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Abstract

We consider a general class of epidemic models obtained by applying the random
time changes of 0] to a collection of Poisson processes and we show the large devia-
tion principle(LDP) for such models. We generalize to a more general situation the
approach of followed by Dolgoashinnykh [1| in the case of the SIR epidemic model.
Thanks to an additional assumption which is satisfied in many examples, we simplify
the recent work by P.Kratz and E.Pardoux [9].

Keywords: Poisson process; Large deviation principle; Law of large number.

AMS classification: 60F10, 60H10, 60J75, 92C60.

Introduction

In this paper, we are interested in a class of Poisson driven stochastic differential equations
which arise in many fields such as chemical kinetics, ecological and epidemics models. We
consider a d dimensional processes of the type

2% = 250 = O 4 5 Son ([ Nz enas), ()

where (P;)i<j<) are i.i.d. standard Poisson processes and the h; € Z? denote the k
distinct jump directions with jump rates 5;(z) and z € A, where A is a compact subset
of R, which will be assumed to satisfy Assumption 0.1 below.

In the main application which we have in mind, the components of the vector Z¥ (¢)
are the proportions of the population in the various compartments corresponding to the
various disease status of the individuals (susceptible, infectious, etc..). In most of those
models, the set A is given as

A—{zeRi:izigl}. (2)
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We refer the reader to [2] for a presentation of many such epidemics models.
As we shall recall below, it is plain that under mild assumptions, as N — oo, ZV (t) —
Y*(t) a.s., locally uniformly for ¢ > 0, where Y*(¢) solves the ODE

where b(z) = ij:l B;(2)h;. In this paper we want to investigate the large deviations from
this law of large numbers.

Let us now be more precise about the initial condition Z¥(0) = [Nz]/N. In the
models we have in mind, since each component of Z¥(¢) is a proportion in a population
of total population size equal to N, we want ZV(t) to take its values in the set AN =
{z € A, Nz € Z1}. In particular, we want the initial condition Z"(0) to belong to this
set AV)If that is not the case, some of the components of the vector ZV () may become
negative, while jumping from a/N to (a — 1)/N, 0 < a < 1, which is not very natural.
For that reason, we will use the following convention concerning the initial condition. For
some fixed z € A, for 1 <i < d, N > 1, ZN¥(0) = [Nz]/N. Consequently the initial
condition of the Z¥ equation depends upon N.

In all what follows, Dz 4 denotes the set of functions from [0,7] into A which are
right continuous and have left limits at any ¢ € [0,7] and let AC7 4 be the subspace of
absolutely continuous functions.

We denote by B the Borel o-field on Dz 4 and PY the probability measure on paths
whose initial condition Z¥(0) = [Nz]/N defined by

PY(B)=P(Z" € B) VBe€B.

Our goal is to show that the probability measures PY, N > 1, satisfy a large deviation
principle with a good rate function I that we will define below in subsection 1.2. In
other words for any GG open subset of Dy 4 and F' closed subset of D7 4 we want to show
the following inequalities:

1
;relg Ir(p) < thri}Or;f N logP.(Z" € G), (3)
. 1 N .
— < — .
hjr;ljolip N logP,(Z" € F) < ¢1)I€1£ Ir(9) (4)

Large deviation principles is the subject of many treatises, see in particular [3], [5], [7],
[3] and [11]. Some of those books study large deviations for Poisson processes, like e.g.
[11]. However, in this treatise it is assumed that the rates of the Poisson processes are
bounded away from zero, and hence their logarithms are bounded. The case of Poisson
processes with vanishing rates is studied in [12]. However their assumptions are not
satisfied in our situation, as it is explained in [9]. Our result have already been already
established in [9]. However, our argument here is simpler, and the proofs are shorter. It
is based upon an idea from [/| and forces us to add an assumption, which is satisfied in
all examples we have in mind.

That additional assumption is the following.



Assumption 0.1. We suppose that there exists zy € R? such that the collection of map-
pings ®, = z + a(zo — 2), defined for each a > 0, is such that z* = ®,(z) € A, and
moreover

|z — 2% < c1a
dist(z?, 0A) > coa
for some 0 < ¢y < ;.
We now introduce the sets defined for all a > 0 by
B = {z € A:dist(z,0A) > cza} (5)
and
R = {¢ € ACra: ¢ € B® Ve [o,T]} (6)
hence ®, maps A into B*.

Remark 0.2. For any convex set A, one expects that Assumption 0.1 is satisfied provided
20 € A. The same construction is possible for many non necessarily convex sets, provided
A is compact, and there is a point zy in its interior which is such that for each z € 0A,
the segment joining zo and z does not touch any other point of the boundary 0A. We also
note that for A given by (2) and zy € A, the constants c¢1, ¢; can be defined by

¢ =sup|z — z|
z€A

¢y = sin(fy) Zie%f:4 |z — 20| < Zign@fA |z — 20| X sin(f(2)).

where 0(z) is the most acute angle between the boundary OA and the vector zy — z and 0
is a angle such that for all z € 0A, 0y < 0(z) < w/2. For instance for d = 2 (see figure
])7 00 = minlgggﬁ eg.

Moreover for all ¢ > 0 we define

C, =1inf inf 5;(z). (7)

j zEB®

We assume that for all « > 0, C', > 0 and lim,_,, C, = 0.
We now formulate our assumptions on the coefficients ;.

Assumption 0.3. 1. The rate functions 3; are Lipschitz continuous with the Lipschitz
constant equal to C'.

2. Foranyl1 <j <k, Bi(z) >0ifz € fi, and (3; is bounded by a positive constant o.

3. There exist two constants Ay and Ay such that whenever z € A is such that B;(z) <
A1, Bi(2%) > B;(2) for all a €]0, Ao .
4. There exists a constant v €]0,1/2] such that
lim a”log C, = 0.
a—0

This means in particular that there exists ag > 0 such that for alla < ag, Cy > e~
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Let us comment on Assumption 0.3. Assumption 0.3.1 is quite standard and ensures
in particular that the ODE (8) admits a unique solution. For the compartmental epidemi-
ological models which we are mainly interested in, this assumption is always true because
the f5;(z) are usually polynomials and A is compact. Also the assumption 0.3.2 is always
true because the domain of our process is compact. Assumption 0.3.3 will follow from the
fact that close to the boundary, "small" rates are increasing when we follow a direction
towards the inside of the domain. Concerning the assumption 0.3.4, such an assumption
is true for the models we study because the rates are usually polynomials.

Remark 0.4. We have not made any restriction concerning the set of vectors {hy, ..., hi}.
In all examples which we have in mind, the vector space spanned by those vectors is RY,
which insures that the process ZYN can move in all directions in A. Note that at any rate,
there is no restriction as to which 3;’s vanish at some given point z € OA. This is a magjor
difference with the assumptions in [172]. Note also that in some sense our assumptions are
weaker than those in [9], except for our Assumption 0.1.

For all ¢,% € Dy 4 we will define the distance between ¢ and v by
|6 = Pllz = sup [¢¢ — 1|
t<T

where |.| denotes the Euclidean norm in R

The remainder of this paper is structured as follows. In section 1, we formulate the
law of large numbers, we define a good rate function for our large deviation principle and
we establish some properties that it satisfies. The second section concerns the proof of
the lower bound (3) and the third one the proof of the upper bound (4). The last section
of this paper states a result concerning the asymptotic behavior of the exit time from
the domain of attraction of a stable point for the dynamical system (8) as well as the
exponential asymptotic of its mean E,(7)). For epidemics models, this exit time is the
time of extinction of an endemic disease.

1 Somes Important Results

1.1 Law of Large Number and Change of Measure

We now prove the law of large number.

Theorem 1.1. Let ZVN*(t) the solution of stochastic differential equation Poissonian (1)
with an initial condition [Nz]/N. Assume that the assumption 0.5.1 holds. Then

lim |ZY° - Y?||r =0 a.s.
N—o0
Where Y*(.) is the solution of the ODE
dY (t)
with an initial condition z and where
k
b(z) = > Bi(2)h;.
j=1



Proof. By using the Lipschitz continuity of b, we have with M;(t) = P;(t) —t, ]\Aij(t) =
LRV

280 - vl < |52 -]+ [ 1z - splas + 1 Z s (N [ 527 5|

< \% ~ 4| +kc¢3/0t|zN(s) —YZ(S)|d8+\/;ljzi;‘]\ZN</ot5j(ZN(s))ds>‘

IN

55— o] k0 [ 126) = s+ i smosup [V ([ 502(9)05)

j t<T

)
Let (1) = [MY (J; 8(2" ())ds)

process, we have for all j =1,....k

. From the strong law of large numbers for a Poisson

b;(Nt)

—t a.s. as N — oo.
N

As we have pointwise convergence of a sequence of increasing function towards a contin-
uous function we can use the second Dini theorem to conclude that this convergence is
uniform on any compact time interval, hence for 0 <v < oo and j =1, ...k

. TN o
Nll_rgoilg]M] (u)] =0 as.

As the 3; are bounded by o, it follows that

. N o
]\}gréoiggﬁj (t)=0 as.
for j=1,..., k.
By using by Gronwall’s inequality stated above we have
N
ZN — Y7 < k\@(‘u — 2| +sup supff(t)) exp{kCVdt}

z
N 7 t<T
and the result follows. O

We shall need the following Girsanov theorem . Let () equal to the random number
of jumps of Z¥ in the interval [0,T], 7, be the time of the p' jump for p = 1,...,Q and
define

_ 1 if the p™ jump is in the direction h; ,
op(j) = 0 .
otherwise.

We shall denote FY = o{Z"(s),0 < s < t}. Consider another set of rates 3,(z), 1 < j <
k. Combining Theorem VI T3 from [l] and Theorem 2.4 from [13], we have



Theorem 1.2. Let PN denote the law of ZN when the rates are rates 5‘]() Then provided
that sup,c 4 ﬁ]g; < oo, which implies in particular that {z : B;(2) = 0} C {2 : B;(z) = 0},

on the o-algebra FN, @N’fN << IP)N|]:N; and
T T

N dﬁDN’f%v
ST:€T :dPN’]_.N
B(z¥ )] T e 5N
HH ) ] exp{N; | ez o) =gz e ao

Corollary 1.3. For all non-negative measurable function X > 0,
E(X) > E(&'X)
Proof. As X > 0, we write
E(X) > E(X1grz0) = (&' X Lier0p) = E(671X).
This last equality comes from the fact that END(ST =0) =01ie. &' iswell-defined P—almost

surely. O

1.2 The Rate Function

For all ¢ € ACr,4, let Ay(¢) the set of vector valued Borel measurable functions y such
that for all j =1,...,k, u/ > 0 and

d
¢t Z,ugh], t a.e.

We define the rate function

In(6) = {mfuew Ir(6lw), if ¢ € ACra;

0, else.

where -
Ir (@) = / S° F(h, By(60)dt
j=1

with f(r,w) = vlog(rv/w) — v + w. We assume in the definition of f(r,w) that for all
v >0, log(r/0) = oo and 0log(0/0) = 0log(0) = 0.

Note that in the absence of any assumption concerning the vector space spanned by
the h;’s, the set A4(¢) can be empty for many ¢ € ACp 4. We of course make use of the
usual convention that the infimum over an empty set is infinite.

By using the Legendre-Fenchel transform we define another rate function by

) Ledt it C
Fr(6) = {fo (6ot i 6 € ACry

7



where for all z € A, y € R?

L(z,y) = sup ((z,y,0)
€

with for all z € A, y € R? and § € R?
k
ep.0) = (0.9) = 30 B - 1)
j=1
We now show the equality between these two definitions of the rate function.

Lemma 1.4. For all ¢ € ACr.a and p € Ay(p) we have
Ir(¢) < Ir(g|p).
In particular Ip(¢) < Ip(¢)

Proof. Assume first that for some B € B([0,T7]), with [, dt > 0 such that for all t € B

there exists 1 < j < k such that u > 0 and 8;(¢) = 0 then Ip(¢|u) = oo and the
inequality is true. We now assume that for almost all ¢ € [0,7] and for all j € 1,....k ,
7 > 0 only if 8;(¢;) > 0 then for all § € R?

(n, 60,0) ZMH hy) — () (4010 — 1)
= Zguz,ﬁmst)(@’ hi))
T4
<Zgutﬂy¢t( 5(¢)>

= Zf(u{,ﬁj(@)),

Jj=1

since g,,5(2) = vz — f(e* — 1) is a function which achieves its maximum at z = log 5. [

Lemma 1.5. For all ¢ € ACr 4,

Proof. If Iy(¢) = oo the inequality is true. We now assume that Ir(¢) < oo then for
almost all ¢ € [0, T] we have L(¢y, ¢}) = supgera £(¢r, ¢}, 0) < oo then by [9] there exists a
maximizing sequence (0,,), of £(¢y, ¢}, .) namely L(¢y, ¢;) = lim,, £(¢y, ¢}, 0,,) and constants
s; such that for all j =1,..., k,

lim exp{<9n, hJ>} = §j.

Then we have
lim (6., 6}) = L(dn, )+ D Bi(de)(s; — 1)

J:B5(pt)>0



Moreover we differentiate with respect to € and obtain for all n

/ d¢t
Vol(on 61, 0n) = = > Bi(@)hs exp{ (B )}
J:B(dt)>0
As (6,,), is a maximizing sequence we have for all t € [0, T

) d
lim Vol(¢r, ¢}, 0n) = % — Y Bi(d)sih; =0.
3:B;(¢£)>0

Thus, for almost all ¢ € [0, T

m oo
t Zﬁj ¢0)sihy = Y pihy.
=1
Where for almost all ¢ € [0,7] and j = 1,...,k

My = Bj(ﬁbt)sj
We deduce that

Ir(¢) < IT(¢|/~L)

/ mez,&-(ast))dt
Tk
:/O Z{,u{logsj—i—ﬁj(ﬁbt)(l_Sj)}dt

_ /0 L(¢y, ¢))dt = Ir(o).

The proof of the following theorem can be found in [9].
Theorem 1.6. Iy = I is a good rate function.

Proof. As the f3; are bounded and continuous, we deduce from Lemma 4.20 in [9] that
fT is lower semicontinuous with respect to Skorokhod’s metric on Dz 4. Therefore the
level set ®(s) = {¢ € Dp.a : Ip(¢) < s} are closed and one can show that those sets are
equicontinuous. We also know that A is compact and then the relatively compact subsets
of C([0,T],A) are exactly the subsets of equicontinuous functions. Thus the level sets
®(s) are compact since they are closed and relatively compact. O

The following result is a direct consequence of Lemma 4.22 in |9]

Lemma 1.7. Let ' a closed subset of Dy 4 and z € A. We have

lim  inf inf  Ip(¢p) = inf Ip(9).

e=0 yeA,|ly—z|<e pEF,po=y PEF,po=2



Lemma 1.8. Let s > 0, ¢ € Dra and p € Aq(¢p) such that Ir(p|lp) < s then for all
0 S tl,tz S T such that tg — tl S 1/0’,

to
/ idt < s+l Vi=1,.. k
t —log(o(ta —t1))

Proof. We have .
| 10 onat < Entol < 5

moreover, the function h(z) = xlog(x/c) — x is convex in x so that for all 0 < ty,t, < T

1 to ) 1 to )
J < J
b | ) < o | hoar

/t :2 (u? log ﬁj?it) — il + ﬁj(¢t)> dt

<

Tl — 1
s

< .

Tl — 1

It is easy to show that for all @ > 0, h(z) > ax — o exp{a} and then for all @ > 0

to ) 1
/’Mws5@+@—mwwmwy

t1

Therefore If t; — t; < 1/0 taking a = —log(o(ta — t1)), the result follows. O
For ¢ € Dr 4 let ¢* defined by ¢f = (1 — a)¢: + azp and we have ¢* € R“.
Lemma 1.9. For all ¢ € Dy 4 we have limsup,_,o Ir(¢*) < Ir(¢).

Proof. First if Ir(¢) = oo the result is easy. If Ir(¢) < oo, Vn > 0 there exists p such
that Ir(p|lu) < Ir(¢) +n. Let pu® = (1 — a)u then u* € Ay(¢*). We will now show that

Ir(@u®) = Ir(@lu) as a— 0, (11)

which clearly implies the result since

lin sup F(¢") < Tim sup I (6" |")

a—0
= IT(¢!M> < Ir(¢) + 1.

By the convexity of f(r,w) in v and because 0 < p* < p, we have

0 < f(ul®, Bi(8)) < f(0,8;(65)) + f(1i, Bi (7))
<o+ f(ud, Bi(e))).

Moreover we have
j

J [ (4 J (e
f(ﬂt»ﬁy(@ﬁt)) 10?5 ﬁg(cb ) — My + 5J(¢t)
_ dog 1 — it 4 83000 + 1 10s 29 4 5 (60) — 8100
5;(@) ! Bi(gg) T !
ia i Bi(or)
S f(utvﬁj(¢t))+a+ut lOg ﬁj(¢?)

10



If Bj(¢r) < M then B;(¢r) < B;(¢f) and log 24 e < 0.
If 5;(¢) > A1 then using the Lipschitz Contmulty of the rates /3; we have

Bi(¢r) Bi( o) M
lo <lo <log ———
&8:(08) = " Bi(dy) — Cara = BN — Cara
“1o 1 - 2Cca - 2C ¢ ¢y
=T T 00a/n T N N

Since log(1/(1 — x)) < 2z for 0 < x < 1/2; here, we take a small enough to ensure
CCl& < )\1/2 Fmally for all a < ()\1/2610) A Ay

2061)\2 j
)\1 /’Lt'

O<f(ﬂt ) J(¢?))§f(ugaﬁj<¢t>)+20+

By Lemma 1.8 ] is integrable, we have bounded f (1%, 5(0f)) for 0 < a < (A1/2c1C) A,
by an integrable function. Moreover f(u)®, B;(6%)) — f(ut, Bj(dy)) since first I(¢) < oo
means that for almost all t € [0,7] and 1 < j <k, pf > 0 only if 5;(¢:) > 0 and then

(i, B3(08)) — fui, Bi(@0))| < (1= a)u log(1 — a) +[8;(67) — B;(0)]

J J

tl
ﬁj<<z>t> —h Og@(@)

The last term of this inequality is either 0 or converge to 0 when a tend to 0. We deduce
from, the dominated convergence theorem that

101 = ) = ]+ |(1 = @)y Tog

/fut Bi() dm/ Fih Byt as a— 0,

from which (11) follows, hence the result. O

Lemma 1.10. Let a > 0 and ¢ € R* such that Ir(¢) < oo. For all n > 0 there exists
L > 0 and ¢* € R?* such that ||¢ — ¢"||r < 1% and Ir(¢"|p") < Ir(é) + n where
pE e Ag(oh) such that y? < L, j=1,.. k.

Proof Let n > 0 and p € Ag(¢) such that Ip(¢|u) < Ip(¢) +n/2. For L > 0 let
pi? = 1 AL and let ¢ a solution of the ODE

s zm

We first show that for L sufficiently large #" is close to ¢ in supnorm. Since s is integrable
over [0,7] and 0 < ,utL 7 < i, the monotone convergence theorem implies that there exists
L, > 0 such that forall L > L,, j=1,....k

T l|dt < e = c )
/0 ‘,ut “t| 22]{‘\/3

We deduce that i
T
of = ol < SO Im] [ il e < ke
j=1 0

11



and then we have for all L > L, ||¢* — ¢ < ¢1% since ¢5 < ¢1. As ¢ € R the above also
ensures that ¢* € RY/? since for all t € [0, T]

dist(gF, A) > dist(dr, 0A) — |$F — ¢y

> a a
= C0 — Co— = C2—.
2 2

To show the convergence of I (¢*|ul) to Ir(¢|n) we need to remark first using the con-
vexity of f(v,w) in v that we have

Pl 8i(07)) < F(O, Bi(60)) + £ (ued, Bi(e1)).
Since ¢ € R, C, < B(¢1) < 0 and C,jo < B;(¢F) < o for all L > L,, notice that

Ofvw) _ v
Oow w

and therefore on the interval [K,, 0] where K, = C, A Cy )2
|f (il Bi(or) — f(id, Bi ()| < Cd + 1)

for some constant C' > 0. Since g and f(u?, 8;(¢;)) are integrable the dominated conver-
gence theorem implies that

/f 3.8,(6b) dH/ il Byt as L — oo

O

Let € > 0 be such that T'/e € IN and let the ¢¢ be the polygonal approximation of ¢
defined for ¢ € [le, (£ + 1)e) by

(+1)e—t t — le

7 = Dye + P(e41)e

(12)

Lemma 1.11. For anyn > 0. Let 0 < a < 1, ¢ € R* and p € Ag(¢) such that i < L,
jg=1,...k for some L >0 and Ir(¢|p) < oo then there exists a, such that for all a < a,
there exists an e, > 0 such that for all € < €, the polygonal approzimation ¢¢ € RY? and
| — ¢ ||r < c2§ < c15. Moreover, there exists i € Aq(¢°) such that Wl <L, j=1,..k
and Ir(¢|p) < Ir(Plp) + 1.

Proof. Since ¢ is uniformly continuous on [0, 7] there exists an €, such that Ve < ¢,

e
ae”

sup oy — dp| < co
[t—t'|<2€ 4

and then [[¢ — ¢°||7 < c2% and ¢° € R*/? since for all ¢ € [0, 7],
dist(¢;, 0A) > dist(¢y, 0A) — |df — ]

) a
> dist(¢y, 0A) — |dre — di| — |De41)e — G| > 025-

12



For t €]le, (0 + 1)e]

pidt

dt € T €4
7j=1

k
d € . 1 (f+1)€
d)t - Cb(é—i-l (%56 . Zhj/
Y4

€

therefore for all t € [le, (¢ + 1)e[, p§ defined by

) 1 (t+1)e ]
:U’?J = _/ /Lidt,] - ]-7 7k
€ Je

€

is such that ¢ € Ag(¢) and is constant over [le, (¢ + 1)e[. We also note that uf? < L for
all j =1,..., k. Moreover if 0 < v < L and w > C, then

f (v,w L
=|-—+1<—=+1

e ‘ R AR

By the assumption 0.3 4, there exists a, > 0 such that for all a < a,,

L —v
— + 1< Le* +1
C S Le

a

Then for ¢ € [le, ({ + 1)¢] and a < ay, a,

(s, B5(05) = flug?, Bi(¢ee))
‘f(/ﬁi 6?(¢t)) - f(/l’t7ﬁj (gbfe))‘ <

C(L+1)a=Va
C(L+1)a =Va.

The above imply that

(t+1)e , (t+1)e _
l ﬂ@ﬂjwmﬁs/’ S B ()t + €V

€ Le

= ef (g, Bi(dec)) + €Va

(L+1)e )
< / i, By(0))dt + Va
V4

€

(L+1)e )
< / PGl B5(00))dt + 2V ae
V4

€

where the second inequality follows from Jensen’s inequality. Therefore
Ir(¢°|p) < Ir(¢|p) +2VTa
We can now choose a < min{a,, a,,n/2V T} to have our result. O
The next lemma states a large deviation estimate for Poisson random variables.

Lemma 1.12. Let Y1,Y5,...be independent Poisson random variables with mean oe. For
all N € N, let
|
Sond
n=0

13



For any s > 0 there exist K,eo > 0 and Ny € N such that taking g(e) = Ky/log™"(e™})

we have B
PY (YN > g(e)) < exp{—sN}

for all e < ey and N > Ny.

Proof. We apply the Gramer’s theorem see e.g [3] (chapter 2)

1 _
lim SUp log(PY (YN > g(e))) < — inf A(z)

N—00 z2g(e)
where A (z) = sup,cp{Ar — Ac(N\)} with
Ac(A) = log(E(eM?) = ge(e* — 1).

We deduce that .
Al(x) =xlog — — x + oe.
o€

g(e)

This last function is convex It reaches its infimum at x = o€ and as lim.,o %> = +00
there exists €; > 0 such that g(¢) > oe for all € < ¢; and then
inf Al(z) = g(e) log 9le) g(€) + oe
z>g(€) ge

= g(e)log(g(€)) — g(e) log(oe) — g(e) + oe

~ K+/log(l/e) > o0 as e—0.
Then there exists e, > 0 such that inf,> ) Af(x) > s for all € < €.

Taking €y = min{ey, €2}, we have the lemma. O

2 The Lower Bound

We first prove that for z € A, ¢ € Dra, ¢o = 2z and any n > 0, 6 > 0 there exist 6> 0
and N, s, such that for all y, |y — 2| < § and any N > N, 5, we have

Py(1Z2" — ¢llr < &) = exp{=N(Ir(¢) +n)}. (13)

To this end, it is enough to prove (13) considering ¢ € ACr 4 because the inequality
is true when I7(¢) = oco. We apply some lemmas of the preceding section to show that it
is enough to consider some suitable paths ¢ with the p € Ay(9).

The goal of the next lemma is to establish a crucial inequality to deduce (13).

Lemma 2.1. For z € A, ¢ € ACr.a, ¢o = 2, there exists ag such that for any a < ay,
e > 0 the polygonal approximation ¢¢ of ¢* defined by

(+1)e—t . t—Lle
UtDe—t Bere— VEE e, (¢ +1)e], (14)

P = Ple
satisfies the following assertion:
For any p© € Aq(¢°) constant over the time intervals [le, ({ + 1)e[ and bounded above
by some constant L > 0, any n > 0 and suitable small 6 > 0 there exist 0 < § < ¢ and
N, 55 € N such that for all y, |y — 2| <4 and any N > N, ;5

Py (2% = ¢z < 8) = exp{=N(Ir(¢|1) +n)}.

€
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Proof. Note that ¢ can be chosen as in Lemma 1.11. We define the events B;, j =1,..., k
for controlling the likelihood ratio. For v > 0 let

Bj = {‘ ZQ:%(J') log (M) N%ué! log (ﬁ (%)) ‘ < Nv}
=1 /€€ =1 el

Where () was introduced first above theorem 1.2.
In what follows we put 3;(ZV(t)) = pi’ and we have on {||ZV — ¢|lz < §} N
(N, B;) = {1 ZY — ¢f[|r < 6} N B, & defined by (10),

&' =exp { Zliép )log ( / pod — ﬁj(ZN(t)))dt}
T/e &
> exp{ N; ;Mgg log <6] o e + N/ W — B2V (1))dt — kNv}
> exp{ N%iuflog( “fﬁ e—l—N/ §s —5j(¢§))dt—N(cha+m)}

=1 j=1

We note here that the first inequality is true because the p;”’ ' is constant on the intervals
[le, (€ + 1)e[ and the second one come from the Lipschitz continuity of the rates ;. Since
the derivative of ¢¢ is bounded, we have

gl >exp N/ Z I log <BJ ¢;)) —ui’j+Bj(¢§)}dt—N[kTC’(5+e)+k’y]}

> exp { — N (Ir(¢° |u )+ [KTC(6 +€) + kv])} on the event {||ZY — ¢ || <} N B.

Then for any 1 > 0, there exists 6 > 0 € > 0 and v > 0 such that for N large enough we
have

&r' = exp{=N(Ir(¢"|u) +n/2)}

Moreover from corollary 1.3

P12 = 6llr < 8) 2 B(& 1125 gr1<s))

> E, (551-1{{||ZN—¢6||T<5}mB}>
> exp{—N(Ir(¢"|u) +1/2)}B, ({2 — ¢*llz < 6} N B)

To conclude this proof it is enough to establish the following lemma:

Lemma 2.2. For z € A, ¢ € ACr.a, ¢o = 2, there exists ag such that for any a < ay,
€ > 0 the polygonal approzimation ¢° of ¢* defined by (14) has the property that there
exists § > 0 such that for all y, |y — z| < 0

Jim P, ({12 = ¢l <6} N B) =1
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Proof. It is enough to prove that lmpy_oo Py (|| ZY — ¢||7 < 6) = 1 and that for all
1<j <k limyoo P,({||ZV — o7 < 5}ﬂBC) = 0. The first limit follows from Theorem
1.1 for processes under the probability IPy provided that we choose ag and § < & /2 in
suitable way. We now establish that Py(HZN ¢llr < 6N BS) — 0as N — oo, for any
1< <k

We have sup, |ZN (1) — gbjp\ < §on {||ZN — ¢¢||r < 0} and we can choose € small
enough such that sup, [¢7 — ¢, | < ¢ and thus sup, |ZN(1,) — | < 26.

Note that we have on {||ZY — ¢¢||7 < &}

‘25 log (@( M, ))>—i5p(j)1o <5J(¢LT17/€J€)>‘§‘Z(S log(%J(ZN( ))))

“m/eje p=1 Hr,fele

/€€

IN

since |3;(ZN (7)) — Bi(dl, jej)l < 2C6. Let my, the number of jumps in the interval
[(¢ — 1)¢, le| we have

T/e

< Bi(ZN (7 . (D
)p_zlép(j)log< JMLTP/EJE > - NZM/IO% <BM§? )) ‘
Bi( ¢LTP/EJE e.j Bi ¢ee)
< |35 (Aetsd) 3 g (2400
(2 81,1
+’Z(S ( “LTp/eJe > de ( Myl )‘
< ’Zlog <BJ QS& )(25 %4 ) + 200?5.

As the rate of jumps are constant on the interval [(¢ — 1)e, fe| under PV, > pt1 0p(7) is
the number of jumps of a Poisson process P; on this interval. So it is a Poisson random
variable with mean Npj’e. We deduce from Chebyshev’s inequality that

472 SUPy<7/. (10,53;2 (M) N,u?je)

B ([t () (60 - )| > ) £ ——
As C, < B(6%) < o and i < L we have supycr, <10g2 (ﬁﬂﬁe))u&) < O(L,a). Thus
P, (| 2N — ¢||lr <8y NBS) <P ( (53 Vi) )(Z(s )‘ + 2%?5 > ny)

16



The number of jumps during the period time 7" under the probability P is the sum of
T'/e Poisson random variables with mean N o1 gl €. we take v = 82 ZT/ ¥ Z o1 Mgl e

where § is chosen such that §/C, is small. Therefore, as long as ZT/ ) Z i1 1y >0, the
law of large number for Poisson variables give us

T/e k

B (G 2 ) =R(§ 22 Tite) 0

/=1 j=1

as N — oo. O

We now deduce from Lemma 2.1 the next result follows the argument from in the
proof of Lemma 3 in [1].

Proposition 2.3. For z €¢ A, ¢ € ACr.a, ¢po =z and anyn > 0, 6 > 0 there exist 5> 0
and N, s such that for all N > N, s,

yllyianKSIPy(HZN — ¢llr <6) = exp{=N(Iz(¢) +n)}. (15)
Proof. For §,n > 0 let ¢ € ACr 4, ¢o = z such that Ir(¢) < oo then using Lemma 1.9
we have that there exists a,, > 0 such that for all a < a, there exists ¢* € R* such that
6 — ¢l < cra and Ir(¢*) < Ir(¢p) + n/4. As Ip(¢*) < oo using the lemma 1.10 we
deduce that there exists L > 0 and ¢** € R¥? is such that ||¢* — ¢*F||z < ¢1% and
Ir (% ) < Ip(¢%) + n/4 where p®t € Ag(¢»%) such that pui™ < L, j = 1,... k.
Now we can deduce from Lemma 1.11 that for all ¢ > 0 the polygonal approximation
(ba,L,e of ¢a,L satisfies |‘¢a,L _ ¢a’L’€||T < 015 and IT(¢GLE‘NG’L’E) < [T(fba’L‘,ua’L) + 77/4
where p»b¢ € Ay(¢@5€) is such that i < L, j =1,...,k. Now we choose a such that
2c¢1a < 0/2 and we have

: : a d
inf my(nzN —ollr < 5) > inf P, <||ZN — ¢y < = +cla>
yily—2[<0 y:ly—z[<d 2
o
> inf Py<||ZN ¢ r < 2 + clﬂ)
yily—2|<é 2 2
. oL )
> inf ~IP’y<||ZN — % < —>
yily—z]<o
> exp{—N(Ir(™"|u") +1/4)}
> exp{—N(Ir(¢™"|u™") +1/2)}
> exp{—N(Ir(¢") + 3n/4)}
> exp{—=N(Ir(¢) +n)}
where we have used the lemma 2.1 at the 5 inequality. O]

We finish the proof of the lower bound by the following theorem

Theorem 2.4. For any open subset G of Dy 4 and z € A,

.. 1 N .
— > .
IINIILIHf I logP’ (G) > qsecl:{};sfo:z I7(9) (16)
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Proof. Note that in fact (13) and (16) are equivalent. We only have to show that (16)
follows from (13). To this end let I = infsecq py=- I7(¢) < oo then, for n > 0 there exists
a ¢" € G, ¢) = z such that Ir(¢") < I+ n. Moreover we can choose § = d(¢") small
enough such that {||ZY —¢"||r < 6} C G. And then P,(]|ZY — ¢"||r < 0) < PY(G). This
implies from the inequality (13) that for all n > 0,

.. 1 N s 1 N
— > — — "
i inf N log P (&) = lin inf N logP=(JI 27 = ¢"llr < 9)

—I7(¢")
S

AVARLY,

and then 1
1 1 JE— N < — /.
h]{]n inf N log P, (G) 1

Corollary 2.5. For any open subset G of Dy 4 and any compact subset K of A,

1 N
el e |
Tl s B PAT €O = mop )

Proof. The arguments are the same as in the proof of Corollary 5.6.15 in [3]. Let

Iy = inf [ .
wi=sup nf Ir(9)

For > 0 fix, let I}, := max{Ix + n,n~'}. Then from Proposition 2.3 it follows that for
any z € K, there exists a N, such that for all N > N, and y € B(z, NL),

1 .
v loe P,(ZY € G) > _¢ec1:%f0:z Ir(¢) > —1I}}.

And then )
Nlog inf P,(Z" €G)>—I}.

yeB(z,57)

As K is compact, there exits a finite sequence (z;)1<i<m C K such that K C |J!~, B(z, f)
Then for N > max;<;<m IV,

1 :
Nlogylglf(IP’y(ZN €qG)>-I}.
It first remains to take liminf as N — oo and then let 1 tend to 0 to have result. O]

3 The Upper Bound

For all ¢ € Dy 4, and F' C Dy 4 we define

pr(6.F) = inf |6 = vllr. a7)

18



For z € A, §,s > 0 we define the set

Fy ={¢ € Dr.a: pr(¢,®(s)) > d},

where ®(s) ={¢y € Dy 4 : Ir(¢p) < s}.
We start by proving the following Proposition which will be enough to conclude the
upper bound.

Proposition 3.1. For z € A, 0, n and s > 0 there exists Ny € IN such that
PY(Fy) < exp{—N(s —n)} (18)
whenever N > Njy.

Proof. Let ZN(t) = (1—a)ZN (t) +az then || ZY — ZN|| < c1a and for all c;a < §(d—1)/d
we have

BY(F;) = P (pr(2", 0(s)) = 9)
Y

<P (pr(2Y,9()) 2 7). (19)

We now approximate the paths Z by smoother paths. Let € > 0 be such that T'/e € IN.
We construct a polygonal approximation of Z~ defined for all ¢ € [le, (£ + 1)e[ by

(+1)e—t t—1
Er etz 1 1)
€ €
The event {[|ZY — T|lr < £} N {pr(ZY,®(s)) > 2} is contained in {pr(T,®(s)) > 2}
and

Y, =10 = Z (Le)

P (pr(2.0(9) = 2) = B.(pr(2 0(0)) > 21122~ Y < )

) 4]
N > ¢ N
+ P (pr(2Y, 0(5)) 2 551122 = Tlr 2 o)

<P (pr(r,0(5)) 2 o) + B (122 - Yl 2 )
< B(lr(T) 2 ) + B (125~ Tl > o) (20)

We now bound P, (I7(Y) > s). For any choice u € A4(Y) we have Ir(Y) < Ir(Y|u) and
P.(Ir(Y) > s) < P.(Ir(Y[u) > s). (21)

Let s, j = 1,...,k be constant on the intervals [le, (¢ + 1)e[ and equal to

=l (v [ s ew) - n(v [(a@ew)] e

Since T is piecewise linear, for t €]le, (¢ + 1)¢|

d;t _ (1—a) (ZN((€+ 1)e) — ZN(EG)) = ZM?M

€

j=1

19



Then the g given by (22) belong to Ag(Y).

To control the change in T over the intervals of length e define g(e) = K/log™*(e71)
where K > 0 is fixed, and define a collection of events B = {B.}.s¢

T/e—1
B.= () B!
=0
where
B = { sup  |ZN() — ZN(t)] < gle) for i=1, ...,d}.
Le<t1,t2<(L+1)e
We have
P.(Ir(Y[p) > s) < P.({Ir(Y|p) > s} N Be) + P(B;). (23)
Combining (19), (20), (21) and (23) we deduce that
b}
PY(F}) < B({Lr(Y|n) > s} N B) + BB +P.(|2) =Xl = ). (24)

Now, we find appropriate upper bounds for the three terms in the right side of (24).

Lemma 3.2. For any s > 0 there exists g > 0, Ny € N and K > 0 such that
dkT
P.(B) < 2L exp{—sN} (25)
€

for all € < €y and N > Ny where g(€) = K1/log™' (e71).

Proof. For all j =1,....,k and £ = 1,...,T/e we can write
(¢+1)e Le
/ B;(ZN)ds < B;(ZN)ds + oe.
0 0

Moreover, we have

r= U U { w120 - 25w > a0}

e<ty,to<le

Thus
PAB) < YD B{ s [ZN(0) - 2N ()| > (o).

(0—1)e<ty,ta<le

Using (1) and denoting by Z¥(.) the i"" coordinate of Z"(.) we have, since |hf| <1 for

20



al1<j<kl<i<d,
P 127" (t1) = Z (ta)]
N3 (v [z enas) - m(x [ sz
SN (N [ sznas) (v [ o))
< %zj; (v /O(Hk B(2Y (s))ds + Nae) — P, (N /O(H)E 5,(2%(s))ds)
< % ; Z;.

Where Z; j =1, ..., k are independent Poisson random variables with mean Noe. Then

= sup
(—1)e<ty,ta<le

B s 12 (0) = 2N () > 00} S KRN > 9(0/K)

—1)e<ty,ta<le

And it follows from lemma 1.12 that there exist a constants K > 0, ¢¢ > 0 and Ny € N
such that

P sup[ZN(0) = 2N ()] > g(e) ) < kexp{-sN}
(f*l)egtl,tggfe

For all € < ¢g and N > Ny. And then

dkT
P.(Bf) < — exp{—sN}.
€

[
The upper bound for IPZ<||ZéV — Y|z > 2‘5—d> in (24) is given by the following Lemma:
Lemma 3.3. For all §,s > 0 there exist e, > 0, Ng € N such that

dkT
P.(|ZY - T||r > 6/2d) < — exp{—sN}, (26)
for all e < €1 and N > Nj.

Proof. Using (1) we write for all ¢ € [le, (£ + 1)¢]

Le

|Zai(t) = Tyl < Z % (N / o Bi(2%(s))ds) - P (N 0 B(2%(5))ds )|

%Z[ (v 5] (2¥(s))ds + Noe) — P;(N O&@j(ZN(S))dSH
%z

IN
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where the Z; are as in the proof of the last lemma. Let e; be the maximal € such that
§/2kd?* > g(€). Then we have from lemma 1.12 that for all ¢ < ¢; = min{ep, €2} and
N > Ny

d
9
N . < N‘ . (2 -
P.(|ZY — Yl > §/2d) < Pz(lL_JlﬂZa’Z(t) Ti| > 55} forsome e [0,7])
T a 5
< = Ny —Yi > —
< €0<52%7€_1P2<g{|2a71(t) Ti| > 55} forsome ¢ e [l (£+1)e[)

T T
< kT P.(Z,/N > §/2kd*) < dkT exp{—sN}.
€ €

]

It remains to upper bound P, ({Ir(Y|x) > s} N B,). We first deduce from Chebyshev’s
inequality that for all 0 < o < 1

E.(exp{aNIp(Y|u)}1p,) _

P.({Ir(T|p) > s} N B.) < exp{aNs}

(27)

In order to finish the proof of Proposition 3.1, all we need to do is to get an upper bound
of the numerator in the right hand side of (27) of the type exp{/Nd}, with ¢ arbitrarily
small. This will be achieved in the Lemma 3.7. Note that the ideas behind this proof
come from [1| and the proof of Theorem 3.2.2, chapter 3 in [3]. We first establish

Lemma 3.4. For all0 < a < 1, j = 1,...k and ¢ = 0,...,T/e — 1, there exist Z;
and Z;r which conditionally upon F}Y are Poisson random variables with mean Neﬁzf =
Ne(B;(ZN(le)) — Cdg(e)) s and NeBit = Ne(B;(ZN (¢e)) + Cdgle)) respectively such that
of

(L+1)e

o =exp{aN [ f(ul, 50t 1y

le
and

=t = exp2aNCag(0 x [exp {aner (T2 )]
(1-a)Z

)]

with By7 = (B;(Ye) — Cdgle)), then

+ exp {ozNef(

[1]

£ oas (28)

‘
@jS J

Proof. On BY, with € such that g(e) < 1 and t € [le, ({+1)e], using the Lipshitz continuity
of the rates 3; we have

1Bi(Z7 (1)) = Bi(Z™ (Le))| < CIZY(t) — Z7 (Le)| < Cdgle), j=1,...k

Then we have
(£+1)e
‘N/ Bi(ZN(t))dt — NeB;(ZN (le))| < NeCdgle), j=1,...,k.
Le

22



As p, 5 =1,...,k are given by (22), we can write

(1—a)Z; - (1—a)Zf

where for example

le le

27 = B(N | 52" (s))ds + eN(5,(27 (1)) = Cdg()) = PN | 552 ())ds)
Le

Le
zf = BN 0 Bi(Z%())ds + eN (B;(2” (te)) + Cdg(e)) ) = P (N 0 Bi(2%(s))ds).

Moreover it is easy to see that on B’ we have

{Ea%}zwﬁ — i < (1—a)g(e) <gle) for t€[le,(£+1)e.

And then
18i(Ts) = Bij(Tee)| < Oy — Tye| < Cdyg(e)

we deduce that |
B:i(T1) > (B;(Ye) — Cdg(e))4 = B

and
B;(Te) < Bi(Yee) + Cdg(e) = 5,7 +2Cdg(e).

Thus

. . u{ .

i _ L .

f(:utvﬁj (Tt)) iy log ﬁj(,rt) My + BJ (Tt)
) J . .
< i log Aﬁf;j — pp + By +2Cdg(e)

l
< flui, B7) 4 2Cdg(e).

As i} = i), is constant over the interval [fe, (£ 4 1)e[, we deduce that on B’

(L+1)e

exp {QN £l @-m))dt} < exp{aNef(ul, 327) + 2aNCdeg(e)}.  (30)

Le

From (29), (30) and the convexity of f(v,w) in v we deduce the inequality of lemma. [

The next proposition gives us a bound for the conditional expectation of the right
hand side of the inequality (28).

Proposition 3.5. Let a = h(e) = [— log 91/2(6)] where v is given by the assumption
0.3 4. For all 0 < aw < 1 there exist €, K, and K such that for all e < €, we have

o {2 (e forvs (Cg 2 ) Y72 )
< Ko exp{NeK(1 — o+ 2h(e) + 2dg(e))}.

N
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Proof. Conditionally upon F}, qu is a Poisson variable with mean N eﬁg’q. Moreover we
have by the definition

max{|5;7 — 577|187 — B/7|} < Cla+2dg(e))

let €=¢/(1 —a)and & = (1 — a)o then we have

e, (exp {oer () 72) = (e {oves (B ) }72)

- S o (1)) T

m)!
B m m a (Neﬁg’q)m exp{—NeBg’q}
- ZeXp {O‘M(_bg <gN5W'> vt 4J>} ml
eXp{ am} a,jym(1—&) BrI\m a,j
< exp{NeC(a + 2dg(e))} Z (NeB,) ( a,j) exp{—Nef,” (1 — a)}
m>0 l
exp{ am} 74 ;
< exp{NeCi(a+ 2dg(e))} Z (Negydymi=a) <Tg> exp{—Nes,” (1 —a)}.
m>0 l

(31)

Moreover the function v(z) = ™(1~% exp{—22(1 — &)} reaches its maximum at 2 = m /2
thus we have

~ m(l—a&)
g™ exp{—2x(1 — @)} < (%) exp{—m(l —a)} Vz
In particular
(1-a) ~ m m(1-a) R
(NeBS)1=8) expl —aNeBM (1 — &)} < (5) exp{—m(1 — &)}.
Thus
m*" exp{—am} - aivma-a (BT\™ ai
D (Ve (C55) T exp{—Nedd (1 - @)}
m>0 L
m eXp{ m} (B)°/5¢7
<exp{NegI(1-a)} Y ()" (32)
m>0
Let us admit for a moment,
Lemma 3.6. For all 0 < o < 1 there exists €, > 0 such that for all e < €, and ¢ = —,+,
754
Bi” _ ga-a)j2 o 9i-a)/2
a,j

14
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Then for € small enough we have

eXP{NEBZ a)} Z - (ﬁﬁ q/i) )

m>0
Neb(1-a) mme_m< 1 )m
<e Z ml 2(1—a)/2 (33)
m>0
_ eNe@(l—d)K

Since the series above converges. We deduce from (31), (32) and (33) that

(1-a)Zj

Ez<exp{0zNef( N

‘”) }| ) < K, exp{NeCy(1 — a + a)}exp{NeC(a + cdg(e))}
< Ko exp{NeK(1 — o+ 2h(e) + 2dg(e))}.

Proof of lemma 3.6
For ¢ = — we have

T Bi(2Ve)
g’ — Bi(ZNa(le)) — Cdg(e)
If 8;(ZN(le)) < A1 we have using the assumptions 0.3 3 and 0.3 4

BT B2 G

g’j = 5j(ZN’a(£€)) _ C’dg(e) - Oa — C'dg(ﬁ)

1
< W —1 as e€—0.
g/%(e)
If 3;(Z"(¢e)) > A1, we have
5 ) < Y

BoI = B;(ZN(le)) — CCa— Cdg(e) ~ M\ — CCh(e) — Cdyg(e)
—+1 as e—0.

And for ¢ = + We have
Bi(Z* (Le)) + Cdg(e)

0 = 3;(ZNe(le)) — Cdg(e)

If 8;(Z" (pe)) < A1, thank to the assumptions 0.3 3 and 0.3 4

Bi(ZM4(Le)) + Cdyg(e)
‘” — Bi(ZNe(Le)) — Cdg( )
_ Cut Cdg(e) _ Cff’éﬁ%

- Ca - Cdg(€) 1-— Clcfgge)

—1 as e€—0.
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If 5;(ZN(le)) > A1, we have

B < B](ZN(EG)):F Cdg(e)
‘” = Bi(ZN(le)) — CCh(e) — Cdg(e)
A+ Cdg(e)
= A\ — CCh(e) — Cdg(e)

—1 as e€— 0.

Thus, there exists €, such that % < 2079)/2 < 9(1=8)/2 for all € < ¢,.
14

The next lemma gives us a upper bound for the quantity Ez<exp{aN Ir(Y|p)}1 Be>-

Lemma 3.7. For all 0 < o < 1 there exist ¢,, K, and f(l such that for all € < €,, we
have the following inequality

Ez(exp{aNIT(Tm)}lBé) (2K.)'F exp{kNTK (1 — o+ h(e) + 4dg(e))}  (34)
Proof. We first remark using the lemma 3.4 and the proposition 3.5 that
E.(05FY) < E.(Z§|FNe) < 2K, exp{NeK;(1 — a + 2h(e) + 4dg(e))}.

Moreover, the E;, j = 1,...,k are conditionnally independent given F7. So we can
take the iterative conditional expectations with respect to F™. (T .7-" Y e FY to get

(L_2)e
that for all 0 < o < 1 and € < ¢,

(exp{ozNIT(T\u }1B> = H exp aN/

< [JeK.)* exp{kNeC (1 — a + h(e) + 4dg(e))}

= (2K,)"¢ exp{kNTK1(1 — o+ h(e) + 4dg(e))}.
0

The upper bound for the first term in the right side of (24) is obtained by combining
(27) and (34) and we have for all 0 < o < 1, € < min{ep, €y, €61} and a = h(e) =
1

[ log g'/%(e)| 7,

P.({Ip(Y|p) > s} N B.) < (2K,)'« exp{kNTK(1 — a + h(e) + 4dg(e))} x eXp{—cd\(/s})
35

26



The end of the proof of the proposition 3.1 can be done by Combining (24), (25), (26

and (35). We have thus for all 6 > 0, 0 < a < 1, € < min{eg, €,,€1} and a = h(e) =
[~ logg2()]

kT ~ 2dTk
P.(F5) < (2K,) < exp{kNT K (1—a+h(e)+4dg(e))} x exp{—aNs} + exp{—sN}.

€

Finally, we take 1—« and € small enough to ensure that kT'K; (1 —a+h(e)+4dg(e)) < n/4
and (1 — a)s < n/4. We also take N large enough so that k7T log(2K,)/Ne < n/4 and
log(2dkT /e)/N < n/4 and we have

.(F5) < exp{~N(s — 8n/4)} + 2o exp{—sN)

< dkTT exp{—N(s —3n/4)} <exp{—N(s—n)}.

O
We conclude the proof of the upper bound by the following theorem
Theorem 3.8. For any closed subset F' of Dy 4 and z € A
: 1 N :
— < _ )
h]glj;p yiogPr(F) < — inf  Ir(¢) (36)

Proof. All we need to prove is that the inequality (18) implies (36). To this end let
F € Dy 4 be a closed set, choose n > 0 and let

— inf  Ip(d) —n/2.
s= nf r(¢) —n/

The closed set F, = {¢ € F': ¢y = z} does not intersect the set ®(s), which is compact
since Ir is a good rate function. Therefore

0 = inf inf : |l — ||z > 0.

(ber QJJE‘D(S

We use the inequality (18) to have for any §,17 and s > 0 there exists Ny € N such that
for all N > N,

P} (F) < PY(F5)
< exp{—=N(s —n/2)}
<exp{ - N(_inf Ir()-n)}.

¢EF7¢0:Z

then

1
li “logPN(F) < — inf  I;(d).
towp plog P (F) < = il Ir(9)

Remark 3.9. We can also show without difficulty that (36) implies (18).
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Corollary 3.10. For any open subset ' of Dy 4 and any compact subset K of A,

1
li —logsupP,(ZN € F) < —inf inf Ip(d).
by losspPZT € B < gk i )

Proof. The arguments are the same as in the proof of Corollary 5.6.15 in [3]. Let
I = inf inf Ip(o).

zeK ¢peF,po=2
For nn > 0 fix, let I}, := min{/x —n,n"*}. Then from Lemma 1.7 it follows that for any
z € K, there exists a N, such that for all N > N, and y € B(z, N%),
inf Ip(¢) > inf Ip(¢p) —n > 1}

pEF,do=y PEF,po=2

Therefore we have from (36) that

1
—logP,(ZN e FY< — inf I < —Jn.
N iogPy(Z7 € F) < = if  Ir(¢) < —Ix

And then .
—log sup P,(ZN e F)<-I}.
N yeB(Zvi)
As K is compact, there exits a finite sequence (2;)1<i<m C K such that K C (i, B(2i, 5-).
Then for N > max;<;<;, V., Z

1
—logsupP,(ZN € F) < —1I7}..
N yeK

It first remains to take limsup as N — oo and then let 1 tend to 0 to have result. O]

4 Time of exit from a domain

Let O the domain of attraction of a stable point z* of the dynamical system (8) and 90 be
the part of boundary of O that the stochastic system (1) can cross. We need to formulate
a theorem which give us an approximate value for the exit time 73 from O for large N as
well as the exponential asymptotic of its mean E_ (7). For models of infectious disease
we have in mind, 75 is an approximate value of the time to extinction of the disease. This
is the most important application of our large deviations result. To this end, for z,y € A
where A is defined by (2), we define the following functionals

V(Z’ Y T) = ¢€DT,A71¢E})f=Z7¢T=y IT(¢)
Viz,y) = nf V(z,y,T)

Voo i= inf V(2% y).
y€00

The theorem is a consequence of the large deviation principle established above, the law
of large numbers and some technical arguments. The proof which can found in Section 7
of [9] requires the following technical assumptions:
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Assumption 4.1. 1. For all z € O, the solution Y*(.) of the ODE (8) satisfies

Y*(t) € O forall t>0 and tlim YZ(t) = 2"

2. Véb < Q.

5. For all p > 0 there exist constants T(p),€(p) > 0 with T(p),e(p) L 0 as p | 0 such
that for all x € 00 U {z*} and all z,y € B,(x) N A there exists an ¢ = ¢(p, z,y) :
0, T(p)] = A with ¢o = 2, ¢1(p) =y and Ir(,)(¢) < €(p).

4. Forall z € 90 there exists an 8o > 0 such that for all § < &y there exists 2° € A\ O
with |z — 2°| > 4.

5. There ezists a collection {O,, p > 0} which is such that
e O, C O forall p>0.
o d(Op,éb) — 0 as p—0.

e Forall p >0, O, satisfies the four above assumptions and for all z € 90, the
solution Y*(.) of the ODE (8) is such that lim;_,o, Y*(t) = z*.

Note that all these assumptions are satisfied in the infectious disease models that we
have in mind. The third assumption is not difficult to verify and the fourth one allows to
consider a trajectory which crosses the characteristic boundary 0O, in such a way that
all paths in a sufficiently small tube around that trajectory do exit O.

Theorem 4.2. Given n > 0, for all z € O,
Ali_r)noo IP’Z(eXp{N(Véb —-n)}<7d < exp{N (V55 + 17)}) =1.
Moreover, for alln >0, z € O and N large enough,

exp{N (Vi —n)} < E.(75) < exp{N(Vio +n)}-
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