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Abstract We propose a model to describe the adaptation of a phenotypically structured pop-
ulation in a H-patch environment connected by migration, with each patch associated with a
different phenotypic optimum, and we perform a rigorous mathematical analysis of this model.
We show that the large-time behaviour of the solution (persistence or extinction) depends on
the sign of a principal eigenvalue, Ay, and we study the dependency of Ay with respect to H.
This analysis sheds new light on the effect of increasing the number of patches on the persis-
tence of a population, which has implications in agroecology and for understanding zoonoses;
in such cases we consider a pathogenic population and the patches correspond to different host
species. The occurrence of a springboard effect, where the addition of a patch contributes to
persistence, or on the contrary the emergence of a detrimental effect by increasing the number of
patches on the persistence, depends in a rather complex way on the respective positions in the
phenotypic space of the optimal phenotypes associated with each patch. From a mathematical
point of view, an important part of the difficulty in dealing with H > 3, compared to H = 1 or
H = 2, comes from the lack of symmetry. Our results, which are based on a fixed point theorem,
comparison principles, integral estimates, variational arguments, rearrangement techniques, and
numerical simulations, provide a better understanding of these dependencies. In particular, we
propose a precise characterisation of the situations where the addition of a third patch increases
or decreases the chances of persistence, compared to a situation with only two patches.
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1 Introduction

In [15], we analysed PDE systems describing the dynamics of adaptation of a phenotypically
structured population, under the effects of mutation, selection and migration in a two-patch
environment, each patch being associated with a different phenotypic optimum. Consistently
with current literature [I1L24/27] in evolutionary biology, our analysis showed that migration
between the two patches leads to a locally reduced fitness. This reduction in fitness is known as
a migration load [14] and implies decreased chances of persistence of the global population in a
two-patch system compared to a single patch environment.

From an epidemiological viewpoint, the two patches can be interpreted as two different types
of hosts (different species, or different genetic variants). Thus, the above result means that it
is more difficult for a pathogen to adapt and establish in a two-patch environment connected
by migration than in a single patch environment. This observation is in agreement with one of
the fundamental principles of agroecology [71[13], which is that host species diversification should
lead to a higher resilience of agroecosystems.

Nevertheless, as discussed in [19], what is right for two patches may not be necessarily right
for three patches or more. The presence of a third host may indeed cause a springboard effect,
leading to higher chances of persistence of the pathogen, compared to an environment with two
hosts. This is a common pattern in zoonoses. For instance the main reservoirs of influenza A
virus are the aquatic birds, but it is widely accepted that these viruses need to adapt in an
intermediate host (such as pig or poultry) before they lead to an outbreak in human populations
[28/33]. Coronaviruses, including SARS-CoV-1 and SARS-CoV-2, are also zoonotic, with bats as
presumed main reservoir. Intermediate hosts are also suspected to have played an important role
in the 2003 and 2019 outbreaks [I7.18].
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Up to our knowledge, there is no rigorous mathematical framework to study the effect of host
diversification on the adaptation of a pathogen, when there are three hosts or more. Here, using
the same assumptions as in [I5], we study a system for a phenotypically structured population,
under the effects of mutation, selection and migration between several hosts. Our main goal is to
check whether the introduction of a third host leads to the above-mentioned springboard effect, or
whether, on the contrary, it reduces the chances of persistence of the global population compared
to a situation with two hosts. Thus, we mostly focus on the case of three hosts, described by the
following system:

8
§8tu1<t,x> =2 e+ fibmnt)) 40 20D g
ia(t3) = 5 Al x) + ol ualt, ) o BRI
2 dus(t0 = 1 Aus(t,30) + foleus(t, ) o AEDIEEX)
for t > 0, and x = (x1,--- ,z,) € R™. Here, and as in [I5], x is a breeding value for phenotype

(for short, we simply write “phenotype” in the sequel), and corresponds to a set of n > 1 traits.
The unknowns u; are the phenotype densities in the hosts i € {1,2,3}, the Laplace operator
describes the mutation effects on the phenotype, 4 > 0 is a mutational parameter, § > 0 the
migration rate, and the functions f;(x,u;(t,-)) describe the growth of the phenotype x in the
host 4 (the precise assumptions on the functions f; are given below). Note that the migration
and mutation parameters are assumed to be identical over the three hosts. In particular, each
host sends migrants to the other hosts, at a rate ¢, and the amount of migrants is evenly split
between the other hosts, hence the factor 1/2. The host dynamics are not explicitly modelled,
which implies that host population sizes are constant over the time period considered, and that
the presence of the pathogen does not affect host population sizes. Additionally, the symmetric
aspect of migration could be explained by the fact that the H hosts are well-mixed (mean field
approximation) and present in comparable proportions. This vision is of course schematic, and
cannot be directly applied to study the complex epidemiological dynamics of pathogens such as
influenza A or coronaviruses. Nonetheless, as we will see, it still allows us to capture relevant
and surprising effects of host diversification.

Some of our results also deal with the general case of H > 2 hosts. Thus, we also consider
the following system:

) 1
2 X

Duui(t %) = B Aui(t, %) + filx,wi(t,)) + 68 % Cwtx)X, 1<i<H, (1)
k=1
[

for t > 0 and x € R™. Again, we assume that each host sends migrants to the other hosts, at a
rate ¢, and that the amount of migrants is evenly split between the other hosts, hence the factor
1/(H —1). With these assumptions, the migration rate from a given host ¢ towards the pool made
up of all the H — 1 other hosts does not depend on H. In the particular case H = 1, there is no
migration and reduces to the scalar equation Oyus(t,x) = (u?/2)Aus(t,x) + f1(x,u1(t,-)).
Each host is characterised by a phenotype optimum O; € R™. Namely, the fitness (reproduc-
tive success) of a phenotype x in the host ¢ is described by a function r;(x) that decreases away
from the optimum O;. As in [I5] we use Fisher’s geometrical phenotype-to-fitness model (FGM),
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which assumes that:

2
7i(X) = "max — @ w, (2)
where rmax € R is the fitness of the optimal phenotype (O;) in the host ¢, & > 0 is a measure of
the intensity of selection, and || || denotes the Euclidean norm in R™ (we use the same notation
for any dimension n > 1, we also denote - the Euclidean inner product in R™). Although the
geometrical FGM may appear oversimplified, it is grounded in several theoretical and empirical
arguments [23,31] and can be derived from a less constrained model of the phenotype-to-fitness
landscape based on random matrix theory [22]. As pointed out in [16], other non-quadratic fitness
functions may be more appropriate in specific situations, such as a changing environment.

In [T5], we considered two types of growth functions, either linear (corresponding to a Malthu-
sian growth) or logistic-like. Here, we only consider the logistic-like growth term, which de-
scribes a nonlocal compegition between the phenotypes within each host. It corresponds to
fi(x,0) = ¢(x) ri(x) — gaé(y)dy for any x € R" and any continuous L*(R™) function
¢ : R"™ = R, that is,

z
filx,ui(t,-)) = ui(t,x)  ri(x) — . u;(t,y)dy . (3)
This is the most biologically relevant (however see [30] for discussions on such choices) and
mathematically involved case.

When H = 2, we established in [I5] the existence and uniqueness of the solution of the Cauchy
problem associated with with growth functions , under some symmetry assumptions on the
initial conditions. Then, still in the case H = 2, we obtained a characterisation of the large-time
behaviour of the solution (persistence or extinction) based on the sign of a principal eigenvalue,
here denoted ;.

In this work, we first extend these results to the general case H > 2. Let us emphasise that,
when H > 3, symmetry arguments are no longer applicable (except in some very particular
configurations). In Section [2} we thus state the existence and uniqueness of the solution of the
Cauchy problem associated with , and we establish a condition for the persistence of the
population, based on the sign of a principal eigenvalue denoted Ay, and we describe the large-
time behaviour of the total population size. Then, we propose in Section [3| a mathematical
analysis of the effects of the parameters on the value of Ay, including the effect of the mutation,
selection and migration parameters. As explained above, our main objective is to investigate the
effect of adding a third host, compared to a baseline situation with two hosts. In that respect, we
fix the position of the two optima O; and O, leading to a given value of A,. Then, in Section
we study the sign of A\, — A3, depending on the position Oz of the optimum of the third host.
This sign determines whether the presence of a third host increases (A; — Az > 0) or decreases
(A2— Az < 0) the chances of persistence. We propose a mathematical analysis, completed by some
numerical simulations. The outcomes are various, and sometimes surprising, see the discussion
in Section [} We gather all the proofs in Section [6]

2 Existence, uniqueness and persistence results
2.1 The Cauchy problem

For H > 2, we consider the nonlinear and nonlocal system , where the functions x — r;(x)
are as in (2), while the functions f;(x,u;(t,-)) are as in (). System is supplemented with an
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initial datum

W =g,...,u%), ueC(R)YNL®R)NLYR™) and u >0 forall 1 <i< H, (4)

and we focus on the well-posedness of the Cauchy problem -, under some additional decay
properties on u?; see (5]) below. The proofs are very different from that for the case H = 2 in [15],
where symmetry arguments were used to reduce the study of the nonlinear system to that of
a linear scalar equation. Such arguments cannot be applied in the general case H > 2.

Theorem 1 (Well-posedness) Assume that there exist positive constants K and 0 such that
the initial condition u® in satisfies

V1<i<H, ¥YxeR" 0<ud(x)<Ke Xl (5)

Then, there is a unique solutionu = (uy, ..., ug) of (I)-() in C([0, +o0)xR™, RH)ﬁCtl;f((O7 +00) %
R™, RY) such that

VI<i<H, Yt>0, VxeR", 0<u(t,x) <K ermax*tDt=min(@.1/wlx| (6)

and the maps t — u;(t,x) dx are locally Lipschitz-continuous in [0, +00).

RN

2.2 The principal eigenvalue

Here, we present some linear material, namely the principal eigenvalue Ay and the principal

eigenvector @ = (1, ...,¢p) solving A®T = Ay ®T, where the operator
(@) 1
) 5
“<X; g1 m-1
2 — rp(x)—48 . :
— P A_B H-1
A=—g4 ; . . 5 (™)
S ' 5. H-1
a-1 O moim—e

is obtained by linearizing system around the trivial solution (0,...,0). Since § > 0 and
since the fitness functions, defined in (2)), satisfy r;(x) — —oo as [|x|| = 400, A can be seen
as a cooperative Schrodinger operator with confining potentials, of which the linear analysis is
classical, see [Il[10] in a bounded domain, or [8,9] in a slightly different setting. Another approach,
used in [I5], consists in defining Ay as the limit, as R — 400, of the Dirichlet principal eigenvalue
AL in the open Euclidean ball B(O, R) of center the origin

0:=(0,...,0)

and radius R > 0. Similarly, & = (p1,...,¢n) can be defined as in [15] as the locally uniform
limit of the functions ®# (after suitable multiplication, say, with ®(0) = 1). The functions

% belong to C§°(B(O, R)) from standard elliptic estimates, where C§°(B(O, R)) is the space
of C*(B(0, R)) functions vanishing on dB(O, R). It is also known that the functions ¢;’s are
positive and decay exponentially as ||x|| — 400, thanks to the confining property of the potentials

r;. We thus consider the principal eigenvalue Ag, the normalisedlﬂ and positive (that is, positive

1 In the sequel, we say that 2 L2(R™)M is normalised whenever fRn k (x)k?dx = 1:
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componentwise) principal eigenvector = (' 1;:::;' w) 2 C¢ (R")\ LYR") " (with Cé (RM)
being the space ofC! (R") functions converging to 0 askxk ! + 1 ), satisfying
0 1

Xt
S0 neo0 B 0 0f= e nRY 1 W (@
@

We also know that 2 (HY(R")\ L2 (R™)", with

LZ(R"):= :R"! Rsuchthatx 7'kxk (x)2 L?R") ;
and that the following Rayleigh formula is available:
n z 0
H=Qu( )=min Qu( ): 2HMRM\LZR"N"; k (X)Kk?dx=1 ; 9)
Rﬂ
where
¥ 2Z z
Qu( )= Qu( i w)=  —  kr (x)k*dx ri(x) (i(x))? dx
i:l 0 2 Rﬂ Rn 1
X , Z (10)
+ @ = i(x) (x)dxA :
. H 1 g
1 i<j H

Furthermore, the principal eigenvector and its opposite are the unique normalised minima
of Qq in (HYR")\ LZ(R"))", and is the unique nonnegative (componentwise) eigenvector
of Ain (HY(R")\ LZ(R")H.

The principal eigenvalue  depends on the parameters, , , max (0On a trivial additional
manner, since y + rmax is independent ofr max ), as well as on the optima ©;); i 1. In the fol-
lowing sections, depending on the context, we will also use the notationsy ( ), 1 (O1;:::;04),
or uw(;;; O1;:::;0y) in order to emphasise the e ect of the various parameters on .

For the particular case H = 1, we refer to Section 3.1.

2.3 Extinction vs persistence

Let u = (uy;:::;uy) denote the solution of (1)-(6) given in Theorem 1. Remember thatu; 0
in[0;+1) R",foreach1 i H.Assume without loss of generality thatu® 6 (0;:::;0) in
R", thatis, thereis1 j H suchthatu; 6 0in R". The strong parabolic maximum principle

applied to u; implies that u; > 0in (0;+1) R",andthenu; > 0in (0;+1) R" from the
strong parabolic maximum principle applied to eachu; with i 6 j. Fort 0, we de ne the
population size within each host1 i H as

z

N;(t) = ui(ty)dy;
Rn

which is a positive real number fort > 0, by (6) and the previous observations. Furthermore, the
Lebesgue dominated convergence theorem implies that each functidw; is continuous in [0+ 1 ).
The total population size in the system is de ned as

N(t):= Ngo(t)+ :::+ Ny (b);
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and the mean growth rate within each host as

R R
ri D UILY)DY g riy) Ui(Gy)dy,

Ut y)dy NL () (1)

Fi(t) =

By integrating (1) over [t1;t;] B(O;R) forany 0 <t; <t, < +1 and R > 0, by passing to
the limitas R! +1 andthenast, t;! 0, and by using (6) as in the proof of Theorem 1 in
Section 6.1 (see especially (38) below), it follows that the population sizes are di erentiable in
(0;+1 ) and satisfy

X
NAD = ONi() Ni@©7+ o—  (Ne()) Ni()
K&
foreveryl i H andt> 0 (and even att =0 by continuity as t! 0 in the above formula).

As classical in related literature, see [3,6] among many others, the sign of the principal
eigenvalue  fully determines the fate of the population at large times.

Proposition 1 (Extinction vs persistence) Let 4 be given by(9), and let u be the solution
of (1)-(6) given by Theorem1, with a non-trivial initial condition u°, let N;(t) be the corre-
sponding population sizes in each habitat, and Iell (t) the total population size in the system.

() If 4 > 0andu® is compactly supported, then
N(t)! Oast! +1 (extinction of the population):

(i) If =0 and u® is compactly supported, then

Itilm+iqf 1minH Ni(t) =0 (partial extinction of the population):
! I

(i) If < O, then

limsupN (t) limsup max N;(t) n > 0 (persistence of the populatioh: (12)
tl +1 tl +1 1 i H

2.4 Stationary states

In this subsection, we are interested in positive bounded stationary states of (1). By positive, we
mean positive componentwise inR" since, from the strong elliptic maximum principle applied
to this cooperative system, if a bounded stationary state is nonnegative componentwise iR",
it is either positive componentwise, or identically 0 in R". From the con ning properties of the
tnessesr;, any positive bounded stationary state of (1) necessarily decays to 0 exponentially as
kxk! +1 . Therefore, it follows from Theorem 1 and the proof of Proposition 1 that (1) has no
positive bounded stationary state if y 0 (see Remark 4 below for further details).
Furthermore, it turns out that, when persistence occurs, that is, y < 0, the nature of the
stationary states deeply depends on the number of hosts. Namely, whelid = 1; 2, the stationary
states are proportional to the principal eigenfunctions (and the study of their \shapes" has
recently received a lot of attention, see e.g. [2,12,25,26]). This is no longer true in general in the
caseH > 2, due to a possible symmetry breaking. More precisely, we have the following results.
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Proposition 2 (Stationary states) (i) Assume that H =1 and ; < 0. The positive bounded
stationary state of (1) is unique and is given by:
)= R o Re.
RN l(y) dy

(i) Assume that Hg=2 and » < @ Then the principal eigenvector(’ 1;" 2) of A in (HY(R™\
L& (R")? satises o, " 1(y)dy = . " 2(y)dy, and

R 1) R 2(X)

CTWdy 2 ) dy (13)

X 70 (pa(x); p2(x)) = 2

R
| a positive bounded stationary state of(1) proportional to (* 1;" 2), and satisfying ., p1(x)dx =
pe P2(X)dx = o

(iif) Assume that H > 2and 4 < 0. Then, there exists a con guration of the optima(Oq;:::;0x)
such that any positive bounded stationary statép;;:::;pn) is not proportional to the principal
eigenvector(' 1;:::;"' 1) of A

3 E ect of the main parameters on persistence

In this section, we investigate the dependence ofy with respect to the parameters > 0, > O,
> 0, and the optima (O;); i n 2 (R")" . Itis useful to start with the \reference case", namely
H=1.

3.1 The reference case with a single host

In that case of a single host at positionO4, there is no transfer rate, that is, (8) reduces to a
single equation with = 0. The principal eigenpair ( 1;G;) solving

2
- G 1(x) nx)Gi(x)= 1Gaix) in R (14)

is explicitly given by
n P—

1= 10 )= o mai GiX)= G(x 01 G(y)= Coe WK s

R
where Cg > 0 is a normalising positive constant that guarantees that ., G?(y)dy = 1. No-
tice that, as the problem (14) is left invariant by any translation of the phenotypic space, the

eigenvalue ; does not depend on the position of the optimumO.

3.2 The case oH hosts with H 2

In this subsection, we assumeH 2 and denote 4 = y(;;; Ogq;:::;0y) the principal
eigenvalue ofA in (HY(R")\ L2 (R"))", dependingon > 0, > 0, > 0,and (O;)1 | n.As

we consider (8) with =0, the H equations are decoupled and we then de ne

np*
H(O; 55 Og;::5;0k)i= (5 )= 5 I max : (16)
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G - — -
I(X) G(X Oi)_ ( Ge kx Oikz_(z )

and it is convenient to straightforwardly compute
z

p— 2_
Gi(x)Gj(x)dx = e KO Ojk=(4 ). (17)
Rn

The following rst result of this section asserts that the principal eigenvalue depends contin-
uously on the parameters, and that an increase of the migration rate > 0, or of the intensity
of selection > 0, or of the mutational parameter > 0 reduces the chances of persistence of
the population.

Proposition 3 (Continuity and monotonicity w.r.t. parameters) LetH 2be given. The
function (;;; O1;:::5;0K) 7! w(;;; Og;:::;0y) is continuous in [0;+1 ) (0;+1 )2
(RMH, and concave with respect to(; ; ). Furthermore, (;;; Og;:::;04) is increas-
ing with respect to > O and to > 8 Lastly, either the optima O; are all identical and

H(;5; O1;::50k)= 1(; )= n " =2 rpex forall 0,or u(;;; O1;:::;0nk)
is increasing with respect to 0.

The following bounds on y shows, in particular, that the case with many hosts is always
less favourable for the population than the case with a single host.

Proposition 4 (Bounds on H wrt. 1) LetH 2 be given. Then, forall > 0, > 0,
> 0,and (Oi)1 i v 2 (R,
0 1
nP- X 2 %
rmax = 1(; ) 1(; )+ @ T "i(x)' j(x)dXA
2 g H 1 g
1 i H
H(5 55 Qu:::1;0Hk)
o X , Z L s
. . A
1 )+ @  H® D RnGl(X)GJ (x)dx
1 [I)<j H
a P
1(; )+ =T Mmax +
Moreover, for every > 0, > 0Oand (Oi)1 i v 2 (RM", 4(;;; Og;:::;04) is bounded
independently of .
In the sequel, and without loss of generality, we x the optima O; and O, at
Op:=( ;0:::;0) Oz:=(; 0;:::;0) (19)
for some 0. In the caseH =2, we now denote ,(;;; ) the principal eigenvalue of (8).
In [15], we de ned the habitat di erence by mp := kO; 0,k?=2 =2 2, and we proved that
2(;;; ) was an increasing function omep(and therefore of ), see [15, Proposition 4]. We
also proved that »(; ; ; Y!' 4(; )= n" =2 rma as ! 0. The result below, which

is a direct consequence of Proposition 4 (together with (17)), extends this last result to the case
of H 2 hosts.
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Corollary 1 LetH 2 be given. Then, forevery > 0, > 0; > 0, 0,and (Oj)1 i H 2
(RMM with O; and O, as in (19), there holds

2 P—
(s ) H(;ss O1::5;04) 1i(v )+ 1 me
Incidentally, for H =2, ,(; ;; ) «(; )! Owhen ! O*, ! +1 or ! O

Having understood, by Propositions 3-4, the small migration rate regime ! 0, we now turn
to the asymptotics ! +1 . The caseH = 2 was investigated in [15, Proposition 4], where we
obtained that »(;1;; )! 1(1; )+ 2?=2=n=2 rpx+ 2=2as ! +1 (inthe case

= 1). We generalise here this result to any numberH 2 of hosts.

Proposition 5 (Large migration rate) Let H 2, > 0, > 0,and (Oj)1 i n 2
(RMM be given. Then w(;;; O1;:::;0n) % w1 (;; Og;:::;0)as ! +1, where
He (53 Og;:::;04) is the principal eigenvalue for a population living in a single host and

with \e ective" tness equal to the mean of the H original tness functions, that is,

S Ru(¥)(¥)= w1 (G5 01 0k) " (X)) Ra(x) = ri(x); (20

2
2 i=1

with principal eigenfunction ' 2 C3 (R"). As a consequence, given the center of mass

1 X
M= O
i=1
we have
i1 (G5 O1ii50n) = a(h ) Ru(M)+ rmax: (21)
4 E ect of a third host
As seen in Proposition 4, the inequality 1(; )= 1 2= 2(;;; 0O1;0,)is always true

(as is the inequality ; n forany H 2), meaning that the presence of a second host always
penalises the population. In this section, given > 0, > 0, > 0, we investigate how the
introduction of a third host a ects the chances of survival of the population, compared to the
case of only two hosts. To do so, we denote, = ,(07;0>) the principal eigenvalue for two
hosts with optima O; and O, as in (19), and 3 = 3(01;02;03) the principal eigenvalue for
three hosts with optima O1, O, and O3. Our goal is to compare 2(071;0>2) and 3(01;0,;03).
As revealed in the following, the situation is very rich and the outcomes dramatically depend not
only on the di erent parameters but also the position of the third optimum Os3. In the following,
we denote

= 032R": 3(01;02;03) < 2(01;03) (22)

the region in the phenotypical space where the presence of a third host corresponding to an
optimum O3 causes a springboard e ect, leading to higher chances of persistence of the pathogen,
compared to an environment with the two hosts with optima O; and O,.

We rst deal in Section 4.1 with the case of small or large migration regimes ( small or
large), while Section 4.2 provides some comparisons which hold for any given> 0. Some
complementing numerical simulations are presented in Section 4.3.
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4.1 Large and small migration regimes
Large migration regime
Let us rst consider the regime corresponding to the limit case ! +1 . We denote

1 =f032R": 31 (01;02;03) < 21 (01;02)g; (23)
where the quantities p.; are de ned in Proposition 5 (there, the dependence of .1 on
and was also emphasised; here> 0 and > 0 are xed, and we are mainly interested in

the dependence with respect to the position of the optima, this 63 why we use the notations
31 (01;02;03) and 5.1 (01;03)). We also recall that 1 = n~ =2 rnax is independent

of .

For two hosts, the center of mass isM, = (01 + O,)=2 = (0;:::;0) = O, and the e ective
tness de ned in Proposition 5 is Ra(x) = (r1(X) + r2(x))=2 = rmax kxk?=2 2=2. As a
result

2
21 (01;02)= 1 Ro(M2)+ rmax = 1+ —

For three hosts, the third optimum is denoted O3 = (a3;:::;a,), and the e ective tness of

Proposition 5 is
rai(x) + ra(x) + rs(x) 2 2 .
Ra(x) = 3 = Imax Ekx M 3k? 5 3 2+ §(a'f+ +a2) ;

whereM 3 = %03 is the center of mass of the triangleO;0,03. As a result

2

2 2
31 (01;02;03)= 1 Ra(M3)+ rmax = 1 3 +§(a§+ + a?)

+ —
2
From this, we immediately identify the asymptotic region (as ! +1 ) where the third host

increases the chances of persistence (see right column of Figure 1).

Proposition 6 (Region leading to higher chances of persistence for large migration
rate) pIrﬂe phenotypical spaceR", the region 1 (i!,enied by (23) is the open Euclidean ball
B(O; 3=2 ) centered at the origin O and of radius  3=2 .

Notice that both O; and O, belong to ; . On the other hand, O3 = (0; p§; 0;:::;0),

which makesO;0,03 an equilateral triangle, does not belong to ; . This, as revealed below
(see Proposition 8), is actually true for all > 0.

A 1, 3
41 (01;02;0;04) = 1"‘2 > "‘16(@"' + 1)

Then the region where 41 (01;0,;0;04) < 31 (01;05,;0) is the ball B(O;p 8=9 ) and,
this time, O; and O, do not belong to this ball.
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Small migration regime

Letus x > 0, > 0, > 0,0;andO; asin (19), and let us now investigate  given in (22)
for0< 1. For given positionsO1; O5; O3, using the notations 3= 3( )and ,= (), we
focus onthe dierence 3( ) 2( ). As mentioned above, by (16), 3(0) 2(0)= 1 1=0,
and 3() 2( ) ! 1 1 = 0 by Proposition 4. Hence, if we dene ¢ as in (22) with

=0, we have o = ;. Thus, the quantity 3(0)  9(0), if it exists, would be an important
information. For a generalH 2, we denote y = (), all other parameters > 0, > 0
and (Oi)1 i u 2 (RM" being xed.

Proposition 7 (Region leading to higher chances of persistence for small migration
rate) For any H 2, the function 7! () is dierentiable in [0;+1 ), with %( ) < 1for
a P

all 0. Furthermore, either the optima O; are all identicaland {( )= 1= =2  I'max
for all 0,or &()> Oforall 0.2 Lastly,
H
0 () = A
0)= 24
RO = (24)
where X
9=(duindn )2R™ kak=1 | i H 1G9
is the largest eigenvalue of thed H symmetric matrix A = (& )1 ij w dened by

p

] . 2=
aj = e KO Ok=G) s

In particular, with O; and O, as in (19), there holds
P:=f032R": 30)< J0)g
n

arccosf(03) g(0s) °) 10 (25)
3

= 032 R":k(0O3):= g(O3)cos

with

r n
1+2h(0O3)cosh( a =
9(03) = ( 3) 3 (H 1 )'
and Oz = (aj;:::;aq). Thus, if O3 2 P, then there is o > 0 such that O3 2 for every
0< < o, with as in (22). On the other hand, if O3 62P, then there is > 0 such that

0362 forevery0O< < .

h(Os):= € @ "k 0sk)=@ ),

Let us now brie y comment on the properties ofd{given in (25). First of all, since the function
k is continuous in R" and converges to cosE6)= 3 =1=2< 1 askOzk! +1 ,the setP is
open and bounded. Furthermore, it is symmetric with respect to thrgzihyperplanef 0y R" 'and
axisymmetric with respect to the axisR f 0g" 1. WhenO3=(0; 3; 0;:::;0), then 0;0,03
is an equilateral triangle, and k(O3) = 1, hence O3 2 @. This is, iB some sense, sharp: we will
actually prove in Proposition 8 below that, forany > 0,03=(0; 3; 0;:::;0) 62

On the oth%rihand, for an arbitrary pBint Oﬁ = (aﬁ; :iijap) 2 R, formula (24) implies that

90)=1 e = and, with g := (1= 3;1= 3;1= 3),

p_ p_ _
3 9Aq_, € = +2e (2+"°3k2)=(4)cosh(pa1:(2 )

0
ORI .

2 Notice that the inequalities 0 ﬂ (0) < 1 are coherent with Corollary 1.
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Therefore,

: P— P52 ‘a P— 2 2
P 0O32R":e s =4 ) <e 21 ) cosh %1 e (az+ +ag)=(4 )
2

P _
By studying the variations of the function a; 7' e 2 =4 ) cosh(p a1 =(2)), one infers that

p_. P

P [ 3; 3]fog %

henceO; 2P and O, 2 P. Lastly,
P f Og BO(OO;p§ );

where BY Q¢ P 3 ) is the open Euclidean ball of radiusp 3 and centered at the origin O° :=

4.2 The general case > 0

In this subsection, we x the parameters > 0, > 0, and > 0. We recall that, without loss
of generality, O; and O, are as in (19) with 0, and that  denotes the phenotypical region
where the presence 003 leads to higher chances of persistence, as de ned in (22).

Some tness loss situations

We show that if the third optimum O3 is such that 010,03 forms an equilateral triangle, then

2 3 is always negative (reduced chances of persistence). Since, by uniqueness of the principal
eigenpair of (8), the mapO3 7! 3(07;05;03) is invariant by rotation around the line ( 0,05)
containing O, andpqz, we can assume without loss of generality thatO5 lies in R? f 0g" 2,
that is, O3 =(0; 3;0;:::;0).
Proposition 8 (Equilateral triangle con guration) Assume that,> 0, > 0, > O
are ﬁeg, ogether with O; and O, as in (19) with > 0. If O3 =Q; 3;0;:::;0) or O3 =
(©; 3;0;:::;0),then 3(01;0,;03)> ,(0;1;05), henceO3 62 .

Now, still for any xed > 0, > 0, > 0, and O1, O, as in (19) with 0, we aim
at describing the behaviour of 3 when the third optimum O3 is far away from the two other
optima. To do so, we introduce an auxiliary eigenvalue problem with two hosts, corresponding
to a situation with migration loss: half of the individuals are lost during the migration process.
Namely, we de ne the principal eigenvalue®€,(01; O,) satisfying

2
S @00 ne  2e() () = €(050):; (26)

for (i;j) =(1:;2) and (i;j ) = (2;1) with (‘eg;'e2) 2 HLY(R™)\ L2(R")\ C} (R")\ LYR") 2
the corresponding normalised principal eigenvector. Note the factor %2 in front of 'gj which
describes the migration loss.

Before going further on, we note that an evaluation of the Rayleigh quotient associated with
€,(01;05,) at (Gy;0) (with G; = G(  O;) the principal eigenfunction associated with ;)
implies that €,(01;05,) 1 + . Additionally, multiplying (26) by ‘e; for (i;j ) = (1 ;2) (resp.
by ‘e, for (i;j ) = (2 ; 1)), integrating by parts and adding the two equations, and using this time
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tr\g Rayleigh formula associated with ,(01;0O5), we observe that€,(01;05) 2(01;07) +
rn €1'€2> 2(01;02) since > O0and'e; > 0,'e; > 0in R". Finally,

2(01;03) < €,(04;0y) 1+ (27)

When the third optimum \tends to in nity", we expect the system to resemble this case
of two hosts with migration loss. Indeed, roughly speaking, the third host disappears from the
system taking with him migrants arriving from hosts 1 and 2, thus acting as awell or a black
hole. Precisely, the following holds.

Proposition 9 (Far away third optimum) Assume that > 0, > 0, > 0 are Xxed,
together with O; and O, as in (19) with 0. For kO3zk large enough, there holds

q

- 48(62(01;02)"’ F max ) .
YT min(kO3 O:k;kO3 Ok)’

€,(01;0y) 3(01;02;03) ©€,(01;0) (28)

so that 3(01;0,;03) ! ©€,(01;0,) askOzk! +1,and 3(01;0,;03) > ,(04;0,) for
all kOzk large enough.

Some situations where the presence of a third host leads to higher chances of persistence

In Section 4.1, the set  where the presence ofO3; leads to higher chances of persistence,
de ned in (22), was captured for both regimes ! +1 and ! O0'. For arbitrary > 0, a
sharp characterisation is very involved (see Proposition 11 and the numerical simulations below).
Nevertheless, we can provide the following information, saying that a third host with phenotypic
optimum close to that of one of the other two hosts is globally bene cial for the chances of
persistence.

Proposition 10 (When the third host resembles one of the two others) Assume that
> 0, > 0, > 0are xed, together with O; and O, as in (19) with > 0. Then there is
> 0 such that

B(O1; )[ B(O2; )

A host in the middle
Here we consider a di erent approach: we x the parameters > 0, > 0, > 0 and the third

We show that, when the two optima O; and O, are far enough from each other (meaning > 0
large), this \host in the middle" con guration does not maximise the dierence ,(01;05)

3(01;05;03), that is, it does not minimise 3(0Oq;05;03). This result, consistent with the
simulations in Figure 1, is slightly surprising (at least at rst glance) and shows the richness of
the outcomes.

Proposition 11 (Host in the middle) Assume that > 0, > Oand > 0 are xed. For
> 0 large enough in(19), we have

3(01,02;0) > 3(01;0,,0,):

More precisely, 3(01;0,;0)! 1+ while 3(0;;0,;0;)! 1+ =2as ! +1.
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We point out that, since 3(031;02;01) = 3(01;01;02) by symmetry, the limit ;+ =2=
lim, +1 3(01;02;01)=lim , +1 3(01;071;03) is coherent with the limit

lim —3(01;04;02) = €,(01;01)= 1+ =;
I+l 2

with €,(01;0,) being the principal eigenvalue of (26) in the case of identical optima (see the
proof of Proposition 11 in Section 6.3 for further details).

Decreasing 3 by projecting

Next, still with  O; and O, as in (19) without loss of generality, we show that replacingO3
by its projection on the line R f 0g" ! containing O, and O, always decreases the principal
eigenvalue 3, and thus increases the dierence , 3, leading to higher chances of persistence.

Proposition 12 (Better on the line) Let O3 2 R", and let O]3 be its projection on the line
R f 0g" !, with O; and O, as in (19). Then

3(01;02,03)  3(01;0,;0%):
Existence of a best third optimum

With O; and O, being xed, the following corollary asserts the existence of a minimum for
the function O3 7! 3(01;0,;03) de ned in R", thus ensuring the existence of a point in the
phenotypic space maximizing the di erence ,(0;;03) 3(01;032;03).

Corollary 2 (Minimizing 3(01;03;)) Assume that > 0, > 0, > 0, O; 2 R" and
O, 2 R" are xed. Then the function O3 7! 3(0;1;052;03) has a minimum in R", equal to
0O, = O, if these two optima are identical, or lying in the line (O;,03) if O; 6 O,.

Proof. Without loss of generality, one can assume thatO; and O, are given as in (19). On the
one hand, if =0,then O; = O, = 0 and 3(0;;0,;0)= ,(01;0,)= 1, by Proposition 3,
while 3(01;0,;03) > ; forall O3 6 O, by Proposition 3 again. The conclusion of Corollary 2
is then immediate in this case. On the other hand, if > 0, the conclusion easily follows from
the continuity property in Proposition 3, together with Propositions 9, 10 and 12. O

Remark 2 From Proposition 11, it follows that the middle optimum ( O; + O5,)=2 is not a mini-
mum of the map O3 7! 3(01;05,;03)whenkO; O:kislarge enough. Hence, for akO; O3k
large enough, by symmetry, the map 3(O;;O5; ) has at least two di erent minima, of the type

( a;0;:::;0), for a certain a > 0, under the notation (19). For all kO; O3k large enough,
these optima maximise the di erence ,(0¢;05>) 3(01;02; ) (which is positive, by Proposi-
tion 10).

4.3 Numerical simulations

We present in Figure 1 a map of the positions of the third optimum O3 in the phenotypic plane

R? with a colorbar picturing the corresponding di erence ,(O1;05) 3(01;032;03), with

0O; and O; as in (19). We recall that the dierence ,(07;05>) 3(01;032; O3) measures the
gain (or loss, if negative) in the chances of persistence, when the third host is added to the
system. All Matlab source code used to generate the analyses performed here is available at
https://doi.org/10.17605/OSF.I0/QAV2M
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