A SIR model on a refining spatial grid

[- Law of Large Numbers

M. N'zi * E. Pardoux T T. Yeo ¥

May 24, 2019

Abstract

We study in this paper a compartmental SIR model for a population distributed in a bounded domain
D of R%, d= 1, 2 or 3. We describe a spatial model for the spread of a disease on a grid of D. We
prove two laws of large numbers. On the one hand, we prove that the stochastic model converges to the
corresponding deterministic patch model as the size of the population tends to infinity. On the other
hand, by letting both the size of the population tend to infinity and the mesh of the grid go to zero, we

obtain a law of large numbers in the supremum norm, where the limit is a diffusion SIR model in D.
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0 Introduction

There is by now a good number of books and a huge number of papers treating mathematical models
of epidemics. Most of them treat deterministic models, while some of them discuss as well stochastic
models. Let us quote among many others Kermack & McKendrick (1927), Anderson & Britton (2000),
Britton & Pardoux (2019). These last two works show that the standard deterministic models are law of
large numbers limits of individual-based stochastic models. They also study fluctuations around the law of
large numbers limit, via the central limit theorem, and concerning the last reference, the large deviations.
Those fluctuations allow to explain extinction of an endemic disease, which is a stable equilibrium of the

deterministic model.
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Introduction

The classical SIR model ignores the fact that a population spreads over a spatial region. However
environmental heterogeneity, spatial connectivity and movement of individuals play important roles in the
spread of infectious diseases. Spatially uniform models are not sufficient to give a realistic picture of the
spread of the disease. There is by now quite an important literature on spatial epidemics model, both in
discrete and in continuous space, see e.g. Allen, Bolker, Lou & Nevai (2007) and Allen, Bolker, Lou &
Nevai (2008), and the references therein.

In the present paper, we consider both deterministic and stochastic models in discrete and continuous space.
More precisely, we start with an individual based stochastic model for a population with constant size
Ne~¢, distributed on the nodes of a regular grid discretizing [0, 1]¢, with d = 1,2 or 3 (we shall concentrate
mainly on the case d = 2, which seems to us most relevant). Letting first N — oo, while ¢, the mesh
size, is kept fixed, we shall obtain as law of large numbers limit a system of ODEs on the grid, which is a
patch epidemics model. Letting then ¢ — 0, we will show that the system of ODEs converges to a system
of PDEs on [0,1]%, which is a deterministic epidemic model in continuous space. It is rather clear that
one cannot hope to get the same result by letting first € — 0, and then N — oco. Indeed, the first limit
should be a continuous space model for quantities which take their values in the set {k/N, 0 < k < N},
with a partial differential operator for the displacement of the population, which would not make much
sense. Consequently, if one wants to obtain a limit while letting jointly N — oo and € — 0, there must be a
constraint which limits the speed of convergence of € to 0, in terms of the speed of convergence of N to
+00. The weakest possible such constraint seems to be the one which has been first introduced by Blount
(1992) for chemical reaction models, namely the restriction that N/log(1/e) — oo, see also Debussche &
Nankep (2017). We shall extend that result to our situation where the limit is not a single PDE, but a
system of PDEs.

The model is constructed on a d-dimensional bounded domain [0, l]d (d=1,2,3). We first suppose that
the population is spatially distributed on the nodes of a grid D, := [0,1]¢ NeZ? = {xi, 1< < e_d} of
[0,1]%, where 0 < £ < 1 (two neighboring sites are at distance ¢ apart, see Figure 1). Nodes represent
communities in which the disease can grow. The population is divided in three compartments S, I and R.

For a space-time coordinate (t, x;), we denote by

e S¢(t,x;) the number of susceptibles at site x; at time ¢,
e [%(t,x;) the number of infected at site x; at time ¢,

e R(t,x;) the number of removed at site x; at time .

In this case the deterministic model is given by a system of ordinary differential equation (ODE) and the
stochastic one by a jump Markov process. Note that Arnold & Theodosopulu (1980), Kotelenez (1986),
Blount (1992), and also some of the references therein, describe such spatial models for chemical reactions.
The resulting process has one component and is compared with the corresponding deterministic model.
In the present paper, we focus our attention on the law of large numbers. In future works, we intend to
discuss the fluctuations around the law of large numbers.

Let us briefly describe the content of this paper. In section 1, we introduce a deterministic model on the

grid D, of the bounded domain [0,1]¢ and we recall the relation between this model and the limiting PDE




The models

model on [0, 1]d as € — 0. Then we introduce the stochastic model on the same grid for a population of
total size Ne—?. In section 2, we fix the parameter € and let the initial average number N of individuals in
each site tend to infinity: the limiting law of large numbers limit is the already introduced deterministic
model. As & — 0 our system of ODEs converges towards a system of PDEs. Finally in section 3, we prove a
law of large numbers in the supremum norm when we let both the size of the population go to infinity and

the mesh of the grid go to zero, under the weak restriction that ———— — oo.

log(1/e)
o —o 0 0 0 o o

o—0 0 06 0 o ¢
Figure 1- [0, 1] x [0, 1] grid

1 The models

Suppose that individuals are living in the bounded domain D := (0,1)¢ ¢ R%. We consider an infectious
disease which spreads in the population. Consider at each point of a grid (see Figure 1 ) on the d-dimensional
domain D a deterministic and a stochastic SIR model, with migration between neighboring sites (two
neighboring sites are at distance £ apart). We assume that the mesh size of the grid ¢ is such that e~! € N,
where N is the set of positive integers. We assume that the studied epidemic concerns a population of fixed
size. In this model, infections are local. We let 3 : R — R, and o : R — R be continuous functions
and we set = supf3(z) and @ = supa(zx). For each site z;
L EED 2€D. . SE(t,x;)
e Susceptible individuals become infectious at rate 5(z;) St a) & I5(t o) + (L, 2)

Note that an individual chosen uniformly at random site x; at time ¢ is susceptible with probability
SS (t, l‘l) .
Se(t’ ﬂ?l) + Is(t, SL‘Z) + Rg(t, CCZ) ’

e cach infectious recovers at rate a(z;), so the total recovery rate;

Ig(t,l‘i).

e the migrations of susceptible, infected and removed between location x; and its neighboring sites occur
at rate ‘;—isa(t,xi), gle(t,xi) and 'Z—?Ra(t,xi) respectively. pg, pr are pur are positive diffusion
coefficients for the susceptible, infected and removed subpopulations, respectively.
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Here, we assume that the compartment R contains individuals who are dead or who have recovered and
have permanent immunity. We can assume boundary conditions of the Neumann or periodic type. In this
paper, we focus our attention on Neumann boundary conditions (representing a closed environment i.e.
there is no flux of individuals through the boundary). The choice D = (0,1)? as the spatial domain is made
for the sake of simplifying the analysis, but our results can be extended to any bounded domain D C R,
with a reasonably smooth boundary.

Initially Ne~? individuals are distributed on the grid. That is, there is an average of N individuals on each
site. We first introduce the deterministic model and then we construct the corresponding stochastic model.
In the following we use the generic notation C for a positive constant, the value of which may change
from line to line. These constants can depend upon some parameters of the model, as long as these are

independent of € and N.

1.1 The deterministic model

The space is the grid D, of D. In order to take into account Neumann boundary conditions, we add some
fictitious sites which extend the grid outside the domain, as shown in Figure 2 below. We denote by 0z, oy De
the set of those fictitious sites. We use the notation y; ~ x; to mean that the sites y; and x; are neighbors.
Each interior point of D, has 2d neighbours. Each boundary point has at least one fictitious site among its
neighbors.

® o o
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Figure 2 — Modeling the Neumann condition

By thinking of an infinite size population allowing "proportions" in each compartment to be continuous,

we have the following deterministic model for "proportions" (this point of view will become quite clear in




The deterministic model

section 2 below):

dSa o ,B(JZZ)S (t mz)I (t xz)
o (h) = St w) + It x) + Re(t, z7) + ps BeSe(t, i)
dl. B B(x;) Se(t, ;)1 (t, x;) ‘ ‘ ‘
g b = So(t,a;) + I(t,2i) + Re(t,zq) (i) Ie(t i) + pr ALt i)
d(ge (t,z;) = a(x;) I(t, ;) + pr AcRe(t, x;), (t,z;) € (0,T) x D,
WD Seftm) = Selt

)
I (t,x;) = I(t yz> for x; € OD., x; ~ y; and y; € Oz, out De
Ra(ta 1:1) Ra(t yz)

Se(0,24),1:(0,z;), Re(0,2;) >0, 0 < S:(0,2;) + 1(0,2;) + R (0, z;) < M,

for some M < oo,

where S (t,x;) (resp. I.(t,x;), resp. Re(t,x;)) is the proportion of the total population which is both
susceptible (resp. infectious, resp. removed) and located at site z; at time ¢t. A, is the discrete Laplace

operator defined as follows: A, f(z;) = e > Z (z; + eej) — 2f (i) + f(xi — eej)].

Note that (1.1) is the discrete space approxnnatlon of the following system of PDE

Js B B(x)s(t, x)i(t, x)
o o) stho) rilta) o) THsAsto)
0i B B(z)s(t, x)i(t, z) . .
FeTAGE i g wra-rge prap e S COR CR 2R DR CRD
(1.2) %(t,x) — a(@)i(t,7) + ps Ar(t,z), (Lx) € (0,T) x D
82(1 (t,z) = 820‘m (t,z) = an:ut (t,z) =0, forzedD
s(0,2),i(0,z),r(0,z) >0, 0 < s(0,z) +i(0,z) + r(0,z) < M,

denotes differentiation in the direction of the outward normal to 0D and A denotes the
d-dimensional Laplace operator.

System (1.2) is a reaction-diffusion epidemic model which has been studied by several authors. Webb (1981)
gave a similar reaction-diffusion model for a deterministic diffusive epidemic model, established the existence
of solutions and analyzed their behavior as t — co. His method exploits tools of functional analysis and
dynamical systems, specifically the theory of semigroups of linear and nonlinear operators in Banach spaces
and Lyapunov stability techniques for dynamical systems in metric spaces. In the same way Yamazaki
& Wang (2016) gave a reaction-convection-diffusion epidemic model for cholera dynamics and studied
the global well-posedness and the asymptotic behavior of the solutions. See also Du & Peng (2016),
Yamazaki (2018a), Yamazaki (2018b). Let us mention that the SIR model (1.1) describes the spread

of an infectious disease where recovered individuals gain immunity from re-infection. Of course in some
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cases recovered individuals have not permanent immunity. Hence individuals in the compartiment R can
experience reinfection. Moreover, susceptible individuals that become infected can first pass through a
latent stage (exposed). Such models are used to study the transmission dynamics of the Ebola virus disease
as treated in Agusto (2017a). Also, in Agusto et al. (2017b) the authors used such model to explore the
Zika virus transmission dynamics in a human population. Another model which received attention in
the literature is the diffusion epidemic SIS model. In this model, when an infectious individual cures, he
immediately becomes susceptible again. Such model has been considered in Allen et al. (2008). Although
we restrict ourselves to the SIR model, our results can easily be adapted to SIRS, SIS, SEIR, SEIRS models.
Before describing the stochastic model, we introduce some notations and preliminaries, and then discuss

the relation between the system of PDEs (1.2) and its discretisation.

1.1.1 Some notations and preliminaries

In this subsection we introduce some notations and also give preliminary lemmas which will be needed
in our subsequent work. For all z; € D, let V; be the cube centered at the site x; with volume el Let
He C L? (D) denote the space of real valued step functions that are constant on each cell V;. For f € H®,

let us define

f(xi+eej) — f(x)

V?—:7+f(xl) = - >
Si oy - L =Sl e)

It is not hard to see that
(VITfg)=—(fVLg),
d . .
Acf(wi) = VETVIT f(s).
j=1

We introduce the canonical projection P. : L?(D) —s H€ given by

p+— Pop(z) = Eid/v o(y)dy ifx eV,
Throughout this paper, we assume that the initial condition satisfies

Assumption 1.1 S.(0,z) = P-s(0,z), Z.(0,z) = P-i(0,z), R-(0,2) = P.r(0,x) and
/ (s(0,2) +1(0,2) +r(0,z))dx = 1.
D

Here, we describe some of the spectral properties of the (discrete)-Laplacian which will play an important
role in the sequel. More details can be found in Kotelenez(1986).

e For a multiindex m = (m1,...,mq), where m; € NU {0}, and = € R, we define

fmy (@) = { V2 cos(mjrz), for m; > 1

1, for m; =0.
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For ¢, € L%(D), (¢,¢ ) = / ¢(r)¢(r)dr denotes the scalar product in L?(D).
D

For each m € Z4, z=(a1,--- ,2%) € D, we define f,, Hfmy ). {fm, m € Z1 } is a complete
orthonormal system (CONS) of eigenvectors of A in L?(D) Wlth eigenvalues —\,,=—2 Zd: m? Consequently,
the semigroup T(t):=exp (At) acting on L?(D) generated by A can be represented 1?);1

Zexp 0, £ Vs gp € LQ(D)
e For i = (i1,...,iq) 6{0,1,..., —1} let V; = H{ Z]+;)>C[071]dandf0r
m e {0,1,... _1} we define £, (z H fm;(ije) if z e Vi {f;, me Z4 } form an orthonormal basis

of H¢ as a subspace of L%([0,1]¢) and are elgenfunctlons of A, with eigenvalues
d
A\ = 272 Z (1 - cos(mﬂre)) Note that A, — A\, as € — 0.
j=1
e Basic calculations show that there exists a constant c, such that for each mj, e72(1 — cos(mmje)) > chZ.

e A, generates a contraction semigroup T.(¢) := exp (A.t) represented on H® by
(1.3) Te(t)p = Y exp(=An0)( @, £, ),
m

where the summation is taken on the ¢ eigenvectors of A.. Note that both A, and T.(¢) are self-adjoint
and that T.(t)Acp = A T.(t)p. Note also, for any J € {S,I, R}, the semigroup generated by pusA is
T(ust). In the sequel, we will use the notation T;(t) := T(ust) and similarly, in the discrete case, we
will use the notation T, ;(t) := Tc(ust). Also, for any J € {S, I, R}, we let Ay, j := pgAm and A, := A5,

e We use H(pH = sup]go ‘ )| to denote the supremum norm of ¢ in D, and we define H( )H HQOHOO—F H(b”oo

e If 7 is a space-time function, we use the notation Z(t) = Z(t, .).
e For n > 1, C™(D) denotes the space of real valued continuous functions on D with continuous partial
derivatives of all orders from 1 to n . We use the standard partial ordering of R? and the classical notations:

u<wvif, forall 1 <i<d, u; <.

1.1.2 Existence and uniqueness

B(x)uv
T U+ v+ w
Let us set X, = (S, I, R:)” . We introduce the function G : (z;u,v,w) — Blx)uv a(z) v

U+ v+ w
a(z)v

- T
We use the notation A, X, = (uSAESE, [T5 AN S ,uRAERE) . Then the compact form of system (1.1) is
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dX,.
dt
(1.4) Xc(t,x) = Xc(t,y:), for x; € 0D, z; ~ y; and y; € Og out De

(t, ;) = Ao X (t, i) + Gz Xo(t,24)), (t2) € (0,T) x D,

X(0,2;) >0 and 0 < S.(0,2;) + I(0,z;) + R:(0,2;) < M, Vz; € D..

We have
Lemma 1.1 For each ¢ > 0 fized, the system (1.4) has a unique non-negative solution X. € C* (Ry; R?’ffd).
Moreover sup HX(t)H < C(a,p).

oo

0<t<T

Proof : Let us define g : R — R

(1, 0,w) > gl v,w) = ——=
U, v, W UV, W) = ————.
) ) g ) ) u + v —"_ w
—5(1’) g(U, v, ’U})
We have G(z;u,v,w) = | B(x)g(u,v,w) —alx)v |. We introduce
a(z)v
utoT
g (u,v,w)=¢ ut +ovt +wt T vt where we used the notation u™ = sup(u,0). We set

0, otherwise,

—B(x) 9" (u, v, w)
Gt (zyu,v,w) = | B(x)gt(u,v,w) —a(x)v |.Let us consider the system of ODEs
a(z)v
dX.
dt
(15) " X.(t,2:) = Xe(t,2), for 2; € OD.,x; ~ y; and y; € .ot De

(t, i) = AcXo(t, 23) + G (wi; Xo(t,24)), (t2) € (0,T) x D,

X(0,z;) >0 and 0 < S-(0,z;) + I(0,z;) + Re(0,2;) < M, Va; € D..

Since Gt is globally Lipschitz and &5 is linear, then by the Picard-Lindel6f theorem the Cauchy problem
(1.5) has a unique solution X, € C* (R+;R3aid). Now let us show that X (¢) > 0 for all ¢ > 0. Let us set
t1 = inf{t > 0 : there exists an index i such that S.(¢,z;) < 0}. If ¢; < oo then there exists i; such that
Se(t1,24,) = 0 and for all j # i1 Sc(t1,2;) > 0. So that dd—%(tl,xil) > 0. Thus, either there exists an index
jsuch zj ~ z;; and S, (t1,2;) > 0 or else S:(t1,z;) = 0 for all z; ~ z;,.

(i) In the first case %(tl, x;,) > 0, which contradicts the definition of ¢;.

(ii) Let us set Iy = { z; € D. : Se(t1,z;) > 0 }. If I} = @ then S.(t1,z;) = 0, for all z; € D.. The
uniqueness of the solution entails that the null vector is solution for the equations satisfied by S. on the

time interval [¢;, +00). We now assume that |} # &, and define

N1(h) ={xi€D.:2; ¢l;, 3z € Iy such that z; ~ x; },
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’7/2(|1) = { z; € De @ xy ¢ 7/1(|1) Uly, E|$j € |y such that x; ~ xj },

Veh)={zi€De:xij ¢ Vp1(lh)U--- U (L) U, Jzj € #_q1(l1) such thatx; ~ x5 }, k> 1.

First, note that there exists a positive integer k such that %% (l;) = @, because there is a finite number of

ds.
sites. Now, if z; € #1(l1), then S:(t1,2;) = 0 and d—;(tl,mi) > 0, which contradicts the definition of ¢;.
ds

Else, assume that x; € #5(l1). On the one hand, we have Sc(t1,x;) =0, d—:(tl, x;) = 0. On the other hand,

e I (1, 2:) 92 (t1, ;) + Se(tr, 21) U= (1, 2
since 755 (t1,zi) = —p(x;) et 2i) g (t, @) + Se(h, i) g (h, @)

dt Sg(tl, DL'Z) + Ig(tl, .’Ez) + Rg(tl, Z’l)

Se(tr, wa) I (tn, i) (G2 (b1, ) + Y (b1, 0) + S (1, 2) ) ds.
+ B(x:) 3 + ps Ac 7 —=(t1, @),
(Se(th x3) + I (t1, 2;) + Re(t1, xz))

hen &5 N | in agai diction. Tf
then W(tl,mi) = us 7 —=(t1,2;) > 0, because z; € #(l;), and we obtain again a contradiction. I

x; € ¥j(h), for j > 2, we iterate the above argument to obtain a contradiction. Then in all cases we obtain
a contradiction. So that t; = co. Thus S.(t,2;) > 0 for all (¢,2;) € [0,T] € D.. Similar arguments hold
for I. and R.. It follows from the positivity of the solution and the fact that G = G+ on Ri, that the
system (1.4) has a unique global solution X, € C1(Ry; R?f_d). Furthermore, writing the solution of (1.4)
in its mild semigroup form, and using successively the fact that T. = (Te,s, Ter, T, r)T is a contraction

semigroup on (HE, (L"O(D))g)7 the fact that X (0,z;) <1 for all x; € D, and applying Gronwall’s Lemma,

we easily obtain that sup HX (t)H < C(a, B). This concludes the proof of the lemma.
oo

0<t<T |

Efd
Let us now define S, ( ZS t,x;) 1y, (z ZI t,xi)ly,(z), Re(t,z) = ZRa(t,a:i)lvi(a:),

e—d

g
2) =3 Bt,x)1y,(x), a(t,z) = Za(t,xm%(x), and we set X, = (S., 7., R.)" .
= i=1
Note that the previous lemma is true with X. in place of X.. Let us set X = (s, 1, r)T. Then the compact

form of the model (1.2) is

%f(t, r) = AX(t,z) + G(x; X (t,2)), (t,x)€[0,T] x D

(1.6) 87)((15,:1:) =0, forxedD

Tout

X(0,2) > 0and 0 < s(0,z) +i(0,z) +r(0,z) < M.
~ t
Writing the solution of (1.6) in its mild semigroup form, we have X (t) = T(¢)X(0) +/ T(t—r)G(X(r))dr,
0

Ts(t)s
where we used the notation T ()X := T;(t)i | and similarly for T(t— r)G(X(r)).

TR(t)I'

Lemma 1.2 The initial value probem (1.6) has a unique solution X € C([O,T] ; (LOO(D))3).
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Proof : For 0 < u(0,.) <1, we define a mapping F : C([O,T] : (LOO(D))S) — C([O,T] : (LOO(D))?’) by

(1.7) (Fu)(t) = T(t)u(0) + /0 t'T'(t — )G (u(r))dr.

Let u,v € C([O, T); (LOO(D))?)) such that u(0) = v(0). Using the fact that T is a contraction semigroup on
(L>*(D))® and G is globally Lipschitz, it follows that

H(Fu)( ) — (F)(t < C/ H —o(r) ) dr, forallt e [0,T],
where C is the Lipschitz constant of G. Then we have

(19) [P — Fo) 0] < 0T swp utr) o)
0<r<T

Using (1.7), (1.8) and induction on n, it follows that

(1.9) sup [[(Fru)(0) = (Fro)(0)]| <

sup [Ju(t) = o)
0 n! 0<t<T

oT)"
|

For n large enough F™ is a contraction (since
n!
that F has a unique fixed point in X € C’([O, T]; (L‘X’(D))3). This fixed point is the solution of

< 1). Tt follows from the Banach contraction principle

(1.10) X(t) =T()X(0) + /Ot T(t —7r)G(X(r))dr.

The mild solution of (1.10) is in fact a classical solution of (1.6), see Theorem 3.1, Chapter 7 of Smith (1995).

Note that the Corollary 3.1, Chapter 7 of the above reference ensures that X (¢) > 0, Vt > 0. -

1.1.3 Relation between the system of PDEs and its discretisation

We will now prove that X, converges to X as the mesh size € of the grid tends to zero.

Theorem 1.1 Let us consider an initial condition X (0) € (L‘X’(D))g. For all T > 0,

(t) — X(t)HOO 50, as £—0.

sup
te[0,7

Proof : Using the variation of constants formula, we have

Ss(t) = Te,S(t)SE(O) - /Ot TE,S(t - ’l“) [

10
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Recall that S:(0) = P-s(0), so that

Se(t) = s(t) = Tos(®)Pes(0) = Ts()s(0) — [ Tes(t—r)|

We have

t e(.)S- ;OIET B(.)s(r)i(r)
« sl iz ) ot g e
(1.11) +/0 ng(t—r)PE[S(T?(_i'_)iS((:;:(_?( )} _Ts(t—r)[s(rf: ?((:))lirz(r) |

Let us estimate each term of the right-hand side of this inequality.
Since s(0) € L*°(D), it then follows from Kato ( [12] pp. 512-513 ), that
£,5(t)P:s(0) — Tg(t)s(O)H — 0, uniformly on [0, 7.

o0

Using the fact that T, g is a contraction semigroup on (H c H”OO)7 we obtain

t 55(-)86<T)Ie(r) 5(.)s(r)i(7"
/0 Ta’s(t_r)[ss(r)+Ie(r)+7€a(r)} _Ts’s(t_r)Pe{s(r)—i—i(r)—i—r(r)} o
SWLW)  soit) |
—5/ O+ L) L R0 s +i(r) + 1) ||
B()s(mi(r) 1 B()s(n)i(r) -
[ S+ 10+ e 50+ 10 + 70

§5/0<2$
+/OtP

€ L*°(D), then for the last term (1.11), we have

B()s(r)i(r) } 3 :
(r) +1i(r) +r(r) s(r) +1i(r) + r(r)

B()s(r)i(r
s(r) +1i(r) +r(r)

— 0, uniformly on [0, 7],

B()s(r)i(r ]
s(r) +i(r) +r(r)

Tos(t—r) P | - Tst—n)|

( thanks by Kato [12], chapter 9, Section 3 ). Consequently

/t B()s(r)i(r )s(r)i(r ]
0 s(r) +i(r) +r(r) (r) +i(r) +x(r)

)

Tes(t — ?“)Pa[ dr — 0.

|- Ts(t—r)[s

11



The stochastic model

[s-ty=s)| < aclt) +C(B) / [So(r) =s(n)|| + |[Zo(r) —i(r) + ||Re(r) = x()|| ) dr, where
0o 0 e ) 00
a-(t) = ’Tag(t)PEs(O)—Tg(t)s(O)HOO+ ot 6[s(r)ﬁ(+ )?((:))I—Yr(r)}_s(rfi )is((:))lg(r)‘ dr
t B()s(r)i(r) B()s(r)i(r
+ [ TP ] 0 e v Lod“

Exactly in the same way we have a similar inequality for ‘ Z.(t) — l(t)H and HRg(t) - r(t)H with Tr, Tg
o0 oo

in place of Tg, and T. 7, T; r in place of T, g, respectively. Combining those estimates we obtain

vt - x| < aw+c@p [
0

Xe(r) — X (r) Hoodr,

[e.e]

where sup a.(t) — 0, as € — 0. Applying Gronwall’s Lemma, it follows that
0<t<T

sup
0<t<T

00 0<t<T

Xa(t)—X(t)H < sup a(t)el@AT,

Finally, the theorem follows from the fact that the right-hand side tends to zero as € — 0.

1.2 The stochastic model

Deterministic models describe the spread of disease under the assumptions of mass action, relying on the
law of large numbers. The most natural way to describe the spread of disease is stochastic. The previous
models are based on the hypothesis of a population of large size. When it is not the case, the interactions
between the individuals are not uniform but possess an intrinsic random character. We are going to expose
now a probabilistic version of the previous model. For each given site, Poisson processes count the number
of new infections, removal and migrations between sites during time. So the propagation of the illness can

be modeled by the following system of stochastic differential equations

t 3 €
St 2:) = SE(0. 2:) — inf 6(1'2)5 (r’xi)l (Taxi) r
S5t 2i) = 5°(0,20) — Py (/0 Se(r,x;) + 16 (r, 2;) + Re(r, xi)d )

. t . t
- Y e ([ s raar) + 3 pe, ([ LS )

2
¢ & YT

= rtnay 02 ([ AR ) ([ o)

(1.12) mig " € mig b g e
o Z PLIiyyi / 71 (T,in)dr + Z Pl,yi,xi / 71 (T’ yi)dr
Yyinai 0 ¢ o 0 €
t A t
R*(t,z;) = R*(0, ;) + Py° (/0 a(x;) I (r, mi)dr) - > Py ( ; /;—];Ra(r, xi)dr)
Yi~Ti

X t
+ 3 P ([ ERRGar) . (6w € 0.7] % D,
Yini

12



The stochastic model

where all the P;’s are mutually independent standard Poisson processes. In this system, at a given site z;

Se(t, z;
infection of a susceptible happens at rate §(x;) St F I ((t’xl)) TR
y L y Ly y L
me < B(x;)Se(r, z;) I (r, x;)
Se(r,x;) + I5(r, ;) + Re(r, z;
site x; between time 0 and time ¢ .

I¢(t, z;). Then

)dr> counts the number of transitions of type S — I¢ at

t
recovery of an infectious happens at rate a(w;)I°(t,z;), so Py ( / afzi) I (r, :ci)dr> counts the
number of transitions of type I° — R° at site x; between time 0 and time ¢.

IU/SSg(

The term P7Y ( 5
0 €

Sz T, :L‘i)dr> counts the number of migrations of susceptibles from site x; to

y; (where z; and y; are neighbors), those events happen at rate /%955 (t,z;) ; and similarly for the
5

compartments I° and R°.

We introduce the martingales M;(t) = P;(t) — t and we look instead at the renormalized model by dividing

the number of individuals in each compartment and at each site by IN. Hence by setting

(1.13)

Ss(t, $Z)

SN@(TS,(L’O - N ) s ( ) ) = T

the equations in the various compartments read

(1.14)

5(931‘)5N e(ryxi)IN (7, @)
0 SNe(r i) + Ine(r, IE)+RN5(T x;)

+/ psASN (7, i) dr — —Mmf / Bi) e (r 2i) INe (7, i) dr
0 ’ SN e (r,x;)

SNe(t, zi) = SN (0, 2) dr

(ryz;) + Ine(r, ) + RNe

1 Mmig HSS d Mmig N t SS Nd
B Z N STivi Na(r xZ T+ Z S,Yi i 0 €2 N’a(nyl) "

YinTi Y~V

B(ai) SN (1, 2i) I e (r, ;)
’l“ sz +IN 5(1" xz) + RN E(T xz)

2 SN E(T xz)IN E(T xz)
AT ) Mmf (=: d
+/L1/0 eIN e (r, z)dr + ( SNET% )T Ina(r 1) + Rre(ro)

t
Ing(txi) = Ing(0, 24 +/ drf/ a(x;) Ine(r, x;)dr
SNE 0

1 t 1 mig 14
_ ﬁMgfc <N /0 ()[(:L‘i)INﬁ(T, xl)dr> — y;ﬁi NMI@hyi <N/0 572IN75(’I"7 .’Ez)dr)
Lo (w1 )d
+ Z Ly ai 0 2 N,E(T7yz) T
yz"’xz

t t
R (t, i) = R (0, 1) + / o) Inv o (r i) dr + / jiRARN (1, ) dr
0 0

1 . t 1 . tMR
+ NM;C <N/0 ax;)Ine(r, @-)dr) — Z NMgffivyi <N/0 ETRN’E(T’ mi)dr>

Yi~Ts

Ly L (N VER e (ry)d
MR (N | 2 BNe(ryidr ).

Yin~Ty

13



The stochastic model

Let Sn(t) and Ine(t) and Rne(t) denote respectively the vectors which describe the "proportions" of

susceptibles, infectious and removed in the population at the various sites at time t :

Sne(t 1) Ine(t, 1) RN e(t, 21)
SNe(t) = : s INe(t) = : and  Rne(t) = : )
SNe(t, e) Ine(t, @) R (t, @)
SN (1)
where / is the total number of locations. Let us set Zn(t) = | Inc(t) |; then the aggregated form of
RN (1)

the stochastic model is
t ks 1. t
(115)  Znc(t) = Zn:(0)+ /0 ba(r,ZN,g(r))erer\;Mj(N /0 ﬁj(r,ZN,e(r))dr)
j=1

ke
where Vr > 0, b, (T, ZN’E(T)) :Zhjﬁj (7‘, ZN,E(’I“)> ; the coordinates of each vector h; are either —1, 0 or 1
j=1

and

VSN (7, @) IN (T, .
Bj (Tv ZN,E(T)) € {SN";(ﬁTf >) E}IEIZ(:Z”))N‘{‘ gNl(ﬁ .)7 gSN,s(T> ')a glN,s(rv ')7 %RN,E(Tv ')7 O‘(')IN,E(rv )} )

k- is the total number of Poisson processes in the model. Note that b. (r, Zn (7)) = AcZn < (r)+ G (Zn (7)),

where B B()Ne(r)INe(r)
SN (1) + Ine(ry ) + Ine(r)
NSAESN,S(r)
Btnelr) = | pideles(r) | and Gne(r) = | g MINAD a0
,URAeRN,s(T> | | |
o) Ine(r)

Existence and uniqueness

At the begining of the epidemic, the proportions of the population in various compartments take their
values in the discrete set { %, n=0,1,---}, and since the Poisson processes are mutually independent,
this implies that the components of Zn ((t) remain non-negative for all ¢ > 0. Indeed, let us consider for
example the component Sn .. Since all jumps of each Sn (¢, z;) are of size :t%, before becoming negative,
SN, (t, x;) is zero. But as long as Sn(t, x;) = 0, the rate of its negative jumps is zero, hence Sn (¢, z;)

cannot become negative.

€7d

Z (SN,s (t,x;) +INne(t, xi) + R e(t, :rz)) = ¢~%, since this quantity does not depend upon ¢. It then follows
i=1

that 0 < Zn(t) < e % for all £ > 0. Then by letting S3° = sup f;(t, Znc(t)), we have that 3 < C,

1<j<t
0<t<T

14



Law of large numbers

ke 1. t
(1.16) INe(t) = ZN,a(O)—ka:ll\;Pj(N /0 5j(r,ZN,€(r))dr>.

Let Tf < Tg < -+ be the jump times of the Poisson process P;j(t),1 < j < k. Aslongas NS, (Zn(0))x t < Tf,

for all 1 < j <k, the process Zn (t) remains constant. Let us set
T1 = inf {t >0:Npg; (ZN,E(O)) Xt = T{, for some 1< j < k:}

The independence of the P;’s ensures that there is almost surely a unique j, such that

NBj, (Zne(0)) x Th = 7]°. In this case Zn(T1) = Zn(0) + %, and the process remains constant until

the next jump of one of the P;’s. We wait for the next time for which one of the integrands

/Ot NB; (Zn(r))dr = NB; (Zn.2(0)) x Ty + NB; (Zn-(0) + };) (t—1Ty)

will be equal to the jump time of one of the P;. We continue this procedure . Since there are a finite number
of P; and the rates (; are bounded, any time ¢ € [0,T] is achieved after a finite number of operations as

above. This construction shows existence and uniqueness of the solution of (1.16).

2 Law of large numbers (N — oo, ¢ being fixed)

Recall that, from Assumption 1.1, / (s(0,z) +i(0,z) + r(0,z))dx = 1. Recall that in the stochastic
D

model, we have a total of Ne~¢ individuals. At time t = 0, each individual, independently of the others,

is susceptible and located at site z; with probability / s(0, z)dx, infectious and located at site x; with
Vi

probability / i(0, z)dx, removed and located at site x; with probability / r(0,z)dz, 1 <i< e~ Tt follows
Vi i
from the choice of the initial condition of the stochastic system, the law of large numbers and the definition
(1.13) that for any 1 <i < e~ as N — oo, Sne(0,2;) — s_d/s(O,:):)d:r, In:(0,2;) — a_d/ i(0,x)dx
Vi Vi

(3

and Rn(0,2;) — 5_d/r(0,x)daz, a.s. .
V;

In this section we fix the mesh size ¢ of the grid and we let N go to infinity. We will show that the stochastic
model converges to the corresponding deterministic model on the grid. First let us recall the law of large

numbers for Poisson processes.
Lemma 2.1 Let { P(t), t > 0} be a rate A Poisson process. Then

P(t
7E)—>)\a.s ast — oo.

A proof of this well-known lemma can be found e.g. in Britton and Pardoux (2019).
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Law of Large Numbers

In the sequel, we shall assume that Zn(t) is defined on the probability space (Q,}' , .7-",5N ’e,IP’), where

.7-'t1\176 =o0{Zne(r,x;i), 0 <r <t; x; € D;}. If we consider the k.-dimensional process (Mf\I 5)1< . whose
7/ 1<j<ke

. 1 t
j-th component is defined as MI{LE(t, x;) = NMj (N/O Bi(Zne(r, xi))dr), for a site x; € D,, then we have

the following Proposition.
Proposition 2.1 Forall 1 < j <k, for all T >0, as N — +oo ,

a.s.

sup ’Mf\}@(t,xi) 0.

0<t<T

Proof : For all T > 0 we have

= sup

! ‘Ml{l’e(tj i) 0<t<T

0<t<T

%Mj (/Ot NG (Zn (7, mi))dr) ‘

IN

Ogiigc‘;Mj(Nt)‘ (because 0<8; < é)

1
= sup |=P;(Nt)—t|.
O<t<TC" N ‘

From Lemma 2.1,
P;(Nt
M —t a.s., as N — oo.

We have pointwise convergence of a sequence of increasing functions towards a continous function, then

from the second Dini Theorem this convergence is uniform on any compact time interval. This shows that

1
sup ‘—Pj(Nt) —t’ — 0 a.s., asN — oo
0<t<TC

and the Proposition is established.

¢
In what follows, ||u/| denotes the norm of an (~dimensional vector u defined as follow [|ul| := > |u;].
j=1
Now we can prove the main result of this section. This law of large numbers is in fact a particular case of

the general result in Britton & Pardoux (2019). But since the proof is rather short, we prefered to include

it for the convenience of the reader.

Theorem 2.1 (Law of Large Numbers)

Z,
Let Zn ¢ denote the solution of the SDE (1.14) and Z. the solution of the ODE d c;t(t) = be(t, Z(t)).

Let us fix an arbitrary T > 0 and assume that HZN’E(O) — ZE(O)H — 0, as N — +o0.

Then sup HZN,g(t) — Zg(t)H — 0a.s., as N = 400 .
0<t<T
ke '
Proof : Let us define Mn(t) = Z hi M (t), t € [0, T]. We first note that
j=1
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Law of Large Numbers

sup || Mno(1)] < Zuh I su M0
0<t<T

Next for any r € [0,T] we have

be (ry Zm (1)) — be(r, Z:(r))

Hence from Proposition 2.1, we deduce that sup HMN c(t )H 250, as N — 400.
0<t<T
SN (7, i) IN e (7, @) B Se(ryxi) I (r, x;)

e(rmy) + Ine(r,z) + RN e(ryzi)  Se(ryx;) + I (1, xi) + Re(r, x;)

:El INa T‘ :L‘Z) — ’r‘ l’z <SNE T, xl) - SE(T, xz))‘

z
+ur

E(IN,E(r,a:i) I (r,z;) )‘

(RN6 r, ;) — Re(r, xl))‘

1=

Then, the fact that 5 and « are bounded leads to

y4
<28% {2\SN,g<r, i) — S:(r,z;)
=1

be (Ta ZN7a (T)) —be (T, Ze (T))

+ 2| I e (1) = Lo, )

+ | RN (r, 2:) = Re(r, )

}

1
+2a Z ’IN,E(r, x;) — I (r, ;)
i=1

0
+dpge 2y ‘SN,E(T, i) — Se(r, x;)
=1

¢ ¢
+apre 2y ’IN,E(ry xi) — L(r,m;)| + 4ppe > ’RN,E(T7 z;) — Re(r, ;)
i=1

=1

< O(@, B, 11€) || Zne(r) = Ze()

) where ﬂ = maX{M57 K, IU’R}

Hence we have for all ¢ € [0,7]

HZN,E(t) - Zg(t)H < HZN,E(O) B ZE(O)H . Ot

(r, Zn e (r) = be(r, Ze() |[dr + [ M (0)

- <HZN78(O) - Z.00)| + HMN,E(t)H> +0(a, B, i, 2) /Ot |2 () = 2.(r)| |,

and it follows from Gronwall’s Lemma that

OiltlgTHZNs —Ze(t)H < (HZN,S(O) - H +031£THMN€ H) exp( (0775,;176)7’)-
This concludes the proof of the theorem , since HZN’E(O) — H + OEUETHMN c H — 0, as N — +o0.
t

We have just shown that the solution of the stochastic model (1.14) converges a.s. locally uniformly in ¢ to
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Law of Large Numbers in Sup-norm

the solution of the deterministic model (1.1), as N — oo, ¢ being fixed. If we then let € — 0, we know from

Theorem 1.1 that the discrete deterministic system converges in L>°(D) towards the system of PDEs on D

s, o __ B@)s(ta)it )

E(hﬂi)— — s(t7) +i(t, 2) + (¢, x)—l-,usAs(t,x)

o1, . B@stalitte) o o
0 = S i) r A IGD) FurAilt )
0% 1.2) = a@)ift,2) + ps Ar(ta), (ta) € (0.T) x D.

3 Law of Large Numbers in the Supremum norm

In this section we let both the population size go to infinity and the mesh size € of the grid go to zero. Under

the weak condition m — 00, we obtain that the stochastic spatial model converges in probability to
og(l/e
the corresponding deterministic one.
—d —d

Let us define Sn (¢, ) ZSNE (t,xi)ly,(x), Ine(t ) ZINE (t,zi)1y;(x), and

i=1 =1
c—d

RNe(t,x) ZRNE (t,zi)1y,(x), (t,x) € [0,T] x D. (SN,€7IN,E)RN,E> is solution of the SDEs
i=1

Be(x)SN (1, ) IN (1, x)
(ryz) + Ine(r,z) + RNe(r, @)

SNe(t, ) = Sne(0, —I—,us/A SNE(rmdr—/
SN (T,

Be(2)SN (1, ) IN (7, x)
Tne(t, IEO+/AIE d/
(3.1) Ne(t,2) = Ine(0,2) + pur Ne(ryw)dr + SNe(rx) + Ine(r, ) + RN (7, )
’ t
- [ ac@Inera)dr + Mk (t.2)
0
t t
RN,E(taf) = RN,S(Oa r) + NR/AERN,E(TvCU)dT +/ as(x)IN,s(Ta x)dr + Mﬁ’e(t,:c)
0 0
(t,z) € [0,T] x D,
)N (1, i) IN e (7, @)
h —— Mmf / .%‘ € € 10
where MNatx Z ( Sna(r20) + Ino(r 1) + Bo(r, xl)dr v, ()
mi N ¢
N Z Z Sag,yi (Iusg / SN,&(T’ xZ)dr) 1%(13)
i= 1yz"‘x1 € 0
mi N t
+ — Z > MY (sz /0 SN (T, ?/i)d?“) 1y, (z),
1=1Yi~T;
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Law of Large Numbers in Sup-norm

)N (1, i) IN (7, @)
RTES vy (N g L RS "
MN’E( ,1') SNE T Zq +IN€(7" xz) +RN€(T xz)dr Vl(x)

- ZMrec ( /0 a(xi) In<(r, xi)dr> 1y, ()
- *Z > ?naz:gy (MN/ INe(r, 2 d7“> 1y, (z)

zlyz’\“%
. [N
g (P [ st 1)
Zly’\/xz

ME (t,x) = Zm< / (xi)IN,E(r,mi)dr> 1y, (2)

N
- *ZZ glfi,yin /RNérmz )w(l’)

i=1Yi~T;
rN
+ 72 Z 7}7%115“% <M / RN& T Z/z > 1\4(1‘)
i=1Yi~T;
SN’a M§75 Sa S
Here we set Xne= | Ing and Mne.=| ML_. | Recallthat X, = [ Z. |and X =| i
RN’E Mll\%T,e RE r

The main goal of this section is to prove the following result.

Theorem 3.1 (Law of Large Numbers in Sup-norm)

Let us assume that N — oo and € — 0, in such way that

N
(i) ———— — 00 as N — oo and € — 0;
log(1/¢)
(i7) HXN"E(O) - X(O)H — 0 in probability as N — 400 , ¢ = 0 .

o0

Then for all T > 0, sup HXNE - X(t)H — 0 in probability .
te[0,T] o0

We prove the Theorem in the case d = 2, but the result holds true in dimensions d= 1, 3 as well, as we will

explain below.

(1) — X (t)H — 0 by Theorem 1.1, clearly our Theorem will follow from

te[0,T) oo

Proposition 3.1 For allT >0, sup HXN’E(t) — Xg(t)H — 0 in probability, as N — oo and ¢ — 0, in
te[0,T] o0

N
such a way that ——— — oo.
log(1/2)
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Law of Large Numbers in Sup-norm

Proof : For all t € [0,T], We have
¢ t
Xne(t) = Xne(0 +/ A X (r dr+/ XNE(T))dHMN,E(t),

X ( +/AX dr—i—/

Xne(t) — Xo(t) = Te(t ) [ XN (0) — +/ T.(t—r)|G(Xne(r)) — G(Xg(r))}dr + YN (t),
Tes5(t)Sn YR (t)
where again T.(¢ )JXNe=| T.r(t)In. | and similarly for T.()X, - Yne(t) = Y& _(¢t) | and
Ta,R(t)RN € Yl@,s (t)

Y. (1) /Tast—r)d/\/l P, V() /Tglt—r)dMNE() Y (1) /TaRt—r)dMNE()
As in the proof of Theorem 2.1, one can show that there is a constant C(3, @) such that for all r € [0, T7,

we have

(3.2) |6(xne) = G(2)| < c@B)|Xnetr) - 20|

o0 o

since G is globally Lipschitz. Using (3.2) and the fact that T- is a contraction semigroup in (LOO(D))S, we

have

HXN,s(t) - Xs(t>H

e}

[X020) = 2O _+€@.5) [ [matr) = 20| _ar + vt _

It then follows from Gronwall’s Lemma that

(3.3) sup HXN,s(t) - Xs(t)H

t€(0,T] o0

<HXN,€(O)_X€(O)H + sup HYN’E(t)H >eC(a,/3)T_
o0 te[0,T) 0o

Since HXN@(O) - XE(O)H — 0 in probability, the Proposition follows from (3.3) and Proposition 3.2

o0

below. =

Proposition 3.2 For all'T >0

(3.4) sup HYN’E(t)HOO — 0 n probability, as N — oo and € — 0, provided — 00.

te[0,T

N
log(1/e)

Before proving this Proposition, we first establish some technical Lemmas.

Lemma 3.1 Let f = *1y.. Then, for any J € {S,I, R}

(VT 0 ) + (VE Toa () + (V2T (0)0) + (V2 Tes ) + (Tea (D), 1) < he(t)
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Law of Large Numbers in Sup-norm

where
t

(3.5) / he(r)dr < Ce~? + 1.
0

Proof : For f =¢ 21y, and J € {S,I, R}, we have

(VAT 0f) + (V24 T0f) 1) = (VAT 0F . VI Ts(0f ) + (VAT 0 £ V2T 0f )
—( VTV, J(t)f, T ) f )= ( V2TV () f, Tes(t)f )
_< AsTa,J( )f TeJ f>

Using the facts that A T, j(t)f = T. s (t)Ac f, T s(t) is self-adjoint and (1.3), we obtain

(VA Ta0F) + (V2 Tamf) 1) = DAL T (f )

—( T
<A [ Tea2)f)
= Z<fvfm 26_2>\m’Jt)‘fnJ

_9)\¢
43 eI
m

Similarly ( (V;’_T&J(t)f)2 + (Vg’_Te’J(t)f)Q, 1)< 426_2’\fn,Jt)\fmJ. Moreover, we have

IN

((Tes®F)31) = (T @0fF)
= 14 Y eI f )

m#(0,0)
< 144 >
m#(0,0)
So, the result holds with h-(t) =1+8 Y e g T 1)
, m#(0,0)
+oo —2X¢ .1
/ he(r)dr < t+8 Z / e mIa (14 A, )dr
0 m#(0,0) 7"
1
= t+4 > (1 + e )
m#(0,0) m,J
1
< t+4 1+
1<7§;E . < c(m? + m2)>
1§m2§a 1
2
< t+4e 2 4 Z -
1§m1<s_1 ¢
1<mo<e!
2
_ -2 z
= t+e (4 + c)'
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Law of Large Numbers in Sup-norm

For any cadlag process Z, let 0Z(t) = Z(t) — Z(t~) denote its jump at time ¢.

We shall need below the

Lemma 3.2 Let M; be a bounded martingale of finite variation defined on [to,t1] with M;, = 0 and
satisfying

(i) M is right-continuous with left limits,
(ii) [6M| < c fortyg <t <t1, where ¢ is a positive constant,

t
(i) Z (5Ms)2 — | h(s)ds is a supermartingale, where h is a positive deterministic function.
to<s<t to

t1

Then E(exp (Mtl)) < exp (%C h(s)ds).

to
Proof :

Let f(z) = e*. We have 0 < f"(z+y) = f(x)f(y) < ef(x) forally <ec.
For tg <t <t

FM) =1+ f -)dM, + Z (FM) = F(M,-) = f' (M- )3 M)
<1+ f( o )dM, +— Z f(M=)(6M,)?
= [ G (S e - [ anen) + G [ s

where we used Taylor’s formula and (ii) for the inequality.
From (iii) and the fact that f (M,-)dMjs has mean zero, we deduce

c t

E(£(M)) <1+ 5 | E(f(M))h(s)ds.

to

The result now follows from Gronwall’s inequality.

Lemma 3.3 For any site x; € Dg, the following are .7-",51\1’6 mean zero martingales:

2
1t B(xi)SN e (r, i) IN (7, T4)
3.6 S i - — - ’ d
(36 > ( N’E(““) N o Snc(ren) & Ina(roon) + Rno(roo)

0<r<t
dpg (1 pus [t 2 2
_N7€2/0 SN e(r, xi)dr—N—EQ/o ST Sne(rai +eey) + Y Snelr,zi — eej) ) dr
Jj=1 j=1
2
Lot B(wi) SN e(r, 2i) IN e (7, 1) /
37 Hreelr TN ’L I € i)dr
(3.7) qu( N, (7“33)> N SNE(T'Z”L)—’—INE(sz)"i'RNEsz o) Ine(r, z;)

dw I [ ZI + +ZI ) )d
N N (r, zi)dr — Ne? N (T, zi + cej) 1 Ne(r, i —eej) |dr
Jj=

22
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2
1 t
(3-8) > <5RN,5(7“,%)> N (@) IN (7, ) dr / RN (7, z:)d

t
f%/ <E RN (7,2 + €ej) +§ RN (r,zi — sej))dr
0 5

j=1

(3.9) Z <55’N,5(r, 1‘2)> (5SN75(7“, T; = eej)> + Ll /t (SNﬁ(r, z;) + SNe(r, @ £ Eej)>d7“

2
0<r<t Ne2 Jo

¢
3.10 0IN (7, x; 0INe(r,x; ce; —l—i Inc(ryx;)dr + INnc(r,x; £ee;))dr
’ ) J 2 ) ) J
0<r<t Ne* Jo

t
(3.11) Z <5RN75(7', xl)) (5RN,5(7’, T + eej)) + %/ (RN@(T, x;)dr + RN (r,z; £ Eej))dr
0<r<t

j=1,2.
Proof : The proof of this Lemma is based on the computation of the jumps. For (3.6), we have

2
z SN E(T $Z)IN 5(7" 331)
55 r,xi> = pinf (i dr
3 (o) = e ([
1

- N
+ > gPomw (MS / SNe(r, Iz)dr)

YinTy

1 i psN
+ Z WPS%Z’% < / SN& 7“ yz)dr>

YinTi
By writing each Poisson process as M (t) +t , we then have

Lot B(2:) SN (7, i) IN e (7, 74)

il dr
N Jo Sne(r @) + Ine(r zi) + RN (1, 24)

Z (65N (7, ZL‘z))Q —

0<r<t
_4'us/tSN (Tx-)dr—m/t(ZSN T‘-’L' + ce; +ZSN T, X 86')>d7‘
Ne2 0 e\ Ne2 0 ' € ) 7 = c i y
.I‘ SN (T T )IN 8(7" xz) NSN
Mmf S MY / Sne(r, 2i)d
< SN5 T’.I'Z +INE(T x%)+RN5(T 5171) +y;0z sz»yz N, 7“1‘) r
mig psN ‘
+y§i WMS,yi,xi ( e2 /0 SN (T, yz)dr) )
which is a martingale. The other statements are proved similarly. -

The following result is a consequence of the previous Lemma.

Lemma 3.4 Let ¢ € H®. The following are mean zero martingales

22 (SN (M) IN (T
@13 (AMR ) G St ) i 7

22t - _
B [ (Sne(r), (VEF0)? + (VE70)" + (V2T0)" + (V27 p)? ) dr
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22 g (SN (M) INe(T
w5 (st - [ S o

t 2 t
-~ /0 (ac() Ine(r), @ Yr — B [ (In(r), (VET0) + (VE70) + (V21 0) + (V27 9)° ) dr

N N Jo
2 2 gt
3
By Y (B0 0)) -5 [ ) T, )i
0<r<t 0
t
TN (RNa(r), (VEF0) 4 (VE70)* 4 (V240)* 4+ (V279) ydr:

Proof : We give the proof for (3.12), those of (3.13) and (3.14) are similar. For all » < ¢, we have

5<M1€I,3(7‘) =2 Z5SNE r,x;)(x;). Since for y; # x; £ ce;, (6SN’€(T, l’l)) (5SN,5(7‘, yl)> =0, so

=1

e—2

2 2
315 (BME0)0) = 3 (0w W)

i=1
=1

i=1

+ 254Z<58N6r:c,)((581\157“37@4—561)gp o(z; + eeq)
+ 284Z<58Ngrxl>5SNgr:cl gey >90 x; —€eq)

+ 254 Z <5SN (7, 1}1 <5SN5 T, T; + 562 (’0 ;L‘Z + 862)
=1
—2

+ 2542 <5SN,5(Ta xz)> (5SN5 T, T; — £€9 )(p —ge).

i=1
Using successively (3.6) and (3.9) from the previous lemma, we obtain
B(xi) SN (1, i) INe (1, z4)

3.16 3S > ) = / 2(2:)d
( ) 0<zr:<t( Ne(r2i) SO v N SN (T, 24) —i—INE(rac)—i—RN,g(r,xi)(P(x) "

4
MS / SNe(r, i) (:El)dr—l— %/ |:ZSN€ r,x; +eej) + ZSNE T, T; — €€j) ap2(xi)dr+Martingale
J=1

and

(3.17) Z (5SN,5(T, fUz)) <55N,s(7", x; = €€j)>¢($i)<ﬁ($i + eej)

0<r<t

t
_15752 /0 (SN,E(T, x;) + SNe(r, x; £ sej))go(xi)go(xi + ee;)dr + Martingale.

Combining (3.15), (3.16) and (3.17), we deduce that
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2 ()SNe(r)INe(r
> (M MR() ) = N/ SN +INN£())TF’7(31\)I€(T)’¢2>CZT

0<r<t
+ Mﬁs 0(481\15 —1—281\157“ + ee;) +ZSN5 —eej), o Ydr
Jj=1 j=1
2us (! 2 .
-~/ (Sne(r), Z o( (. +cej) + Z ©o(.)e(. — ee;) ) dr + Martingale,
j=1 j=1

which can also be written as

o &t Be( )N (r)Ine(r)
DI R e Kb res -~ o AR

MSEZ t 1,4 \2 1.— \2 2.4+ 2 2.— 2 .
TN /0<SN,6(T): (VoTo) " + (Vo) + (V2Te)" + (V27 9)" ) dr + Martingale.

The following Lemma generalizes Lemma 3.4 in the case of a non constant ¢ € C'(Ry; H).
Lemma 3.5 The assertion of Lemma 3.4 is valid if ¢ € C(Ry; H).

Proof : The general result follows by approximation. ¢ being continuous with respect to ¢, there exists
a sequence (¢;), ;<. Of step functions which converges to ¢ locally uniformly in [0,00). It then suffices

to consider the case where ¢ is a step function which we assume from now on. There exists a sequence
0=ty <tg <ty <--+ < t, =t such that o(t,x;) Z‘Pﬂ i) 1, ,4,)(t), where @; € H*, for all

j=1,---,n. Applying Lemma 3.4 on each interval (¢;_1,¢ ] and summing for all j € {1,--- ,n} yields to

the result. -

Now we are in a position to give the

Proof of Proposition 3.2

Let us fix t € (0,7] ,i€{1,--- e 2 } and we use the notation f = 57211/1,. We define
¢

TN (t) = </ T.s(t— r)dMX .(r),f ), 0<t <t Note that the process {mﬁg(t), tefo,t] } is a
O b b

mean zero martingale and we have

5 ) 2

mﬁ;yg(f) = Yﬁ%e (f). We have »_ (6 mi%’s(r)) = > << 5/\/11‘2178(7“), T.s(t—7r)f >> . From Lemma 3.5,
0<r<t 0<r<t

we have that

(3.13) > (Fmke) - [ a.yir

is a mean zero martingale, where
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Law of Large Numbers in Sup-norm

_ & B()SN(r)IN(7) - 2
9:() = R Snnr)  Zne(r) + Rve(ry Lo
B f\f (Snelr), (VAT s(E =) ) + (V0 TesE—r) ) + (V2 TosE— 1))’ + (V2 TesE—r)f)°).
We have
2.2
0:(1) < (1, (Tes(i =)
+—C’”§ ¢ (1, (VI Tos(E—r)f) + (VE Tos(—r) )2 + (V2 Tos(E — ) f) + (V2 Tes(t—r)f)?).

For 6 € [0, 1], we define m%g(t) = Hle‘zLE(t). mf\}’s is a mean zero martingale. Furthermore

okl < ON|

sSt_téMNs /f
< 1.

It follows from Lemma 3.1 and Lemma 3.2 that

e = - _
E(exp(mi () < exp[56°C(5 us)N (T +0=?)|.
It then follows that for any site x; € D., n > 0

P(Y§.(E2) >n) = P(ONYR.(F2)>0Nn)

E|exp (ONYS.(f,2:))] exp (-0 N )

IN

IN

exp [HN(C(T)G — n)] with C(T) = gC(ﬁ_, ps) (T +C).

The optimal 0 is 0 = 2C7ZT)’ hence IP(YNG’E (t, i) > 77) <exp (—an?N), with a = 4C’1(T)' We can make a
similar computation for IP( - YR (tz) > 77) to show that ]P’( — YR (Em) > 77) < exp(—an’N).
Hence for all t € [0,T] and i € {1,---,e72}, we have
IP’(|Y1§LE (t,z;)| > n) < 2exp(—anN).
Since HYﬁa(t)H = S7 (t,24) ],
oo

A

P(HYﬁ,g(t)Hoo > 77) < Z]P)(‘YNe (t,2:)| > 77)

(3.19) < 2e 2 exp(—an®N).

We now show that an inequality similar to (3.19) holds with HYI\Sf (1) H replaced by sup HYI\Sf E(t)H
’ t€[0,T] ’ s
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Law of Large Numbers in Sup-norm

To this end , we divide [0, 7] into e~2 intervals [nTe?, (n + 1)Te?], 0 <n < e~ 2 — 1.
For t € [nTe?, (n + 1)T€?], we have

t
VL0 = YR + [

. Ang\sf’E(r)dr + m%s(t), where m%s(t) = M%}E(t) — Ml‘%,g(nTEQ).
We have

(320) |80 < [vR.re?)| +852/t
. oo nTe?

W) _ar+ k)]

so Gronwall’s inequality implies that

(3.21) sup Yﬁe(t)H = <HY£7€(nT62)H + sup
te[nTe?,(n+1)Te?) 00 o0 te[nTe?,(n+1)Te?]

e (0|

) exp(8T).

o0

We now fix i € {1,---,e72},0 € [0,1] and set my () = 6 Ny . (t). It follows from Lemma 3.3 that

S 2 ps o ¢
(3:22) S (omiee() =N [ (3 Sne(ry) + 4ASna(r ) )dr
nTe2<r <t € nTe® *ycg,
_ N B(xi)SNe (7, i) IN e (1, i) dr

nTe? SN (7, 2) + INe (7, ) + RN (7, z4)
is a mean zero martingale and ‘6m§75(t)‘ < 1. Furthermore, for nTe? < t < (n + 1)Te?

1S pong [* 2 [t B(:)SN £ (1, ) I e (7, 1)
292N / S : 48 ,2;) )dr + N6 / : : d
= s (ygzi N (T, y) + 4SSN (r, @ )) r 4+ et v e (o) I o) + R0 r

< C(Ba .US)TNHQ

Hence by Lemma 3.2, it follows that E[exp (ml‘%e((n - 1)T€2))} < exp {C’(B, ,uS)N92T}.
It then follows from Doob’s inequality that

P( sup m&,ga,xi)m) < E[exp (mi((n+1)Te))] exp(—0Nn)
te[nTe?,(n+1)Te?]

< exp {HN(C(T) 60— n)}

n
20(T)

Choosing 6 = , we deduce that

P sup my . (t, i) =1 | < exp(—an®N), where a = :
(te[nTa2,(n+1)T52] Ne(te) 40(T)

The same hold for —mg _(t,z;). Consequently

(3.23) IP’( [ sup N e (t, 27)
te

nTe?,(n+1)Te?]

>0) < 2e elowiN)
o
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Law of Large Numbers in Sup-norm

Combining the inequalities (3.19), (3.21) and (3.23), we obtain

2
(3.24) P(e‘ST [ sup YNgva(t)HOOZn> < 45_2exp(—anzN),

te[nTe?,(n+1)Te2]

from which we deduce that

P(e_ sup HYN€ Hooz77> < E_QiIP(e—ST sup
n=0

te[0,T] te[nTe?,(n+1)Te2]

SO = n>

o0

2
(3.25) < 4t exp(—a%N).

N
Since ——— — +00 implies that e~*exp(—an?N) — 0, we have proved that sup HYNs )H —0
(0.9]

log(1/¢) t€[0,7]
in probability. The same arguments show that sup HYN . H + sup HYN - H — 0 in probability as
te[0,T] ’ 0 te[0,T] ’ oo
N — oo and € — 0, under our standing assumption. Finally, we have shown that sup HYN”E(t)H — 0 in
t€[0,T] 0
probability, which completes the proof of the Proposition.
|
Remark 1
The law of large numbers in sup-norm remains true in dimensions d = 1, 3. To see that, it suffices to remark
d
that A, = Z V2~ VIT has always e~? bounded eigenvectors. In this case the Lemma 3.1 become
j=1
d “ 2 A 2 2
(X (VIT,0f) + 2 (V@ f) + (Tea®F) 1) < he(®)
j=1 j=1

t 2
where / he(r)dr < C e~%+t. Hence (3.25) becomes P( e 8T sup HYS H >n) <4e7972 exp(—an—N).

0 tE[O 7] o0 4
Moreover, the result holds for periodic boundary conditions. Indeed, in this case, the eigenvectors of the

Laplace operator are the product of the one-dimensional eigenvectors

1, for n =0,
on(r) = {

V2 cos(nmzx), for n > 0 and even,

Vn(x) = V2sin(nmz), for n > 0 and even.

Remark 2
We conclude that, by two laws of large numbers, the consistency of the various models has been established.
In a furture work, we will study the fluctuations of the stochastic model around its deterministic law of

large numbers limit.
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