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Abstract: We consider a space-time SI epidemic model with infection age dependent infectivity
and non-local infections constructed on a grid of the torus T¢ = [0,1)?, where the individuals may
migrate from node to node. The migration processes in either of the two states are assumed to be
Markovian. We establish a functional law of large numbers by letting the initial approximate number
of individuals on each node, N, to go to infinity and the mesh size of the grid, ¢, to go to zero jointly.
The limit is a system of parabolic PDE/integral equations. The constraint on the speed of convergence
of the parameters N and ¢ is that Ne? — co as (N, &) — (+00,0).

Keywords: epidemic model; varying infectivity; non-local infections; law of large numbers; integral
equations

MSC: 92D30; 60H30; 60F17

1. Introduction

In order to capture the geographic heterogeneity, spatial epidemic models have been
well developed, both in discrete and continuous spaces. In discrete space, multi-patch
epidemic models have been studied in [1-6], and more recently by [7], where each patch
represents a geographic location, and infection may occur within each patch and across
distances (for example, due to short travels). See also the multi-patch multi-type epidemic
models in [3,8], as well as relevant models in [9-11]. Some of these studies assume mi-
gration of individuals among different patches [1,4,5,7,8], while others do not, instead
assuming that interactions between patches to induce infection [3,6,10-12]. In continuous
space, various PDE models have been developed (see the monographs [13-15] and a sur-
vey [16]). There are two well-known models without spatial movement: Kendall’s spatial
model [17,18] and Diekmann-Thieme’s PDE model [19-22], as well as the recent paper [23],
which studies an epidemic model with age-dependent infectivity, as in the present paper.
Kendall’s spatial model is a system of ODEs with a spatial parameter (without spatial
partial derivative). It was proved to be the FLLN limit of the multitype Markovian SIR
model by Andersson and Djehiche [24], where both the number of types and the population
size go to infinity. Diekmann-Thieme’s spatial PDE model (with partial derivatives with
respect to time and infection-age) has the infection rate depending on the age of infection,
as in the PDE model first proposed by Kermack and McKendrick in their 1932 paper [25].
Similar to Kendall’s spatial model, there is no partial derivative with respect to the spatial
parameter, since there is no movement in space. The Diekmann-Thieme PDE model can be
seen as the FLLN limit of a sequence of stochastic models; see [23]. We should also mention
the spatial models in continuous space obtained as FLLN limits of stochastic models in
continuous space (see [26,27]), where the stochastic model involves a continuous process
for the movement of individuals: it is assumed that individual movements follow an It
diffusion process, and the epidemic models are Markovian.
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In the present paper, we consider an epidemic model on a refining grid of the d
dimensional torus T¢. Like in the earlier work [4], the individuals move from one patch
to its neighbors according to a random walk. The first novelty of this paper is that the
infectivity of each individual is a random function, which evolves with the time elapsed
since infection, as first considered in [28], and recently studied in [8,29]. The second novelty
is that we allow infection of a susceptible individual by infectious individuals located in
distinct patches, and we use a very general rate of infection.

There are two parameters in our model: N, which is the order of the number of
individuals in each patch; and ¢, which is the distance between two neighboring sites.
The total number of patches is ¢ ¢, and the total number of individuals in the model is
Ne~9. Our goal is to study the limit of the renormalized stochastic finite population model
as both N — co and ¢ — 0. In this paper, we obtain a convergence result in L* under
the restriction that Ne? — 0. In [4], the restriction was much weaker, thanks to clever
martingale estimates due to Blount [30]. However, in contradiction with the model in [4],
our model is non Markovian, and several of the fluctuating processes are not martingales.
As a result, it does not seem possible to extend the techniques of [30] to the situation studied
in the present paper.

There are three models in the present paper. The stochastic SDE model parametrized
by the pair (N, ¢); the deterministic model, which is an ODE on the patches parametrized
by e (and is the LLN limit of the first model when N — oo with ¢ fixed); and the PDE
model on the torus T%, which is the limit of the ODE model as ¢ — 0. The convergence of
the ODE model to the PDE model exploits standard arguments on semigroups and their
approximation, based on some results in [31]. The main new argument in the present paper
consists in showing that the difference in L between the stochastic and the ODE models,
which tends to zero as N — co while ¢ is fixed according to [8], tends also to zero when
(N,e) — (+09,0), provided Ne? — co.

In this paper, we consider the SI model, S as susceptible, I as infected. An infected
individual has an age of infection-dependent infectivity, which we suppose to vanish after
some random time. It would be natural to decide that at that time, the individual leaves
the I compartment, and enters the R compartment as recovered. For the sake of simplifying
our model, we decide that after being infected, an individual remains in the I compartment
forever. This does not affect the evolution of the epidemic, since when its infectivity remains
zero, an individual from the I compartment does not contribute anymore to the propagation
of the illness, just like an individual in the R compartment of an SIR model.

Let us finally comment on the assumptions regarding the age-dependent infectivity.
We assume that to each individual who gets infected is attached a random infectivity func-
tion, the functions attached to the various individuals being independent and identically
distributed (abbreviated i.i.d. below), all having the law of a random function A (the law is
different for the initially infected individuals). In this paper, as in [8], we only assume that
A belongs a.s. to the Skorohod space of calag functions D, and satisfies 0 < A(t) < A*, for
some A* > 0. This is weaker than the assumptions made in [29]. The proof in [8] is quite
different from the proof in [29]. Here, we use a proof similar to that in [29]. The limitation is
that we obtain only the pointwise convergence of the renormalized total infectivity function,
while we obtain uniform convergence in ¢ for the proportions of susceptible and infected
individuals. We believe that this proof is interesting, due to its simplicity.

Our result allows us to approximate a complicated stochastic model of an epidemic
propagating in a population distributed over a large number of patches, by a simpler
deterministic PDE model in continuous space. In other words, our result says that, if
the population is large, as well as the number of patches, the number of individuals per
patch being large as well, then provided the numbers of individuals in the various patches
are of the same order, a good approximation of the model is given by a PDE model in
continuous space.

The paper is organized as follows. We describe our model in detail in Section 2, in
particular, the complex form of the rate of infection. Section 3 is devoted to the mathematical
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analysis of our model. In Section 3.1, we state the law of large numbers limit as N — oo,
with ¢ fixed, referring to [8] for the proof. In Section 3.2, we take the limit as ¢ — 0 in the
ODE model. In Section 3.3, we study the difference between the stochastic and the ODE
model, as (N, &) — (+00,0), and conclude our main result. The next section is a conclusion,
where we explain how our results can be used in practice, and describe our future projects
for extending the present results. Finally, in Appendix A, we recall both the Duhamel
formula, which is an essential tool in several of our proofs, and Kotelenez’ extension of
Doob’s maximal inequality.

2. Model Formulation

We consider a total population size Ne~, initially distributed on the e~ nodes of a
refining spatial grid D := [0,1)4 N ¢eZ¥, see Figure 1, in which an infection is introduced.
Here, ¢ is the mesh size of the grid (we assume that e ! € N\{0}). We focus our attention
to the periodic boundary conditions on the hypercube [0,1]¢; that is, our domain is the
torus T := [0,1)%. Our results can be extended to a bounded domain of R? with smooth
boundary, and Neumann boundary conditions.

et

SRR

Figure 1. Our refining spatial grid D, in dimension d = 2, with periodic boundary conditions. The
arrows are drawn to indicate that opposite edges are identified. The arrows at the bottom correspond
to the arrows at the top, and those on the left correspond to those on the right. ¢ is the mesh size of the
grid. The blue arrows around site x, indicate the possible movements of individuals from and to x..

2.1. Set-Up and Notations

We split the population into two subsets SV and V4. SN stands for the susceptible
individuals, who do not have the disease and who can become infected, while IN# refers to
the subset of those individuals who are suffering from the illness or have recovered from
the disease.

We shall denote by x. the nodes of the grid D,. SN #(t,x¢) denotes the number of
susceptible individuals at site x, at time t. Let BN4(t, x;) denote the total number of
individuals at site x, at time ¢, i.e. BN4(t, x¢) := SN2(t, x.) + IN4(t, x). We define SN4(t)
(resp. I Ng(t)) as the total number of susceptible individuals (resp. infected individuals) at
time t in the whole population; that is,

SNE(E) =Y SNE(txe), and INVA(t) := Y INA(t,xe), V> 0.

Xe Xe

We have BN#(t) := ZBN'S(t, x;) = Ne ¥, Vit >0.

Xe
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We now describe our model of varying infectivity. {A_1(¢), t > 0} and {A_1(¢), t > 0}
will denote two mutually independent random functions of time, whose trajectories are in
D, the space of cadlag paths from R into R, which we equip with the Skorohod topology,
and which are such that 0 < A_1(¢),A1(t) < A* for all t+ > 0, for some constant A* > 0.
A_1(t) will be the infectivity at time ¢ of an initially infected individual, while A; (t) will
be the infectivity at time ¢ after his/her infection of an initially susceptible individual. We
might assume that an infected individual is first exposed, during a latent period during
which A1(t) = 0. Then A4 (t) becomes positive, and eventually the infected individual
ceases to be infectious at time 7 = sup{t > 0, A1(t) > 0}, after the time of his/her infection.
An initially infected individual has been infected at some time in the past, and at time
0, he/she might still be exposed (in which case A,j(O) = 0), or infectious (in which case
A_;j(0) > 0), or no longer infectious (in which case A_;(t) = 0 for all ¢ > 0). We think
that a continuous function A(t) is a good model of reality. However, we prefer to assume
more generally that the trajectories of A(t) are in D, in particular, in order to include in our
model the classical case where A(t) jumps from 0 to some fixed deterministic value A at
some random time, and then jumps back to zero later on.

To each initially infected individual, 1 < j < IN#4(0) is attached a random infectivity
process {A_;(t) : t > 0}: A_;(t) is the infectivity at time ¢ of the j-th initially infected
individual. To each initially susceptible individual, 1 < j < SN#(0) is associated a random
infectivity process {A;(t) : t > 0}. The initially susceptible individual j, who is infected at
a random time "L']N *, has an infectivity of A;(t — TjN ) at time ¢, i.e., A;(t) is the infectivity
at time # after the individual j was infected. We assume that A;(¢) = 0 for all f < 0 and all
j€Z,and that {A_; : j > 1} and {A; : j > 1} are two mutually independent sequences of
i.i.d random functions taking values in the interval [0, A*].

We define the infected periods of newly and initially infected individuals j > 0 and
j < 0, respectively, by the random variables

nj = sup{t>0: )Lj(t) > 0}, j € Z\{0}.

We define F(t) :=P(; <t), Fy(t) :=P(y_1
j > 1and forj < —1, respectively. Let F¢() := 1
we define

< t), the distributions functions of 1 for
— F(t) and F{(t) := 1 — Fy(t). Moreover,

A(t) := E[A(#)] and Ag(t) == E[A_1(8)].

We assume that susceptible individuals move from patch to patch according to a
time-homogenous Markov process X(t) with jump rates vs/e? and transition function

pe (s, 1) = P(X(t) = ye| X(s) = xe),

and while infectious individuals move from patch to patch according to a time-homogeneous
Markov process Y (t) with jump rates v; /€2 and transition function

ge ¥ (s,1) = P(Y(t) = ye[Y(s) = xe).

vg and vy are positive diffusion coefficients for the susceptible and infected subpopulations,
respectively. We assume that those movements of the various individuals are mutually
independent.

In addition, we use X]s.'xf(t) (resp. Y]?C”xf(t)) to denote the position at time ¢ of the
individual j if it is susceptible (resp. infected) during the time interval (s, t), and was in
location/node x, at time s.

For all x € D, let V.(x,) be the cube centered at the site x. with volume &?. Let
H¢ C L?(T%) denote the space of real valued step functions that are constant on each
cell Ve(xe).
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A is the discrete Laplace operator, defined as follows
Acf(xe) Ee xs—i—sei)—2f(xg)+f(xg—sei)], feH®

and we define the operators A? f := vsA.f and ALf := viA.f, f € HE.
A denotes the d-dimensional Laplace operator ie,

2
Af(3) = Z )

Let Ts, (resp. T1¢) be the semigroup acting on H® generated by vsA, (resp. viAg).
Similarly, we denote by Ts (resp. Tr) the semigroup acting on L?(T%) generated by vsA
(resp. vIA).

2.2. Model Description

All random variables and processes are defined on a common complete probability
space (), F,P). We consider an SI epidemic model, where each infectious individual has
an infectivity that is randomly varying with the time elapsed since infection. We assume
that a susceptible individual in patch x. has contacts with infectious individuals of patch y.
at rate B (t) at time ¢.

Given a site x,, the total force of infection at each time ¢ at site x; is the aggregate
infectivity of all the individuals that are currently infectious in this site:

x, INS(O)
FVE(t xe) = Z A= (O Ty ()=,

+2// Jo Jo M=t g ey s Qs i aA, 1),

where
1

N,e e/ Xe e
r (t/yE) = Nl_'y[BN’E(t,yg)]’y ;ﬁz (t)gN, (t/xe)

is the force of infection exerted on each susceptible individual in patch x,, and { Q¥, y. € D, }
are i.i.d. standard Poisson random measures (PRM) on Rﬁ x D? with intensity ds ®
du ® dP) ® dPy. We assume that v € [0,1]. By an abuse of notation, we denote by
Q*¢(ds,du) the projection of Q*¢(ds,du,dA,dY) on the first two coordinates. Let, with

YNE(E xe) 1= SNE(E x) TV (8, xe),
ANE(t x) // Ly cyNe (s ) Q™ (ds, dur).

In what follows, x¢ ~ y. means that the nodes x, and y. are neighbors (each point of
D; has 2d neighbors).
The epidemic dynamic of the model can be described by the following equations

SNE(t, xe) = SNE(0, x¢) — ANE(t, xe) Z sz/]/e </ SNS (s, x¢ d5> Z Pye,xg (/ SNE(s,yS)ds)

Yer~Xe Ye~Xe

1)
Nt xe) = V90, xe) + AN#(t,xe) — Y P (/ LN (s, x ds) Yy pye (/ ;IN’S(S,ye)ds)
Yer~Xe YervXe
where ng Ye Pfs'y ¢, Xe, e € Dg are mutually independent standard Poisson processes.
In the above equations, Pg “Y¢ (resp. P;*") is the counting process of susceptible (resp.

infected) individuals that migrate from the patch x; to ye.
In the sequel of this paper, we may use the same notation for different constants (we
use the generic notations ¢, C for positive constants). These constants can depend upon
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some parameters of the model, as long as these are independent of € and N, and we will
not necessarily mention this dependence explicitly. The exact value may change from line
to line.

3. Model Analysis
3.1. Law of Large Numbers as N — oo, € Being Fixed

We consider the renormalized model by dividing the number of individuals in each
compartment and at each patch by N. Hence, we define

— 1 - 1 — 1
SM( xe) = oSVt %), TV (8, xe) = IV ( xe), and TVt xe) = SCARCES)

Assumption 1. We make the following assumptions on the initial conditions. We assume that

(i)  there exists a collection of positive numbers { S (0, xe), T°(0,xe), Xe € D¢ } such that

Z [Es(o,xg) +T€(O, xg)} =7,

Xe

and ’sN'f(o) —N§£(O)‘ <1, ’1 £(0) — NT*(0 )‘ <1

(ii) there exists two continuous functions

sS,1: T — Ry and two constants 0 < ¢y < Cy
such that g < S(x) < Co, I(x) < Co forall x € T?, [14 [ x) +I(x )}dx =1,
Jpa I(x)dx > 0, and

500, x,) =@ S(x)dx, I1°(0,x;) =¢ T(x)dx.
( xS) ¢ ~/Vs(xs) (x> * ( xS) ¢ ~/Vs(xs) (x) *

(iii) {X;(0),1<j< SNE(0)} and {yj(0),1<j< IN4(0)} are two mutually independent collec-

=€
tions of i.i.d. random variables satisfying P(X;(0) = x¢) = SS(% ’Ox)s), and P(Y;(0) = x¢) =
78(0 e)

( for all x; € Dy, where S ZS (0, x¢) and I ZI (0, x¢). Moreover,

Xe Xe
SN,s (0) IN 5(0)
SN'E(O,XE) = Z; ]]'X]‘(O)ZXS and I 0 xg = Z ]]'Y (0) =x,*
]:

Assumption 2.

()  We assume that Bz (t) = Bi(xe, Ve(xe)), where By(x, A) is a transition kernel and there
exists a constant B* such that B¢(x, T%) < B*, forall x € T and t > 0.

(ii)  there exists a positive constant A* > 0 such that 0 < A;(t) < A*, for all j € Z\{0} and
t > 0.

Under Assumptions 1 and 2, we have the

Theorem 1 (Law of Large Numbers: N — oo, & being fixed). As N — oo,
(§N’£(t, Xe), §N’S(t, Xe), TN’S(t, Xe), t>0,x € Dg> converges in D " in probability, to the

unique solution (?S(t, xe), T (txe), T(t,xe), t>0,x € DS) of the following system of inte-
gral equations
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=¢€ =¢ 't e g
S (t,x:) =S (0, %) —/ S (s, xe)T (s, xe ds+/ [AZS (s,xg)ds
0

-3: t xs == ZI qyezxs 0 t +Z/ t*S (S yg) (S,ye)qy&xs (S, t)ds (2)
T5(txe) = 1°(0, x¢) —i—/o §€(s,xg)fs(s,xg)ds+/0 [AIT) (s, xe)ds,

t>0, x. € D,

where
T(txe) = ———7 Z,Bxs e “(t,ye) and B*(t,x;) = SOt xe) +T°(1 xe).

[B (t xs)] Ve

This Theorem is a special case of Theorem 3.1 in [8], whose proof, which is written for
a multi-patch multi-group SIR model, is easily adapted to our case.

3.2. Limit as ¢ — 0 in the Deterministic Model

Before letting € go to zero in the limit system (2) extended to the whole space T¢, we
prove some technical lemmas.

Lemma1l. Let T > 0. There exists a positive constant C such that ||S°(t)|| , < Cand |[T°(t)|| , <
C, foralle > 0andt € [0, T].

Proof. Using the Duhamel Formula (see (A3) in the Appendix A below), the solution of
the first line of (2) reads

St xe) = [ 550, )] (xe) — /Ot e[S (5, )T (s, )] (xe)ds .

(t—s)AS

It is explained in Appendix A below that all entries of the matrix e ¢ are non—

negative. Clearly, all coordinates of the vector S (s, )T (s, -) are non-negative as well. It
then follows from the above formula that

5(txe) < [e"5°(0, )] (xe) -

As explained in Appendix A,

(), =P,
Xe,Ye

which, combined with the last inequality, implies that

sup S°(t,xe) = [IS°(t,-)llo < [[57(0,) 0 < C,

Xe €D,

as a consequence of Assumption 1 (ii).
We now consider the term I°. First, using the previous estimate, we obtain

. —e v _
o) " (Zeiiii‘;?) [Fosa] " s

Next, we have }_ BV F (s, ye) < A* H Zﬁxs’yg (s) < AB||T°(s)]| .- Thus,
Ye

using the Duhamel formula again,
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S°(t x)

0], = | (ero) |+ [o0-selre] o

ds.

HOO

The second statement then follows from Gronwall’s Lemma. O

Lemma 2. Forany T > O, there exists eg and ¢ > 0 such that Es(t, Xe) > ¢, forall 0 < e < g,
Xe €Deand 0 <t <T.

Proof. Let c and C be two positive constants such that 0 < 2¢ < inf ES(O, xg) < C. The
Xe

existence of such constants is a consequence of Assumption 1 (ii). We now define the
random time T¢, which is the first time that info gs(t, x¢) is less than ¢ (and +oo if this
never happens). Formally, T{ := inf{t > 0, i?fse(t, Xe) < c}. On the interval [0, T¢),

§£(t, X¢) > ¢, Vxe € De. For t < T¢, we have

A* ﬁ*

T(txe) = ——— 2/3"“% “(tye) < 1T, =¢

[B* (t xe)| " %
S°(t,xe) < 5°(0, x¢) —E/Ot 5°(s, xe) + /Ot [AZ57] (s, xe)ds.

Hence, 'S (£, x) > inf,, 5°(0,y) = 2¢, and consequently T¢ > log2/¢. Then for all
0 <t < T wehave S (£ x;) > 2¢. S0 S (£, x¢) > 2 e > ciffe o > 3.

From Assumption 1 (ii) and the fact that I(0) # 0, there exists a ball B(xy, p) and a > 0
such that I(y) > a, for all y € B(xo,p). Let us consider the following ODE

due
dt

=viAette, 1e(0) = AL (xy,p)-

We have that u, — uin L™ ([O, T] x Td) as ¢ — 0, where u is the solution of

du _ vidu, u(0) = alp

dt XO/P) :

log 2 . ..
For all ?g < t < T, there exists a positive constant ¢, such that u(t, x) > 2¢, Vx € Td.

_ log2
Then, there exists ¢y > 0 such that Ve < ¢, Is(t, Xe) > ue(t, xe) > ¢, forall % <t<T.
We have shown that Ee(t, Xe) > cAg forall0 <t <T,x €Dge<eg. O

We now extend the solution of the system (2) to the whole space T?. So, we define

= ZES(,{, xg)]lvs(xg)(x), 1°(t, %) == Zfe(t, xg)]lvs(xg)(x), F'(tx):= Z?(t, xg)]lvg(xe)(x),

Ys e

(S°,F°, T°).
Theorem 2. Forall T > 0, sup HX (t)H — 0ase — 0, where X := (S,

0<I<T
the unique solution of the following system of parabolic PDE/integral equations.

"11\
|
S~—
o
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t

S(t,x) = 5(0,x) —/

; §(s,x)f(s,x)ds—|—/0 [A°S] (s, x)ds,

F(t, ) = () (TOT) (1) + [ At =) Ti(t =) S()T()) (x)ds,

1(t,x) =1(0,x) + /Ot S(s, x)T'(s, x)ds + /Ot [A'T] (s, x)ds,

S(t, x)
[B(t,x)]”

)

with S(t,x)T(t,x) = /df(t,y)ﬁ(x,dy), £>0, xeT.
T

where Ty denotes the semigroup generated by viA.
Before proving this theorem, we first establish two Propositions.

Proposition 1. Let T > 0. If (S, F, 1) is a solution of (3), then for all 0 < t < T, there exists C,
¢ > 0such that ||S(t)||, < C, |1(#)||, < Cand B(t,x) > c, for all x € T".

Proof. The arguments used in the proofs of Lemmas 1 and 2 are easy to transpose to the
present situation. [J

Remark 1. Let (S, LF)(t x) := [?](;zf) ;/\(/)] ]AWC

the upper bound and c the lower bound in Proposition 1, Lemmas 1 and 2. We note hat (S, 1, F) is
a solution of (3) if it is a solution of the following system

- Bt(x,dy) [F(t,y) A A*C] where C is

S(t,x) = (Ts()5(0) (x) - [ (Tl - ) (8(5),1(5), F()) ) (),

F(t,x) = %ot (Ti(01(0)) (x) + | At =) (Tult - 9)7(8(),1(5),F(s)) ) (x)ds, 4)
1(t,%) = (Ti(H1(0)) (x) + /Ot (Ti(t = $)2(5(5),1(5), (s)) ) (x)ds, 0 < t < T, x € T,

Note also that the map H : (L°°("er ))3 — L®(TY) is bounded and globally Lipschitz.

Proposition 2. The system of Equation (4) has a unique solution.

Proof. The uniqueness of the solution uses the contraction character of the semigroups Ts
and T; on L®(T¥), and the fact that the map # is bounded and globally Lipschitz. The
existence of the solution can be proved using the Picard iteration procedure. [

We introduce the canonical projection P : L2(T%) — H¢ given by
¢ — Ro(x) = Eid/v( )(p(y)dy if x € Ve(xe).
e(Xe

Proof of Theorem 2. Using the fact that the map /¢ is bounded and globally Lipschitz, we
have, provided that € < ¢,

[ x| < cap) [ X ) - X@)| s + )

where 7 (t) = 72 (t) + ml(t) + 78 (), with
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ds

(o)

%\
£
|

S(s) =
(S,y)ﬁs(.,dy)> - [E(S)W /Td F(s,y)Bs (., dy)

o[ Ts,s(t—s)l%<[:((;))w /TdF(S/y)ﬁs(-,dy)>—Ts(f—5)<[§((:)))7 / dF(s,yws(.,dy)) E
mtl(t) is a quantity similar to 7t (t), with Ty, (resp. Ty, I° and T) in place of Ts . (resp. Ts,
S and S), and
n§<t>=A* T1(DI°(0) ~ Ti(H1(0)]|_
(o /w (s Bl >>— ok L Fenpan| o
b [ mete - ( ST T >>—T1<t—s><[§(f))p ArdF<s,y>ﬁs<.,dy>)]\wds.

Then from Gronwall’s lemma, supg;r His(t) — X(#)

Supg<;<t Te(t) — 0.

Since the maps x — S(0,x), x — I(0,x) and x — [Eg((ttf))]w Jpa Bt y)Be(x, dy)
are continuous on T%, and Tse — Ts, T1, — T as operators on L* as ¢ — 0, then
sup 7(t) — 0,as e — 0 (see Kato [31], Chapter 9, Section 3, Example 3.10). [
0<t<T

— 0 follows from

HOO

3.3. Limitas N — coand ¢ — 0

In this section, we extend our stochastic model to the whole space T and let both
N — oo and £ — 0 in such a way that Ne? — oo. Before stating the main theorem of this
section, we first prove some lemmas and propositions.

Lemma 3. There exist two constants 0 < ¢ < C such that forall t > 0, ¢ > 0 and x, € D,

ce! <P(X(t) = x¢) < Ce.

Proof. Define u®(t,x,) := P(X(t) = x¢). We have that u*(t,x;) = <et [Ag] u6> (x¢). Using
the assumption on the initial condition ]P( (0) = x¢), then 0 < ce? < uf(0,x¢) < Ce?, from

which we deduce that 0 < ce? < e [ } £0,x.) < Ce?; hence, the result. [

Lemma 4. There exits a positive constant C such that forall 0 < s < t, e > 0and x. € D,

Y gl (s,t) =1 and P(Y;(t) = x¢) < Ce“.
Ye

Proof. The uniform distribution on Dy is invariant for the process Y (t). So, if we start Y at
time s with the uniform distribution, i.e.,, P(Y(s) = x) = ¢l the law of Y at time ¢ is also
the uniform law. But

P(Y( ZIP’ = Ye)qi (s, 1) ie ¢! = &) gl (s, 1);
Ye
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thus, qus'xg(s, t) = 1. Finally,
Ye

P( ZP ye qggxg( t)
<supIF’( )Zqﬁxe 0,1).
Ye

Hence, the second result follows from the first one and Assumption 1 (ii) and (iii). O

N£(0)
Let us define 30 (t,xe) := Z — and So(t Xe) = ZI (0, ye)

e (0, 1).
We have the

Lemma 5. Let us assume that (N, &) — (00,0). Then forall T > 0,

sup IE(HS SS(t)Hi) — 0, as (N,¢e) — (o0, 0).

0<t<T

Proof. §é\] “(t, x¢) can be decomposed as follows

IN € IN € (0)

5 txs—*z Ao(1) Ly, (1)=x, Z]lY

Let us consider the flrst term. Since (A_ ](t))], are 1ndeper1dent and identically dis-
tributed and independent of Y;(t), then

1 V< (0) B 2 1 IN4(0) _ )
Ellg T O -R) v | | =5z L E[Ai0 = R0 Ty
j=1 j=1
;%QMMM@Mnm:%)
< Spv, (1) = x)

Now, since ), P(Yq(t) = x¢) =1,

1 IN,s(o) B 2 1 IN,E(Q) B 2
E|sup | & Y (A =My, | | SLE N (A=j () = Ao () Ty, (1),
= 2

-0, )

as N — oo. It remains to show that

Aot

N4(0)
Z —x. — Ao(t) Zlomym )

sup
xe €D,

— 0, as (N, &) — (00,0).

Z \

We have
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N, 2 N
1 IN4(0) 1 N4(0) 2
C
S NP(Yl(t) - .Xg)
It follows that
1 INE(O) 2 C
Eqsup |y L - PO =] | t <5 =0 (©)
€ € ]:1
as N — 0.
_ Ne(0)
Since Ag(t) is bounded, it remains to evaluate the quantlty Z Xe) —
ZI (0,¢)qZ"(0, ). We have
1 *(0) 1 V)
e, Xe
~ Y P(Yi(H)=x) ==Y Y P(Y;(0) =ye)ql"™(0,¢); thus,
N = N =
1 IN'E(O) N 1 x ( —¢
sup | P(Y;( Xe) — ZI (0,y6)q8 (0, )| < Nsuqu;’ “(0,t) Z ve) — NT (0, )
Xe j:l Xe  Ye j:
< Loup Y gt (0,1) g,( Ye) | Ne(0) — NT (0)‘
N Xe  Ye I( )
C
< .
SN — 0 (7)
Combining (5)-(7), we finally have
N (0) ’
sup E| sup N Z ,] ]ly _xg—/\o ZI (0,v¢)q ﬁx‘ 0,t) —0, (8
0<t<T |\ x:€D; =1
as N — +oco. [
Let oV be the stopping time defined by
oNE(w) == inf{t > 0,w & Ay 5N By s}, ©9)

where forallt < T, > 0,

t t
Ay = {H/O T o (t — s)d.at " (s) ‘ < 5}, Bis = { H/O Tpe(t —s)d N (s)

with

1 e/ Xe t VS*N e/Ye t VS*N,
///SN’g(t,xg) = Z NM% * (N/o 8—25 8 (s, Ve ds) Z Mx Y < /0 8—25 S(s,xe)ds>,
Yer~Xe

ys"‘xe
MNE( xe) = ANt xe) + ML xe),
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where
AN () = Y MWs( /VI ™ s ) y quys< / VéIN’g(s,xg)ds>,
Yer~Xe Yer~Xe £

MY, xe) 7N// pe e (o P o g)st(ds,du).

Q" (ds,du) := Q¥ (ds, du) — dsdu is the compensated PRM associated with Q7 (ds, du),
and we have used the notations

Mgs,ys(t) — P;CS/VS (t) —t, M?S/ys (t) — Plx&ys(t) —t.

o]

A || TY
cY

Let¢:=
stopping time

% where ¢ stands for the bound in Lemma 2. We define the

> <l
8
. . . ¢ —~Nge L N,e N,e
where I; is the identity operator on H®, and .Zg " (t, x¢) := Mg (t, xe) — Mgy (t, Xe).
With those notations, we deduce from (1) that

t e(t_s)(Ag_C:Id)d/Z/‘N's(s)

e = inf{t >0, s

§N’8(t, Xe) = gN'g(O, Xe) + /Ot[AEEN'S](s, Xxe)ds — /Ot §N’g(s, xg)fN’g(s, Xe)ds + ///ASW’E(t, Xe)
10
TN’E(t, Xe) = TN’g(O, Xe) + /Ot[AgN’E] (s, x¢)ds — /Ot §N’s(s, xg)fN’g(s, Xe)ds + //717\]’5(15, Xe) o
In the proof of the next Proposition, we shall need the following Lemma.
Lemma 6. As (N, &) — (c0,0) in such a way that Ne? — oo, 7N’S(O,.) -5%0,.)||, — 0in

L2(Q).

Proof. We have

SN<(0)
<N, = 1 —
S70x) -5 (0%) = & f{ Ix,—y, — P(X = x:)5(0)
]:

e 1 57#(0)
3 (o)m ]; [1x e~ B(X = %) | +

SN,S(O) _ 2
N _ 2 2 2P(X = x
e 0m -s0] < 5 L valned+ PEG
]:
S50)C ,; CeM ' ceM
< —_— .
S N TSN N
Then
_ c'  Cé
SV0,x) =50, x) 7| € — +—.
| sup [577(0.3) =S "”'1 N

The result follows. O
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Proposition 3. Forall T > 0, there exists C such that for N large enough if t < o™ A T, then
H§N'€(t) H < Cand HTN’E(t) H < C, for all ¢ > 0. Moreover, there exists g > 0 and ¢y > 0

such that if t < oNEANTNENT, §N'£(t, Xe) > co, for all x € Dy, provided e < g.
Proof. Let us first treat the term HEN'E )] -

Using the Duhamel formula (A4) from Appendix A, applied to the first line of (10),
we have

§N,£(tr xs) < <TS,s(t)S

(xe +/ Tse(t = )AL (s,.) ) (xo).
Since EN'S(OI xe) < C, for all x¢ € Dg, we obtain that for t < eN* AT,
ISV (1|, < C+6.

We now consider the term H I (t) H . Arguing as in the proof of Lemma 1, we have
e}

fort < oNEAT,
)

We finally consider the term EN’g(t, x¢). It follows from Lemma 6 that H?N’E(O, e
5°0,.) |, — 0and from Lemma 2 that 5°(0,x¢) > ¢, for all x; € D;. Then for sufficiently

large N, IP’(infx£ §N’e(0, Xe) > %) is close to 1. Let TV* = inf{t,i’r}ng’e(t, Xe) < 2} On

HTN’S(t) Hoo < <C + sup

0<t<T

t
|| Tielt =)o)

< (C+0)ecT

the interval [0, TN®), gN’S(t, Xe) > =, Vxe € De. Forall t < TN A oNe A T, we have

»-l>\<':

=N,e
|| T ’(t)H
=N,¢e _ xs yg x© __
r (t/XE) - [ENE( yz /yﬁ) S C,y -

(p]

and moreover, if + < TN#

§N,£(t,x5) 2 (E(A *Cld)ts xg +/ t S 7C1d d.%’;w ( ))(xﬂ)
C _z c
> Zp—Ct by
= 2° 78 "

We note that §e~¢" > iff t< k)ng =T

c

4
N,e oNe

So, on the event TN4 AgNEAT > T5, S (¢, x:) >

xe +/ TIs

We choose T > Tz arbitrary. We know from the proof of Lemma 2 that there exists ¢

VO<t<T;.

Oo\n

Fort>Ts, IV(tx)> (Tl,s(t)f g —s)da N (s ))(xg).

- log2
and ¢ such that Is(t, xe) > cforall e < g9, x; € D, and % < t < T. If we now choose

c
0= ; in the definition of N, we deduce that for any € <egg, xe €D, T <t < oNEAT,
_ c
TV (t xe) > = O

. =N, C
From now on, we decree that ¥4 = 0 whenever inf S 8(0, Xe) < > or e > &.

Xe
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Lemma 7. Given T > 0, there exists C > 0 such that for any t < NeE A N2 we have

HOO

s -5 T | < C(‘SN'E(t) ~5(1)
(12)
+[FY 0 -F | _+ [0 -Tw| w).

Proof. Note that, using the map /¢ defined in Remark 1, with a slight modification of the
constants, we have

(t,xe) — S (b x) T (1, x¢) = %(EN‘, NG @N'E) (t, xe) — ff(?, T, §) (t, xe),

SV )T

and the result then follows from the fact that .7 is bounded and globally Lipschitz. O

We define wN*(t) = ws (1) + w1 +a)§]’g(t),with

7

WA (k) = HEN'g(o)—Eg(O)Her H/t Toe(t — s)d Al (s)

‘ [e9)

wﬁ“ ):HI‘W - HOO ‘/ Tpe(t—s dj/f“()’ ) (13)

=[5 -mw] + |40l
o0 T

‘ o)

where

AN x) = Z// // (F =)L, oy (o gy Lo Q7 (A5, s, dA, dY).

Note that %gN * is not a martingale.

Lemma 8. As (N, &) — (0,0), in such a way that Ne? — oo,

sup E(]lt<tTN/€/\TN'5/\T [“’le(t)]z) =0
0<t<T B

Proof. We shall use the following notation

1/2

4

o = [2\@;!2
Xe

for any step function ®° (®%, denoting the value of ®* on the cell V(x.)).
Thanks to Theorem 2.1 in P. Kotelenez [32] (see Formula (A6) in Appendix A below),
sup

we have
‘ 2 : }
£
t<oNEATNAAT H¢ H

C _ _
< N ZE(/ SN’E(S AoNE A TNE, xg)l"N'e(s AoNEATNE xe)ds)-
= \Jo

E /TSE s)d. N (s)

< CE { | 2y (™ ATVE AT |

Provided t < eNEATNEAT, TN’S(t, xe) < C(A*, B*) and EN’g(t, x¢) < C. Then

2 1

E —_—
Ned

sup / Tse(t ///SI\IIE( s)

t<oNEATNEAT

< C(A%BY)

HS
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Since the L® norm is bounded by the H horm, as (N, &) — (0,0), provided N e -0,

2
E| sup / Toe(t —s)daN<(s) 1 0. (14)

t<oNEATNEAT o

t
The same argument can be used for the term / Ts,e(t — s)d///SN “(s) ’ . We con-
0 00
clude that as (N, &) — (c0,0), in such a way that Ne? — 0,
sup  wg(t) — 0 in LX(Q). (15)
t<oNEATNEAT
A similar proof establishes that

sup  wF(t) — 0 in L2(Q). (16)

t<oNEATNEAT

We now consider ng #(t). The convergence to zero of the first term has been established
in Lemma 5. We now consider the second term. We have

2)
]1t<oN€ArNS/\T5up<Z// // (t=s)1 u<SN€( TV (57 )

X Lyspe (ty=y, Q" (ds, du, dA, dY)) }

SUPE< t<oNEATNEAT sup‘/// “(t xe)
t<T

1
= supE
N2 t<T

Ne/\TNs/\T Ne yore
< LE[ = )5M4(s, 5 T (5, o)l (5, s
Xe,Ye
% oNEATNEAT _ .
< (N) ZE[/O sup| 5™ (s,ye) ™ (5, ve) Zqz&xs(s,t)ds]
Xe Ye Ve
AT
<C(A ) Ned (17)

The result follows. Note that since ,//ZSN “(t,x¢) is not a martingale, the result for

w?’s(t) is weaker than (15) and (16). O

Lemma 8 clearly implies

t
Lemma9. As (N,e) — (00,0) in such a way that Ne? — oo, ]lt<lTN,5/\TN,€/\T/ wN*(s)ds —
= 0

0 in probability.
It remains to establish the next result.

Lemma 10. As (N, &) — (c0,0), P(cN¢ < T) — 0and P(tN* < T) — 0.

| > 5/2)

/ Tp.(t— s)d (s)’ >5/2>.

Proof. We have

]P’((fN'g < T) ( sup

t<oNEAT

sup
t<oNEAT

[T

(18)
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We consider the second term only. The first one is treated similarly. Since

o= | ra-swas

from Proposition 3.2 of [4], we have

) —d—2 52
sup > 3 <4e exp —aEN (19)
t<oNEAT o

Thanks to the fact that Ne? — 0, the right hand side, and hence, also the left hand
side of (19), tends to 0. By Chebyshev’s inequality, we have
2
HS] '

zé <—IE
H 2

The right hand side tends to 0, as shown in the proof of Lemma 8. Since the L*> norm
is bounded by the H' norm, this finishes the proof that P(oN* < T) — 0. A similar proof
establishes the same result for V. O

7

.

’/ T]e t—S)d%I

t N,
n H/O Tye(t —s)d.at N (s)

[ Tictt = s)a.a )

sup

t<oNEAT

[ Tielt = s)a. )

[ Tt = s)a. )

sup
t<oNEAT

We now extend our stochastic process to the whole space T%. So, we define

=N, = =N, =€
S (tx) = Ess(t,xg)]lvs(xg)(x), Tt x) i= Y T (,xe) Ly () (%)
Xe

Xe
7N, J— 7N, —
B C(t,x) = ZBE(t,xg)]lVg(xs)(x), F (tx) = Zsﬁ(t,xg)llvs(xs)(x)
Xe Xe
and set X := (§N'8 A )
Let us recall the following Gronwall’s lemma.

Lemma 11. Let ¢ and ¢ be two nonegative Borel measurable locally bounded functions on an
interval [0, T), with T < oo and C a non-negative constant. If for all t € [0, T), the following
inequality is satisfied :

) < c/ s)ds + p(t) (20)

then ¢(t) < C/Ot eCU=)y(s)ds + p(t) forall t < T.

Theorem 3. As (N, &) — (c0,0), in such a way that Ne? — oo,

€

HXN'S(t) —X5(1) H _ — 0, in probability, ¥t 0. (21)

€

Proof. Since HYN’E(t) —X5(1)

= H YN’S(t) — X (t)|| , it suffices to show that

HYN'E(t) — X (1) H L 0, in probability, for all t > 0.

We first consider
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@N’e(t,xg) = ;]INiO)/\ . +Z/ (t—s) sV (s,ye)T (s Ye)qe E(s,t)ds+///3N’s(t,xg),
j=
(670 = Talt) IO 0. + X [3 95 (0T (o0t s,
Exploiting Lemma 7, we have the following: for all t < g™N& A TN/
w50l <awre [ ([54o-50],  [F0-Fo],
+ 17T L)d& 22)

By writing §N'£(t, x¢) — S°(t,x) and TN’S(t, xe) — T'(t,x¢) in their mild semigroup
form, and using estimates in Lemmas 1-3 and 7, we obtain, for t < oNepTNEAT

_ _ [T _
[xM 0 -%w < c/0 [ %) = X7 (5)]| _ds + 0. 23)
Then, it follows from Gronwall’s Lemma 11 that

— _ t
|x 0 -] _ < c/ eCU=9) Ne (5)ds + e (1)
o (24)
< CeCt/ wNE(s)ds + wNE(t), Vi< oNEATNE
0

Consequently, using Lemmas 8-10, for any t > 0, as (N, ¢) — (00,0), in such a way
that Ne? — oo,

| X @ =% —0 inprobabiity, v > 0.
O

Theorem 4. Forall T > 0,as (N,e) — (0,0) in such a way that Ne? — oo, we have,

€

g, (5050

Proof. In the proof of Theorem 3, we have established the following:

Hoo + HI ~T°(t) Hoo> — 0 in probability.

[s¥ @ -5 0] = c [ X6 - X )| s + oo
(25)
™ -1 < c/ot | X5 (5) = X(s) | _ds + ().
It follows that
0<t<ai’gIA)rNrf/\THSNIS(t) N 2 H°° = 0<t<Uilj/I\)TN€/\TC‘/ HiNE des

+ sup s “(t).
0<t<oNEATNEAT
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On the other hand, from (24), for all t < oNe A TN,
_ _ t
[x 0 - _ < CeCf/ WA (s)ds + wN (1), (26)
o 0
So,we deduce from Lemmas 8-10 and (15) that

sup H§N’£(t) —5(t) H . — 0 in probability as (N, &) — (eo,0),

and the same is true for TN’E(t) —T°(t). Thus, the claim follows. [

We can now state our main result.

Theorem 5. Forall T > 0, as (N,&) — (o0,0) in such a way that Ne? — oo, we have,

vVt elo,T], HfN’S(t) — F(t)H — 0, in probability,

[0 9)

and

0<t<T 0

sup (HSN’S(t) —S(t) H + HI () —1(t) HOO> — 0 in probability

as (N, &) — (00,0) in such a way that Ne? — oco.

Proof. By using the triangle inequality, the first statement follows from Theorems 2 and 3,
and the second statement from Theorems 2 and 4. O

4. Conclusions

In this paper, we have considered the propagation of an epidemic in a population
that is distributed in various patches, the individuals being allowed to move between
the patches, and the infection being not necessarily local. Our main result is that, if the
population is large, as well as the number of patches, the number of individuals per patch
being large as well, then provided that the numbers of individuals in the various patches
are of the same order, a good approximation of the model is given by a PDE model in
continuous space, which is rather simple.

Note that we also assume that the patches constitute a regular grid in space. It is rather
clear that this assumption could be avoided, at the price of modifying the limiting PDE.
On the other hand, if the orders of magnitude of the population in the various patches
are not the same, then it is not clear how to extend our results. In fact, in such a situation,
it is not clear whether an approximate continuous space model can be used, and which
approximate model is the proper one.

The main novelty of our work is to allow movements of the individuals, non local
infection, and age-dependent infectivity. This last feature allows us to merge the I and R
compartments, a recovered individual being for us an infected individual whose infectivity
is null. However, there are two drawbacks of the present model. First, we do not follow
the evolution of the number of infectious individuals, since we have merged the I and
the R compartments. Second, while we distinguish the rate of movements of the S type
and the I type individuals, we cannot distinguish the rate between the infectious and the
recovered individuals. The reason for studying the SI model in the present paper is that, in
our “Varying Infectivity” model, the techniques for proving the convergence as ¢ — 0 of
the ODE model to the PDE model, which we are using in the SI case, will not be available
in the SIR case. One is forced to use different techniques. We will study the extension of
the present results to the SIR model in a future publication. But our conviction is that it
is worth presenting the results in the SI case, due to the possibility in this case of using
classical semigroup techniques.
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We also intend to compare in another future work numerical simulations of our
models, both the discrete and the continuous space models, with data of a real epidemic,
namely the recent Covid epidemic in various parts of the town of Marseille. This will be an
occasion to compare our limiting continuous space model with the discrete space model,
and to verify that our models do reflect the reality of an epidemic. It will be carried out in
cooperation with epidemiologists, who have collected spatial data of the Covid epidemic
in Marseille.
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Appendix A
Appendix A.1. The Duhamel Formula

In this paper, we use as an essential tool, the so-called Duhamel formula, which we
now present.

Denote by {X(t), t > 0} an RF-valued function of t, solution of the following differen-
tial equation:

dx
() = AX(1) + (1), A
X(0) =x,

where A is an arbitrary k X k matrix, f € Lt (Ry; ]Rk), and x € RX. Then the Duhamel

loc
formula says that the unique solution X(t) of this ODE is given as

X(t) = etx + /Ote(t*S)Af(s)ds. (A2)

Indeed, it is easy to check that the function given by (A2) solves the ODE (A1); hence,
it is the unique solution of this ODE. When the forcing term f is given, the Duhamel
formula expresses the solution X(f) of the linear ODE (A1) in terms of the initial condition
x and f(t). However, if the equation is not linear, and f(t) = g(t, X(t)) depends upon the
solution, the Duhamel formula becomes

t
X(#) = ethx + / =4 g(s X(s))ds (A3)

0
and is still valid. We use this Duhamel formula in Lemma 1, in which case, (A1) is the first

line of (2), k = |D¢/|, the cardinal of the set Dg, and A = Af . Note that Ag is the infinitesimal
generator of the jump Markov process X(f), and

(09%), =P >0,
Xe,Ye

for all x¢, ye € De.



Mathematics 2024, 12, 2826

21 of 22

References

We also have a Duhamel formula for a stochastic equation of the following type:
X(t) = X(0) + /Ot[AX(s) +9(s, X(s))]ds + M(t),
where M(t) is an RF-valued martingale. Then
X(t) = ehx+ /0 t =904 ¢ (s, X (s)ds + /O t =) AdM(s) . (A4)

Another version of the Duhamel formula is implicitly used in the proof of Proposition 1
for the solution of the first line of the system of Equation (3), which is a parabolic PDE of
the form

git‘(t) — [ASu](t, %) — u(t, x)o(t,x), t > 0,x € TY, "

u(0,x) = up(x), x € T?.

In this case, the Duhamel formula becomes

t

u(t, ) = [ u(0,)](x) = [ eI [u(s, Jo(s, )] (x)ds

0

Here, ¢/’ denotes the semigroup whose generator is AS. Again, the formula is
established by verifying if u satisfies the last formula, then it solves the parabolic PDE. The
Duhamel formula says that if u solves the parabolic PDE, then it satisfies the last formula.

Appendix A.2. Kotelenez’ Inequality

In Theorem 2.1 of his paper [32], P. Kotelenez has established a maximal inequality
of the following type. Let H be a Hilbert space, M(t) an H-valued martingale, and T(t) a
semigroup of continuous operators on H satisfying for some ¢ > 0,

IT(Hu|lg < e”HuHH, Yue H, t>0.

Then, for any T > 0, there exists a constant Ct such that, for any stopping time T
satisfying T < T a.s,,

E| sup
0<t<t

If we replace the semigroup T(t) by the identity operator, then this inequality is the
classical Doob’s second moment stopped inequality for martingales. Note, however, that

/Ot T(t — s)dM(s)

2
) < CrE(IM([@)I}) - (46)

fot T(t —s)dM(s), in general, is not a martingale.
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