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Introduction

A problem in evolutionary genetics

m Biological organisms evolve by accumulating mutations, some of
which are beneficial, i.e. increase the fitness of the individual carrying
this mutation

m Mutations can be beneficial (good), neutral, or deleterious (bad)
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Introduction

A problem in evolutionary genetics

m Biological organisms evolve by accumulating mutations, some of
which are beneficial, i.e. increase the fitness of the individual carrying

this mutation
m Mutations can be beneficial (good), neutral, or deleterious (bad)
m We consider: accumulation of beneficial and deleterious mutations in
asexual populations (with no recombination)
m asexual reproduction: genetic information of the offspring differ from
that of the parent only due to the effect of mutation
m Quantity of interest: mean fitness of the population

m How does it evolve in time?
m speed of increase of mean fitness = adaptation rate of the population
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Introduction

Outline of the talk

m Models

m Strong selection: particle model
m Weak selection: diffusion model

m Strong selection results:
m Non-rigorous considerations lead to approximate asymptotic adaptation
rate of O(log V)
m Rigorous lower bound of O(Ioglf‘s N) on adaptation rate and brief
discussion of its proof
m Weak selection results:

m An expansion formula for the rate of adaptation
m How to calculate each term in this expansion?
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Strong selection model

Model: strong selection

m Beneficial or deleterious mutations occur at rate u per individual per
generation (continuous time)

m Each mutation is assumed to be new and add s to the fitness of the
individual (i.e. equal fitness strength)

m Examine the empirical measure Py formed by the types of the N
individuals (X1, ..., Xn) each with mass 1/N
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Strong selection model

Model: strong selection

m Mutation: for each individual i, at rate j1q, X; changes to X; + 1, at
rate 1(1 — q), X; changes to X; — 1.

m Selection: for each pair of individuals (i,]), at rate 5(X; — X;)T,
individual i replaces individual j.

m Resampling: for each pair of individuals (i, j), at rate % individual i
replaces individual j.
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Strong selection simulation results

Traveling wave

Adaptation rate = speed of the traveling wave
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Figure: N =1,000 and N = 100,000, g =1, . =0.02, s = 0.02

Special cases: ¢ = 1; g = 0 (Muller's ratchet)
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Strong selection simulation results

Strong selection model

m Simulation results
m population sizes N = 1,2,5,10,30 x 103 1 = 0.01, g = 0.01, s = 0.01
m Y-axis: mean fitness; X-axis: time

m Question: What is the asymptotic behaviour (as N — o0) of the wave
speed for positive g7
m Answer: As long as g > 0, the rate of adaptation is roughly O(log N)
as N — oo.

Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection 25 May 2009 7 /40



Strong selection calculations

Strong selection calculation

m The proportion of type-k individuals Py(t) satisfies

dP = [i(P) dt+sY (k—1)PcP dt + dM{
1€Z
[7ik(P) + s(k — m(P))Py] dt + dMf
f(P) = p(qPi—1 — Pi+ (1= q)Pis1)
m MP is a martingale (noise) with
t
(ME)(6) < S+ 7 Jo Lien(2+s(k = 1)* + (1= k) 7)Pi(5)Pi(s) ds
m Mean fitness m(P) = )", kPy satisfies (c2(P) is variance of P)

dm(P) = (u(2q — 1) + sco(P)) dt + dMPm

m adaptation rate proportional to c;(P): Fisher's fundamental theorem
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Strong selection calculations

Cumulants

Recall the cumulant generating function for a (discrete) random variable
with distribution function p:

2

X
— +..

g(x) = IogZpkekX =mx+ o > -

k
with k1 = m = g'(0), k2 = & = g"(0), ..., kn = g((0)

Kn=Lo(my,....mp) = > (=1 (k= 1)IBni(mi,...,mp),

1<k<n

where B, , are the partial Bell polynomials

n! X1\ [ Xo\J2 Xn—k+1 Jn—t1
oo S (2 () ()
nk Zj;[!...],,_k_H! 1! 2! (n—k+1)!

with the sum taken over j1 + jo+... =k and j1 +2jo + 33+ ... = n.
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Strong selection calculations

Selection mechanism calculation

m Let Sf(p) = (k— m(p))p« 85,(3’3 be the generator associated with
the selection mechanism, then

Sg(x) = (k- m(p))pxe™*e & = g'(x) — m(p),

k

hence Sky = k3, SKk3 = kg4, etc.

m With the selection mechanism alone, the cumulants roughly satisfy

dry = sk3 dt+ small noise terms

dk3 skq dt + small noise terms

dkg = skg dt + small noise terms
m If one assumes the stationary wave shape to be deterministic (set

LHS of above equations to 0), then it is roughly Gaussian, which
gives us a way to guess at the asymptotic adaptation rate
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Strong selection calculations

Strong selection: heuristics

m Suppose the stationary centred wave Py (with m(P) = 0) is Gaussian
shaped with variance b2, then the front is at K where

1 —K2/2b2 ].
e =— = K= by/2logN
\V27mh N &

m Let Z(t) be the number of fittest
individuals with Z(0) = 1. Suppose
there is only one individual at the front
and that it doesn't die, then it grows
roughly exponentially: Z(t) = ekt
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shaped with variance b2, then the front is at K where

1 _K2/2b2 ].
—e =— = K= by2logN
\2mb N &

m Let Z(t) be the number of fittest p
individuals with Z(0) = 1. Suppose
there is only one individual at the front
and that it doesn't die, then it grows
roughly exponentially: Z(t) = ekt
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Strong selection calculations

Strong selection: heuristics

m The probability that the front doesn’t advance by 1 before time t is

exp {—qu /Ot Z(u) du} = exp {—Z—;{L(esm - 1)}

m So roughly its takes on average T = SKI_“ log(sK — ) for the front

to advance by 1, therefore (recall K =~ by/2log N)

d= 2 + L K om + K
speed = — = sc: A R S—
P T M log(sk —p) ' “2log N

= Klog(sK) ~ 2log N

K is roughly O(log N), and wave speed is also roughly O(log N).
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Strong selection results

Strong selection: rigorous results

For any § > 0, there exists N large enough such that

E"[m(P(1))] > log' ™ N.

| \

Proof sketch

Study the centred distribution P, which has a stationary measure .
Compare the selected model with a neutral model without the selection
mechanism, which serves as a lower bound of the selected model.

N
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Weak selection model

Model: weak selection

Model (3 mechanisms)

m Mutation: for each individual i, at rate j1q, X; changes to X; + 1, at
rate 11(1 — q), X; changes to X; — 1.

m Selection: for each pair of individuals (i,]), at rate 5(X; — X;)",
individual i replaces individual j.

m Resampling: for each pair of individuals (i, ), at rate 1, individual i
replaces individual j.

Combine selection and resampling into a single mechanism

Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection 25 May 2009 14 / 40



Weak selection model

Model: weak selection

Model (2 mechanisms)

m Mutation: for each individual i, at rate j1q, X; changes to X; + 1, at
rate 11(1 — q), X; changes to X; — 1.

m Reproduction: For each pair of individuals (i, j), a reproduction event
occurs at rate 1. With probability (1 + £(X; — X;)), individual i
replaces individual j; with probability %(1 — n(Xi = X;)), individual j
replaces individual i.
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Weak selection calculations

Martingale problem

m Take limit N — oo to obtain a process Pk(t) (proportion of type-k
individuals) that satisfies the martingale problem

Pi(t) = Px(0)+ u/ot(qu_l(u) — Pe(u) + (1 — q)Pys1(uv)) du

—I—s/t(k — m(P(u)))Py(u) du+ My(t),
0

where m(p) = >, kp is the mean of the distribution p and Mj are
martingales with quadratic variation process

(My, M) (£) = /Oth(u)(cSk/ — Py(u)) du. (1)
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Weak selection calculations

SDE representation

m Let {W)y : k,I € Z, k > I} are independent Brownian motions; for
convenience, we define Wy = — W) for k.1 € Z and k < | and
Wik = 0 for k € Z, then

t
Mi(t) :/ S V/Pe(0)Pi(u) dWi(u).
0 ez
m Py satisfies the following infinite system of stochastic differential

equations (SDE):

dP, = [N(qu—l — P+ (1 — q)Pk+1) + S(k — m(P))Pk] dt

+> V/PePr dWg

1eZ

m Let P; denote of the law of the solutions to the above system of
SDE's
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Weak selection Girsanov transformation

Girsanov transformation

m Idea: The transformation Py to Ps is given by Dawson’s Girsanov
Theorem, in the infinite dimensional setting

m Let Py satisfy the neutral SDE

dP, = N(qu—l — Py + (1 — q)Pk+1) dt + Z vV PP dWy, (2)
1eZ

m P = Pr_m(p) has a stationary distribution P
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Weak selection Girsanov transformation

Girsanov transformation

m Idea: The transformation Py to Ps is given by Dawson’s Girsanov
Theorem, in the infinite dimensional setting

m Let Py satisfy the neutral SDE

dP, = N(qu—l — Py + (1 — q)Pk+1) dt + Z vV PP dWy, (2)
1€Z

m P = Pr_m(p) has a stationary distribution P
m Define

M(t) = Y nMy(t)=m(P(t)) - (2q — 1)ut

dZ = 2 a, dM,=sZ dM,
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Weak selection Girsanov transformation

Girsanov transformation

m Then M is a Ps-martingale
in(e) = ()~ s [ Z () d[Me Mo)(0)
= (o) -s [ Z (5t — Pil))Po(s) dls
= (©)—s [ (= m(P(u)Pie) o
m Since (My, M) (t) = <A7Ik, M,> (t), we can write

W (8) = /Otz /Pe(0)Py(u) dWi(u)

1€Z
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Weak selection Girsanov transformation

Girsanov transformation

m Thus
dPy = [(qPk-1 — Pk + (1 — q)Pi+1) + s(k — m(P))Py] dt
+) VPP dWy,
I€Z.

the same as the selected SDE
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Weak selection Girsanov transformation

Change of measure

m The Radon-Nikodym derivative

dPs

aP|. Z(t)

Ft

t 1 t
= exp /0 Zsk dMy(u) — 5/0 ZSQkI d (M, M)) (u)
k kI

- exp{sl\/l(t)—%/otcz(P(u)) du},

where P solves the neutral SDE (2), m(p) = mean of p, and
c2(p) = variance of p
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Weak selection Girsanov transformation

Change of measure

The adaptation rate in the selected model (with selection coefficient s) is
equal to

Jlim SE[m(P(®)] = Jim Eo[Z(t)m(P(1))]

= (29— Du+ fim TEo[Z(1)M(2)
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Weak selection iterated integrals

Structure of Z(t)

m Recall M = M) =3~ n M,

m Define

m Example:

Feng Yu (University of Bristol)

MO () = /A(t)dM(tl)...dM(tn)

Ap(t) = {0<t<...<t, <t}

am(™ = M1 g
t

MO() = /M(tl) aM (1),
0

MO(t) = /t M®(t;) dM(ty), ...
0

Rate of Adaptation Under Weak Selection
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Weak selection iterated integrals

Structure of Z(t)

m Since Z satisfies dZ = sZ dM, we can write
o
Z = 14+)» s"m0
n=1
m Therefore the adaptation rate in the selected model can be written as
1
(2g = Dp+ lim —Es[M(t)]
t—oo t

1
- _ im = n (n) 1)
=29g—-1)u+ tllpgo . g_ls Eo[M\"™ (t)M'\Y ()]
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Weak selection iterated integrals

lterated Wiener-It6 integrals

m Let W be a Brownian motion. Define
In(F) :/ f(ty,... tg) dW(t1)... dW(tn)
An(t)

for a deterministic function f defined on A,(t). Then It6 isometry

implies
E[J(F)?] = / f(tr,..., ta)? dty... dt,
An(t)
E[m(f)Jn(g)] = 0if m#n
Jn(g®n) — ||g|||an fog(u) dW(u)
n! lll
s aww)-igr _ N lel” ([ Jog(u) W (w)
) 2 S\ P g
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Weak selection iterated integrals

Structure of M

m Crucial fact used:
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Weak selection iterated integrals

Structure of M

m Crucial fact used:
d (W) =dt

m But in our case,

d(M) = Y ki d{Mc,M)=> KP(du— P) dt
K, k.l

= | D _KPc=) KPP | dt =cy(P) dt,
k k,l

where we recall from (1)
d <Mk, M/> = Pk(dk, — P/) dt
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Weak selection iterated integrals

Structure of M

m Crucial fact used:
d (W) =dt

m But in our case,

d(M) = Y ki d{Mc,M)=> KP(du— P) dt
K, k.l

= | D _KPc=) KPP | dt =cy(P) dt,
k k,l

where we recall from (1)
d <Mk, M/> = Pk(dk, — P/) dt

m More generally, since dM(n) = pp(n—1) dM(l),
d (M MDY = Mg (MDY = pin=Ye, gt
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Weak selection expansion formula

Terms in the expansion

Want to calculate

The adaptation rate in the selected model

1l g
(2g = Dp + Jim — > IS”Eo[M( J(e)MO(2)]
n=

Let G be the generator associated with the neutral SDE (2)
dPic = p(qPu—1 — P+ (1= q)Pry1) dt + > /PP dWy

Iz

g = R+,u/\/l

f(p)

Rf = = (6

(p) Zpk kI — P/)ap op;

of
MF(p) = > (api-1— px + (1 — @)pks1) 5;5)
k
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Weak selection expansion formula

Terms in the expansion

Want to calculate

The adaptation rate in the selected model

1 "
(29 = Dyt fim 23 "Eo[M (M)

We set the initial condition for the neutral SDE to be its stationary

distribution (on the centred process) P:

d(l\/l(”) M(l)) = M gv® £ pm@ gm() g <M(")7 M(1)>
d <M("), M(1)> — MV, gt

E[(M©™, M) (5)] = /0 Eo[M" D (u)ex()] du = o[ MO Ve
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Weak selection expansion formula

Terms in the expansion

Want to calculate

The adaptation rate in the selected model

1 o
(2q =D+ Jim — > s"Eo[M" Vi)
n=1

m We use cumulants, because (M, k,,) = Kpt1
m First term is Eo[kg]

gﬁzzu—ﬁziﬁ[ﬁz]:u
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Weak selection expansion formula

Terms in the expansion

Want to calculate
The adaptation rate in the selected model

1 o
(2q =D+ Jim — > s"Eo[M" Vi)
n=1

m Third term is Fo[M(?) k]
d(M(z)ch) = M® dky,+d <M(2), /<c2> + a martingale
= (—M®@ky + MW k3) dt + a martingale
Fo[MPky] = Fo[MWks)
d(M(l)H3) = —MW drs +d <M(1), /<c3> + a martingale
= (—3M(1)/13 + Kkq) dt + a martingale
Bo[MWns] = Kolsa]/3 = 243
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Weak selection expansion formula

Fourth term in the expansion

d(M®)ky)

Eo[M® ky]
d(M@)g3)

Eo[M(2)H3]

Feng Yu (University of Bristol)

MG dry + d <I\/I(3), /@2> + a martingale
(=M® ky + MP)3) dt + a martingale
Eo[M®) 13

~M®3 drkz+d <I\/I(2), /<ag> + a martingale
(—3M@ i3 + MM y) dt + a martingale
Eo[MWB k4]/3
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Weak selection expansion formula

Fourth and fifth terms in the expansion

dMWry) = —MY dry+d <M(1), /<;4> + a martingale
= (=MW(Tk4 + 1263) + ks) dt + a martingale
d(M(l)ﬁ%) - —pmO d/g% +d <M(1), /<;§> + a martingale
= (—M(l)(—%m + 2k3) + 2Kpk3) dt + a martinga
1 3 1 6
d(MW(5ma = £r3)) = (=MW + (1505 — crans)) dt
} 1. ’
(1) N C12kokal = (20 — 1)(H L B
Eo[M'Y k4] 10E0[55 12r2k3] = (29 — 1)( 3 + 20)

. 1. [7 7
Fo[M® ky] = o0 | £+ 38(k2 + (29 — 1)r3) + g + 38(karz + K3)
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Weak selection expansion formula

Generators

m G is the generator associated with the neutral SDE (2)

dPi = p(qPi1 — Pi+ (1= q)Pis1) dt+ > \/PuPr dWy

IEZ.
g = R+uM
1 8*f(p)
Rf(p) = = Sl — pr) et
(p) 2;Pk( ki pl)@pkﬁp,
of
MFf(p) = > (api—1 — px + (1 — q)pks1) 3I(JI:)
k

m S is the generator associated with the selection mechanism
Sf(p) = Z(k - m(P))Pk—k

d<l\/l(”),f(p)> = M-USF(p) dt
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Weak selection expansion formula

Generator calculation

m Let g(x) = log Y, Pxe®™, then

Mg(x) = Z(qu_l — P+ (1 — q)Pry1)e’*e 8™
K

= Y Pu(ge* —1+(1— q)e )M e W
k

= g -1+ (1—q)e ™~

m Hence
62
M:‘iz = W XZOMg(X):zq—].
83
M:‘i3 = ﬁ o Mg(X) =1
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Weak selection expansion formula

Generator calculation

m But
RH2 = —Kk2
RH3 = —3/4,3
Rra = —(Tka+ 6/@%)
Rli5 = —(15/<65 + 10/€3/€2)

i.e. more complicated
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Weak selection expansion formula

Generator calculation

m Let i = (ir,i2,...,01) and [i] :ZI'

!
Ki = KiyKiy - . . Ki;, Kn = span{k; :|i| = n,minj > 2}
m Then
R: K,— K,
S: Ky— Knp1
M: K- K o®...0 Ky

Feng Yu (University of Bristol)
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Weak selection expansion formula

Generator calculation

m Let i = (i1, ip,...,0) and |i| = 331y iy,

Ki = KiyKiy - . . Ki;, Kn = span{k; :|i| = n,minj > 2}

m Then

R: K,— K,

S: Kn — KIH-].

M Kn—>Kn_2®...®K2
m For k, € K,,,

dMMR k) = (MM k, + MO MRk, dt + MO~DSR Lk, dt
EMP k] = BMDM(=R) k] + EMIDS(—R)k,] (3)

m In general, Eo[M("k,] is a linear combination of the expectation of
Knt2, Knk2, - ., Kntl, Kn—1K2, ..., and lower order terms.
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Weak selection expansion formula

Generator calculation

Theorem

The adaptation rate in the selected model (with selection coefficient s) is
equal to

(2q — D+ Y s"BMViy],

n=1

where & denotes expectation under the stationary distribution (on the
centred process) and the terms in the above expansion can be calculated

by solving the closed linear system (3). The first few terms of this
expansion is

2 2
(2g — 1) + sp + s>(2q — 1)% — 53?/1 + s*(2q — 1)(% + %) +...
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Weak selection work in progress

Cumulants under resampling

We can apply Faa di Bruno's formula
Rg(x) = 1— e5)728()

R 0
Ry — —E;JBM(@X:O(g(zx)—zg(x))’

an—k—f—l
T §xn—k+1

(e(2x) 2g(x)))
x=0

1¢ -
= —5 Z Bn,k (O, (22 - 2)/@2, RN (2” kel 2)Hn—k+1)
k=0
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Weak selection work in progress

Cumulants under resampling

But Kn,kn, and Kp, knykn, are more complicated (not triangular)

R(Kny Kn,) = K REny + KnyREn

+ a linear combination of {k fip, : 1y + ny = N1+ na}

R(Kny Knyling) = EnylimyRbng + Knyling Rbny + Knyling Rbn,
+(a linear combination of {r i ni + ny = ny + na})kp,
+(a linear combination of {r f, : ny + n = ny + n3})kn,

. . . ) /o
+(a linear combination of {K iy, 1 0 + n = np + n3})kp
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Weak selection work in progress

Moments under resampling

m Let
g1(x) =) ke
K
be the moment generating function, then Rgy = 0 and hence
Rm,=0
m Let

g2(x1,x2) = g1(x1)g1(x2)
be the generating function for moments of the form m;m;, then
2 e gi(x1) + e gi(x2), T _ eoarh + elathe
Ipxk OpkIpy

Re = Y piektata) D prpieetha
P Py

= gi(x +x) — g1(x1)g1(x2)
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Weak selection work in progress

Moments under resampling

R(mm mnz) = Mpy4ny — MpyMp,

m For higher order terms

R(mnl Mp, mna) = (mn1+n2 — Mp, mn2)mn3 + (mn1+n3 — Mp, mn3)mf72

+(mn2+n3 — Mp, mn3)mn1 ’

etc.
m R is triangular in {m; : |i| = n}
m The hope: convert expressions in terms of cumulants into those

involving moments, apply R ™1, then convert these expressions back
into cumulants
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Conclusion

Conclusion

m An expansion formula for the rate of adaptation
m Each term in this expansion can be calculated explicitly, in theory

m Is there a nicer formula?
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m An expansion formula for the rate of adaptation
m Each term in this expansion can be calculated explicitly, in theory

m Is there a nicer formula?

Thank you!
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