
�������
���
	���
�����	������

�������	�
��
��
���
�� �!
��#"
�
$�%&$�'�	�
��(�

*)+	�%�%&


,.-�/�021�3�465 7#829�/�9�-�/�9�:;8=<?>�-?@?:BA2CD>E9�FG-�/�9�:;8H@?-�/�0ICD@?-�/�9�JLKIM
NO9�PQMR8SPQM�TBPU9�MD8IPQMUFV5 WYXL-Z@?MR8=A2MV[�-Z8]\S9�MD^_1�3�3;`

abKI^�CDMZc�1d0IMDKI^�MDFV5 ae:BPUKI@�MD8]/GF�MU/*PQ-Z>�PUK2>&-�/G^f9�PQMUFg8S:]8h-ZKS/G:�^f9&F�CUF

ikjml�npo�qro#ltsvu
wQx ikj�ymnzq|{tl�n~} w � n w��Z����� nz{t�#l���q � o�np� � l��mlY� �f� nzqrl�n��B� � np��npl n wG� l#o n = 3 �O� � � �f�m� l�n w o#l �z� l � n w��Z����� n��{ w�� q �f� l�j�ym}|qro�q � l�{tl �U���p�f�Z� } w���� nz{tl (y0, y1, y2) → (c0, c1, c2) �� x�� l �z� l � n w��Z�z�E� nz{t�#l��ml�� �f� nzqrl�n=l �z� q �p�z� l��B� �m� l �E� nz{ � }rl��B� q �U� l�nzy � } w�� q �f� �B� �m� l ���f� o � q �f� f
T−
y
��nzq � ��qr� � l w�� j_y � q �D�p� (x0, y0) � (x1, y1)

l � (x2, y2) � wG� l#o

yk = f(xk)
l � xk =

k

n
T

�+np�#o�q � l�n�}���l�jRymnpl ��� q �f� �ml�} wV���f� o � q �f� �B� q �U� l�nzy � } w�� q �f� F
� � qBy wf�p� l�y w n�o#l � y � q �U�p� �

o x�� l ����� nz{ � }rl � � �f�m��w��U� (yk)
l � (ck)

y]l �m� l �D�Y� ��� � l � ��npl �z� n
Z �!  �Z�p� q¢¡�l�n£� � l¤o#l � �ml � j �p� q � l �Y�p�f�D�y
��nzq � ��qr� � l � �ml(y
��nzq � �ml � n

l � � � l F
q �D� l�nzy � }rl f

l � (xk)k∈Z �� x i �¥�m� q|}|q ��w��D� (y−1, y0, y1) → (c−1, c0, c1) ��  �Z�p� q¢¡�l�nYl � � �f�m� l�nY}���l�jRymnpl ��� q �f� �B� �m� l w��m� npl ���f� o � q �f��B� q �D� l�nzy � } w�� q �f� � � qBy wf��� l�y w n�}rl � y � q �U�p� (x−1, y−1) � (x0, y0)
l � (x1, y1) �

¦ ymym}|qro w�� q �f� u
§ � q � f

} wV���f� o � q �f�b� l�}|}rl¤� � l
f(x) = 2x

π

� q x ∈ [0, π/2]

f(x) = −
2x

π
+ 2 � q x ∈ [π/2, π]

l ��� l�}|}rl¤� � l f �p� q � q|{�y w q|npl l � y
��nzq � ��qr� � l¤�ml�y
��nzq � �ml 2π
l x~¨��f�m� l�n�} w npl�ymnp� � l �U��w�� q �f�6© n w ymªmqr� � l¤�ml f

��x!¨��f�m� l�n�} w�� n w��Z����� nz{t�#l¤�ml¤� �f� nzqrl�n��B� � np��npl n « y �f� n n = 1
l � 2 x �ml f

©Dx ikj�ymnzq|{tl�n�} wV� n w��Z�z�E� nz{t�#l��ml(� �f� nzqrl�nY�ml f
�B� � np��npl 3 �

ª x i �e�m� q|}|q ��w��D� � x � � �f�m� l�n �m� l �E�f� o � q �f� �B� q �D� l�nzy � } w�� q �f�­¬��fw }rl � n � � w��Z� R
� � q]y wf��� l£y w n�}rl � y � q �D�p�

(xk, yk)k∈Z

ikjml�npo�qro#l ®
� � � �f�m� l¤}rl�ymn �f© n w {�{tl § o�q|} w � �z� q �vw��U� u

¯�°�±f²�³´�µ ³Q±�±�¶v·S¸º¹�»B¼½ ¶v¾S¸�¾�¿m¼
ÀQ¶ ´�µ ³Q±f±vÁ ½ ¼
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� l(o � �ml¤l �z� } w np� �p� } �m� q �f� �U� {t��nzqr� � l �B� �m� l¤�#� ��w�� q �f� ��q98B��npl �U� qrl�}|}rl y w n�} w {t� � ª � �ml¤�B��i � }rl�n �
wQx!¨��f�m� l�n �p�f� l�j�ymnpl �p� q �f�e�p�f�Z� } w¤�E� nz{tl��B� �m� l��#� ��w�� q �f� ��q98B��npl �U� qrl�}|}rl �B� � np��nplVs � � np�#o�q � l�n w��Z�p� q � l �o �f� ��q � q �f�Z� q � q � q w }rl �
� x i ����w q � � o#l �z� l��#� ��w�� q �f� l �z� q �p�z� l��B� �m� l��#� ��w�� q �f� ��q98
��npl �D� qrl�}|}rl��B� � np��npl�® � ¨��f�m� l�n �p�f� l�j�ymnpl �p� q �f� ��+np�#o�q � l�n�l � o � npl � l � o �f� ��q � q �f�Z� q � q � q w }rl � « y �v� q � q �f� l ��� q � l �p� l�q � q � q w }rl ��x
o x � � � �f�m� l � w��Z� } w ¡ ©v� nplVo�q¢�º�ml �p�z�Z� � }rl np� �z� } ��w�� �ml�®tl�jm�#o �m� q �f�Z� o �f�Z� �#o �m� q � l � �ml o#l¤ymn �f© n w {�{tl ��Sw ymnpl�{�qr��npl w#� l#o h = 0, 01

l � } w �ml � j�qr��{tl w#� l#o h = 0, 001 � �~� {�{tl �D� l�nYo#l �z� l�¡ ©v� npl �
� x':Y� l�}|}rl � q �Z�z� n � o � q �f�Z� l �z� ��q|} � �#o#l �p��w q|npl!�B� w�;��f�m� l�n w�� ymn �f© n w {�{tl o�q¢�º�ml �p�z�Z� y �f� nIymnpl � ��npl!l � o � {�y � l
�m�b� l#o �f� �b{tl�{ � npl �ml¤} w��E� nz{tl cos 3t <

ikjml�npo�qro#l>=

� � o �f�Z� qr�m��npl�}rl �@?��z� ��{tl£{ wf�p� l � ��npl �p�p� n �p� �z� q �vw��U� u+�ml � jgy w n � qro � }rl � }|q � npl � z1

l � z2

�ml£{BA�{tl�{ wf�p� l
m = 1 � �ml � jgy w n � qro � }rl � ¡mj�l � z0

l � z3
w�� j y �v� q � q �f�Z� (0, 0)

l � (0, 20) « l � o �R� np� �f�m� �#l � o w n � � � qrl �m� l � �� w��Z� }rl�npl�y
��npl���q|npl#o � (O, x, y)
ª w � q �z� l�} x � �ml � jtnpl ���p� n �p� �ml�n w qr�ml � nYs�l �D� npl�}rl � o �f� ym}rl � �ml�y w n � qro � }rl �

®



(z0, z1)
l � (z2, z3) � �m� npl �p�p� n � �ml_n w qr�ml � n ®­l �D� nple}rlbo �f� ym}rlb�ml_y w n � qro � }rl � (z1, z2) �=� �=�z� ymy �v� l� ©Uw }rl�{tl �D� � � lY}rl � ® y w n � qro � }rl � z1

l � z2
�f�D���m� y � qr� � � ©Uw } ¬�� « ov��l �p��¬ ��q|npl � � l � y �f� n � q|{�ym}|q¢¡�l�n � }rl� l#o � l � n © n w#� q ��w�� q �f� ~g wt�m� { � � � }rl�� ©Uw } ¬�� � w��Z� o#l � l�jml�npo�qro#l x � � l¤}�� �f� ymnpl � ��n w l � o � {�y � lV� w��Z�}���� �z� �ml �

wQx�� l�ymnp� � l �D� l�nVy w n �m� �ml ��� q � }rl �@?��z� ��{tl*� �z� ��qr� �­� ��� l�n w¥w ymy w n w q � npl }rl � �E� npo#l � l�jml�npo#�#l ���z� n�}rl �y w n � qro � }rl � }|q � npl � �
� x~¨��f�m� l�n�}rl � �#� ��w�� q �f�Z� � � { �f�m� l�{tl �U� �ml � y w n � qro � }rl � }|q � npl � � w q �Z� qL� � l¤} w { w�� nzqro#l¤�ml(n w qr�ml � n K �
o x ¨ q w�©Q�f��w }|q � l�n K � � � �#o�nzq|n w K

o � {�{tl �m� ymn � � � q � �ml =¤{ w�� nzqro#l � � l �*�m� q|}|q ��w��D�~�m� opª w��m© l�{tl �D� �ml� wf� l � n � ª �f©Q�f��w } �
� x~¨ �#o�nzq|npl¤}rl � { � �ml � ymn � ymnpl � « � w��Z� } w ��q|npl#o � q �f� � l�n � qro w }rl x �
l x~¨��f�m� l�n�}rl �Y�p� } �m� q �f�Z� �ml(}����#� ��w�� q �f� ª � { �f© � � l � y � q � } w��p� } �m� q �f� ¬ }����#� � q|}|q � npl �
��x � �¥� l(� �f�m� l¤}rl � o �f� ��q � q �f�Z� q � q � q w }rl �Y�z� q �vw��U� l ��¬ t = 0

u

z1(0) =

(

1
4

)

, z2(0) =

(

1
6

)

, ż1(0) = ż2(0) =

(

0
0

)

.

¨��f�m� l�n } w?�p� } �m� q �f� o � {�ym}r� � l � l � o �R� np� �f�m� �#l � o w n � � � qrl �m� l � � �m�#o�nzq �vw��U� }rl¥{ �f�m� l�{tl �U� �ml � �ml � jy w n � qro � }rl � }|q � npl � �
ikjml�npo�qro#l��
wQx � � o �f�Z� qr�m��npl }rl �@?��z� ��{tl~�ml��ml � j�npl �p�p� n �p� l � y w n w }|}r��}rl�o � {�{tl �z� nk} w ¡ ©v� npl��ml ©Uw�� opªZl�o�q¢�º�ml ���p�f�Z� �}rl � �ml � j6npl �p�p� n �p� � ��w��U� npl � y]l#o � q � l�{tl �D� �mlVn w qr�ml � n � k1

l � k2 �V� �d�p�f� ª w q � l�npl�{�ym} w o#l�n o#l �@?��z� ��{tly w n �m� npl ���p� n ���m� qr� � l � :Y� l�}|}rl �ml � n w q � A � npl ��w n w qr�ml � n < ikj�ym}|qr� � l�n �
� x � � o �f�Z� qr�m��nplY}rl �@?��z� ��{tl��ml��ml � j�npl �p��� n �p� l �g� ��nzqrl�o � {�{tl �p� n } w ¡ ©v� npl ¬ ��n � q � l�o�q¢�º�ml ���p�f�Z� � wG� l#o�m� l�y w n � qro � }rl(q �D� l�nz{t�#��q w q|npl � w��Z� y � qr� � � }rl � �ml � jgnpl �p�p� n �p� � ��w��U���p�f��;z�f� n � �ml�n w qr�ml � n � k1

l � k2 �O� ��p�f� ª w q � l ¬��Z�f�m� l w�� npl�{�ym} w o#l�n�o#l �@?R�p� ��{tlYy w n �m� npl �p�p� n � �m� qr� � l � :Y� l�}|}rl(�ml � n w q � A � npl ��w n w qr�ml � n <ikj�ym}|qr� � l�n �
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