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RANDOM FRACTALS GENERATED BY A LOCAL GAUSSIAN PROCESS
INDEXED BY A CLASS OF FUNCTIONS

CLAIRE COIFFARD!

Abstract. In this paper, we extend the results of Orey and Taylor [11] relative to random fractals
generated by oscillations of Wiener processes to a multivariate framework. We consider a setup where
Gaussian processes are indexed by classes of functions.

Résumé. Dans cet article, nous généralisons les résultats d’Orey et Taylor [11] sur les fractales
aléatoires générées par les oscillations du processus de Wiener, au cas multivarié. Nous considérons le
cadre général ou les processus Gaussiens sont indexés par des classes de fonctions.
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1. INTRODUCTION

Let {W(t),t € [0,1]} denote a Wiener process. Lévy [8] studied the modulus of continuity of W, and obtained
the following limiting law. We have
W(t+h)—WI(t)

lim su =1, .S. 1.1
hgoogtg%h 2hlog(1/h) P (1)

This result shows that some points of a Brownian path don’t follow the usual law of iterated logarithm. Ac-
cording to this law, for each fixed ¢, € [0, 1],

. W(to + h) — W(to)
1 1, ps 1.2
S T A Toglog B p-s (1.2)

Orey and Taylor [11] introduced the random sets defined, for A € [0, 1], by

Ep = {t € [0,1] : limsup(2h log(1/h))"Y2(W(t + ) — W (1)) > A}.
h|0

For each A > 0 Ej collects the exceptional points in [0, 1] where the law of the iterated logarithm (1.2) fails.
Orey and Taylor [11] showed that, with probability 1, Fx is a random fractal with Hausdorff dimension, given
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by
dim Ey, =1 — A% (1.3)
Recall (see, e.g., Falconer [7]) that the Hausdorfl dimension of E C [0, 1] is defined by

dim F = inf{c > 0: s° — mes(E) = 0} = sup{c > 0: s — mes(F) = oo},
where s¢ — mes(FE) denotes the Hausdorff measure of E, given by

sc—mes(E):%ii%inf{ZWiF:Eg U v Uil gé}. (1.4)

i>1 i>1

We denote by |U;| the diameter of U;, namely, the supremum of the Euclidean distance between two elements of
U;. The infimum in (1.4) is taken over all collections {U; : ¢ > 1} of subsets with diameter |U;| < § for all ¢ > 1
and such that E C (J;~, U;. The identity (1.3) was extended in various directions. In particular, Deheuvels
and Mason [4] and Deheuvels and Lifshits [3] established functional versions of (1.3). Dindar [6] extended this
result to Wiener processes on R2. Our work will rely in part on the approach of Mason [10] where processes are
indexed by class of functions.

The aim of this paper is to provide a largely extended version of (1.1) and (1.3) in the framework of multipa-
rameter Gaussian processes, indexed by classes of functions. We start by giving some notation which is needed
for the statement of our results.

We consider a class F of bounded functions on I¢ = [0,1]?. We denote by || f|| the sup-norm of the function
f € F. Let | - |2 denote the usual Euclidean norm on R?. Assume that the class JF satisfies :

Fi. limyy|,—oSuper fra(f(X) — f(x +w))%dx = 0,

Fii. imy_supser [pa(f(x) — f(Ax))2dx = 0,

F.ii. foreach A >1,z€ R? and f € F, f(z— \) € F,

F.iv. Fis a VC-subgraph class,

F.v. F is pointwise measurable class. That is, there exists a countable subclass Fy of F such that for each

function f € F , there exists a sequence of functions {f,,} € Fo such that f,,(z) — f(2),z € R .

A collection of measurable functions F on a sample space X is called a VC-subgraph class if the collection
of all subgraphs of the functions in F forms a VC-class of sets in X x R. For a definition of a VC-class or
Vapnik- Cernonenkis class, we refer to p.141 in Van der Vaart and Wellner [14]. A VC-class satisfies an entropy
condition, of the following type. For each & > 0, the covering number N(e,F,| -|) is the minimal number of
balls {g : |lg— f|| < ¢} of radius € needed to cover the set F. For some A > 0, the covering number N (e, F, | -|)
of a VC-class F grows polynomially in A/e as e | 0.

The multivariate local Gaussian process at z € R?, indexed by f € F, is defined by
7 —
Witz )= [ 1% ) v, (15)

where W (z),z € R? denotes a standard Wiener process with d parameters in R?. We set

W (h,z; f) fRd f(h=Y4(z — u))dW(u).

@h,z(f) = 5% log(l/h) 2hlog(1/h)

We define an inner product of fi, fo € F by setting

(fi,f2)r / fi(w) f2(u
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Let Go(F) be the Hilbert subspace of Ly(F) spanned by F. For each ¢ € G2(F), we denote by ©,, the functional
Oy (f) = [;4 f(u)p(u)du. For each A € [0,1], we set

Ha = {04(). f € F.p € Go(F) with /

% (u)du < A2}. (1.7)
Id

Let £+ (F) denote the class of bounded functions on F, endowed with the sup-norm || - || #. For any ¥ € H; and
e >0, set

Be(9) ={¢ € loo(F) : [[¥ = I 7 <} (1.8)
Finally, for any € > 0, we set

HT = {1 € loo(F) : ﬁien%ftl I — Iz <e}.

The following result gives a uniform functional law of the logarithm for local Gaussian processes indexed by a
class of functions.

Theorem A. Let J be a compact subset of R with nonempty interior. Suppose that (F.i-v) hold, and set for
7 >0,

et =10+
Then, with probability 1,

(a) for each e > 0, there exists a § such that, for all0 <h <4, {Op,:z € J} C Hj,
(b) for each ¥ € Hy and € > 0, there exists a k(U,e) such that for all k > k(9,¢), there exists a zy, € J such
that Op, 2, € B.(9).

Proof. The proof of this theorem is given in Mason [9]. O
Now for each ¢ € Go(F), following the lines of Orey and Taylor [11], we consider the set of points defined by
L(O,) = {z € I* liminf [0, — O 5 = 0}. (1.9)

This set collects the points of I? where O}, 5 is infinitely often in a neighborhood of the function ©,. Set

further, for A >0

Ly = U {L(@w),@w € Hy,p€ Gz(f),/ ©*(u)du > A2}. (1.10)

Id

Our main result, stated in the following theorem, evaluates the Hausdorff dimensions of L(©,) and Lj.

Theorem 1.1. Assume that F fulfills F.i-v, and let ¢ € Go(F) be such that

/ ©*(u)du < 1.
Id

Then for each A € [0,1], the sets L(Oy) and La are almost surely everywhere dense in I and satisfy

dim L(9,) = d(l - / <p2(u)du) and dim Ly = d(1 — A?). (1.11)

Ja

The proof of Theorem 1.1 is based on an adaptation of the arguments of Deheuvels and Mason [5] and Deheuvels
and Lifshits [3] and is given in section 2.
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2. PrROOF OF THEOREM 1.1

Let the assumptions of Theorem 1.1 be in force. The proof of (1.11) reduces to show that with probability
1, forall 0 <A <1,
dim Ly < d(1 — A?), (2.1)
and, for all ©, € H; and ¢ € G2(F),

dim L(©,,) > d(l - /

. 7 (u)du). (2.2)

To establish (2.1) and (2.2) we will need the preliminary facts given in the next section. In Section 2.2 we will
establish (2.1) and in Section 2.3 we will provide a proof for (2.2).

2.1. Preliminary facts

Fact 2.1 below is a generalization of the well-known result of Schilder [12] relative to large deviations. For
any ¥ € oo (F), we set

00 otherwise.

() = { 3 14 € (u)du when ¥(f) = (f, &)1, for some & € Go(F),

Also, for any subset B C £ (F), we set
I(B) = inf{I(¥)) : ¢ € B}.

Fact 2.1. Let F be a class of functions fulfilling Fi-Fii, and let {wy : k > 1} be a sequence of constants such
that @y — 0 when k — oco. Set g, = (2log(1/wy)) L, for k=0,1,.... Then,

(i) for each closed subset F of loo(F)

limsup ey log P{Oy, . € F} < —I(F), (2.3)

k—oo

(ii) for each open subset G of Lo (F)

likm inf ey log P{O, . € G} > —I(G). (2.4)

Proof. It follows readily from Theorem 5.2 in Arcones [1]. (This same method is used for the proof of Proposition
1 in Mason [10].) O

The next fact will be instrumental in the proof of (2.2).
Fact 2.2. Let A C I? be such that A = oo_y Em, where By O Ey O ... and E,, = UQ/[:’{ I ks, With {Jm i :
1 <k < M,,} being for each m > 1, a collection of disjoint hypercubes of R?, such that maxi<g<,, |IJm.k] — 0

and M,, — oo as m — oo. Then, whenever there exist two constants A > 0 and § > 0 such that, for every
hypercube J C I with |J| < A, there is a constant m(J) such that for all m > m(J)

My (J) = #{Imp CJ 1 <k < My} <8|J|°M,y,, (2.5)

we have s¢ —mes(A) > 0.
Proof. See, e.g., Lemma 2.2 of Orey and Taylor [11]. O

The next fact gives a useful property of the binomial distribution.
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Fact 2.3. Let Sy follow a binomial distribution with parameters N and p. Then, for all r € [1,00],
P(Sy > Nrp) < exp(—Nph(r)), (2.6)

and for all v € [0,1],
P(Sy < Nrp) < exp(—Nph(r)), (2.7)

where h s the Chernoff function associated with the standard Poisson process and defined by
rlogr —r+1 forr >0,
h(r)=141 forr =0,
00 otherwise.
Proof. The proof of (2.6) and (2.7) is based on Markov inequalities (See, e.g., Chernoff [2]). This result is in
Lemma 3.8 of Deheuvels and Mason [5]). O
2.2. Upper bounds

In this part, we establish (2.1). Actually, it is sufficient to show the result for 0 < A < 1. Indeed, if A; < Ao,
Ly, C Lp, and by the properties of the Hausdorff dimension, dim Ly, < dimLy,. So, for all 0 < A < 1,
dim L; < d(1 — A?). Since A € (0,1) is arbitrary, dim L; = 0. The inequality dim Ly < d is trivial, and so, it is
enough to prove (2.1) for 0 < A < 1.

In order to establish (2.1), we must first fix some notation. Set

Lp+ = U {L(Gw), O, € Hi,p € Gz(f),/ <,02(u)du > AQ}. (2.8)

Id

Remember that for every set G, the neighborhood of G in ¢, (F) is defined by
= loo(F) : inf |[¢ — 0 .
G° =1{¢ € lo(¥F) : Inf [l¢ —Illr <e}

We set

L(h,e,A\) = {z € I?: 0, ¢ H3}, (2.9)
and

L(g,\) ={zecI?:0,, ¢ H5 io }. (2.10)
We can see that for all A > 0 and for all integer my > 1, we have

La+ C G L(1/m, A).

m=mg

Therefore, in order to establish (2.1), it is enough to show that for all 0 < A < 1 and € > 0,
4107 _ mes(L(e,A)) < 0. (2.11)

The following lemma will be crucial to control the oscillations between two points. For f € F, consider the
process

V() = [ s,

Notice that for fi, fo € F, the usual pseudo metric between f; and f5 is defined by

p(f1.f2) = VEY (f1) = Y(f2))? = \//Rd (fi = f2)*(u)du.
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Lemma 2.4. There exists a function ¥(8) of § > 0, fulfilling 1(6) — 0 as § | 0, and such that

lim sup sup w

=) as
RIO - p(f1,f2)<V6h 2hlog(1/h)

Proof. See, e.g., Mason [9].
0

Remember that | - | stands for the Euclidean norm. By F.i-ii, there exists a function A(d), 6 > 0, such that

glir(l) A(0) = (2.12)
sup sup / (f(x) — f(x+w))%dx < A(9). (2.13)
FEF |w|2<6 JRE
sup  sup (f(x) — f(Ax))%dx < A(9). (2.14)

FEF1-6<A<1+45 JR

The following lemma will be needed to apply Lemma 2.4 in our proofs.

Lemma 2.5. For all0 < < 1, and t,t' € I¢ and h,h' > 0,

sup  sup  E(W(h,t; f) — W(h,t'; f))? < A(6)h. (2.15)

FEF |t—t/|2<sh1/4

and

sup sup EW (h,t; f) — W, t; £))2 < A(S)h. (2.16)
JEF (1-8)4<h/h/ <(1+6)4

Proof. We start with (2.15). Observe that
E(W(h,t: ) = W(h,t'; ) A;f mm (i;f)mv )
/ ()~ ()]
o - s S
Since |h=1/4(t" — t)]y < &, we infer (2.15) from (2.13). The proof of (2.16) is very similar, since
EUVUme)—MKthfD2=:4dV(%%;)—f(zgm>}du
—n [ (#60) = £(/1) 1 ax
R

Given this relation, we infer (2.16) from (2.14) in order to obtain (2.16). O
Denote by |z] <2 < |z]| + 1 the integer part of z. For v > 0, set

= [+, k=12, (2.17)

and for some integer K > 1 and for every k > 1, set

Tk(ir,K) =

for0<i, < Kypand 1 <r <d.
Vg
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In the multivariate framework, we use the notation i = (i1, ...,%4) and we set
Tk(i,K) = (Tk(il,K), SPEN ,Tk(id,K)).

Finally, we also set

2
Liyigk(5 ) = 1{01 1t i) £ HY (2.18)
d 7k (ir—1,K) 7k(ir+1,K) . ) ] o
Iil,...,id.k(f) _ Her { k - , Tk N { if Il“’m,lmk(s,A) =1, (2.19)
’ (%] otherwise.

Lemma 2.6. For all K > 1 large enough, there exists almost surely an N < oo such that for all k > N,

Vi(e, A) == U Lhe M) | o U Tias(e), (2.20)

1/Vg§h<1/,/;€1_1 0<11 <Ky 0<ig <Ky

Proof. Let t € Ul/ug§h<1/u,§71 L(h,e,A). Then, Oy, ¢ H5 for some h € [1/vd,1/v [, which means that for
any O, € Ha,
|©ht — Oul|F > ¢ for some h € [1/vd,1/vi_|].

We choose i = (i1, .. ., i4) such that t € []7_, | Zl—LK) T’“(ii}%l’K)

N . Therefore, by triangular inequality,
19108 7.6,5) = Opllx = [|Ont = Opll7 = Ont — Onri, i) lF7 — 1Oh, 7 (1.56) = O1 /vt (i) | 7- (2.21)

We first bound the term [|©pt — O -, (i, k)|l Recalling (2.19), we see that

By applying Lemma 2.5 to § = 2/ K, we get

. 2
sup BV (ht: ) = W (h 70 K): ))* < A( )1/

Notice that the function b(h) = \/2hlog(1/h) is increasing for 0 < h < e~!. We infer from Lemma 2.4 that for
some 1/vd < h < 1/vl |, there exists a function 1(8) of § > 0, such that (5) — 0 as § | 0, and

(W(h, t; ) = W(h, 7. (i, K); )] Y (f1) = Y(f>)]

lim sup sup = lim sup sup
k—oo fEF 2hlog(1/h) k=00 ot o)< /ALy 7 2hlog(1/h)
Y -Y 2
K200 (1 f2) </ AR T 4205, @ log(v)
Then, for all K > 1 large enough, there exists almost surely an N < oo such that for all £k > N,
1Ot = Onrei,i) |7 < €/4- (2.22)

We next provide an upper bound for [©, 7, (i) = ©1 /a0 7, (1,5 | 7-
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Recall that 1/1/,‘3 <h< 1/1/,‘3_1. Thus, using (2.16) in Lemma 2.5, and Lemma 2.4, we find that for K > 1
large enough, there exists almost surely an N < oo such that for all £ > N,

1Oh,mi(i,5) = O1/wd m (i 10) |7 < €/4- (2.23)
Next, we infer from (2.21), (2.22) and (2.23) that
1910 7, .5) = Opllr = €/2. (2.24)
Finally, (2.18) and (2.24) jointly imply (2.20). d
We now turn to the proof of (2.1). For all A € (0,1) we have

Kl/k Kl/k

2 2 2
sd(liA ) — meS(Vk(s’A)) < Z T Z ([(viyk)d(lilx )]111 ..... id,k(g,A)a

11=0 i1q=0

and so

§d(1-0%) _ mes(Lp+) < Z {sd(l_Az) - mes(Vk(E,A))}
k>1
KVk KVk

2 A2
SN ) T k(e ),
k>1i1=0  ig=0 K
We set Sy = foiko B o aan (g, A). To establish (2.1), it is enough to show that

=0
Kuyy Ky 9 d(1-A?)
{Z s (Kyk> 1i1,...,id,k(s,A>}

i1=0 i1q=0

) 9 d(1—-A?)
< ES . 2.25
- /; (KVk> b (2.25)

>k

k=1

Observe that

Kl/k Kl/k

ESk = Z Z PO/t i,5) ¢ HT\/Q)

i1=0 iq=0

= (Kvg + 1)*P(O 1 juye0 & M),

with 0 = (0,...,0). We now use Fact 2.1, with @y, = (1/v})? and F = (o (F) — Hf\/2. Obviously, for p > 0,
21(F) > A% + p. We therefore obtain

ESy < (Kv + 1)% exp{—2dlog v (A% + p)/2}

< (Kup 4 1)dp; 405 +0),

Thus,

Kl/k
We have shown that (2.25), and hence (2.1), holds.

9 d(1—A?) » i
( ) ESk = (14 0(1))v, = (1+o(1))(1 +~)~".
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2.3. Lower bounds

In this section, we will establish that for every ©, € H; associated with a function ¢ € Ga(F) such that
0 <A = [l.¢*(u)du <1,

dim L(0,) > d(l - / <p2(u)du>. (2.26)
Id
First we will discuss some consequences of this property. Let A € (0,1). By choosing A = A € (0,1) and taking
¢(u) = A for u € I, the obvious inclusion L(0,) C L, implies that

dim L > d(1 — A?) for each A € (0,1). (2.27)

We next suppose that (2.27) holds. It is obvious that dim L; > 0 and according to the properties of the
Hausdorff dimension,

dim Ly = dim U Ly m = sup dim Ly /,,, = sup (1 — m=2) =1.
m>1 mz1 mz1

Thus, to prove that (1.11) holds for each A € [0, 1], it is enough to efstablish (2.26), for all 0 < A < 1.

For this purpose, we will apply Fact 2.2, taking for A a suitable subset of L(©,) and ¢ = d(1 — A\? — ) with
1 > 0 small enough. In the following, our attention will be devoted to the construction of A. We will require
some additional notation. Let {hy : K > 1} be a sequence of constants verifying

H1) hk—>0,khz—>ooand0<hk <1,

H2) for all 0 < ¢ < 1, 3277 | hy ' exp{—h; /2} is a convergent series.

For all k > 1, we set myg = [(hy/) 1| and tx(3) = (tx(i1), . .., tr(ia)) = (irhy/?, ... ighi/®). We define for all
€>0,p€Go(F)and k> 1,

Wio(2) = { (t600);- tk(0)) 1 it <

(2.28)
1©n1.00) — Ollx < €.
and
Up.o(e) = {t €[0,1/2)%: |On, ¢ — Ol F < g}. (2.29)
The e—neighborhood of a measurable set V C I?, for € > 0, is defined by
d
N(e, V) = U H(mr —e, 2 +e). (2.30)

For any t € I¢, we can choose i in order to minimize |t;(i) — t|. Before the construction of A, we show a few
lemmas.

Lemma 2.7. For any e € (0,1) and 6 = 0(c) < 1 satisfying (df) < e, there exists almost surely a ko(e,0)

such that, for all k > ko(e,0),
N(Ohi, Wp(€)) C U, (2€). (2.31)
Proof. Let t,(i) = (tx(i1),...,tk(iq)) € Wio(e) and t = (t1,...tq) € [0, 1/2]% be such that for each 1 < r < d,

we have |t (iy) — t,| < thle/d. The triangle inequality entails that

1Ont — Opllx < 1Ohit — Onyte ) l7 + [On4 1) — Opll 7
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Using Lemmas 2.4 and 2.5, we conclude that for any & > 0, there exists ko(g) such that for every k > ko(e)
H(ahlmt - ghk,tk(i)H}' < (db).

So,
[©n,t — OullF < 2e.

The conclusion of the lemma is therefore immediate. O

For every measurable set £ C I d, we set

mk(E) = #{(7’177111) :0 S ily-"aid S mg,

d (2.32)
HW%%M%+M§E}

r=1

and, remembering (1.6)

Nio(e) = #{(il,...Jd) 1 <iy, ... ig < g,

(2.33)
1©n.00) — Opllr <.
For every measurable set E C I¢ we define Ny, (e, E) to be
Nk,(p(é‘;E) = #{(il,...,id) 01 S il,...,id S mig;
(2.34)
(th(in), - (i) € B, 1Oy ) — Ol < £}
Finally, for every 0 < ¢1,...,1q9 < my, we set
Xirroiia = HOny 1) — Opll7 < e} (2.35)

Observe that these variables are independent and identically distributed Bernouilli random variables with prob-

ability of success
pr(e) :=P(Xo =1) ZP(H@hk70—®Lp||_7:<€). (2.36)
The following lemma provides an evaluation of this probability.

Lemma 2.8. For all § € (0,\?), there exist 0 < §' < 6, g9 = €¢(6) > 0 and a ki(¢,8) > 1 such that for each
e € (0,e0] and k > ki(e,0), we have
pe(e) = h) 0 = (2.37)
Proof. We set
NA(Oy) = {2 € lalF) ¢ |2~ Ol < c}. (2.39)
Recall the definition (1.6) of Oy, +, ) and (2.36). Observe that

pr(e) = P(@hk,o € Ne((aso))'

Setting G = N.(©,,), which is an open set of {o(F), we apply Fact 2.1 (ii), with @ = hy. We obtain then for
all k large enough,

pr(e) = exp{—e; ' I(N(0,))} > exp{—2log(h; ") I(N-(8,))}-
But, I(N:(0,)) < I(0,) = A?/2. Thus, for any fixed § > 0, there exists an £9(6) > 0 such that for each
g € (0,e0(8)], A2 = § < 2I(N:(0,)) < A% It follows that (2.37) holds choosing &’ € (0, \* — 2I(N-(0,))). O
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Let E be an union of disjoint hypercubes of Lebesgue measure vol(E) greater than S > 3%h;. Then we have

vol(E) 2h)/"\ " vol(E) vol(E)
— < — < . .
3ahy, (1 S1/d hi mi(B) < hi (2:39)

IN

Lemma 2.9. Let ¢ € (0,2) where ¢ is as in Lemma 2.8 and let § € (0,1 — \2) be fized. For any o € (0,1)
there exists almost surely a ko(e,0,0) > 1 such that, for all k > ka(e,0,0), we have

|Nk (e, ) — mp(E)pr(e)| < omi(E)pr(e), (2.40)

where E is an union of disjoint hypercubes of Lebesgue measure vol(E) greater than h’1€—>\2—6

Proof. Since Ny ,(e,.) and my(.) are additive set functions, it suffices to prove (2.40) when E is a hypercube
of I? with Lebesgue measure greater than h};)‘%‘;.
Fix ¢’ and ¢’ such that 0 < ¢’ < o and 0 < ¢’ < 4. We next prove that it is enough to prove the lemma when
E = J is a hypercube of the form
d
H[tk(ir)v tk(ir + l(k))),

r=1

for some 0 < 41,...,4q < 2myg, and with I(k) := Lh;()‘ZHl)/dJ. To see this, assume that (2.40) is satisfied for

E=J 0=0 and § =9§. Let K(k) := Lhi/_‘sj. From (H1), we can choose k(d,0) < oo such that, for all
k > k(d,0), we have

3 < K(k), (2.41)
3%hy, < 10, (2.42)
d
~ ) 1+4/(K (k) —2)
(1+0){ SR } < (1+40), (2.43)

and
d

1— Qh()\2+6')/d
k (2.44)

1_"§(1_J/){1+4/(K(k)—2)

For all k£ > 1, we have

vol(E)t/4 J

k

Observe that K > K (k) — co. For k > k(d, ), there exist (K + 2)? disjoint hypercubes Jy, ..., J(K42ya of the
form Hle[tk(i,«),tk(ir + (k))] such that

(K—2)¢ (K+42)?
U #wcec J 7
=1 =1

Given the form of the hypercubes J;, we see that vol(J;) = (1+ 0(1))h,1;)‘275,. Moreover, we have the following
inequalities.

(K —2)%0l(Jy) < vol(E) < (K + 2)%vol(.J1).
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Hence, applying (2.39) and Lemma 2.9 for E = Jy, it follows that, for all k large enough,

(K+2)d (K+2)¢
thp g, E Z qu: £, Je ( ){ Z mk(Je)}pk(E)
=1

< (K +2)4(1 + o")vol(J1)hy, pr(e)

(K + 2)d / -1
<—>20( I(E ,
< Gl 1+ o wal(BE i)

Lty o
< (1 + o)muy(E)pr(e). (2.45)
A similar argument shows that
(K 2)¢

Ni.o(e, E) Z Nio(e,Je) = (K = 2) Ny (J1)

A3+5")/d
(1 — 2p M (e)

- , VOl(E)
K2,

/ _ o (WHe1/d d
> (10){112:}{42} mi(E)pi(c)
> (1 = o)mi(E)pr(e). (2.46)

( 2h (A2 45 )/d) pk(E)

We obtain that it suffices to show the lemma when F is a hypercube J of the form

d
J = ] ltr(ir), t (i + €(k))] with 0 < i, < 2my and 1 <7 < d. (2.47)
r=1
Note here that the total number of hypercubes of this form is bounded above by h,:l. For all £ > 1, we set

Qr = P(Ny(e,J) > 11,1) where 11 = (1 + o')mp(J)pr(e). We now apply Fact 2.3 for Sy = Ny (e, J),
N =my(J), p=pir(e) and r = (1 + ¢’). We obtain for k sufficiently large,

Q. < exp{—my(J)pr(e)h(1 +o')}.

Moreover, for k large enough, we have

d
N> vol(.J)!/4 o h_kz_é,
m(J) = P BT

Thus, applying Lemma 2.8, we see that for k large enough,

_ _ 1.
hi Qi < hictexp{— g hi " h(1+ ")}
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We use (H2) to obtain Y -, h;le < oo. Therefore, the Borel-Cantelli lemma implies that with probability
1, for all k£ sufficiently large, we have

Nio(e,J) < (1 + " )ymi(J)pi(e).

Define likewise Ry = P(N (e, J) < ri2) where 74,2 = (1 — 0')my(J)pi(e). By a similar argument, we show
that with probability 1, for all k sufficiently large,

Nio(e,J) > (1 = o")ymi(J)pi(e).
Finally, (2.40) is proved for any hypercube of the form (2.47). This concludes the proof of Lemma 2.9. O

We shall now prove the existence of a sequence of sets E7, Fo, ... fulfilling the assumptions of Fact 2.2 and such
that A = (°_, B C L(O,). Let see the steps needed for the construction of these sets. In a first step, we
establish the existence of this sequence via an induction argument. In a second step, we show that {E,, : m > 1}
satisfies (2.5). Finally, in a last step, we apply the Fact 2.2 to establish (2.2).

STEP 1: EXISTENCE OF E,,. We choose two sequences of nonnegative constants {o,, : m > 1} and
{5m :m > 1} such that
(1i) 0 < oy < 1/2, for any m > 1,

(1) [I2 (1 +00)?/(1 = 0i)* < 2,

(1iii) 50—0 O >0, foranym>1

(liv) Yoo 1 6m < 77/3 < #min(A?,1—A?).
We select two decreasing sequences of positive constants {e,, : m > 1} and {,, : m > 1} such that

(21) e1 < 1,em 1 0, &1 < I,

(2ii) 0,, < (1/2)e2,,

(2ii1) (14 20,_1) 20N —28m1) < Lom

= 1+1/20m°
: d(1-22—2A,,_1) 14+0m
(2iv) 3 VS me,

For further use, we choose ka(em,0m,0m) > ki1(€m,dm > ko(ém) as in Lemmas 2.7, 2.8 and 2.9. We set
A, =Y ;o 0. Observe that for every m > 1,

1
A, < 6 min(A\?, 1 — \?),

and 0 < 0,, < A,, < 1. The construction of the sets F,, relies on an inductive argument. That is to say that
given E,,_1 and {M,,_1, km—1, EX,_1}, we evaluate E,, and {M,,, km, E},}. The constants M,, 1, kmy—1 and
the sets E,_; are defined below.
We set
ko=1, Lo=1, My=1, (2.48)

and, for every m > 1,
L1 — Ly,. (2.49)
We choose k., a positive integer such that the following conditions are verified.

(31) kpy, > max{k,,— 1,k2(5m,0m, m)}s

(3ii 3dL < 3t/ < (N ey

)

(3i) Lg, /(Lo 1) <1/1d+ (1/2)om,
)
) 2

m—1 —

Li = 0pnhy/?  and L

(3iv) 1= om < (1 - 722,
3v) 2—tm < 9d for m > 2,
( > i

lc

m—1
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(3vi) 2(1 —3~4)~dhim < 02 for any m > 1,

(3vii) 6h) < 0% My,_1(LE, )7, for m > 1.

By (H1), we can choose ky, such that (3i-3vii) hold. Now, for every m > 1, given k, and {M,—1,km—1,E%_1},
we define the sets E,,, £, and the positive integer M,,. We set

d
B = U H [tkm (iT)v tkm, (7'7’) + Lm]7 (250)

1<iy,..,ir-<mg,, r=
(o (31) 505ty (80)) EWhepyy o (Em )NE, 4

—

with EO = Id

d
E:n = U H [tknz (ir)7tl~cm (7/7") + L;fn]v (2'51)

1<iy, o yir <mg,,
(o (11) 55 thoyy, (1)) EWhyy o (Em )N E, 4

with Eg = [0, L§]?. Recalling (2.34), we set My = 1 and for all m > 1

M, = Nk1,L7LP<Em,E7271) = #{(il, R ,id) i, tg=1,...,my,

) . . 2.52
(tn(02). -y (1) € Wi plE) 0 Bt ). (252
It is obvious that for all m > 0, E,, (resp. EJ,) is an union of M, hypercubes of Lebesgue measure L,, (resp.
L?,), which will be denoted by J,, ¢ (resp. J} ,) for £ =1,..., M,,. Moreover, these hypercubes are disjoint

m,

since tg, (ir) + Ly < tk,, (i + 1) and ty,, (i) + LS, < tg, (ir + 1) by (3ii). We have for m >0

My, M,
Ep=|JJme and Ej,={]J5, (2.53)
=1 =1
By construction,
E,CE, and E;, CE; ;. (2.54)

To prove that the induction process involved in the construction of the sets E,, carries from stage m — 1 to
stage m, we need to verify that M, > 1 for any m > 1. This is shown with the help of the lemma below.

Lemma 2.10. We have My(L$)? > (1 — 374, Moreover, if M,,_1 > 1 for m > 1, then
My (L3) > by o, (2.55)
Proof. (2.48) and (3ii) imply that
Mo(Lg)* = (Lg)? = (Lo — L1)* = (Lo —37Lg)? = (1 =379~
Assume that {My, hy, Ex, E; } have been defined for all £ € {0,...,m — 1}, and that M,,_1 > 1. We apply

Lemma 2.9 for § = 0,p, 0 = 0, E = Ef,_1. vol(E},_{) = M,_1(L},_)* > (L},_1)% > h,lc;/\Qfé’" using (3ii).
Recalling (2.52), one obtains :

M,
1—0, < " <1l4o,. 2.56
M By )P ) (259
We may also apply (2.39) with k& = k,, and S = (L¥,_;)¢, to have
20/ \ dvol(E*,_,) vol(EX )
1-— m m—r < E? < — 2.
) TR S (i) < (2:57)

m—1 m m
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By (3iv), we see that
_ my,, (B, _1) -1
1—oph !t < —Fm ol < p -t 2.58
( ) km m—l(L;knfl)d km ( )
Using now Lemma 2.8, for k = ky,, 8’ = 6., and € = ¢,,,, we get

Wy, < hR 0 < i (Em)- (2.59)

By (2.56) and (2.58), we have

2
(1- Jm)2hl;1+>\ <(1- Um)th;ipkm (em)
Mm mg,, (E';knfl ( )
m\Em
= e (B )Pk (Em) M1 (L, )77

M,

S 2.60
T My (L, )Y (2.60)

By (1i), notice that for all m > 1, the inequalities 1/2 <1 — 0,,41 and 1 4 0,41 < 3/2 hold. Then, we get

1

1/6 <(1—0p)*—-—. 2.61
6 (10— (261)
These inequalities when combined with (3iii) imply that
L a * dpA?
éemMm—l(mel) ko
(1—0m)® dj —14+A2 d
e M1 (L, 1) hy T Ry, 0
= (1+Jm+1) 1( m 1) km km Ym
< M,,—— L% < M,, (L)% 2.62
We infer from (3vii) that
M (LE) > R o, (2.63)
This completes the proof of Lemma 2.10. (]

We now apply Lemma 2.10, to prove that M,, > 1 for all m > 1. By (1liv), we easily see that A\ — 1 + §,, <
—2/3(1 — M%) < 0. Next, by (2ii), 6,, < (1/2)e2, < 1/2. So, L}, < L, < h}gfj/z. We use Lemma 2.10 to see
that M,, > 2dh,:7:+>‘2+5’" > 2dh,;j(l_)‘2)/3. This last inequality, combined with (H1) and hy, < 1 jointly imply
that M, > 2% > 1.

This last property establishes the existence of {My,, km, Em, E5 }, for all m > 0.

STEP 2 : PROPERTIES OF E,,. In this step, we prove the existence of the constants ¢, d, and A such that the
inequality (2.5) of Fact 2.2 is verified for any hypercube J C I with |J| < A. We see, remembering (2.5) and
(2.34), that for any hypercube .J C I¢ and for m > 1

My (J) < Ny o (€ms J). (2.64)

We have to distinguish several cases, depending on the nature of the hypercube J C I%.
Case 1.: for some m > 1, J C J,,_14,, for some ¢y € {1,...,M;,_1},
Case 2.: for some m > 1, J N Jy—14, # @, for some &y € {1,..., Mp_1},
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Case 3.: forsome m > 1, JNJp_10 =, V0 € {1,..., My_1}.

Case 1. For m > 1, assume that J C J,,_1,4, where ¢y € {1,...,M,,_1}. Three possibilities have to be
considered.

Possibility 1a.  Assume that vol(J) > h,lc;’\_ém (This is possible by (3ii)). We may apply Lemma 2.9, with
0=0m,0=0m, E=J, and k = k,;,, combined with (2.39) and (2.64), to obtain

M (J) < (14 om)hy,  vol(J)pi,, (Em)- (2.65)

When m > 2, we have

vol(J) < vol(Jm-1k,) = Lip 1 = 05, 1,y < I

m—1 m—1"°

Then, using Lemma 2.10, we get
2
My 1 (L) > himff"‘*l > vol(J)N Fom-1

Next, (2.59) and (2.60) jointly imply that

My (J) My 1 (LE,_1)? 1
= e ) g e
T ;kipkm 50 b ol pe ()
- (11j;:)2vol(J) Mm—l(lLfn_l)d
< mvel(J>1_v_(sml (2.66)
< mdd/2(1A26ml)|Jdd)\2déml7 (2.67)

where |A| is the diameter of A (see p.2). When m = 1, we know that My(L§)? > (1 — 379)4, therefore,

M- 1
71\14“ ) <n _3*d)*d7(1 +"1)2v01(J)
1 — 01
—dv—gq L+o1
§(1_3 d) dmd d/2‘J|d
g 140 _ 2
< (1 —3 d) d(1 — 0_11)2d d/2‘J|d(1 A )

Possibility 1b. Consider the possibility where
(O )4 /2 < vol(J) < hE X =0m,

In this case, it is always possible to choose a hypercube .J, such that J C J' C I? with vol(J') = h,lv;’\zf‘s"".
Then, it is easy to see that h,lcfnd < 01(2vol(J))Y/? and therefore,

h]lv;)ﬁf%m < 29;1%01((])142726,”_ (2.68)
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For any m > 2, apply (2.67) with the formal replacement of J by J’. This combined with (2.68) and (3v),
implies

Mun(J) _ Mp(J) 14 0m s
< < 1 h m—1
My = My~ (I=0n)? SRLT
l+om 1=A2 =60 = A =01
- (]_ _ o-m)2 km km—1
Om
L+om 132 95, Dy
- (1 _ Um)2 km hA2+6m,1
km—1
5
L+om LA2—98 0—d__ ha
S g, e vold) B v
(1—om) hknk1 !
1+om
< ol
o,
< (11 + Unz)2 d—d/2(1—)\2—26m)|J‘d—d>\2—2d6m. (2.69)
o

For m = 1, applying the same result, with the formal replacement of J by J’, and with (3vi), we obtain

<(1- S*d)*d(ffiff)zhifv_‘”
<(1- 3“1)“1%291‘ Hvol(J)! A 20
< id_d/Q(l—)\z—Qél)|J|d—dk2—2d61' (2.70)

T (1-01)2

Possibility 1c. Finally, suppose that vol(J) < (Hmh,lﬁ/nd)d/l Recalling that for every £ = 1,..., M,,, we have
vol(Jpm ) = (Hmhllc{nd)d. Then, for any m > 1,

= 0. (2.71)

In view of the results obtained for all possibilities of the Case 1, we conclude that for any J C I¢ verifying
IC Jm—14,, for by € {1,..., M,,_1}, we have the inequalities :

My (J) 14+01  _gra-x2_ _dNZ_

< d /2(1 A 251) J d—d\“—2dd, 272
My S (—o0) 1l : (2.72)
M, (J) < 1+om d—d/2(1—>\2725m)|J|d7d)\272d6m for m > 2. (2.73)

M, ~— (1—o0p,)?
Case 2. We now consider the case where J is not necessarily a subset of J,,,_1.¢,.

Possibility 2a. Assume that ¢y € {1,...,M,,_1} is the unique integer verifying J N Jy,_14, # @. Let J :=
JNTm—1,0,- It is easy to see that M,,(J) = M,,,(J'). Moreover, J’ verifies the assumptions of Case 1. Therefore,
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we use (2.73) to obtain for any m > 2,

My, (J) < I+om d—d/2(1—)\2—26m)|J/|d—d>\2—2d6m
M,, (1—0m,)?
L+ om o od/20-37-26,)

_—Om J|d—dN*=2d0m 2.74
S A= o) | (2.74)

Possibility 2b.  Assume that J verifies J N Jp,—1¢ # @ for at least two different ¢ € {1,..., M,,_1}. For any
m > 1, let H(m) denote the following property : VI C I,

]._.[ <1 + Uz> 2(1-X2-2A,,) T|d7d)\272dAm, where A, == Zék' (2.75)

l1—-0
i=1 v k=1

Remark 2.11. For m = 1 and for all T C I¢, (2.72) implies (2.75). Moreover, for any m > 1, and T verifying
the assumptions of Case 1, (2.73) implies (2.75), and (2.75) is still true for any m > 1 verifying the assumptions
of Case 2a.

Here and elsewhere, 9A denote the frontier of A, and A the interior of A, for A C RF k> 1.
Lemma 2.12. For m > 2, We assume that H(m — 1) holds and that T C I is a hypercube such that

Mmfl
orn |J Jme=2. (2.76)
£=1

Then, we have

Mu(T) _ 14 (1/20m v1 (1+0:\ Cd(1-A2—2A,,_1) |r|d—dAZ —2dA
< m-|T m-1, 2.
M,, — 1+ o, 1—o0; = 7] (2.77)
Proof. By (2.76), it is easy to see that
My (T)= > Muy(Jm-1.).
1<0< M, 4
Im—1,eCT
Hence,
M, (T) M (Jm—1,0)
M, 2 M,
1<e<Mm—1
Jm—1,0CT
Mm(Jmfl Z)
< —_— . .
< Mo (T) x| _max ( N (2.78)
Jm—1,0CT

Moreover, by (3ii), we know that vol(J,,—1,¢) = L%, _; > h,i?‘ ™. Then, J,,_1¢ satisfies the assumptions of

Case la. Therefore, we apply (2.67) with the formal replacer;nent of J by Jp—1,¢ and vol(J) by L,,—1 and using
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(3ii),

Mm(Jm—l,Z) < 1+ Om d 1
My, = (I=0m)? ™ My (L, )¢
(1+U ) 1( m—l) . (279>
Om
< %M 1+ (1/2)o,, .
S gy < U WRm g
Therefore, H(m — 1), (2.78), and (2.79) jointly imply that
My (T) _ Mur(T)  (1+0m ? 1+ (1/Dom
My, = My 1—om 1+om
m 2
< 1+ (1/2)0m 1+ 0; d—%(l—A2—2Am_1) |T|d—d>\2—2dAm_1.
- 1+o, 1—o0;
This achieves the proof of (2.77). O

Let J' denote the smallest hypercube which contains the sets J,,—1 ¢ verifying Jy,,—1 N J # &, where 1 < ¢ <
M,,_1,and J” = JNJ'. Then, we have

My (J) = My (J") < My (J)). (2.80)

In the following, we use an inductive argument to prove (2.77) for J verifying the assumptions of Case 2b. It
is easy to see that H (1) holds (see REMARK 2.11). Assume that H(m — 1) holds for any m > 2. We see that

8J'ﬂ G jmfl,EZQ

Apply Lemma 2.12 when T = J'.

My, (J') <1t (1/2)om ]._.[ <1 +Uz> d=3(1=N =280 1)) g7|d=dX* =24 s

M,, — 1+o0,, Pl 1—o0;
2

_ 1+ (1/2)om 77 (Lo 2 vol(J/)\ ' T 2Am
1 . 2.81
- l4onm 11;[1(101> (O(J)VOI(J) (281)

But

d d d d—k

vol(J') < [(vol(J))l/d+2Lm_1} <y (k> 9d=Fyol(J)F/dLd=k (2.82)

k=0

Assume first that vol(J) > hg,,_,. (2.82) and (2.49) jointly imply that

d d—Fk
d 2d7k: Lm—l
> k vol(J)(@=k)/d

k=0

vol(J")
vol(J)

IN

d

d
> (k) 24=kgd—k < (1420, 1)".

k=0

IN
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This last inequality, combined with (2.80), (2.81) and (2iii), imply that

Mn(J) _ J’ 1+ 4(1-\22A,,_1)| 7jd—dX>—2dA
< | [ - -, 2.
M,, - Pt (1 — 01> 11 (2:83)

Now assume that vol(J) < hy,,_,. Remembering that vol(J) > L& (2.82) implies that

m—1»

vol(J") _ = (A oaok Loty
<> ()2
vol(J) ~ &= \k vol(J) T
d
AV
<> <k>2d b <3l (2.84)
k=0

Combining (2.80), (2.81), (2.84), and (2iv), we get

M, (J) () 140\ ayse. _ane
m < m < - T Y% d (1=X*—2A,,_1) J d—dX\"—2dA,, -1 . 2.85
< () ’ 5

Hence, (2.77) is verified for J verifying the assumptions of the Case 2b.
Case 3. We now consider the case where J N Jy,—1 ¢ = @ for any £ € {1,..., M,,_1}. Observe that

=0. (2.86)

This last statement implies (2.77) for any m > 1.

STEP 3 : THE HAUSDORFF DIMENSION OF L. Assertions (2.83) (2.85) and (2.86), combined with Remark
2.11 entail that H(m) is true for any m > 1. By (1ii), we conclude that for any hypercube J C I, for any
m>1,

M, (J) < Qd—d/z(l—,\z—mm,l)|J‘d(1—>\2)—2cmm,1Mm_ (2.87)

Making use of Fact 2.2, with A as previously described, A = 1, d = 2 and ¢ = d(1 — \?) — 2dA,,_1, we get
dim A > d(1 — M\?) — 2dA,,,_1. All that remains is to show that

Observe that L,, = 0,, hl/d < hl/d The fact that k,, > ka(em,0m,0m) > ko(em) implies by Lemma 2.7 that
for any m > 1, N(Ly,, ka,sa(sm)) C Uk, »(2em). But, (2.50), (2.28) and (2.29) allow us to say that for any
m>1, E, C N(Lm, Whk,..o(€m)). This means that for any m > 1, for any t € E,,,

1Ons,, .+ = Ol < 250

Since A = (,-_; Ep,, this last inequality is verified for any t € A and any m > 1. Finally, since &, — 0 when
m — oo, we obtain that A C L(6,,). Hence, for all A € (0,1), we have dim Ly > d(1 — A?). This combined
with (2.1) leads to (1.11). The proof of Theorem 1.1 is therefore achieved.
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