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1. INTRODUCTION

Since recent results (cf. Hazewinkel and Marcus [5], Chaleyat-
Maurel and Michel [4], Ocone [12], among others) tend to indicate
that there are very few non-linear filtering problems with optimal
filters which depend only on a finite number of statistics, those classes
of problems which admit such computable finite dimensional filters
are very important in practice since they might be implemented
without further approximation.

Essentially three such classes have been discovered to date, and
they are all modifications of the classical linear-Gaussian filtering
problem solved by Kalman and Bucy [8]:

dX,=AX,dt + BdW,

(1.1
dY,=HX,dt+ LdW,

where {X,:t=0} is the unobserved process which is to be filtered,
{Y;:t=0} is the observed process, 4, B, H, L are matrices, possibly
depending on ¢, {W;:t=0} is a standard multidimensional Wiener
process independent of the Gaussian random vector X, while Y,=0.

The first class is the “conditionally Gaussian” problem of Liptser
and Shiryayev [10], where A, B, H, L in (1.1) are allowed at each
time ¢ to depend on the past of {¥;} up to time ¢.

The second class if the “Benes problem”, cf. Bene$ [1, 2], in which
the linear drift AX, is replaced by f(X,) where f satisfies a parti-
cular condition, and in addition the signal {X,} and the observation
noise are uncorrelated, i.e. B=(B,0), L=(0, L,).

The last class consists of problems with the linear dynamics (1.1),
but with non-Gaussian initial condition. It was studied by Bene§ and
Karatzas [3] and by Makowski [11], again in the uncorrelated case.

It has become apparent very recently that one can obtain new
classes of explicitly solvable non-linear filtering problems by mixing
the above cases. Kolodziej and Mohler [9] have considered “con-
ditionally linear” filtering problems with non-Gaussian initial con-
dition (see also a particular case of this situation in Rishel [13]) and
Shukhman [14] has treated the “Bene$ problem” with non-Gaussian
initial condition. Note that Shukhman [14] as well as Zeitouni and
Brobrovsky [16] have generalized the “Benes problem” to include
the original Kalman-Bucy filter as a special case.
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The aim of our work is to generalize and to give a unified
treatment of all of the above-mentioned results. In Section 2 we
generalize the conditionally Gaussian result of Liptser and Shiryayev
[10]. In Section 3 we add to the system considered in the previous
section a non-linear drift of the “Bene§ type”, and in Section 4 we
allow in addition a non-Gaussian initial condition.

The class of problem which we can treat is rather particular and
not as general as this introduction might lead one to think; in
particular, as noted already by Zeitouni and Bobrovsky [16] and by
Shukhman [14], in the multidimensional case it does not seem
possible to add an arbitrary linear drift to a non-linear one satisfying
Bene§’ condition and to obtain an explicit finite dimensional filter.
Nevertheless we do generalize all previous work known to us, in
particular because we allow correlation between the signal {X,} and
the observation noise. The essential tool which permits us to do so is
our generalized conditionally Gaussian filtering theorem, where in
the {X,} dynamics we allow a term consisting of a linear function of
X, multiplied by dY. Our results do include for instance the
conditionally linear filtering problem with non-Gaussian initial con-
dition and with correlation between the signal {X,} and the obser-
vation noise.

2. CONDITIONAL GAUSSIAN PROCESSES

In this section we show under reasonable hypotheses on the data
that if {X,}, {Y;} are two processes satisfying

dX,=[A(t, V)X, +a(t, Y)]dt+ B(t, Y) dW,

+ 3 16, V)X, + 1, Y)] 4V, @1
=1
dY =[H(t, V)X, +h(t, V)] dt +dU,  Y,=0, (2.2)

and X, is Gaussian, then X, is conditionally Gaussian given %,, the
g-algebra generated by {Y;:s<t}. We also compute equations satis-
fied by the conditional mean m,=E{X,|%,} and by the conditional
covariance R,=E{(X,—m)(X,—m)*|%,}. Note that * denotes
transpose.
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Let us be more precise. We assume:

(A} {X,:t=0} is an adapted as. continuous R¥-valued process,
{Y;:r=0} is an adapted, a.s. continuous R?valued process and
{W;:t20}, {U:t=0} are given independent R™ and R?-valued
(respectively) standard Wiener processes on a given filtered
probability space (Q, #, {Z,};z0, P), such that (2.1) and (2.2)
hold as. Moreover X, is Gaussian with distribution
N(my, Ry).

We write C(R*,R% for the space of continuous functions

[0, c0)—»R? under the topology of uniform convergence on compact

sets. Let {¥,},,, denote the canonical Borel filtration on C(R*; RY).

(A,) A, a B, G, g/, H h are all defined on R* x C(R*;R?) and
assume values (respectively) in RY®@RY, RY, R¥@RY,
RY@RY, RY R!x RY, R Moreover they are ¥, progressively
measurable.

(As) If « is any one of |A|? |a|, |BJ?, |G'|%, |H], |hl, then a(’,y) is in
Lio(R™) for each y in C(R*;R") where || denotes the norm
in the appropriate space.

{Ay) Foreach Tin R*, EA;!=1 where

Ar=exp {jt [H(s, V)X +h(s, Y)]* dY,
b

-3 } |H(s, Y) X+ his, Y)[? ds}. (2.3)
[

It follows that E;Ar=E1=1, where E; is expectation under P; and
P is defined by

PHA)=[A;'dP, AeF,.
A

Remark 2.1 One might consider replacing dU, by L(t, Y)dU, in
(2.2). However to make the method work, L(t, Y) would have to be
non-singular and Lipschitz in Y. But in that case no generality is
gained for we could define
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Then Y satisfies an equation of the form (2.2). Moreover from the
definition of ¥ we see that #,=#,, and that

dY=L(s, Y)dY.

The Lipschitz continuity of L implies that Y is a strong solution of
this equation, hence %, =%, and we conclude that 7, =%,

Remark 2.2 We might take Y, random and replace the last part
of (A,) by:

The conditional law of X, given %, is Gaussian, N(mq(Yp), Ro(Yy)).
This extension is trivial and we leave it to the reader.

Remark 2.3 Putting dY in (2.1) is just a convenient way of
expressing correlation between the noise in (2.1) and (2.2). In this
form it is obvious that (2.1) is conditionally linear given Y.
Moreover, even if no such term is present in the model of the next
two sections, the method of solution will reduce the original system
to one of the form (2.1), (2.2) with non-zero G and g.

Let us now give two examples where the condition (A,) is
satisfied.

Example 2.1 Assume (A;)«A;) and

X! (Au 0 ) . ( 0 0 >
X= , A= , GI=| _. . ), H=(H;0),
(x2> Ay A4i, Gy, Ghy !
B, <a1> ; (g{>
B= , a= , £="
<Bz> a,) £ \el

sup sup |oft, y)| < oo (2.4)

0gt=T y

and for all T<®

where o is any one of |H,|,|h| or any of the coefficients appearing in
the equation for X*. Now the equations for (X', Y) can be rewritten
as

dx! =[<A11 +Zg{H1j>X‘ +(a, +2g{hf)]dt+31 dW+3 g} dU’,
i i Jj

dY=[H, X' +h]dt+dU
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where H,; is the jth column of H,. They have drift with linear
growth and bounded diffusion coefficients. Because of the special
form of H, A;! is determined solely by (X!, Y), so that Corollary
7.2.2 of Kallianpur [7] implies that (A,) holds.

Example 2.2 Assume (A;)~A;) and
Xt A, O B,;, O wt
= = , B= N W= ’
X <Xz>’ A (Au Azz) <0 B w?
. 0 0 . (0
oe(3, ) o-(2)
(szl 0> g%

and that all coefficients in the equation for X' are constant in the
second variable (Y). Then X' does not explode. Assume also that
|H|, |h| and the coefficients in the equation for X? satisfy (2.4). Let
&} be the o-algebra generated by the past of X' and let %7} be
that generated by W! Now {X/!} is only driven by {W}}
so Xlcw!vali and hence {(W2,U):0St<T} (respectively
(W}, Y):0<t<T}) remains a Wiener process on (Q, %, P) (respec-
tively on (Q, %, Py)) given Z'}. But given ZL, the equations for
(X2,Y) have affine drift and bounded diffusion coefficients a.s., so for
each sample path of X! we have

E{A7t 21} =1,

and hence (A,) holds by integrating out X*,
Observe that this example includes the case when X! is a
parameter, i.e.

dXt'=0
dX*=(A5 X'+ A,,X* +a)dt +BdW +) (G}, X* + g dY/.
7

We will give now the main result of this section.

THEOREM 2.1  Assume (A;)<A;). Then for any T < oc the conditional
distribution of X 1 given % is Gaussian.

Proof We need to show that for any z in R

E{exp(iz*X )| %} =exp[ia*z—z*Bz] as. (2.5
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where « and f§ are %; measurable random variables assuming values
in RY and in the N x N symmetric positive semi-definite matrices
respectively. It will be easier to work with P, so observe that

E(e™XT|W 1) = Ef(e™*TA¢|¥)Er(Ar|®y) 7Y,
and hence we need to show that

E(e"Z‘XTATi@’T) =kexp(ia*z—z*Bz) as. (2.6)

for some %, measurable scalar random variable k. The left side of
(2.6) is Er(¢|%7) with

E=exp {iz*XT+ f [H{s, Y)X,+h(s, Y)]*dY,
0

T
—3 [|H(s, V)X + h(s, V)|? ds}.
0]
Now let @(t) be the unique strong matrix valued solution of
dD=A(t, Y)®dt+) Gi(t, )®AY], 0=Zt<T,
j
o0)=1.

It exists on (Q, %, Pp) by the result of Jacod [6], and is invertible
since

det @(r) = det ®(0) exp {;f tr [A(s, Y)—$Y Gi(s, Y)z:l ds
0 i

+3 f tr[G/(s, Y)] dYg}
Jj o

£0,

STOCH. -G
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where tr A is the trace of 4 and det® is the determinant of ®. It
follows that

X, =) {XO + jt‘ @(s) "' B(s, Y)dW, +j @(s) " als, Y)ds
0 0

t
+3 [ O(s) " gi(s, Y) dyg‘}.
Jj o
If we define
t
ne=Xo+ | ®(s)~B(s, Y) dW,,
0

t

ye={ D(s)"tals, Y)ds+Y, i ®(s) " 1gi(s, Y)d Y,
0 jo

then we have

Xt=q)(t){’7t+"/t}'

If we substitute this expression for X, into ¢ we see that we can
factor ¢ into two parts, £=¢&,&, where &, is %, measurable.
Specifically if

Q(s)=D(s)*H (s, Y)*H(s, Y)D(s)

then

gi=exp {iZ*<D( Tyr+ } [H(x, Y)®(s)y, + h(s, Y)]* dY,
0
T
—3 [ [H(s, Y)®(s)y,+ ks, Y) \zds}
0
$y=exp {iZ*cb(T)nT + g [H(s, y)®(s)ns]* dY,

T
- (jj LH(s, Y)Q(s)ys+ h(s, Y)]*[H(s, Y)®(s)n,] ds




Downloaded by [Aix-Marseille Université] at 02:01 10 April 2013

ALMOST LINEAR FILTERING 249

T
—% (I) 1 Q(s)s dS}
=exp {iZ*Q( Tinr+ f [H(s, Y)®(s)n,]* dY;
0

T
—(f) 73 Q(s)ns+ (s, y)*H(s, Y)O(s)n5+31¥ Q(s)n,] dS}-

Upon substituting for » in this last expression (except in the term
which is quadratic in #), interchanging the order of integration dW,
dY in [(H®n)*dY which is permitted since W and Y are indepen-
dent under P, (hence the integrands remain non-anticipating), and
interchanging the order of integration dW, ds, we obtain

£,=exp {iz*d)(T) [Xo +E<D(s) ~1B(s, Y) dWs]
+X*|:jCD(s)*H(s Y)*[dY, —h(s, Y) ds]— j o s)ysds:l
+:j):<§ O(u)*H(u, Y)*[dY,— h(u, Y)du]— fQ(u)y,,du)
@)™ B(s, Y)dW;~3 [ 12000 nst}
=exp {[i@(T)*Z-{-Otl(T)]*XO +(ID(T)*z2)* E(D(S)—IB(S, Y)dw,

T T
+] az(T,S)*dVK~%In;*Q(S)nSdS}
o 0

where o,(T), o,(T,s) are %; measurable random vectors. We can
now apply Lemma 1 of the Appendix to obtain

Er(E|%r) =& Ex(&,] W)

=¢&1ky explag(T)*b(T) +b(T)*B(T)b(T)]
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where the 2N + 1 dimensional random vector b(T) is

i®*(Tz+o,(T)
b(T)= iO*(T)z
1

Hence
E1(E|¥y) =& kyexp{i[O(T)ay(T)]*z ~ 2*O(T) B T)W(T)*z}

where B,(T)=(I,1,008,(T)(I,1,00*=0 and [ is the N xN identity
matrix. Since &, has the form

1 =exp{i[®(T)as(T)]*z +as(T)}

then the result follows. 0

CoroOLLARY 2.1 As functions of T, a and B are a.s. locally bounded.

Proof 1t is readily seen that all the o’s and f’s in the above proof
are continuous in T, hence the result follows. O

Remark 24 We have only shown that X given % is Gaussian
since this is all that we require, but the same proof shows that the
distribution of X,, X,,...,X, given ¥t <t;<--<t,<T, is
Gaussian. O

Next we wish to compute the conditional mean m(t) and con-
ditional covariance R(t) of X,—they are of course «(t) and 28(t) of
Theorem 2.1, but we want to obtain recursive formulae for m and R,
i.e. we want to derive equations driven by the observation Y, which
are satisfied by m and R. To do so we employ the Kushner—
Stratonovich equation (cf. Liptser and Shiryayev [10, Theorem 8.1]).
However we must add new hypotheses:

(As) For each T< oo, aft, Y(w)) is in I3((0, T) x Q, dt x dP) where o
is any one of

al, |&} [kl [k’ |4l (Bl |G,

HP% [kl|6Y, le|lH]
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(Ag) For each T in R* )H(t, Y(ew) X () + h(t, Y(w))] is in
I2([0, T]1 x Q, dt x dP).

Note that (A) holds for our two examples if all coefficients satisfy
(2.4). Moreover (A;) can easily be guaranteed by requiring that all
the terms appearing there satisfy (2.4). We write H/(z, Y) for the jth
row of H(t, Y).

THEOREM 2.2 Assume (A{)~(Ag). Then the equations

dri, = {A(t, Yy, +a(t, Y)— RH(, YY*[H(2, Y, + k2, Y))

+Y Gi(t, Y)RHI(t, Y)*} dt
Jj

+2 {G(t, Yy, +£(t, Y) + R.H(t, Y)*} dY! (2.7
dR,= {B(t, Y)B(t, Y)*+ A(t, )R, + R A(t, Y)*

+3 Gi(t, V)R, G/(t, Y)* —~ R.H(t, Y)*H(t, Y)R,} dt
J

+Y {GI(t, )R, + R,G'(t, Y)*} dY! (2.8)
J

with fig=my, Ro=Ry, ¢f. (A,), have an a.s. continuous unique strong
solution which is a modification of (m,, R,).

Remark 2.5 Since the pair (X, Y) is not Gaussian in general it is
not surprising that the conditional covariance matrix R, is random,
just as in the conditionally Gaussian case treated by Liptser and
Shiryayev [10, Chapter 12]; however in contradistinction to that
case, now (2.8) contains the stochastic differential dY. On the other
hand, a feature of the Kalman-Bucy filter which is preserved is the
fact that (2.8) does not involve #,. O

The proof of the theorem is divided into several lemmas. First we
show that (2.7), (2.8) have a unique solution: so if m, R satisfy these
equations then this fact identifies them uniquely. Then in Lemma 2.2
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we apply non-linear filtering theory to find the Kushner—
Stratonovich equation satisfied by E{w(x,)\@,} when ¥ is a smooth
function of compact support. Next a limiting argument is used to
obtain this equation for the cases Y(x)=x;, Y(x)=x;x;, cf. (2.15). The
last step, which is left to the reader, is to use the fact that for
Gaussian random variables (and by Theorem 2.1 we know that X, is
conditionally Gaussian) the third moments which appear in (2.15)
can be expressed in terms of the first two moments. Now algebraic
manipulation allows (2.15) to be reduced to (2.7), (2.8).

LemMa 2.1 Assume (A,) and (Ag). Then (2.7), (2.8) have a unique
strong solution {(,, R)):t =0}

Proof Fix M <. In Eq. (2.8) replace the term R,H*HR, for
|R|>M by RH*HR M/|R,|. Now a result of Jacod [6] allows us to
conclude that the modified Eq. (2.8) has a unique solution. Letting
M- x we find that (2.8) has a unique strong solution on [0, 1g)
where 15 is the explosion time of R, We shall see shortly that this
solution is the conditional covariance of X, hence 1=+ by
Corollary 2.1.

Now the result of Jacod [6] can be applied to (2.7) to conclude
again that a unique strong solution exists on [0, o). O

Let C(R") denote the continuous real valued functions defined on
RY and let C3(R") be the subset of those functions which have
compact support and which are twice continuously differentiable.
Note that if ¢ is in C(R™) and if there exist constants ¢ and k such
that

|p()| < c(1+|x[%) (2.9)
then by Theorem 2.1 we have /
E{|¢p(X)||%,} <0 as.
and we can define ¢, =E{¢(X,)|%,}. This is also true if for each x,
O(x)=¢[x) is a ¥, measurable random variable. The constant ¢ in

(2.9) may now depend on Y.

LEMMA 2.2 Assume (A,), (Aq). If ¢ € CHRY) then
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N t N [P R . :
=¢, +6f (Lo)sds+3. b‘ [(K,9)s—plpI[dY]— plds]
J
where pl(x)=),H (1, Y)x,+ht, Y) and

(Lp)(x) =3 {B(t, Y)B(t, Y)*+Y [G'(t, Y)x+g'(t, Y)]

ij

Rt

Git, Y i, *
x[G(t, Y)x +g/( )]}ijéx,-axj

+2 {A(t, Y)x+a(t,Y)

+T ARG Vs ] 220
(K@) =506 V)t V1120 4 i)

Proof The result is an immediate consequence of Liptser and
Shiryayev [10, Theorem 8.1], since ¢(X,) is a bounded semimartingale
and since (As), (Ag) and the fact that ¢ has compact support imply
that the coefficients of dt in the semimartingale decomposition of
d(X,) and of Y, belong to L,((0, T) X Q, dt x dP) for all T< . O

We complete the proof of Theorem 2.2 with the following lemma.

LemMMA 2.3 Assume (A()—Ag). A modification of (m, R,) satisfies
2.7), (2.8).

Proof For i,j=1,2,. introduce sequences {¢"} _CC?,(IRN),
(6"} < C}RY) such that ]¢'"(x)|<lxi ¢¥00]|x| [¢%00| s x|
|q5"” x)’<]x|2 ‘d’"” x)‘<|x’2 ? mj( )'<’xl and ¢"(x)—>x;,

¢"(x)—x;x; as n—oo. According to Lemma 2.2
t

ot BTN =N
Bit= G5+ (Lo™,ds + 3] (K™, — pEBL (Y~ plds]

k0

Pnij _ Bnij tL/pF d i I</n\u AR BMITAY* — Bt d
¢t ¢0 +£ ¢ )s S+;g( k¢ )s ps¢s ][ s Ps S]
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which we rewrite as

t 1
Pr=¢u+farids+y [ BrdYs,
Q kO
(2.10)

t t
Grii=gnii4 [ oiids+ Y | Bi dY¥,
0 k O

where each of o™, o, o™/, Bi is a finite sum of terms of the form
M(s, Y)P(X )" with M{@}—progressively measurable, M in
IM(0, T) x Q,dt xdP) for all T<oo if the term occurs in @, M in
I2((0, T) x Q, dt x dP) for all T<oo if it occurs in B, and with P(x) a
monomial of order 0, 1 or 2 in the x;. Moreover

Wre|Se(1+]x[Y  Vn, V¥x,
.11)

Yix)-Y(x)  Vx

We wish to pass to the limit in (2.10) as n— 0.
Let us define a sequence of # -stopping times

1, =inf (t20:E{| X *|%}2m}, m=12,...

with the convention that 7,(w)= + o0 if sup,;o E{|X,|*|%}{w)<m. It
follows from Theorem 2.1 that

E{|X,)*|®,} =F(«r), (1)) as.
for some continuous function F, and hence from Corollary 2.1 that

T,,— 00 &.8. a8 m— 0.
Now from (2.10) we obtain

N . tATm tATm
ni . { { i k
Then =00+ g aé”dS+; g ks 4Ys

(2.12)

~ —~ . tATm . tAT]M ..
i, =¢uwit+ [ ottids+y [ Pridyk
] k 0
We shall first pass to the limit in (2.12) as n—oco0. Note that by (2.11)
and Hdélder’s inequality
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|M(s, VPRI o) | S IM(s, V)| (14 /me(14+m)  (2.13)

since |P(x)| < 1+]x|? and
‘/7?1<s§rm) = E{!/’"(Xs)lugzm}‘@s}’
WX el SCUHX ) 50, (2.14)
E{X " lusep| ¥ <m

Now (2.11) and (2.14) allow us to apply the dominated convergence
theorem for conditional expectations to conclude that as n— oo

lpgl(sgtm}—){ﬁsl(sétm} a.s., a.e.
But this fact and (2.13) now imply similarly that

M(S, Y)P(Xs)lpgl{sgrm}_)M(s, Y)P(Xs)'];sl(s§rm)

in L{(0,0)xQ, dtxdP) if the term occurs in an «", and in
I2((0,1) x Q, dt x dP) if it occurs in a B*. Hence we can pass to the
limit in (2.12).

We can now pass to the limit as m— oo to obtain

[(Kwx))s+ P5(%)][d Y5~ pg ds]

E{Xﬁ\@,}=E{X‘0}+i(EJ?i)sds+Zi KX

k
. 3 . i t NG ’
E{XiX]|%}=E{X, X} + (j) (Lx;x,) ds (2.15)

A N
+ ¥ [ [Kexix),— PHER)I[AY" — pt ds].

Note that again (X)s (X%}, etc. are all functions of «(t), B(r) and
hence are locally bounded in ¢ as. by Corollary 2.1, hence the
passage to the limit as m— o0 is justified by the fact that a.s. M(-,Y)
is in LL (R*) or in L2 (R*) as the case may be.
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Some tedious but elementary algebra allows us to deduce from
(2.15) that (m, R,) satisfy (2.7), (2.8). Note/t}&t since the conditional
law of X, given %, is Gaussian then (X;x;%,),=R; (%), +Ru(%),+
R(%) + (&) 2)20. O

3. SYSTEMS WITH “BENES” TYPE NON-LINEARITIES

In the preceding section we saw that the conditional distribution of
X, given %, is Gaussian, and we computed the two sufficient
statistics m,, R,. This was done under the assumption that (X, Y)
satisfied (2.1), (2.2), specifically that, given Y, the drift of X, is linear
in X, We shall now relax this linearity hypothesis to a certain
extent, following the ideas of Bene§ [1] and Shukhman [14}: in
essence we shall transform the non-linear problem into one to which
Theorems 2.1 and 2.2 can be applied. Since we cannot allow
correlation between the observation noise and the noise in that part
of the signal which involves the non-linear dynamics, we split the
signal X, into two parts, X} and X2. We assume

(B;)  On some underlying filtered space (Q, #, {#,}, P), {X,:t=20} is
an adapted, a.s. continuous R"-valued process, {¥:20} is an
adapted, as. continuous Ré-valued process, {W,:t=0},
{Vitz0}, {U,:t20} are independent N;, M and d dimensional
(respectively) standard Wiener processes such that X}*=
(X2 X3, X! eRM, X2eRM, and

dX!=[A(t, )X +a(t, Y)+ f(t, ¥, X)) dt + B(t, Y)aW,  (3.1)
dX?=[C(t, V)X, +c(t, Y)]dt+D(t, Y) dV,

+3 [G(t, V)X, +£%t, Y)]dY] (3.2)

dY,=[H(t, Y)X,+h(z, Y)]dt +dU,, Y,=0. (3.3)

(By) A,a B, C,c, D, G, g, H, h are all defined on R* x C(R™; R%)
and are progressively measurable and bounded, and f is
defined on R* x C(R*; R x RM and is 2 @ #"* measurable
(2 is the o-algebra of progressively measurable subsets of
R*xC(R*;R?% and #"! is the Borel o-algebra on RM),
Moreover f(-, y,x) is in LL (R™) for each (y, x).
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(Bs)  H(t,y)=(Hy(t, y) Hy(t,y)) and HYH,=0.

(B,) There exists a 2% measurable function ®:
R* xC(R*;R) x R"—»R which is C*? in (t,x) for each y,
such that for each y,x, ®(t,y,x)=®(0,y,x)+ [, d(s, y, x)ds,
and that (1+|x|)™'®,(t,y,x) is bounded, and there exist
progressively measurable, bounded functions X, T, § defined
on R* x C(R*; RY with values in R¥® R, R, R with X
symmetric such that (1+|x|)™'®.(z, y, x) is bounded and such
that for all (¢, y,x)

BB*®,=f (3.4)

2b -+ tr(BB*®,,) + 20%(Ax +a) + |[B*®, |2 = x*Zx + T*x + 5,
(3.5)

>+ H¥*H, >0, (3.6)

where (®,);=0®/0x;, (®,,);;=0>®/éx,0x; and ®=0®/dt. Note
that since ® is adapted then ®(0, y, x) is a function of x only
which we indicate by ®(x).

The main idea is to perform a Girsanov transformation which
changes f into BB*JX! where J is a matrix valued process to be
defined below. Unfortunately in doing so we introduce a Radon-
Nikodym density into the conditional expectation, but the hypo-
thesis (B,) allows us to express this density as a function of a new
variable X3 such that (X!, X2, X3) satisfy a conditionally linear
system to which the results of Section 2 can be applied.

In the following examples (B,) is satisfied.

Example 3.1 Let B=I and a,(t,y), a,(t,¥) be progressively
measurable functions mapping R* x C(R*;R% into R, which are
continuously differentiable in ¢ in the sense that ot y)=
(0, y)+ [ di(s, y) ds, d,(,y)  continuous, and are bounded on
[0, T]x C(R*; RY for any T < oo, such that a,(t, y)a(t, y)>0 for all
(t,y). Let po, pi, p, be similarly measurable, differentiable and
bounded with p, assuming values in R, p, in R™ and p, in
R¥1 ® R¥:. We suppose that they satisfy

Pa(t, ¥) + 2t VA(L, y) + A(L, ) *pa(t, y) =0,
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Byt y) + A(t, »)*pu(t, ) + [p2(t, y) + palty)*¥Jalt, y) =0,

td ,
Polt, vy +tr[palt, y) +pi(t, y)*alt, y) = 2dt In (ng, ;)D

Now suppose

P(x) - P(x)

al(t’ Y)e _a2(ta Y)e
(xl(t> y) eP(x)+ a2(ts J’) e—P(x)

St y, %) =[ ] VP(x),

where
P(x)=x*p,(t, y)x + p1(t, y)*x +po(t, ),
VP(x)=[pat, y) + pa(t, )*1x + pst, ).
Then (B,) holds with
®(1, y, x) =In[ey (2, y) "+ ay(t, y) e =P,
(¢, y) =[pa(t, y) + palt, »)*1%

L(¢, y) =2[py(t, y) +pa(t, »)*ps (8, y),
d
8(t, y) =1p:(t, )2 +2; Lo y)aa(s )1

The above example is a generalization of those found in [1, 2] where
f(x)=tanhx, A=0,a=0so that ¢y =a,=1, p,=pe=0, py=1.

Example 3.2 Suppose B=1 and
O(z, y, x) =In[M(t, y, x) + k(t, ¥)]
where (1+|x|)™*|M,||M +k| ! is bounded and
2M 42k +V*M +2M*(Ax +a) =0,

(for example if M is a suitable quadratic in x), then (B,) holds with
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St y, x)=M,(t,y, x)[M(t, y, x) + k(t, y)] ~*
and £=0,T=0,0=0. [J

We return to the general case. For y in C(R*;R%) let J(z,Y)
denote the unique symmetric, positive semi-definite solution of

J+JA+A* +J(BBI ~(S+H*H,)=0, J(0)=0. (3.7)

Let us partjtion C=(C, C,) corresponding to X!, X2, and similarly
G'=(Gi G%). Also we write H} for the ith row of H,. Now let

X3 = ~@y(X8)+ [ [J(s, Vals, Y)— Hy(s, Y)*h(s, ¥)~4T(s, V)X ds

0

t
+[[Hy(s, Y)X,1* aY,
2

and write
X! A+BB*J 0 0 a
X=x2, 4= C, C, 0/, a=lc
X3 a*J—B*H,—4* 0 0 oJ
0 0 0 ro B 0O
&=l6l o o, §J=fgf, B=lo D
H 0 0 0 0 0

A=(0 H, 0). We write u(;m, R) for the distribution of a Gaussian
random N +1 dimensional vector, mean m and covariance R. Now
we have

THeoREM 3.1  Assume (B,)—(B,) and one of
i) H2 = 0,
i) Gi(t,y)=0,Vt,y,j=1,...,4d,
iii) a, 4, B, f, J are constant in the second variable y, and G} =0.
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Then an unnormalized conditional distribution of X, given %y and
Xo=x, is given by

p(XTES.@TsXOZxO)

=[[[exp{®(T, Y, x") —3x"*J(T, Y)x* + x*}u(dx'dx*dx> mr, Ry)

SxR

where S is a Borel set in RY, x* =(x'*, x2*,x3) and m, R satisfy

dm, = {ﬁ(t, Y)m,+d(t, Y)— R H(t, V)*[A(r, Y)m,+ h(t, Y)]

J

+Y Gi(t, Y)R A1, Y)*} dt

+Y {GU(t, Yym,+ /¢, Y) + R (s, Y)*} dY,
J

0T —®o(x0) [

dR,= {E(r, VB(t, Y)* + Alt, VIR, + RA(L, Y)*

+3. Gi(t, )R,G/(t, Y)*— R A, Y)*H(1, Y)R,} dt
J

+Y {GX¢, V)R, + R,G/(t, Y)*} d Y,
J

R0=0.

Observe tllat the above equations for m, R are just (2.7), (2.8) for
the process X.

Proof The first step is to change the non-linearity f into a linear
term using a Girsanov transformation. We let

At=exp {g [(I)x(s7 YaXsl)'—J(Sa Y)Xsl:l*dXsl —% I:(Dx(s’ Y’Xsl)

[ LI,
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—J(s, V)X T*[B(s, Y)B(s, Y)X(Dy(s, ¥, X1) + J(s, )X 1)

+2(A(s, Y)X! +a(s, Y))]ds

+j[H1(x Y)X1]*dY,— %ﬂ Hy(s, V)X![2ds
0

t
—{ h(s, Y)*H (s, Y)X! ds}.
0
Under our hypotheses we may define P, by dP,=A;'dP as a
probability measure, and for some 1ndependent standard Wiener

processes W, V, U on (Q, £, {#, bes Pr) X' and Y satisfy

dX! ={[A(s, Y)+B(t, Y)B(1, Y)*J(t, Y)]1X} +a(t, Y)} dt + B(t, Y) dW,,
(3.8)

dY,={Hyt, NX2+h(t, Y)]dt+dU, t<T (3.9)
Note that
AW, =dW,+ B¥(®,—JX}) dt,
dU,=dU,+H,X!dt.
The next step is to manipulate A, so that it can be written as a

functional of the process X. From (B,) and It6’s formula (for each
fixed sample path of Y) it follows that

d[o(t, ¥, X}) ~3X*J(t, Y)X}]
=(®,—JX*dX} + {(d—3XI*IX]) + 51 [(®,, — J)BB*]} dt
=(®,— JX)* AX} +1{ - 20X AX} +a)—|B*D,|?
+ XPIXI4T*X 46— X} *I X} —tr(JBB%)} dt.
Using this result to substitute for {(®,~JX")*dX" in A; we have

log Az =®(T, Y, X1) —~ ®o(X$) ~ 3X*J(T V) X7
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T

— 1 [ [—20¥(AX] +a)—|B*®,|? + X *ZX!
0

FT*X1 48— XI* X! —tr(JBB*)] dt

T
—3 [ [|B*®, > — |B*J X} > + 2D, — IX*(AX] +a)] dt
0

T T
+ [ (H XH*aY,— [ BXHEH, X} + h*H X de
0 0
=®(T, ¥, X7) —$X1*J(T, V) X7 — 0o(X)

X*[Z—J—JBB*J—JA—A*J+H*H X! dt

1
2

Oty =

T
—4 [ [(T—2Ja+ 2H h)*X} +(5 — tr(JBB*))] dt
0
T
+ [ (H X})*dY,
o]
T
=0T, Y, X7) —3X*J(T, V)X 1 —®o(X3) + [ (H X})*dY,
0

T
~4 [ [(0—2Ja+ 2HH)* X} + (5~ te(JBB*)] dt,

where we have used (3.7). Now it follows from the definition of X3
that

Ry=exp | H{tr[J(t, V)BE, V)B(, Y)*1—6(t, ¥)} dr exp (O(T, ¥, X1)
0

—AXI (T, V)X L+ X3}, (3.10)

The final step is to express an unnormalized conditional distri-
bution of X under P as a conditional distribution of X, under the
measure P, since under Py, X, is the solution of a conditionally
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linear system, cf. (3.13), (3.14) below, so the results of Section 2 can
be applied.
If S is any Borel set in RN we need to compute

E{ls(Xr)|?yT, Xo=xo}
= ET{ IS(XT)KTigT’ Xo = xO}/ET{KTI @T’ Xo = xo} (3.1 1)
or indeed, we need to compute an unnormalized conditional
distribution—for example the numerator in the above expression, or

again using (3.10), simply

Er{1s(X ) exp[«\T, ¥, X)) —4X *J(T; Y)X:+X3]|%r, Xo=x,}.

(3.12)
But if we set I7V=<W), then
14
dX,=[At, )X, +a(, Y))dt+ B, Y)dW

+). 6t V)X, + (¢, V)] dY! (3.13)

dY,=[H(t, NX,+h(t, Y)]dt +d0 (3.14)

with X0=< o > The system (3.13), (3.14) has the form (2.1),
—Dy(x)

(2.2). Moreover (A,) is satisfied with m,=X,, R,=0. Our hypothesis
{B,) implies (A,), (As), {As). In addition any of the conditions (i), (ii)
or (ili) imply that (3.13), (3.14) is a special case of ejther Example 2.1
or Example 2.2, hence {A;) and (A,) also hold. The result now
follows from Theorems 2.1 and 2.2, O

Remark 3.1 (Bj;) is satisfied if H has the structure H=(H, H,)

with
H1_< 0 >’ H2"<H22>'
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On the other hand if in (B,) we have £=0 (which is stronger than
(3.6)) then we may omit (B;). Indeed in (3.7) and in the definition of
A, G/, X? and A we replace H, by 0, and we replace f by
(H, H, 0).

Remark 3.2 1In connection with (iii) observe that in Examples 3.1
and 3.2, J is constant in Y if a, A, B, H, are (if Z=0 then only q, A4,
B need be constant). Moreover G, =0 simply states that when we
transform (3.2) into an It6 equation by substituting for dY from
(3.3), the the equation is linear in X? (but not necessarily in the pair
(X1, X2, ie in X,).

On the other hand the condition (ii), ie. G'=0, implies that the
Itd equation for X2 is linear in X,. A special case of this situation is
treated in [14]. As for (i), in this case (X, Y,) constitutes a signal-
observation pair with no input from X?.

Note also that (i), (ii) or (iii) could be replaced by:

(iv) P7(Q) =1 and the system (3.13), (3.14) satisfies (A,) and (A).
Remark 3.3 Wong [15] considers a system of the form
dx,=f(x1, x,) dt +dw,
dx,=g(x,)dt (3.15)
dy=x,dt+dv,.
If we set X2=0, X! =(x,(t), x5(t)), we obtain the form (3.1)~3.3) but
clearly (3.4) must fail. However, f satisfies further hypotheses. In fact
in [15] examples of “class A” can be put into the form (3.1)«3.3)

with Y,=y(t), X7 =0, X!*=(&,(z), £3(1)) where &,(1)=2x,(t) and &,() is
a 2m dimensional vector with components

x2(n) x2(t)

cos | [A/g(r)}dr, sin [ [2/g(r)]dr, i=1,...,m, (3.16)
o d

and the A; are given. Moreover f =0, a* =(a, 0*), B¥=(1,0*) and

*
Ao 0 B
0 A,




Downloaded by [Aix-Marseille Université] at 02:01 10 April 2013

ALMOST LINEAR FILTERING 265

for a given scalar « and 2m dimensional vector 8. Clearly this case is
covered by Theorem 3.1.

Examples of the “class B” of [15] can be put into the form (3.1)-
(3.3) with Y,=y(1), X7 =0, X}*=¢,(1), &(0),&5(r) where &, and ¢,
are as above and

0 247 E5(r) + 1

L= (f, G T

Here &,(r) has components defined by (3.16) with upper limit of
integration being r rather than x,(f). Moreover a*=(0,0% 1/2),
B*=(1,0%),

[0 g 0 n(E—¢&s)
A=|0 A4,, 0/, f= 0
0 p* 0 0

where n(x)=ce*/(1+ce”), ¢>0. If we set A(x)=[n(x)dx then
D(t, v, (&1, &5, E3)) =A(E; — &) satisfies (B,) since

nu(E1—¢3) —n(é, ‘“53)4'"7(51 —53)’2=O,

ie. we can take £=0, ['=0, d=0. Hence the result is again covered
by Theorem 3.1, which thus includes all the results of [15].

4. NON-GAUSSIAN INITIAL CONDITION

So far we have only obtained the conditional distribution of X,
given #; and X . If (X4, —Po(X3})) is Gaussian, e.g. X, is Gaussian
and @, is an affine function, then the proof of Theorem 3.1 can be
used to give a formula for the conditional distribution of X given
% only. In general if P, is the distribution of X, one can proceed
as in Theorem 3.1 up to (3.11):



Downloaded by [Aix-Marseille Université] at 02:01 10 April 2013

266 U. G. HAUSSMANN AND E. PARDOUX
E{14(X )| %7} = E+{1s(X )Ar|¥1}/Er{Ar|¥ 1}

j Er{ls(XT)KTl@T, Xo= x}Po(dx|@T)
RN

j ET(KTI@T’ Xo=X)Po(dx ] ¥Yr)
RN

but now we do not know Po(-|%;), the conditional distribution of X,
given %, and we do not wish to find it as the solution of an
interpolation problem since this would not give a recursive scheme.
Instead we apply the method of Makowski [11], that is we split off
the initial condition and find a new measure relative to which X,
and @ are independent sc that Py(|#7)=P() (at least under the
new measure). Moreover the corresponding Radon—Nikodym density
will be a function of the variables X!...X® which satisfy a con-
ditionally linear system so that Theorem 2.2 can be applied.
The model is again (3.1)—(3.3).

THEOREM 4.1 Assume (B,)~B,) and one of
i) H,=0,
iy Git,y)=0Vt,y,j=1,...,d,
iiiy f, a, A, B, J are constant in the second variable y and G} =0.

Let Py be the distribution of X,. Then an unnormalized conditional
distribution of X given % is given by

p(XreS|¥p= IN exp{— Qg(x") —4x*N(T; Y)x}

1
X ) lg [(Zz) +¥(T, Y)x]
R¥1 x RV2 x R x R¥1 x R¥2 z

x exp{®(T, Y,z + ¥, (T, Y)x})
FHz ¥ (T XWM(T Y)(2 +¥14(T, Y)xY)
+ 23+ x1*z2% + x2*23} u(dz; my, Rp)Po(dx),

where S is any Borel set in RN, x¥*=(x!*x%%), z*=
1 2 3 4 5
(1%, z%%, z°% 2% z°%),
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T
N(T, Y)=(§) [¥2u(e, Y) Wao(t, Y)I*H (1, Y)*Hof1, Y)
X [‘PZI(t’ Y) l]~:,22(t’ Y)] dt,
and

(T y)=[‘1’11(7? Y) W¥.(T y)}

\PZI(T; Y) "Pzz(’]: Y)
in RN * N2 @ RN1*V2 sgrisfies

A(t, Y)+B(t, Y)B(t, )*J(1, Y) 0
a¥(t, Y) =l: Cy(t, Y) CAt, Y)jl Y(t, Y)dt

0 ,
+[§:’ I:Gj(t, Y):l ‘P(t, Y) dYt, \P(O, Y) = I,

and m, R satisfy
dm,= {ﬁ(t, Yym,+a(t, Y)— R A, Y)*[A(t, Y)m,+h(t, Y)]

+3 Gi(t, V)R A, Y)*} dt
J (4.1)

+; {GI(t, Y)m,+8%(t, Y) + R A(t, Y)*} dY},
my=0,
dR,= {B(z, )B(t, Y)* + A(t, V)R, + R, A(t, Y)*
- Gi(t, V)R,G'(r, Y) - RA(, Y)*A(, Y)R,} dt  (42)

+2
J

+Y {Gi(t, )R, +R,Gi(t, Y)*} dY,
J
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A+BB*J 0 0 0 0
C, C, 0 00
A=|(Ja—H¥h—4T)* 0 0 00
0 —WxHtH, 0 0 0
i 0 —¥%,HtH, 0 0 0]
r a B 0]
g c 0 D
a= 0 , B={0 0
W* (Ja— Hh—iT)— W%, Hh 0 0
— W5, Hih 0 0
[0 0 00 0 N 0
Gl G: 000 | g
G'=H, 0 0 0 0, &= 0
60 0 0 0 0 (H{¥,, +H5¥,,)*
0 0 000 (HL¥,,)*

H=(0,H,,0,0,0,).
Proof We define £, e RV *N2*1 X4 RNt X5 e RN by

Vil Y) Wit Y) O
L=yt Y) Yol Y) 0] X, (4.3)
&t 0 1

t

Ct=5qlll(sa Y)*[J(S’ Y)a(s, Y)_Hl(sa Y)*h(S, Y)—%F(S, Y)] ds
0
+Z f ¥ 1i(s, Y)*H{(s, Y)*dYi,

X?=Ct*i [Ho(s, V)2 (s, V)IMH s, YIXZ =)+ h(s, Y)]ds

+;E[Hfz(s Y)W, (s, Y)]*dY]
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X}= —5) LHofs, V)Waals, V)I*[Hols, Y)(XT~ &) +h(s, Y)] ds

t
+3 | [HA(s, V)¥5,(s, Y)]* 4V,
i 0
It follows that
dé,=A(t, V)& dt+Y G, V)¢, dYi,  &=2X,,
7
and if we define
-~ _ T ~ ~ T ~
Apt =exp{—— JLAG, V)E1* 40,4 [ | Y)é,jZdt},
then
Ar=exp{X§*(X}—{7) + X3*X3—1XEN(T, V)X o}.
If we define P, by dP;=A;!dP,, then under our hypotheses P, is a
probability measure under which Y,~ [ [A(X —¢)+h]ds is a stan-
dard Wiener process. Now if XI=Xi— ¢! i=1,2,3, then
dX,=[A(t, V)X, +a(t, )] dt+ B(t, Y)dW

+3 [6t, V)X, +8(t, V)] dYY, (44)

dY,=[A(t, )X, +h(t, Y)]dt+d0, 0

A

t

lIA
N

(4.5)
X = O, YO = 0,

where W, U are independent standard {&, Wiener processes under
P;. Let Q; be the probability measure obtained from P, by a
Girsanov transformation such that (W, Y) is a standard {#,} Wiener
process under Q7. Then X, the solution of (4.4), is adapted to (W, Y),
and hence X, and (X, Y) are independent under Q. It follows from
the Girsanov representation for dP;/dQ, that X, and (Y;dP;/dQ;)
are independent under Q; and hence X, and Y are independent
under P.
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If S is a Borel set then as in (3.11)

E{ls(XT) \@T} = ET{1s(XT)KT‘@T}/ET{AT|@T}
and it suffices to compute, cf. (3.12),
E{1s(X7)exp[ (T, Y, X 1) —3XP*J(T, V)X 1+ X371 | %7}
= Er{1s(X) exp[@(T; ¥, XH—4X1*J(T, )X} +XT]Ar| @1}
/Er{Ar| %y},

Let us compute the numerator in the last expression (the denomi-
nator is irrelevant). N.B. ¥,,=0.

E{15(X ) exp[®(T, Y, X}) 31X J(T, V) X} + X3

+XEMXE~ L)+ X3* X -3XEN(T, V)X 01| %1}
—EIX%“‘PY O(T Y, XL+W V)X
=Lkr<lg %2 +W(T, V)X, |exp[®(T, ¥, X7+ ¥, (T, V)X5)

X+ (TNXOIT Y)Y X +Y,4(T Y)XP)

+ X3 @y(XE) + X3RS + X325 —AXIN(T, 1)Xo] 1%}
(4.4)

since Xp=X4 485, i=1,2,3 and ¢, satisfies (4.1). Now (4.4) has the
form

Er{F(Xo, X1, V)|¥r}= | Er{F(x, X1, Y)|¥1}Po(dx) (4.5)

since the distribution of X, under P, is still P, and since X, is
independent of Y under P;. But Theorems 2.1 and 2.2 applied to
X, Y, which satisfy (4.4), (4.5), now allow us to compute the last
integrand in (4.5) to obtain the result. O

Remark 4.1 1In the special case f=0 we can omit the hypotheses
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(B;) and (B,) and the variable X3. Further simplifications allow
Theorem 4.1 to be rephrased as;

Assume (B,), (B,), f=0, and one of (i), (ii) or
(il)’ a, 4, B are constant in the variable y and G} =0,

Then

p(X 1€ S| y)

={exp{~5*N(TY)x} | 1S[C:>+W(T,Y)x]

R¥ RNt x N2 x RN
x exp{x*z°}u(dz; my, Rp)Po(dx)

where z* =(z*, 2%, z%"),

N(TY) =jt‘l’(t, Y)*H(t, Y)*H(t, Y)¥(¢, Y) dt,
0

At Y) 0 0 .
d¥(t, )= Y(t, Y)dt . Y(t, Y)dY],
) <c1(z,Y> cz(t,Y)> &1 @(G}(r, Y)) (D
and m, R satisfy (4.1)(4.2) with
A 0 0 a
A= C, C, 0, a= c ,
~Y*H*H, —¥*H*H, 0 —WY*H*}h
B 0 0 0 0 0
B=0 D|, ¢'=|G] G, 0, g= ¢ |,
Lo 0 0 0 0 (H'¥)*
H=(H1 H2 0)
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Appendix

We

establish here a minor variant of a result due to Liptser and

Shiryayev [10, Lemma 11.6].

LeEmMa | Let {W;:t=0} be a standard Wiener process on (Q, %, P)
with values in R, and let X, be an independent Gaussian random
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variable in RY, Let B(), Q(*), y() be respectively R ® R?, R¥®@ R,
R'® Ré-valued measurable functions of t such that Q(t) is symmetric,
positive semi-definite and for T < oo

T
[ {r[BOBE* + Q0]+ [0} dt < o

bo(T)

Let b(T)=(b N

> be a CY *'-valued vector and let

T
I=Eexp {bo(T)*Xo +b(T)*Br— g 7 Q(On, dt}
where

ﬂ,=:§JV(S)dWs

t
ne=Xo+] Bls) dW..
)

Then there exists a constant k, a vector o(T) and a positive semi-
definite symmetric matrix p(T) such that

I=kexp{a(T)*b(T)+b(T)*B(T)b(T)}.

Moreover as functions of T, o and f§ are continuous.

Proof Let I'(t) be the positive semi-definite symmetric solution of
dar
T - 20(t) + T(0) B(t) B(t)*T (1), T(T)=0.
Let P be defined by
_ T T
dP =exp { — [ n*T(s)dns—% [ | B(s)*T(s)n,|? ds} dP.
4] 0

It is a probability measure as in Liptser and Shiryayev [10, Lemma
11.6], and by Girsanov’s theorem
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t
W,=W,+ | B(s)*I'(s)n,ds
0

is a standard Brownian motion on (Q, %, P), independent of X,.
Observe that

t _ t
pi=[1s)dW,~ () B T () ds
t t
ne=Xo+ | B(s) dW,— [ B(s)B(s)*T(s)1, ds,
0 b
and for any bounded measurable ¢

Eoxo={8(x0 I

P
=E {d)(Xo)E {d_P

=E¢(X,)

3

so that X, is also Gaussian under P. Hence under P, (n, W) are
Gaussian and hence so are (1, W, f) and consequently also (#,, f7),
ie. (Xo, Br)~ N(m, R).

Now

dP T
1p=CXP { - (I) n*Q(n, dt + 5r}
5r=% E tr[B(2)B(t)*T(1)] dt + 1 X 2T(0) X,

so that

I=Eexp{bo(T)*Xo+by(T)*Br—b1}

=exp { jT' tr[B(t)B()*I'(¢)] dt}
0
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J=Eexp{—3X3T(0)X, +bo(T)*X o +b,(T)*Br}

=koexp{3b*R™*b+m*R 1R~ 1b}

where

(66T 5o, (TO) O
”“<b1<r))’ R=R 1+< 0 0)'

The last equality follows by direct computation.

It remains only to establish the continuity. Since I'(s) is con-
tinuous as a function of 7, and since m, R, the mean and covariance
(under P) of (X,,By), are also continuous in 7, then this last
conclusion also follows.





