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Multi-patch epidemic models with general infectious periods

GUODONG PANG AND ETIENNE PARDOUX

ABSTRACT. We study multi-patch SIR and SEIR models where individuals may migrate from one
patch to another in either of the susceptible, exposed/latent, infectious and recovered states. We
assume that infections occur locally with a rate that depends on the patch as well as the state of the
various groups of individuals in the patch, and the infectious periods have a general distribution,
and do not change as individuals migrate from one patch to another. The migration processes in
either of the three states are assumed to be Markovian, and independent of the infectious periods.
The rates of migration from one patch to another may be different due to the population density
and the manner of migration (for example, transportation). We establish a functional law of large
number (FLLN) and a function central limit theorem (FCLT) for the susceptible, exposed/latent,
infectious and recovered processes. In the FLLN, the limit is determined by a set of Volterra integral
equations. In the special case of deterministic infectious periods, the limit becomes an ODE with
delay. In the FCLT, the limit is given by a set of stochastic Volterra integral equations driven by a
sum of Brownian motion and a continuous Gaussian processes of a particular covariance structure.

1. INTRODUCTION

Multi-patch epidemic models have been used to study various infectious diseases, for example,
nosocomial infection [20], vector-borne diseases [19], HIV/AIDS transmission [18], SARS epidemic
[22], and so on. They are often used to capture the heterogeneity between different geographic
locations, for example, a densely populated city and a less populated rural area. It also helps
to study the effect of migrations or lock-down measures among different population groups or
locations. In the Covid-19 pandemic, it has been observed that the infectivity in different regions
may vary and is impacted by various social-distance and lock-down measures [27].

ODE models are often used to study the dynamics of such multi-patch epidemic models. It is well
known that the ODE dynamics arises from the Markovian assumptions in the stochastic multi-patch
epidemic model, that is, the infection process is Poisson, the infectious (and/or exposed/latent)
periods are exponentially distributed and the migration processes are also Markovian [1, 8, 21, 22,
4, 19]. Some ODE/PDE models are also used to study their dynamics when the infection rates are
age-dependent (depending on how long the population has been infected), see, for example, [20, 11].
These models also assume exponentially distributed infectious periods and Markovian migration
processes.

In this paper, we study multi-patch SIR and SEIR models, in which the infectious (and ex-
posed/latent) periods have a general distribution, while the migration processes are Markovian.
The infection is assumed to be local, that is, the infection rate depends on the susceptible and
infectious population in each patch only. Individuals may migrate from one patch to another in
each of the Susceptible, Exposed(Latent), Infected and Recovered stages. The epidemic dynamics
evolves in a manner of mixed Markovian and non-Markovian components, which seems challenging
to directly derive its first-order fluid equations.

We describe the evolution dynamics by tracking the time epochs of becoming exposed and/or
infectious and the location of an individual at these event times. Specifically, in the multi-patch SIR
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model, each individual tracks the time epochs of becoming infected and recovered, and is associated
with a continuous time Markov chain taking values of the patches/locations. In the multi-patch
SEIR model, each individual tracks the time epochs of becoming exposed, infected and recovered,
and is associated with two Markov chains that are used to track their movement starting when
the individual becomes exposed / infectious. For the initially exposed and/or infected individuals,
we also assume that their remaining exposing and/or infectious periods have general distributions,
which may be different from those of the newly exposed/infected individuals. For these initially
exposed /infectious individuals, we also track their movement while being exposed /infectious.

Given the representations with these time epochs and location processes, we show a functional law
of large numbers (FLLN) and a functional central limit theorem (FCLT) for the associated counting
processes in the multi-patch SIR and SEIR models. The fluid limits are determined by a set of
Volterra integral equations. When the infectious (and exposed/latent) periods are deterministic, we
can write the fluid integral equations as a set of ODEs with delay (Remarks 2.1 and 3.1). The limit
processes in the FCLT are determined by a set of stochastic Volterra integral equations, driven by a
sum of independent Brownian motions and continuous Gaussian processes with a certain covariance
structure. When the infectious (and exposed/latent) periods are deterministic, the limits become
stochastic differential equations with linear drifts and delay (Remarks 2.3 and 3.2). We also remark
how the approach and results can be extended to study multi-patch SIS and SIRS models (Remarks
2.4 and 3.3).

In the proofs of these results, we employ Poisson random measures (PRMs) that are constructed
as the sums of the Dirac masses at the time epochs of becoming infectious (and/or exposed), the
infectious and exposing periods and the Markov chain starting from the location of each individual
at those epochs. We can then use the martingale properties and convergence theorems as critical
tools in the proofs. For a single patch SIR and SEIR models with general infectious and exposing
periods, an approach using PRMs that are constructed at the time epochs of becoming infectious
(and/or exposed), was developed in [24]. The approach is further developed in this paper for
multi-patch SIR and SEIR models, to track the locations of each individual at each event epoch.

This paper contributes to the limited literature on stochastic epidemic models with general
infectious periods, see the overview in Chapter 3.4 of [8] on the common approaches to study non-
Markovian epidemic models and LLN and CLT for the final sizes of the epidemic; see also the recent
method using piecewise Markov deterministic processes in [9] and [15] for the SIR model. We also
refer to Reinert [28] that proves an FLLN for the empirical measure of the SIR epidemic dynamics
using Stein’s method. In [24], both FLLN and FCLT were proved for the epidemic dynamics in
the classical models (SIR, SIS, SEIR, SIRS) where the PRM representations of the dynamics plays
a fundamental role in the proofs. Although Volterra integral equations were used to describe the
proportion of infectious population in the SIS, SIR or SEIR model without proving an FLLN (see
[6, 7, 10, 12, 17, 29]), no Volterra integral equations have been proposed for multi-patch epidemic
models with general infectious (and/or exposing) periods. Our work shows both FLLN and FCLT
for non-Markovian multi-patch models, and identify (stochastic) multidimensional Volterra integral
equations as their limits.

It is also worth mentioning the multi-type epidemic models where the population splits up into
multiple groups of individuals and each group may infect any other group in addition to itself
(no migration, and different from the local infection assumption in our model) and proportionate
mixing taking into account control measures like social distance or lockdowns is also incorporated,
see Chapters 6.1 and 6.2 in [1] and [2, 3] . This is very different from our model since infection is
local in our setup and individuals in any of the stages may migrate from one group to another.

We also highlight that Fodor et al. [13] argue that Volterra integral equations are more effective
than the ODE models in the study of the Covid-19 pandemic. In particular, they show that the
ODE models can significantly underestimate the initial basic reproduction number R, while the
integral equations results in more accurate epidemic dynamics after sharp changes in Ry due to



3

lockdown measures. The integral equations are also used to estimate the state of the Covid-19
epidemic [14].

1.1. Notation. Throughout the paper, N denotes the set of natural numbers, and Rk(Rﬁ) denotes
the space of k-dimensional vectors with real (nonnegative) coordinates, with R(R;) for £k = 1. For
x,y € R, denote x A y = min{x,y} and x V y = max{x,y}. Let D = D([0,T],R) denote the space
of R—valued cadlag functions defined on [0,7]. Throughout the paper, convergence in D means
convergence in the Skorohod .J; topology, see chapter 3 of [5]. Also, D* stands for the k-fold product
equipped with the product topology. Let C' be the subset of D consisting of continuous functions.
Let C'! consist of all differentiable functions whose derivative is continuous. For any function = € D,
we use ||z||7 = supyepo 7 [2(t)]. For two functions z,y € D, we use z o y(t) = z(y(t)) denote their
composition. All random variables and processes are defined in a common complete probability
space (€2, F,P). The notation = means convergence in distribution. We use 1y, for indicator
function. We use small-o notation for real-valued functions f and non-zero g: f(z) = o(g(z)) if

limsup,,_, o [ f(2)/g(x)| = 0.
2. THE MULTI-PATCH SIR MODEL WITH GENERAL INFECTIOUS PERIODS

2.1. Model description. We consider a multi-patch epidemic model, where individuals in each
patch experience the Susceptible-Infectious-Recovered (SIR) process. The patches may refer to
populations in different locations, for example, a densely populated city and a less populated
rural area. Individuals in each patch are infected locally, while they may migrate/travel from one
to the other in any of the susceptible, infectious and recovered states. The rate of infection is
different in the patches (because of the differences in the density of population or the use of public
transportations), while the law of the infectious period is the same (same illness).

Let N be the total population size and L be the number of patches. For each i = 1,..., L, let
SN(t), IN(t) and RY (t) denote the numbers of individuals in patch i that are susceptible, infectious
and recovered at time ¢, respectively. Then we have the balance equation:

L
N =Y (SN + 1Y)+ RN (1), t>0.
i=1
Assume that SN(0) >0, % IN(0) > 0and RN(0)=0,i=1,...,L.
Let A\; be the infection rate of patch 7, i = 1,..., L. Define the following processes
NN (t
o (1) = S (L () ~1,...,L.

SN(t) + IV (t) + RN (1)

Let AN (t) be the cumulative counting process of individuals that become infectious during (0, ¢].
Then we can give a representation of the process AY (¢) via the standard Poisson random measure

Qm'nfi

t [e%¢)
AN@) = /0 /0 1o (o) @iing(ds, du), £>0. (2.1)

Equivalently, we can write

AN(t) = Pa, <)\Z~ /Ot @gv(s)ds> , >0, (2.2)

where P4 ; is a unit-rate Poisson process, and independent from each other for i = 1,..., L. We let
{TZ{\;, j > 1} denote the successive jump times of the process Afv, fori=1,...,L.

For the initially infected individuals I2¥(0), let 772’2., k =1,...,I"(0), denote their remaining
infectious periods. Assume that {77272-} are i.i.d. with a c.d.f. Fp, for all i, k. For the newly infected
individuals AN (t), let nx;, k € N, denote their remaining infectious periods. Assume that {n;}
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are i.i.d. with a c.d.f. F, for all ¢,k. Let F§f =1— F and F° =1 — F. It is reasonable to assume
the same distribution for the infectious periods of individuals of the different patches since it is the
same illness.

Susceptible (resp. infectious, resp. removed) individuals migrate from patch i to patch j at rate
vs,; (resp. at rate vr;;, resp. at rate vp;;)). Let X (t) denote the location (i.e., the patch) at
time ¢ > 0 of an infected individual. X (¢) is a Markov process which alternates between states

., L. Define p; j(t) = P(X(r +t) = j|X(r) = 1) for i,j = 1,...,L and r,t > 0. Then these
probabilities can be computed, see, for example, Corollary 2.2 in Chapter 7 of [26].

Example 2.1. Suppose that there are two patches. While in state 1 (resp. 2) it stays there for
a duration of time which follows the exponential distribution with parameter vy (resp. avy). We
define

p171(t) = ]P’(X(T + t) = 1’X(7‘) = 1), p172(t) = ]P’(X(T + t) = 2’X(7‘) = 1),

p271(t) = ]P)(X(T + t) = 1’X(7‘) = 1), p272(t) = ]P)(X(T + t) = 2’X(7‘) = 2) .
A standard computation (based upon, e.g., Corollary 2.2 in Chapter 7 of [26]) yields the following
explicit formulas:

a+ e—vi(at+1)t 1 — e~ vilat+l)t
t = t = - @ @ @@
pl,l( ) a+1 ; p1,2( ) a+1 3
a _ 1+ qe~vilati)t
p21(t) = " 1(1 — ety po o) = B — (2.3)

We will use XZ-0 * and Xf to indicate the associated process for individual & in patch i, for the
initially and newly infected ones, respectively. Note that they are all mutually independent and
have the same law as described for the process X (t) above. Also note that the processes X¥ start
from the time becoming infected T]ivi while the processes X? * Start from time O.

We now provide a representatioﬂ of the epidemic evolution dynamics:

SN(t) = SM(0) - Z Ps; 4 (Vs,z,e/ SN (s ) Z Ps i <VS£2/ SN >

(=101 0=1,0+1
(2.4)
L 1)(0) L AN
N _
B0 = 35t Ly 30 5 Lo g 9
(=1 k=1 =1 j=1
L 1Y(0) L A{ ()
N _
R (t) = Z 1770 <t1XOk +Z Z Ly T e<t Xj(ngz)
(=1 k=1 =1 j=1

R ;ﬁ Prii <1/R,z,é /t ) Z Pry <I/Rgl/ RN > (2.6)

(=100

where Ps; ¢, Pri¢ , 1, = 1,..., L, are all unit-rate Poisson processes, mutually independent, and
also independent of Py ;. Here, the first term in I}V (¢) represents the number of initially infected
individuals from patch ¢ = 1,..., L that remain infected and are in patch ¢ at time ¢, and the
second term represents the number of newly infected individuals from patch ¢ = 1,..., L that
remain infected and are in patch i at time ¢. The first term in R (¢) represents the number of
initially infected individuals from patch £ = 1, ..., L that have recovered by time ¢ and were in patch
i at the time of recovery, and the second term represents the number of newly infected individuals
from patch £ =1, ..., L that have recovered by time ¢, and were in patch 7 at the time of recovery.
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Define a PRM Q ing(ds,du,dv,df) on RY x {1,..., L}, which is the sum of the Dirac masses at

the points (72, 0 UJ]\;, Nji» X/ 7 (1;,¢)) with mean measure ds x du x F(dv) x py(v,df), where for each
v >0, pe(v,{¢'}) = pew(v), and an infection occurs at time 7' % in case Ug\; < )\g<I>éV(TA2).

We can then write for £,/ =1,...,L,
A ()

t—s
1 N+, z<t1X3 (11.0) / / / /Z, u<A @Y (s Qg mf(ds du, dv, df). (2.7)
j=1

We denote the corresponding compensated PRM Qg,mf(ds,du,dv,dH) = @gmf(ds,du,dv,dH) —
ds x du x F(dv) x pg(v,df) for £ =1,..., L.

2.1.1. The model with deterministic infectious periods. We discuss the special case of deterministic
infectious durations. Let the constant ¢, be the infectious period for a newly infected individual,
that is, 1, = t, for all j and £ =1,..., L. It is then reasonable to assume that the initially infected
individuals have remaining infectious times that are uniformly distributed over [0, ¢,]. Equivalently,
we use two collections of i.i.d. random variables {¢f, k > 1} which are U([—t,,0]) distributed, to
represent the times when the initially infected individuals were infected in patch ¢. Then the
epidemic evolution dynamics of IV () and RN (¢) (SN (t) is the same as in (2.4)) can be described
as follows:

L 177(0)
Iz'N(t) = Z Z 1t<§£+t XPF () +Z Z lxg(t—rj{vl):e’
(=1 k=1 =1 j=AN (t—to)+1
L YO LAY (=t0)
R{V(t) = Z 1§k+to<t1XOk El +to)= +Z Z 1X1(to
=1 k=1

|
"U

R.i0 (VR,Z,Z/ R (s >+ZPRM<VRM/ RY >

) i

Define the PRM Qu&mf(ds,du, df) on R2 x {1,..., L}, with mean measure ds du j(df), where
pe({'}) = pew(t,) for £,¢/ =1,..., L Then we can represent

4

*®

AN (t—to)

t—to
Z 1x / / / u<)\Z<I>N(s Qe ing(ds,du,df) .

2.2. FLLN. For any process ZV, let ZV := N='ZN be the fluid-scaled process. We make the
following assumptions on the c.d.f. F.

Assumption 2.1. The c.d.f. F can be written as F' = Fy + Fy, where Fy(t) = >, a;1(t > t;) for a
finite or countable number of positive numbers a; and the corresponding t; such that )", a; <1 and
to <ty <--- <ty <...,and Fy 1s Holder continuous with exponent 5 L 40 for some 0 > 0, that is,
Fy(t + 5) Fy(t) < 651/2+9 for some ¢ > 0. In addition, assume Fy is continuous.

Assumption 2.2. There exist constants 0 < S;(0) < 1, 0 < I;(0) < 1 with zizlfi(O) > 0 such
that S35 (5:(0) + I;(0)) = 1 and (SN(0), IN(0), i =1,...,L) = (5;(0), [;(0), i = 1,..., L) in R?F
as N — oo. For simplicity, let SN (0) = [NS;(0)] and IN(0) = [NL;(0)] fori=1,...,L.

Theorem 2.1. Under Assumptions 2.1 and 2.2,
(SN IN RN i=1,...,L) - (S8,I;,R;,i=1,...,L) in D¥ as N — o0, (2.8)
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in probability, locally uniformly on [0, T, where (S;(t), L;(t), Ri(t), i = 1,...,L) € C3% is the unique
solution to the following set of deterministic z'ntegml equations:

Si(t) = Si0) — A / 5)ds + Z / v5.045;() — vs.05i(s)) ds, (2.9)
(=101
Li(t) = I;(0) 1(0)pe,i(s)dFy(s)
/()ZZ; Z pZ 0
t t L t—s
+)\,~/ ®;(s)ds —/0 ZZ:; </0 pg,i(u)dF(u)> Ae®y(s)ds
+Z/ vieile(s) = viieli(s)) ds (2.10)
2
/th )y s /Z(/ sla)dF (@) Aci(s)ds
+ Z / (vReiRi(s) — vrieRi(s)) ds, (2.11)
(=104
with ®; defined by
_ Si(H)1i(t)
%) = SH T A0 + B0 (212)

Remark 2.1. With a deterministic infectious period t, > 0 and the infection epochs of the initially
infected individuals being uniformly distributed on [—t,,0] (equivalently, the remaining infectious
periods are uniformly distributed on [0,t,]), the convergence in (2.8) holds with the limits as the
unique solution to the following set of ODEs with delay:

dgz t q S

d; ) = —\D;(t) + Z(sté’i&(t) — ps,ieSi(t)),

i

dI;(t) 1 - - [ :

th () - ttzto Z T(O)pes(t) — Loss, Z Aepei(to)®o(t —t,) + Z(VI,Z,iIZ(t) — prieli(t)),

=1 =1 7

dR(t)  Ticr, o L L :

dlt _ tt<to Z T(O)pei(t) + Loss, Z Aepei(to)®o(t —t,) + Z(VR,Z,iRZ(t) — pr,ieRi(t)) .

— /=1 i

Remark 2.2. Let the infectious periods be exponentially distributed with rates v, 1,0 ~ exp(y) for
all i =1,...,L and j € N. Due to the memoryless property, the remaining infectious periods of
the initially infected individuals have the same exponential distribution. It is well known that the
epidemic evolution dynamics can be described by the following set of ODFEs:

dS;(t)

= —\®;i(t) + ;(VS,Z,iSZ(t) — p5,i,05i(t)) ,
dI;(t I,

di ) -\ <I>1 —|- %ﬁ; Vre, ZIZ NI,i,ZIi(t)) )
dRZ t = > R

dt( ) _ VL) + D (vreiRe(t) = prieRi(t) .

(i
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It can be checked that the set of integral equations in Theorem 2.1 reduces to the ODEs in this
special case.

2.3. FCLT. For any process ZN, let ZN .= /N (ZN — 7) be the diffusion-scaled process where
ZN is the fluid-scaled process and Z is its limit.

Assumption 2.3. There exist random variables S;(0) and I;(0), i = 1,..., L, such that
(SN(0),IN(0),i=1,...,L) = (5(0),1;(0),i=1,...,L) in R*" as N — oc.
Theorem 2.2. Under Assumptions 2.1 and 2.3,

(SNIN RN, i=1,...,L) — (8;(t),L;(t),R;(t),i=1,...,L) in D3>l as N —o0, (213)

i 0tq

where the limits are the unique solution to the following set of stochastic Volterra integral equations
driven by Gaussian processes:

Si(t) = Si(o)_)‘/ s)ds + Z / (15,00(5) — ps,ieSi(s))ds

0=1,0+#1
~ L ~ ~
— Mai(t)+ Y (Mgi(t) — Ms,e(t)) (2.14)
(=10

t L t t—s .
L) = L)+ X\ /0 q)i(s)ds—;::l)\g /0 /0 pei(w)dF (u)®y(s)ds
+ Z / (1.0:Le(s) — pricli(s))ds

(=101

L A L . A

= (@) + Lei () + Mag(t) + > (Myea(t) — Mpgelt)) (2.15)
=1 (=100

L t pt—s
Ri) = 30 L[ pestmarisas + 5 / (rsiRe(s) = praeRi(s))ds

(=101
L L
Y (WO + 1) + > (Mpei(t) — Mp(t)) . (2.16)
(=1 0=10#i
Here
s L) + Ri()Si(t) + Si(t)(Silt) + Ri(t)Li(t) — Si(t) L) Ri(t)
di(t) = G0 L L) T D)’ : (2.17)

t
Ma(t) = BA,i< /\i(I)i(s)dS> . Mg, ;(t) = Bsj <Vs,z,g/ Si(s >
0
t
MI7Z7.7(t) = BI7Z7.7 <VI77'7.]/ IZ(S)dS) ’ MR7Z7.7(t) = BR7Z7j <VR7Z7J/ R S > ’ Z#j7
0

with Bai, Bsij, Brij, BRr,ij bemg mutually independent standard Brownian motions, and with

the deterministic functions S;, I;, R; being the limits in Theorem 2.1. The processes IO- and Ilj are
continuous Gaussian processes with mean zero and covariance functions:

Cov(I9;(6), 18 () = {L(O)( o PO — [ pes ()AFo(s) i pis )y (s)) - if

:Z/aj:]7

0, otherwise,

-/
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A ftAt AL — ~7j(u)dF(U)(I)i(3)d37 if i=4,5=4,
0, otherwise.

CO?}([AZ'J' (t), [AZ‘/J'/(t/)) = {

In addition, fgj and IA” are independent, and also independent of the Brownian terms.

Remark 2.3. As discussed in Remark 2.1, when the infectious periods are deterministic and equal
to t,, the stochastic integral equations become linear stochastic differential equations with delay. In
particular, the term

t—s t— to N
Z)\Z/ / ph dF q)é Z)\th to / (I)g(S)ds.

Remark 2.4. The analysis can be easily extended to the multi-patch SIS model, where the popu-
lation in each patch has susceptible and infectious groups, and when infectious individuals recover,
they become susceptible immediately. The epidemic evolution dynamics is described as

L M) L A
SN(t) = S (0) +Zzlo<t XPF@e, +ZZI Netnge<t Xj(nz)
(=1 k=1 =1 j=1
Z Ps.i <VS,z,£/ SN (s > Z Ps (Vsu/ SZN(S)CLS) ; (2.18)
0=1,0+#1 (=101
L 1IN0 L APt
IiN(t) = Z Z 1t<nH X () +Z Z 1~ N>t XJ( mN)=i’ (2.19)
=1 k=1 =1 j=1 »
sy

where AT is given as in (2.1) with ®N (t) = W’ fori=1,...,L. Thus, in the FLLN, we
obtain the same limit I; in (2.10) as in the multi-patch SIR model, and the limit S;(t):

Silt) = &-(o)—xi/ot@( /Zmz AFy(s /Z(/t pwdF () ) A o)
+ Z / vs,:5i(s) — vs,:05i(s)) ds

(=104
where ®;(t) := % Similarly in the FCLT, we obtain the same limit I; as in (2.15) for the
multi-patch SIR model, and the limit S;(t):

Si(t) = S;(0) — / ds—i—Z)\z//t Sp“ VAF (1) Dy (s ds—i—z (I95(t) + Lp(t))

L
+ Z / 115,0050(8) — ps,i.0Si(s))ds — Ma;(t) + Z (Mgi(t) — Mgio(t))

(=10#10 0=10#i

2 oy L(0)28 ()45 ()2 1(1)
where ®;(t) = Si®+L®)2

3. THE MULTI-PATCH SEIR MODEL WITH GENERAL EXPOSING AND INFECTIOUS PERIODS

3.1. Model description. In the multi-patch SEIR model, individuals in each patch experience
the Susceptible-Exposing (latent)-Infectious-Recovered (SEIR) process, and they may migrate from
one patch to another in either of the four stages. As in the SIR model, the infection process is
local, the rates of infection vary among patches, and the exposing and recovery rates are the same
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among different patches. Let N be the total population size and L be the number of patches. For
each patch i, let SN (¢), EN(t), IN (), RN (t) count the numbers of individuals that are susceptible,
exposed (latent), infectious and recovered in patch i at time ¢, respectively. We have the balance
equation:

L

N =Y (SN +EN@®) + 1Y) + RN (1), t>0.

i=1
Assume that S (0) > 0, EN(0) > 0,1 (0) > 0 and RN(0) =0 for each i = 1,..., L. Let AN (¢) be
the cumulative counting process of individuals that become infectious during (0, ¢], which can be
represented as (2.1) and (2.2) in the SIR model with infection rate \; and

SN)IN(t)
SN + Er(t) + IN(t) + RY (1)

N (t) = i=1,...,L.

The EZN (0) initially exposed individuals experience the exposing and infectious periods before
recovery. Let {C,g’i : k= 1,...,EN} be the remaining exposing/latent periods of the initially
exposed individuals in patch i. After the exposing period, let {n_x; : k = 1,...,EN} be their
infectious times. The IZ-N (0) initially infected individuals experience a remaining infectious period
before recovery. We have the same notation {77272-} as in the SIR model for them. The A} (¢)
newly infected individuals experience the exposing and infectious periods. Let {(;; : j € N} and
{n;i : j € N} be the associated exposing and infectious periods.

Assume that {ng,i}» {G.its {77272} and {n;;} are all i.i.d. sequences of random variables having
c.d.f’s Go, G, Iy, I, respectively, and they are also mutually independent. Note that 7;; is defined
for j € Z and 1 < i < L (those with j < 0 code the infectious periods of the initially exposed
individuals, while those with j > 0 code the infectious periods of the newly exposed individuals).
Let GG=1—-Go, G°=1—-G, F§=1—Fyand F*=1—F.

Individuals may migrate from patch ¢ to j in any of the four epidemic stages, with rates vg; ;,
VEij, Vi4i; and vg; ;i for the susceptible, exposing, infectious and recovered ones, respectively.
Times between migration in each of the stages are exponentially distributed. Let Y(¢) be the
Markov process denoting the location of an individual k& that is exposed from patch i at time ¢,
and let ¢; j(t) = P(Y(r +t) = j|Y(r) =) for ¢,j = 1,...,L and r,t > 0. We use Y;-O’k(t) and
Y/ (t) for the initially and newly exposed individuals in patch i, and note that they have the same
distribution as Y (¢). These processes are only used before an individual moves from the exposing
stage to the infectious stage. We use the same Markov processes X Z-O k(1) and X 7(t) for the migration
of infectious patients as in the SIR model.

The multi-patch SEIR epidemic evolution dynamics can be described as follows:

L

t t
SZ-N(t) = SZ-N(O) —AZN(t)+ Z <PS,“ (VS,M/ Sf(s)ds) — Ps ;0 (VS,M/ Sﬁ(s)ds))) ,
(=100 0 0
(3.1)
L EN0) L AY(®)
EN@) =Y Liceo Lyokms T D Lo milyige i (3.2)
=1 k=1 =1 j=1
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L Ep°(0) L
+Z 1<° <t <Z 1Y0k(g‘0 )= z’lckfrn g0t >t X”(t ¢Q )= )
)

=1 k=1 =1
L AY() L
2 2 s (Zlmcj,n b, w>t1-><,<t—rj%—<j»e>=") -
(=1 j=1 =1 '
and
L 1)
N
R; (t) = Z Z 177kz<t1XO k(ng =i
(=1 k=1 '
L E(0) L
+Z Z 1Ckz<t (Z 1Y0k((k )= 411(“4-77 H/<t1X° (N_per)= )
=1 k=1 =1
L AY(®)
+ Z 1 l+CJ o<t <Z 1YJ é’ T Z+CJ e+, l/<t1X (nj’l/):i>
=1 j=1 o=
t
Pr.i; <VRM / R} > + > Prji (VR,j,i / Ry (8)d8> ; (3.4)
j#i j#i 0
where Ps; i, Prij , %, j = 1,..., L, are all unit-rate Poisson processes, mutually independent, and

also independent of P4 ;. It is clear that the dynamics of EX(t) is the same as that of I}V (¢) in
the SIR model. We remark that in the expression for the I}V (¢) in the SEIR model, the first term
counts the number of initially exposed individuals from all the patches that remain exposed and
are in patch ¢ at time ¢, and the second term counts the numbers of initially exposed individuals
from all the patches that have become infectious in patch i at time ¢ (for tracking purposes, the

location at the epochs of becoming infection is recorded, since we use 7 and X? * for different

patches £). Also note that we use the Markov process X?’k to indicate that these are for the initially
exposed individuals. The third term counts the number of newly exposed individuals at all patches
that have become infectious and in patch ¢ at time ¢, and we also track the patch in which each
individual becomes infectious.

Note that some of the key components in the dynamics above can be represented via PRMs.
The infection process Aév has the same representation in (2.1) using the PRM Q-

Define a PRM Qg,mf(ds, du,dv,dd) on R} x {1,..., L}, which is the sum of the Dirac masses at
Tips ]{\2, e Y7 (¢jr)) with mean measure ds x du x G(dv) x p} (v,dV), where for each
v >0, u) (v,{¢'}) = qre(v), and an infection occurs at time T]{\; if and only if Uj{\g < /\g<I>N(Tj]>2).
We can then write for £,¢' =1,...,L,

the points (77

A (1)

t—s
1 N+Cg Z<t1YJ(C]Z / / / /Z, u<)\g<I>N Qé an(dS du dv d'l9) (35)

We denote the corresponding compensated PRM Qg,mf(ds,du, dv,dd) = Q&mf(ds,du, dv,d¥) —
ds x du x G(dv) x ¥ (v,dd) for £,¢' =1,..., L.

Define another PRM Q; inf(ds, du, dy, dv, dz d9) on RY x {1,...,L} x Ry x {1,..., L}, which is
the sum of the Dirac masses at the points (77 a; 0 U, NG YJ(Q 0): M50 Xg, (nj,¢)) with mean measure
ds x du x G(dy) x py (y,d9) x F(dz) x px(z,df), where for each y > 0,u} (y,{¢'}) = qrr(y), and
for each z > 0, uX(z,{¢'}) = pew(2), and again an infection occurs at time Tj]’\; if and only if

i=1
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Uj]\z < )\gtI)N(Tj]\Q). We can then write for £,i =1,...,L,

AN () L
Z 1 +C U<t <Z 1ng(Cj,e)Zfl17}‘1,\]["(]',@"‘77]‘,2’<t1XZ/(77j,z/):i>

LE

t—s L
We denote the corresponding compensated PRM Q&mf(ds, du,dy,dd,dz,dd) = Qg,mf(ds, du, dy, dv,
dz,df) — ds x du x G(dy) x p} (y,d9) x F(dz) x wx (z,df) for £,i=1,...,L.

3.2. FLLN.

Assumption 3.1. The c.d.f.’s G and F satisfy the conditions of F' in Assumption 2.1. In addition,
assume that Gy and Fy are continuous.

t—s—y
/ / / u</\e<I>N QZ ing(ds, du,dy,dV,dz,df). (3.6)
o} {4}

=1

Assumption 3.2. There exist constants 0 < S;(0) < 1,0 < E,(O) < 1,0 < 1:(0) < 1 with
I;(0)) =

L1 lEi(0) + Li(0)] > 0 such that 3752, (S:(0) + E(0) + L(0) = 1 and (5(0), £ (0), I (0),
i=1,....,L) = (S;(0), EN(0), 1;(0), i = 1, ., L) in R3Y as N — oo. For szmplzczty, let SN(0) =
[NSi(O)], EN(0) = [NE;(0)] and IN(0) = [NI;(0)] fori=1,...,L
Theorem 3.1. Under Assumptions 3.1 and 3.2,

(SN ENIN RN, i=1,...,L) — (Si, Ei,I;,R;,i=1,...,L) in D as N — oo, (3.7)
in probability, locally umformly on [0,T], where (S;(t), E;(t), L;(t), R;(t), i =1,...,L) € C* is the
unique solution to the following set of deterministic integral equations:

Sit) = Si(0) ~ A / S / (v5,0,550(5) — v3,145:(5))ds, (3.8)

(=104
L t t
El(t) = _,'(O) —Z _5(0)/ q&i(u)dGo(u)—F)\i/O D,(s)ds

L b ri—s
—Z)\g/o/o qe,i(u)dG(u) Py (s)ds + Z / (vE0iBo(s) — vpioEi(s))ds,  (3.9)

(=1 =10

L t L t
1) = 10) = Y 10) [ i) + 300 [ ansfu)diofu

L
Z Héz
=1 =1 —
L t pt—s L t
30 [ awdG@ s = 300 [ Hale - )@i(s)ds
(=1 700 =1 70
L t
+ Z /0(VI,Z,Z'[Z(S)_Vl,i,Z[i(S))dsa (3.10)

and

L t L L t
Ri(t) = > Iy(0) / pei(s)dFo(s) + > Ee(0)HL,(t) + > A / Hyi(t — 5)®y(s)ds
0 _ =1 0

+ Z '/0 (vreiRe(s) = vrieRi(s))ds, (3.11)
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with
(1) — Si(t) 1 (t)
) = SO B L0+ R0 (3.12)
HM = / <Z Qo (u /t upgri(v)dF(v)> dGo(u), (3.13)
and Z Ll
Hy,i(t) = /0 <Z QZ,Z’(U)/O pz'i(v)dF(U)> dG(u). (3.14)
=1

Remark 3.1. Suppose the exposing and infectious periods are deterministic, taking values of to > 0
and t, > 0. Also, assume that the remaining exposing and infectious periods of the initially exposed
and infectious are uniformly distributed over (0,t.) and (0,t,), respectively. Then the fluid equations
of E;, I;, R; become

L t t
Ei(t) = E;(0) —Z _5(0)%/ qm(u)du—k)\i/o Py(s)ds

e

=1
L t—te
_Z)\ZQZ,i(te)/ s)ds + Z / (ve0iBi(s) = vEicEi(s))ds
=1 0 0=1,04i
& 1 L
I = L)~ S 1(0)+ / pea(s)ds 1" E0) - [ st
=1 ‘ =1 ¢
L 1 [tto t—te
=S EO; [ S s (poslta)ds + Z Naei(ts) [ u(s)ds
=1 €0 o 0
L L t—te—to
=SS aeltpeitts) [ S / v10aTo(s) — visoTi(3))ds,
=1 r=1 0 (=10
and
_ Lo 1 [tte &
Ri(t) = Z (0) /pz@ dS+ZEz ) / > oo (s)peilto)ds
= © =1 €J0 o
L t— te—to _
Z ZQM )peri( / s)ds + Z / VReiRi(s) — VR Ri(s))ds
=1 =1 (=1 04

It is easy to see that we obtain a set of ODFEs with delay after taking derivative.

3.3. FCLT.

Assumptlon 3.3. There exist random vamables

(SN (0), EN(0), 1)(0), i = 1,..., L) = (Si(0), Ei(0

Theorem 3.2. Under Assumptions 3.1 and 3.3,
(SNENIN RN i=1,...,L) — (S;(t),E;, L;(t),Ri(t),i=1,...,L) (3.15)

in D* as N — oo, where the limits are the unique solution to the following set of stochastic
Volterra integral equations driven by Gaussian processeS'

Si(t) = A/ s)ds + Z / (15,050(s) — ps..05i(s))ds

(=10

5;(0), E E;(0) and [(0), i =1,..., L, such that
), L;(0),i=1,...,L) in R® as N — co.
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— My q(t) + Z (Mg i(t) — Msio(t)) (3.16)

Bit) = +>\/ ds—z/\g/ /t " ges(w)dG () by (s)ds

+ Z / (10:E0(s) — prieEi(s))ds

(=100

=1 =1 (=104
) R L t pt—s L t
0 = 50 -0 [ [ atidG@iods - 3 [ Heile - ds)ds
=1 7070 =1
t . L .
+ Z / <VI,Z,ZIZ(S) —vrieli(s)) ds + Z Mryyi(t) — MI,Z,Z(t)>
04£i =1
L . . L . . .
37 (B + Boa®) = Y (B 0 + 170 + 1ea®)) (3.18)
=1 /=1

Z)\e/ /t sQez )dG (u) Dy (s d8+z>\z/ Hyi(t — 5)®y(s)ds
+ Z/o (VR,MRZ(S) - VR,i,ZRi(S)) ds

044
L L
3 (Waeat) = Ngae®)) + 3 (10510) + 17 (0) + I8(0)) - (3.19)
(=1 =1
Here
. 1 _ _ _ _ R .
Y0 = GETEO IO EEr FOEO +L0 +RO)S0) - SOLOEW

A — —

+ Si(t)(Si(t) + Ei(t) + Ri(t))1i(t) — Si(t) () Rit) ) (3.20)

MA,i(t) = BA,Z'< ) MS,Z,] - BSZ] <VSZ]/ S d3> )
¢

Mg (t) = Bg,j; (VI,W/ Ei(s) ) , Mp;j(t) = Br.; <VI,i,j/ Ii(S)dS> ,
0

Mp,j(t) = Bra, <VR,i,j/ Ri(s)ds> . i# g,
0

with Bai, Bs,ij, Bg,ij, Brij, Br,; being mutually independent standard Brownian motions,
and with the deterministic functions S;, FE;, I;, R; being the limits in Theorem 3.1. The processes
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E?’j(t),Ei,j(t),in”jl (t),fio’f(t),fi7j(t) are continuous Gaussian processes, independent of the Brown-

ian motions above, with mean zero and covariance functions:

Cov( B9, (1), E9,(t')) = Ei(0) /0 411 (5)AGo(s) — By(0) /0 4o (5)dCo (s) /0 4s.5(5)dGio (s)

COU(EA'?,j(t),EA'?,J/(t/)) =0, for i#i, and for i=1i,5#7j,

t

Con(i%2 (1), 10(t')) = T(0) /O pij(s)dFo(s) — 1,(0) /0 pij(5)dFo (s) /0 pij(5)dFo(s)

Cov(fio”]-l(t) %)) =0, for i#i, and for i=4, 547,

«al
’ 25,0

Coo(I%2(t), I°2(t')) = E(0)HY;(t At') — Ei(0)HY () HY, (1),

’ 27]

Cov(fg’f(t) 19%,)) =0, for i#i andfor i=1i, 547,

bl Z’/’j/

R R tAL tAt —s
COU(ELj(t),Ei,j(t/)) = )‘7,/ / q,-J(u)dG(u)(I),-(s)ds,
0 0
COU(EAi7j(t),EA,-/7j/(t’)) =0, for i#4, and for i=1i, j#7j,

tAY
COU(IZ"j(t), I@j(t/)) =\ H@j(t At — 8)q)i(8)d8,
0

C’ov(fi7j(t),fi/,j/(t/)) =0, for i#4i, and for i=1,5#7j.

The processes (E?’j(t),fg’jz(t)), (f?;(t)), and (E'Z](t),flj(t)) are independent from each other, and

Co( (1), 13(t)) = Ei(0) /0 4ii(5) /0 (W) dF (w)dGo(s) — E(0) /0 4i(8)dGo(s) HY,, (1),
Cov(Egj(t) fo’z,(t')) =0, for i#7,

1l g

and

Cov(E;;(t), 1 () = )\i/o /0—5 <Qi,j(u)/0 _s_upj,j/(v)dF(v)> dG(u)®;(s)ds

tAL t—s
— )\Z/ / qi,j(u)dG(u)Hi,j (t, — s)@,-(s)ds,
0 0
COU(Ei7j(t), ji/,j/(t/)) = 0, fOT’ 1 75 i/.

Remark 3.2. Suppose the c.d.f.’s Iy, Go, F,G have the same conditions in Remark 3.1. Then
the limits in Theorem 3.2 become stochastic differential equations with linear drifts and delay. In
particular,

L t pt—s L t—te
Sou [ [ awdG@bids = 3 Nt [ duts)as.
=1 0 Jo0 =1 0

L t L L t—te—to
Z )\5/ Hgﬂ'(t — s)@g(s)ds = Z )\g Z q&gl(te)pgli(to) / (I)g(s)ds .

=1 70 =1 =1 0
Remark 3.3. The analysis for the multi-patch SEIR model can be easily extended to multi-patch
SIRS model, where in each patch, the population is grouped into susceptible, infectious, and recovered
ndividuals and individuals become susceptible after experiencing a recovery period. In this model,
the infectious and recovered processes IV, RN correspond to the exposed and infectious processes
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EN . IN in the SEIR model. In the description of the epidemic dynamics, we need to change the
dynamics of SZ-N in (3.1) by adding the individuals that have become susceptible after recovery, i.e.,
the first three terms in RY in (3.4). This is similar to the susceptible process S in (2.18) for the
SIS model. Then it is straightforward to write down the limit processes in the FLLN and FCLT for
the processes (S™, IV, RN) (corresponding to (SN, EN,IN) in the SEIR model).

4. PROOF OF THE FLLN FOR THE MULTI-PATCH SIR MODEL

In this section we prove Theorem 2.1. We first provide a representation of the processes Afv (t)
using PRM Q; in¢(ds,du). Let Q;inf(ds,du) = Q;in¢(ds,du) — dsdu be the compensated PRM.
Then for each i =1,..., L,

t
AN(@t) = )\i/ o) (s)ds + MY, (t), t=>0, (4.1)
0
where

MA 7 / / u<)\1<I>N Ql mf(ds du) (42)

The process {Mjgvz(t) : t > 0} is a square-integrable martingale with respect to the filtration
{FN.(t) - t > 0}, defined by
FYt) = o{SN(0), 1N(0),i=1,.... L} Vo{AN(s):0<s<t}, t>0.

It has the predictable quadratic variation:
(MYD®) = N / N (s t>0.

Lemma 4.1. The sequence {([l{V, . ,Ag) N > 1} is tight in D¥. The limit of each convergence
subsequence of {(/HV, . ,flg)}, denoted as ([11, ces ,AL), satisfies

A; = lim AN = lim N7\ / N (s)ds
N—o0 N—o00 0
and
0 < A;(t)— Ai(s) < N(t—s), for 0<s<t, wpl.

Proof. First, since
< %/ u)du < N(t—s), wpl. t>s5>0, (4.3)
)t

the martingales {N~1/2 7Y At
thus,

> 0} are stochastically bounded in D by Lemma 5.8 in [25], and

MY; =0 in D as n—oo. (4.4)
Tightness of {(AN,..., AY)} in D% then follows from the representation in (4.1) and the two
properties in (4.3) and (4.4). O

In the following we consider a convergent subsequence of {(AY,..., AN)}.

Lemma 4.2. With the limit (fll, e ,AL) of the convergent subsequence of { (fl]lv, . ,Ag) }, under
Assumption 2.2,

(SN, ...,8N) = (S1,...,81) in DY as N -
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where the limit (S, ...,SL) is the unique solution to the deterministic integral equations: for each
i=1,...,L,

Sit) = Si(0) — Ai( +Z/ (vs,0,ie(s) — vsi,0Si(s)) ds, t>0.
£
Proof. We can rewrite the processes S'ZN as

L

SzN(t) S ( AN +Z/ VSZZSZ S _VSZZS ( )) ds + Z (Mgé,i(t)_Mé’Yi,Z(t))v

i 0=1,0#£i

_ 1 t t
Mé’\,[&i(t) = N <P5’g7i <Vg7g’i/0 Sév(s)ds> —Vg7g’i/0 Sév(s)ds> .

The processes M év ¢ are square integrable martingales with respect to the filtration F év (t):t >0},
defined by

where

FS(2) vaz VU{PS£2<VSZZ/ S (u du) 0<s<tli=1,. L,E#i}, t>0.
They have the predictable quadratic variation:

_ 1 t
MY, Nt) = —vgys, SN(s)ds =0 as n— oco.
S,ZJ N2 [ ) 1
0
Thus, the processes
(Mévei=€7i=1,...,l},€7éi) = 0 in DM a5 N = .

Under Assumption 2.2, by Lemma 4.1 and Lemma 8.1 (with y; = 0 in the map Y), applying the
continuous mapping theorem, we conclude the convergence of {(S¥,...,SNM)}. O

We next study the processes IZ-N (t), for which we give the following representation.

Lemma 4.3.

L IN(0) L AV ()
IZ-N(t) = I ( )+AN Z Z 1 n? Lt XOk ):. —Z 1 N+ml<t1XJ(nM)
=1 k=1 =1 j=1
¢
- ZPI,Z‘,Z <V1,i,z/ [iN(S)dS> +ZP1,M <V1,z,i/ Iév(s)d3> ; (4.5)
(+i 0 (+i 0
where Pr;j, 1,7 = 1,...,L, are all unit-rate Poisson processes, mutually independent, and also

independent of Pa;, Ps;j; and Pg ;.
Proof. In the representation of IV (t), we observe that

1N (0)

N N,0
Z Licyp 1 xP*F=i — L7 (0) ~ Z 1"2,¢§t1X?’k(n2i):i_ZY;f (1),
k=1 '

(i
and for ¢ # i,

1Y) 1Y)

Z 1t<770 ].XOk: ) . = Z ]_ <t XOk 0[):7;7
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where YZ.]Z’O(t) is the number of initially infected individuals from patch ¢ that are in patch ¢ at the
time ¢t A 772’5 for k=1,...,1}¥(0).We also observe that

AN (¢) AN (1)
Nt

Z 1J’Vz+n“>t X7 (t— N)=i =4 Z 1 N+773z<t X7 (nj.q Z

j=1 j=1 (i

and for £ # 1,
0 () AY ()
_ yN
Z L~ N>t X](t ™N)=i Yé,i(t)_ 1 N+77ﬂ<t1XJ(7igl) ’

j=1
where YZN (t) denotes the number of individuals who were infected at time T] v € (0,t) in patch 4,

and are in patch £ at time t A (75 Ty +mje) for j=1,. LAV ().
It is clear that

> (%?éN(t)JFYzﬁ(t)—Y;,OéN(t)—Yﬁ(t)) => <PI,Z,Z' <VI,£,2‘ /Ot IéV(S)dS> — Prig (1/17@-,@ /Ot IZ-N(s)ds>> .

l 12

Thus, using the above identities, we obtain the expression in (4.5). O

For convenience, we let

1(0) AX ()
Ny
Z 1"2,zﬁt1Xf'k(n2,z)=i o Teilt) = Lontnse<ttxd 0= 0
=1 j=1
for £,i =1,...,L and t > 0. We next treat these processes in the following lemmas.

Lemma 4.4. Under Assumption 2.2,
(If%o’ b= 1,---,L) = (fgi, 1= 1,...,L) in DY as N — o0,

where

fgl(t) = IE(O) /Otp&i(s)dFo(S) , Li=1,...,L. (46)

Proof. We first focus on I fv io(t). Note that, since 772 ; and X? * are independent,
t
E |:1772,1<t1X?’k(n271):1:| =K |:/0 1X§),k(8):1dFO(S)

= /t p1,1(s)dFy(s),
0

where the expectation is taken under the condition that X?’k(O) = 1. Note that the pairs
(n? 1,Xlo k()) are independent over k, and have the same distributions. Thus, by the LLN of

i.i.d. variables, we obtain that for each ¢ > 0,
ffio(t) = jz&(t) as n — oo.

Note that the convergence holds in fact in probability, since the limit is deterministic. This can be
extended to convergence of finite dimensional distributions. In order to establish tightness in D,
we will show that

1
limsup sup —IP( sup |I11 (t+u)— INO( t)] > €> — 0, asd — 0. (4.7)
N—oo 0<t<T 0<u<s
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The fact that this implies tightness in D follows from Corollary page 83 of [5].By the independence
of the pairs {(ng’l,X?’k(ngJ)), k> 1},

IP’( sup [1)1°(s) — I170(1)] > e)
t<s<t+d

NI, (0)
=P -1 Z 1t<7701<t+51X0k _
k=1
N11(0 s
<P|[N~ Z [ t<nd <t+61XOk /t p1,1(w)dFy(u )} > €/2 +1ftt+6pl,l(u)dFo(u)>e/2I_1(0)
4 » NT;(0) s 2
s 2k Z [ t<n <6 Lx 0k o1 _/t pl,l(u)dFo(u)} Lkt () >e/200)
AL, (0) [tH0 t+6
TN /t prile)dfols) |1 _/t PLa(8)dFb(s) | +1pes, | wyary y>e/2n o)
— 1ff+5p1,1(u)dFo(u)>s/2f1(0)’ as N —o00.

Finally the last term vanishes for 6 > 0 small enough, uniformly w.r.t. ¢t € [0,T]. (4.7) follows.
The convergence of the other processes I 0 follows similarly. It remains to prove the joint
convergence. Since the initial variables of the patches and their migration processes are independent,

it suffices to prove the joint convergence of ( évlo’ . z 7 ) for different ¢’s separately. On the other
hand, the joint convergence of (Iévlo, e ,Iév L’O) is straightforward since they count an exclusive

partition of individuals and the associated pairs (772 o X?’k(-)) are independent. This completes the
proof. O

For I, é}fi, we first consider their conditional expectations

Nt = E[ImIFY,@®), 6i=1,...,L.

Lemma 4.5. With the limit (fll, e ,AL) of the convergent subsequence of { (fljlv, e ,Ag) }, under
Assumptions 2.2,

[N 0= [ - ~ 2L
ligs Tyt — Lyevey iy Ly = L1,..., ,
(I, tii=1 L) = (Ié, li=1 L) in D as N — oo

where . "
Ipi(t) = / </ pm(u)dF(u)) dAy(s), Lyi=1,...,L. (4.8)
0 \Jo
Proof. We first focus on I f\fl. Observe that
AN
@) = E [ OIFL 0] = 5 0 E Loy, <ol 7]
j=1
AN (®) -
1 1 t Ti1 N
7j=1
1 A0 t_TJ{\rl AF
v 2 [ matwdre
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_ /0 t ( /0 t_spl,l(u)dF(u)> dAN (s). (4.9)

t
Gij(t) := /0 pij(w)dF(u), for i,5=1,...,L. (4.10)

Let

Then we can write

) /G11 (1 — 5)d AN (s) = A{V(t)—/OtA{V(s)dGLl(t—s),

where dG1 1 (t —u) is the differential of the map u — G 1(t —u). Thus, by the continuous mapping
theorem, we obtain I{Yl = 1:171 in D as n — oo, where

Ii(t) = Au(t) — /t Ay (s)dGy(t—s) = /Ot Gi(t — s)dAi(s), t>0.

0
For the joint convergence, it can be shown that the mapping from (z1,...,zx) € D* to
¢
<a:,(t) — / zi(s)dG; j(t—s):t>0,1,j=1,... ,L> (4.11)
0

in DL2, is continuous in the Skorohod J; topology. Then we can apply the continuous mapping
theorem to prove the joint convergence of the processes. This completes the proof. ]

We then show that the processes I évi and évi are asymptotically negligible for each £,i = 1,..., L.
Lemma 4.6. Under Assumptions 2.1 and 2.2, for any € > 0, and for {,i =1,...,L,
P | sup m]\;(t) —févi(t)‘ >e| =0 as N — oo.
telo, 7] ’

Proof. We focus on the case £,7 = 1. We have
AN (t)

) - Z:M

where

__N
t Tih

W) = 1wﬁmqamml—4 pr1 (u)dF ().
Recall Gy 1(t) in (4.10). Then it is clear that for each j, [X] 117 ] =0, and
E[x1(0)?7] = Gt = 7)1 = G(t = 7)%)).
And by the independence of the pairs (77]',17 Xl(-)) and (77%1, X{l(')), we have
E[X%(t)xy,l(t)’fﬁﬂt)] =0, for i#j.

Thus, we obtain

A (1)
E[(I(0) ~ B 0)1 7 0] = 5 D EL@Pr]
j=1
t AN
- %/0 Gt —u)(1 — G(t —u))dAN (u) < AlN(t),
At

N
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which implies that for any € > 0,
_ o A
P (‘I{Yl(t) . I{YI(t)‘ > e) <150 as Nooo
Next, for ¢,u > 0,
(I3t +w) = I (E+ ) — (I () — IT1(1))]

1 VAT G+ | VAN
N N
= N X],l(t + U) — N Z X],l( )
g VA | VAT
=N (X;'\,fl(t+u)_X§Y1(t))+N > Xt +u)
= J=NAY ()41
1 NAN(t) us
N
= N z:l 1t<‘r V150 <t+u XJ(n]1 / /t p1,1(v)dF(v)dAY (s)
]:
+ | AV (t+u) — A (1)) (4.12)

Observe that the three terms on the right hand side are nondecreasing in u. Thus we obtain

P < Sl[lopé] \( 11 1t +u) — jf\,fl(t +u)) — (I_f\,fl(t) - jf\,fl(t))‘ > 5)
ue

NAY(t)
Z t<r) 1+77J1<t+51X{(77j’1):1 >€/3

t+6—s
+P < / /t T )dF)dAY (5) > e/3> (4.13)
+P (| A ( t+5)—A{V( t)| >e/3).

Using the PRM @Linf(ds, du,dv,df) and its compensated PRM @me(ds, du, dv,df), we have

NAY (1) ?
1
E N Zl 1t<T]171+77j’1St+61X{(?7j’1):1
j=

[( / s /tms /{1}1u<m4v(s)@17mf<ds,du,dud@))2}
<2E{< / I /;M 8 /{1}1u<A1¢y(s>QW<ds,du,dud@))2]
([ [ maerwner <s>ds)2]
=2 [ mawarenatew] v | ([ [T Sp1,1<v>dF<v>A1¢>iV<s>ds)2]
<2 [ [ o2 ([T o)

+2E
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The first term converges to zero as N — oo, and the second term satisfies

(o f [ monron)

which follows from Assumption 2.1, as shown in Lemma 4.3 in [24].
The second term on the right hand side of (4.13) can be treated similarly as the second term
right above. Now for the third term, using (4.1),

E[|AY (@ +06) - AY)]’]

g%(Al/ot(F(t—|—5—s)—F(t—s))ds>2—>0 as 5 — 0,

< 2 | [NI3 (¢ + 8) — M3, (1)*] + 2B [(AlN—l /jw <I>{V<s>d8‘2]

By (4.4), the first term converges to zero as N — oo. The second term is bounded by 2262 by
(4.3).
Thus, combining the above, we obtain

T _ . _ y

lim lim sup [—} sup P | sup [(IDy(t+u) — D) (t+u) — (ITh () — D1 (t)| > €| =
620 Nooo [0 ]tcior] \weo,] ’ ’ ’

The result now follows from the next Lemma. O

Lemma 4.7. Let {§N}N21 be a sequence of random elements in D. If the two conditions

(1) for all e >0, supg<icr P(IEN ()] > €) = 0, as N — oo, and
(2) for all € > 0, imsupy supy<;<7 $P(SUPgcy<s [EV (E+u) —EV ()] > €) =0, as § — 0

are satisfied, then &N (t) — 0 in probablity uniformly in t.

Proof. The Lemma is a direct consequence of the inequality (4.21) in [24], which we repeat here
for the reader’s convenience:

0<t<T 0<t<T  \0<u<s

IP’( sup |£N(t)| > z—:) < % sup P(|£N(t)| > 6/2)4‘% sup IP’( sup |£N(t+u) —{N(t)| > 6/2) .
0<t<T

O
As a consequence of Lemmas 4.5 and 4.6, we obtain the following.
Lemma 4.8. Under Assumptions 2.1 and 2.2,
(IN, ti=1,....L) = (I;;,6,i=1,...,L) in DY as N .
We are now ready to prove the convergence of (I {v s T iv ).

Lemma 4.9. With the limit (fll, e ,AL) of the convergent subsequence of {(A{V, . ,A]LV)}, under
Assumptions 2.1 and 2.2,

N, ... I = (L,...,I) in D' as N - x
(1 L

where the limit (I1,..., 1) is the unique solution to the deterministic equations: fori=1,...,L,
B ) ) L
L(t) = L0) + Ai(t) = S (I0:(6) + Lea(t) +§j/ (vr0,:(s) — v1.Ti(5)) ds
=1 (£

— L.(0) + Ai(1) /fjf 0)pe,(s)dFo(s /

0 y—1

< / peadF (@) diGs)



22 GUODONG PANG AND ETIENNE PARDOUX

+Z/ VIZZIZ —ijgl())d

123
with 1:22. and Ip; being defined in (4.6) and (4.8), respectively.

Proof. By the representations of I¥(t) in (4.5), we have

(INO + I >+ZA152

LY (1) = I}(0) + AT (2)

Mh

/=1
L —
+Z Mlh MIM —l—Z/ I/[h]g VLMIZ'(S)) ds, (4.14)
=1 1
where
AP i(t) = I05(t) = I} (8), (4.15)
and for ¢ # i,
_ 1 t t
M%J(t) = N <P[’g7i <I/[7g’i/ [f(s)ds) - VI,Z,Z‘/ Iév(s)ds> . (4.16)
0 0

Recall the representation of I 1( ) in (4.9), which is an integral with respect to AY, and similarly
for the other processes I / Z( ). As in the proof of Lemma 4.2 for the convergence of (M é,V vir Dt =
Ll z'), we obtain

(M, bi=1,...,.L0#i)=0 in DY as N - co. (4.17)

Thus, by Lemmas 4.1, 4.4, 4.5, 4.6 and 8.1, we apply the continuous mapping theorem to the

mapping Y to conclude the convergence of (I N T ) ) ]
Finally, we prove the convergence of (R, ... ,Rg ).

Lemma 4.10. With the limit (Ai, ..., AL) of the convergent subsequence of {(AY, ..., AN)}, under
Assumptions 2.1 and 2.2,

(RN... Rg)i(él,...,RL) in DY as N —

where the limit (Ry,..., Rr) is the unique solution to the deterministic equations:
L
Z [Z i + Ig ‘ —|- Z/ VRg ZRg — VRJ"gRi(S)) dS
(=1 123

with I;-OJ- and I; ; being defined in (4.6) and (4.8), respectively.
Proof. We can represent the processes RN (t) by

L L
RY(t) = Z <I%’O( +IN(t ) + ZAMZ ) + Z (Mg, i(t) — My, (1))
=1

/=1

+Z/ VR i Re(s) — v Ri(s)) ds, (4.18)
01

where A?{M(t) is given (4.15), and for ¢ # i,

B 1 t t
Mgé,i(t) == N <PR7572' <I/R7g7i/0 R?(S)ds) — VR7Z’7;/0 Rf(s)ds) . (419)
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Again, as in the proof of Lemma 4.2 for the convergence of M év /.i» We obtain

(Mpy;, bi=1,...,L,0#i)=0 in DY as N - co. (4.20)

Thus, again, by Lemmas 4.1, 4.4, 4.5, 4.6 and 8.1, we apply the continuous mapping theorem to
the mapping T to conclude the convergence of (Rl yen RL) O

From the argument above, since we have the joint convergence in Lemmas 4.4 and 4.6, we can
conclude the joint convergence of (SN IN RN i=1,...,L). In addition, the mapping (z,y, z) €

R ]

D3 — #yyﬂ € D is Lipschitz and continuous in the Skorohod topology. Thus, we obtain the

convergence

(1)
L(0) + Ri(t)’

DN (1) = Byi(t) := =

+ | &

Si(t)

and thus,

(A{V,...,A]LV):>(A1,...,AL):()\1/<I>1(s)d8,...,/\L/<I>L(s)ds> in DY as n— oo
0 0

Therefore, all the limits satisfy the integral equations given in Theorem 2.1. Finally, the uniqueness
of solutions to the set of integral equations in Theorem 2.1 follows from the Lipschitz continuity of
the mapping (z,y,2) € D3 — € D and applying Gronwall’s inequality. This completes the
proof of Theorem 2.1.

m—l—y—l—z

5. PROOF OoF THE FCLT FOR THE MULTI-PATCH SIR MODEL

In this section we prove Theorem 2.2. We first provide the following representations of the
diffusion-scaled processes. The process Aﬁv (t) can be decomposed as:

AN = N /t N (s)ds + MYy ,(t), t=>0, (5.1)
0
where
SNy =N _ SYIN () 3 Si(t)Ii(t)
0 = VN0 - 00) = VN (s s L~ S0 £ )
_ IV + Ri()SN (1) + Si(t) (S (1) + Ri@) LN (1) — Si(t) LR (¢) (5.2)
(SN(t) + IV (t) + RY (1)) (Si() + Li(t) + Ri(t)) ’ ’
and
. 1 t o]
30 = o= [ Lucrap o Quinslas.aw 5.3
For the processes SV (t), we have
N N L t
SYO=8Y0 - AN+ Y [ (nsaiSi) - nsisSi(e)d
0=1,0£i 70
L
— Mai(t)+ Y (Mg(t) — Ms,g(t)), (5.4)
(=104

where
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For the processes I (t), we have

IN () = IN(0) + AN (1) Z)\Z//t Spu )dF (u)®)' (5)ds

+ Z / /”M[g s) Ml,i,fjijv(s))ds

0=1,0+1

L L . A

S IO FINW)+ D (MY () — M), (5.5)
(=1 (=10

where for 0,1 =1,...,L,
. 1 > (0) B t
i —N ; 1772,Z§t1Xg’k(772,e):i - NIg(O)/O pg’i(s)dFo(S) s

. 1 t=s _
Ié\fi(t):\/—ﬁ L v <t L ()= NAZ// pei(w)dF (u)®) (s)ds | ,
=1

and for ¢ # i,

R 1 t t
M}V’&i(t) = \/—N <P[’g7i <I/[7g’i/0 [f(s)ds) - VI’&Z'/O IéN(S)dS> . (56)

For the processes R (t), we have

t—s
Z)\g// pei(w)dF (w)®Y (s)ds + Z / (HreiRY (s) — prigRY (s))ds

L L
T Z )+ Ié hi(t)) + Z (Mg,&z’(t) - Mgaé(f))a (5.7)

=1 (=104
where for £,¢=1,..., L, and ¢ # 1,

ME, () = \/1N <PRZZ <VR52/ R) (s ) _VRh/ RN (s ) (5.8)

We establish the convergence of some key components in these representations.
Lemma 5.1. Under Assumption 2.3,
(MY, ME s MYy My i, €i=1,... L0 #1)
= (Mua;, Mg Mrgi Mgy, 0i=1,...,L,0#14) in DFFBLI=D g5 N oo,
where the limits are as given in Theorem 2.2.

Proof. This follows from a standard martingale convergence argument, see, e.g., [25]. The main
steps include proving that the quadratic variations converge (involving the convergence of fluid-
scaled processes) and then applying the FCLT for martingales. We omit the details for brevity. [

Lemma 5.2. Under Assumption 2.3,
(IN°, ei=1,...,L) = (0, t,i=1,....L) in DY as N — oo, (5.9)

where the limits are as given in Theorem 2.2.



25

Proof. We first focus on the convergence of I fv 1’0. Recall that

, (NLO .
If\,fio(t) = — Z 1 L<t X;)k( 0 D=1 —NIl(O)/O p171(8)dF0(8)

Observe that the pairs (TZk,h X?k()) and (Uk’,h X?’kl(-)) are independent and have the same law.
Thus, its proof follows in a similar approach for empirical processes, see, e.g., Theorem 14.3 in
[5]. There are some differences due to the process X10 ’k, which we highlight below. So, we apply
Theorem 13.5 in [5].

For each t > 0 and ¥ > 0, we have

E [exp <i19ffl’0(t)>}

a1 ¢
=FE kll exp (zﬂ\/—ﬁ (10 <t X;)k(o _ /Op1,1 )dFy(s >>
NI (0)

| t
= 1 E[exp (Zﬁ\/ﬁ (1 0 <t1XOk /opl’l s)dEFy(s >>]
’ NT1(0)
(1 0 <t1X0k 70 1)=1 /le(s)dFo(s)) +0(N_1))
0

t t NI1(0)
— (1 ;9; p1,1(s)dFp(s) 1—/0 p171(8)dF0(8)> +0(N_1)>

2

N, op (—%mm / ' pua(s)dFo(s) (1 t paar() ) = [exp (i022,(0))].

Similarly, it can be also shown that for any 0 < s <,

E [exp (z’ﬁ (ffl’o(t) - ff\fl’o(s)»] —E [exp <i19 <f?’1(t) - f?l(S))):| as N — oo
as N — oo. Thus, for the convergence of finite dimensional distributions, with ¢ < to < -+ <t
and ¥g, 0 = 1,...,k, we can write Zlgzl iﬁg[fl’o(tg) using the increments I{Yl’o(tg) —I{Yl’o(tg_l), which
have covariances equal to zero over disjoint intervals.

Next, to prove tightness, we employ Theorem13.5 and verify condition (13.14) in [5]. We show
that for r < s <t and for N > 1,

E||1Y6s) = BP0 [1(0) = B0(s)] < Céls) = o) (6(1) = 6(s)) < C((t) = 6(7)?

for some constant C' and ¢(t) fo p1,1(u)dFp(u) which is a nonnegative, nondecreasing and contin-
uous function. Recall Fj is contlnuous This will enforce condition (13.14) in [5], which according
to Theorem13.5 implies tightness in D. Let

92 2

2N

|
—_
|

E

S
Afﬁs = 17,<772 1S81Xo’k 0 yo1 T / pl,l(u)dFo(u),
’ T

1 (nk,l

and ,
AIf,t = 1s<7]2 1§t1X?vk(n2 D=1 - / pl,l(u)dFO(u)'
! ) s
Note that E[AL},] =0, E[AIF ] =0,

E[(ALE,)?] = / pra(w)dFy () (1 - / Sp1,1<u>dFo<u>) ,
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and

E[(AI},)?] = /tp1,1(u)dF0(U) <1 - /:p1,1(u)dF0(u)> :

S
By direct calculations, following similar steps in the proof of (14.9) in [5], we obtain

NI (0 NT,(0) 2

E Z AIF Z AL,

= N11<0>E[AI,%SAI§,A + NL(0)(NLi(0) — DE[AIZJE[ALZ]
+ 2N (0)(NT; (0) — 1)(E[AL AL )

<c/ " p1 (u)dFo (u) / s (w)dFo ()

Thus we have shown the convergence of the process I {v 1’0 =T 1071
For the joint convergence (f évi’o, li=1,... L), since the variables and processes associated with
patch ¢ and patch ¢ are independent, it suffices to show the joint convergences (f é\;’o, i=1,... ,L)

for different £’s separately. For the joint convergence (f é\;’o, 1=1,... ,L), we obtain tightness from
that of each process as established above, so it suffices to show the joint convergence of their finite
dimensional distributions. Take ¢ = 1,7 = 1,2 as an example. For 0 < t; < t5 and ¢1,v5 > 0,

E [exp <i191ff\7[1’0(t1) + i192j{\7[2’0(t2)>]
NI1,(0)

) 1 g
= E|: kl:Il exp (Zﬂl\/—ﬁ<177271St11X?’k(77271):1 —/0 p171(s)dF0(s)>
. 1 t2
Fi s (TIPR R /0 p1,2<8>dF0(8>)>}
1 t
- (1 - WEKﬁl (Ll gms = ) PralaFols)
to 2 1
02 (L, <0 Lypop, o2 /0 Pr2(s)dF 0(8))> ] Folve )>
792 t1 t
= (1 — ﬁ pl’l(S)dF(](S) (1 —/ pl,l(S)dF0(8)>
0 0
92 [t t NT1(0)
— ﬁ pl’g(s)dFo(S) (1 — / pLQ(S)dF(](S)) >
0
N—o0 09 = t t
—>eXP<— 1(0)/ p1,1(s)dFy(s (1 /pn )dEy(s >
0 0

P
21
2
19 to t
211(0)/ p1,2(8)dFo(s (1 /p1,2 JdFy (s >>
0 0

—E [exp (2191]1 1(t) + 0217 2(752))}

NT1(0)

This calculation can be extended to the computation of final dimensional distributions of ( fV 10, I; I, 0)

Therefore, we can conclude the joint convergence.
Finally, to prove that the limit processes are continuous when Fy is continuous, since they
are Gaussian, it suffices to show continuity in the quadratic mean [16], that is, for all ¢ > 0,
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1ims_>tIEHf Z’O(t) 1 22’0(3)‘2] = 0. This is easily checked from the continuity of the covariance
functions. Therefore, the proof of this lemma is complete. O
Lemma 5.3. Under Assumptions 2.1 and 2.3,

(1N, ti=1,...,L) = (Ip;, ti=1,...,L) in DY as N — oo, (5.10)
where the limits are as given in Theorem 2.2.

Proof. Recall the PRM Q; inf(ds,du,dv,df) and its compensated PRM @; ing(ds,du,dv,df), and
the representation in (2.7). We write for ¢,i =1,... L,

L (AW

t—s
TN
I&’L(t) = \/—N Z 1 J[J’_nj €<t1XJ(77]Z N)\é/ / pZz dF )¢é ( )d

\/—/ / /t 8/ Lu<xad (s) Qp.ing(ds, du,dv,dd).

To prove the convergence, we define the auxiliary processes:

t—s
I5(t) \/—/ / / / Ly<x, N, (s)Qring (ds, du, dv, db).

where ®(t) is given in (2.12) and is a deterministic function. It can then be shown that the
processes I 7 N(t) are square-integrable martingales with respect to the filtration {FN(t) : t > 0}
defined by

FNt)y=0{AN(s):0<s<ti=1,...,L}
VJ{(W,X()) t=1,. Lj:1,...,A§V(s),ogsgt},

They have quadratic variations

(I (¢ Az/ /t spez YAF (u)®y(s)ds, t>0.
In addition, their cross quadratic variations: for i # 4/,
(105, I0y) (1) = 0,
and for £ # ¢' and any 1,7,
<fﬁ,[~é>ii,>(t) =0.
Thus, by the FCLT for martingales (see, e.g., [30]), we obtain
(IN, tii=1,...,L) = (Ip;, ii=1,...,L) in DY as N — oc. (5.11)

Note that the limits are in fact time-changed Brownian motions.
Now it remains to show that

fﬁ—[}%ﬁ:o in D as N — o

for each £,i=1,..., L. We focus on the process f{vl It is clear that
E[[A{Yl(t) - jfvl( )] =0,
t—s
E[(IT, () — 1)) = AlE/ / pr1(w)dF (w)| @7 (s) — ©1(s)|ds

—0 as N — o0,
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where the convergence holds by Theorem 2.1 and the dominated convergence theorem. We next
show that the sequence {I{"; — I{; }x is tight. Observe that

R MN(@Y (s)VO1(s)) pt—s .
B0 - 10 = = / / / [ sign(@1(5) ~ ©1(5)@1 0 ds. du. do. db)
M N /\@1 {1}

—Al//tspll )dF (u)dy (s)ds.

We can decompose sign(®Y(s) — ®1(s)) = LEN ()= (s)>0 — L& (s)=ay(s)<0> and write dN(s) =

dN(s)t —dN(s)~, such that each of these will induce a process that is nondecreasing in t. It is also
clear that tightness of these processes will be implied by the tightness of the following processes:

MN(@Y (s)VO1(s)) pt—s
Q inf(ds, du,dv,dd
1 \/— / A /\@1 / / ! f( )
t—s
= )\1/ / p171(u)dF(u)]<I>{V(s)\ds.
0o Jo

Since these two processes are nondecreasing in ¢, it suffices to show (see the Corollary on page 83
n [5] or Lemma 4.7) that for any € > 0, and j = 1, 2,

[I

hmsup (|_ (t+0) —=; (t)‘>e)—>0 as 0 — 0. (5.12)

N—oo

For the process =V (t), we have

E[EN(Hé)—EN(t)ﬂ

t+4 s)V®1(s)) pt+d—s _
=FE / / / Q1,inf(ds, du,dv,dd
K\/_ AN (BN ()AD (s 1} vin )
,\1N(c1>N(s \/<I>1(s ) t+6 s " 2
/ / / Ql,mf<ds,du,dv,d9>> ]
A N(QV (s) /\<I>1(s t—s {1}
t+6 S)VPi(s)) pt+d—s " 27
<2E / / / Q1.inr(ds,du,dv,dd )
[(\/_ )\1N(<I>N(s A®1(s)) JO {1} Ling ) l
S)VP1 (s ) t4+6—s " 27
+ QEK / / / Q1,inf(ds, du,dv,dd )
VN MN@Y (e (s) Jios Sy Ling ) ]
t+0 N(®V (s v<I>1 ) t+6—s o 27
<4E / / / Q1 .in+(ds, du,dv,dd >
[(\/_ AN (BN (s)AD1 (s 0 {1} ving ) ]
t+6 pt+d—s . 2
([ p1,1<u>dF<u>|<I>{V ()]s
\/q)l ) t+6—s 2
+4E[< // / / Q inf(ds, du, dv d0> }
\/— M N /\@1 ! f( )

</\1/ /tt+6 8p11 F(u)‘@f(s)‘ds)zl

t+0 t4+6—s R )
<4)\1/ / pr1(w)dF (w)E [|2](s) — ®1(s)|] ds + 4A16% sup E[|<I>{V(s)| }
s€[0,7T

+4E

+ 4K




29

t+0—s
+4)\1//t pra(w)dF (w)E [|&Y (s) — ®1(s)|] ds

<>\1/ /tH(S 8p11 dF(u)\é{V(s)\ds>2]. (5.13)

It is clear that E Hcf)]lv(s) - <I>1(3)H — 0as N — oo by the convergence &) = ®; and the dominated
convergence theorem. Thus, the first and third terms converge to zero as N — oo. For the second
term, we show that

+4E

limsup sup E U(i)fv(s)ﬂ < 0. (5.14)
N se[0,T]

By the representation of (iJfV , it is clear that
|(i>fv(s)| < |§ZN(3)| + |sz(3)‘ + ‘RZN(S)‘ (5.15)
for each s > 0, and i = 1,..., L. In the representations of SN(t), IN(t) and RN (t) in (5.4)(5.7),
respectively, the following hold: there exists a constant C' > 0 such that for all NV
stpEHSfV(U)f] <C, sR]pEHffV(U)F] <C, sxpEHﬁf\’(U)!z] <C,

T T
sup sup E[(MY;)?] < )\i/ sup @ (s)ds < C)\i/ D, (s)ds, (5.16)
N te[0,T) ’ 0 N 0

sup sup E[(Méy”)2] < Cuvg; T, sup sup IE[(M}]%V”)Q] < Cvpr;;T.
N te[0,T] N te[0,T]

Thus, by taking squares of the processes SN (t), IN(t) and RN(t) in (5.4)(5.7), we can apply
Cauchy-Schwartz inequality and Gronwall’s inequality to conclude that

AZN(S)H < 00, limsup sup E UIAZN(S)H < 00,

limsup sup E[
N s€[0,T]

N sel0,T]

limsup sup E [‘Rfv(s)ﬂ < 00, (5.17)
N = sel0.1]

and thus (5.14) holds.
Next, to prove (5.12) for E{V(t), it suffices to show that

()\1 / /t e p11(w)dF (u)| @] (s)|ds>2] = 0. (5.18)

Consider the two cases of F' in Assumption 2.1. In the case F' = F7,

<>\1 / /t " spn dF(u)@{V(s)usﬂ

=E (Alza,pll )/_ |<I>Nt—s|ds>2

<6 <Alzaip171(ti)>2E Utt |V (¢ — s)] ds]

2
52 ()\1 Zaip1,1(ti)> sup E [@{V(S)ﬂ

s€[0,T

lim lim sup
=0 N—oo
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and in the case F' = Fj,

<A1 / /t " Spn dF(u)@{V(s)\dsﬂ
[ ([ mr) st

2 ! 2 =N 2
gT)\l/O (F(t+6—s)— F(t—s)) dsS:}é’pT]Eﬂcbl )]

< tNE

<T2X2e611% sup E U@{V(s)‘z] .
s€[0,7T

Thus, in both cases, we obtain (5.18).
For the process =5 (t), we have

E[|= (¢t +06) -5 0] <28

</\1 /t " /0 e P11 (u)dF (u)| BN (s)|ds> 2]
<)\1 / /t " spll dF(u)|<i>{V(s)|ds>2]

< 4/\252 sup E “@N ! }
s€[0,T

(Al / /t o Sp11 dF(u)|<i>{V(s)|ds>2].

The argument for these two terms follow from that for the second and fourth terms above for Z2V ().
This completes the proof. ]

+2E

+4E

Completing the proof of Theorem 2.2. Note that the processes associated with the initial
variables in Lemma 5.2, those associated with the newly infected individuals in Lemma 5.3, and
those associated with the migrations in Lemma 5.1 are mutually independent. Thus, all these
processes converge jointly. Given the convergence of the initial variables in Assumption 2.3, by the
convergence results in Lemmas 5.1, 5.2 and 5.3, we can apply the continuous mapping theorem to
the map F defined in Lemma 8.2 below (with m = L). The proof is complete. a

6. PROOF OF THE FLLN FOR THE MULTI-PATCH SEIR MODEL

In this section we prove Theorem 3.1. Note that for the SEIR model, the tightness result in
Lemma 4.1 of AN , and the convergence of S'ZN in Lemma 4.2 hold with the same argument. The
analysis of the process EZN follows the same as that of the process fZN in the SIR model, so we will
omit its proof. We give the following representation of EN as in Lemma 4.3:

N
N

Ei (t) Z Z 1<O <t YOk(CO )_

=1 k=1

L A)(t

Nt

+AYM) =) 1 N o<ty =i

/=1 j=1

t t
+ ZPE,Z,Z‘ <VE,Z,i/O Eév(s)ds> — ZPE,M (VEM/O EZ-N(s)ds> ) (6.1)

(i
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Similarly, we obtain the following representations for the process IZ-N (t):

L 1IN

)
UEEAURD ) SEFIE N

k,l):i
/=1 k=1

_I_
g
g

J—
EaY
I

iy

0.k .
Y, (Cg,e):’
L
1 E 1,0k 1 1 .
QRe<t Z YRR )= TR ANk SEEX (g )=
=1

L
2.2 Ly o=
=1 j=1

L
1 > 1y, 1 1., .
Tj%+Cj,l§t ~ ng(Cj,l):W Tj}’l—l—(j,z—l-njyygt le(njl/)zz

¢ t
+ZPLZ7Z’ <I/[7g’i/ [f(s)ds) - ZP[’Z"[ <V[’i’g/ [ZN(S)d8> . (62)
(#i 0 (#i 0
We focus on the convergence of IZ-N(t). For £,i=1,...,L, let
B (0) AN ()
ENO

L N - )
i () = Lo <tlyonieo =i o Bralt) = LNt estlyi(g =i -
k=1 j=1
12 (0)

N,0,1 — § :
Ié,i (t) = lnglgtlxgk(ng’l):i )
k=1

EN(0) L
N,0,2 o
IU (t) = Z 142,z§t <Z 1Yeo’k(42,e)=f’1<2,z+77k,z/<t1X?/k(77k,z'):i> ’

k=1 =1
AP (1) L
N — . .
Igﬂ(t) T Z 1T}Y(+Cj,lgt <Z ]_Y'Z](Cj,z)zel1T]%+Cj7(+7’]j,zlSthZl(y]jl/):i> ° (6'3)
j=1 =1

We first treat the components associated with the initial quantities.

Lemma 6.1. Under Assumption 3.2,

~N,0 7N,0,1 FN,0,2 , - m0 701 702 , . ; 312
(Bp™s Iy Ly b= 1, L) = (BY, Iy Iy 4i=1,...,L) in D as N — oo,

7Z’

where for £,i=1,...,L and t > 0,

E0,(t) = Eu0) /0 404(5)dGo(s) (6.4)
1) = 1,0) /0 poa(s)dFo(s), (6.5)

and
[z,’zz(t) = _Z(O)Hg,i(t)7 (6.6)

with Hgi(t) defined in (3.13).
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Proof. Following the same argument as in Lemma 4.4 for the SIR model, we obtain the convergence
of {E_évi’o} and {1, évi’o’l}. We now sketch the proof for the convergence of I, %’0’2 since it follows similar
steps. We have

E

L
_ 0
lcgyegt <Z 1Y20,k(<2ye)zz, 1<2,2+nk,(’<t1X2}k(T]kye/):i>] — HZ,Z(t) 9
=1

which implies by the LLN of i.i.d. variables that for each t > 0,
fﬁ’o’z(t) = ny(t) as n — oo.
The convergence of finite dimensional distribution is a straightforward extension. For tightness we
use the same argument as in Lemma 4.4.
We start with

7N,0,2 7N,0,2
L (t+5) = L, ()
1 0
N Z 1t<Ck oSt ((Z: 1 é’lfk TNk, l’<t+81X o (N_pe)= ) ’
=1

Eév (0) L

1
+ N kZ_l ng,ZSt <Z,Z:1 11Q°’k(C2,l)=f’1t<Cz?,z+77k,sztJrSle;’“(nk,e/):i) .

We newt note that each of the two terms on the right hand side are increasing in s, so that
P{ sup ‘IN02 t+s)— févi’o’2(t)‘ > €
0<s<6 ’
EN(0)

1
§P< Z 1t<<k2<t+6<z]‘}/0k(<0 )= g/]-ckl_i_n kl’<t+51XOk(n kl,) > > 6/2)

Ez (0) L

1
+ P(ﬁ kz_:l ng,eSt <Z/Z:_l lno’k(nge)=€’1t<<g,e+77k,l’<t+51X?/k(nk,y)=i> > 6/2>
B (0)

1
= ]P)<N Z [ t<CR o <t+o < Z 1 PR ) é’lcg,l"‘”k,Z’<t+61X?/k(77k,z/)=i>

kzl ZI 1
B /tH&;L:qé,/f’(S) /OtH_spzz,i(U)df (u)dGo(s)} > e/4>
l:1

S qw(8) [T py s (u)dF (w)dGo (s)>€ /4B (0)
EN(0) L

1
+ P(ﬁ ;:1 [1@8,@9& < Z 1Ye0’k(cgye):zflt<C2,e+77k,elSt+51X2,’k(77k,y):i>
t+0—s
/ Z qe, é/ / pg/7z(u)dF(’LL)dG0(S):| > 6/4)

0 =1 t—s

+1 t+6

LS G (8) [T by (w)F (w)dGo (5) >€/4E4 0)

_ t+5 L t+0—s
< M/tJr E:QM(S)/OJr pei(w)dF (u)dGo(s)

2N
=1
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X (1 - /tHé EL: Qe (5) /Ot+6_8 m/,z’(u)dF(u)dGo(S)>

=1

tlpasr o m O (u)dF (w)dGo(s)> /4By (0)

16E t+0—s
Egj\, Z .o (8 / P i(w)dF (u)dGo(s)
=1
t L t4+6—s
X (1— / > (s / pg/,i(u)dF(u)dGo(s)>
0 =1 t—s
+ 1t t+5—s _
Jo X1 90,0 (5) [y 0 ppr i (w)dF (w)dGo (s)>€/4E(0)

= Lposr V0.0 (3) [T pyr s (w)dF (w)dGo (s)>€/4E, (0)

F AL () [ p () dF (u)dGo (s)> /4B (0)

as N — oo. And the two terms in the limit both vanishes as § — 0. Thus, for any € > 0,

T _
lim limsup — sup P | sup |Ié\[02( ) — Iévi’o’z(tﬂ >e| — 0.
0=0 Nooo 0 tejo,r]  \t<s<t+s ’

#N,0,2 2. . . .
Thus, we can conclude that I 0.2 - j:? in D as N — oo. Then, since G is continuous, we can

verify the continuity of the covariance function, and thus the continuity of the limit processes fg ’Z.2.

N02

Since the variables associated with I and f,ﬁ,v;.w are independent, we obtain the joint conver-

gence (INO 2 0i=1,...,L)= (1:02 € i=1,...,L) in DY as N — oo. For the joint convergence

of (E ( éVZO, I, N 01 Ay N 0. 2) it suffices to show the joint convergence of (E ( Z]\ZO, I N o, 2) which is straight-
forward. ThIS completes the proof. O

As in the proofs of Lemmas 4.5 and 4.6 for the SIR model, we obtain the convergence of the
processes E(t) and I}(t).

Lemma 6.2. With the limit ([11, . ,AL) of the convergent subsequence of { ([l{V, . ,flg) }, under
Assumptions 3.1 and 3.2,

(BN, IN, ti=1,....L) = (Ei(t), Ipsbyi=1,...,L) in D*** as N - oo, (6.7)
where for £,i=1,...,L andt > 0,

Bui(t) = [ (f )G 0) ) dA(S), (68)

Tt / Hy it — 5)dAy(s). (6.9)

and

with Hy; defined in (3.14).

Proof. The proof of the convergence of Eévi follows from the exact same argument as in Lemmas

4.5 and 4.6. So we focus on the convergence of I, zNz The main steps are similar, so we highlight the
differences.
Define the auxiliary processes: for £,i =1,...,L,

Nt =E[IR®FY,], t=o.
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We first show that
(IN, ti=1,...,L) = (I;;,6,i=1,...,L) in DY as N = co. (6.10)

Observe that

L
§ 1., 1w 1., N
e+CjJ3§t Y7 (G0)= "5 0 et o <t Xy er)=i at

=1
Aév(t) -, [ L
- N! Z; E /0 ' <€leyej(u) T e )dG( )| ]
j= I =
AN (t) -7, (L
_ N-1 Zl /0 <;:1E{lyj(u):£,]E{1 Nty o<t L o )i rjﬂ) dG(u)
o -
AP (1) -, [ L t—1N—u
Ny /0 <ZE[1YZJ-(U):€,] /O E[ X (0= ]dF( )) dG(u)
j=1 =1
AY®) t—7N, [ L t—7N,—u
=N"! Z /0 ” <Z QZ,Z’(U)/O " pzcz’(v)dF(U)> dG(u)
=1

/ /t< 4o () /Ot_s_um(wdF(v)) AG(u)dAY (s / Hyslt— )ddd(s).  (6.11)

Recall Hy;(t) in (3.14). Then we can write

and apply the continuous mapping theorem (as in the proof of Lemma 4.5) to obtain the convergence
Iévi = févi in D as n — oo, and then the joint convergence in (6.10) using the mapping (4.11).
We next show that for any € > 0, and for £,i =1,..., L,

P | sup ‘IM févi(t)|>e —0 as N — oo (6.12)
t€[0,T] ’

This follows from similar steps as in the proof of Lemma 4.6. We highlight the main differences
below.
For each t > 0, we have

AN(t

TN
[Z,i(t) IZ i Z X] l, z
where
L
N ._ . _ (4 — N
Xj,&z'(t) T ]'T]%‘l'Cj,ZSt (;:_1 lyej(Cj 5,17 Yoy, e,<t1X (Uj,e/)=i) Hé,z(t Tj,Z)'

It is clear that E[Xf“(t)h'j%] =0and E [Xf“(t)ﬂTj{\Q] = Hg,i(t—Tj‘]?;)(l —Hm(t—Tj{\Q)) where Hy ;(t)
is defined in (3.14). Moreover E[ng’i(t)xj-\,f7£’i(t)|]:£{£(t)] = 0 due to the independence of the pairs
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(Cj’g,?7j7gl,nj('),XZ/(’)) and (Cj’,ﬁanj’ 0 le(') XZ/I()) Thus we obtain

AN(t
= Y 2
Aot
/Hh u)(1 = Hy(t - w))dAY (u) < 55
which implies that for any € > 0,
_ g Aot
P (\Jgg(t) MOIE e) < N%z 50, as N — oo

Next, for t,s > 0, we have
|(IN(t+ s) — ID(t + 5)) — (I%(t) — IP(1)))|
NAN(t) 1 NAY (t+s)

1
=N Z (Gt +8) = x30a(1) + N Z Xt +5)

J=1 J=NAN(t)+1

] NAN(t) L
N Z 1t<TfZ+Cj’lSt+s ;:11Ylj(<j,0=f’173{\2"'(1‘1""73',!’§t+51XZ/("j,l’):i

IN

'—l

1 NAY(t) L
+ N (+<] (<t <Z 1YJ (¢j,0)= £l1t<7— Z+CJ ey, e’<t+31Xj (77] )=t )
=1

1 NAY (®) ts—1, [ L ts—7N,—u
+N / N (Z qM/(u)/ per i (V)dF( )) dG (u)
j=1 1Tk =1 0
1 NAT® t—r, [ L ths—1N,—u
TN / (Z QZ,Z’(U)/ pz/,i(v)dF(v)> dG (u)
j=1 0 =1 t—T}YZ—u

+|AY (t+s) — A) (1))

Observe that each of the five terms on the right hand side is increasing in s. Thus, we have

P < sup (It + 5) = IN(t +9)) — (IN(t) — IN(@1) | > e)

1 NAN () I
=Py Z 1t<T Z+Cj’lgt+5 <Z CJZ é' Tj Z+CJ ety el<t+51Xl,(77 )= Z) - 6/5

AN(t L
TGt <Z lYZ(Cj,z)=f’ <7 N +Cj 0y, ef<t+51X (nj,l’):i> >¢€/5
=1

t+6 s L t+d—s—u _
P < < ot [ pef7i<v>dF<v>> AG()AAY (5) > e/5)
—1 0

t+d—s—u B
P ( oy p@,xv)dF(v)) dG(u)d A (s) > e/5>
=1 t

—S—u

+IP>(\ (t+0)— AY(t)] > €/5). (6.13)
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The last term is treated in the same way as in the proof of Lemma 4.6 for the SIR model. For the
first two terms, we use the PRM representation in (3.6). We have

NAN ()

E Z 1t<TJ [+<] Z<t+5 Z 1Y] (C g Z’ T [+<] Z+773 o <t+51XJ, (7]] Z’)

=1

t+6—s L t+0—s—y 2
2E 1,< N(s)Qisin ds,du,dy,d?d,dz,dd
S [TV A A R R

t+0—s t+0—s— 2
+ 2E </ /t+ ( qg,gr(y)/oJr ypgr7i(v)dF(v)> dG(y))\gtféV(s)ds>
t+6—s t+0—s—y ~
/ / < qé,é'(y)/ pé',i(v)dF(U)> dG(y)Azq’év(S)dsl
t 0
t+6—s t—s— 2
R ( / | ( ) | ype@m)dF(v)) 4G(y) A} <s>ds>
t+0—s t+6—s—y
< Zh / | ' ( o) | ' p@,iw)dF(v)) AG(y)ds

/_

t+0—s t+0—s— 2
+2 <)\g/ /t+ ( qg,gr(y)/oJr ypgr7i(v)dF(U)> dG(y)ds) .

l_

<_
- N

It is clear that the first term converges to zero as N — oo, and the second term satisfies

t+0—s t+0—s—y 2
%(/\e [ < wr) [ pe/7i<v>dF<v>> dG(y)ds)

/_

t+0—s 2
</\gL/ / Ft+d6—s— )dG(y)ds) —0 as J—0.
t

The convergence follows the same argument as for the proof of (6.11) in [24] under Assumption 3.1.

Similarly, for the second term on the right hand side of (6.13), we have
NAF(® L ’

[ >R !
N 4 1 Tf,vl-i-Cj,zStg/ 1 Y7 (Gj0)=t <74 Geny o SLHO T XY, () =i
j= =

<2x / / ( 4o () /::S_“m.i<v>dF<v>> 4G (u)ds
+2<Ag / / ( 4o (w) /::s_“m,,i@)dF(v)) dG<u>d3>2.

Here it is clear that the first term converges to zero as N — oo, and the second term satisfies

(Ag [ < a0 (w) /::S_“w,iw)dF(v)) dG<u>d8>2
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S%<)\5L/Ot/0t_s(F(t+5—s—u)—F(t—s—u))dG(u)ds>2—>O as 0 —0.

The convergence follows a similar argument as for the proof of (6.9) in [24] under Assumption 3.1.
Now for the third and fourth terms on the right hand side of (6.13), we have

t+d—s t+0—s—u _ ?
( / / ( de (1) /0 peng)dF(v)) dG(u)dAéWs))

/_

()\g/ /tt+5 ) < Qoo (u) /Ot+5—s—u pggi(v)dF(v)) dG(u)ds>2,

/_

</ / t < et )/tiis_upfﬂi@)dF(v)) dG(u)dAéV<s>>2
(o f [ (Bt [ s a)

These two terms can be treated similarly as above. Thus we have shown that

and

T v — 3
lim lim sup [—] sup P | sup [( Ih (t4s) — IN.(t+ ) — (I)(t) — Ié\;(t))‘ >e]| =0,
50 Nooo |0 ] e, \s€(0,0] ’ ’ ’

and we can apply Lemma 4.7 to conclude the tightness. B
For the joint convergence of the processes (Eévi, li=1,... ,L) and (Iév, li=1,. L) it suf-
fices to prove the joint convergence of the processes (Ev'éyi, li=1,... ,L) and ( o bi=1,... ,L),

where fﬁ.(t) is given in (6.11), and

BN (t) == BB FY,) = /0 < /0 _sqg,i(u)dc;(u)> AN (s). (6.14)

It is easy to prove that the mapping from (x1,...,zr) € D¥ to

([ ([ stwc) as). [ s~ S)d”(s)>g,,~:1,___,L

is continuous in the Skorohod J; topology. Thus, applying the continuous mapping theorem, we
obtain the convergence (Eﬁ,fé};, li=1,... ,L) = (E&i(t),fg’i,f,i =1,... ,L) in D?L* as N — oc.
Then the asymptotic equivalence between Eévi and Eévi, and between I, évi and [ évi results in the joint
convergence in (6.7). This completes the pro’of. 7 ’ ’ O

We are now ready to prove the convergence of (I{¥,..., IV).

Lemma 6.3. With the limit (fll, e ,AL) of the convergent subsequence of {(A{V, . ,A]LV)}, under
Assumptions 3.1 and 3.2,

(ffv,...,fiv) = (fl,...,fL) in DI as N — o
where the limit (I1,..., 1) is the unique solution to the deterministic equations: fori=1,...,L,
L
It) = 1i(0) + Z () + Bea®) = Y (1010 + 1070 + Tua(t))

(=1



38 GUODONG PANG AND ETIENNE PARDOUX

+ Z / VIZZIE —ijgl())d

(=104
with Egi, 1:?’2.1 and fg’f being given in (6.4), (6.5) and (6.6) in Lemma 6.1, and with Ey; and Ip;
being defined in (6.8) and (6.9) in Lemma 6.2, respectively.

Proof. By the representations of IV (¢) in (6.2), we have

L L
LN(t):LN(O)‘FZ(EZ’O(t +Ezz Z([Nm INOQ( +[Zz >+ZAMZ
=1 =1

L ¢
+ Z (M7 ;(t) = MP% (1)) + Z/ vieido(s) — viiedi(s)) ds, (6.15)

=1 i 70

where

A, () = IDN() — I (), (6.16)

and M }V“(t) is given in (4.16), and its convergence in (4.17) holds. Recall the representations of
Ev'éyi(t) and Ivé\;(t) as integrals with respect to AY in (6.14) and (6.11), respectively.

Thus, by Lemmas 4.1, 6.1, and 6.2 and equation (6.12), and by Lemma 8.1, we apply the
continuous mapping theorem to the mapping T to conclude the convergence of (I {\7 R ]J-JV ) O

We next prove the convergence of (RY,... RY). Similar to (6.2), we obtain the following
representations for the process R (¢):

Z Z 1 ) <t Xok 0, +Z Z 140 <t (Z 1Y0k(§0 Z’le etn- k£’<t1X?/k(77k,e'):i>

(=1 k=1 (=1 k=1

L AY(®) L

(=1 j=1 V=1
t t
+ ZPL&Z’ <I/[7g’i/ [f(s)ds) - ZP[’Z"[ <V[’i’g/ [ZN(S)d8> . (617)
(#i 0 (4i 0

Lemma 6.4. With the limit (A1, ..., AL) of the convergent subsequence of {(AY, ..., AN)}, under
Assumptions 3.1 and 3.2,

(R{V,...,Rf) = (Ry,...,Rr) in DY as N — oo
where the limit (Ry,..., Rr) is the unique solution to the deterministic equations:
L t
Ri(t) = Z <I1Zil(t) + [272,2(15) + I&i(t)) + Z/ (vag,iRg(s) — VR,Z',@RZ'(S)) ds
=1 t£i 70
with j:?’il, fg’f and Ip; being given in (6.5), (6.6) and (6.9), respectively.
Proof. We can represent the processes RN (t) by
L L
5 £N,0,1 #N,0,2
RY () =3 (I @) + 1Y @) + It )+2Am )+ D (VR gi(8) = MR (1))
(=1 (=1 (=1

+Z/ VreiRi(s) — vrieRi(s)) ds, (6.18)
01
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where A?{M(t) is given (4.15), and M}]%\{M(t) is given in (4.19), and its convergence in (4.20) holds.
Recall the representation of I, lZYi(t) as an integral with respect to AY in (6.11).

Thus, again, by Lemmas 4.1, 6.1, and 6.2 and equation (6.12), and by Lemma 8.1, we apply the
continuous mapping theorem to the mapping T to conclude the convergence of (R, ... ,Rg ). O

The rest of the proof follows from the same argument as for the SIR model. This completes the
proof of Theorem 3.1.

7. PROOF OF THE FCLT FOR THE MULTI-PATCH SEIR MODEL

In this section, we prove Theorem 3.2. We first give the following representations of the diffusion-
scaled processes. The process AN (t) has the same decomposition as in (5.1), but with

&Y (1) = VN(@Y () — (1)

_JN ( SN()IN (1) SiL(t) >
SN(@) + EN(t) + IN(t) + RN(t)  Si(t) + Ei(t) + L(t) + Ri(t)
_ I_({V(t;.f(l(t) (B ()(Bi(t) + Ttt) + Ra(t) S (1) = Sty () BN (1)

where

EN(t) = SM() + BN + IV () + RY (), Kit) := 5;(t) + Ei(t) + Lit) + Ri(t)-

We have the same representation of the process SN (t) in (5.4). For the process EN(t), by the
representation in (6.1), using the definitions of Eévi’o( t) and Ej N.(t) in (6.3), we obtain

t L t prt—s
ANy _ BN | N (s)ds — i(u w)®Y (s)ds
EN(t) = BN(0) + A / (s =3 /0 /0 40i(w)dG(w) &Y (5)d

+ Z / (1,0 BY (5) = pri o) (s))ds

(=10

L L L
F N =B BNO + Y () - M0), (7

=1 =1 =104
where for 0,0 =1,...,L,
o m o
B0 =75 | X Lastipng i~ NEO) [ atacots) | (73)
(e . ,
Epi(t) = TN 2 Lon i estlyvi(g =i ~ N)\e/o (/0 qm(u)dG(U)> ) (s)ds |, (74)
and for ¢ # i,

~ 1
Mg,f,i(t):—N<PEh<VEZz/ EN(s ) VE“/ EN(s )
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For the process I (t), we obtain

N =1V +ZA4//H% )dG(u) DY (s ds—z/\g/Hg,t—s%()d
s / vreadi(s) — viaelN (s )ds+Z(M}Ye,i<t>—Mfﬁ,g<t>)
(=1

Z;ﬁz
A L ~
+Z (BN + EN®) = > (1510 + 1520 + 150) (7.5)
=1 =1
where EZ’O(t) and E‘%(t) are defined in (7.3) and (7.4), respectively, and

17(0)

t
N0y L 7
IZ,’L' (t) —— \/—N kzl lng,efth?’k(ﬁ%g)zi - NIZ(O)/O pé,i(s)dFO(S) 9
1 E7Y(0) L
FN,0,2 0y
[Z,’i (t) = \/—N < Z 1<O <t <Z 1Y0 k(co ) Z’le e"‘" k Z’<t1 ?/Yk(nk,l’):i> NEZ(O)HZZ(t)> 3
k=1
1 A () L
TN o .
[Z,i(t) = \/N ( z:l 1Tj1>]g+Cj,l§t (; 1}/;(43-[ Z’]‘T l+CJ Fn;, l’<t1Xl/(77] )= )
Jj= =

t
— N/\g/ Hy,(t — s)@f(s)ds) ,
0

and M}V“(t) is as defined in (5.6) for the SIR model.
For the process RN (t), we have

L ’ A
N(t) = Z/\g /0 Hoalt — )8 (s)ds

—I—Z/ VRZzRZ —I/RMR (s )) ds—l—Z(]\Zgé,i(t)—Mﬁi’e(t))
L0 =1
+Z( oL N02()_|_[A2fi(t)), (7.6)

where Mgg’i(t) is as defined in (5.8) for the SIR model.

The convergence of the processes EX follows the same argument for that of IV in the STR model,

so we focus on the convergence of fZ]V in the SEIR model which is given in (7.5). First, as in Lemma
5.1, we have the joint convergence of the following martingales, whose proof is omitted.

Lemma 7.1. Under Assumption 3.3,
N 2 rN N  2rN N ; ;
(MA,Z"ME,Z,Z"MS,é,i’MI,Z,i’MR,Z,iv Gi=1,...,Ll# Z)
= (MA,i,ME,Z,i,Ms,e,i,MI,e,i,MRj,i, bi=1,...,L¢# z) in  DEFHALI=1 4o N 0,
where the limits are as given in Theorem 5.2.

We now prove the convergence of the components associated with the initially exposed and
infected individuals.
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Lemma 7.2. Under Assumptions 3.1 and 3.3,

(EN° IO 12 i=1,. L) = (B, 1)) I)7 ti=1,... L) in D3 45 N — oo,
where the limits are as given in Theorem 35.2.

Proof. The convergence of (Eévi’o,ﬁ 1=1,. ,L) and (f é\;’o’l li=1,. L) follows from the same

argument as (fgz\;’o, li=1,.. L) in Lemma 5.2 for the SIR model. We focus on the process INZ.’O’Z.

We again apply Theorem 13.5 in [5]. By direct calculations, we obtain for ¢t > 0,

. 9 7N,0,2 N—o00 . 470,2 . _ 19_2 = 0 770
E [exp (MM (t))} Nowo, g [exp (mfm (t))} - exp( 5 B0 H,(1)(1 Hm(t)))
and for t >t/ > 0,
E [exp (219 (INO2(t) Igm(t )))}
N—o0 A A 792 =
T2 [exp (i (17 (1) — 1)) )| = exp ( — 5 E0)(H{(¢) - Hg,.(t)))
and then establish the convergence of finite dimensional distributions of I %’0’2.
Also, we obtain for ¢/ <t <t"” and for N > 1,
o o 25 o 2
E ||[13°2) = I 0PI @) - 1%%)! | < Com - o @) - 6(t) < Cl(E") - 6(¢))?
where ¢(t) fo Ze/ 1qe,0( fo pe i(w)dF (u)dGo(s). Note that since Gy is continuous, this

function <;5( ) is a nonnegative, nondecreasmg and continuous function.
N 02 _ 70,2 .
= I

N02

This proves the convergence of Ty in D as N — oo. For the joint convergence of Ty

and I Z’,’z‘/ , we can follow a similar argument as in the proof of the joint convergence ( i E 1=
1,... L) for the SIR model in Lemma 5.2. For the joint convergence of ( ZNZO, INO ! INO 2 , U=
1,...,L), by the independence of the variables associated with I,¥ (0) and EN (0), it sufﬁces to show
the joint convergence (EZ’O, I 2;’02, li=1,... ,L), which also follows similarly as in Lemma 5.2.
Finally for the continuity of the limit processes, it suffices to show the continuity in the quadratic
mean [16], which follows from the continuity of the covariance functions. O

We next prove the convergence of the components associated with the newly exposed individuals.
Lemma 7.3. Under Assumptions 3.1 and 3.3,
AN p . Aop . . 2
(B 105, 6i=1,... L) = (Eyi, Iy, 6i=1,...,L) in D*** as N — oo, (7.7)
where the limits are as given in Theorem 3.2.

Proof. The convergence of (EA%,IA%, li=1,... ,L) follows from a similar argument as that of

(f%,f%, li=1,. L) for the SIR model in Lemma 7.3. It uses the PRM Qy ing(ds, du, dv, dV)
and the representatlon in (3.5). In particular, we can write

Ep(t) == \/—// /t/ Lycr0p (5 Qeing (ds, du, dv, dv).

Define the auxiliary process

EN(t) - \/_/ / /t / Ly, Na,(s) ngf(ds du, dv, ), (7.8)

where ®/(t) is given in (3.12). It can be proved in the convergence of Ef,i’ we also have

E%—ENév’iiO in D as N —
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foreach £,i=1,...,L. N
We focus on the convergence of Ié\i( ). Recall the PRM Qyins(ds,du,dy,dd,dz,df) and the
representation in (3.6). We can then write

t—s—y
ht \/_// / // / /é} U< @ (s) me(ds,du,dy,dvﬂ,dz,dﬂ)

We define the auxiliary process

ealt) = \F///

where ®y(t) is given in (3.12). Since ®y(t) is a deterministic function, then fé’v’i(t) is a square-
integrable martingale with respect to the filtration {FN(t) : t > 0} defined by

Frt)=c{AN(s):0<s<ti=1,...,L}
o {07 (), X0 (), Geamia) £ =1, L j =10 AN (), 0 < s <t}

It has the quadratic variation

tsL

0'=1

tsL

t—s—y
/, / / u<)\gNCI>g(S “nf(ds,du,dy,dﬁ,dz,de) (79)

=1

(TN (1 /\Z/Hg,t—s J(s)ds, >0,

where Hy;(t) is defined in (3.14), and the cross quadratic variations of the processes I, %(t) and
fé}ii, (t) satisfy: for i # 4/,

(I, 1) (1) = 0,
and for // # ¢ and any i,7' = 1,...,L,

(I I ) () = 0.
Thus, by the FCLT for martingales (see, e.g., [30]), we obtain

(IN, tii=1,...,L) = (Ip;, ii=1,...,L) in DY as N - oc.
Now it remains to show that
fﬁ—[}%ﬁ:o in D as N —
for each £,7 =1,..., L. It is clear that
E[I(t) — I}i(t)] =0,
E[(f%(t) - féyi(t))z] =N\ /Ot Hy,(t — s)|<f>év(s) — Dy(s)|ds -0 as N — oo,

where the convergence holds by Theorem 3.1 and the dominated convergence theorem.
We next show that the sequence {1}, — I} is tight. We have

I — IN()

“wh LR

t
Y / oot — )00 (s)ds.
0

t—s L t—s—y
/ef / /Z} u<)\Z<I>N )~ Lu<a Nay (s >Q“nf(ds du, dy, d¥,dz,dd)
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As in the proof of Lemma 5.3, it suffices to prove tightness of the following processes

N AN(BY (s)Vy(s))  ft—s L t—s—y
Qz in dS d’LL dy,dﬁ dZ do
- \/—/ /MN(CI’N(S YA®(5)) /g/ / / f )

=1

[1]

=V () = A / Hy(t — 5)| 80 (3)|ds.
0
By the monotone property of these two processes in ¢, we then show that for any € > 0, and k = 1, 2,

hmsup (L (t+6) — N(t)‘ >e) =0 as §—0. (7.10)

N—oo

Similar to the derivation in (5.13) of Lemma 5.3, we obtain

D [ENEREHO
t+0

<4\ Hyi(t+6—s)E HCI)éV(S) — Dy(s)|] ds + 4026% sup E “@é\f(s)ﬂ
t s€[0,T

+ 4N, /Ot (Hgﬂ'(t +6—s)— Hy(t— s))E HCI)éV(S) — @g(s)H ds

+4E

¢ X 2
<)\g/0 (Hpi(t+6—5s)— Hyi(t —s)) ‘@?(s)‘ds) ] . (7.11)

The first and third terms converge to zero as N — oo by the convergence E [|®}(s) — ®4(s)|] — 0
and applying the dominated convergence theorem. By a similar argument as in Lemma 5.3, we
also obtain lim supy sup,c 7 E[|<i>fv(s)|2] < 00. By (7.1), we have ‘@ZN(SH < |8N s)| +
|f;’v(s)| + ‘R;N(s)‘ and then using the the bounds in (5.16) together with those for EN (0) and Mg”
and applying Cauchy-Schwartz inequality and Gronwall’s inequality, we obtain (5.17) together with
the bound for EN(t), and thus the claim follows.

For the last term in (7.11), we have

E [<)\g/0 (Hoi(t+ 0 —s) — Hyi(t — ) \éf(s)\ds>
t t+0—s L t+0—s—y AN 2
< ’ i (U v S S
<E (/\4/0 /0 <;::IQM (v) /t_s_y peri(v)dF( )) dG(y)| @y (s)|d )
t+d—s t+o—s—y . 2
{E KA@ / / i < 4o (y) /0 ' va)dF(v)) aG(y)| 7 <s>|ds) ] S (1)

2

/_

We can bound the sum of those two terms by

<)\zL/0t /()t+6_S(F(t+5—s—u) —F(t—s—u))dG(u)|ci>éV(s)\ds>2]
<)\zL/0t(G(t+5— s) — G(t — s))\w(s)us)z]

< (\LYE [/Ot </Ot+5_s(F(t b6 —s—u)— F(t— s — u))dG(u >

+E

2
‘@Z ‘2d«9]
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t
+ (A L)*tE [/ (Gt+0—3s)—G(t— s))2‘<1>év(8)‘2ds}
0
t t+5—s 2
< ()\ZL)2T</ </ (F(t+0—5—u)— F(t—s— u))dG(u)> ds
0 0

+ /Ot(G(t +0—5)—G(t— s))2ds> 82}(1)%}1[*3 [‘@?(S)Pds] .

By the Lipschitz continuity condition in the case of G5 and F5 in Assumption 3.1, say, with Lipschitz
coefficient #’ and 6 and constants ¢’ and ¢, respectively, we obtain the bounds for the right hand
side:
(AeL)>T? (25720 4 (¢)26'+%) sup E [‘@f(s)fds] .
s€[0,7T

Now suppose that both functions G and F' are discrete, say, G(t) = G1(t) = >, bili>s, for a
finite or countable number of b, and the corresponding sj such that >, by, < 1and sp < 51 <--- <
sp < ...,and F(t) = Fi(t) = >, a;1(t > t;) for a finite or countable number of positive numbers
a; and the corresponding ¢; such that >, a; <1 and tg < t; < --- <t < .... The first term on
the rlght hand side of (7.12) is equal to

t+0—s
E /\ZLZ / /
tE 2
E (AgZak SupZQ&gl Sk/)bk/p&i(tk)/ ‘(i)év(t— s)‘ds)
% Ky k=0
) 2
te 2
<>\ézaks}€1pzqw S bk’péz(tk)> E (/ 5|(I)év(t—3)‘ds> ]
=1 tk_

2
(/\zzak SEPZQM Sk bk’ph(tk)) E [/t ) !@V(t—swds]

=1 k=0

2
< 62 <)\gZak su/p Z Qg,z'(sk')bk’pé,i(tk)> sup E “(i)év(s)ﬂ .

& kD s€[0,T7]

L 2
QM Zpef ti)akli— st <u<tts—s— tk) dG(u)| &7 ( )|d8>

Similarly, the second term on the right hand side of (7.12) is bounded by

t+o0—s 2
E (Ag / / ( qu«u)s%pp@,i(tk)ak) dG(uM@éV(s)\ds)

2
Sk N
<E (/\e Z (Z Qoo (k)b Li—s<s, ) <t16—s Sl;ppeg%%)%) / |7 (¢ — S)‘ds)
S

K \e'=1 =6

2
< 6°AF <Z <Z oo (Sk)brr Le—s<syy <t+o- s SUp e, i(tk)a >> sup [E U(j’év(s)ﬂ ’

i =1 s€[0,7T

Thus, in both cases, we obtain

t 2
limlimsuplE [<x\g/ (H“(t+5—8)—Hgi(t—s))‘éév(s)‘d.s) ] = 0. (7.13)
-0 Nooo O 0 ’ ’
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The other cases where G (resp. F') is discrete and F (resp G) is Lipschitz continuous can be
treated similarly without difficulty. Thus, (7.10) holds for ZV. Consider next

Eév(t) = )\g/ Hy,(t — s)@é\f(s)‘ds.
0
We have

1]

B[z +6) -2y @[] <28

40 2
<)\g ng(t—l—é—s (I)Z ‘dS)
t

- . 9
+ 2E <)\g/ (Hm(t—ké—s) Hgl(t—s (I)Z ‘dS) ]
0

< 4X\36% sup E U(i)l @1(3)‘2]
s€[0,T]

+4E <A1/ /;M 8p11 dF(u)\<1>{V(s)—<1>1(s)\ds>2].

Here the first term is bounded by 2242 Supe(o,7] E [|<I>£ (s)| } and the second term is treated as

above in (7.13). This completes the proof of (7.10), and thus the convergence
(IN, tii=1,...,L) = (Ip;, ii=1,...,L) in DY as N — oc.

It remains to prove the joint convergence of (E%,f %), for which it suffices to prove the joint
convergence of (Eﬁ.,f %) Recall the representations of them in (7.8) and (7.9) using the PRMs
Qg,mf(ds, du, dv,dd) and @gmf(ds,du, dy,dV,dz,df), respectively. By their definitions of the two
PRMs, we can regard Qg,mf as projections of @g,mf from R3 x {1,...,L} x Ry x {1,..., L} onto
R‘:’_ x {1,...,L}. Thus it is straighrforward to prove the convergence of the finite-dimensional
distributions of (Eﬁ-, I %) by computing

E [exp (i@lEﬁ-(tl) + i@gié){i/(tg))} —E [exp (191E57i(t1) + i@gfg/,i/(tg)ﬂ as N — oo

and their extensions to multiple time points. Since tightness of (Eévi, I é\g) follows from that of each

individual process, we can conclude their joint convergence in DL®. This completes the proof. [

Completing the proof of Theorem 2.2. We observe the correspondence of the processes
®N in (7.1), and SN, EN, IN, RN in (5.4), (7.2), (7.5), and (7.6) with the mapping f defined
below in Lemma 8.3. We have shown the convergence of the components associated with the initial
variables, newly exposed individuals, and migration processes in Lemmas 7.2, 7.3, 7.1, which are
all mutually independent. Thus, given the convergence of the initial variables in Assumption 3.3,
we can apply the continuous mapping theorem to the map f with m = L, and conclude the joint
convergence of the processes (SN, EN IN RN). O

7 Y7 )
8. APPENDIX

In this section we define several integral mappings and prove their continuity in the Skorohod
J1 topology.

Define the m-dimensional integral mapping Y : (Y1, ..., ¥m, 21, - - - Zm) € D*™ — (z1,...,2,) €
D™, where the y;’s are nondecreasing:

xi(t) = x;(0) + i (t) + zi(t) + Z/ ¢ji(t — s)dy;(s) + Z/ a;ixj(s) — bijxi(s))ds, (8.1)
j=170 J#i
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for given constants a; ;,b; ; € R and fixed functions ¢; ; in D, 4,j = 1,...,m. Let Y be the mapping
without y;(¢) terms but with the integral with respect to y;(t) only. This is an extension of the
mapping in Section 8.1 of [24], whose proof can be easily extended to this mapping. Thus we omit
the proof for brevity.

Lemma 8.1. Given (Y1,...,Ym,21,-- -, 2m) € D*™ with (y1, ..., ym) being nondecreasing, a; ;, b; j €
R, ¢i; € D in D, i,j = 1,...,m, and (x1(0),...,2,(0)) € R™, there exists a unique solution
(21,...,2m) € D™ to the integral mapping Y. If (Y1, - .., Ym, 21, - - -, 2m) € C*™, then (1, ...,Tm) €
C™. The map Y is continuous in the Skorohod Jy topology, that is, if (Y7, ..., ym, 27, -, 20) —
(Y1s -y Ums 21, -+ > 2m) in D™ then (z7,...,2%) = T(y}, ...,y 20, .., 20) = (21,...,Tm) in
D™, and if, in addition, (Y1,...,Ym,21,--.,2m) € C?™, then (x1,...,2,) € C™, and the conver-

gence holds uniformly on compacts. The same conclusions hold for the mapping Y.

We next define a 3m-dimensional integral mapping f: given a;, b;, ¢;, ¢;, i, @; € D, some con-
stants s, 8;,7; > 0 and functions Fy; for £,7 = 1,...,m, let z;,y;, z; be the solutions to the following
set of integral equations:

25(t) = 2:(0) + i(t) — /0 (as()24(5) + bi(5)(5) + ci(5)2(5))ds

+ Z /0(O‘&ixé(s)—ai,zﬂfi(s))ds,

(=100

Yi(t) = vi(0) +i(t) + /0 (ai(s)xi(s) + bi(s)yi(s) + ci(s)zi(s))ds

-y / Fua(t — 8)(ag(s)e(s) + be(s)ye(s) + co(s)ze(s))ds,
=170

+ (Be,ive(s) — Bieyi(s))ds,
Z:%;éi/o oY 0y
zi(t) = zi(0) + @i (t) + Z/o Fyi(t — 5)(ae(s)ze(s) 4 be(s)ye(s) + co(s)2e(s))ds
=1
+ Zzgﬁ/o (ve,ize(s) — viezi(s))ds.

In the next lemma, we study the existence and uniqueness of its solution and the continuity property.

Lemma 8.2. Assume that Fy;, {,i = 1,...,m are bounded and continuous functions satisfying
Fyi(0) =0, and let the constants o, B;,vi > 0 and the functions ¢;,1;, @; be given. There exists a
unique solution (x;,1y;, 2, i = 1,...,m) € D3 to the set of integrable equations defining the map-
ping I . The mapping is continuous in the Skorohod Jy topology, that is, if (al', bF, cl', o2, Y2, oF, i =
... 7m) — (aiv bi,Ci, ¢i7¢i7 wi, t=1,... 7m) n D([07T]7R6m) as n — oo and (x?(0)7yzn(0)7 Z?(O)v
1= 17---7m) - (x2(0)7yl(0)7zl(0)7 L= 17---7m): then (l,;z’yin,zgz’ 1= 17-'-7m) - ($i7yiyzi7 1=
1,...,m) in D([0,T],R3™) as n — co. In addition, if ¢;,1;,p; are continuous, then (x;,yi, zi, i =
1,...,m) € C® and the mapping F is continuous uniformly on compact sets in [0,T).

Proof. For the existence and uniqueness of solutions, we can apply the Schauder-Tychonoff fixed
point theorem, and modify the proofs in Theorems 1.2 and 2.3 in Chapter II of [23] (where these
results are shown for Volterra integral equations with continuous functions).

We now prove the the continuity of the mapping in the Skorohod .J; topology. Note that functions
in D are necessarily bounded. For the given functions ¢;,1;, p; € D, let T' be a common continuity



47

point. Then there exists increasing homeomorphisms A" on [0,7] such that |A" — e|p — 0,
167 = @ioA"™ |7 — 0, (|93 =10 |7 —= 0, [|¢f —pioX™ |7 = 0, ||lai' —a;oA™ ||z — O, [[b7 —bioA™ |7 — O,
and || —¢; o A"||r — 0, as n — oo. Here e(t) := ¢ for all t > 0. It also suffices to consider
homeomorphisms A" that are absolutely continuous with respect to the Lebesgue measure on [0, 7]
having derivatives A" satisfying [|A\" — 1[j7 — 0 as n — oo. Let Cj be some constant such that
supy ; suPse(o 1) [ F2,i(t)| < Co.

For brevity, we consider one of the functions, 71, since the others can be treated similarly. We
have

91 () — 1 (A" (1))
< [y1'(0) = w1 (0)] + (|97 — 1o A™[|7

+ s) + b1 (s)yt (s) + 1 (s)21 (s))ds

)

(@ ()27(s)
0

A" (t)
- /0 (ar(5)1(5) + by (s)yn(s) + c1(s)71(s))ds
Z
=1

/ Fy1(N"(t) — s)(ae(s)xe(s) + be(s)ye(s) + co(s)ze(s))ds

/ Fra(t = s)(ag (s)af (s) + 07 (s)yg (s) + i (s)z7' (s))ds

m

A" (t)
By (s))ds — /O (Berye(s) — Broy ())ds. (3.2)

(=

By the change of variables for the second integral, and by the boundedness of the functions z7, y7', 21
and aq(A"(s)),b1(A"(s)),c1(A"(s)), the third term on the right hand side of (8.2) is bounded by

) T
137 =l [ (s} (s) + br(a)uns) + 1)z ) s
+ [ (1926) = O DI 6)] + 1) = DI NIR ) = (X ()7 )] ) s
[ (jan O D (7(5) = 5) (6Dl (7 () = 5]+ s ()1 (")) = 1(5)] ) s
. T
<=1l [ Jan(s)a(s) + b (s) + e (s)1(9)]ds
0
+ C1 <Ha7f —ar o N[+ ||bY — by o A™||7 + ||} — 1 0 N|1
-/ (a7 () = ()] + 1 ((5) = 31 (5] + 2 () = z1<s>|)ds) (8.3)

for some constant C, where the first term converges to zero since |A" — 1|7 — 0 and the next
three terms converge to zero because of the convergences of ai — a1, b} — by and ¢! — ¢; in the
Skorohod topology.

For the fourth term on the right hand side of (8.2), by the change of variables for the second
integrals, we bound the term with ¢ =1 by

T
37 =1l [ 1P (0) = 3" (6))as (91(6) + b (5)n(s) + 1 (925 s
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t
+ / Fua(t— 5) — Fra(N(t) — M) [al(s)a? (s) + B ()7 (s) + Ch(s) 2 (s)| ds
0

+/O | PN (1) = X"(s))][a ()27 (s) + b7 ()y7 (5) + €1 (5)21 (5)
—a1(A"(s)z1(A"(5)) = bi(N"(5))y1 (A" (5)) — c1 (\"(s)) 21 (A" (s)) |ds.

Here the first two terms converge to zero since ||\ — 1|7 — 0 and F} ; is continuous, respectively,
and also because the functions in D are bounded over [0,7]. For the third term, similar to the
second and third terms in (8.3), it can be bounded by

C’OC’I (HG? — aj o )\nHT + ||b? — bl o )\"HT + ||C? —c¢1o )‘nHT

+ /0 (I (X" ()) = 21 (5)] + [ (W () = 3 (3)| + 21 (A"(s)) — z1<s>|)ds>.

For the last term on the right hand side of (8.2), again by the change of variables, we can bound
the /-component by

, T
A" = 1”T/0 ‘5@,1%()\”(3)) - 51,zy1(>\"(8))‘d8

+ Ben /Ot ‘y?(s) —ye(N"(s)|ds + B1e /Ot ‘y{‘(s) —y1(A"(s))|ds.

Thus, the continuity property in the Skorohod .J; topology holds by applying Gronwall’s inequal-
ity to the set of integral inequalities for z;,¥;, z;. The uniform continuity property on compacts
when the functions are continuous is straightforward. This completes the proof. O

Finally, we define a 4m-dimensional integral mapping [ : given a;,b;,ci,d;, i, i, 0i,Xi € D,
some constants o, 3;,v;,x; > 0 and functions Fy;, Gy; for £, = 1,...,m, let z;,y;, z;, w; be the
solutions to the following integral mapping:

5(8) = 2,0) 4 00) = [ (@(s)a) + bls)n(s) + au(5)2(9) + di(s)uss))ds
+ Z /(]t(ammg(s) — a;pi(s))ds

(=100

yi(t) = :(0) + () —I—/O (a;(8)xi(s) + bi(s)yi(s) + ci(s)zi(s) + di(s)w;(s))ds

- Z / Fyi(t — s)(ae(s)ze(s) + be(s)ye(s) + co(s)ze(s) + de(s)we(s))ds

+ Z / (Beiye(s) — Bieyi(s))ds

=104
zi(t) = 2i(0) + ¢i(t) / Fui(t — s)(ae(s)we(s) + be(s)ye(s) + co(s)ze(s) + de(s)we(s))ds

-3 / Gt — ) (ae(s)ze(s) + be(s)we(s) + ce(s)z0(s) + de(s)wel(s))ds

+ Z / Veize(s) — viezi(s))ds,

=10
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w;(t) = w;(0) + x;(t) + Z/o Fyi(t —s)(ae(s)ze(s) + be(s)ye(s) + co(s)ze(s) + de(s)we(s))ds
(=1

4 ; /0 Gt — 5)(ae(s)ze(s) + be(s)ye(s) + co(s)ze(s) + dg(s)we(s))ds

m t
+ Z / (Keiwe(s) — Kiow;(s))ds.
0=1,0£i 0

The proof of the following lemma is similar to that of Lemma 8.2 and is omitted.

Lemma 8.3. Assume that Fy; and Gy; , £, =1,...,m are measurable, bounded and continuous
functions satisfying Fy;(0) = 0 and G¢;(0) = 0, and let the constants o, 3, Vi, ki > 0 and the func-
tions ¢;, s, pi, xi be given. There exists a unique solution (z;,v:, 2, w;, 1 = 1,...,m) € D¥ to

the set of integrable equations defining the mapping F . The mapping is continuous in the Skorohod
J1 tOpOlOgy: that is, Zf (aglv b?) 6?7 dznv ¢?7 in7 (10?7 X:LZ =1,... 7m) - (ai7 bi7 Ci, di7 Giy P, iy Xiy L=
1,...,m) in D([0,T],R¥") as n — oo and (x7(0),y?(0), 27 (0),w?(0), i = 1,...,m) — (z;(0), y:(0),
zi(0),w;(0), i = 1,...,m), then (z,y", z"wl i = 1,....,m) — (x;,yi, zi,wi, © = 1,...,m) in
D([0,T],R*) as n — oo. In addition, if ¢, i, i, X: are continuous, then (x;,y;, zi,w;i =
1,...,m) € C* and the mapping [ is continuous uniformly on compact sets in [0,T].
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