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Abstract

In this paper we study the homogenization of a non-autonomous
parabolic equation with a large random rapidly oscillating potential in
the case of one dimensional spatial variable. We show that if the poten-
tial is a statistically homogeneous rapidly oscillating function of both
temporal and spatial variables then, under proper mixing assump-
tions, the limit equation is deterministic and convergence in probabil-
ity holds. To the contrary, for the potential having a microstructure
only in one of these variables, the limit problem is stochastic and we
only have convergence in law.

1 Introduction

Our goal is to study the limit, as e — 0, of the solution of the linear parabolic
PDE

ous (t.2) 1 0%u®

R ) = ———

ot 2 Oz

u®(0,2) =g(x), z€lR,

t
(t,z)+e ¢ (s_a’ g%) u(t,x), t>0,z¢€lR;

(1.1)



where g € L*(R) N Cy(IR), {c(t,x), t € Ry, x € IR} is a stationary random
field defined on a probability space (S, .4, P), such that

Ec(t,x) =0, teR;, zeR, (1.2)

where F denotes expectation with respect to the probability measure P. In
all this paper, we will assume that the random field ¢ is uniformly bounded,
i. e.
sup le(t, x, s)| < oo.
t>0, z€IR, s€S

We define the correlation function of the random field ¢ as follows :

O(t,x) = Elc(s,y)e(s +t,y + x)]. (1.3)

We assume that ® € L'(IR x IR). Additional mixing conditions, specific
to each particular case, are formulated separately in each section.

We will consider various possible values for the parameters a;, 8 > 0, and
we will see that the correct value for v, such that the limiting effect of the
highly oscillating term is non trivial, is

a f «
—(Z4+2)v=2
7 <4+2> 2’

and that the highly oscillating term can have three types of limit. If o = 0,
the result is similar to that obtained in [8], that is the limiting PDE is a type
of SPDE driven by a noise which is white in space, and correlated in time.
If B =0, the limit is an SPDE driven by a noise which is white in time and
correlated in space. We believe that in all cases where a > 0 and § > 0, the
limiting PDE is deterministic. One intuitive explanation of this result, which
was first a surprise for the authors, is the following. In the case o, 5 > 0,
the limiting noise should be white both in time and space, i. e. the limiting
PDE should be a “bilinear” SPDE driven a space—time white noise. But we
know that the corresponding stochastic integral should be interpreted as a
Stratonovich integral, i. e. an It6 integral plus a correction term. However,
in the space-time white noise case, the correction term is infinite. Hence the
correct choice of v forces the Ito integral term to vanish, which is necessary
for the “It6—Stratonovich correction term” not to explode.

This result is consistent with those in Bal [1], where higher dimensional
time independent situations are treated, with the severe restriction that the
noise source ¢ be a Gaussian random field, while our random field ¢ is much



more general. One reason why we restrict ourselves to the one-dimensional
case is that in higher spatial dimension (whether the problem is time de-
pendent or time independent), the limit will always be a deterministic PDE,
which restricts our motivation for studying that problem.

In fact, within the case o, 8 > 0, we have only been able to treat the
case where 0 < < /2. The case 0 < o < 28 remains open. Our methods
do not seem to cover this last case.

Two variants of the same problem, but with coefficients not depending
upon time ¢, have already been considered in [13] and in [8]. The case of
random coefficients which are periodic in space was considered in [4].

The paper is organized as follows. In section 2 we state the Feynman—
Kac formula for the solution u® of equation (1.1). Section 3 is devoted to a
presentation of the various statements to be proved in the paper. In section
4 we give a criterion for convergence in law, which is used later. In section 5
we treat the case a = 0, § > 0. In section 6 we treat the case 0 < 25 < «
starting with the case 8 > 0, and finally ending with the case § =0, a > 0.

2 The Feynman—Kac formula

Let {By; t > 0} denote a standard Brownian motion defined on the proba-
bility space (€2, F,IP). The pair

({c(t, @), t 20,2 € R}, {By; t > 0})

is defined on the product probability space (2 x S, F ® A,IP x P), so that
{c(t,x), t > 0,2 € R} and {By; t > 0} are mutually independent.
The solution of equation (1.1) is given by the formula

e e s ([ (22 o)]
—IE[ (z + By) exp (g 7/ / (% "Hy) L(ds,y)dy)},

where L(t,z) denotes the local time at time ¢ and at level x of the process
B, and IE denotes expectation with respect to IP. We shall use the notation

(2.1)




3 Statement of the results

We gather here the statements to be proved in the rest of the paper.

3.1 The case a=0,3>0,v=/3/2

In this case we need the following additional assumptions.
For each € IR, t — c(t,z) is a. s. of class C?, and the IR*-valued
random field

{(c(t,x),d(t,x), " (t,2)); (t,x) € Ry x R}, (3.1)

is stationary, has zero mean, and is uniformly bounded; here and later on in
this section we use the notation
dc 0
'(t,2) = = (¢t "t x) = — (t, 7).
) = S(ta), ) = Sa(t,)
We assume that random field (3.1) is “¢—mixing in the z direction”, in
the sense that the function ¢ : R, — IR, defined by

¢(h) = sup |P(B|A) — P(B)],
A€G,, BEGTh, P(A)>0
where
G =0c{c(t,z), t >0,z <z} GY=o{c(t,z), t >0,z >y},
satisfies

¢ < C(1+h)~C+), (3.2)

for some C, § > 0.
We assume moreover that (by stationarity, the following quantities do not
depend on t)

/ |Eelt, 0)e(t, 2)|dz < oo, / B (1, 0)¢ (£, 2)|dz < oo,

o0

/ |Ec"(t,0)" (t, z)|dx < oc.

o0

In fact, these estimates follow from (3.2) and the boundedness of the functions
in (3.1). Under those assumptions, we have the (see Theorem 5.10 below)
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Theorem 3.1. For any (t,z) € Ry x IR,

Wt x) = ut,z) =B {g(Xf) exp ( /O t /}R L(ds,y — )W s, dy))]

in P-law, as e — 0, where W is a centered Gaussian noise which is “white in
space and coloured in time” (see (5.3) for the accurate definition), defined on
the probability space (S, A, P), while L denotes the local time of a standard
one—dimensional Brownian motion defined on the probability space (2, F,1P).
In particular, L and W are independent.

The limiting SPDE in this case is best written in the form (see equation
(5.9) below)
ou 10%u O(ulW) ou
L) = 5o (ta)+ S ) = L)W (), 1205 € TR;

u(0,z) = g(z), x€lR.

Remark 3.2. The argument used in the proof of Theorem 3.1 can be easily
extended to prove weak convergence of all finite dimensional distributions of
u® towards those of u, but we were not able to check tightness and prove
convergence for the topology of locally uniform convergence (in t and x).

3.2 The case 0 < 20 < «

We now introduce a new assumption, namely that
(Hum) (1) < C(1 4 7)~ G+,

where o, is the so—called the uniform mixing coefficient of the random field
c(t,x), defined as follows. For a set A C IR? denote by F, the o-algebra
generated by {c(t,x) : (t,x) € A}. We set

O‘um<r) = sup ’P(81’82) - P(81)|7

where the supremum is taken over all §; € o{c(t,z), t < ty, * € R} and
Sy € o{c(t,x), t > to+r, € R}, with P(Sy) > 0. By stationarity, the
supremum on the right hand side does not depend upon t.

Under the assumption (Hyy), we have the (see Corollary 6.9, Corollary
6.11 and Proposition 6.14)



Theorem 3.3. Ase — 0, u®(t,z) converges in probability, locally uniformly
int and z, to the deterministic function u(t,x) given by

u(t,z) = E[g(z + By)] exp (tX),
which 1s a solution of the deterministic parabolic PDE

ou 1 0%u
5 (t,x) 5 902 (t,x) + Zu(t,z), t>0, zelR;

u(0,2) = g(z), = € R.

(3.3)

Here
- _ [ E®(r, B )dr, if 28 =a,
fooo (r,0)dr, if 28 < a,

and ® has been defined by (1.3). Furthermore, for any compact set K C R
we have

. 2 =
limg Bl ~ uliaom iy =0

3.3 Thecase f=0,a>0,7=a/2
In addition to (Hyy), we assume here that the following assumption holds :

(Ho) For each s € IR the realizations c(s,y) are a.s. Holder continuous in
y € IR with a deterministic exponent § > 1/3. Moreover,

lc(s,y1) — c(s,2)] < clyr — y2|9,

with a deterministic constant c.

Remark 3.4. It is possible to weaken assumption (Hi), replacing the condi-
tion @ > 1/3 by the condition @ > 0, at the expense of replacing the exponent 3
in (Hym) with k+1, in case 1/(k+1) <0 < 1/k, k € N. Minor modifications
i our proofs are necessary for each value of k.

Under the three above assumptions, we have the (see Theorem 6.18 below)

Theorem 3.5. Under assumptions (Hé) and (Hyw), as e — 0,
t
(ta) > uttn) = 8 [g0) e ([ [ WidspLsy - ajay)|
0 JR
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in P-law in C(IRy x R), equipped with the topology of local uniform conver-
gence in t and x, where W is a centered Gaussian noise which is “white in
time and coloured in space” (see Proposition 6.15) defined on the probability
space (S, A, P), while L denotes the local time of a standard one—dimensional
Brownian motion defined on the probability space (2, F,1P). In particular, L
and W are independent.

In this case the limiting SPDE reads (in Stratonovich form)

10%u

u(0,z) =g(z), z€lR.

(t,x)dt + u(t,x) o W(dt,z), t>0,z¢€lR;

4 A criterion for convergence in law

In the cases where the limit is deterministic, convergence in law is equivalent
to convergence in probability. In fact in those cases we will establish conver-
gence in L?*(P). However, in the case where the limit is random, we are faced
with true convergence in law. The quantity which should converge in law is
a “partial expectation”, by which we mean an expectation with respect to
IP alone (and not with respect to IP x P), or in other words a conditional
expectation. Taking the limit in law of such a quantity does not seem to be
very common. In this section, we establish a criterion for convergence in law
which is specially tailored for our needs.

Proposition 4.1. Let {Z°, ¢ > 0} be a collection of real-valued random
variables, and suppose that there exist a random wvariable Z and, for each
M > 0, random variables Z5; and Zy; such that

(i) For any M the sequence Z5; converges to Zy in law, as € — 0;

(i) It holds

£

12 = Zul < <7 12— 2Zul <

<

Y

=
S8

where the family of . v.’s {x%, ¢ > 0} is tight.

Then Z¢ converges to Z in law, as ¢ — 0.



Proof. Since {Z¢, ¢ > 0} is tight, it suffices to show that for all ¢ € C(IR)
with |p(z)| < 1 for all z € IR, and ¢ globally Lipschitz,

Ep(Z°) - Ep(Z) ase — 0.
Note that
Ep(Z°)=Ep(Z) = Elp(Z)—p(Zm)|+Elo(Zy) —o(Z°) |+ Ep(Zar) = Ep(Z5y).

If K stands for the Lipschitz constant of ¢, then

. K, .
B 6(2) — o(Zar) + 9(Z3) — (2} < Bt (4,306 +1%)).
Consequently, as M — oo,

sup |E{o(Z) — o(Zu) +0(Z3y) — 0(Z°)} = 0.

e>0

The result follows since by (i) for each fixed M, Ep(Zy) — Ep(Z5,) — 0, as
e —0. [l

Corollary 4.2. Let X a Banach space, ¥ : Q x X — IR a mapping and
{We, e > 0} a family of X—valued random variables defined on (S, A, P) be
such that

(i) x — V(w,x) is continuous, in IP—probability,

(i1) Vr € X, w — VU(w, x) is F-measurable,
(iii) for some § > 0, the family {IE|W|*T0(-, W?), € > 0} is tight.
If moreover W€ converges in law towards W, then as e — 0

EV(-, W*¢) converges in law to IEW (-, V).
Proof. For M > 0 and z € IR write ¥y(2) = (¢ A M)V (—M). Note that
(W)
M? .

Consequently, we can apply Proposition 4.1 with Z¢ = EV (-, W¢), Z =
EV (-, W), Z5, = Ehp 0 W(-, W¢), Zpy = TEahp oW (-, W), since by Lebesgue’s
dominated convergence theorem x — [Ety,0W(-, x) is continuous from X into

RR. []

|\Ij("W€) - ¢M © \I/(’WEN <



Remark 4.3. Writing

ul(t,2) = B [g(X7) exp(YyS,)]
we will check the third condition of the Corollary with § = 1/3 and we shall
use the following Holder inequality

IE [|g|4/3<Xf> exp (gm)] < (Bg*(X7))"" (Bexp(4y,) "

So we have to check that the family {IE exp(4Y;"%), ¢ > 0} is tight.

5 The case a =0, 8 > 0.

In this case, v = /2. Without loss of generality, we restrict ourselves to the
case f = 1. For each € > 0, x € IR, we define the process

I X7
fo:—/c s,—= | ds, t > 0.
’ \/g 0 S

It will be convenient in this section to assume that for each x € R, t — ¢(¢, x)
is a. s. of class C?, and that the IR*valued random field

{(c(t,z),d(t,x),"(t,z)); (t,z) € Ry x R}, (5.1)

is stationary, has zero mean, and is uniformly bounded; here and later on in
this section we use the notation

9%c

/ o dc " .
d(t,z) = —(t,x), '(t,x)= @(t,x).

ot

We assume that random field (5.1) is “¢—mixing in the z direction”, in
the sense that the function ¢ : R, — IR, defined by

¢(h) = sup |P(B|A) — P(B)],
A€G,, BEGTHh P(A)>0

where

Gr =ofc(t,2), t 20,z <z} G"=o{c(t,2), 120,z >y},



satisfies
¢ < C(1+h)~ B+,

for some C', 6 > 0.
We assume moreover that (by stationarity, the following quantities do not
depend on t)

/ |Ec(t,0)c(t, x)|dr < oo, / |Ed(t,0)d (t, z)|dx < oo,

/ |EC"(t,0)c" (¢, x)|dz < oo.

Remark 5.1. We suspect that the assumption of C? regqularity is much
stronger than what is necessary for the result that follows to hold. However,
in the case of weaker reqularity assumptions, there are technical difficulties
which we were not able to overcome.

5.1 Weak convergence

The aim of this subsection is to prove the

Theorem 5.2. For eacht >0, z € IR,

t
Y, = Y= / / L(ds,y — x)W (s, dy), (5.2)
0 JR

in P-law, as ¢ — 0, where, as above, L(t,y) is the local time at level y
and time t of the Brownian motion {X?, t > 0} defined on (0, F,P), and
{W(t,y), y € R} is a centered Gaussian random field defined on (S, A, P),

with the covariance function

U(t—t)|z| Al!|, if xa’ > 0;

5.3
0, if z2' <0, (5:3)

EW(t,z)W(t', ') = {
where for each r € IR,

U(r) = /R B (r, y)dy,

and the double integral in (5.2) is defined below. In particular (X, L) and W
are independent.

10



We define

-(t,x) \/_/ dy, W.i(t,x) = \/_/ t—dy

Note that {W.(¢,z), W.(t,x)} is a random field defined on the probability
space (S, A, P).
We first prove

Proposition 5.3. The sequence of random fields {(W., W)} converges weakly
as random fields defined on the probability space (S, A, P), as € — 0, in the
space C(IR, x R;IR?) equipped with the topology of uniform convergence on
compact sets, to a centered Gaussian random field

{(W(t,z), W(t,z)), t >0,z € R},
where the covariance function of {W(t,x)} is given by (5.3), and

W'(t,z) = aavl/(t x), (t,x)e Ry xR, a. s.

PRroOOF: For the sake of clarity of the exposition, we prove the convergence
result for {W (¢, x)}, while the proof for the pair {(W (¢, z), W'(t,x))} is es-
sentially identical. The last statement of Proposition 5.3 can be obtained by
taking the weak limit in the identity

¢
W.(t,x) = W.(s,x) —l—/ W.(r,z)dr

Tightness of the sequence of random fields {W., ¢ > 0} follows from the
proof of Proposition 6.15 below, upon interchanging the variables ¢ and =x.
Note that (H6) and (Hyy) are satisfied here, with ¢ and x interchanged. We
postpone the proof to section 6 since the result needed there is more general.

Now it remains to identify the limit law of the vector of random processes

(Welty, )y .., We(tn,-)),

forany n > 1, any 0 < t; < ty < --- < t,. It follows from Theorem 20.1 in
3], together with the comments on pages 177 and 178 of that book that the
above converges as € — 0 towards an n—dimensional Wiener process

(W(tla ')7 ) W(tnv ))7

11



which is such that the (i,7) entry of the covariance matrix of the random
vector (W (ty,x),...,W(t,,x)) is W(t; — t;)|z|. O

We can now proceed with the
PROOF OF THEOREM 5.2 : We deduce from [t6’s formula that, if

We(t, x) ::/ W.(t,y)dy,
0

Wt X5) = We0.2) + [ 2% (s, x7)ds
o Os
o (5.4)
XD)dXT + X7
/W s, X7)d 2 N — (s, X¥)ds,
consequently
LW,
Y: = X7 )ds
t.x 0 8.17 (S )
oW,
= o1, X7) - W0.0) — [ (s X7) ds—/ We(s, X¥)dX7].
o 0s

(5.5)

The mapping which to f € C(IR; x IR) associates g(t, x) fo f(t,y)dy is
continuous from C'(IR4 x IR) into itself. Hence it follows from Proposition 5.3
that (W, W, W.) = (W', W, W) in C(IR; x R)? as e — 0, where W(t, x) =
fox W(t,y)dy, t >0, x € R.

Moreover the mappings

f—>/ f(s, XHdXE, f—>/0tf(s,X;”)ds

are continuous from C(IR; xIR) into L(§, F, IP), equipped with the topology
of convergence in probability. Consequently

Low

Y, = 2wt X7) - W0, 2) - s

T (s, X7) ds—/ W (s X””)dX’”]

in P law and IP probability, hence also in P x IP law.
The result now follows from the

12



Lemma 5.4. The following relation holds a. s.

W(t, X[) =W(0,z) + / B sXxds—i-/Wst)dX‘r

L[ e e

Wi(t,x) = (W(L,-) * pn) (@), (5.6)
where p,(z) = np(nx) and p is a smooth map from IR into ]RJr with compact

support, whose integral over IR equals one, and W, (t, ) fo W (ty)dy.
Then from Ito’s formula

PROOF: Let

Low,

Wh(t, X[) :Wn(O,x)+/
0
1 [t oW, .
—1—5/0 5 (s, X¥)ds
oW,
= W,(0,z) / sXxds—l—/W (XD)dX3

// (ds,y — gv(syy)dy

The Lemma now follows by taking the limit as n — oo, provided we take the
limit in the last term, which is done in the

t
(s,Xf)ds%—/ W, (s, XD)dX?
0

Proposition 5.5. There exists a unique linear mapping
L—{A(L); t>0, x € R}

from the set of jointly continuous L’s which are increasing with respect to the
t wvariable and have compact support in the x variable for all t, into the set
of centered Gaussian random fields, with the coraviance function given by

E(A Ay ) = /dy// (s —r)L(ds,y — x)L(dr,y — z'),

where

AvalL) = I3(P) — lim / / (ds.y ) 202 (s, y)dy.

n—o0

13



PrOOF: We first need to show that the right hand side of the formula for the
covariance function of the process {A;,(L), t > 0, z € R} is well defined.
This follows from the fact that

0< /Rdy/ot/:|\1f(s—r)yL(ds,y—x)udr,y—x’)

<9(0) [ Lty =o)Lty =o'y
< 0Q.

The last inequality follows from the fact that both L(¢,-) and L(#,-) are
continuous and have compact support.
Now define

n taWn
A2 = [ dy [T Ly )
R 0 Y

_ /]R/]Rp;(y _2) (/Ot W (s, 2)L(ds,y — x)) dydz.

In order to complete the proof of the Proposition, it suffices to show that

E [Ag;)(L)AE@/(L)] — /]Rdy/ot /Ot/\Il(s—r)L(ds,y—x)L(dr,y—x’), (5.7)

as n,m — o0o. Let

Yoy, y) = / / 1oy |z| A2 P (Y — 2)p), (Y — 2)dzd2.
RJR

We have

t t!
E[Aﬁ,@(L)AE@(L)] = /IR /}R Snm (Y, y')dydy’ /0 /0 U(s—s")L(ds, y—x)L(ds',y'—z").

Now an elementary computation based on integration by parts yields

Sy y') = / ouly — 2)omly — 2)dz,
R

and (5.7) follows from this and the last identity. O

14



We now turn to the case where L(t, z) is the local time of the standard
Brownian motion {X;, ¢ > 0}, defined on the probability space (2, F,IP).
Thus we now define the stochastic process {A;,(L), t > 0, = € IR} on the
product probability space (S x 2, A® F, P x IP), and denote IP := P x IP.
We have the

ProoOF: We have, for 0 < s < t,

Proposition 5.6. For each fived v € IR, the process {A.(L), t > 0} has a

IP a. s. continuous modification.

B t t p/2

B () - AP = (| [ ay [ [ 06— sz )
R s Js

p/2)

p/2>

<wore (] [ (Lt - 1.0y

sup(L(t, y) - L(S7 y))(t - 8)

Y

< W(0)"*IB (

where we have used the following well known formula

/IRL(t,x)dx -

Now from (III) page 200 of Barlow, Yor [2], there exists a universal constant
¢p such that

IE (sup(L(t,x) — L(s, x))W) <¢IB ( sup |XS|”/2) .

T

The above right hand side is finite, and
E (|A(L) = A(L)P) < Gyt — )2,

from which the result follows, if we choose p > 2.

5.2 Convergence of the sequence u°

In order to deduce the convergence of u° from that of Y5, and Corollary
4.2, we need some uniform integrability under IP of the collection of random

variables . ¥
1 x

exp —/c s,—=|ds|, e>0p.
Ve Jo 5

15



For each 0 < v < 1/2, ¢t > 0, € > 0, we define the IR,—valued random
variables

W We (g 4
R N (]
T o<s<t, zem (14 |z])Y T o<s<t, zem (14 |z])1Y

We now prove the

Lemma 5.7. For eacht >0, 0 <~ < 1/2 and gy > 0, the two collections of
random variables {§f ., 0 <& <eo} and {n;.,, 0 <& < e} are tight.

Proor: We have

2
. 0,4 5 . 7)

¢ < su 8s + su /t os* ds
T = R U+ ey " Ten o A+ )™

and similarly

(W.(0, )| /t e (s, )|
c < sup —————— + su 05 -~ " ds
Sy S SO T o TS ) T e

It remains to show that each of the four collections of r. v. appearing in the
two above right hand sides is tight. Each of the four terms can be treated by
the exact same argument as used in the proof of Lemma 5 page 295-296 of
[13], which we now reproduce for the convenience of the reader, in the case
of the first term of the second right—hand side. O

We drop the index ¢ for simplicity, and define

e _ [We(2)]
CIRT R

We have the

Lemma 5.8. For any 0 < v < 1/2 and gy > 0, the collection of random
variables {(5, 0 < & < eo} is tight.

PROOF: Due to the symmetry it is sufficient to estimate |W.(z)| for = > 0.

16



We have

0 0

Combining the estimate (2.23) in the case p = oo in Proposition 7.2.6.
from [5] with our condition that the correlation function ® is both bounded
and integrable, we deduce that the stationary process {n,, © > 0} satisfies
In:| < ¢ as. for all x > 0, with a non-random constant ¢;. Moreover,

/Ow c(r)dr —n,

is a square integrable G, martingale. Denote it by N,. Clearly

= /e
wito) = 2 [T ctway

?nm/sa

and thus we deduce from Doob’s inequality

2

E( sup \Wg(a:)\Q) < éE( sup (\/E/\fx)2)—|—2651—28

0<z<r 0<z<r/e

4 e

< gE((\/ENr/s)Q) + 251—2
2 0%5
< SE(W.(n)) + 105

<Cle+r),

17



provided C' = (16¢g) V (10¢%/¢*). Now for j > 1, M > 0,

P ( sup W—(TL > M) <P < sup |W.(r)] > (1 + 29'1)17M>

gi-1cp<ai (14+7) 0<r<2i
Cle +27)
= M2(1+ 212

20 (1420712~

S(zs\/l)M,2

Summing up over 5 > 1, we deduce that

P (> M) <2P (sup&>M)

r>0 (1 +7)t=7
A0 & -1
6\/1V201+2] 7=
!

M2
This completes the proof of Lemma. O

<(eVvl)

We can now establish the required uniform integrability

Proposition 5.9. For eacht > 0, x € IR, the collection of random variables
4 1 X7
]Eexp—/c s,—=)ds| ], e>0
Ve Jo 5

PROOF: We make use of the following easy estimate : if Z is an N(0, 1)
random variable, ¢ > 0 and 0 < p < 2,

15 P—tight.

IE exp(c|Z[P) < V2exp {2%13(40)22?} : (5.8)

From the identity (5.4) in the proof of Theorem 5.2, we deduce that

4 [ X Low,
- _s — (¢, Ty _ (0, _ € 7 T
\/E/o c (s, . )ds SWL(t, X[) — 8W.(0, x) 8/0 95 (s,X7)ds

t
—8/ W.(s, X*)dB
0

18




Hence

4 [ X .
E (exp [7/ c <37 _S) ds}) < e 8W=(0,2) [IE (624W5(t,Xt))}1/3
€ €
t aw z t - 1/3
% [IE ( —24 [T e (5 X )dsﬂ 1/3 []E (e_24f0 We (s, X7 )st>] .

It remains to dominate each of the 4 factors of the right—hand side of the
last identity by a tight sequence, which we now do, with the help of Lemma
5.7. Below + is an arbitrarily fixed number in the interval (0,1/2). Clearly,

—8W.(0,2) < 8lz|(1+ |=])' &,
and the sequence on the right-hand side is tight as well as the sequence of
the exponentials exp (8]z((1 + |z[)'77&5 ). Next
.Z‘+Bt
2A4W, (t,x + By) = 24/ We.(t,y)dy
0

<24z + B|(1+ |z + Bi|)' ¢,

< 48[(1 + [x)* 7 +|BP g,
Hence from (5.8),

[E (V=40 < V2exp [48(1 + [x])*77¢; ] exp [ (192¢; 7151_“7/2) /W] :

Similarly,

! 1
—24/ oW (s, X")ds < 24n¢ / |z + Bs| +
0 0 7 0 1-—-

S

|z + BS|2_“’) ds,
~
so using Jensen’s inequality, we get

LW,

1 [t 1
—24 X%ds | < = 24tn¢ B, B> )| ds,
exp( | os — (s, X7) )_t/oexp{ nm(\x—l— |+1_7]9:+ ] )} s

from which the result follows as above. Next from Cauchy-Schwarz,

t t t 1/:
IE exp (—24/ Wg(s,Xf)st) < [IEexp (—48/ We(s, XT)dB;s — 1152/ Wf(s,Xf)dsﬂ
0 0 0

; 1/2
X [Eexp (1152/ Wf(s,Xf)dsﬂ
0
‘ 1/2
< []Eexp (1152/ Wf(s,Xj)ds)] :
0

19




but
t

t
[ W< (6] [ 0o mas
0

0

and we estimate this term again using Jensen’s inequality and the inequality
(5.8). O

It now follows from Theorem 5.2, Propositions 5.3 and 5.9, and the fact
that by formula (5.5) the exponent in the Feynman—Kac formula is a contin-
uous function of (W, W), that we can apply Corollary 4.2, yielding

Theorem 5.10. For any (t,z) € Ry x IR,

Wt 2) = u(t,7) = {g(th) exp (/Ot /]RL(ds,y _)W(s, dy))}

m P-law, as € — 0.

Remark 5.11. Note that it is not clear how the limiting exponent in the
Feynman-Kac formula could be written in terms of W and B.

The corresponding limiting SPDE reads

%(t )—1@
ot T 2922
u(0,2) = g(z), z €,

(t,x)dt +u(t,x) o W(t,dx), t>0,z¢€lR;

where the stochastic integral should be interpreted as an anticipative Strato-
novich integral, see [11], [12]. Since anticipating stochastic integrals are not
very easy to handle, we prefer to rewrite the above SPDE as follows, using
the same trick as in [13]. We note that u(t,z) o W(t,dx) is a convenient
notation for the product

ow B O(ulW) ou
Hence we rewrite the above SPDE in the form
ou 10%u O(ul) du
5 (t,x) 5 a2 (t,x) + 5 (t,x) o (t,x)W(t,x), t>0,z¢€R;

uw(0,2) =g(z), z€lR.
(5.9)
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6 Thecase 0<28<a, a>0

We first prove two Propositions which will be useful in two of the three
following subcases.

We first recall the definition of the uniform mixing coefficient v, (r) of
the random field c(¢, ). We set

um () = sup |P(51[Sz2) — P(S1)],

where the supremum is taken over all §; € o{c(t,z), t < ty, x € R} and
Sy € of{c(t,x), t > to+r, x € R}, with P(S2) > 0. By stationarity, the
supremum on the right hand side does not depend upon t,.

Next we recall the definition of the maximum correlation coefficient p(r) :

Pme(r) = sup |E(£n)],

where the supremum is taken over all r. v.’s £ (resp. 1), which are assumed to
be measurable with respect to o{c(t, z), t < to, x € R} (resp. o{c(t,z), t >
to+ 7, x € R}), and such that EE En =0, [{| <1, |n| < 1.

We shall assume in this section that there exists C', § > 0 such that

(Hum) (1) < C(1 4 7)~ G+,

Proposition 7.2.2, page 346 of [5], with, using the notations there, s = oo,
r=1,p=o0 and ¢ = 1, yields the

Lemma 6.1. [t follows from (Hy) that for some constant C’,
Pme(r) < C'(141) 70,
and in particular pme € L'(IRy).
An immediate consequence of the Lemma is the

Corollary 6.2. There ezists a constant C' such that for allt > 0, x € IR,

(¢, 2)] < C(1+t+ |z|)~CF.
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Recall the function ® defined in (1.3). It will be convenient in the sequel
to use the fact that there exists a bounded function ¥ : IR, xR — IR, such
that

(s, 2)] < W(s,2),

x — W(s,x) is decreasing on R, for all s € Ry, U(s,—z) = ¥U(s,z), and

/ U(t,0)dt < oo; / U(t,x)dt — 0, as |z| — oo. (6.1)
0 0
For example, we might set (for z > 0)

U(t,z) = sup [D(s,y)].
ly[>=

In this case, (6.1) follows from our standing assumption (H,y,), see Corollary
6.2.

Whithout loss of generality, we assume now that o = 1. Hence we want
to treat the case 0 < 3 < 1/2. The exponent in the Feynman—Kac formula

reads . B
1 s
YF = —/ c f, v ds.
Ve Jo g &f

Proposition 6.3. Assume that the condition (H.n) holds. Then for all
0 < B < 1/2, the limit relation holds in IP—probability

Let us first prove the

lir% Eexp(Y") = exp(tX) (6.2)
E—

with .
/ O(u,0)du,  if0<B<1/2,

8 =1" e (6.3)
E®(u, B,)du, if 8=1/2.
PROOF: We only consider the case f = 1/2, for 5 € (0,1/2) the desired
statement can be justified in the same way with some simplifications.
We introduce a partition of the interval (0,¢/¢) into alternating subinter-
vals of the form

= ("P+e)y (P +e)j+e?), j=12,... K"
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T=(e"P+e™)j+e P P +e)(+1), j=12,...,K5

here K¢ = [(e71t)/(e7Y/3 +¢77)], [-] stands for the integer part, and 0 < v <
1/3. This implies that K¢ = te=2/3(1 + o(1)). Denote

7 = ﬁ/c(s,%@s)da G = ﬁ/c(sy%@s)ds
s JI;

where the new Wiener process B, has been obtained from the original one
by the scaling /B, = B,. We may assume without loss of generality that
the process By is fixed. Then

KS

Yor =) 5+ ¢) + Ve

J=0

where |V.| < Cel/? P x P-as.
Notice that, due to the standing assumptions on c¢(s,x), there exists a
constant C' such that

| < CeVS, g < O, (6.4)

To use efficiently the mixing properties of the coefficients it is convenient
to represent Y7 as follows

-
Yor= Y i ) mi )y G =Y Y )
=0

jiseven jisodd J

First, let us compute the limit of Eexp(Y,?). For the sake of definiteness we
may assume that K° is odd. The case of even K¢ can be treated in exactly the
same way. Using the notation A5 = o{c(s,z) : s < (673 4+e7")j, v € R},

we have
(Ke-1)/2 (Ke—1)/2
Eexp(Yy) = Eexp ( > 77%-) — E<E{ exp ( > n§j> A?Ks_g)})
=0 =0
(K=-3)/2
—5(ew( X ) Lol )i} )
=0
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(K€-3)/2

= E<6XP ( Z 7753') [E exp(ni(s_l)%—E{(exp(nig_l)—E eXP(Ui(f—l))’Afo—m}]

J=0

Since, according to (6.4), |exp(n5-_,) — Eexp(ni-_,)| < Ce'/® then, by
Proposition 2.6 page 349 in [5], we have

| E{(exp(ice 1)~ E explie- )| ATk }| < Catum(e™ )/ < 0+

Combining this estimate with the evident bound 1/2 < Fexp(nf-_;) < 2,
we obtain
(K=-3)/2
Eexp(Yy) = E(exp ( Z n§j>EeXp(n§(Ll)(1 + O(E(3+5)/3+1/6)))
j=0

with |O(3+0/3+1/6)| < CeB3+0)/3+1/6  Tterating this process, after K¢/2 steps
we arrive at the equality

(K<—1)/2
Eexp(Y))= [ Eexplng)(1+0@E*519)),
=0
(K°—1)/2
Since J[ (1+ O(eBT9/3H1/6)) converges to 1 as € — 0, we have
=0
(K*=1)/2
. e\ _ 1z £
lim £ exp(Y;)) = lim H0 E exp(n5;) (6.5)
J:

We proceed with estimating the term FEexp(n5). Using Taylor expansion of
the exponent about zero results in the following relation

Bexp(if) = 1+ Brf + 3 B((5)°) + 5 E((5)°) + 53 B(05)") + OE), (66)

here we have also used the bound |n5| < Ce'/6. By the centering condition
on c(+), En = 0. Considering A5 defined in the proof of Lemma 6.6 below in

the particular case v = 1/3, v = 0, we have that 75 and )\}/g have the same
law. It then follows from (6.22) that

1P 00 (o)) < 0 o
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The contribution of the term 1 E((75)?) can be computed as follows

%E((UE)Q) = %//E{c(r, % + Br)c(s, % + BS)} dsdr (6.8)

17 I3

_%//(ID(T—S,BT—BS)drds = =5

€ €
Ij Ij

By definition and due to the properties of the Wiener process, the ran-
dom variables Z5 = =5(w), j = 1,2...,K*®, are independent, identically
distributed and satisfy the following bounds

Coe?/? < = < O3, EEZ; = 2(1/2)e¥? 4+ O(e) (6.9)

with 0 < Cp < C) < oo and |O(g)| < Csye; the quantity ¥(1/2) has been
defined in (6.3). Combining (6.5)-(6.9) yields

(Ke—1)/2
: e\ 13 —=e 5/6
il_l}I(l)Eexp(n)—lg% 1 (1+Z54+0(@E"7)) (6.10)

=
(Ke—-1)/2
_ : =) _ e oy ey t%(1/2)
(a5 5) - 89 - (242
J:

in P probability, from the weak law of large numbers. Similarly

li_r}réEeXp(Yf) = exp <w> (6.11)

Exploiting exactly the same arguments one can show that

lim Fexp(V°) = 1

in P probability. In view of the strict convexity and the strict positivity for
x # 0 of the function p(z) = e* — 1 — x, this implies that, as ¢ — 0,
Y° — 0 in P x P probability. (6.12)

Following the line of the proof of estimate (6.18) in Lemma 6.6 below, one
can show that

Eexp(4YéO) < C, FEexp(4)®) < C
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with a deterministic constant C'. Thanks to these bounds we deduce from
(6.12) that

lim Fexp(Yy +Y, +)°) =lim Fexp(Y; +Y,) (6.13)
e—0 e—0
in [P probability.
Denote
(Ke-1)/2
AL = U{C(S,I) DS € U T;, © € ]R},
j=0
By construction,
(Ke— 1)/ (Ke— 1)/2
7=0
Therefore,
Eexp(Y7 +Y;) = B{ exp(YO)E(exp(Y;)[ A7) } =
E{exp(YS)} E{exp(YS)} + o(e™)
and

lim Fexp(Y;"") = lir% E{exp(Yy)} hr% E{exp(YS)} = exp(tY),
e— e—

e—0

as required. O

Now, consider the process exp (Y;""(w)) exp (Y""(w1)) defined on the
product space 2 x 2 with the product measure P x P.

Proposition 6.4. Assume that the condition (H.y) holds. Then for all
0 < B < 1/2, the limit relation holds in TP x IP—probability

l% E{exp (Y (w)) exp (Y7 (w1)) } = exp(2t) (6.14)

PRrROOF: It is easy to check that for the standard Brownian motion By and
for any ¢ > 0 the limit relation holds

(lsi_r}(l)meas{s € [0,#] : |Bs(w) — Bs(w1)| <6} =0 (6.15)
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P x P-a.s. Due to the condition (H,y), for any pair (w,w;) such that (6.15)
is fulfilled, we have

i B exp (Y7 () exp (47" )

— tim B{ exp (Y7 () } i E{ exp (Y7 (w1)) ).

and the desired statement follows from Proposition 6.3. OJ

The next result will be needed below

Lemma 6.5. Under our standing assumptions, for any v > 0, there exists a
constant C' such that for all0 < s <t, IP a. s.,

82/62 T 6
E 5/ c(t,—+5"Bt) dt < Clsy — 51
s51/e2 19

PROOF: In all this proof, y stands for x/e + " Bs. Its dependence upon s, ¢
and w is harmless.

82/82 6 52/52 82/82
E(s/ c(t, y)dt) = / . / E{c(t1,y)...c(ts,y) }dty ... dls.
81/52
s1/€2 s1/€2

Let us now introduce the set

S0 = (..t € [2.2] inlt; — 1] <
r)= 1,---,06) € 6—2,? %1%}%1?;? i =T

It is an easy exercise to check that

(82 — 81)3.

V(r) = Vol(S(r)) < Cr? -

If for some i € {1,...,6} it holds |¢t; — t;| > r for all j # ¢ (without loss of
generality ¢ = 1), then, taking into account (H,y,), we have
|E{C(t17 y)c(tQa y) Tt C(t67 y)}‘ = |E(C(t2> y) ce C<t67 y)E{C(tlv y)lf{tQ 77777 tﬁ}})l
< CB(elt,9) et )1+ 1) leltn, )lwca
< (1) el
< C(147)"B+,
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Therefore

32/52 52/52
g® / . / E{c(t1,y)...c(te,y)}dty ... dtg
s1/€2 s1/€2
V6(s2—s1) /> dV( )
r
< CeS —
= (14 7)3+o
/ 1+7) 3+‘5
0

6.1 The case a =23 >0

This is the “central case”, where a/4+ (/2 = /2. In this case, v = = «/2,

and we consider w. 1. o. g. the case where v = § = 1, @ = 2. This means
that we consider the PDE

ouf 1 0%uf 1 ( t

+ —c

B =5 ()t
w(0,0) = g(e), vER,

T
5 —) u(t,x), t>0,x€lR;
€2’ ¢

(6.16)

whose solution is given by the Feynman—Kac formula

(o) = {g(a: + By exp <51 /Otc (g% r J;BS> ds)] .

We will show that the limit of u®(¢,z), as ¢ — 0, is a deterministic
function.
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Let us define

t
S + B,
}/;gx:efl/ C(—Q,x )ds,
’ 0 € €

ui(t,2) = B [g(x + B))exp(Y,)]

The random variable Y7, is defined on the product probability space (S x
QAR F,PxP).

The limit of u#(¢, x) will be obtained by a combination of Proposition 6.3
(in the case § = 1/2) and some uniform integrability property, which we now
establish. Let us prove the uniform in ¢ > 0 and w € () integrability with
respect to the measure P of the random variable

Then

t/e?

exp(Yy) = exp (a / c (s, g + BS> ds), t> 0.
0

Because we need slightly different versions of the same result in other sections
of this paper, we prove a more general result, which will be used in this section
with v = 0.

Lemma 6.6. If the assumption (Hyy) is satisfied, then for any 6 > 0, there
ezists a constant C(0) such that for alle > 0 and v € IR,

t/e?

FEexp (96 / c(s,xe2 ™! + Baus)ds> < C(0). (6.17)

Remark 6.7. The condition a(r) < C(1 +r)~U+/2) which is weaker than
(Huw), does imply that p € L*(IR,). However, the proof would be slightly
more delicate. In particular, the parameter ~ which appears in the proof
below should be choosen as a function of §.

PROOF: Let v be an arbitrary positive number such that 0 < v < 1/2,
and consider an equidistant partition of the interval [0, 6%], the length of
all subintervals being equal to €7~! (without loss of generality we assume
that te~0FY is an integer and, moreover, an even number). We estimate
separately the contribution of all the subintervals with even numbers and of
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those with odd numbers. It suffices to show that, with § = v/2 — 1,

te=(r1jp  (2=DOD

Eexp <20 Z £ / c(s, v’ + Beus)ds) < C, (6.18)

= g1ty

t57(7+1)/2 2j5(w_1)
Eexp (28 Z £ / c(s, v’ + Beus)ds> < C.
J=1 (25—1)e(r=1)

We introduce the notation

(2j-1)e(r—1
X = 202 / c(t,ze’+Boy)dt;  Fi =o{c(t,x) + t <2(j—1)e"Y, 2 € R}
2(j—1)er=1)

Since |c(s, z)| < C, we have the bound

XS] < ee” (6.19)
and, moreover,
A5)?2 AL
Eexp(X;) = E<1+A§+%+~--+%> + o(e7h), (6.20)

provided k& > (% + 1). The last term on the right hand side admits the

bound | o (71| < k(g)e?™!, where k is a deterministic function defined
on R, which is such that k(e) — 0, as ¢ — 0. Since the random field
{c(t,z), t > 0,7 € R} is centered, EA5 = 0. Then

(2j—1)e(r=1 (25—1)e(r=1)
E((X5)?) = 46%* / / E(c(t,ze’ + Bovy)c(s, xe° + Bovy))dsdt

2(j—1)e(r=1 2(j—1)e(v—1)

e(r=1) (v—-1)

< ce? / / p(t — s)dtds

0 0
< Ce't;
(6.21)
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For m > 2 we obtain
(2j—-1)e(r=1 (2j—1)e(=1
BOS)™] < cpe™ / . / E(c(ty, 22> + Bavg)) .. cltms 22 + By, ))|dty .. dt

2(j—1)er—1) 2(j~1)elr—D

(2—1)e0 =1 (2j-1)el=D

=cpe™ / e / ‘E(c(tl, zed + Bevy,) H c(t;, zed + Bguti)) ‘dtl .oty
2(j~1)er—D 2(j~1)er-1) =

e(r—1) e(y=1)

< eme™||e(- ) || / / p(2r<r%i<r%1|ti—t1|)dt1...dtm
0 0 o

e(r=1)  (v—1)

<> e /.../p(|ti—t1])dt1...dtm
' 0 0

=2

< ¢ emeDm=1) _ o (1+m=1)y)

(6.22)
Combining (6.20)—(6.22) together gives
Eexp(A5) < 140, (6.23)

Now, letting L = t/(2e7™!), we can estimate the left hand side of (6.18) as
follows
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& Blosp (32 2) B4 [oxp () — Besp ()] | 7.1 }]

=0
Using successfully Proposition 7.2.6 from [5], the obvious inequality

lexp(€) — Eexp(§)]loe < [l exp(§) [l oo,
the bound (6.19), and the fact that v < 1/2, we obtain the inequality
|E{[exp (A\}) — Eexp (\)] | Fi_1}| < ca(e"V)| exp (A7) — Eexp (A7)

< cllexp (AL) | NN, (€77)

< e (D)~ (3+)

L>®

_ e (2-7+6—7)
< et
Finally, we conclude that
L L-1
Eexp ( Z A5) < Eexp (Z AE) (14 D),
=0 =0
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Iterating this inequality, we get after L steps:

L
(+1)
E exp (Z X)) < (1+ 06(7+1))L < (14 c&?(wl))(t/8 e < exp(2ct).
5=0
The contribution of the odd terms can be estimated exactly in the same way,
and the proof is complete. 0

Proposition 6.8. We have that
E((B(gz+ Bl = ¢™)))*) > 0

as € — 0, where
Y= / Ed(r, B,)dr.
0

ProOOF: We have to compute
B((B(g(x+ Bl — ™))" (6.24)
= [ [ ate + Bulohgle + Bu)) ()P P)

— 2¢Eg(x + By) / g(x + By(w))Ee" " “P(dw) + (Eg(x + By))*e™™.
Q

It follows from Proposition 6.3, Proposition 6.4 and Lemma 6.6 that
B 5 e, (6.25)
in [P—probability as € — 0, and
Be¥d T@HYTW) Ly p2n (6.26)

in IP(dw) x IP(dw’)—probability as ¢ — 0. Passing to the limit, as ¢ — 0, on
the right-hand side of (6.24) we arrive at the required assertion. 0

An immediate consequence of the last Proposition is the
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Corollary 6.9. For anyt > 0 and x € R, the limit in probability u(t,z) of
us(t, z) is given by

u(t,z) = E[g(xz + By)]exp (tX),
which 1s a solution of the deterministic parabolic PDE

01,0 = 22
ot 2 922
U(O, )_g( )7 :EEIR'

( ) u( ) — ) ) (6.27)

Proposition 6.10. Under the assumptions of the above results, the collection
{us(t,z), t >0, x € R}esg is tight in C([0,00) x IR).

The proof of this proposition is the object of the next subsection. We
first state a clear consequence of the last two statements

Corollary 6.11. As ¢ — 0, u®(t,z) — u(t,x) in probability, locally uni-
formly in t and x.

6.2 Proof of Proposition 6.10
We begin by proving tightness of the family

{IE [exp(Y;,)], t >0, z € R}

in the topology of locally uniform convergence. This tightness is an imme-
diate consequence of the following two inequalities (see Theorem 20 from
Appendix I in [7]):

Bl (exp(v2) ~ B(esp(V2)| < Onle— 52 (629)

and
5
E)]E exp(Yy,)) — IE(eXp(ny))‘ < Cylz —y[”* (6.29)

for all s, t € [0, N] and x, y € [N, N|, and the estimate

EE(exp(Y,)) <C. (6.30)
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The latter estimate follows from Lemma 6.6.
We first prove inequality (6.28) which is easier.
Without loss of generality we assume that ¢ > s. Then, considering the

evident inequality
e — e’ < (e* + e (a—b), (6.31)

we obtain

E UIE(exp(fo)) — E(exp(YZ,)) ﬂ UIE{ exp(V,) + exp(Y7

" 5/6 30\ 1/6
<B[(Bly, - VL) (B(exp(v,) +exp(v2) ") |

< (P, vl (e o0 ”)

Lemma 6.6 implies that
E [(exp(YE ) + exp(Y;x))?’o] <C (6.32)

with a constant C' that does not depend on e. It follows from Lemma 6.5
that

Combining the last three estimates we obtain (6.28).
We proceed with the proof of (6.29). In this case the proof is more
involved. We have

E(exp(Y;,)) — E(exp(Yy;))

t/e? t/e?

:]E<exp {50/c<s,§+Bs>ds] —exp [s!c(s,g—i—B)ds])

where B, and Bs are two standard Wiener processes.
Let B!, BZ and B2 be three standard independent Wiener processes, and
denote

787 =inf{t > 0 : E+Blt1:y—|—BtQ}

(6.34)
=inf{t >0: —= A B} = B?}.
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We set

By = B! for s < 777Y,
B, = B? for s < 777Y,
By=B,=B}-B%_,+B, , +*% for s > 727,

Then B, and B, are two standard Wiener processes such that £ + B, and
Y + B, coincide for s > 777V,

The next statement is easy to prove using the well-known reflection prin-
ciple

Lemma 6.12. Let {B;, t > 0} be a standard Brownian motion, © € IR and
7, = 1inf{t > 0, B, = x}. Then

2 |z|
P(r, >t) =P(—|z| < By < <4/ ==
(7o > 1) =P(—|z[ < By <[z]) < -
It follows that
P (Tf‘y > |x——2y|> <clz—ylV2 (6.35)
€

Assuming without loss of generality that z—y > 0, we introduce the following
two events and the corresponding indicator functions:

I = {weq: Tg—y>$;y}, IC={weQ:v<i_ Yy

I = Lz, 1o =1y (6.36)

here 1 stands for the indicator function of a set. Letting

Zi = exp(YyS,) — exp(Yy,)

with
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we have

E|E(Z)|

= B|E(I} Z) + EB(I; Z)|°
< 2'B[B( %) + 2 B[B(; )
= Ji+ Jo.

In order to estimate J; we use the inequality

£

B Z)|° < (B ™ [B(17:%)] "

5
<clw -y [B(Z]1F)] T
here we have also used (6.35). This yields, with § = 1/9,

h<ele—)"E ([E(Z]°)]")
< (x—y)* [EE(|1Z:)].
But from Lemma 6.6, there exists C' such that for all € > 0,
B(1z|") < C.
Consequently
Ji <l -yt (6.37)
We proceed with estimating Jo. With the help of (6.31), we obtain
274, < EE(I7]Z;)°)
< BE[I (exp(V,) + exp(V,)) 1Y, - Ve 7]

1/6

< (([(ewtr +owe))]”)) x (BE[En - 751]) "

Again from Lemma 6.6, we conclude that the first factor on the right-hand
side is bounded, uniformly in ¢ :

]EE([(exp(Yt;) + exp(ﬁfy))]go) <c. (6.38)
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Denoting R*(s) = c(s, £ + Bs) — c(s, 2 + B,), for the second factor we get

z—
P

E[IJIY;‘; —ﬁfylﬂ :I;E{(s / Ra(s)ds)ﬁ];

here we have also used the definition of /7. It follows from Lemma 6.5 that

z—
e Y

E{(g / R%s)ds)? < (7YY,

0
This yields, since 2777 < |z — y| on the set I_,

(]EE[];‘Yt:v,e _ }7ty,5|6}>5/6 - c(]E 18(527-;”?/)3})5/6

< Clz — y[**

(6.39)

Combining this bound with (6.38) and then with (6.37), we arrive at (6.29).
From estimates (6.28)—(6.30) we deduce that for any N > 0 there is

Cy > 0 such that
E sup IE exp(Y;,) < Cy. (6.40)

|z|<N,
0<t<N

In exactly the same way one can prove the estimate

E sup IE exp(2Yf,) < Cy. (6.41)
[z| <N,
0<t<N

We can clearly deduce from (6.40)

E sup E{|g(x + eBye2)| exp(YVL) } < Onllgll - (6.42)
ogfgz\;

Furthermore, (6.28)—(6.29) imply (see the proof of Theorem 20 in Appendix
[ from [7])

sup P{ sup |IE{ exp(Y,,) — exp(Y:y)}‘ > 77} — 0, (6.43)

e>0 Q(ZSV
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as § — 0, for any n > 0 and N > 0; here QY stands for the set
Qi = {(t,s,2,y) € [0, NP x [-N,NJ* : |t — s| <0, |z —y| <0}
From (6.43) and (6.41) follows

llm sup Esup |1E{ exp(Y;,) — exp(Y, }’ = 0. (6.44)

—0e>0

Let us first prove the tightness of {u®}.~o for g € C§°(R). It suffices to
prove that

E‘]E(g(x + By) exp(Yfm)) - ]E(g(a: + By) exp(Y, )) ‘5 < Cylt — s|5/2 (6.45)
and
E‘E(g(m + By exp(Y,S,)) — E(g(y + Bi) exp(Y5)) ’5 < Cylz —y|”* (6.46)

for all s, t € [0, N] and z, y € [N, N].

For g € C§°, the inequality (6.45) can be justified in exactly the same
way as we proved (6.28), taking into account the fact that g is uniformly
Lipschitz, and we leave its proof to the reader.

In order to derive the second estimate we recall the definition of 77, I
and I (see (6.34) and (6.36)), let

Z; = (g(x + eBye2) Yy, — gy + eBye2)Yy,),
and rewrite the left-hand side of this estimate as follows

BBz = E|E(IF 2) + B 2)[
< P'E[B(E Z)| + 2Bl 2))
= jl —|'j2-

Using the arguments of the proof of inequality (6.37) we readily obtain
5
Ti < cllgllyeegyle =yl (6.47)

We turn to J, and consider two different cases. Namely, t > |z — y| and
t < |z —y|. In the former case we have I”g(x + €B;).2) = I7 g(x + €By).2).

39



With the help of (6.31) this yields

- € o \\2 v e 3
Fo <EE[L gl (exp(YE,) +exp(VE)) 1V, — Vi, 7]
- 304\ /6
< (B5([lol (w02 + ex3,)] "))
N 5/6
and, by (6.32) and (6.39), we obtain
Tz < cllgl® |o — |2 (6.48)

In the case t < |z — y|, in view of (6.45) we have

Bluf(t,z) — us(t,y)]° < 34(E|u5(t, x) —u(0,2)]> + Elus(0,2) — u(0,y)]°
+ Elu(0,y) — v (t,y)|°)
< O +g(x) — g(y)I° + 7).

Since t < |x — y| and ¢ is smooth, we finally conclude that
Blu(t, ) — u(t,y)” < Cla — y**.

This completes the proof of the tightness of {u°} in the case of a Cj°(IR)
initial function.

As a consequence we deduce the following property of {u®}, in the case
g € C°(IR), by the exact same argument which led us to (6.44). For any
N >0,

limsup Esup |[E{g(z + £By/.2) exp(Yy,) — g(y + £Bye2) exp(Ys,) }| = 0.
=0 >0 oy

(6.49)
It remains to prove that (6.49) holds true for any g € Cy(IR).
We next assume that g € C,(R) and has a compact support. For an

arbitrary v > 0 denote by g, a C§° function such that |g — g,|,.. < v. Then
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by (6.49) and (6.42) we get

lim sup sup E sup ‘IE{g T +eBye2) exp(Yy,) — g(y + eBje2) exp(Y, }|
6—0 >0 QN

< limsup sup E sup ‘]E{( r+ 6Bt/52) — g+ 5Bt/s2)) exp(fo)}‘
0—=0 &>0 oy

+ hm sup Esup ’E{gy T+ eBy.2) exp(Yfr) —g,(y+ eB,).2) exp(sty)H

—0 >0

+ lim sup sup Esup |IE){ (g,, Yy +eBye2) — gy + B e2) ) exp(Y, }|
0—0 >0

<Cyv+0+ CNV = 20Nv.

Since v > 0 is arbitrary, the last relation implies (6.49) for g € Cy(R) with
compact support.

It remains to justify (6.49) for a generic g € C,(R). We will use the
localization arguments based on the following statement.

Lemma 6.13. For any § > 0 and N > 0 there is M = M(6, N) such that
for each g € Cy(R) with supp(g) N [—M, M| =0 the inequality holds
B sup BE{jg(e +eBye)|exp(Vo)} < 0lgll ey
z|<N,
0<t<N

Proof. From (6.41), all we need to do is to estimate

sup  VIE[g2(z + By)].
|| <N,0<t<N

The result follows from the fact that for any n > 0, we can choose M large
enough such that

|2| <N, 0<t<N

]P( sup ]a:+Bt\>M>§fr].

O

Next, for an arbitrary v, representing the function g as ¢ = g,f’N +
gpn With g}y having a compact support and g7, 5 such that supp(g; ) N
[—M(v,N), M(v,N)] = (), one gets in the same way as above

lim sup sup Esup ‘IE{g r+eBye2) exp(Yy,)—g(y+e B, e2) exp( S‘gy)}‘ < Cyv.
0—0 &>0

Since v > 0 is arbitrary, this yields (6.49) for a generic g € Cy(R) and
completes the proof of Proposition 6.10.
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6.3 The case 0 < 20 < «

Without loss of generality we choose & = 1 and 0 < 8 < 1/2. Hence v = 1/2.
We know from Proposition 6.3 that

1 t B,
1/;&$ — _/ C(f7 L)ds’
Ve Jo \e’ &P

converges, as € — 0, in IP-probability weakly under P to the Gaussian law
N(0,t [ ®(u,0)du).
We now note that the r. v. Y;°, can be rewritten as

t/e
Ve, = \/E/ c (s,xa‘ﬁ + B,.a-s) ds.
0

Hence it follows from Lemma 6.6 with v = (1 — /) that

sup E (exp[4Yy,]) < C.

e>0

Consequently, by the same arguments as those in the previous section, we
can show the

Proposition 6.14. As e — 0, u®(t,z) converges in probability, locally uni-
formly in t and x, to u(t,x), which is given by

u(t,z) = Elg(z + By)] exp (1Y),
and solves the deterministic parabolic PDE

ou 10%u
Z(tr) = = > > :
5 (t,x) 5 922 (t,z) + Xu(t,x), t>0, xe€R;

u(0,2) = g(z), = € R,

(6.50)

where X' = [ ®(u,0)du.

6.4 The case =0

In this case, v = /2. Without loss of generality, we restrict ourselves to the
case a = 1.

We will study the limiting behaviour of u® as ¢ — 0 under the following
additional assumption:
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(Ho6) For each s € IR the realizations c(s,y) are a.s. Holder continuous in
y € IR with a deterministic exponent § > 1/3. Moreover,

lc(s, 1) — (s, y2)|] < clyn — 3/2’9,
with a deterministic constant c.

Of course, (Hyun)] is still assumed to be in force.

Proposition 6.3 still applies here. However, it is not sufficiently precise
to be useful in this case. The reason is that the limit of u® will not be
deterministic in this case. Convergence will be only in law, not in probability
or in mean square. Going back to the proof of Proposition 6.8, which is not
valid in the present case, we note that while the limiting law of Y%, (w) is the
same as above, that of (Y, (w), Y=, (w')) will be dramatically different.

Consider the exponent in the above Feynman—Kac formula, written in its
first form. It reads

1 ¢ S ¢
Y;:—/ c(—,x—i—BS)ds:/ We(ds, z + B.),
b \/E 0 € 0 ( )
where

- 1 ¢ S
We(t,x) = %/0 c(;x) ds.
We have the

Proposition 6.15. Under assumptions (H6) and (Hyw), as € — 0,
we—=w

in P-law, as random elements of C(IRy x IR) equipped with the topology of
locally uniform convergence in t and x, where {W(t,z), t > 0, x € R} is a
centered Gaussian process with covariance function given by

EW(t,x)W(t' z")) =t Nt x R(x — 1'),

with

R(z) = /}R B(r, z)dr-
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PrOOF: The convergence of finite dimensional distributions is a direct con-
sequence of the functional Central Limit Theorem for stationary processes
having good enough mixing properties. Namely, according to the state-
ments in [3], Chapter 4, §20, under the assumption (H,,), for any finite
set o1, 2%, ..., 2™ the family

(We(,zh), ..., We(-,2™)}
converges in law, as ¢ — 0, in the space (C([0,T))™, towards a m-dimensional

Wiener process with covariance matrix

o) [e.e]

oij = /E(c(s,xi)c(O,a:j)—f—c(s,xj)c((),xi))ds = /@(s,xi—xj)ds = R(2'—27).

0 —00

The desired result will follow if we prove the tightness of {WW¢ e > 0} in
C(IRy x IR). In order to prove that this family is tight it suffices to show
that there are two numbers v; > 0 and 5 > 2 such that

E[W(s1,91) = We(s2,92) " < C[s1 = 52" + |y1 — v2")

with a constant C' which does not depend on ¢.
It follows from Lemma 6.5 that

52

E<51/2/0<£,y)dt)6 < C(sy—s1)>

S1

Similarly, by (H6) and (H,y,) one has

(e [ (o) =e( L))

s/e

s/e
= 53 0/ Ce (/ E{(C(th?h) - C(tl, y2)> ce (C(tﬁ,yl) — C(t6, yg))}dtl ce dt6
V6T /e

dVir(r
< C53|yl - y2’69 / r(7)
0

(14 r)3+97
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where Vr(r) stands for the volume of the set
T6
ST(T) = {(tl, ce ,tﬁ) S [O, g}

Straightforward computations show that

© max min |t; — ;| <rp.
1<i<6 j#i

T3
Vr(r) < Crgg,
This yields
/ t t 6  r3dr
(e [ (o) L) st [ 7
<5 c 67?/1 & €7y2 = |y1 y2| (1_|_r)4+5
0 0
Since 6 > 1/3, this implies the desired estimate. 0

As we shall see below, the exponent in the Feynman—Kac formula con-
verges towards

/Ot W(ds,z + B,) = /Ot /]RW(ds,y)L(s, y — x)dy,

where again L(t, z) stands for the local time of the process B at time ¢ and
location z.

Let us note that the left hand-side of the last identity can be defined
without any reference to local time. Recall that W and B are independent,
hence it suffices to define the stochastic integral

/ Wids, f(s), 20,
0

Proposition 6.16. To any f € C(IR,), we associate the continuous centered
Gaussian process

(¥ = /0 Wds. £(s)), t > 0}

with the covariance function (t At') R(0), which is, for each t > 0, the limit
in probability as n — oo of the sequence

[t2"]

Y= W2 f(R27) = W((k = 1)27, f(k27)]

k=1
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PROOF: The fact that {Y;”, n > 1} is a Cauchy sequence in L*(P) will follow
from the fact that E(Y;*Y,™) converges to a finite limit as n and m tend to
infinity. This is indeed the case, since for n > m,

[t2m]  g2n—m
B =[t27"2" ) 0 > R(f(k27) — f(27™))
(=1 k=({—1)2n—m

— tR(0),

as n and m tend to infinity, with n > m. The fact that Y; is Gaussian and
centered follows easily, as well as the formula for the covariance. O

Note that the conditional law of Y; = f(f W (ds,z + By), given {Bs, 0 <
s < t} is the law N(0,tR(0)). It does not depend on the realization of
{Bs, 0 < s < t}, in agreement with Proposition 6.3. However, Y; does
depend on {B;, 0 < s < t}. This follows in particular from the fact that if
B and B’ are two trajectories of the Brownian motion,

t t!
E /W(ds,Bs)/ W(ds, B.)
0 0

The uniform integrability here is easy to establish. Indeed, we saw in the
previous section that it is sufficient to prove that the collection of r. v.

tAL

R(B, — B')ds.

{Eexp(2Yy,), € > 0}

is P-tight. Since those are non-—negative random variables, a sufficient con-
dition is that
sup FIE exp(2Y,) < o0

e>0

Y

and we can very well interchange the order of expectation. Now Lemma 6.6
above, in the case v = 2, implies that

sup F | e x—i—B ds| | <C,
e (o[ [ o (Gr)a])

where C' is a finite constant. This is easily seen by making the following
change of variable :

t/n?
T+ B ds = 7]/ c(r,x + B.z,)dr,
AR |
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with n = /e
We can now establish the

Theorem 6.17. Under assumptions (H6) and (Huy) for each (t,z) € Ry X
IR,

Wt ) = u(t,z) = B [g(xg) exp (/Ot /IRW(ds, y)L(s,y — x)dy)}

i P-law, as € — 0.

ProoF: Note that
t
Vi [ [ weds )Ly oy
’ 0o JR
t
=/ Ws(t,y)L(t,y—x)dy—/ / We(s,y)L(ds,y — x)dy
R 0 R

Define the functional ¥, , : [0,{] x R — IR as

t
Wia(p) = {goff) exp ( [ etpiy-aas— [ [ elsnisy - x)dy)] |
R 0o JR
All we have to show is that
u(t,x) = Wy (W) — U, (W)

in P-law, which follows from Proposition 6.15 and uniform integrability, since
v, , is continuous. O

The corresponding limiting SPDE reads (in Stratonovich form)

10%u

u(0,2) = g(z), z€lR.

(t,x)dt + u(t,x) o W(dt,z), t>0,z¢€lR;

We can rewrite this SPDE in [t0 form as follows

10%u
du(t,z) = 5@(

u(0,z) =g(z), z€RR.

1
t,x)dt + §u(t, r)R(0)dt + u(t,z)W(dt,z), t>0,x€IR;
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Let us finally improve the convergence result stated in Theorem 6.17. First
of all, it is not hard to show that this result can be extended to the proof
of the convergence of the finite dimensional distributions of u® towards those
of w. In other words, for all n > 1, all (¢t1,21),...(tn,z,) € Ry x IR,
(u(ty, 1), ..., u(ty, x,)) converges weakly to (u(ty, z1), ..., u(ty, x,)) ase —
0. Finally tightness in C(IR; x IR) of the collection of random fields{u®, ¢ >
0} in easier to prove than in the above sub-sections. Indeed, an imme-
diate adaptation of the proof of Proposition 6.15 yields that the collec-
tion {Y** t > 0,x € IR}.»o, defined on the product probability space
(Qx S, FRA,P x P),is tight in C(R; x R). This, combined with the uni-
form integrability of exp(YX*) and the continuity of g, implies the tightness
of u*. We have proved

Theorem 6.18. Under assumptions (Ho) and (Hyy), as € — 0,

Wt ) = u(t,z) = B [g(xg) exp (/Ot /IRW(ds, y)L(s,y — x)dy)}

in P—law in C(IRy x IR) equipped with the topology of locally uniform con-
vergence in t and x.
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