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Abstract

The notions of pulled and pushed solutions of reaction-dispersal equations introduced by
Garnier et al. (2012) and Roques et al. (2012) are based on a decomposition of the solutions
into several components. In the framework of population dynamics, this decomposition is
related to the spatio-temporal evolution of the genetic structure of a population. The pulled
solutions describe a rapid erosion of neutral genetic diversity, while the pushed solutions
are associated with a maintenance of diversity. This paper is a survey of the most recent
applications of these notions to several standard models of population dynamics, including
reaction-diffusion equations and systems and integro-differential equations. We describe
several counterintuitive results, where unfavorable factors for the persistence and spreading
of a population tend to promote diversity in this population. In particular, we show that
the Allee effect, the existence of a competitor species, as well as the presence of climate
constraints are factors which can promote diversity during a colonization. We also show
that long distance dispersal events lead to a higher diversity, whereas the existence of a
nonreproductive juvenile stage does not affect the neutral diversity in a range-expanding
population.

Keywords. reaction-diffusion; genetic diversity; pushed and pulled solutions; traveling
waves; long distance dispersal; Allee effect; juvenile stage; climate change; gene surfing;

1 Introduction and definitions

New mathematical tools have been introduced in the recent papers of Garnier et al. (2012) and
Roques et al. (2012) to study the spatio-temporal dynamics of the neutral genetic structure
in a range-expanding population. The framework proposed in these papers, inspired from a
simulation study of Hallatschek and Nelson (2008), can be applied to a wide range of reaction-
dispersion equations. In this paper, we chiefly consider general models of reaction-dispersion
where the unknown quantity is a population density u(t, x) ∈ R of genes or haploid individuals
(a reaction-diffusion system involving two species will also be investigated). The density evolves
in space and time under the intertwined effect of two factors: the dispersion, represented by a
linear operator D, and the reproduction (birth and death), embodied in the operator F .
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The general form of these models is:

∂tu(t, x) = D[u](t, x) + F [u](t, x), t > 0, x ∈ R. (1.1)

The operators D and F act on a function space. Thus D[u](t, x) and F [u](t, x) may depend
on the population density u at other points in time and space than the point (t, x), meaning
in particular that the operator can be nonlocal.

Inside dynamics of the solution. The notion of inside dynamics of solutions of reaction-
dispersion equations has been recently introduced in (Garnier et al., 2012; Roques et al., 2012).
They assume that the population u is made of several neutral components µi ≥ 0 (i ∈ I ⊂ N).
This means that the population density u(t, x) > 0 satisfying (1.1) is equal to the sum of the
component densities:

u(t, x) =
∑
i∈I

µi(t, x). (1.2)

Since the components are neutral, the genes (or the individuals) in each component only differ
by their position and their allele (or their label), while their dispersal and growth abilities are
the same as the population u, in the sense that the density µi of each component satisfies an
equation of the form: ∂tµ

i(t, x) = D[µi](t, x) +
µi

u
F [u](t, x), t > 0, x ∈ R,

µi(0, x) = µi0(x), x ∈ R,
(1.3)

where the components µi are such that

u(0, x) =
∑
i∈I

µi0(x), x ∈ R.

The equation (1.3) is linear with respect to µi. Therefore, the function w =
∑

i∈I µ
i(t, x) is a

solution of the equation:

∂tw(t, x) = D[w](t, x) +
w

u
F [u](t, x), t > 0, x ∈ R. (1.4)

In all the cases investigated in this paper, the assumptions on D guarantee the uniqueness
of the solution w of (1.4). As u solves this equation with u(0, ·) = w(0, ·), the fundamental
property (1.2) is fulfilled at every t > 0.

Note that for diploid populations following a reaction-diffusion equation with malthusian
growth, the system (1.3), which governs the dynamics of the allelic densities, can also be derived
from a weighted sum of the equations governing the genotype densities, such as those given by
Aronson and Weinberger (1975).

The neutral assumption reduces the analysis of the card(I) + 1-dimensional system (1.1)-
(1.3) to the analysis of a system of two equations. Namely, each component µ is given as the
solution of:  ∂tu(t, x) = D[u](t, x) + F [u](t, x), t > 0, x ∈ R,

∂tµ(t, x) = D[µ](t, x) +
µ

u
F [u](t, x), t > 0, x ∈ R,

(1.5)

with initial conditions µ(0, x) = µ0(x) and u(0, x) = u0(x), such that 0 ≤ µ0(x) ≤ u0(x) for
x ∈ R.
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Traveling wave solutions. For a large class of dispersal operators D and growth functions F ,
the equation (1.1) admits traveling wave solutions. These particular solutions keep a constant
speed c and a constant profile U, that is u(t, x) = U(x − c t). Typically, they describe the
invasion of the stationary state 0 by a positive stationary state, say 1. There are many references
about the existence, uniqueness, stability and spreading properties of these waves, for reaction-
diffusion, delay-differential and integro-differential equations. Relevant references will be given
in the sections below. These studies had numerous implications in population dynamics (Fife,
1979; Murray, 2002; Shigesada and Kawasaki, 1997). However, despite important consequences
in population genetics, and until very recently, the inside dynamics of the waves had not been
investigated.

Pulled and pushed solutions. The notions of pulled and pushed waves have been introduced
by Stokes (1976); Rothe (1981) for traveling wave solutions of scalar reaction-diffusion equations
∂tu = d ∂xxu+f(u) with monostable growth term f. These definitions were heuristically related
to the idea of an inside dynamics of the waves. For this equation, when f > 0 in (0, 1), f ′(0) > 0
and f(0) = f(1) = 0, it is known that there exists a minimal speed c∗ such that positive traveling
waves with speed c exist if and only if c > c∗. Stokes’s notions of pulled and pushed waves are
based on the linear determinacy of the minimal speed c∗ of propagation of traveling waves (see
Hadeler and Rothe, 1975). If c∗ is linearly determined, that is if c∗ = 2

√
d f ′(0), then the wave

is said to be pulled since the speed is determined by the growth of the pioneering individuals at
the leading edge. Otherwise, the critical wave with speed c∗ > 2

√
d f ′(0) is said to be pushed

by its nonlinear part.
Based on the above-described notions of inside dynamics, the pulled/pushed terminology

has been redefined and extended in the works of Garnier et al. (2012) and Roques et al. (2012),
leading to the following definitions:

Definition 1.1 (Pulled wave). A traveling wave u(t, x) = U(x− ct) is said to be a pulled wave
if, for any component µi satisfying (1.3), 0 ≤ µi0 ≤ U and µi0(x) = 0 for large x, there holds

µi(t, x+ ct)→ 0 as t→ +∞, uniformly on compact sets.

Definition 1.2 (Pushed wave). A traveling wave u(t, x) = U(x − ct) is said to be a pushed
wave if, for any component µi satisfying (1.3), 0 ≤ µi0 ≤ U and µi0 6≡ 0, there exists M > 0
such that

lim sup
t→+∞

sup
x∈[−M,M ]

µi(t, x+ ct) > 0.

We first focus on a pulled wave U. Let us consider the (right) component µr, which satisfies
at t = 0, µr0 = U ·1[α,+∞), where 1[α,+∞) denotes the indicator function of the interval [α,+∞),

for some α ∈ R. The component µl corresponding to the remaining part of the wave satisfies
at t = 0 µl0 = U · 1(−∞,α). Therefore, µl converges to 0 in the moving frame with speed c from
definition 1.1. Since for all t > 0 and x ∈ R

u(t, x+ ct) = U(x) = µl(t, x+ ct) + µr(t, x+ ct), (1.6)

it follows that µr(t, x + ct) converges to U(x) as t → ∞ in the moving frame. Thus, the
wave U tends to be made of the rightmost component only. In other words, it is pulled by
the component at the leading edge of the front, which indicates a strong erosion of the genetic
diversity.
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On the other hand, in a pushed wave U , any component µ propagates with the same speed
c as the total wave U(x− ct). In other words, the wave is pushed by all its components. This
shows that the initial diversity in the pushed front is preserved during the colonization.

2 The classical Fisher-KPP equation

In that case, the dispersal operator D is the Laplace diffusion operator:

D = d ∂xx

for some positive diffusion coefficient d > 0, and the growth functional F [u](t, x) is “local” in
the sense that it only depends on the value of u(t, x). In other words, u satisfies the following
equation:

∂tu = d ∂xxu+ f(u), t > 0, x ∈ R. (2.7)

Furthermore, we assume that f is the classical Fisher-KPP nonlinearity (Fisher, 1937; Kol-
mogorov et al., 1937), that is:

f(u) = u (1− u). (2.8)

This model, ∂tu = d ∂xxu+ u (1− u), is probably the simplest reaction-diffusion model for the
dynamics of a population in expansion. Thus, the results presented in this section will serve
as a reference for the other models presented in the next sections.

Equation (2.7) with the reaction term (2.8) admits positive traveling wave solutions u(t, x) =
U(x − c t) such that U(−∞) = 1 and U(+∞) = 0 if and only if c ≥ 2

√
d (Aronson and

Weinberger, 1975; Fisher, 1937; Kolmogorov et al., 1937). Moreover, these waves are attractive
in the sense that any solution u of (2.7) starting from a step-function (u0(x) = 1 for x ≤ 0 and
u0(x) = 0 for x > 0), converges to the traveling wave with minimal speed c∗ = 2

√
d.

In the framework introduced by Stokes (see the Introduction and Stokes, 1976), all these
waves are pulled. Our results in Garnier et al. (2012) and Roques et al. (2012) prove that these
waves are indeed pulled in the sense of Definition 1.1:

Theorem 2.1. If f(u) = u (1−u) in equation (2.7), all the traveling waves u(t, x) = U(x−c t)
with c ≥ c∗ are pulled in the sense of Definition 1.1.

This shows that, for the classical Fisher-KPP model, the diversity tends to decline during
the colonization process, in the sense that every component except the rightmost tends to
go extinct in the colonization front. Further results, for more general KPP nonlinearities are
described in (Garnier et al., 2012), showing that the waves are pulled in any case.

This result is illustrated by the numerical simulations of Fig. 1. We have considered the
case of a wave made of a finite number of components µi where i = 1, . . . , N = 7. We assumed
that these components were defined at t = 0 by µ10 = Uc · 1(−∞,x1], µ

k
0 = Uc · 1(xk−1,xk] for

k = 2, . . . , N − 1 and µN0 = Uc ·1(xN−1,+∞), and for a sequence x1 < x2 < . . . < xN−1 of evenly
distributed points. The point xN−1 corresponds to the beginning of the rightmost component,
which is not compactly supported (blue component in Fig. 1). As predicted by Theorem 2.1, all
the components but the rightmost (blue) one are unable to follow the wave. From formula (1.6),
the rightmost component converges to the wave itself, meaning a strong erosion of diversity.
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Figure 1: Fisher-KPP case: dynamics of 7 components in the wave u(t, x) = U(x − c t), with
d = 1, f(u) = u (1− u) and c = c∗ = 2. Each component is depicted with a different color and
with a thickness which corresponds, at each position x, to the density µi of the component.

3 Role of the Allee effect

A strong Allee effect corresponds to a negative growth rate at low densities, that is, f(u) < 0
for u ∈ (0, ρ), for some Allee threshold ρ > 0. This might result from various factors: increased
damage from bioagressors, increased mortality due to interspecific competition or reduced
fitness due to suboptimal mating opportunities (Berec et al., 2007). This dynamic has been
observed in many populations (Dennis, 1989; Veit and Lewis, 1996; Kramer et al., 2009).
Moreover the Allee effect is known to affect the rate of spread of a population (Lewis and
Kareiva, 1993; Barton and Turelli, 2011) and is expected to modify genetic structure on the
edge of the population.

In this section, we again consider the equation (2.7) but with the classical bistable nonlin-
earity of the form:

f(u) = u (1− u) (u− ρ), (3.9)

with ρ ∈ (0, 1/2).
The existence of a unique traveling wave solution u(t, x) = U(x− ct) such that U(−∞) = 1

and U(+∞) = 0 has been proved in (Aronson and Weinberger, 1975; Fife and McLeod, 1977) for
the growth functions (3.9). Furthermore, with ρ ∈ (0, 1/2), the speed c is positive. Additionally,
starting from a step-function (u0(x) = 1 for x ≤ 0 and u0(x) = 0 for x > 0), the solution of the
equation (2.7)-(3.9) converges to the unique traveling wave. Under the Allee assumption (3.9),
the profile U (up to shifts in x) and the speed c of the traveling wave are explicitly known (see
e.g. Petrovskii and Li, 2003):

U(x) =
1

1 + ex/
√
2 d

and c = (1− 2 ρ)

√
d

2
. (3.10)

Garnier et al. (2012) and Roques et al. (2012) have shown that these waves are pushed:

Theorem 3.1. If f(u) = u (1 − u) (u − ρ) in equation (2.7), the unique traveling wave
u(t, x) = U(x − c t) is pushed in the sense of Definition 1.2. Furthermore, any component

5



µ satisfying (1.5) with nonzero initial condition µ0, converges to a proportion p of the wave U
uniformly on compact sets, in the moving frame with speed c:

µ(t, x+ c t)→ pU(x) as t→ +∞, uniformly on compact sets,

with

p = p[µ0] =

∫ +∞

−∞
µ0(x)U(x) e

c
d
x dx∫ +∞

−∞
U2(x) e

c
d
x dx

∈ (0, 1]. (3.11)

The pushed nature of the wave shows that the Allee effect tends to promote the mainte-
nance of genetic diversity in the wave. Moreover, the explicit description of p[µ0] gives precise
information on the origin of the individuals composing the wave at large times. Namely, let
us consider the leftmost component defined by µl0 = U · 1(−∞,α) for α ∈ R. Differentiating

p(α) := p[µl0] with respect to α, we obtain a quantity p′(α) that can be interpreted as the
relative contribution to the wave of the individuals with an initial position α. From the ex-
plicit formula (3.10) of the profile U , we can observe that p′ reaches a unique maximum at the
position

αmax =
√

2 d ln

(
1− 2 ρ

1 + 2 ρ

)
. (3.12)

This formula emphasizes the advantageous role of the Allee effect to promote the components
situated deep in the core of the population: the higher the Allee threshold ρ, the bigger the
contribution of these individuals to the wave.

Further results, for more general bistable nonlinearities and for monostable nonlinearities
corresponding to a weak Allee effect (that is when the per capita growth rate f(u)/u is non-
negative but does not reach its maximum at u = 0), are described in (Garnier et al., 2012).
In the bistable case, the unique wave is always pushed while, in the monostable case, only the
wave with minimal speed c∗ is pushed when the speed is nonlinear, i.e. when c∗ > 2

√
d f ′(0).

These results are consistent with the terminology of Stokes (see Introduction).
Results of Theorem 3.1 are illustrated by numerical simulations presented in Fig. 2. Us-

ing the same framework as in Section 2, we observe in this case that, as predicted, all the
components contribute to the advance of the wave.

4 Interspecific competition: Lotka-Volterra reaction-diffusion
systems

Here, instead of colonizing an empty space, we consider a species u invading a medium where
a resident species v is already present. We assume that both species are in competition.
This scenario can be described using the following Lotka-Volterra system of reaction-diffusion
equations (Murray, 2002):{

∂t u = d ∂xx u+ u (1− u− a1v),
∂t v = ∂xx v + r v (1− a2 u− v),

t > 0, x ∈ R, (4.13)

where all the coefficients d, r, a1, a2 are positive. The coefficients a1, a2 correspond to the
interspecific competition coefficients. From a biological perspective, we assume competitive
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Figure 2: Strong Allee effect : dynamics of seven components in the wave u(t, x) = U(x− c t)
satisfying (2.7) with f(u) = u (1− u) (u− ρ), and d = 1, ρ = 0.4.

exclusion of the species v by the species u. In other words, the species u is a better competitor
than v, in the sense that

0 < a1 < 1 < a2. (4.14)

This assumption guarantees the existence of traveling waves which describe the invasion of the
state (0, 1), where the species u is not present, by the state (1, 0), where the species v has been
excluded. More precisely, in this context, the traveling wave solutions of speed c > 0 are of the
type u(t, x) = U(x− c t), and v(t, x) = V (x− c t), with limiting conditions:

(U, V )(−∞) = (1, 0) and (U, V )(+∞) = (0, 1). (4.15)

In this case, Kan-On (1997) has proved the existence of positive and monotone traveling waves
if and only if c ≥ c∗ > 0. The minimal speed c∗ is not known explicitly but Kan-On (1997) has
given the following estimates:

2
√
d(1− a1) ≤ c∗ ≤ 2

√
d.

Note that, in the case a1 = 0, the density u of the invasive species follows the classical Fisher-
KPP equation (2.7)-(2.8) studied in Section 2.

Depending on the parameters, the speed c∗ can be either linearly determined, that is c∗ =
2
√
d (1− a1), or nonlinearly determined if c∗ > 2

√
d (1− a1). Sufficient conditions for the linear

determinacy of the speed have been given by Lewis et al. (2002) and Huang (2010). Inspired by
the results in the scalar case a1 = 0 Murray (2002) and Okubo et al. (1989) conjectured that
the speed c∗ was always linearly determined. Using asymptotic matching techniques, Hosono
(2003) and Holzer and Scheel (2012) found that, in fact, the linear determinacy did not always
hold true, especially for small values of d. Another recent example of nonlinear determinacy of
the speed c∗ has been given by Huang and Han (2011). In the particular case r = 1/d, their
result shows that, if a1 is close enough to 1, then c∗ > 2

√
d(1− a1).

The linear determinacy of speed c∗ actually plays an important role on the inside dynamics
of the wave u(t, x) = U(x− c∗ t) (Roques et al., 2013). For the system (4.13), the dynamics of
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any component µ in the wave U is described by the following equation:{
∂tµ = d ∂xxµ+ µ (1− u− a1 v), t > 0, x ∈ R,

µ(0, x) = µ0(x), x ∈ R,
(4.16)

We consider first the case where the speed c∗ is linearly determined:

Theorem 4.1. If c∗ = 2
√
d (1− a1), then the wave u(t, x) = U(x − c∗ t) is a pulled wave in

the sense of Definition 1.1.

This result, proved in (Roques et al., 2013), shows that, whenever the speed c∗ is linearly
determined, the inside dynamics of the wave u(t, x) = U(x− c∗ t) is the same as in the Fisher-
KPP case without competition. This means that the existence of a competitor for the invasive
species has no effect on the erosion of its diversity.

We then consider the case of nonlinearly determined speeds c∗. In the previous sections, as
well as in the monostable cases (see Garnier et al., 2012), the pulled/pushed nature of the waves
turns out to be determined by the decay rate of the leading edge of the waves, as x→ +∞ (see
Remark 4.5 below). Thus, we distinguish two types of waves, depending on their exponential
decay at +∞.

Definition 4.2 (Slow-decay wave). A positive wave u(t, x) = U(x− ct) with speed c and such
that U(+∞) = 0 is said to be a slow-decay wave if ln[U(y)] ∼ −λ y as y → +∞, for some
0 < λ ≤ c/(2 d).

Definition 4.3 (Fast-decay wave). A positive wave u(t, x) = U(x− ct) with speed c and such
that U(+∞) = 0 is said to be a fast-decay wave if ln[U(y)] ∼ −λ y as y → +∞, for some
λ > c/(2 d).

Coming back to the system (4.13), it is known that the wave with minimal speed c∗ is a
slow-decay wave if the speed is linearly determined (Morita and Tachibana, 2009). On the
other hand, if the speed is nonlinearly determined, it is still unknown whether the wave with
speed c∗ is a fast-decay or a slow-decay wave. The next result describes the inside dynamics of
the wave u(t, x) = U(x − c∗ t) with nonlinearly determined speed c∗, in terms of its fast/slow
decay nature.

Theorem 4.4. Assume that c∗ is nonlinearly determined:

c∗ > 2
√
d (1− a1).

1) If u(t, x) = U(x − c∗ t) is a fast-decay wave, then it is a pushed wave in the sense of
Definition 1.2. Furthermore, any component µ satisfying (4.16) with nonzero initial condition
µ0, converges to a proportion p of the wave U uniformly in R, in the moving frame with speed
c:

µ(t, x+ c t)→ p[µ0]U(x) uniformly in R as t→ +∞, (4.17)

where p[µ0] is given by (3.11).
2) If u(t, x) = U(x − c∗ t) is a slow-decay wave, then it is a pulled wave in the sense of
Definition 1.1.
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Figure 3: Inside dynamics of the wave u(t, x) = U(x − c∗t) in the presence of a competitor
(system (4.13)). The parameter values are r = d = 1, a2 = 2 and a1 = 0.9. The speed is
nonlinear: c∗ ' 0.73 > 2

√
d (1− a1) ' 0.63.

Based on numerical computations, Roques et al. (2013) have conjectured that traveling
waves, with nonlinearly determined speed c∗, are always fast-decay waves as in the scalar case
(see also Crooks, 2003). In particular, the waves described by Holzer and Scheel (2012) (for
0 < d << 1) and by Huang and Han (2011) (for a1 close to 1), turn out to have a fast-decay; see
numerical computations in (Roques et al., 2013) and remark 2 in (Holzer and Scheel, 2012). The
numerical simulations of Fig. 3 confirm that the wave is pushed in the sense of Definition 1.2.
This shows that competition with another species can lead to a better maintenance of diversity,
compared to the case without competition (a1 = 0).

Remark 4.5. In the scalar case of equation (2.7), if u(t, x) = U(x− ct) is a fast-decay wave,
then the integral in the denominator of (3.11) converges, whereas, if it is a slow-decay wave with
λ < c/(2 d), then this integral diverges. It is known that in the Fisher-KPP case of Section 2,
all the waves have a slow decay (Aronson and Weinberger, 1978), while in the strong Allee
case of Section 3, the unique wave has a fast decay (see formula (3.10)). In the more general
monostable case corresponding to a weak Allee effect, both cases could occur depending on
f(u). It turns out that slow-decay waves are pulled while fast-decay waves are pushed (Garnier
et al., 2012). The analysis of the decay rates of the waves was one of the reasons for the
introduction of pulled and pushed waves by Stokes (1976).

5 Effect of a non-reproductive juvenile stage: delayed-differential
equations

In this section, we come back to the scalar equation:

∂tu = d ∂xxu+ F [u], t > 0, x ∈ R, (5.18)

but with a nonlocal growth term F [u] = F(u(t− τ, x), u(t, x)), with τ > 0. More precisely, we
consider the Kobayashi’s nonlinearity (Kobayashi, 1977):

F(u(t− τ, x), u(t, x)) = u(t− τ, x) (1− u(t, x)). (5.19)
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In our ecological context, this nonlinearity represents a reproduction with a non-reproductive
and motionless juvenile stage. During the life cycle of many insects, the juvenile stage consists
of the egg, larva and pupa which cannot reproduce and do not move or move slowly compared
to adults. In such cases, if the duration of the juvenile stage is τ, the value of the growth term
at time t and position x depends on the number of eggs which were laid at time t − τ at the
position x. This number is a function of the density of adult individuals u(t−τ, x). The growth
term can also depend on the current density of adult individuals, u(t, x), because of crowding
effects.

In the ecological literature, the existence of such a juvenile stage has been suspected to lead
to a better conservation of the genetic diversity (Austerlitz et al., 2000). The existence of a
delay in (5.18) is also well known to reduce the minimal speed of traveling waves for KPP-type
nonlinearities (Schaaf, 1987). Indeed, positive traveling wave solutions u(t, x) = U(x − c t) of
equation (5.18)-(5.19) such that U(−∞) = 1 and U(+∞) = 0 exist if and only if c ≥ c∗(τ) > 0,
where c∗(τ) is decreasing with respect to τ > 0 (Schaaf, 1987); the case c = c∗(τ) can be treated
as in Theorem 4.6 of Pan (2009).

Thus, as for the Allee effect, we could expect that the introduction of a delay term will
modify the inside structure of the waves compared to the Fisher-KPP case with no delay
considered in Section 2. This is actually not the case, since Bonnefon et al. (2013) have shown
that all the waves with speeds c > c∗(τ) are pulled (with µF [u]/u (t, x) = µ(t, x) (1 − u(t, x))
in (1.5)):

Theorem 5.1. Any traveling wave u(t, x) = U(x− ct) solving (5.18)-(5.19) with c > c∗(τ) is
pulled in the sense of Definition 1.1.

This result is quite counter-intuitive regarding Sections 3 and 4. Indeed, the lower speed
induced by the delay could have been advantageous for the components situated in the bulk of
the population, as in the case with a strong Allee effect (Section 3). Besides, in the presence
of a delay τ > 0, we have shown that, surprisingly, fast-decay waves can be pulled. This is a
consequence of the following result (see Bonnefon et al., 2013):

Lemma 5.2. There exists a real number c(τ) ∈ (c∗(τ),+∞) such that the waves with speeds
c ∈ (c∗(τ), c(τ)) are fast-decay waves in the sense of Definition 4.3 and the waves with speeds
c ≥ c(τ) are slow-decay waves in the sense of Definition 4.2.

Thus, fast-decay waves are not necessarily pushed. On the other hand, in all of the cases
considered in Sections 2-5, the traveling waves with linearly determined speeds are pulled in
the sense of Definition 1.1, and the traveling waves with nonlinearly determined speeds are
pushed in the sense of Definition 1.2. A natural open question is whether or not this is true in
general for reaction-diffusion models.

6 Role of climate change

Range shift processes are very frequent during climate changes (see e.g. Breed et al., 2013;
Gayathri Samarasekera et al., 2012; Pluess, 2011; Rousselet et al., 2010). They are usually
the combined effect of the colonization of newly emerging suitable habitat coinciding with the
migration and then extinction in areas that have become unsuitable (Parmesan, 1996, 2006;
Root et al., 2003; Walther et al., 2002). These series of population expansions and contractions
have an important effect on genetic diversity (Davis and Shaw, 2001; Hewitt, 2000). Simulation

10



studies have already pointed out that neutral genetic diversity of populations decreases with
increased short-term regional climate variation (Cobben et al., 2011), with increased speed of
the range shift (Arenas et al., 2012) or with decreased habitat suitability (McInerny et al.,
2009). The aim of this section is to provide mathematical insights on the dynamics of neutral
genetic diversity of a species under climate changes.

Following the framework provided in (Berestycki and Rossi, 2008; Berestycki et al., 2009;
Potapov and Lewis, 2004), we assume that the environment is composed of one climate envelope
of size L > 0, surrounded by unfavorable habitat where population faces death at a constant
rate. Due to climate change, the advantageous patch is shifted with a fixed speed c ≥ 0. Thus,
we consider the scalar equation (5.18) with F [u](t, x) = f(x− ct, u(t, x)):

∂tu = d ∂xxu+ f(x− ct, u), t > 0, x ∈ R, (6.20)

with the function f defined by:

f(x, u) =

{
u(1− u) if x ∈ (0, L),
−u if x ∈ (−∞, 0] ∪ [L,+∞).

(6.21)

Thus, for any d > 0, if the speed of the climate change c is smaller than the spreading speed
c∗ = 2

√
d in the homogeneous environment and if the size L of the favorable patch is bigger

than a critical size L∗(d, c) then any solution u of (6.20) converges to a positive traveling wave
solution of the form u(t, x) := U(x− ct) with U(±∞) = 0 (Berestycki et al., 2009). The next
result shows that this wave is always pushed (Garnier and Lewis, 2014).

Theorem 6.1. Assume that 0 < c < c∗ = 2
√
d and that L > L∗(d, c). Then, the unique

traveling wave u(t, x) = U(x − c t) satisfying (6.20) is pushed in the sense of Definition 1.2.
Furthermore, any component µ satisfying (1.5) with nonzero initial condition µ0, converges to
a proportion p of the wave U uniformly in R, in the moving frame with speed c:

µ(t, x+ c t)→ p[µ0]U(x) uniformly in R as t→ +∞, (6.22)

where p[µ0] is given by (3.11).

Thus, as in the case of a strong Allee effect (Section 3) or in the case of a strong competition
(Section 4), the detrimental effect of the environment outside the bounded region of size L
slows down the propagation and enables all the components to follow the wave. This leads to
a higher genetic diversity compared to the classical Fisher-KPP case treated in Section 2. This
is illustrated by the numerical simulations presented in Fig. 4.

7 Effect of long-distance-dispersal: integro-differential equa-
tions

In ecology, long distance dispersal events are suspected to deeply modify the dynamics of a
population (Bohrer et al., 2005; Cain et al., 2000; Nathan and Muller-Landau, 2000) and the
genetic diversity in a population (Austerlitz and Garnier-Géré, 2003; Kot et al., 1996; Pringle
et al., 2009). A classical example is the Reid’s paradox of rapid plant migration (Reid, 1899;
Roques et al., 2010). This rapid propagation phenomenon is usually explained using integro-
differential equations with fat-tailed kernels (Clark, 1998; Clark et al., 1998; Garnier, 2011; Kot
et al., 1996; Medlock and Kot, 2003; Skellam, 1951) for which it is known that the positive
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Figure 4: Inside dynamics of the wave u(t, x) = U(x− c t) in the presence of a shifting climate
(equation (6.20)). The parameter values are c = 2, d = 4 and L = 6.

solutions accelerate (Garnier, 2011; Kot et al., 1996; Medlock and Kot, 2003). These models
are of the general form (1.1), with:

D[u](t, x) = (J ? u)(t, x)− u(t, x) :=

∫
R
J(x− y)(u(t, y)− u(t, x)) dy.

The non-local term J(x − y) represents the probability of moving from position y to position
x. The function J is called the dispersal kernel. Throughout this section, we assume that the
dispersal kernel J : R→ R is a nonnegative even function of mass one that is

J ∈ C0(R), J ≥ 0, J(x) = J(−x), and

∫
R
J(x)dx = 1. (7.23)

One of the most interesting features of the nonlocal dispersion, compared to the classical
diffusion, is that it can take into account rare long distance dispersal events. The frequency of
occurrence of long distance dispersal events is encoded in the tail of the dispersal kernel. In
the literature, two kinds of kernels can be distinguished: slowly decaying dispersal kernels (or
fat-tailed kernels), and fast decaying (or thin-tailed) kernels.

Definition 7.1 (Thin-tailed dispersal kernels). The dispersal kernel J is a thin-tailed kernel
if

there exists λ > 0, such that

∫
R
J(x)eλxdx <∞. (7.24)

This is the most common assumption among the mathematical literature on integro-
differential equations (see Aronson, 1977; Coville and Dupaigne, 2007; Diekmann, 1979; Thieme,
1979; Weinberger, 1982, 2002). This condition roughly means that J decays at least like an
exponential as |x| → +∞.

Definition 7.2 (Fat-tailed dispersal kernels). The dispersal kernel J is a fat-tailed kernel if

for all η > 0, there exists xη ∈ R such that J(x) ≥ e−ηx in [xη,+∞). (7.25)

This assumption is equivalent to J(x)eη|x| →∞ as |x| → ∞ for all η > 0 which means that
J decays slower than any exponentially decaying function.

Regarding the growth term, we assume in this section, as in Section 2, that

F [u] = f(u) = u (1− u).
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The case of thin-tailed kernels. When the dispersal kernel J is thin-tailed, the equation:

∂tu = J ? u− u+ u (1− u), t > 0, x ∈ R, (7.26)

admits positive traveling waves solutions u(t, x) = U(x − ct) such that U(−∞) = 1 and
U(+∞) = 0 if and only if c ≥ c∗, for some c∗ = c∗(J) > 0 (Carr and Chmaj, 2004; Cov-
ille and Dupaigne, 2007; Schumacher, 1980). The next result describes the inside dynamics of
these waves (Bonnefon et al., 2014).

Theorem 7.3. If J is a thin-tailed kernel, all traveling waves u(t, x) = U(x − c t) satisfy-
ing (7.26) with c ≥ c∗ are pulled in the sense of Definition 1.1.

Thus, although the dispersal term in model (7.26) is nonlocal, the inside dynamics of the
traveling wave solutions is similar to that of the waves in the local reaction-diffusion model (2.7).
In other words, when the kernel J decays sufficiently fast at infinity, we observe a strong erosion
of diversity during the colonization.

The case of fat-tailed kernels. When the dispersal kernel J is fat-tailed, the equation (7.26)
does not have traveling wave solutions (Yagisita, 2009). As shown by Garnier (2011), fat-tailed
kernels lead to accelerating solutions which tend to flatten as they propagate. In order to be
able to describe the inside dynamics of such solutions, and more generally of solutions which
are not necessarily transition waves in the sense of Berestycki and Hamel (2012), we propose an
extension of the framework described in the previous sections, and new notions of pulled and
pushed solutions. The following definitions have been introduced in (Bonnefon et al., 2014).

Since u ranges from 0 to 1, we can define, for any level λ ∈ (0, 1) and t > 0, the level set
Eλ(t) by

Eλ(t) = {x ∈ R, u(t, x) = λ}. (7.27)

Then, for any initial condition u0 ranging in [0, 1], we denote by Supp(u0) the support of u0,
that is the set Supp(u0) := {x ∈ R such that u0(x) > 0}, and we define x−0 := inf (Supp(u0))
and x+0 := sup (Supp(u0)). Note that if follows from the comparison principle that, as soon as u0
has a nonzero integral, the solution u of (7.26) with initial condition u0 is positive everywhere
in R for every positive t > 0 and the solutions µi of (1.3) are therefore well defined.

The notion of pulled and pushed solutions are defined as follows:

Definition 7.4 (Pulled solution to the right). A positive solution u(t, x) of (1.1) starting from
u0 is said to be pulled to the right if for any component µi satisfying (1.3), 0 ≤ µi0 ≤ u(0, ·),
µi0(x) = 0 for large x and Supp(µi0) ⊂ [x−0 , x

+
0 ), there holds

sup
x∈E+

λ (t)

µi(t, x)→ 0, as t→ +∞, for any level λ ∈ (0, 1),

where E+
λ (t) := Eλ(t) ∩ (0,+∞).

Conversely, we can define the notion of pushed solution to the right by

Definition 7.5 (Pushed solution to the right). A solution u(t, x) of (1.1) starting from u0, is
said to be pushed to the right if there exists a component µi satisfying (1.3), 0 ≤ µi0 ≤ u(0, ·)
and Supp(µi0) ⊂ [x−0 , x

+
0 ), and there exists a level λ ∈ (0, 1) such that

lim sup
t→+∞

sup
x∈E+

λ (t)

µi(t, x) > 0,
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where E+
λ (t) := Eλ(t) ∩ (0,+∞).

We can easily define the notions of pushed and pulled solutions to the left. We just need to
replace [x−0 , x

+
0 ) by (x−0 , x

+
0 ] and the positive part of the level set E+

λ (t) by the negative part
E−λ (t) defined by E−λ (t) := Eλ(t) ∩ (−∞, 0), for any λ ∈ (0, 1) and t > 0.

One can check that theses new definitions are consistent with the previous definitions 1.1
and 1.2 in the case of the inside dynamics of a traveling wave.

Using these definitions, we were able to describe in (Bonnefon et al., 2014) the inside
dynamics of the solution of the Cauchy problem (7.26), starting with an initial condition u0
made of two components µ10 and µ20, which are initially symmetric with respect to x = 0,
namely:

µ10(x) = 1[−l,0) and µ20(x) = 1[0,l], (7.28)

for some l > 0. In (Bonnefon et al., 2014), a particular case of fat-tailed dispersal kernel was
considered. This kernel corresponds to the Cauchy distribution:

J(x) =
β

π(β2 + x2)
for all x ∈ R, (7.29)

for some β > 0.
The next result shows that the solution u(t, x) of (7.26) with the Cauchy kernel (7.29) is

pushed to the right in the sense of Definition 7.5. Similarly, it is pushed to the left and the
solution u is thus pushed in any direction.

Theorem 7.6. There exists a time τ > 0 and a constant α > 0 such that

µ1(t, x)

u(t, x)
≥ α for all t ≥ τ and x ∈ R.

This result shows the advantageous effect of long-distance-dispersal on the preservation of
the diversity during the propagation. We conjecture that a comparable result holds for more
general fat-tailed kernels.

Numerical simulations. We have carried out numerical simulations for both thin-tailed and
fat-tailed kernels. The results are presented in Fig. 5. In the thin-tailed case, as predicted,
the inside dynamics is comparable to that of the Fisher-KPP local equation (2.7) presented in
Fig. 1. We observe a striking difference in the case of the fat-tailed Cauchy kernel. Firstly, as
above-mentioned, the solution accelerates and tends to flatten; secondly, all the components
are present in the leading edge of the solution. Interestingly, the leftmost component, which
rapidly vanishes in the classical Fisher-KPP local equation, is the largest contributor to the
solution.

8 Conclusion

The notions of pulled and pushed solutions introduced by Garnier et al. (2012) and Roques
et al. (2012) are based on a decomposition of the solution of a reaction-dispersal equation into
several components. In the framework of population dynamics, this decomposition, which is
inspired by a work of Hallatschek and Nelson (2008), is related to the spatio-temporal evolution
of the genetic structure of a population. The pulled solutions describe a rapid erosion of neutral
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Figure 5: Inside dynamics of solutions of (7.26). (a): traveling wave solution in the case of the
thin-tailed kernel J(x) = (1/2) e−|x|, at t = 0 (left) and t = 40 (right). (b): solution starting
from a step-function in the case of the Cauchy kernel (7.29) with β = 1, at t = 0 (left) and
t = 6 (right).
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genetic diversity due to the demographic advantage of isolated individuals ahead of the front,
whereas the pushed solutions are associated with a maintenance of diversity. We present
here a survey of the most recent applications of these notions to several standard models of
population dynamics. We describe several counterintuitive results, where unfavorable factors
for the persistence and spreading of a population tend to promote diversity in this population.

Section 2 focuses on the Fisher-KPP model. This is probably the most commonly
used model of population dynamics (Kolmogorov et al., 1937; Skellam, 1951; Shigesada and
Kawasaki, 1997; Turchin, 1998), and it often serves as a basis for the development of more
complex models, such as those presented in the other sections of this paper. For this Fisher-
KPP model, the traveling wave solutions are always pulled, which indicates a strong erosion
of the diversity. Thus, any genetic component except the one most ahead of the wave vanishes
progressively.

If we incorporate a strong Allee effect in the model, corresponding to a negative growth
rate of the population at low densities, the inside dynamics of the solutions become totally
different (Section 3). In this case, the traveling wave solutions are pushed, which means that
all the genetic components of the population are conserved in the colonization wave at large
times. Thus the richness of the population is preserved during the expansion but its evenness
evolves since the proportion of the components differ depending on their initial condition. This
result is in contrast with previous demographic studies on the Allee effect, which generally
show adverse consequences of the Allee effect Garnier et al. (2012); Lewis and Kareiva (1993);
Lewis and Van Den Driessche (1993). Here, because of the lower growth rate of the individuals
at low densities, the components situated in the leading edge of the wave are penalized. This
reduces the genetic drift due to founder effects, and enables the individuals situated in the core
of the population to contribute to the colonization Roques et al. (2012).

In Sections 4 - 6, we analyzed other biological mechanisms which are suspected to play
a similar role. Section 4 focuses on the effect of interspecific competition, by analyzing the
inside dynamics of the solutions of Lotka-Volterra competition models. This corresponds to
recent results obtained by Roques et al. (2013), which show that the existence of a competitor
tends to promote the genetic diversity in an invasive population. Interestingly, no Allee effect
is assumed here, but when the effect of competition becomes sufficiently strong, the traveling
wave solutions switch from pulled waves to pushed waves. In that case, the advantageous
growth rate of the low-density components situated in the leading edge of the wave is limited
by the existence of a competitor. Again, this enables the genetic components situated in the
core of the population to follow the colonization wave.

The recent results of Garnier and Lewis (2014), presented in Section 6, show that the
existence of a climate constraint can have the same effect. Their result is based on the analysis
of the inside dynamics of models with forced speed introduced in (Berestycki and Rossi, 2008;
Berestycki et al., 2009; Potapov and Lewis, 2004). Again, no Allee effect was assumed in
these models, and the reaction term is still of the Fisher-KPP type; however, it is assumed
that the environment is unfavorable outside the climate envelope, which shifts with a constant
speed. Because of this climate constraint, the individuals situated ahead of the wave are again
penalized, since they are outside of the climate envelope. This leads to pushed solutions and
therefore to a maintenance of diversity.

Contrarily to a previous study (Austerlitz et al., 2000), the results presented in Section 5,
and which are based on the paper by Bonnefon et al. (2014), show that the presence of an im-
mature and motionless juvenile stage does not have a significant effect on the genetic structure
of an expanding population. One of the most interesting features of the inside dynamics of the
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waves in this case is that it does not depend on the decay rate of the wave, contrarily to the
situations presented in Sections 2, 3, 4 and 6, where the pulled (resp. pushed) nature of the
wave was determined by its slow (resp. fast) decay at infinity.

The results presented in Section 7 analyze the effect of the modality of dispersal on the
neutral genetic diversity in a population. These results are based on the analysis of the inside
dynamics of the solutions of integro-differential equations, with a dispersal kernel which can
take long distance dispersal events into account. From a population genetics perspective,
long distance dispersal events might have antagonistic consequences. They can either increase
founder effects (Lambrinos, 2004) which can lead to an almost total loss of genetic diversity,
or they can promote gene mixing on the leading edge of the wave of colonization (Klein et al.,
2006). The effect of these events depends on the tail of the dispersal kernel J which corresponds
to the frequency at which the long distance dispersal events occur (Clark et al., 1998; Klein
et al., 2006; Kot et al., 1996). A numerical study by Fayard et al. (2009) has shown that
thin-tailed dispersal kernels tend to increase founder effects. In this case, only one gene will be
represented on the leading edge of the colonization wave. This is an example where the genetic
diversity is eroded during the expansion. On the other hand, the study of Fayard et al. (2009)
shows that the genetic diversity tends to be preserved at the leading edge of the colonization
wave when the dispersal kernel has a fat tail. The results that we have presented in Section 7,
and which are proved by Bonnefon et al. (2014), confirm these facts on a firm mathematical
basis.

Related to our work is the notion a neutral mutation surfing. Several numerical studies
have focused on this notion (Excoffier et al., 2009; Excoffier and Ray, 2008). Using a stepping-
stone model with a lattice structure, Edmonds et al. (2004) analyzed the fate of a neutral
mutation present in the leading edge of an expanding population. Although in most cases the
mutation remains at a low frequency in its original position, in some cases, surfing occurs when
the mutation increases in frequency and propagates along the leading edge (Klopfstein et al.,
2006). Using a backward-time numerical approach with stochastic demography, Hallatschek
and Nelson (2008) provided an analysis of the surfing phenomenon in the presence of an Allee
effect. They were able to connect their numerical findings to analytical formulas and concluded
that surfing was not possible in deterministic reaction-diffusion, Fisher-KPP type models, i.e.,
without an Allee effect. In the forward-time deterministic approach presented here, the notion
of surfing may not be appropriate and should be replaced by the more accurate notions of
pulled and pushed waves. Surfing can indeed be associated with either (i) a rare gene becom-
ing drastically dominant in the front or, (ii) with a gene initially present on the front being
propagated alongside others present in the front. These two definitions lead to contradictory
results, as with definition (i), gene surfing is only possible in pulled waves and for the furthest
forward component of the wave, and definition (ii) dictates that gene surfing is promoted in
pushed waves, since all the components initially present in the wave are able to surf.

The detailed proofs of the mathematical results presented in this paper can be found in the
corresponding references. Let us just mention some general ideas and the main mathematical
tools which have been used in these proofs. In all cases, the determination of the pushed nature
of a wave u(t, x) = U(x− c t) is based on the spectral properties of a Schrödinger operator

L = −d ∂xx +

(
c2

4 d
− g(x, U)

)
,

where g is the per capita growth rate of u: g(x, U) = f(U(x))/U(x) in Sections 3, 6 and
g(x, U) = 1−U(x)− a1 V (x) in Section 4. The fast-decay nature (see Definition 4.3) of a wave
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U is a key ingredient in the proof of the pushed nature of the wave. In particular, it implies
that ϕ(x) = e

c x
2 d U(x), which is a positive eigenfunction of L with the associated eigenvalue 0,

belongs to L2(R). However, the results of Theorem 5.1 and Lemma 5.2 show that the fast-decay
of a wave u(t, x) = U(x − c t) is not sufficient in general to imply that this wave is pushed.
When a delay τ is added in the reaction term F (u(t− τ, x), u(t, x)) = u(t− τ, x) (1− u(t, x)),
there exist slow-decay and fast-decay waves, but all of them are pulled. This can be proved by
constructing an explicit exponential super-solution of the equation satisfied by a component µ,
and by using a maximum principle. A comparable method is used in the proof of the pulled
nature of a wave for integro-differential equations with thin-tailed kernels and KPP reaction
terms.

In the other cases described in this paper, proving that a wave is pulled bears on some
integral estimates of the proportion µ/u in suitable weighted spaces. A key ingredient is again
the asymptotic behavior of the wave u(t, x) = U(x − c t), as x → +∞, since these integral
estimates mainly rely on the slow-decay nature of the wave.

In the case of integro-differential equations with fat-tailed kernels, traveling wave solutions
do not exist (Garnier, 2011; Yagisita, 2009). The proof of the pushed nature of the solutions
(in the sense of Definition 7.5) is based on totally different arguments. This proof uses a couple
of sub-solution and super-solution for the equation satisfied by a component µ of the solution,
whose ratio remains bounded away from 0. The fat-tailed nature of the kernel J of course plays
a crucial role. In particular, the proof is based on the fact that, for any L > 0, J(x+ L)/J(x)
is bounded from below by a positive constant, uniformly in x ∈ R. This property is satisfied as
soon as ln(J(x)) decays linearly or slower as x → +∞; it is therefore verified by all fat-tailed
kernels. This is an important feature of fat-tailed kernels, which has been first noticed by Klein
et al. (2006).

Considering alleles under selection would be a natural extension of the results presented
here. However, this would imply violating the neutrality assumptions on the components µi

(i ∈ I), which reduced the analysis of a card(I) + n-dimensional system to the analysis of a
system of n+ 1 equations, where n is the number of equations governing the dynamics of the
total solution u(t, x) (n = 2 in Section 4 and n = 1 in the other sections). Thus, considering non-
neutral components under selection would lead to large competition systems. These systems are
nonmonotone, and cannot be reduced to a monotone system with a simple change of variable
when the number of components is larger than 2, which makes their mathematical analysis
extremely complex.
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Fayard, J., E. K. Klein, and F. Lefèvre (2009). Long distance dispersal and the fate of a gene
from the colonization front. J Evol Biol 22 (11), 2171–2182.

Fife, P. C. (1979). Mathematical Aspects of Reacting and Diffusing Systems, Volume 28 of
Lecture Notes in Biomathematics. Springer-Verlag.

Fife, P. C. and J. McLeod (1977). The approach of solutions of nonlinear diffusion equations
to traveling front solutions. Arch Ration Mech Anal 65 (1), 335–361.

Fisher, R. A. (1937). The wave of advance of advantageous genes. Ann Eugen 7, 335–369.

Garnier, J. (2011). Accelerating solutions in integro-differential equations. SIAM J Math
Anal 43, 1955–1974.

20



Garnier, J., T. Giletti, F. Hamel, and L. Roques (2012). Inside dynamics of pulled and pushed
fronts. J Math Pures Appl 98, 428–449.

Garnier, J. and M. A. Lewis (2014). Expansion under climate change: the genetic consequences.
Preprint .

Garnier, J., L. Roques, and F. Hamel (2012). Success rate of a biological invasion in terms of
the spatial distribution of the founding population. Bull Math Biol 74, 453–473.

Gayathri Samarasekera, G. D. N., N. V. Bartell, B. S. Lindgren, J. E. K. Cooke, C. S. Davis,
P. M. A. James, D. W. Coltman, K. E. Mock, and B. W. Murray (2012). Spatial genetic struc-
ture of the mountain pine beetle (Dendroctonus ponderosae) outbreak in western Canada:
historical patterns and contemporary dispersal. Mol Ecol 21, 2931–2948.

Hadeler, K. P. and F. Rothe (1975). Travelling fronts in nonlinear diffusion equations. J Math
Biol 2 (3), 251–263.

Hallatschek, O. and D. R. Nelson (2008). Gene surfing in expanding populations. Theor Popul
Biol 73, 158–170.

Hewitt, G. M. (2000). The genetic legacy of the quarternary ice ages. Nature 405 (22 June
2000), 907–913.

Holzer, M. and A. Scheel (2012). A slow pushed front in a Lotka–Volterra competition model.
Nonlinearity 25 (7), 2151.

Hosono, Y. (2003). Traveling waves for a diffusive Lotka-Volterra competition model I: singular
perturbations. Disc Cont Dyn Systems B 3, 79–95.

Huang, W. (2010). Problem on minimum wave speed for a Lotka–Volterra reaction–diffusion
competition model. J Dyn Differ Equ 22 (2), 285–297.

Huang, W. and M. Han (2011). Non-linear determinacy of minimum wave speed for a Lotka-
Volterra competition model. J Diff Equations 251 (6), 1549–1561.

Kan-On, Y. (1997). Fisher wave for the Lotka-Volterra competition model with diffusion.
Nonlinear Anal-Theor 28, 145–164.

Klein, E. K., C. Lavigne, and P. H. Gouyon (2006). Mixing of propagules from discrete sources
at long distance: comparing a dispersal tail to an exponential. BMC Ecology 6 (3).

Klopfstein, S., M. Currat, and L. Excoffier (2006). The fate of mutations surfing on the wave
of a range expansion. Mol Biol Evol 23 (3), 482–490.

Kobayashi, K. (1977). On the semilinear heat equations with time-lag. Hiroshima Math J 7,
459–472.

Kolmogorov, A. N., I. G. Petrovsky, and N. S. Piskunov (1937). Étude de l’équation de la dif-
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