MALLIAVIN CALCULUS FOR THE STOCHASTIC
2D NAVIER STOKES EQUATION

JONATHAN C. MATTINGLY! AND ETIENNE PARDOUX?2

ABSTRACT. We consider the incompressible, two dimensional Navier Stokes equation with
periodic boundary conditions under the effect of an additive, white in time, stochastic
forcing. Under mild restrictions on the geometry of the scales forced, we show that any finite
dimensional projection of the solution possesses a smooth density with respect to Lebesgue
measure. We also show that under natural assumptions the density of such a projection is
everywhere strictly positive. In particular, our conditions are viscosity independent. We are
mainly interested in forcing which excites a very small number of modes. All of the results
rely on the nondegeneracy of the infinite dimensional Malliavin matrix.

1. INTRODUCTION

We consider the movement of a two-dimensional, incompressible fluid with mean flow zero
under periodic boundary conditions. We analyze the problem using the vorticity formulation
of the following form

(1.1) é;:(t z) + B(w,w)(t, x) = vAw(t, ) + aa—vf(t,x)
(0’ ZL‘) = ’lU()([L’),

where z = (ml,mg) € T?, the two-dimensional torus [0,27] x [0,27], v > 0 is the viscosity

constant, 7 is a white-in-time stochastic forcing to be specified below, and

2
g 83:1

where v = K(w). Here K is the Biot-Savart integral operator which will be defined next.
First we define a convenient basis in which we will perform all explicit calculations. Setting
Zi = {(jl,j2> c 72 ng > O}U{(jl,jg) € 72 Ijl > O,jg = O}, Z% = —Z%r and Z2 = Z%FUZ%,

we define a real Fourier basis for functions on T? with zero spatial mean by

sin(k-z) keZ

ex(®) = cos(k-z) kel .
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We write w(t,z) = Zkezg ag(t)ex(z) for the expansion of the solution in this basis. With
this notation in the two-dimensional periodic setting we have the expression

(1.2) K(w) = Z ﬁake_k,

2
kez3 |k‘

where k't = (—ky, k1). See for example [MB02] for more details on the deterministic vorticity

formulation in a periodic domain. We use the vorticity formulation for simplicity. All of our

results can be translated into statements about the velocity formulation of the problem.
We take the forcing to be of the form

(1.3) W(tz) =Y Wit)es(x)

keZ,

where Z, is a finite subset of Zg and {W} : k € Z,} is a collection of mutually independent
standard scalar Brownian Motions on a probability space (2,P). The fact that we force a
finite collection of Fourier modes becomes important starting in Section 3. Up until then the
analysis applies to a force acting on any linearly independent collection of functions from
T? into R which have spatial mean zero. The collection could even be infinite with a mild
summability assumption.

We assume that wg € L? = {w € L*(T%,R) : [wdz =0}. We will use | - || to denote the
norm on L? and { -, - ) to denote the innerproduct. We also define H* = {w € H*(T* R) :
Jwdx = 0}. Under these assumptions, it is standard that w € C([0,¢];L?) N L*(0,¢; H')
[Fla94, DPZ96, MR]. We will denote by || - ||s the natural norm on H* given by || f||s = ||A®f]|
where A? = (—A).

Our first goal is to prove the following Theorem which will be the consequence of the
more general results given later in the text. In particular, it follows from Theorem 3.1 and
Theorem 6.1 when combined with Proposition 7.2.

Theorem 1.1. Consider the forcing
W(t,x) = Wi(t)sin(xy) + Wa(t) cos(z1) + Ws(t) sin(zy + z2) + Wy(t) cos(zy + 22),

then for any t > 0 and any finite dimensional subspace S of L2, the law of the orthogonal
projection Tw(t,-) of w(t,-) onto S is absolutely continuous with respect to the Lebesque
measure on S. Furthermore, the density is C*.

A version of Theorem 1.1 for Galerkin approximations of (1.1) was one of the main ingre-
dients of the ergodic and exponential mixing results proven in [EMO01]. There the algebraic
structure of the nonlinearity was exploited to show that the associated diffusion was hy-
poelliptic. Here we use similar observations on the algebraic structure generated by the
vectorfields. However, new tools are required as there exists little theory applying Malliavin
calculus in an infinite dimensional setting. Relevant exceptions are [HS81], [Oco88], and
[EHO1].

In [EHO1], Malliavin calculus was used to established the existence of a density when all
but a finite number of degrees of freedom were forced. In contrast to the present paper, the
technique developed there fundamentally required that only a finite number of directions
are unforced. The ideas developed in the present paper could also likely be applied to the
setting of [EHO1].
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An essential tool in our approach is a representation of the Malliavin covariance matrix
through the solution of a backward (stochastic) partial differential equation, which was first
invented by Ocone, see[Oco88], and which is particularly useful when dealing with certain
classes of SPDEs, since in this case (as opposed to that of finite dimensional SDEs), the
fundamental solution of the linearized equation cannot be easily inverted. Ocone used that
representation in the case where the original equation is a so—called “bilinear SPDE” (that
is both the coefficients of “dt” and “dW(t)” are linear in the solution). In contrast, we use
it in the case of a nonlinear PDE with additive noise. It seems that these are the only two
cases where Ocone’s representation of the Malliavin matrix through a backward (S)PDE
can be used, whithout being exposed to the trouble of handling a stochastic PDE involving
anticipative stochastic integrals. In Ocone’s case, the backward PDE is a stochastic one,
while in our case it is a PDE with random coefficients.

There has been a lot of activity in recent years exploring the ergodic properties of the
stochastic Navier-Stokes equations and other dissipative stochastic partial differential equa-
tions. The central new idea was to make use of the pathwise contractive properties of the
dynamics on the small scales and the mixing/smoothing due to the stochastic forcing on the
larger scales. In [Mat98] a determining modes type theorem (see [FP67] ) was developed in
the stochastic setting. This showed how controlling the behavior of a finite number of low
modes on a time interval of infinite length was sufficient to control the entire system. An
important advance was made concurrently in [BKLO1, EMS01, KS00], where it was shown
that if all of the low modes were directly forced the system was ergodic. The first two
covered the case of white in time forcing while the later considered impulsive forcing. The
assumptions of these papers can be restated as : the diffusion is elliptic on the unstable
subspace of the pathwise dynamics (see [Mat03] on this point of view). The present paper
establishes the needed control on the low modes when a “partial hypoelliptic” assumption is
satisfied. We show that the forcing need not excite directly all the unstable modes because
the nonlinearity transmits the randomness to the non—directly excited unstable directions.
Already, the results of this paper have been used in an essential way in [HMO04] to prove
the ergodicity of the stochastic Navier Stokes equations under mild, viscosity independent,
assumptions on the geometry of the forcing.

This article is organized as follows: In section 2, we discuss the elements of Malliavin
calculus needed in the paper. In particular, we give an alternative representation of the
quadratic form associated to the Malliavin matrix. This representation is critical to the
rest of the article. In section 3, we explore the structure of the nonlinearity as it relates to
nondegeneracy of the Malliavin matrix which in turn implies the existence of a density. In
section 4, we prove an abstract lemma on the quadratic variation of non-adapted processes
of a particular form which is the key to the results of the preceding section. In section 5,
we discus the relationship to brackets of vector fields and the usual proof of nondegeneracy
of the Malliavin matrix. In doing so we sketch an alternative proof of the existence of a
density. In section 6, we prove that the density, whose existence is given in section 3, is
in fact C°°. This requires the abstract results of section 7 which amount to quantitative
versions of the results in section 4. Finally in Section 8, we prove that the density of some
finite dimensional projections of w(t) are everywhere positive. We then give a number of
concluding remarks and finish with five appendices containing technical estimates on the
stochastic Navier Stokes equation. In particular, appendix C proves that the solution is
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smooth in the Malliavin sense and appendix E gives control of the Lipschitz constants in
terms of various quantities associated to the solution.

2. REPRESENTATION OF THE MALLIAVIN COVARIANCE MATRIX

One way to solve the vorticity equation is by letting w' (¢, x) = w(t, z)—W (t, z), and solving
the resulting PDE with random coefficients for w’. It easily follows from that approach that
for each ¢ > 0, there exists a continuous map

®, : C([0,t]; R?) — L2
such that
w(t) = (I)t(W[O,t]>-
In other words, the solution of equation (1.1) can be constructed pathwise. We shall exploit

this in Section 8.
For k € Z,, h € L} (Ry), t > 0, we define, if it exists, the Malliavin derivative of w(t) in

loc

the direction (k, h) as
O(W 4 € Hey) — O (W)

Y

DFMw(t) = LA(Q,1L?) — lim
e—0 €

t
where H(t) = / h(s)ds. In fact, this convergence holds pathwise, and it is a Fréchet
0

derivative.
We will show that the above derivative exists, for each h € L? (R,), and moreover that

for each s € [0,t] and k € Z, there exists a random element V} 4(¢) in L2, such that

DH(t) = /0 Ves(t)h(s)ds.

Vi.s(t) is then identified with D¥w(t) & D*%q(t) and solves equation 2.1 below.

Proposition 2.1. For each s > 0 and k € Z,, the linear parabolic PDE

2V;w(t) = VAV, 5(t) — B(w(t), Vis(t)) — B(Vis(t),w(t)), t>s;

(2.1) ot
Vk,s(s) = €k

has a unique solution

Vis € O([s, +00); L*) N L ([s, +00); H') d:ers,oo.

loc

Proof. See e.g. Constantin, Foias [CF88]. O

At times we will consider the linearized equation (2.1) with arbitrary initial conditions.
We write Js ¢ for the solution to (2.1) at time ¢ with initial condition ¢ at time s less than
t. In this notation Vj s(t) = Js sep.

Furthermore, Lemma B.1 from the appendix implies that for all deterministic initial con-
ditions w(0), p > 1,7 >0, and T' < oo

E sup VeI < cexp (nfw(0)]?).

0<s<t<T

for some ¢ = c(v,p, T, n).
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Clearly, if h € L2 (R,),

loc
t
Vin(t) & / Vi (1) (5)ds
0

is the unique solution in Vo, of the parabolic PDE

(2.2) Wgﬁ:“’ = AV (t) + B(w(t), Vin(t)) + B(Viu(t), w(t)) + exh(t), t >0,
Vin(0) = 0.

It is not hard to see that, in the sense of convergence in L*(€);1?),
O,(W +eH) — d,(W)
. .

It then follows that w(t) € H(,1L?), and its associated infinite dimensional Malliavin
covariance matrix is given by :

Vk,h (t) = hII(l)

t

(2.3) Mty =Y / Veo(t) ® Vi (H)ds,
kez, 70

that is to say it is the operator mapping ¢ € L2 into L2 given by
t

(2.4 MO@) = 3 [ Vialt). o) Vil
kez, V0

It follows from Theorem 2.1.2 in Nualart [Nua95] that Theorem 1.1 is a consequence of the
fact that for each ¢ € L.? with ¢ # 0,

(M(t)o, 9) = Z /0 (Vi.s(t), #)%ds > 0 a.s.

We now want to give an alternative representation of this quantity, using a backward PDE
which is the adjoint of equation (2.2).

Proposition 2.2. For each t > 0, ¢ € L2, the linear backward parabolic PDE

SU(s) v AUY(s) + Blu(s). U (5)) = C(U(s), () =,
(2.5) 0<s<t

Ut (t) = o,
has a unique solution
U € C([0,t);L%) N L*(0,¢; H') = Vo,.
Here C( - ,w(s)) is the L*-adjoint of the time-dependent, linear operator B( - ,w(s)) and
thus is defined by the relation (B(u,w(s)),v) = (C(v,w(s)),u).
Proof. Same argument as in Proposition 2.1 O

As before Lemma B.1 from the appendix implies that there exist a positive constant 7 so
that for all deterministic initial conditions w(0),¢ € L2, p > 1 and T < oo

E sup [UT0)] < cllél* exp (nlw(0)]?).

0<s<t<T
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for some ¢ = ¢(v,p, T, 7).
Proposition 2.3. For each k € Z, and ¢ € .2, the function
r— (Vis(r), U(r))
from [s,t] into R is constant.

Proof. We first show that this mapping belongs to Whi(s,#;R). Tt is clearly a continuous
function and moreover

V,U € C([s,t];L*) N L*(s, t; HY),
hence by interpolation
V,U € L(s,t,H2) N L2(s, t; H").
Since we also know that
w € L4(s,t;H%) N L3(s,t; HY),
we know that the products [[Ul|y[[w[ly, [[VI[1llwlly, [wll1[|U][y and [lw][1[[V][1 all belong to
Li(s,t;R). On the other hand, it follows from the fact that |KU||; = ||U]| and estimate
(6.10) in Constantin, Foias [CF88] that
(CWw), o) < Ul lwlhlely, KBV, 6)] < Vi lelhllol
(Blw,U),0)] < cllwly IUIely (B, V), 6)] < cllwly [VIL 9.
Hence we conclude that C(U,w), B(V,w), B(w,U) and B(w, V) all belong to L3 (s, t; H2).
From (2.1) and (2.5), we that that both 4V and LU consist of three terms. The first

belongs to L?(s,t;H™') and the last two to L3 (s, t;H™2). Hence (Vi (r), LU (r)) and
(LV3s(r), U (r)) are in L'(s,#;R) and the statement that

r = (Vis(r), U (1))

is a.e. differentiable then follows a variant of Theorem 2, Chapter 18, section 1 in Dautray,
Lions [DL88]. Moreover, for almost every r

d

2.V (), Ur)) = (Aw(r)V (), Ulr)) = (V(r), A"(w(r))U(r))

=0

were A(w(t)) is the linear operator on the right handside of (2.1) and A*(w(t)) is its L2-
adjoint. The result follows. 0

We can now rewrite the Malliavin covariance matrix using U in place of V. For a fixed ¢,
this is an improvement as U*?(r) is a single solution to a PDE while V,(r) is a continuum
of solutions indexed by the parameter s.

Corollary 2.4. For any ¢ € L2,

(M(t)o,¢) = ) /0 (e, UM (5))ds.

keZ,
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Proof. This follows from the fact that for any 0 < s <t and k € Z,,
(Vis(5), U (s)) = (Vieo(t), U(1))

1.e.

(e, U"(3)) = (Vis(t), 9)

JFrom this corollary, one immediately deduces the following result.
Corollary 2.5. Assume that for some fized ¢ € .2,
(M(t)¢,¢) =0
on a subset Q; of Q. Then for all k € Z, and s < t, {ex, U*(s)) = 0 on Q4. In particular,
<6k, ¢> = 0.
3. HYPOELLIPTICITY

3.1. Final Assumptions and Main Existence Result. Without loss of generality we
will take o5, = ﬁ for all k£ in the definition of the forcing to simplify some expressions which
come later. Next we define Z; to be the symmetric part of the forcing set Z, given by

Zy = Z,N(—2,) and then the collection

2, =1k € Zy: ke {l+jl—j}je Z.le Zwithtt -5 # 0] # 0]}
and lastly,

o
Zo=J 2.
n=1
Notice that the above union starts at one and that the Z,, are symmetric in that Z, = —Z,,.

We are mainly concerned with the case where Z, = Z, as this corresponds to noise which is
stationary in x. We now can state the main theorem. Defining

(3.1) So = Span(ek ke Z*>; Sp = Span(ek ke UZJ- UZ*>,n >1,

j=1
we have the following result which implies Theorem 1.1 in the case when S, = L.

Theorem 3.1. For any t > 0 and any finite dimensional subspace S of S, the law of the
orthogonal projection Tw(t,-) of w(t,-) onto S is absolutely continuous with respect to the
Lebesgue measure on S.

The above result guarantees an absolutely continuous density on finite dimensional subsets
of So. However, it does not imply the lack of density for other subsets as in constructing S,
we have only used part of the available information. In the proof below, it will become clear
that we make use only of the directions generated by frequencies where both the sin and cos
are stochastically forced. We do this in the name of simplicity and utility. Verifying any
more complicated condition was difficult. However, as translation invariance implies that
both the sin and cos mode of a given frequency are forced, it seems a reasonable compromise.
In the end, we are primarily interested in producing conditions which give insight as to how
the nonlinearity spreads the randomness. In particular we now give an easy Proposition
which in conjunction with Theorem 3.1 proves Theorem 1.1 given in the introduction. After
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that we will quote a more general result from [HMO04] which is proven using similar ideas to
those below.

Proposition 3.2. If {(0,1),(1,1)} C Z, then S, = L%

Proof. Clearly by adding and subtracting the vectors (0, 1) and (1, 1), one can generate all of
Z3. The only question is whether the conditions (1 -j # 0 and |j| # |¢| from the definition of
Z, ever create a situation which blocks continuing generating the lattice. First notice that
(1,0) =(1,1) — (0,1), (—1,0) = (0,1) — (1,1) and (—1,1) = (=1,0) — (1,1) + (0,1) + (1, 1)
and if these moves are made from left to right none of the restrictions are violated. Hence
all of the vectors of the same length as the vectors in Z; can be reached and henceforth the
restriction [j| # |¢| will not be binding. The requirement that ¢+ - j # 0 does not cause
a problem. The line ¢+ - (0,1) = 0 can be approached from above and does not obstruct
generating the rest of the lattice. The line ¢+ - (1,1) = 0 does separate the lattice. However
we know we can reach (1,0) and have the point (0,1) to start with. Hence we can reach
all of the points on either side of the line. Those on the line can be reached from points on
either side. 0

It is clear from the preceding lemma that many other choices of forcing will also lead to
S, = L% For instance if {(1,0),(1,1)} C Zy then S, = 2. It is also interesting to force
a collection of modes distant from the origin and allow the noise to propagate both up to
the large scales and down to still smaller scales. We now give a simple proposition giving
sufficient conditions in such a setting.

Proposition 3.3. Let M, K € N with MK > 2 and |M — K| > 2. Then if {(M +
1,0), (M,0), (0, K + 1), (0, K)} C 2y, then S, = L.

Proof. The idea is to use (M +1,0) — (M,0) = (1,0),(M,0) — (M +1,0) = (—1,0), (0, K +
1)—(0,K)=(0,1) and (0, K) — (0, K + 1) = (0,—1) in order to generate the whole lattice.
The only difficulty could be the above restrictions. The restrictions of the form ¢+ - j # 0
only prevent applying (M +1,0) — (M, 0) or (M,0) — (M +1,0) to points on the z-axis and
(0,K)—(0,K+1) and (0, K + 1) — (0, K) to points on the y-axis. However this is not a
serious restriction as all of the points on the x-axis can be reached by moving down from
above and all of the points on the y-axis can be reached by moving horizontally. Furthermore
the y-axis can be crossed by using strictly horizontal moves. The only remaining restriction
is the points k € Z2 with |k| € {K, K + 1, M, M + 1}. For example assume that |k| = K
and one wanted to move to the left by applying (0, K) — (0, K + 1). While this direct move
is illegal, one can accomplish the same effect by moving up then left and finally down. The
requirement that |[M — K| > 2 ensures that we will not be blocked from moving up using
(M +1,0) — (M,0) given that k = |K|. Once we have moved up, we will be free to move to
the left and then back down. The other cases are analogous. ([l

Guided by these results, in [HMO04] the following is proven:

Proposition 3.4. One has S, = L2 if and only if:
(1) Integer linear combinations of elements of Zy generate Z2.
(2) There exist at least two elements in 2y with unequal euclidean norm.

This gives a very satisfactory characterization of the setting when S, = L? which is the
case of primary interest.
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3.2. Proof of Theorem 3.1. Since we already know that w(t) € H'(2,1L.?), Theorem 3.1
follows from Theorem 2.1.2 in Nualart [Nua95] and the fact that for any ¢ € Sy, ¢ # 0,

(M(t)p, ) >0 as.
It suffices to show that
Proposition 3.5. For any ¢ € S, define the event
s = {(M(t)¢, 9) = 0}
If P(Q,) > 0, then ¢ = 0.

We now write the equations for the Fourier spatial coefficients of U and w to better
expose the interactions between the systems degrees of freedoms. In this and the general
structures of the nonlinearity exploited, we follow E, Mattingly [EMO01]; however, the tact of
the analysis is different. (We also take the chance to correct a small error in [EMO01].) Again
setting w(t, z) = 3;czn an(t)ex, we have for ¢ € Z

(3.2) %Ozg(t) + v Pa(t) + Z c(k, g)ou(t)a;(t) + Z c(k, j)ag(t)oy(t)

U, k)EZ(f) (4,k)EL(E)
k=j+¢ 1=k+¢
. , d
- > ek Ha®et)+ Y ek, fan(t)as(t) =1z, () ZWilt)
(4,k)ET(E) (4,k)EL(€)
(=j-+k e+ +0=0
where 1z, is the indicator function of Z,, c(k,j) = m2(k* - 5)(Jk|~* — |j|7!) and
(22 xZ*)U (22 x Z%) ifleZ?
Z(f) = 2 2 2 2y 2
(Z5 x Z7)U(Z2 x72) ifleZ?
Setting
U(s,2) = > Br(s)ex(x) , and ¢(z) = > drex()
keZ?2 keZ2
we also have the backward equations
d
Eﬂg()_ylﬂﬁg )42 > el f)oy(s)Bels) +2 Y el f)ay(s)Bi(s)
(4,k)ET(E) (4,k)ET(E)
(33) [:j+k = k+f
—2 Z c(l, g)a;(s)Br(s) + 2 Z c(l,5)aj(s)Be(s) s<t,
(4,k)EZ(0) (4,k) eI(e)
k=j+t k+j+6=0

Be(t) =du

We begin with some simple observations which will be critical shortly. Notice that from (3.2)
— (3.3) one sees that for ¢ € Z,

(3.4) ay(s) = ap(0) + /08 Ye(r)dr + Wy(s)
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where the 7, are some stochastic processes depending on the initial conditions and noise
realizations. Hence these coordinates are the sum of a Brownian Motion and a part which
has finite first variation and is continuous in time.

Similarly, for ¢ € Z,,

(3.5) ay(s) = ay(0) + /08 Ye(r)dr

and hence these coordinates are continuous and have finite first variation in time as they are
not directly forced.

We now continue the proof of Proposition 3.5. As the equations are almost surely contin-
uous in time, if G = 0 on a set of positive measure €; then ¢, = 0. (The notation x = 0
means z(s) = 0, s € [0,¢].) Hence to prove the lemma it would be enough to show that there
existed a set {2; with positive probability so that g, = 0 on ; for all £ € Z, U Z,,. This will
be accomplished inductively.

First we will show that there exists a €y so that G,(w) = 0 for ¢ € Z,, w € Qy. In
particular, this implies that 5, = 8_, = 0 on g for all £ € Z,. It would then be sufficent
to show that if 3, = 8y = 0 on Q, for all { € Z, then g, = 3, =0 forall { € Z, 4
on some §2,,1 where €, equals §2, up to a set of measure zero. The base case is just a
restatement of Corollary 2.5. The inductive step is handled by the next lemma which once
proved completes the proof of Theorem 3.1.

Lemma 3.6. Let Q) be a subset of Q such that 3, =0 and $_, =0 on Qq for some { € Z3.
Then for all j € Zy such that j* - # 0 and |j| # |,

Betj = Bters) = Pi—j = Bj—¢ =0
on )y except for a set of measure zero.

Proof. If 8, =0 or B_, = 0 then £3,(s) = 0 or £3_(s) = 0 respectively as the coordinates
are constant. Notice that from (3.3) — (3.5) these derivatives have the form

X(s)+ 3 Ya(s)Wals)

where the X and Y}, are continuous and bounded variation processes. Also notice that they
are not adapted to the past of the Wy’s | Nonetheless, it follows from Lemma 4.1 in the
next section that if {X(-),Yx(:) : k € Z,} are continuous and of bounded variation, then

(3.6) X(s)+ Y Yi(s)Wi(s) =0, 0< s <t,
kEZ*

implies that

(3.7) Yi(s) =0, forall0<s<tandke€Z,

almost surely. Hence if the assumption in (3.6) holds on €y then conclusion (3.7) will also
hold on €y after the exclusion of a set of zero measure. We now identify the Y) to discover
what (3.7) implies.
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Define sgn(¢) = +1 depending on whether ¢ € Z%. From (3.2) — (3.3), we see that for
each ¢ € 73

d%ﬁe(S)ZXe(S)Jr Z 2¢(0, 7)[B-j0—j/(5) 4 sgn(5) B4 (5)]W;(s)
sen(lymsen(6)

+ > 206 )[Begi(s) — sen(l+ 1) B ()] Wi(s),
sgn(jgiign(f)

where X,(s) is continuous stochastic process with bounded variation. Recall that by as-

sumption £3,(s) = 0, £5_4(s) = 0, {j,—j} C Z,. Since we will consider the pairs (¢, j),

(¢,—j), (—=£,7), and (—¢,—j), without loss of generality we assume that ¢, j € Z, since this
can always be achieved be renaming ¢ and j. The preceding observation stemming from
Lemma 4.1 applied to (¢,j), (—¢,—75), (¢, —j), and (—¢, j) implies respectively that

(€, ) B—1e—ji(8) + B-jeri(s
(€, )B=1e-j1(5) = Bjeri(
(€, 7)[Beri () — sgn(l — j)Bje—)(
c(C, ))[Bye+4(s) + sgn(l — J)Bye—j) (s

for all s < t. Provided that j* - ¢ # 0 and |j| # |¢|, one has c(¢, j) # 0. Hence the left-hand-
sides are linearly independent and one concludes that 3,_; = By ; = Bj_r = B_45 = 0. 0O

S

S

I
oooo

)]
)| =
)]
)]

We now collect some of the information from the preceding proof for later use.

Proposition 3.7. Let U%! be the solution of (2.5) for any choice of terminal condition ¢
and terminal time t. Recall the definition of S, from (3.1). Let Iy be the projection onto Sy
and 1Ty its orthogonal complement. Then

9 grou(s) (s)+ > Y (s)W.

Js
JEZx

where

X%(s) = VAU‘”(S) + B(Iyw(s), U (s)) — C(U*(s), My w(s))
B(R(s), U*(s)) — C(U*'(s), R(s)),

);
R(s) = ITyw(0 /VAHOw )+ o B(w(r),w(r))dr
YP(5) = Bley, UP(s)) — CU(s), ;)

In component form for { € Z%, we have

<Y~¢(S), €Z> _ 2C(£7j)[ﬁ—lf—j\ + Sgn(j)ﬁ.—|€+j|] Zf Sgn(ﬂ:) = 39”(@
’ 2¢(€, J)[Be—j1 — sgn(l + J)Be+y| if sgn(j) = —sgn(f)
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4. A QUADRATIC VARIATION LEMMA

The following lemma is the main technical result used to prove the existence of a density.

Lemma 4.1. Let {Z(s), : 0 < s <t} be a real valued process of the form

Z(s) = X(s) + Zn(s)m(s),

where X, Y1, ..., YN have a.s. continuous and bounded variation trajectories and {Wy, ..., Wy}
are mutually independent Wiener processes. Then, if

0=ty <...<ty=t,

and t7 — 17 — 0, as n — oo,

n N t
Z Z(t]) — Z(t7 )] — Z/ Y?2(s)ds in probability
j=1 i=1 70

Proof. In the proof, we write t; instead of 7. Consider the quantity >°.[Z(t;) — Z(t;—1)[*.
If we express it in terms of the X, Y and W’s we note that it contains four types of terms

Z X (t;) — X (1))

Z Y ()W (t) = Y (t1)W (t;-1)]?

J
where W and W are mutually independent scalar Brownian motions. The first and third
terms are easily shown to tend to zero as n — oo, since X is of bounded variation, X, Y

and W are continuous.
Consider the second term :

Z Y ()W (t;) = Y (t;-)W (1) = ZY(tj—1)2 (W (t;) = W(tj1))*
+ Y W) (Y(ty) = Y(t-1)?
+2) W)Y (1) (W(t;) = W(tj1)) x (Y(t;) = Y(t;-1)

Again, two of the above terms tend to zero, and

SV () = W) = [ v(srds
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in probability, on behalf of Lemma 4.2 below. Finally
S Y)W (L) = Y (b)) W (t-0)) (Y (E)W (85) = Y (1) W (tj-1))

= Z Y (t-1)(W(ty) = W(tj1)) + (Y(t) = Y(t-1))W(25)]

X [V (t-0)(W(t5) = W(tj) + (Y(t) = Y (t-0))W(t))]
= ZY )Y () (W(ty) = W) (W(t) = W(tj—1)) + en,

where €,, — 0 a.s., as n — oo. It remains to use Lemma 4.3 below. 0

Lemma 4.2. Let {W(s),0 < s < t} be a standard Brownian motion. The sequence of

measures
{Z(W(t;) —W(t} )0 ,n=1,2.. }
j=1
converges weakly as n — oo to the Lebesque measure on [0,t], in probability.

Proof. p, = p follows from u,([0,s]) — w([0,s]) for all s € [0,¢], s rational. From
any subsequence of the given sequence, one can extract a further subsequence such that

1n ([0, 8]) — ([0, s]), for all s rational, 0 < s < ¢, a.s. Hence along that subsequence pu,, =
a.s., hence the whole sequence converges weakly in probability. 0J

Lemma 4.3. Let {W(s), 0 < s <t} and {W(s), 0 < s <t} be two mutually independent
Brownian motions. The sequence of signed measures

{Z(W(t;) — W))W () = W), n=1,2,.. }

j=1
converges weakly to zero in probability as n — oo.

Proof. Write A;W for W (t7) — W (t}_,) and A;W for W (t7) — W (t}_,). Note that for all
0<r<s<t asn— oo,

Z AjWAjW — 0 in probability, as n — oo.
r<t;§s

Consequently if f is a step function,

Z A;WA;W f(t)_,) — 0 in probability, as n — oo.
j=1

Moreover for any two functions f and g

| Z AWANW () = g(t))|

< sup |7(5) - 9| (@ ?) (3 (4,

0<s<t i =
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and the right hand side tends to
t x sup [f(s) = g(s)]

0<s<t

in probability, as n — oc.
Let now f be a continuous function, and g be a step function. Choose

0 =2t sup |f(s) — g(s)|
0<s<t
We have

{‘Zf AWAW‘>5}<]P’{‘Zg AWAW’>5/3}

| Z (F(t-0) = 9(t7-1) AWAW | > 2673},

and it follows from the above arguments that the latter tends to zero as n — oo. Since ¢
can be made arbitrarily small by an appropriate choice of the step function ¢, the lemma is
proved. 0]

5. RELATION TO BRAKETS OF VECTOR FIELDS

We now sketch another possible proof of our main Theorem 3.1, which brings in explicitly
the brackets of certain vector fields. A vector field over the space IL? is a mapping from L2
into itself. We begin by rewriting (1.1) as

ow aW
Fo( F,—
%0 4) = Fufu(e)) + Z i),
The diffusion vector fields in our case are constant vector fields defined by
Fizekw 1§Z§N7

where N is the cardinality of Z, and {k;,--- ,ky} is any ordering of the set Z,. Similarly
the drift vector field is denoted by Fy(w) = vAw — B(w,w). In this notation, (2.2), becomes

oute

5 (5) + (Vo) (w(s))U(s) = 0, 0<s<t;
s

Ut(t) = ¢,
where V,, F} is the Fréchet derivative of Fjy in the IL.? topology and (V,Fy)* is its L?>-adjoint.
If it is well defined, we define the bracket [F, G] between two L? vector fields F' and G as
[F, G] = (VwF)G - (va)F

The argument in this alternate proof is based on the two next results.

Lemma 5.1. Let G be a vector field on 1.2 which is twice Fréchet differentiable in the 1.2
topology and such that [F;,G],i =0... N, are vector fields on IL?>. Then we have

(U(s), G(w(s))) — (U"*(0), G(w(0)))

-/ (), (B Gl + Y / U ), [F GY(w(r)) o AWV

0
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where o means that it is a Stratonovich (anticipating) integral; in It6—Skorohod language, it
takes the form

= [ R Glwar+ 3 [ W), 1F Gl

+Z/OS |:%<V12UG(UJ(7’))(F%Fi)aUtvfi’(r»+<[E,G](w<7~))’DiUt,¢(r)> 0

Proof. The formula in Skorohod language follows from Theorem 6.1 in [NP88], via an easy
finite dimensional approximation. Its translation in the Stratonovich form follows from
Theorem 7.3 in the same paper (see also Theorem 3.1.1 in [Nua95]). O

We can now prove the following:
Proposition 5.2. Let Qy C 2. Under the same assumptions on G as in the above Lemma,
(U (s),G(w(s))) = 0 on the set
implies that
(U (s), [Fi, G](w(s))) =0 a.s. on the set Q2,7 =0,1,...,N.

Proof. The assumption implies that the quadratic variation on [0, ¢] of the process
{{U*(s), G(w(s)))} vanishes almost surely on Q. Then from [Nua95], Theorem 3.2.1, for
i1=1,...,N,

[, 15 i s = o
a. s. on the set €y, i.e. 0
(U (s),[F;, G](w(s))) =0 a. s. on the set Qg, i =1,...,N.
This implies that for 1 <7 < N,

/8<Ut’¢(7“)> [Fi, G](w(r))) o dW! =0 a. s. on the set

(see Definition 3.1.1 in [Nua95]), from which it follows (see the previous Lemma) that
(U(s), [Fo, G](w(s))) = 0 a. s. on the set Q.
U

Now call £ all well defined L2 vector fields in the ideal generated by the vector fields
Fy,..., Fy in the Lie algebra generated by Fy, F\, ..., Fy. In other words, at each u € L2,
L(u) consists of Fi, ..., Fy, and all brackets

(5.1) (Fi s [Fi vy [Fiys Fiy] -] (),

which are well defined vector fields on .2 where 1 < 4; < N, and for j > 1, 0 < 1; < N.
Iterating the argument in the Proposition, we deduce the following result.

n )
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Corollary 5.3. Given ¢ € .2, let

Qo := {(M(t)¢, ¢) = 0}.
If P(Q) > 0, then
(¢,G(w(s))) =0, VGeL, a s on Q.

In particular, ¢ is orthogonal to all constant vector fields in L.

In the case of the stochastic Navier Stokes equations given in (1.1), all of the brackets
given in (5.1) are well defined if the e used to define the forcing have exponentially decaying
Fourier components. This follows from the fact that all of the bracket of the form (5.1)
contain differential operators with polynomial symbols and the fact that, with this type of
forcing, on any finite time interval [0, 7] there exists a positive random variable v so that
SUD[ 7] [e"Vlw(s)||? < oo almost surely. Here [|e"Viw|? = 7, e**|wy|?> where w(t, z) =
> wi(t)e . See for example [Mat02] for a stronger version of this result or [MS99, Mat98]
for simpler versions.

Furthermore in [EMO1] it was implicitly shown by the construction used that the span of
the constant vector fields contains S,,. Thus, under the same conditions as before we see
that the law of arbitrary finite dimensional projections of w(t) have a density with respect
to Lebesgue measure.

6. SMOOTHNESS

In the preceding sections, we proved the existence of a density. We now address the
smoothness of the density. While the former simply required that the projected Malliavin
matrix be invertible, the proof of smoothness requires control on the norm of the inverse
of the projected Malliavin matrix together with “smoothness in the Malliavin sense.” The
following is the main result of this section; however, it rests heavily on the general results
proven in Section 7, as well as some technical results from the appendices.

Theorem 6.1. Let S be any finite dimensional subspace of Ss and Il the orthogonal pro-
jection in L2 onto S. For any t > 0, the law of ITw; has a C* density with respect to the
Lebesgue measure on S.

Proof. We use Corollary 2.1.2 of [Nua95]. Lemma C.1 from the appendix establishes condi-
tion (i) from that corollary while condition (7i) of the same corollary follows from the next
theorem. ]

The following is a quantitative version of Proposition 3.5. It gives a quantitative control
of the smallest eigenvalue of a finite dimensional projection of the Malliavin matrix.

Theorem 6.2. Let I1 be the orthogonal projection of L2 onto a finite dimensional subspace
of Seo. For any T > 0,7 >0, p>1, M > 0 and K € (0,1) there exists a constant
c=c(v,n,p, |2, T, K, M,T) and eq = eo(v, K, | Z,|, T, M, 1) so that for all € € (0, €],

P(¢€Sinf (M(T)6,6) < €) < cexplnl|w(0)]*)e"

(M,K,II)

where S(M, K, 1I) = {¢ € Sx : ||o|| = 1, ||6]1 < M, ||T¢|| > K}.
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Remark 6.3. Notice that this lemma implies that the eigenvectors with “small” eigenvalues
have small projections in the “lower” modes. The definition of “lower” modes depends on
the definition of “small” eigenvalues. This separation between the eigenvectors with small
eigenvalues and the low modes is one of the keys to the ergodic results proved in [HMO04].

Proof. Recall the definition of S,, and Z, from (3.1) and let II,, be the orthonormal projection
onto S,,. Since S(M, K) C S and II projects onto a finite dimensional subspace of S, for
n sufficiently large ||IL,¢|| > LK for all ¢ € S(M, K). Fix such an n.

We now construct a basis of S,, compatible with the structure of Z;, k£ < n. Fixing
any ordering of Z,, set {f; : i = 1,...,N = |Z,]} = Z,. Clearly {f;}Y, is a basis for
So. Set Jy = N. By the construction of S, it is clear that S, \Sn 1 is equal to the

span(e, : k € Z]) where Z’ ez, ﬂ"_& ZENZ. Forn > 1, set J, = J,y + | 2] and
{fi :i=Jy1+1,. J} = {er : k € Z!'}, again fixing an arbltrary ordering of the
righthand side. Clearly { fi}/m, chosen in this way is an orthogonal basis for S,.

Fix some ty € (0,7). Recall that by Corollary 2.4

]P( inf <M(T)¢,¢><e> —P( inf Z/ (UT(s), ex st<6>.

$€S(M,K) ¢>es M,K)

Hence for any ¢ € S(M, K),

Z / (UT(s), ex)?ds < e} C {sup /tT<UT’¢(s),ek>2ds < e} :

keZ,

Let X? and Yj¢ be as in proposition 3.7. For j =1,--- , J,, define

X (1) = —(XNT —t)+ > VAT —t)Wi(T), f;) ,

kEZ,

Y.t = (VT —1), £;), GI(t) = (UT(T —1), f;), and Wi,(t) = Wi,(T) — Wi (T —t). Notice
that for t € [0,7] and j =1, -, J,

G7(t) = (o, f;) + /O t [x?(s) + ) ’r;‘gk<s)m(s)] ds

keZ,

Furthermore in light of the observations in the proof of Lemma 3.6, we see that this sequence
of equations satisfies the assumptions of the next subsection with Jy as defined above and
J = J,. Next recall that Ut?(s,x) = Zkezg Br(s)er(x). Combining this, the last equalities
in Proposition 3.7, and the argument already used at the end of the proof of Lemma 3.6, we
see that each G;ﬁ is a linear combination of the {Tfk i < j,k € Z,} with coefficients which
are constant in time.

Below || - ||1,ja,5 denotes the norm in Wh*(a,b) and || - ||oo e,y the norm in L>(a,b), see
the beginning of section 7 for precise definitions.

Set T1 = T — t. Bounds, uniform for ¢ € S(M, K), on the p-th moments of the L>*-norm
and Lipschitz constants of X?, and Tik over the interval [0,7}] are given by Lemma E.2.
(Recall that these processes have been time reversed.) Hence given any p > 1, ¢ > 0, and
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n > 0, there exists a ¢ = ¢(n, p,t,v,E, M, T) > 0 so that for any € > 0

(6.1 ted= (1 {swlilon Mdon) < <}
pesS(MK) * F
satisfies P(, (¢, ¢)¢) < cexp(n||w(0)[]?)eP.
Next Corollary 7.3 and Proposition 7.1 state that there exist ¢ = ¢(|S|,N) and ¢ =
eo(T, Z.],]5|) so that for all € € (0, ¢] there is a 4(€) so that for all ¢ € S(M, K)

i=1,,N Jo i=1,,Jn s€[0,T1]

T
(6.2) { sup / 1G?(s))?ds < € Sup  sup 1G?(s)| > eq} N (e, q) C Qy(e)

and P((e)) < ce? for all p > 1 and n > 0 with a ¢ = ¢(T,|Z.],|5|,p,n,v). No-
tice that because of the uniformity in (6.1), €24(e) does not depend on the sequence of
G’s. Since supyez. LT(UTv‘?(s),ekas = SUp;_j.. N 0T1 |G?(5)[2ds and SUDe(0.7] |G2(s)| =
I{UT2, fi)lloo,it,77, the inclusion given in (6.2) becomes

T
(6.3) {Sup/ (U(s), ex)?ds < & sup [[{U"?, fi) oo t1) > Eq} C Q) UDy(e, q)°
t |

kEZy 1= ,"',Jn

for all € € (0,¢)]. Since (UT?(T), fi) = (¢, fi), by the choice of the subspace S, one has
1

sup; [{U2, fillloo,itr) > % Thus for € € (0,e0 A ( F)E] one has ¢ < £ which

2V JIn
transforms (6.3) into

Z/ (UT(s), ex) ds<€}CQﬁ()UQb(e q)° .

keZ,

As ¢ was an arbitrary direction in S(M, K') and 4(e) and € (¢, ¢) are independent of ¢, we
have

¢esn}\£mz/ UH2(s), el ds<€}:
U Z/ (UT2(5), ex) ds<e}CQﬁ()UQb(e q)° .

PES(M,K) kEZ«

Since for all p > 1, ¢ > 0 and 1 > 0, there exists a ¢ so that P(4(¢)) + P((e,¢)¢) <
cexp(n||w(0)||*)e” and the proof is complete. O

We can deduce from Theorem 6.2 an improved version of Proposition 3.5.

Corollary 6.4. Let 11, denote the orthogonal projection onto Ss. Then

P( () {(M®)e.0)>0}) =1

Remark 6.5. Since the backward adjoint linearized flow js*j maps .2 into H' for any s < T,
it is possible to obtain estimates on P((¢, M(T)¢) < €) for ¢ € L*. Just as we excluded a
small neighborhood of time zero to allow wy to reqularize, we could exclude the s in a small
neighborhood of T to allow UT¥(s) = Jir¢ to reqularize. In particular, this shows that the
preceding corollary holds with H' replaced by 1L2.
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Proof of Corollary 6.4. Let M,, T oo, K,, | 0, and II,, be an increasing sequence of projections
onto finite dimentional subspaces of S,, which converges to Il.,. Let ¢, be the constant from
Theorem 6.2 with K = K,,, M = M, and II = II,,. There exists a sequence {¢, : n € N} C
(0, 1] such that

(1) e, < eo(v, Kp, | 24|, T, M, 11,,)
(2) >, cnen < 00.

Here ¢ is the constant from Theorem 6.2.

Now let S & S(M,, K,,11,) and A, = {infsesn (M(T)d, ) < €,}. It follows from (2)

and the statement of Theorem 6.2 that >~ P(A,) < co. Hence P(limsup 4,) = 0. But
if W € (limsup A4,)°¢ and ¢ € H! with [I,¢ # 0, then there exist both ny such that for
all n > nyw, W € Af, and ny such that for all n > ng, ¢ € S". Consequently for any
n > ng Any, (M(E, W), d) > €,. O

7. CONTROLLING THE CHANCE OF BEING SMALL

This section contains the main estimate used to control the chance of certain processes
being small when their quadratic variation is large. The estimates of this section are simply
quantitative versions of the results of Section 4. There are also the analog of results used in
the standard Malliavin calculus as applied to finite dimensional SDEs. There the estimates
were developed by Stroock[Str83] and Norris [Nor86]. Here we do not have adapted processes.
Instead, we exploit the smoothness in time to obtain estimates.

For the entirety of this section, we fix a time T and consider only the interval of time
[0,T]. For any real-valued function of time f, define the a-Holder constant over the time
interval [0, 7] by

s) — f(r
(71) Mo = sup LSO
s,m€[0,7T |S - T|
0<]s—r|<1
and the L* norm by

(7.2) [ flloe = sup £ (s)]-

s€[0,T

We also define || f||lo = max(||f]lco, Ha(f)). At times we will also need versions of the above
norms over shorter intervals of time. For [a,b] C [0,7] we will write Ha jq.6)(f), || flloo,at]:
and | f|la,fap for the norms with the same definitions as above except that the supremum
over [0,77] is replaced with a supremum over [a,b]. We also extend the definitions of the
Lipschitz constant in time H,(f), to functions of time talking values in IL? by replacing the
absolute value in the definitions given in (7.1) and (7.2) by the norm on L% Similarly we
extend the definition Ho,jq4(f), | fllocs [|.fl|so,fap to functions of time taking values in L2.

7.1. A Ladder of Estimates. For each 1 < j < J, let {VVIQ) :i=1...N} be a collection
of mutually independent standard Wiener processes with W;(0) = 0 on a probability space
(Q, F,P).
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We say that the collection of processes G = {GW(t,w) : 1 < j < J} forms a ladder of
order J with base size J, if first 1 < Jy < J and

GO (t,w) = GV +/ q
H9(s,0) = X9(s5,0) + Z Y (5w (s,0)
=1

where j=1,...,J < oo and w € Q.

Second, we require that for j greater than Jy, the GU) are determined by the functions at
the previous levels. More precisely, for each j with j > J, there exists an integer K = K(j), a
collection {gx(t) : k = 1,..., K} of bounded, deterministic functions of time, and a collection
{fr(t,w): k=1,..., K} of stochastic process with

(7.3) eV X0.6M: 1<i<N1<I<j-1,1<n<j—1}

so that
K
G (t,w) = ng(t)fk(t,w) almost surely.
k=1

This assumption can be restated by saying that GU), j > J, must be at each moment of
time in the span of the preceding X, Y, and G. And furthermore, the coefficients in the
linear combination producing G”> must be uniformly bounded on [0, 7).

It is important to remark that we do not assume that the Yi(j) or XU) are adapted to
the Wiener processes. Typical assumptions regarding adaptedness will be replaced with
assumptions on the regularity of the processes in time.

The goal of this section is to prove that under certain assumptions, if the first Jy of the
GU) are small in some sense then all of the X, Y, and remaining G are also small with high
probability. The ladder structure connects the j-th level with the other levels.

Fix a time T > 0. For any choice of the positive parameter A define § = A3. For k =
0,1,..., define ty = kA AT. For each fixed k, define s,(k) = (tx, + €0) ANtgq for £ =0,1,....
Set 6F = s¢(k) — sp_1(k) and 65 f = f(se(k)) — f(se_1(k)). Lastly define m = inf{k : t, = T’}
and M (k) = inf{£ : so(k) = t41}. Notice that A5 = & < M(k) <2 +1=A"5 +1 for all
Eand m < TA™' + 1.

Define the following subsets of the probability space €2:

. 5’“W 1
2.(A) = {0<1k<fm 1<1?<N M ; 5}

Z

(55W, 5kW)
QO (A) = su su ‘
b( ) {0<k£m(z])€{171~?-7 }2M Z

i#£]

_ 1
Q.(A) = {1§u<pN [Wills > A } ,

Af;}
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Ql(e) = Qu(e™) Uy (e7) U Qu(e7) and finally

(152)]

IIC&

The following bound follows readily from Corollary 7.11 and Lemma 7.12 in section 7.4 which
follows.

Proposition 7.1. For any p > 1, there exists a constant ¢ = ¢(T,J, N,p), in particular
independent of epsilon, such that

IP’(QME)) < cel .

The next key result in this section is the following proposition which shows why the
previous estimate is important.

Proposition 7.2. Fiz a positive integer J and for ¢ > 0 define

0.(0.0) = { s (IXO0 ) < e}

1<5<J
1<i<N

2,(G.¢) ={ sup |Gl < €5 sup (XD oo [V [loo, 1G] 0) >}
1<i<Jo 1<5sJ
1<i<N
Then there exists positive constants qo = qo(J) and ey = €o(T, J, N) so that for any € € (0, €],
q € (0,q] and ladder G = {GY) : 1 < j < J} of order J with base size Jy less than J,

Q(G,) N 2(G,€) C (o).
Proof of Proposition 7. 2 The idea of the proof is to iterate Lemma 7.5 below. Begin by

151

setting g. = sup; Zk 1 ]gk|oo Now define ¢ = € = € and for j > 1 define ¢; = €',

151
€; = €;°*. With these choices, €; < €; < €11 < €j41. We also choose gq sufficiently small so

that €;41 < €? for € € [0,1) and ¢ € (0, go]. Define the following subsets of
A(J) =Q0:(G.€) N Q(G,e) N { sup (1X ]|, 1Y:V]|o0) < €141 for 1 < j}
1<i<
AT () =AG) N{IIGY]|o < & < €4 for 1 < j 41}

. . l
B<j>:{sup (XD, [YO)) > &7 }
1<s<N

C1) =00G. 9N {16V <85 sup (X1 [Y7) > 57 = 61 }.

First notice that since € < €? for € € (0,1] and g € (0, gol, the event

{ sup ||G ||oo<e sup ||G(j)||oo>€q}

1<§<Jo 1<j<Jo
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is empty. Hence

Q,(G.€) ={ sup GVl < ; sup (XD o, 17 [ oo, 1GOl0) > € p .
1<5<Jo 1<5;<J
1<i<N
J0<£§J

Next notice that for any j > Jy, because GO (t) = S5 g1 (8) fi(t), |G ||oe < gs supy || flloo
where the f; are from earlier in the ladder in the sense of (7.3). Hence for any j, we have
that if

S (X loos IV o 16 o0) < et for <=1
1<i<N
. 151
then |GV |0 < guej < €, = ¢; for e sufficiently small. Restricting to ¢ small enough so
151

that g.c; < ¢;° for all 1 < j < J implies that A*(j) = A(j) for all 1 < j < J.
Next observe that A(j)NB(j+1)°= A(j+1) and hence AT(j)NB(j + 1) = AT (j +1).
Iterating this observation, with the convention A*(0) = Q,.(G,€) N Q,(G, €), we obtain

AT(0) = [AT(0) N B(1)TU[AT(0) N B(1)]
= AT(1) U [AT(0) N B(1)]
= [AT(W) N B)TUIAT(1) N B(2)] U [AT(0) N B(1)]
= AT2)UIAT(1) N B2)JU[AT(0) N B(1)]

U L_J [AT(j)NB(G+1)] .

Since ¢ was picked sufficiently small so that €51 < €7, we observe that AT (.J) is empty since

Sup (XD oos 117 oo, GV o) < €41 < €0 < S (XD oos 117 oo, 16 1)

1<1<N 1<1<N
Jo<I<J Jo<I<J

cannot be satisfied.

Recall that Qy(e) = U}]:1 Q(&). Let Q' (HY &) be the set defined bellow in Lemma

7.5. For all ¢ sufficiently small, Q.(G,¢) C Q.(HY &) for j = 1,---,J + 1. Decrease
qo so this holds. With this choice Lemma 7.5 implies that C(j) C Q}(&;). Since clearly
AT())NB(j+1) Cc C(j+ 1), combining all of these observations produces

Qu(G,€) N QY (G, €) = AT(0) C UC’(j) C U V(&) = (e

O

Lastly we give a version of the preceding proposition which begins with L” estimates in
time on the {GU) : 1 < j < Jo} rather than L™ estimates.

Corollary 7.3. Fiz T > 0. For any { > 0, define

1<j<Jo 12]<_N
(2

T
. é . . .
Qu0(G,€) = { sup / ‘G(j)(s)’ ds < € ; sup (||X(J)||oo, ||Yi(j)||oo, ||G(7)||OO) > eq} .
0
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There exist positive constants ¢ = q(J,€) and eg = €o(J, T, N, €) so that for all e € (0, €]
QQ*(Q, 6) N QM(Q, 6) C Qﬁ(e) .

Proof. We begin by translating the bound

T
sup / {G(j)(s)|£ds<e
0

1<j<Jo

into a bound of the form sup; ;< ;, [|GY ||« < €” for some 3 € (0,1).
Notice that

}G(j)(s) — G(j)(r)} =

/ HU’(t)dt\ <ls = [HD|o .

Without loss of generality we assume ¢ < 5. Hence on Q4.(G,€) N {supi |Willoo > e*ﬁ}

N
IED oo < IXDoe + 1Y, e Wi oo < €790 + Newh5 < (N 4+ 1)

=1

In other words, H;(G) < (N + 1)~ on Q4. (G, €) N {Supi ([Willoo > e’ﬁ} . Then Lemma

7.6 below implies sup;;, [|GY||o < (24 N)e® < € for € sufficiently small where §y = B

and 5, = %ﬁ Now notice that Q,(G, ™) C Q,(G,€) because 5, < 1. Hence the result

follows from Proposition 7.2 and the fact that {supi [Willeo > e_ﬁ} C Qy(e). O

7.2. The Basic Estimates. Let
t
G(t) = G —|—/ H(s)ds
0

Now let H(s) be any stochastic process of the form

N
(7.4) H(s) = X(s) + Y Yi(s)Wi(s) = X(s) — Z(s)

i=1
where X(s), and Yi(s),...,Yn(s) are Lipschitz continuous stochastic processes and {WW;(s),

..., Wx(s)} are mutually independent standard Wiener processes with W;(0) =0, 1 <1i <
N.
Next given € > 0, define the following subset of the probability space:

(75) Q*<H,e>={ sup ([Villoo) <% 5 sup (H1<m,H1<X>)ge—2%},

1<i<N 1<i<N

1

Q(H,e) = { sup (X1 I¥lL) < } .
1<i<N

Lemma 7.4. Let € > 0. Assume Hy(H) < ce™? for some fized a > vy > 0. Then ||G]|e < €
implies | H||oo < (2 + c)eita .
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1
Proof. For any s € [0,t], let < s < 7y such that r, —r; = etra. Notice that by the
assumption H(r) > H(s) — ce V|ry — r1|* for any r € [ry,73]. Hence we have

2¢ > G(ry) — G(ry) = /T2 H(r)dr > |ro —ri|(H(s) —ce Y|rg —r1|%) .

Rearranging this gives, H(s) < 7”1\ + ceVry — r|* = (24 ¢)etFa. The same argument
from above gives a complementary lower bound and completes the result. 0

Next, we have the following result.

Lemma 7.5. There exists a €g = €o(N) so that for every € € (0, ¢] and stochastic process
G(t), of the form given above, one has

L
U(H )N {16 <5 s (X Kl) > e € 560
1<i<N

Proof. The result will follow from Lemma 7.9 of the next subsection after some ground work
is laid. As before, set A = ¢7 and recall that by definition Qi(e) = Qa(A) UQ(A) UQ(A).
Then notice that 1y (f) < Ha(f). Hy (/-+9) < Hy () +H, (0), and 1y (7g) < Hy (0) -+
Hi1(f)llgllos for all functions f and g. Hence on Qc(A)* N €Y (H, €)

Hi(H) < Hi(X +ZH1 M Willoo + Ha (W)[[Yilloo

4

<0 4+2Ne 7 < (14 2N)e ™

Hence by Lemma 74 on Q.(A)*N QL (H,e€) one has that [|G]lo < € implies || H|w < (1 +
2N )6375 < A = e for e sufficiently small. Next observe that because A = e75, €] L(H,e) C
Q*(H, A) where Q*(H, A) is the set which was defined in equation (7.5). In hght of this,
Lemma 7.9 implies that

(7.6 (11,9 0 {6l < € sup Vil > e b 04(0)
Now on
QLAY N (H, &) {HGHoo < sup |Vl < }

one has that || X||se < [|H oo + 32 Yillse|Willoe < €75 + Nemse 10 which is less than et for
e sufficiently small. Hence

0.(0) 11, 1 {[6] < €5 sup Vil < 6 | 0 (X > e}
is empty. Combining this observation with (7.6) implies
(1, NGl < 0 [{sup Wil > e} U { Xl > e }] € 200

Since {sup, ||Yi|lo > €151} C {sup; [|Yi|lsc > €7}, the proof is complete. O

Lemma 7.6. For any ¢ > 0 and { > 0, f0T|G(S)|Zd3 < € and Ho(G) < ce? implies
Gl < (1 + c)ersmm
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Proof. By Chebyshev’s inequality for any 3 > 0, we have Mz : |G(z)] > €’ } < el =% where
A is Lebesgue measure. Hence |Gl < € 4 ce(=82%e=7. Setting f = 7% proves the
result. 0

7.3. The Main Technical Estimate: Let H(s) be as in (7.4) from the preceding section.
Define the following piecewise constant approximation of the Z from the definition of H:

(7.7) Z(s) = — ZK*(S)W s

where Y;*(s) = > ;" 11, (s) supy;, Yi(s) and 1;, is the indicator function of the set I, =
(tr1,tr)-
For any k, and process ((s) defined on [t;_1, x|, we define the d-scale quadratic variation

on [tkfl,tk] by

g

(k)

Qu(¢) =Y [65¢]?

1

Lemma 7.7. On Q*(H, A) N QA for any k = 1,...,m, we have the following esti-
mates: Qi(X) < 20, Qu(Z*) < 2Q1(Z) + AN2AZ . Moreover, on Q. (H, A) N Q(A) N
{sup,e;, [H(s)| < A}, Qu(Z) < 2Q1(X) + 8A3 + 8A2% and Qr(Z*) < (40 + 4N2)A%.

~
Il

Proof. For brevity, we suppress the k dependence of M (k) and sy(k). The first inequality
follows from

X (se-1)]?

2< MOPATT = (A5 + DAFA T = A% 4 AT <205

ﬁ

To see the second implication, first notice that

Qu(Z7) <Y (2127 (se-1) = Z(se-)| +127(s0) = Z(s0)|]® + 2[Z(s0-1) = Z(s0)]%)

S

<20u(2) +4 3 [2°(s0) — Z(s0)P + 43 17 () — Z(so)-
(=0

Next note that

Z[Z*(Sf) — Z(s0)]* < Z Z[YZ(S(g) — Y [Wi(sy)
/=1 (=1 Li=1
< A—%NTZ S5 < Soa¥ = ook

2 25

and similarly Zé\ial[Z*(s@) — Z(s0)]* < &-Az. Combining this estimate with the previous
gives the second result.
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The third result follows from H(s) = X(s) — Z(s) and

Qr(Z) (Z(s¢) = Z(s0-1)]

M-

o~
Il
—

2(1Z(se) = X(so)| + 1Z(se-1) = X (se-1)[]* + 2[X (s¢) — X (5¢-1)]"

M-

~
I
—

A
<8AM +2Qi(X) < 8A2(g +1) +2Qr(X) .
Lastly, combining the three previous estimates produces the final estimate. 0

To aid in the analysis of Y*, consider a general process of the form
N

C(s) =) ai(s)Wils)

i=1
where the W; are independent standard Wiener processes and the a;(s) are constant on the
intervals I, = [(k — 1)A, kA) for each k = 1,...,m. As before, for k =1,...m, we define

Mk) / N 2
Qu(¢) =) <Z az‘(Se(k))5fWi) :

=1 \i=1
where s,(k) and §} are as defined at the start of Section 7.1. Notice that if we define

N MK) M) )
U=>Y a2 (6;W;) V= > aa; Y (OFWi)(OFW)),
i=1 =1 (i,9)e{1,...,N}? (=1

i7#]
where a; = a;((k +1)A) and OFf = (05 £)//0F then Q(¢) = #k)(U + V).
Lemma 7.8. For o > %, A e (0,67;7—78) and k=1,...,m,
{Qk(g) < A7 AT < sup o] < Az%} C Qa(A) UQ(A)
Proof. First notice that because % <oand A < 67;728, A7 — %Ag < —%A% SO

{Qk(C) < A7 ;AT < supay] < A218}

A 1 8 1 A 1 8 1
— A7 ; i AT1d — AU——Ai; i A
C{M(k)U<2 7,sgp|a|> }U{M(k)v< A7 Ssz\a|< }
A 1 8 1 A 1 8 1

C {WU < §A7 ; sgp|a,~| > AM} U {W|V| > §A7 ; sgp|ai| < A‘?S}

Now

M(k)} € 0,(8)

N | =
N | =

M(k)
A%M(k) ; sup |a;| > Aﬁ} C {inf Z(%sz <
d b=
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and

1 1
{|V| > GATM(K) ; suplai| < A‘218}

M(k) 1
. x A7 1
- {?UI))\%H%\ > (OFW) (5 W) | > M (k) 5 suplail < A 28}
1,) 521 ?
i

3

ﬁM(k)} co(a)

M(k)
Ak . Ak: .
C ¢ sup ;(@Wz)(éewﬂ > 3N2

(4,)
i#j

U

The following result is the main result of this section.

Lemma 7.9. For all A € (0, (40 + 4N?)~*2] and all stochastic processes H(s) of the form
(7.4)

A

O (H,8) N [ H oo < A5 sup [Villoo > AT} C 24(A) U(A) UQL(A) .

We will prove this result by showing that on Q*(H, A)as A — 0, if

sup |H(s)| < A and sup sup |Yi(s)| > At

s€[0,T) i s€[0,T]
then the approximate quadratic variation of the Wiener processes at the scale § is abnormally
small or sup, ||W;||s > A~ 3.

Proof of Lemma 7.9. From the last estimate in Lemma 7.7, we have that on Q*(H, A) N
Qu(A)e N {sup,e, [H(s)| < A}, Qu(Z*) < (40 +4N?)AZ < A% for A € (0, (40 + 4N?)~42].

Here Z* is the approximation defined in (7.7). Now Lemma 7.8 with o = 22(> &) implies

D) 7
that

(7.8)  Q(A)NQ(H,A)N {sup |H(s)| < A ; supsup|Y;(s)| > Allél} C Q. (A) U Qp(A)

sely, i s€l}
forall k =1,... and A € (0, (40 + 4N?)~42].

Continuing, we have that

Qu(A) A Q. (H, A) A {HHHOO < Assup Vil > A&}

C U {sup |H(s)] <A supsup |Yi(s)] > Allél} NQL(H,A)NQ(A)°
k=1

SGIk 7 SEIk

C Qa(A) UD(A)
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7.4. Estimates on the Size of ., {2, and ().. Since the events described by €2, and €2,
are simply statements about collections of independent standard normal random variables,
the following two estimates will give us the needed control.

Lemma 7.10. For c € (0,1) and M > settingy =c—1—1n(c) > 0

lc’

S

P(;n? < CM) < \/;_Mexp ( — %VM)

M M )
P(‘Zwﬁe‘ = CM) = ZIP(ZWW > CM) < 26Xp<—CZM>
=1 =1
where {ne, e} are a collection of 2M mutually independent standard N(0,1) random vari-

ables.

Proof. Notice that Zé\il nz is distributed as a x* random variable with M degrees of freedom.
Hence we have

M 2—]‘2/1 cM
2 < cM) / :c]g le=%dx
(Z " L&) Jq

Since ¢ < 1 and M > 2, the integrand is bounded by (cM)= L exp(—c4l). Combining
this with D(2) > /aM ()% implies that

M M

J M-%e¥ M
P(Zn? < cM) < —(CM)% exp(—c—)
—1 vrM 2

<

V;_M exp(%[—c +141In()]) .

Noticing that —c + 1 4 In(¢) < 0 for ¢ € (0, 1) finishes the proof of the first statement.
For the second, note that for A € (—1,1), Eexp(Anef) = (1 — A2)~2. Hence for A € [0, 1],

M
1
]P’( ~>M)< XM + =|In(1 — \2)| M
;?7@77@_0 _€Xp< ¢ +2\n( )| )

< exp (—)\cM + )\QM)

Taking A = £ gives the result. 0

Corollary 7.11. For A < % AT,

P(QG(A))<%A_§eXp< ! ?)

P(Qb(A)) < 6N2TA’1exp(—3TA’E> .

In particular, if v = mln(% %) then

N2
—YAF)
< 2exp(—y
( A) U )) < 8TN -
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Proof. First observe that the {05W;} are independent N (0,1) random variables. Since

M (k)

0,c YU S @we < 2L

k=01i=1 (=1

m < % +1and A75 —1 <M< A~3 the first result follows from Lemma 7.10 and bounding
the previous expression by the sum of the probability of the sets on the right handside.
Proceding in a fashion similar to the first estimate, the second bound follows from

m M(k) 3
e AT M (k)
RV (5F
QbCl l l l E (67 W) (6, W5) ZW 5
k=0 (i,j)e{1,..,N}? | | =1
i#j

Combining the first two estimates gives the last quoted result. U
Lemma 7.12. For any p > 1 there exists a ¢ = ¢(p, N,T) so that P(Q(€)) < ceP.

Proof. 1t is enough to show that E||W;||2, < ¢(T,v) and E[H%(Wi)ﬂ < ¢(T,) for any
~v > 1. The first follows from the Doob’s inequalities for the continuous martingale W;(s).
The finiteness of the moments of the modules continuity of Wiener processes is given by
Theorem 2.1 (p. 26) and the observation at the top of p. 28 both in [RY94]. Together these
imply that E[H,(W;)?] < oo for all v > 0 as long as o € (0, 3). Since a = } in our setting,
the proof is complete. O

8. STRICT POSITIVITY OF THE DENSITY

We will now give conditions under which for any ¢ > 0 and some orthogonal projection
IT of IL? onto a finite dimentional subspace S, the density p(¢,z) of the law of Iw(t) with
respect to Lebesgue measure on S satisfies

(8.1) p(t,z) >0 ,forall z € S.

Our proof will make use of a criterion for strict positivity of the density of a random vari-
able, which was first established in the case of finite dimensional diffusions by Ben Arous and
Léandre [BAL91]. It was then extended to general random variables defined on Wiener space
by Aida, Kusuoka and Stroock [AKS93]. We follow the presentation in Nualart [Nua98].
However, there is one major difference between our case and the classical situation treated
in those references. As noted at the start of Section 2, our SPDE can be solved pathwise.

This means that the Wiener process W (t) = ( Wi(t) )gez, can be replaced by a fixed trajec-

tory in Q, & C ([0, ]; R®*). Hence, we do not really need the notion of a skeleton. Because of

this we can prove a result which is slightly more general than usual in that our controls need
not belong to the Cameron Martin space. Let @ € L£(R?*;1L?) be such that if {q, k € Z.}
is a standard basis for R, then Qg = ey.

The main result of this section is the following:

Theorem 8.1. Assume that So, = L?. Let t > 0, and II be an orthogonal projection of 12
onto a finite dimentional subspace S C Soo = 2. Let x € S be such that for some 0 < s < t
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and all w € L? there exists H € C([s, t];R®*) such that the solution of

owH . o . S
(8.2) 5y (1) + Bw?(r),w(r)) = vAw™(r) + Q7 ~(r), r > s
wf(s) = w

satisfies TIwH™ (t) = x. Then the density p(t,-) of the law of the random wvariable Tw(t)
satisfies p(t,z) > 0.

Note that equation (8.2) makes perfect sense even when H is not differentiable in time.

To see this define @/ (s) % w! (s) — QH(s) and note that the equation for @ (s) is a well

known type of equation, to which existence and uniqueness results apply (cf. [CF88, FP67]).

Before proving this theorem, we first state a corollary. Define a new sequence of subsets
of Z3, by K° = Z, and for n > 1,

K™ = {k +jlk,j € K" ", [k| #|j],k~-j # 0} .
Finally, let

Vy = Span{ek ke C/J K"}
n=0

Corollary 8.2. Assume that So, = L2 and there exists N € N such that IIL? C Vy. Then
the density p(t, - ) of the random variable TIw(t) satisfies p(t,z) > 0 for all x € TILA.

Proof of Corollary 8.2. Tt follows from Theorem 9 in Agrachev and Sarychev [AS03] that
for any s € (0,t), the controllability assumption of Theorem 8.1 is satisfied with a control
H e Wheo(s,t;R?). O

Remark 8.3. We suspect that the Corollary might hold whenever S, = 2. One indication
which supports that conjecture is the fact that Romito [Rom02] has proved the controlability
of the Galerkin approximations under that assumption.

The rest of the section is devoted to the proof of Theorem 8.1. Our proof is based on the
following result, which is a variant of Proposition 4.2.2 in Nualart [Nua98].

Proposition 8.4. Let F € C(Qy;S) where S = TIL? is a finite dimensional vector space
such that H — F(H) is twice differentiable in the directions of H(0,t;R?*), and these exist

DF(-) € C(; [L*(0,¢; S)]Z*) and D*F(-) € C(Qy; [LZ((O,t)2;S)]Z*XZ*) such that for all
.l € Z, and h,g € L*(0,t;R),

d :
%F(H%— 6/0 qﬂz(s)ds)
d2

= d5F<H+€/O qjh(s)d5+5/0 qw(s)ds)‘ezo :/0

6=0

-/ D, (H)h(s)ds,

e=0

D]
t /0 D2 P(H)(s)g(r)ds dr-

]78;67,’“

We assume moreover that

(8.3) H — (F(H), DF(H), DQF(H)>
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is continuous and locally bounded from Q; into S x [L*(0,t; S)]Z* x [L*([0, )% S)}Z*XZ*, and
that there exists H € Q such that F(H) = x and

(8.4) / Dy F DkSFJ(H)ds) > 0.

Then, if the law of F(W) has a density p(t,-), p(t,z) > 0.

Proof. Since the proof is almost identical to that of Proposition 4.2.2 in [Nua98], we only
indicate the differences with the latter proof.

In this proof, H is one specific element of €2, satisfying F/(H) = x and (8.4). Let h;(s) =
D.,Fi(H), j € Z,. Clearly, h; € L*(0,t;R®). For each z € R®*, let

(W) E W)+ 2 /0 h;(s)ds

and
g(Z, W) = F(TZW) (W)

It follows from our assumptions that for any W € Q;, g(-, W) € C?(B;(0); R?*), and for any
B > 1, there exists C() such that

Wl < C(B) = lg(-, W) 2By o)) < B

def

where [|[W{|soy = supg< <, [W(s)], and the notation B,(0) stands for the open ball in R
centered at 0, with radius a.
Assume for a moment that in addition

1
ca

It then follows from Lemma 4.2.1 in [Nua98| that there exists c¢g € (0, %) and 6z > 0 such
that g(-, W) is diffeomorphic from B,,(0) onto a neighborhood of Bs,(0).

We now define the random variable Hg, which plays exactly the same role in the rest of
our proof as Hg in [Nua98|, but is defined slightly differently. We let

| det g'(0)] =

Hp = ka(|W oo )as(| det(DEF'(W), DF'(H))|) ,

where (-,-) denotes the scalar product in L*(0,¢R?*); kg, as € C(R;[0,1]), ks(z) = 0
whenever |z| > 3, kg(x) = 1 whenever |z| < f—1; ag(z) = 0 whenever |z| < 1/8, ag(z) >0
whenever |z| > 1/8, and ag(z) = 1if |z| > 2/5.

The rest of the proof follows exactly the argument in [Nua98| pages 181 and 182. We only
have to make explicit the sequence TH, N = 1,2, ... of absolutely continuous transformations
of ; equipped with Wiener measure, which is used at the end of the proof. For N = 1,2, ...,
let t¥ =it/N, 0 <i < N. We define

(THW)(t) = W(t) + / (Fw(s) — W (s))ds,
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where
= 2; — tN 1[tN t1+1)( )7
= 1W —W(N,)
— Z tN — tN 1[tN z+l)(8).

=1
For any W € ;, as N — oo,

sup [(T{W) (s) — H(s)| — 0.

0<s<t
Hence, by the continuity of F' and DF', we also have
F(T{W) — F(H)
DF(THW) — DF(H),
and moreover

. H o
m_sup P (T W lsee > M) =0.

This provides exactly the version of (H2) from Nualart, which is needed here to complete
the proof. 0

All that remains is to prove the following lemma:

Proposition 8.5. Under the assumptions of Theorem 8.1, if F' = Tlw(t), there exists H € §);
such that F(H) o Hw#(t) = z, and (8.4) holds.

Proof. Let s € (0,t) be the time which appears in the assumption of Theorem 8.1. Since
Sse = L2, it follows from Corollary 6.4 that

( N {M ¢>¢>>0}>

SEMT! 0
We choose an arbitrary Brownian trajectory W in this set of measure one. We then choose,
according to the assumption of Theorem 8.1, an H, € €, satisfying H,(s) = 0, such that the
solution {w!=(r), s <r <t} of (8.2) with initial condition w#=(s) = w(s;wy, W), the value
at time s of the solution of (1.1) corresponding to the trajectory W which we chose above,
satisfies ITwH=(t) = x. It remains to show that the condition (8.4) is satisfied, with H € €,
defined by
Hr) = W (r), ?fogrgs;
W(s)+ H,(r), ifs<r<t.
We shall write
W if 0 <r<
iy = {rE), o< <
w(r), ifs<r<t
All we need to show is that for any fixed ¢ € S, ¢ # 0,

Z/D,”w ,)%dr > 0.
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Note that
Z/ Dkrw Vadr > Z/ D;”w t), ¢)2dr
keZ, keZ,
- Z/ (D™ (), U(s))2ds.
kEZ.

where {U%?(s), 0 < s < t} solves the backward equation (2.5), associated to the correspond-
ing w trajectory, and the last identity follows from Proposition 2.3. In view of our specific
choice of W, since from Lemma B.1 U*¢(s) € H!, it suffices to check that U%?(s) # 0. This
finally follows from “backward uniqueness” (maybe we should say “forward uniqueness” since
the Ub? equation is a backward equation !), see Theorem I.1 in Bardos, Tartar [BT73], whose
assumptiuons are clearly verified by the U%¢(-) equation (2.5). l

9. CONCLUSION

We have proven under reasonable nondegeneracy conditions that the law of any finite
dimensional projection of the solution of the stochastic Navier Stokes equation with additive
noise possesses a smooth density with respect to Lebesgue measure. In particular, it was
shown that four degrees of freedom are sufficient to guarantee nondegeneracy. Under further
assumptions, we show that the density is strictly positive.

It is reasonable to ask if four is the minimal size set which produces finite dimensional
projections with a smooth density. The nondegeneracy condition concentrates on the wave
numbers were both the sin and cos are forced. Since this represents the translation invariant
scales in the forcing, it is a mild restriction to require that whenever either of the sin or
cos of a given wave number is forced, then both are forced. Under this assumption, forcing
only two degrees of freedom corresponds to forcing both degrees of freedom associated to
a single wave number k. It is easy to see that the subspace {u € L? : (u,sin(j - z)) =
(u,cos(j - z)) = 0 for j # k} is invariant under the dynamics with such a forcing. Hence if
the initial condition lies in this two dimensional subspace, the conclusions of Theorem 1.1
fail to hold. See [HMO04] for a more complete discussion of this and other cases where the
nondegeneracy condition fails.

We have concentrated on the 2D Navier Stokes equations forced by finite number of
Wiener processes. However there are a number of ways one could extend these results.
The choice of a forcing with finitely many modes was made for simplicity in a number
of technical lemmas, in particular in section 7.1. There appears to be no fundamental
obstruction to extending the method to the cases with infinitely many forcing terms if the
covariances satisfy an appropriate summability condition. In addition, the methods of this
paper should equally apply to other polynomial nonlinearities, such as stochastic reaction
diffusion equations with additive noise. In contrast, handling non-additive forcing in a
nonlinear equation would require nontrivial extensions of the present work. Since in the
linearization, stochastic integrals of nonadapted processes would appear, it is not certain
that the line of argument in this paper would succeed.
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APPENDIX A. ESTIMATES ON THE ENSTROPHY

Define & = Y, 5. |lex||* where the e;, were the functions used to define the forcing in (1.3).
In general we define the a-th spatial moment of the forcing to be &, = >, 5 [k|**|lex]/.
With this notation, we have the following estimate.

Lemma A.1. Given any € € (0,1), there ezists a v = y(€) such that
]P’{ sup [Jw(s)|]* + 2€V/ |w(r)||3dr — Eys > |Jw(0)|]* + K} <e K
s€[0,t] 0

for all K > 0.

Proof. The Lemma follows from the exponential martingale estimate after one notices that
the quadratic variation of the martingale in the equation for the enstrophy is controlled by
[5 lw(r)|3 dr. See [Mat02] Lemma A.2 or [Mat02] Lemma A.1 for the details and related
lemmas in exactly this setting. 0

From the previous result, we obtain the following.

Corollary A.2. There exists a constant ng = no(T,v) > 0 so that for any n € (0,n0] there
exists a constant ¢ = ¢(T,n,v) so that

E exp (77 sup Hw(s)||2> < cEexp (77||w(0)H2)

0<s<T

and

Bop (i [ Iu(s)ds) < sy (i)

We will also need the following result which gives quantitative estimates on the regular-
ization of the H!'-norm.

Lemma A.3. Given a time T > 0 and p > 0, there ezists positive constants ¢ = c¢(v, T, p, &)
so that

E sup () + svllw(s)[F]" < e[1+ [lw(0)]*]

Proof. Defining ((s) = ||w(s)||* + sv|w(s)||?, we have for all s € [0,T]
Cs — Eos — %5152 = |lw(0)|]* + /S 2rv | — vl|w(r)||3 + (B(w(r),w(r)), Aw(r))]dr

- / )+ Y / 21+ k) (w(r), ex) dWi(r)

keZ,
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Since
[(B(w, w), Aw)| < cllwl|z[lwli]wllz < vlwll; + (@) |lw]*,
one has
(A1) sup (o < c(1+T% +cT? sup ||w(s)||* + sup N
0<s<T 0<s<T 0<s<T
where
No= v [ )P + sl Bl + M.
0
and

M= Y [ 20 b)), c)dWitr) .

keZ,

Notice that for all s € [0, 7] and o > 0 sufficiently small N, < My—$[M, M|, where [M, M],
is the quadratic variation of the martingale M,. Hence the exponential martingale estimate
implies P(sup,<y Ny > ) < P(sup,c My — §[M, M], > 3) < exp(—a/3). This implies that
the last term in (A.1) can be bounded by a constant depending only on «, T', v and the power
p. By Corollary A.2, the third term in (A.1) can be bounded by a constant which depends
on the initial condition as stated as well as «, T, v and the power p. 0

APPENDIX B. ESTIMATES ON THE LINEARIZATION AND ITS ADJOINT

Define the action of linearized operator Jy; on a ¢ € L? by

0
(Bl) ajs,t¢ = VAJs,t¢ + B(w(t), Js,tQS) + B(J57t¢,UJ<t)) 0 S S S t,

JS,S¢ = Qb

and its time reversed, L?-adjoint J;, acting on ¢ € L? by
ma | G ATLG ¢ B, T) ~ Cou) <0 0<s <
jt*,t(b =¢
If we define the operator Q : R®* — L2 by (z4)rez, — Y Txer, then Vi ((t) = J,,Qq). were
{qi : k € 2.} is the standard basis for R®* and U"?(s) = J;,¢. Similarly for h € L} (R%"),
Dyw(t) = fot Js:Qh(s)ds.

Lemma B.1. For any Ty > 0, n > 0 and o € {0, 1} there exists constants v = v(v,n,T§")
and ¢ = c(v, T¢,n) so that for all p € L? and T < Ty

T
sup (gl +(t — )1 Tos03 < exp (n / () 2dr + ) (61 + (1 = e)ll6]3)

0<s<t<T

T
sup || T2l + At = )1 T2,013 < exp (1 / Jeo(r)lizdr +eT) (6l + (1 = )lle]1?)

0<s<t<T

where on the right hand side (1 — a)||¢||? = 0 when o = 1 by convention for all ¢ even if
9]l = oo.
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Proof. We start by deriving a number of bounds on the nonlinear terms. Using Lemma D.1
and standard interpolation inequalities produces for any § > 0 and n > 0 and some c,

2/(B(0.w). 4} <l ol < ol + ol (nlel + 55)

1 1 C
2[(B(¢, w), Ag)| < cllwllllgllt [0l ll¢ll2 < dllell5 +nllwlilo]T + WH?UH?WHZ

2A(B(w.6).86)] < ol 1ol < —elwlhllollol + 60) il ol
4]
< a0l + g llwllol? + Gol + nlwllol

2/(B(A¢,w), $)| < cllglliveldli-cllwlls < cllwlhligllill: < dlll + gHwH?IWH2

We begin with bounding J expression with a = 0. Setting ¢, = || Js.s1+9|* + V|| Js.s0-0l|3,
w, = w(s +r) and J, = Js4,¢ and using the above estimates with appropriately chosen
constants produces

a¢. 0 9 0 9
a,r 7@7’HJTH +78THJTH1

= — 2|0l + 2(B(J,, w), J)
+ 29[ = v|| |3 + (B(Jr, w), AJ,) + (B(w, J;), AJ,)]

c 9 1 1 9 2 20 7 112
S(nQ_V + §er||1 —}-’}/C(W + W)HU)T”l) [ 117+ mllw: 171217

Hence for v sufficiently small there exist a constant ¢ so for all r > 0

¢, c

< [— 2
87" — [n2V +77er‘|1]<r

which proves the first result for Js;. The result for o = 1 is identical except that we take
G = [ s.sar®l> + 77| Js.s0r@]|? and hence there is an extra term from the differentiating the
coefficient of || Js ¢1,¢||3 and the fact that the resulting constants depend on the time interval
[0, T over which r ranges. See the proof of Lemma A.3.

Turning to J;,, we set ¢, = [|J7_,, 0l + | /7,01, 0, = w(t —r) and J; = J;_,,¢ for all
r € [0,t]. The bar is to remind us that the process is time reversed. The argument proceeds
as in the previous case. Again using the estimates above, we obtain

857" & n e 2) " 91 Fe112
— <\ om o T (5 )l )17 AT 2
&—Q@+W+Q+VNWMHA+WWMH$

Hence for  small enough and r € [0, ¢],

G
or = [1/(14-7]2)

C —
2] &

which proves the result. 0]
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AppPENDIX C. HIGHER MALLIAVIN DERIVATIVES OF w(t)

For notational brevity define B(f,¢) = B(f,g) + B(g, f) for f,g € L. For k € Z,, we
define J(t er = Jsiex. Forn > 1 define J; t) acting on ¢ = (eg,,...,ex, ) with ky,..., k, € Z,
and with time parameters s = (s1, ... ,sn) € R? by the equations

a n n n n
a0 = VAL S+ Blw(t), IG5 0) + Fé: > s

Jt)— ;o 1< Vs

S;

where Vs = 51 V ---V s,. The operator F(t) applied to ¢ is defined by
FRo= 3 BIIVe., 11 e5)

(a,B)€part(n)

Here part(n) is the set of partitions of {1,...,n} into two sets, neither of them empty. |o] is
the number of elements in o, ¢o = (o, - - -, Qbaw) and s, = (Say, - - - 73a|a\) . The partition
(o, B) and (0, «v) are viewed as the same partition.

First observe that when n = 1 Lemma B.1 says that for any n > 0 there is a ¢ = ¢(T,n)
so for all ¢ € R?*

T T
sup [Ienls < coxp(n [ fwir)lBar) < cesp(n [ futr)|far)
0<s<t<T 0 0
For n > 1 with again ¢ = (ex,,...,ex,) and s € R}, we have the following estimate on

Fn)
IFell < > B e W 0s) I < e > 1T sallill 10 b5l

(a,B)€part(n) (a,B)€part(n)

Then the variation of constants formula implies that JS(:;) = fvts Jr i F& ¢dr and hence

Wglly < / 1T FO g 1dr

<cop(n [ Nufar) ([ L par) o el

=(71,,7n)
0<7; <t
Vr<r<t

T
< cexp(n / Jor)izar) 3" sup [T ea]lsup 7926411
0 (a,B)€part(n) o o

Proceeding inductively, one obtains for any n > 0 the existence for a ¢ = ¢(T,n,n) and
v =(n) so that

T
200 < [ WeaFacolir < cexp(om [ utoliar)

Now with ¢ and s as above,
e krnsn e W(E) = Js(j:)gbv



38 JONATHAN C. MATTINGLY AND ETIENNE PARDOUX

and since 1 was a arbitrary positive constant, by redefining it, one obtains that for any n > 0,
there exits a ¢ = ¢(T,n,n) so that

T
54D D2 i 00 < cexp(n [ o) ).
0

t€(0,T]

Combining this estimate with Lemma A.2, we obtain the following result. Letting ID>°(H,)
is the space of random variable taking values in H; which are inifintely differentiable in the
Malliavin sense and such that those derivatives have all moments finite, we have that: (see

[Nua95] page 62 for the definition of D>)

Lemma C.1. Foranyn >0,t>0,p > 1 andn > 1 there exists a constant ¢ = ¢(t,v,n,p,n)

so that
p/2
( 3 / / D% e <>||%dsl---dsn> < cexp (n]w(O)|P) -

kl, ,k? EZ*

Hence w(t) € D*(H,) for all t > 0.

APPENDIX D. ESTIMATES ON THE NONLINEARITY

In the following, Lemma we collect a few standard estimates on the nonlinearity and derive
a few consequences from them.

Lemma D.1. Let o; > 0 and either oy + as + a3 > 1 or both ay + as +as =1 and o; # 1
for any i. Then the following estimates hold of all f,q,h € L2 if the right hand side is well
defined.

[(B(f9), M| < el fllaw-1llgllazallPl]as

In addition we have the following estimate. For any € > 0 there exists a ¢ = c(€) with

(VB(f,9), Va)| < cllfllllgllillgllie

Proof. For the first result see Proposition 6.1 of [CF88] and recall that our B is slightly
different than theirs and that ||ICf|; = || f]lo- After translation, the result follows. For the
second result we need to rearrange things. Setting u = (u1,uy) = Kf we have

(VB(f.0). Vel = | | Vi)l Vo

Observe that V[(u Vgl - Vg = [(u-V)Vyg] - Vg + (VuVyg) - Vg. Because V - u = 0,
[(u-V)Vg]-Vg=3>.V-(uf 891) ). Hence, the integral of the first term is zero by stokes
theorem and the fact that we are on the torus.

The integral of the second term over the domain is made of a finite number of terms of the
form [ %ﬁﬂdx This term is dominated by |2 Lr|8g |L”|ax |pe for any r,p,q > 1 with

ox; ij x; amz
% + % + % = 1. Recall that in two dlmensmns, the Sobolev space W12 is embedded in L" for
any r < oco. Hence by taking p= 2, q > 2 sufficiently close to 2 and r correspondingly large,
we obtain the bound cl|-2%

||8g ||||8$ for any € > 0 and some ¢ = ¢(¢). The estimate is

9l gl e O

ox;
in turn bounded by c|| f1|;
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APPENDIX E. LIPSCHITZ AND SUPREMUM ESTIMATES

Let S be a subspace of IL? spanned by a finite number of cos(z - k) and sin(z - k). Let
IT be the orthogonal projection onto S. Also let Il be the orthogonal projection onto the
directions directly forced by Wiener processes as defined in Proposition 3.7.

Recall from Section 7 the definitions of He 05(f), || flloc, ||.f]loo,fa) aPplied to functions of
time taking values in L2

For 0 < s <t < T one has

t
Ew(t) = e 2 Dw(s) + Hé/ "2 Blw(r), w(r))dr.

Since [ f(z)dz = [g(z)dz = 0, [|B(f,9)ll < clIV/IVgll and [[(e"2¢=) — 1)f| < (1 -
e VA=) || £|| for some fixed A > 0, one has

I oo(e) —w(s) < 2[1 = fuo(s)]| +2 sup [[Vur)|le 5|

<t —s| |1+ [Vl

Similarly,
[UT2() = U2 (s)]| < et = s[IUT ()] + el Veolloo [ VU ||t — 5|
<c[l+||Vw|Z + [VUT?|2]1t — 5] -
Also if
¢
R(t) = ow(0) + / vAyw(r) + Mo B(w(r),w(r))dr

0

then

[1B(t) = R(s)]| < 0/ [ (r)[|dr + 0/ lwo(r)[Pdr < e[L+ [Jwl3 ][t — 5|
Next observe that [[TLB(f, g)|| < c[[fll[lgll and [[TIC(f, 9)[| < e[l /gl AllgllI[V 1] Thus
ITC(f(2), g(1)) = TC(f(s), g(s))| < [NC(f () = f(s), g + [TIC(f(s), 9(t) = g(s))
< lIVgllsoll £ ) = F() + IV Fllollg(®) — g(s)]]

and

ILB(f(t),9(t)) = ILB(f(s), g(s))| < clllgllooll £ (£) = F() + [ flloollg(t) = g(s)]]

We combine these observations in the following Lemma.
Lemma E.1. Let II and I1y be as above. In the notation of (7.1) and (7.2),
Hy (Tlgw) < c[l + ||Vw||c2>0}
Hi(UT?) < e[L+ [ Vwl3, + [IVU?5]
Hi(Z) < c[1+ [[w]Z]
H(IB(f, 9)) < c[llfllcH1(g) + [lgllcH1(f)]
HAIC(f, 9)) < cllIVFlloHilg) + IVl Hi(f)]

for all f,g € L2 smooth enough that each term on the right handside is finite.
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Lastly we specialize these estimates to the setting of Proposition 3.7. Let X?, Z, and Y,f
be as defined in Proposition 3.7 for w(t) and UT*?on the interval [0,T]. Define x¢ = I1X?
and T{ = IIY,?. We wish to obtain control of the Lipschitz constants over an interval [t, T
with ¢ € (0,7).

Using the estimates from Lemma E.1 and the fact that |V 2|« < (1 + \|w\|é7[t,T}),
we obtain

Ho g1 (x?) <[ (UT?) + [IVlloo /M 1z (UT) + IVUT? [l 10y Ha g1y (Mg w)
1V 2| oo 01 Ha 1.0/ (UT0) + VU oo .01 Ha 17y (Z)]
<c[1+ vaHio,[t,T] + HVUT’(ﬁHio,[t,T]]
and
M) (Y2) < e[Hupen(UT) + U2, 1]
<c[l1+ vaﬂgo,[t,ﬂ + HVUT’¢H20,@,TJ -

Similarly we have
IX?llooityr) < U Nlootr) + IVU oot Vlloo, ey + VU2 oo it19 1 Z ] o, jt,77]
< c[l+ |\VUT’¢H§o,[t,T] + vaHzo,[t,T]]

and [|Y7lloc,e71 < €| U"?]loc fe11-
Combining these estimates with Lemma B.1 produces

Il et I ez < e[t + IVUTNS oy + IVl )

T
< e[1+ [Veollds jy + exp (1 / leo(r) 2dr)]

for all indices i, and ¢ with ||¢|| = 1 and ||V¢|| < M. Here n > 0 is arbitrary but ¢ depends
on the choice of 1. In light of Corollary A.2 and Lemma A.3 which control the right hand
side, we obtain the following result.

Lemma E.2. Given an M > 0 define S(M) = {¢ : ||o|| = 1,||Vé| < M}. Then for any
T>0,te(0,7),p>1, andn > 0 there exists a positive constant ¢ = c(n,p,t,v,E, M, T)
such that

E( sup [Ny + sup |||T£|||€,[t,ﬂ]) < cexp(nw(0)?)
S (M) kEZ,
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