.e

2y = L o+ +pu—p
-1 Br-1)7
e (H) the curve having the equation azy — pze — rfz122 = 0 i.e
[0 %41
29 = ————,
2 T’le +u

In order to obtain a parametrization of the boundary 90 on the interval [0, 2|, we
make the change of variable u = ¢/(1 +t) and the ODFE (35) can be re-written

{%w = 2 [(B = wya (w) + Br — Dy (wya(u) — By (w)]
%(u) = (1—111,)2 layr (u) — py2(u) — rBy:(u)ya(u)).

(40)
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Remarks 7.3. e The part of boundary 9O which starts from the point B = (d,0)

(intersection point between 0O and the horizontal azis) to the unstable endemic
equilibrium Z of the dynamical system (35) has as parametrization the solution
q'(u) = (g1 (u), g3 (u))o<t<1 of (40) with the initial condition B = (d,0).

e The part of boundary 00 which starts from the unstable endemic equilibrium Z
of dynamical system (35) to the point F' (different to (0,1)) is parametrized by the
solution ¢*(u) = (¢3(u), 3 (u))o<u<1 of the ODE defined by (40) with initial condition
the point F (see Figure /).

Thus the characteristic boundary admits as parametric curve (q(u))o<u<z defined by

(uw) if 0<u<l
qu) =<9z if u=1
PR2—-u) if 1<u<?2,

e As the tangent to the boundary 90 at the point I is almost vertical, there exist a
ball Br,(F') and a constant w > 1 such that for all (q1(u), g2(u)) € 0O N By, (F),

We then defined by (Ds.s) the line having for equation zo = —wzy + 1.

e The tangent to the boundary 90 at the point B = (d,0) is a line whose slope is
bounded as follows '
o q2
—_— < =
atp—F ¢
As 90 is a continuous curve, there exists a ball Br,(B) such that for all (q1(u), ¢2(u)) €
00 N Bgr,(B), .
a q2
— < =
atpu—0 ¢
We also defined by (Da3) the line having for equation zo = —ari At afl‘iﬁ.

From these remarks we deduce that for all (¢;(u), g2(u)) € 90, g, (u) < 0and go(u) >0

since the first part of the boundary 0O is below of (D, ;) and Hs and the second part is
above of (Dq) and Hs. )
Now we choose the point 2y € O such that the following conditions are satisfied

e 2, is the below of (Dy;) and (Ha),
e 2 is on right of (Dy5) and (D 3),

e 2 is a point of the horizontal line passing through G (intersection point between
the vertical line passing through B and the line whose equation is z; + 25 = 1),

e the orthogonal projection of zy on the horizontal axis is at a distance smaller than
R3 from point B,
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e the projection of 2y on the vertical axis and parallel to the line whose equation is
z1 + 2o = 1 is at a distance smaller than Ry from point F'.

We rewrite the ODE (35) as 2(t) = g(z(t)). We want to verify that for any z € 50
with zo < Z, the vector g(z) points in the sector (37/4, 7). The reader can then easily
verify that the same is true for —g(z) if z € 9O while 2, > 7.

The fact that ¢g(z) points in the north-west direction follows from ¢,(z) < 0, ga(z) > 0.
It thus remains to prove the

Lemma 7.4. For any z € 90 with 2, < %, g1(2) + ga(2) > 0.

PROOF {z(t), t > 0} denoting any trajectory of the ODE (35), we define {(t) = 21 (t) +
25(t). It is easy to verify that

CE() =~ + B20)E) + 50— E@)a (D),

hence for any 0 < tq < t,
0 - (- [ (it as(o)ds ) +5 [ exp (-] (it Bes())dr ) (1-€(6)) a5

and since g;(z) < 0if 2z € 8NO with 2o < Z5, we have that along the trajectory of (35) from
B to z, if £(tg) <0, then £(t) < 0 for all t > t.
Now, at a point z = (21 + a, 23 — a) for a € R, we have that

f(t) =(a+p—rpz)a.

At the point (0, Z; 4 22) (that is with a = —Z), we note that 2, (t) = 0 and 25(t) = —puz <
0, which implies that (a + 4 — 78%;) > 0. Consequently at any point z on the half line
{(zZ1 + a,23 —a), a >0}, &(t) > 0.

We first conclude from the above two facts that the trajectory of (35) from B to 2
lies entirely below the half line {(2; + a, 23 — a), a > 0}. Indeed, if that would not be the
case, there would be points above that half-line which would be on the left of 5@, hence
a trajectory of (35) starting from such a point would eventually converge to (0,0), hence
cross downward the half line {(Z; + a, 22 — @), a > 0}, which is impossible.

Since the trajectory of (35) from B to Z lies entirely below the half line {(z; + a, Z5 —
a), a > 0}, necessarily for any ¢, > 0 there exists t > ¢, such that £(t) > 0, which, as
a consequence of the first statement in the present proof, implies that & (t) > 0 for any
t > 0, hence the result.

We now deduce the assumption 2.1 1 and 2.1 2 through the proof of the following
Lemma.

Lemma 7.5. The assumption 2.1 1 is satisfied and there exist 6 €]0, [ such that for all
y € 00
dist(y*, 00) > a x sin(f) i%fo |v — 2o,
ve

where y* =y + a(zo — y) and zy is chosen above.
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Proof. We note here that it is enough to show this last inequality over 90. Now for
y € 00, if y € 00 N Bg,(B), we define 5(y) as the angle made by the horizontal line
passing through y and the vector from y to zp and 6;(y) as the angle made by the vector
from y to zy and the parallel line to (D 3) passing through y. For the part of 90 from C
to D, 65(y) is the angle made by the parallel line to the line whose equation is z; 4 25 = 1
passing through y and the vector from y to 2. The angle 6,(y) is made by the vector
from y to z and the vertical line passing through y. For the part of 90 from D to B,
01(y) is made by the vector from y to zy and the horizontal line passing through y and
05(y) is the angle between the parallel line to (Ds2) and the vector from y to zy. In the
last part of JO i.e from E to F), 05(y) is made as in the part from D to E and 6;(y)
is the angle between the vector from y to 2y and the parallel line to the second bisector
passing through y. It is easy to see in each part of 0O that there exists 6 €]0, 0] such that
sin(61(y)),sin(6(y)) > sin(f). And then there exists § €]0, 7| such that

dist(y, 90) > 1
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