LIOUVILLE TYPE RESULTS FOR A NONLOCAL OBSTACLE PROBLEM
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ABSTRACT. This paper is concerned with qualitative properties of solutions to nonlocal
reaction-diffusion equations of the form

/ (@ —y) (uly) — u(@) dy + f(u() =0, =eRY\K,
RN\ K

set in a perforated open set RY \ K, where K C R¥ is a bounded compact “obstacle” and f is
a bistable nonlinearity. When K is convex, we prove some Liouville-type results for solutions
satisfying some asymptotic limiting conditions at infinity. We also establish a robustness result,
assuming slightly relaxed conditions on K.
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1. INTRODUCTION

A classical topic in applied analysis consists in the study of diffusive processes in media with
an obstacle: roughly speaking, a dispersal follows a Brownian motion in an environment that
possess an inaccessible region. At the level of partial differential equations, this translates into
a reaction/diffusion equation that is defined outside a set K, which acts as an impenetrable
obstacle and along which Neumann conditions are prescribed.

One of the cornerstones in the study of these processes lies in suitable rigidity results of
Liouville-type, which allow the classification of stationary solutions, at least under some geo-
metric assumption on the obstacle K.

In this paper, we will study a nonlocal version of a diffusion equation and provide a series of
Liouville-type results (whose precise statements will be given in Section 2). Not only the results
obtained have a theoretical interest in the development of the theory of nonlocal equations,
but they also possess several potential applications (especially in mathematical biology, where
the dispersal of biological populations often presents nonlocal features, see e.g. formula (1)
in [13], or in [6]).

Concretely, we will suppose that the diffusion operator arises by convolution with an in-
tegrable kernel and we will show that solutions of bistable stationary equations with fixed
behavior at infinity are necessarily constant, at least when the obstacle is convex or “close to
being convex” (we also observe that similar rigidity results do not hold in general for nonconvex
obstacles).

Interestingly, in the nonlocal case, the boundary conditions along the obstacle do not need
to be prescribed a priori (differently from the classical case).

In addition, the nonlocal operator that we consider here is not “regularizing”, so some care
is needed in our case to deal with a possible lack of regularity of the solutions.

We now provide the detailed mathematical description of the problem that we take into
account.

1.1. A nonlocal obstacle problem. Throughout this paper, K denotes a compact set of
RY with N > 2, and |-| denotes the Euclidean norm in RY. We are interested in qualitative
properties of bounded solutions to the following nonlocal semilinear equation

(1.1) Lu+ f(u)=0 in RV \ K,

where L is the nonlocal diffusion operator given by
(1.2) Lu(x) := / J(z —y) (u(y) — u(z)) dy.
RN\K

The kernel J € LY(RY) is a radially symmetric non-negative function with unit mass and f is
a C! “bistable” nonlinearity (precise assumptions on f and .J will be given later on).

This problem may be thought of (see the next page for more explanations) as a nonlocal
version of the following problem

{ Au+ f(u)=0 in RN\ K,

1.
(13) Vu-v=0 onJdK,

where v is the outward unit vector normal to K, assuming for (1.3) that K is smooth enough.
For problem (1.3) with the local diffusion operator Au, it was shown in [5] that there exist a



time-global classical solution u(¢,x) to the parabolic problem

ou ————
= — ; N

(1.4) T Au+ f(u) in Rx RN\ K,
Vu-v =0 on R x 0K

satisfying 0 < wu(t,z) < 1 for all (¢,z) € R x RN\ K, and a classical solution u.(z) to the
elliptic problem

Atige + f(ee) =0 in RN\ K,
Vs - v =0 on 0K,
O0<ux <1 in m,

Uso(T) = 1 as |z| = +o0.

(1.5)

The function u,, is a stationary solution of (1.4) and it is actually obtained as the large time
limit of u(t, z), in the sense that u(t, x) — u(z) as t — +oo locally uniformly in z € RV \ K.
Under some geometric conditions on K (e.g. if K is starshaped or directionally convex, see [5]
for precise assumptions) it is shown in [5, Theorems 6.1 and 6.4] that solutions to (1.5) are
actually identically equal to 1 in the whole set RN \ K. This Liouville property shows that
the solutions u(t, ) of (1.4) constructed in [5] then satisfy

(1.6) u(t,z) — 1 locally uniformly in 2z € RV \ K.

t——+o00

To some extent, this result can be given an ecological interpretation. Consider a population
with trajectories describing a Brownian motion in an environment consisting of the whole
space RY with a compact obstacle K, and suppose that f represents the demographic rate
of the population. Then, the solution u(¢,z) to (1.4) can be understood as the density of
the population at time ¢ and location z. In this context, (1.6) means that, at large time, the
population tends to occupy the whole space.

Assuming now that the trajectories follow, say, a compound Poisson process, then the dif-
fusion phenomena are better described by a convolution-type operator such as (1.2). The
reaction-diffusion equation % = Au + f(u) is then replaced by the equation

ou

(1.7) En = Lu+ f(u)

with the nonlocal dispersion operator L, see [17, 19]. In this paper, we deal with qualitative
properties of the stationary solutions of equation (1.1), together with some asymptotic limiting
conditions at infinity similar to those appearing in (1.5). Namely, we will be mainly concerned
with solutions of’
Lu+ f(u) =0 in RV \ K,
(1.8) 0<u<1l inRV\K,
u(z) > 1 as |z| = +oo.
It is expected that (1.5) and (1.8) share some common properties. One of the goals of the
present paper is, as for (1.5), to find some geometric conditions on K which guarantee that

IThe study of the existence of a time-global solution to the nonlocal evolution problem (1.7) and the question
of whether it actually converges towards a solution to (1.8) in the large time limit is left to a subsequent paper.
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the solutions u to (1.8) are identically equal to 1. Moreover, as in [7] for (1.5), we will also
show the robustness of the Liouville type results for (1.8).

We notice however that, whereas the solutions of (1.5) are automatically classical C? solu-
tions in RV \ K if the boundary 0K is smooth enough (by standard interior and boundary
elliptic estimates), there is in general no smoothing effect for the nonlocal problems (1.1)
or (1.8). The solutions u may even not be continuous in general. Yet some regularity results
(uniform or Holder continuity) will be shown here under additional assumptions on the data
J and f. Actually, one of the difficulties and novelties of this paper, as compared to [5], is to
deal with this a priori lack of regularity in general.

We observe also that, in (1.1) or (1.8), we do not ask for any additional boundary condition
on OK. To understand why this is so, let us make some heuristic comments. First of all, the
most intuitive nonlocal counterpart of (1.5) would be to replace Aw in (1.5) by L.u with e > 0
small, where

(19) Loutr) = g [ e =) (uty) )

and j;(z) = e_Nj(e_lz) J being a radially symmetric kernel with 3 = fRN 2) |22 dz.
In other words, the nonlocal dispersion operator Lu in (1.1) or (1. 8) Would be replaced by
L.u and the kernel J would be given by (ﬂ€2)_1j€. Furthermore, using for example [8], the
associated energy of (1.8), with L. in place of L, can be thought of as an approximation of
that of (1.5) (see [1] and also [3, 6, 19] where similar quantities are considered in a biological
framework). Now, to see how the Neumann boundary condition in (1.5) can be recovered
from (1.1) or (1.8) with L. as e — 0T, let us consider for simplicity the case where 0K is
of class C' with unit normal v and the bounded function u is of class C'(RN \ K) and is
extended as a C*(RY) function still denoted by u. Formula (1.1) then also holds by continuity
in RV \ K and, for every z,y € RN \ K, there exists a point ¢, ,, € [z, y] such that u(y)—u(z) =
Vu(eyy) - (y — x). It follows that, for every x € RV \ K,

~

_ 1 _ Ly
) = g [T ) Valew)

where ja(z) = e NJ(e'2) and J(z) = J(2)|z|. Then, for all z € OK, a formal computation
leads to

VVule) v =T (& —y) Vulcyy) ,y . ~dy = lim (= =B/ (u())) =0,
where v = (1/2) fRN z)|z1|dz > 0. Hence, Vu - v =0 on 0K and (1.8) is then a reasonable

nonlocal counterpart for (1.5). The above calculation justifies, at least formally, why no
additional boundary condition on 0K is required in (1.1) or (1.8).

Let us mention that a rigorous proof of this heuristic calculation has been obtained in the
linear case for both the stationary [21, Section 5.2] and the evolution problem [12] (see also
[1, Chapter 3]). Although this is out of the scope of this paper, it would nevertheless be of
interest to prove it in the nonlinear setting.

1.2. General assumptions, notations and definitions. Let us now specify the detailed
assumptions made throughout the paper. As already mentioned above, we suppose that f is



of “bistable” type and J is a radially symmetric kernel. More precisely, we will assume that

(1.10) feci((o.1]), f(0)=0, f(1)<o0,

(1.11) { J e Ll(RN ) is a non-negative, radially symmetric kernel with unit mass,

there are 0 < 71 < r9 such that J(z) > 0 for a.e. x with r < |z| < 79,

and there exists a function ¢ € C'(R) satisfying

{ Jixd—o¢+ f(¢) 20inR,

(1.12) ¢ is increasing in R, ¢(—00) =0, ¢(+o0) =1,

where J; € L'(R) is the non-negative even function with unit mass given for a.e. x € R by

Ji() 3:/ J(x,y2, -+ ,yn) dys - - - dyn.
RN—l

We notice that, in addition to the first property in (1.11), the second one is immediately
fulfilled if J is assumed to be continuous. Moreover, we notice that condition (1.12) implies
immediately that 0 < ¢ < 1 in R. As is well-known (see e.g. [2, 14]), condition (1.12) is
satisfied if, in addition to (1.10) and (1.11), the following assumptions are made on f and J:

30 € (0,1), f(0)=f(0)=f(1)=0, f<0in (0,6), f>0in (0,1),
1
(1.13) /0 f>0, f(0)<0, f(6)>0, f(1)<0, f <1in][0,1],
/Jl(w)|x|dx < +oo and J € WHYRY).
R

Indeed, in this case, it is known that there is an increasing function ¢ € C'(R) and a speed
¢ > 0 solving c¢’ = J; x ¢ — ¢ + f(¢) and satisfying the same asymptotics as in (1.12).
Let us also list in this subsection a few notations and definitions used in the paper:
|E| is the Lebesgue measure of the measurable set E;
1z is the characteristic function of the set E;
Bpr is the open Euclidean ball of radius R > 0 centered at the origin;
Br(z) is the open Euclidean ball of radius R > 0 centered at z € RY;
A(Ry, Ry) is the open annulus Bg, \ Bg, for 0 < R; < Ry, by setting By = {0};
A(x, Ry, Ry) is the open annulus x + A(Ry, Rs);
g *x h is the convolution of g and h;

g™ is the positive part of g, i.e. g7 := max{0, g}.

Given Q C RY and p € [1,00], we denote by LP(€2) the Lebesgue space of (equivalence
classes of ) measurable functions g for which the p-th power of the absolute value is Lebesgue
integrable when p < oo (resp. essentially bounded when p = 0o0). When the context is clear,
we will write [|g||, instead of ||g||rr(). Given ar € (0,1] and p € [1,00], BS (RY) stands for
the Nikol’skii space consisting in all measurable functions g € LP(RY) such that

- lg(- + h) — gll Lo

o (RN) = sup < 400
[g]BP’OO(]R ) h0 |h|a
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We note that, when p = oo, the space Bg‘om(RN ) coincides with the classical Holder
space C**(RY). For aset E C RY and g: F — R, we set

€T) —
[9]coa(m) = sup M
zeE,yeE, xz#y ‘.’L’ — y‘

Let us finally recall some useful notions of regularity of a compact set K.

Definition 1.1. Let a € (0,1]. We say that a compact set K C RY has C%* boundary if
there exist r > 0, p € N, p rotations (R;)1<i<, of RY, p points (z;)1<i<p of K and p functions
(¥5)1<i<p defined in the (N — 1)-dimensional ball BNt = {2/ € RV, |2/| < r} of class
C%*(BY~1) and such that

1<i<p
and
(1.15) KN B(z) = Bi({an > wila'); o' € BY'}) 0By (=)

for every 1 < i < p.

Definition 1.2. Let o € (0, 1], let K C RY be a compact convex set with non-empty interior
(0K is then automatically of class C%?) and let (K. )o<c<1 C R be a family of compact, simply
connected sets having C%* boundary. We say that (K.)o<.<1 is a family of C%% deformations
of K if the following conditions are fulfilled:
(i) K C K., C K., forall 0 <e; <eg <1
(ii) K. — K as € | 0 in €% in the sense that there exist r > 0, p € N, p rotations
(R:)1<i<p of RY, p points (2;)1<i<p of K, p functions (¢;)1<i<, and p families of func-
tions (v )1<i<p, 0<e<1 Of class C%*(BYN~1) describing K and K. asin (1.14) and (1.15)
above, and such that

H¢1 - 1/}1',5

coapy-1y =0 ase 0, for every 1 <7 < p.

2. MAIN RESULTS

The Liouville property for the local problem (1.5) says that v = 1 in RY \ K under some
geometric conditions on K, in particular when K is convex, see [5]. When the obstacle K is
convex, we prove that this Liouville property still holds for (1.8) with the nonlocal operator L.
We will actually prove several results, which correspond to various assumptions on the solutions
u and the data f and J. We will also show the robustness of the Liouville type property with
respect to small deformations of the obstacle K. The assumptions (1.10), (1.11) and (1.12)
will be common assumptions of almost all results. In some statements, assumption (1.12) is
sometimes replaced by the stronger assumption (1.13).

2.1. A first rough Liouville type result. Under rather mild additional assumptions on K,
we first state a “rough” Liouville type property for the solutions of (1.8), if f is assumed to
be non-negative on the range of .



Proposition 2.1. Let K C RY be a compact set such that RN \ K is connected. Assume
that f € C*([0,1]) and J satisfies (1.11). Let 6 € [0,1) and assume that f > 0 in [0,1]. Let
u: RN\ K — [0,1] be a continuous solution of

1) {Lu+f(u):0 in RN\ K,

u(z) =1 as |z] = +oo.
Then, u =1 in RN\ K.

One of the main goals of the paper is to understand under which conditions on K this
Liouville type property still holds or does not hold when u ranges in the whole interval [0, 1].
2.2. Liouville type properties for convex obstacles. Our first main theorem is the fol-
lowing result dealing with continuous super-solutions to L(u) + f(u) = 0 ranging in [0, 1].
Theorem 2.2. Let K C RY be a compact convex set. Assume (1.10), (1.11), (1.12) and let
(2.2) ue C(RN\ K,[0,1])
be a function satisfying
(2.3) Lu+ f(u) <0 in RN\ K,

' u(z) =1 as |x| = 4o0.

Then, u =1 in RN\ K.

If we ask for a solution of (1.8) instead of a super-solution, it turns out that the regularity
or limiting conditions required on u to obtain a Liouville type result can be considerably
weakened, by strengthening the assumptions made on f and/or J.

Firstly, the continuity assumption (2.2) can be relaxed provided the nonlinearity does not
vary too much. More precisely, we will prove the following result.

Theorem 2.3. Let K C RY be a compact convex set. Assume (1.10), (1.11), (1.12) and
1
2.4 <
2 o
Let u: RYN\ K — [0,1] be a measurable function satisfying
Lu+ f(u) =0 a.e in RN\ K,
u(z) =1 as |z|] = +oo.

Then, u=1 a.e. in RV \ K.

Secondly, assuming that f and J satisfy (1.13) instead of (1.12), that J € L?*(R"™) and is
compactly supported, and that f does not vary too much or « is a priori uniformly continuous,

then the assumptions on the asymptotic behaviour of u at infinity can be noticeably weakened.
More precisely, the following result holds.

Theorem 2.4. Let K C RY be a compact conver set and assume that f and J sat-
isfy (1.10), (1.11) and (1.13). Assume further that J is compactly supported and J € L*(RY).
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If u: RN\ K — [0,1] is uniformly continuous in RN\ K and obeys

Lu+ f(u) = 0 in RN\ K,

sup v = 1,
RN\K

then u = 1 in RN \ K. Similarly, if (2.4) holds and if u : RYN \ K — [0,1] is a measurable
function satisfying

(2.5)

Lu+ f(u) = 0 ae in RV\K,
(2.6) esssup u = 1,
RN\K
thenu=1 a.e. in RN\ K.

Remark 2.5. Condition (2.4) ensures that u actually has a uniformly continuous representative
in RN\ K (see Lemma 3.2 and Remark 3.3). However, if u is already known to be uniformly
continuous, then Theorem 2.4 provides the same conclusion without assumption (2.4) (see
Lemma 7.2 for further details).

2.3. Robustness of the Liouville property for nearly convex obstacles K. Under some
flatness assumptions on f, and following a line of ideas in [7], it turns out that the Liouville
property is still available under small Holder perturbations of a given convex obstacle K.
Namely, the following result holds.

Theorem 2.6. Let o € (0,1], let K C RN be a compact convex set with non-empty interior
and let (K.)o<e<1 be a family of C%* deformations of K. Assume (1.10), (1.11), (1.13) and
suppose that J € By (RY) and

max f< oi<2£1zeﬂig%f\;<g 1J(z = @iy

For 0 < e <1, let L. be the operator given by, for every v € L*° (RN \ K,),
L) = [ Je=9) (o)~ v(e) dy
RN\K.

Then there ezists €9 € (0,1] such that for all € € (0,e0] the unique measurable solution u. of

Lou. + f(us) =0 a.e in RY\ K,
(2.7) 0<u <1 ae in RV\ K,
us(xr) =1 as |x| = +oo,

is ue = 1 a.e. in RN\ K.

Remark 2.7. It should be noted that the monotonicity assumption (i) in Definition 1.2 has
been made for simplicity and is not necessary for our purposes. Moreover, the conclusion of
Theorem 2.6 remains true whenever (K. )o<.<; is a family of C%* deformations of any compact
set K for which the conclusion of Theorem 2.3 is valid. Since there exist some smooth, compact,
non-convex and simply connected sets which are C%* close to a smooth, compact and convex
set, Theorem 2.6 implies that the Liouville property holds for some smooth, compact and
non-convex obstacles, and then also for their C%® perturbations. Finally, we conjecture that
the Liouville property of Theorem 2.3 holds for any starshaped compact obstacle as well.



However, as in the local case (see [5, Theorem 6.5]), the above Liouville type properties
cannot be expected for general obstacles. For example, one can easily find counterexamples if
K is no longer simply connected. Take for instance K = A(1,2) = B, \ B; and suppose that
J is supported in B /5. Then, the function u defined by

u(z) = ' —
0 if z € Bl>

is a continuous solution of (2.1). Yet, u is not identically 1 in the whole set RY \ K.

The question of whether it is possible to construct non-trivial counterexamples will be ad-
dressed in a forthcoming paper [9], where it will be shown that smooth simply connected
obstacles can be constructed so that the Liouville type property fails.

2.4. Further comments. Prior to proving our results, let us make some comments on our
hypotheses. As already mentioned at Section 1.2, assumption (1.13) is actually a sufficient
condition for the existence of a one-dimensional travelling wave solution to ¢ ¢’ = Jyx¢p—o+f (@)
with positive speed ¢ > 0. Let us note that, for the local problem, if f satisfies the first
assumption in (1.13), then the condition fol f > 0 is also necessary for the existence of a one-
dimensional traveling wave solution to c¢’ = ¢” + f(¢) with positive speed (see e.g. [5]). In
fact, the motivation behind assumption (1.13) (and hence behind (1.12)) is that, by analogy
with the local problem (1.4), we expect a solution to (1.8) to be the large time limit of an
entire solution to the evolution problem (1.7) which behaves like ¢(x; + ¢t) when t — —o0. For
this interpretation to even make sense it is necessary to work in a setting where the function ¢
exists. Moreover, let us emphasize that, without these assumptions, there may exist situations
where, even when fol f(s)ds > 0, the front ¢ has zero speed and has a jump discontinuity at 0
(see [2, Theorem 3.1, p.115]). Beyond these considerations, let us note that (1.12)-(1.13) are
reasonable hypotheses: the requirement on f in (1.13) basically says that f must look just
like the typical bistable nonlinearity (as opposed to assumption (1.10) which allows f to be
multistable), while the requirement on J only says that J must have some kind of decay and
some reasonable smoothness.

Let us now say a word about the strategy of our proofs. The main idea is to compare a given
solution u to some planar function of the type ¢(z-e—r), where e € SV~ and r € R. We will
use a sliding method by letting r vary from 400 to —oo. For it, we need to state and prove
some maximum principles in half-spaces. The role of the convexity is that it ensures that there
always exists separating half-spaces, thus allowing us to apply our comparison principles.

As we already mentioned at the end of Section 1.1, the rescaled nonlocal problem (1.1) (with
L replaced by L. as given by (1.9)) formally approximates the local problem (1.3). It would
be of interest to prove it rigorously and to see if the results obtained in this paper could allow
to recover the known Liouville type results of [5] for the local problem (1.5).

Outline of the paper. The following first sections are concerned with general results on
the solutions to problems (1.1) or (1.8). Namely, in Section 3, we show that the solutions
are uniformly continuous, more precisely they have a uniformly continuous representative, if
rather mild assumptions are made on f. In Section 4, we give several comparison principles
that fit our purposes. We then use these comparison principles in Section 5 to construct a
radially symmetric lower bound for the solutions. In Section 6, we study an auxiliary problem
which will enable us to pave the way towards the proof of Theorem 2.4. The remaining
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part of the paper is devoted to the proofs of our main results. In Section 7, we prove, at a
stroke, Theorems 2.2 and 2.3, and with more work we show how to relax the assumptions
on u when the kernel J is compactly supported, that is we prove Theorem 2.4. In Section 8,
as a preliminary result we prove the rough Liouville-type result Proposition 2.1 and then we
establish our robustness result Theorem 2.6.

3. SOME AUXILIARY REGULARITY RESULTS

Throughout this section, K is any compact subset of RY, f is any C*(R) function, and .J is
any L'(R") non-negative and radially symmetric kernel with unit mass. For x € R, we write

T(@) = /R LY

Notice that J is a uniformly continuous function in R¥. In the sequel, for any § > 0, we will
denote K the closed thickening of K with width o, defined by

Ks = K+ E
We now prove that, when J is compactly supported and f’ is not too large in [0, 1], then

the measurable solutions u to (1.8) are continuous far away from the obstacle.

Lemma 3.1. Suppose that K C RY is a compact set and that J is supported in the ball B
for some & > 0. Suppose that

3.1 "< 1.
. ol

Let u € L®(RN \ K, [0,1]) be a solution of Lu+ f(u) =0 a.e. in RN\ K. Then u is uniformly

continuous in RN \ Ky, in the sense that u has a representative in its class of equivalence that
is uniformly continuous in RN \ Ks. If, in addition, J € By (RY) for some a € (0,1], then
u € C™(RN\ K;) and (1 — maxq ) f') [u]co,a(imN\Ka) < [J]B?’OO(RN).

Proof. For every z and y in RY \ K5, we have
Lu(z) — Lu(y) = / u(z)(J(x—2) — J(y — 2))dz
RN\ K
—u(x) /]RN\K J(z — z)dz + u(y) /RN\K J(y—z)dz

= —J(@)u(z)+ T (y)uly) + / u(z)(J(z —2) — J(y — 2))d=.

RN\K

Since J has unit mass and is supported in Bs, we get that J(z) = J(y) = 1. Therefore,
Lu(z) — Lu(y) + u(z) — u(y) = /N\ u(z)(J(z —z) — J(y — 2))dz.
RN\ K

Now, remember that u is a solution to Lu + f(u) = 0 a.e. in RV \ K. In particular, there
exists a measurable negligible set £ such that Lu(z) + f(u(z)) = 0 (and u(z) € [0,1]) for all
z € RN\ (K UE). Hence, letting

g(t) =1t —f(t)
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for t € [0, 1], we obtain that

(3.2) Yo,y e RY\ (K;UE), g(u(x)) —g(U(y))Z/RN\KU(Z)(J(x—Z)—J(y—Z))dZ =: h(z,y).
Notice that, since J € LY(RY) and u € L>*(RY \ K), the function h defined by the right-hand
side of the previous equation can actually be defined in RY x RY and it is uniformly continuous
in RY x RY. Furthermore, by (3.1), the function g € C*([0,1]) is such that ¢’ > 0 in [0, 1].
It is then a C' diffeomorphism from [0, 1] to [¢(0), g(1)] = [—f(0),1 — f(1)]. Let us denote
g :[9(0), g(1)] — [0, 1] its reciprocal.

Fix yo € RV \ (K5 U E). For every z € RV \ (K5 U E), (3.2) yields

9(u(yo)) + bz, y0) = g(u(x)) € [9(0), g(1)].

Since the function = — g(u(yo)) + h(z,yo) is continuous (in the whole RY) and since E is
negligible, it follows that g(u(yo)) + h(z, yo) € [9(0), g(1)] for all z € RV \ Kj (since any point
of the open set RV \ Kj is the limit of a sequence of points in R \ (K; U F)). Define now

u(z) = g’l(g(u(yo)) + h(x,yo)) for € RN\ K.

By (3.2), one has & = u in RV \ (K5 U F). Furthermore, @ is uniformly continuous in RN \ K;
owing to its definition, since h is uniformly continuous in RY x RY and ¢! is C! hence Lipschitz
continuous in [g(0), g(1)].

Even if it means redefining u by u in RN \ Ky, it follows that u is uniformly continuous
in RV \ Ks and that (3.2) holds, by continuity, for all x,y € RV \ Kj. In particular, since
0<u<1inRY\ K, we get that

(3.3) Va,y € RY\ Ky, [g(u(x)) — g(u(y)| < (- + 2 —y) = @)
Finally, if J € B (R"Y) with o € (0,1], then (3.3) yields g(u) € C**(RN \ K;) and
[7(+h) = Iy

[9(W)] 0.0 @iz < ii}g B = [JlBg @)

Since max(yo),41) |(¢7")| < (1 — maxpy) f)™" and 0 < u < 1, one concludes that u €
CO’Q(RN \ Kg) and (1 - max[(m f/) [u]co’a(m) g [J]B%OO(RN). ]

We now establish a regularity result for u in the whole set RV \ K for flatter nonlinearities.
Lemma 3.2. Suppose that K C RY is a compact set and that

3.4 "< inf J.

(3.4) max f Jnt T

Let u € LR \ K, [0,1]) be a solution of Lu + f(u) = 0 a.e. in RN \ K. Then, u can be
redefined up to a negligible set and extended as a uniformly continuous function in RN \ K. If,
in addition, J € B ((RY) for some a € (0,1], then u € CO*(RN \ K) and

N

( inf J — max f '> [U]co,a(m)

2|J| ga .
RN\ K [0,1] [ ]BLOO(IRN)
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Remark 3.3. In the case of a compact convex obstacle K, then the conclusion of Lemma 3.2

still holds if (3.4) is replaced by

1

/
< —.
A

Indeed, J > 1/2 in RV \ K when K is convex (remember also that J is always assumed to be a
non-negative radially symmetric kernel with unit mass). The bound 1/2 is somehow optimal,
since K can be as large as desired, still in the class of compact convex sets. However, this
bound deteriorates considerably if K is only starshaped, as the infimum of J in RY \ K can
become arbitrarily small. Roughly speaking, the less convex the obstacle K, the flatter the
nonlinearity f needs to be to insure (3.4) and the interior continuity of the solution u.

Proof of Lemma 3.2. Reasoning exactly as in the proof of Lemma 3.1, there exists a measurable
negligible set £ such that

(3.5) Va,y eRY\(KUE), Glo,u()) - Gly,uy)) = h(z,y),

where h(z,y) is defined in (3.2) (remember also that h is uniformly continuous in RY x RY)
and
G(z,5) = J(x)s — f(s) for (x,5) € RN x [0,1].
By (3.4) and the continuity of J, the function G is such that 9,G(z,s) > 0 for all (z,s) €
RN\ K x [0,1]. For every x € RN\ K, the function G(z,-) is then a C' diffeomorphism
from [0,1] to [G(z,0),G(z,1)]. Let us denote H, : [G(x,0),G(x,1)] — [0,1] its reciprocal,
that is, H,(G(z,t)) =t for all z € RN \ K and t € [0, 1].
Fix yo € RV \ (K U E). For every z € RV \ (K U E), (3.5) yields
G<y07 u<y0)) + ]’L(]}, yO) = G(ZE, u(‘T)) < [G(‘ra 0)7 G(ZE, 1)]

Since the function z — G(yo, u(yo)) +h(x,yo) is continuous (in the whole space RY), since G is
itself continuous in R x [0, 1] and since E is negligible, it follows that G (yo, u(yo)) +h(z, yo) €
[G(z,0),G(x,1)] for all z in the open set RV \ K. Define now

u(x) = Hy (G(yo, u(yo)) + hz,y0)) for z € RN\ K.

By (3.5), one has & = u in RY \ (K U E). Furthermore, u is continuous in RV \ K owing to
its definition, since h is continuous in RY x RY and (z,s) — H,(s) is continuous in the set
{(z,s) € RN\ K x R; 5 € [G(z,0),G(z,1)]}. Even if it means redefining u by @ in RV \ K
and extending it by u in RV \ K, it follows that w is continuous in RV \ K and that (3.5)
holds, by continuity, for all z, y in the open set RY \ K and then in RY \ K. In particular,
since 0 < u < 1in RV \ K, we get that

(3.6) Vo,y e RVAK, |G(z,u(@))) — Gy, u)| < [|J(- + 2 —y) = Il @v).
Finally, define

;= inf — "> 0
PN T 0

the positivity of 8 resulting from (3.4). From (3.6) together with the definition of G and the
inequalities 0 < w < 1 in RN \ K, one infers that, for all z,y € RV \ K|

| T () (u(z)—u(y) = (f(u(@))=flu@)] < NJC+z—y) = Tlp@y) + |uly) (T (@)-Ty))]
<2J(+2—y) = J@y).
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It follows from the mean value theorem and the above definition of 3 that

Blu(z) —uly)| <2|J( + 2 —y) = Il @y
for all z,y € RN\ K. In particular, the function w is uniformly continuous in RV \ K. Fur-
thermore, if J € By (R") for some a € (0,1], then v € C**(RN \ K) and f3 [u] o0 @) <
2[J]ga_@ny. The proof of Lemma 3.2 is thereby complete. O

4. COMPARISON PRINCIPLES

In this section, we collect some comparison principles that fit for our purposes. Throughout
this section, K is any compact subset of RY, f is any C'(R) function, and J is any L'(RY)
non-negative and radially symmetric kernel with unit mass.

We start with a weak maximum principle.

Lemma 4.1 (Weak maximum principle). Assume that
(4.1) [ < —cpin [1 — ¢y, +00), for somecy >0, c; > 0.

Let H C RY be an open affine half-space such that K C H® = RN\ H. Let u,v € L*(RY \ K)
be such that

(4.2) u, veC(H)

and

(43) { Lu+ f(u) <0 in H.

Lo+ f(v) >0 i H

Assume also that

(4.4) u>=1l—cy inH,

that

(4.5) limsup (v(z) — u(z)) <0
|| =00

and that

(4.6) v<u ae inH\ K.

Then, v < u a.e. in RV \ K.

Proof. We let w := v — u. We want to prove that w < 0 a.e. in RV \ K. From (4.6), we only
have to show that w < 0 in H (remember that from (4.2) both functions v and v are assumed
to be continuous in H). We argue by contradiction and we suppose that supgFw > 0. Then,
thanks to (4.6), one has supgn j w = supgw > 0 and there exists a sequence (7;);jen in H
such that

lim w(z;) = sup w > 0.

Jj—+o0 RN\ K
It follows then from (4.5) that the sequence (z;);en is bounded. Thus, up to extraction of
a subsequence, there exists a point £ € H such that r; — Z as j — +oo, hence w(z) =
lim; ;o w(x;) > 0 by (4.2). As a consequence, (4.3) yields

@7)LWW)ZLU@)—LUW)>—f04@)+f04@)Z-ﬂMIXé [ (to(z) + (1 —t)u(z)) dt.
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Moreover, combining (4.4) and w(Z) > 0, we obtain that v(z) = w(Z) + u(z) > u(x) = 1 — co,
and so tv( )+ (1 — t)u( ) = 1—¢o for all t € [0,1]. From this and (4.1), we conclude that
1! (tv(a?) + (1 —t)u(z ) —c; < 0 for all ¢ € [0,1]. This inequality, together with w(z) > 0,
yields

—w(:?:)/o £ (t0(@) + (1 - u(@)) dt > 0.

By inserting this information into (4.7), we get Lw(z) > 0. That is, recalling (1.2) and the
nonnegativity of J,

0 < Lu(z) = /RN\K (7 - y) (wly) — w(@)) dy = /

J(z —y) (w(y) — sup w) dy <0.
RN\K

RN\K
This is a contradiction, and so the desired result is established. [

The next lemma is concerned with a strong maximum principle.

Lemma 4.2 (Strong maximum principle). Assume that J satisfies (1.11), with 0 < 11 < 9.
Let H C RY be an open affine half-space such that K C H¢. Letu,v € L®(RN\ K) satisfy (4.2)
and (4.3). Assume also that

(4.8) v<u ae inRY\K
and that there exists T € H such that v(%) = u(z). Then,
v=u ae. in(H+B,)\K.

Proof. We let w := v — u. Notice that w(z) = 0. As a consequence, using (4.3), we can write

Luw(z) = Lo(z) — Lu(T) = — f(v(Z)) + f(u(T)) =
On the other hand, w(y) < 0 = w(7) for a.e. y € RV \ K, thanks to (4 8), and therefore

b = [ I ) (o)~ w@) dy <0
Hence, Lw(z) = 0 and

o/ 1) () i) dy = / )y

<

From our assumptions, we have w < 0 a.e. in RV \ K. Accordingly, since J is such that J > 0
a.e. in the annulus A(ry,r2) from the general assumption (1.11), it follows that

w(x) =0, ie v(r) =u(x), forae zc AT, r,r) NRY\ K.
In particular, since u and v are continuous in H and H C RV \ K, we get that
v(z) = u(z) for all w € A(z,r,r0) N H =: Q(%).

Applying the same arguments as above to the new set of contact points 2;(Z) we obtain that
v(z) = u(z) for all x € A(zy,71,72) N H and for all x; € Q,(Z). As a consequence, v(x) = u(z)
for all x € B,(z) N H with p := ry — r;. Iterating this procedure over again implies that
v(x) = u(x) for each = in By,(Z) N H and so on in By, (z) N H for any k € N. Hence, v = u
in H.
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Therefore, as in the beginning of the proof, it follows that Lw(z) = 0 for all z € H and
v=u ae. in (H+A(ri,r)) N (RY\K) = (H + B,,) \ K.
The proof of Lemma 4.2 is thereby complete. [

Finally, we derive a sweeping-type result in the spirit of Serrin’s sweeping theorem [23] (see
also [20], and page 29 in [22] for a very clear explanation of the method).

Lemma 4.3 (Sweeping principle). Assume that J satisfies (1.11), with 0 < r; < ro. Let
g: R — R be a continuous function, let a,b, sy, sa, S3, 54 be some real numbers such that a < b
and ro < 51 < So < 83 < s4. Let u € C(A(s1,54)) satisfy

(4.9) /A( | J(z —y)uly)dy — u(z) + g(u(z)) <0 for all v € A(s1,s4),
and
(4.10) /,4( ) J(z —y)u(y)dy — u(z) + g(u(z)) <0 for all z € A(ss, s3).

Let (w;)reap be a continuous family in C(A(s1,s4)) such that
(4.11) / J(z — y) w-(y) dy — w,(z) + g(w,(z)) >0 for all z € A(sq, s4).
A(s1,84)

Assume further that there exists 7o € |a,b] such that w,, < u in A(s1,s4). Then w, < u
in A(s1,s4) for every T € |a, b].

Proof. Let us define ¥ C [a, b] to be the following set:
Y= {7’ € [a,b]; w, <win A(51,54)}.

To prove the theorem, we will show that > is a non-empty open and closed set relatively
to [a,b]. It will then follow that 3 = [a,b] and the theorem will be proved. First of all, by
definition, ¥ is a closed subset of [a,b] and 75 € ¥. To finish our proof, it remains to show
that 3 is an open set relatively to [a,b]. So let us pick 7 € ¥. We have w, < u in A(s1, s4).
By continuity of v and w, in the compact set A(sq, s4), either maxm(wT —u) < 0 or there
exists z € A(sy,s4) such that w.(z) = u(z). In the latter case, using w, < u in A(sy, S4)
together with (4.9) and (4.11) at the point z, we get that

0< / J(z — ) (uly) — w,(y)) dy < 0.
A(s1,54)

Using the continuity of both u and w, and the fact that J > 0 a.e. in A(ry,79) for some
0 < rp < rg by (1.11), it follows that w, = uw in A(z,71,72) N A(s1,s4) (which is nonempty
since r < s1) and then w, = u in A(2/,r1,7r2) NA(s1, 84) for all 2" € A(z,71,79) N A(s1,84). In
particular, it is easy to see that there exists » > 0 such that w, = w in B, (z) N A(s1, 54). As
a consequence, the non-empty set {z € A(s1,s4); w,(x) = u(z)} is both (obviously) closed
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and open relatively to the (connected) set A(s1,s4) and it is thus equal to A(sy, s4). In other
words, w, = w in A(s1, $4), hence

/A( | J(z —y)uly)dy — u(z) + g(u(z)) =0 for all z € A(sq, s4),

contradicting (4.10) in A(sz, s3). Therefore, we must have max ;—~(w, — u) < 0. Since w,

51,54
is continuous with respect to 7 in the uniform norm, there exists 6 > 0 such that w, < u in
A(sy,s4) for all 7/ € (1 — 6,7+ ) N [a,b]. Hence, (1 — 0,7 + 6) N [a,b] C 3, which shows that

Y. is open relatively to [a, b]. O

Remark 4.4. The previous arguments immediately show that, when r = 0 in (1.11), the
sweeping principle holds in any compact connected set F'. Namely, if J satisfies (1.11) with

r1 = 0, if u € C(F) satisfies (4.9) with F instead of A(sy,s4) and the strict inequality
somewhere in F, if (w;);cp ) is a continuous family in C'(F) satisfying (4.11) with F' instead

of A(sy, s4) and if w,y < uw in F for some 1y € [a,b], then w, < u in F for every 7 € [a, b].
5. CONSTRUCTION OF RADIALLY SYMMETRIC LOWER BOUNDS

In this section, we derive a first lower bound on continuous non-negative super-solutions u
of (2.3) that we constantly use along this paper. Throughout this section, K is any compact
subset of RY, f is any C*(R) function, and J is any L'(R"™) non-negative and radially sym-
metric kernel with unit mass. We recall that J; is the non-negative even L'(R) kernel with
unit mass defined for a.e. y; € R by

Jl(yl) = /RN—l J(y17y2’.. . 7yN> dy2 e dyN;

and that assumption (1.12) means the existence of a continuous increasing function ¢ : R —
(0,1) such that

/le(T —0) (¢p(0) — ¢(7)) do + f(¢(7)) =0 for all 7€ R,
§(=50) =0, é((+o0) = 1.

Then, for such ¢, we establish the following lemma:

(5.1)

Lemma 5.1. Assume that f and J satisfy (4.1) and (1.12), let v € (0,1] and let u €
C(RN\ K, [v,1]) be a function satisfying (2.3). Then, there exists ro > 0 such that

o(|lz| —ro) < wul(z) forallx € RN\ K.

Proof. Since u(z) — 1 as || — 400, there exists Ry > 0 so large that K C B, and u > 1—¢
in RY \ Bg,, where ¢y > 0 is given in (4.1). By (5.1), there exists A > 0 such that ¢ < v in
(—o0, —A]. Define
ro = Ro + A>0

and let us check that the conclusion of Lemma 5.1 holds with this real number r.

Let e be any unit vector of RY, that is, e € 9B; = SV~1. For r € R, let ¢,.. be the function
defined by

Gre(z) == p(e-x —7) for v € RV,
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where e stands for the standard inner product in RY. Let (e1,--- , en) be the canonical basis
of RN and let R be a rotation such that e = Re;. Set now ¢; := Re; for all i € {2,--- | N}
and, for z, y € RN and r € R, let us define 2* = 2 — re, y* = y — re and

{X == (X17”'JXN) = ($*'€7SC*‘527"';55*'€N) = R_ly*7
Y = Y1, Ya) = ey &,y -ey) = Ry

Since J is rotationally invariant, we deduce from (5.1) that, for all x € RY and r € R,

Liwtra() = / J(a—y) (D) —brela)) dy = / LX) (6(V)—6(X1)) dYs

> —f(¢(X1))
= —f(da-e—1)) = —f(brelx)).

Set H, := {x € RY; z-e > Ry} (notice that H, N K = (). We remark that, if r > g
and z € HS \ K, then

Ore(®) = ¢(z- e —7) < G(Ro —10) = (—A) <7 < u(®).
Furthermore, if r > ry, y € K and € H,, then y-e —r < |y| —r < Ry — r and

Gre(x) =d(x-e—1) = ¢(Ro—1) = ¢(y-e—1) = ¢re(y).
Accordingly, by (5.2) and the definition of H,, for any r > ry and x € H,,

(53) L¢r,e(x) = LRN(br,e(x) - /Iv( J(x - y) (¢r,e(y) - (br,e(x)) dy 2 _f(¢r,e(x))-

(5.2)

Consequently, we can exploit the weak comparison principle of Lemma 4.1 (used here with H =
H, C RV \ K and v = ¢,, ) and deduce that

P(x-e—19) = drye(x) < u()

for every x € RY \ K and also for every z € RN \ K by continuity. This inequality holds for
every e € 0By, while 7y > 0 does not depend on e. In particular, taking into account the
possible choice of e = x/|z| if x # 0 (and any e € 9B; if x = 0), we conclude that

o(lz| —ro) <wu(z) forallz e RN\ K.
This proves Lemma 5.1. [
Remark 5.2. If RV \ K is connected, if f(0) > 0 and if J satisfies (1.11) with 7, = 0 (for

instance, if J is continuous at the origin with J(0) > 0), then Lemma 5.1 holds with v = 0.
Indeed, these additional assumptions imply that infgy g u > 0. If not, then by continuity of

w and the limiting conditions in (2.3), there exists o € RV \ K such that u(zg) = 0. Thus,
by (2.3) and £(0) > 0,

0> Lu(zo) = / J(wo — ) (uly) — u(xo)) dy

RN\K

and u(y) = u(zg) = 0 for all y € B,,(xo) NRN \ K. Therefore, u(y) =0 for all y € RN \ K by
repeating this argument and by connectedness of RY \ K. This contradicts the limit u(y) — 1
as |y| — +oo. Finally, infgn x u > 0 and the conclusion of Lemma 5.1 holds.
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6. CONSTRUCTION OF SOLUTIONS IN LARGE BALLS

We recall that Bg(z) denotes the open Euclidean ball of RY centered at x € RY and of
radius R > 0, and that By = Bg(0). Throughout this section we suppose that f and .J
satisfy (1.10), (1.11) and (1.13). Here, for any R > 0 large enough and any z, € RY, we will
construct and study the properties of positive continuous solutions of the following auxiliary
problem

(6.1) Lpgov](x) —v(x) + f(v(xz)) =0 for x € Br(xo),
where
(62) Loy lil@) = [ I = y)oly)dy

Br(zo)

Besides the own interest of (6.1), the properties of some particular solutions v of (6.1) are
essential in the proof of Theorem 2.4, as they will provide key estimates ensuring to derive
the asymptotic behaviour of the solutions u of (2.5) or (2.6). So in Sections 6.1 and 6.2, our
main concern will be to establish, for any 2y € RY and R > 0 large enough, the existence
of a positive maximal solution v,, g to (6.1), such that v,, x — 1 locally uniformly in R" as
R — +o00. Based on the construction of these solutions in closed balls Bgr(z), we will next
show in Section 6.3 the existence of continuous and compactly supported sub-solutions in RY.

6.1. Existence of a positive solution in Bg(zg). This section is devoted to the proof of

the existence of a positive continuous solution of (6.1) in Br(xy), for any R > 0 large enough
and any zo € RV,

Lemma 6.1. Assume that f and J satisfy (1.10), (1.11) and (1.13). Assume further that J is
compactly supported and J € L*(RN). Then there exists dy = do(f,J) > 0 such that for every

zo € RY and R > dy, problem (6.1) admits a positive continuous solution v : Br(xg) — (0,1)
such that maxg v >0, where 6 € (0,1) is defined in (1.13).

Proof. Let zy € RY be fixed, let also R; > 0 be fixed (independently of x;) such that
supp(J) C Bg,,

and pick any R > R;. To construct a solution, we adapt the strategy used in [11] for the
construction of a solution of a local reaction-diffusion equation. The proof is divided into
three main steps.

Step 1: definition and elementary properties of an energy functional €

In the proof of Lemma 6.1, let us extend f by f’(1)(s—1) for s > 1 and by — f(—s) for s <0
and denote f this extension. Now, define

t
:/ f(s)ds fort e R, ¢(z):= 1—/ J(z —y)dy € [0,1] for z € RY,
0 Br(zo)
and consider the following energy functional

2 1 9
(6.3 /R(xo J (x— y)( (y)—u(q;)) dxdy+§/ c(x)u (:U)da:—/ F(u(x))dx

Br(zo) Br(zo)



19

defined for u € L*(Bg(x)). Since J € L'(RY), & is well defined in L*(Bg(x0)). Moreover,
using the definition of F' and the oddness of f, we have

(6.4) /BR(:EO) F(u(z))dzx = /BR(:EO) F(lu(z)]) dz

for any u € L*(Bg(g)), while elementary computations yield

1
(6.5) = ——/ / J(x—y)u(x)u(y) dedy +—/ u?(z) dx —/ F(u(z))dx.
Br(zo) ¥ Br(wo) 2 Br(o) Br(=o)

From the last two formulas, one infers that, for any u € L*(Bg(x)),

L L 2 — u\xr i
e =5 [ se-ph@ip@lay e[ -] pe)d

<€

To complete Step 1, let us check that the functional £ is bounded from below in L*(Bg(z)).

From (1.13) and (6.4), the definition of F and f, and since f(s) < 0 for s > 1, we see that,
for any u € L?(Bg(x)),

min{1,|u(z)|} _ N
Jy P02 = [, etz [ <wm [ 569
Br(zo) Br(z Br(o)

where |B;| denotes the Lebesgue measure of the unit ball. Setting Cy := | B| fo s)ds > 0,
we thus get that

1 1
u) > —/ / J(z—y)(u(y)—u(z))? dxdy—i——/ c(z)u?(z)dz—CoRN > —CoRY
4J Br(w0)) Br(wo) 2J Br(ao)

for any u € L*(Bg(zo)). Hence, the quantity
(6.7) v = inf  E(u)

u€L? (BR(QT()))

is a well defined real number.
Step 2: the infimum of € in L*(Bg(xg)) is achieved

We shall now see that v is achieved for some v € L?(Bg(xg)). So let (u,)neny be a minimising
sequence. From the inequality £(|u|) < £(u), we may assume without loss of generality that
the functions w,, are all non-negative. Let us first check that the sequence (uy, ),en is bounded in
L*(Bg(xy)). To do so, we recall the definition (6.2) of Lg, () and we notice that the principal
eigenvalue A, of the operator Lp,(.,) —Id is negative (see for example [1, 4, 15, 18] for a precise
definition of A\, and some of its properties) and satisfies

A = (5L [ e - ays [ o)
HSO||L2(BR(IO)) Br(z0)Y Br(zo) Br(=o)

As a consequence, from (6.6), we get

A

E(uy,) > ——p/ u?(r)dz — CoRY
2 J Br(ao)
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for all n € N. Therefore the sequence (u, )nen is bounded in L?(Bg(zg)) since it is a minimising
sequence and since A, < 0. Up to extraction of a subsequence, the sequence (u,)nen converges
weakly in L?(Bg(zo)) to a non-negative function v € L*(Bg(xo)).

We actually claim that

(6.8) E(v) =1.

Due to the lack of compactness in this non-local minimisation problem, we cannot expect to
get a strong convergence in L?*(Bg(xg)) for the minimising subsequence and therefore passing
to the limit in the energy (6.3) is not immediate. To overcome this difficulty, let us observe
that by introducing the function

~ 2

G(t) ::/O (s = f(s))ds = 5 F(t),

we get from (6.5) that, for any n € N,

E(uy) = —% /B » /B T () drdy + / Glun(z)) da

Br(zo)

and therefore

e ~20) = 5 [ [ Iy ) )] dedy

(6.9)
i / (G (un(@)) = G(u(x))] du.
Br(zo)

We observe that the double integral [, < (20) f Br(zo) J(x — y)un(x)u,(y) dedy can be rewritten

/BR(xO) /BR(%;](a:—y)un(:c)un(y)dxdy = /BR(xO)un(a:) </BR(xO)J(a:—y) [ (y) =0 (y)] dy) da

f ot (f e pute) dr) ay.

Using Lebesgue s dominated convergence theorem, together with the assumption J € L*(RY)
and the L?(Bgr(g)) weak convergence of the sequence (u,)nen, it is easy to see that

lim / / J(z — y)up(x) un(y dxdy—/ / J(z —y)v(z)v(y)dedy
"m0 ) Br(wo) J Br(xo) Br(zo) v Br(zo)

and therefore

(6.10) lim ——/B )/B ( J(z — y) [un(z)un(y) — v(z)v(y)] dedy = 0.

n—-+0o

On the other hand, since by assumption f/ (s) < 1for all s € R, the function G is convex and,
for all n € N, we get

/ [G(un(z)) — G(v)(z)] dz > / G (v(2)) [un(z) — v(z)] da.
Br(zo) Br(wo)
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From the definition of G and f, together with the fact that v € L2(Bg(x)), we infer that
G'(v) € L*(Bg(x)). Using the L?(Bg(zg)) weak convergence of (u,)nen to v, it follows that

(6.11) lim inf / [Glun()) — Glo(2))] da > 0.
Thus passing to the limit in (6.9), and using (6.10) and (6.11), we obtain v — E(v) > 0.
Together with the definition (6.7) of «y, this shows that v is a minimiser of the energy &£, that
is, (6.8) holds.

Step 3: v is a continuous positive solution u of (6.1)

We first show in this step that v is a solution to (6.1) with f instead of f. From (6.8), v is a
critical point of £ and in particular, it follows from the formulation (6.5) of £ that v is a non-

negative weak solution of Lg,uy)[v] — v+ f(v) = 0 in Bg(zy). Since all functions Lg, 0[],

v and f(v) belong to L*(Bg(z¢)), the function v satisfies Lp,(z0)[v](x) — v(z) + f(v(z)) =0
for a.e. © € Br(xg). Furthermore, since J € L*(RY), the Cauchy-Schwarz inequality implies
that Lp, ) [v] € L®(Bgr(w)). Therefore, since by (1.13) the function s — s — fs)is a C?
diffeomorphism from R* onto Rt and since v is non-negative, it follows from the equation
LBa@o[v] — v + f(v) = 0 ae. in Bg(x) that v € L®(Bg(z)). Thus by reproducing the
arguments of the proof of Lemma 3.1 we deduce that v has a representative, still denoted by

v, which is continuous in Bg(zo) and satisfies

(6.12) LB v])(x) —v(x) + f(v(x)) =0 for all x € Br(xo).

Remember now that, from (1.11), J > 0 a.e. in A(ry,7r9) with 0 < 71 < ro, and that R >
Ry > ry > ry, with supp(J) C Bg,. As a consequence, if there exists a point © € Bg(xg) such
that v(x) = 0, then, arguing as in the proof of the strong maximum principle (Lemma 4.2) or as
in the proof of the sweeping principle (Lemma 4.3), it follows that v = 0 in A(x, 1, 72)NBgr(z0),
hence v = 0 in A(y,r1,72) N Br(xg) for all y € A(x,ry,79) N Br(zp) and finally v = 0 in
B,(z) N Bp(zo) for some r > 0. Therefore, the non-empty set {z € Bg(z); v(z) = 0} is
both (obviously) closed and open relatively to Br(xg) and is thus equal to Bgr(zg). As a
consequence, either v =0 in Br(xg) or v > 0 in Br(x).

In this paragraph, we prove that the solution v constructed is a solution of (6.1), namely

we just need to show that v < 1 in Bg(xg). To do so, define M = MaXp -5 U > 0 and let

T € Bgr(xg) be such that v(Z) = M. Assume by contradiction that M > 1. By evaluating (6.12)
at  and using the definition of f, we get that

/B =0y = Loy P1(E) = M~ FM0) >

Since v < M in Br(xy), this leads to a contradiction. Hence M < 1 and thus v is a non-negative
continuous solution of (6.1) in Bgr(zg). Furthermore, as for the positivity of v, one gets that

either v = 1 in Bgr(xg) or v < 1 in Bg(xg). The former case is impossible since Lp,,zq)[v] # 1

in Br(zo) (indeed, fBR(%) J(z —y)dy < 1 for all € 0Bg(zp)). Thus, 0 < v < 1 in Bg(xg).
Finally, let us verify that the solution v constructed is not the trivial solution. To do so, it

is enough to show that £(v) # £(0) = 0. We claim that, for R > R large enough, £(v) < 0.
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Indeed, let us consider the test function ¢ := 1g,(z) € L*(Br(20)). We have
1
e =1 | Jenemew) s g [ g [ Fipw)ds
(z0) (z0) Br( B

xo) r(20)
:5/ ()dx—RN|Bl|/f
Br(zo)

= / / J(x — )dydx—RN|Bly/ f(s
BR (z0) JRN\Bg(x0)

Since supp(J) C Bg,, the above equality yields

1 1
e =3 [ [ - pdyde- R [ fs)ds
Br(z0)\Br-r (z0) /RN \Bg(zo0) 0
1
S 1B (RY — (R~ Ry) RN|Bl|/ 7(s

Thus, since fo s)ds > 0, there exists dy = do(J, f) € (Rs,+0), independent of xy, such
that, for every R > dp, the right-hand side of the above inequality is negative and thus
E(v) < E(p) < 0, which proves our claim. Furthermore, since 0 < v < 1 in Bg(z) and F <0
in [0,6], one infers that maxg,5v > 6, hence v > 0 in Bg(xo) (remember that v was either

positive or identically equal to 0 in Bg(xy)).

As a conclusion, for every R such that R > dy, there exists a solution v € C(Bg(xy), (0,1))
to (6.1) with maxp - v > 6. The point 2o € RY being arbitrary and the constant dy being
independent of xg, the proof of Lemma 6.1 is thereby complete. O

6.2. Existence and properties of the maximal solution in Bg(zy). Let us now look

more closely at the properties of positive solutions of (6.1) and in particular at the maximal

solution, if any. To this end, let us in this subsection extend continuously f by f’(1)(s — 1)

for s > 1 and by 0 for s < 0. To simplify our presentation let us still denote f this extension.
Let us first recall the notion of maximal solution for problem (6.1).

Definition 6.2. Let 7o € RY and R > 0. A function v € C(Bg(x), [0, 1]) is called a mazimal
solution to (6.1) in Br(xg) if any solution w € C(Bg(x), [0, 1]) satisfies w < v in Bg(xo).

The following lemma provides the existence and uniqueness of a maximal solution to the
problem (6.1) when R > 0 is large enough.

Lemma 6.3. Assume that f and J satisfy (1.10), (1.11) and (1.13). Assume further that J
is compactly supported and J € L*(RY). Then there exists dy = do(f,J) > 0, given as in
Lemma 6.1, such that for every xo € RY and R > dy, problem (6.1) admits a unique mazimal
solution vy, g in Br(xg) and vy, g satisfies 0 < vy, g < 1 in Bgr(x).

Proof. Let zy € RY be fixed and let R be fixed such that R > dy, where dy = do(f,J) > 0
is given in Lemma 6.1. We will check that the conclusion holds with this quantity dy. First
of all, the uniqueness of the maximal solution in Bg(zy), if any, is a trivial consequence of its
definition.

Let us then focus on the construction of a maximal solution. From Lemma 6.1, there exists
a solution v € C(Bg(x),(0,1)) to (6.1). Now, remember that 1 is a strict super-solution
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to (6.1). Therefore, since f is Lipschitz continuous, it follows that we can construct a maximal
solution vy, g € C(Bgr(z0), (0,1)) to (6.1) such that

0<v < Vzo,R < 1 in BR(JI())

by using standard monotone iterative scheme as in [15, Theorem A.1]. For the sake of com-
pleteness, let us describe this scheme in the next paragraph.

First, let us observe that, from the assumptions on J, the linear operator Lp,(,) is a
continuous operator in C'(Bg(zg)). Next let us choose a real number k > 0 large enough such
that the function s — —ks — f(s) is decreasing in R. We can increase further k if necessary to
ensure that k+1 € p(L’BR(xO)), where p(Lp,(,)) denotes the resolvent of the operator Lz, (z)-
We note that, by this choice of k, the operator Lz, ) — (k+1) satisfies a comparison principle,
in the sense that if w € C(Bgr(xo)) satisfies Lp,(z0)[w] — (k+1)w > 0 in Br(zy) then w < 0 in
Br(zo) (see [15, 16]). Now, set v9 = 1 and let v; € C'(Bg(zo)) be the solution of the following
linear problem

(6.13) Lpa@o](x) = (k4 1)vi(x) = —kvo(z) — f(vo(x)) for & € Br(xo).

The function v; is well defined, since by construction the continuous operator L, (z,) — (k+1)

is invertible. We claim that v < v; < vy in Bg(zg). Indeed, since v (< 1) and vy = 1 are

respectively a solution and a super-solution of (6.1), we have, for z € Bg(zo),

‘CBR(SL‘O)[Ul - UO](:E) - (k + 1)(”1(55) - Uo(iﬂ)) = _»CBR(ID)[l](fL‘) +1>=0,
Lppovr — v)(z) = (k+ 1) (01(z) — v(z)) = —kvo(z) — f(vo(@)) + kv(z) + f(v(z)) < 0.

So, the inequality v < v; < vy in Bg(zg) follows from the comparison principle satisfied by
the operator L, (z,) — (k + 1). In particular, 0 < v; < 1 in Bg(zg). Now let vy € C(Br(0))
be the solution of (6.13) with vy instead of v; in the left-hand side and v, instead of vy in the

right-hand side. From the monotonicity of s — —ks— f(s) and from the comparison principle,

we have v < v < v1 < vg in Br(xg). By induction, we can construct a non-increasing sequence
of functions (v,)nen in C(Bgr(xg)) satisfying v < v,41 < v, < vg in Br(z) and

(6.14) LBg@o) [Vn+1) (@) = (kB + Dvppi(x) = —kvp(z) — f(vp(z))  for € Br(xo).
Since the sequence is non-increasing and bounded from below, the quantity
Ve (@) == inf o) = Tim_va(2) € [ole),1] (C (0,1))

is well defined for every = € Bg(xg). Moreover, by passing to the limit in the equation (6.14)
and using Lebesgue’s dominated convergence theorem, it follows that v,, g is a solution of (6.1).

As in the proof of Lemma 3.1, we infer that v,, g is continuous in Br(z¢) and, as in the proof of
Lemma 6.1, we get that v,, g < 1 in Bg(xy). To sum up, v, g is a solution of (6.1) belonging
to C(BR(I‘()), (O, 1))

We finally claim that v,, g is a maximal solution to (6.1). Indeed, let w € C(Bg(zo), [0, 1])
be any solution to (6.1). By replacing v with w in the arguments of the previous paragraph

and using the fact that the sequence (vy,)nen is defined with the same initial value vy = 1,

we get that w < v, in Bg(zg) for every n € N, hence w < vy, g in Br(xp). The proof of
Lemma 6.3 is thereby complete. |
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The maximal solutions v,, r possess some important properties, in particular they are mono-
tone non-decreasing with respect to the domains.

Lemma 6.4. Let us assume that f and J satisfy (1.10), (1.11) and (1.13). Assume further that
J is compactly supported and J € L*(RY). Let dy = do(f,J) > 0 be given as in Lemmas 6.1
and 6.3. The following properties hold:

(i) for every x1,zo € RY and dy < Ry < Ry such that Bg,(x1) C Bpg,(x2), then

Vzy Ry (T) < Vay my(x)  for all x € Bg,(z1);

(ii) for every xo € RY and R > dy, the function vy r(- — xo) defined in Bgr(xo) satisfies

vo.r(+ — X0) = Vzy.r 0 Br(xg);
(iii) for every zo € RY and R > d,

MiN Uz 4p = MAX Uy 2R-
Br(zo0) Br(zo0)

Proof. The proof of (i) is straightforward. Indeed, let x1, 7o € RY and dy < R; < Ry be such

that Bp, (1) C Bg,(22). Recall from the proof of Lemma 6.3 that v,, g, € C(Bg,(x2),(0,1))
can be defined as vy, g, = lim,, o0 Uy, Where (vy,)nen is the sequence of positive functions in

C(Bg,(x2),(0,1]) defined by induction by vy = 1 in Bg,(zs) and, for n € N,
Lpp, (22) V1] (@) — (k + Dvpya(z) = —kva(2) — f(va(x))  for 2 € Bg,(72).

Here k > 0 is such that k+1 € p(Lp,, (x,)) and the function s — —ks — f(s) is decreasing. By
increasing k if necessary we may assume that k + 1 € p(Lpp_ (25)) N (LB, (1)) Now observe
that, for any n € N, v,, satisfies

(6.15) Lpg @)vni](@) — (K + Dvpga(z) < —kvp(x) — f(va(z))  for z € Bg,(21),

that is, the function v, is a super-solution to problem (6.14) in Bg, (x;). We claim that, for
every n € N|

Uz .my (T) S vp(x) for all @ € By, (7).
To do so, we proceed by induction. By construction of v,, g, and the definition of vy, we
know that v,, g, () < vo(z) for all © € Bg,(z1). For n € N, assume that v, g, (z) < v,(x)
for all z € Bpg,(x1), and let us prove that vy, g, (z) < vp41(x) for all © € Bp,(x1). Let
W i= Uy, R, — Unt1 10 B, (z1). From (6.15), since the function s — —ks — f(s) is decreasing

and vy, g, (z) < v,(x) for all z € By, (1), we see that w satisfies

£3R1 (w1) [IU](LIZ') o (k+1)w(x> > _kvm,Rl (.Z') _f(vx1,R1 (LC))—Fk?}n(.Z')—i—f(’Un(l')) >0 for z € BRI (1'1)
Since the operator Lp, (21)— (k+1) satisfies the maximum principle we then deduce that w < 0

in Bp, (x1), that is, vy, g, (z) < vpq1(x) for all x € By, (x1). Therefore, for every x € By, (1),
we have vy, g, () < lmy, 1 V,(T) = Vg 5, (7).

Part (ii) follows from the following observations. For any zo € R", the function vy g(-—x¢) €
C(Bg(z0), (0,1)) satisfies

LBy (z0)[Vo,r(- — T0)](x) — vo,r(z — x0) + f(vo,r(x — 20)) =0 for all x € Br(xo).

Therefore, by the maximality of v,, g, it follows that vy g(- — z0) < Vs in Br(zo). Similarly,
one can show that v,, r(- + 7o) < vo.r in Bg. Finally, vo p(- — 7o) = v, r in Br(xo).
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To prove (iii), we simply observe that, for any x; € Bag(zg), one has Bag(x1) C Byr(xo)
and, by (1), Vggur = Us 2r In Bog(xy). Property (ii) yields vy, or(- — (21 — 20)) = Vs 2r In
Byg(x1), hence

Uxo,4R($) > ’Ux(),gR([E — (331 — $0)) for all X € BQR([L'O) and x € BQR(QTl).

Now, since for every x,y € Bpr(xo) there exists (a unique) x; € Bag(xg) such that y =
x — (x1 — o) and © € Bg(x1) C Bag(x1), the latter inequality implies that

Ux0,4R(37) P Umo,zR(l' - (131 - 370)) = Uxo,QR(y)

for all =,y € Br(xo), which completes the proof. O
We can now state our last property about the maximal solution.

Lemma 6.5. Let us assume that f and J satisfy (1.10), (1.11) and (1.13). Assume further
that J is compactly supported and J € L*(RY). Then, for every zo € RN, v,or — 1 as
R — +o0 locally uniformly in RY.

Proof. Let xyg € RN be fixed. Consider any non-decreasing sequence (R, )ney in [do, +00) and
converging to +oo, where dy = do(f,J) > 0 is given in Lemmas 6.1 and 6.3 (we recall that
do > R, where supp(J) C Bpg,). Thanks to part (i) of Lemma 6.4, the sequence (v, r, )nen
is non-decreasing, in the sense that vy, g, < Uyr, in Bg,(zo) for all n < p. Moreover,

0 < vyr, < 11in Bpg,(x¢) for each n € N. As a consequence, the sequence (Vg g, )nen
converges pointwise in RY to a function 0 < © < 1 which, thanks to Lebesgue’s dominated
convergence theorem, satisfies

(6.16) Jx0(x) —v(x) + f(o(z)) =0 for all z € RV,

As in the proof of Lemma 3.1, the function v can be viewed as a uniformly continuous function
and therefore the limit v,, g, — v holds locally uniformly in RY.

Consider now any z; € RY and any § € [dy, +0o0). We can then extract a subsequence
of (Rp)nen that we still denote (R,)nen such that, for all n € N, Bs(z1) C Bgr,(z9) and
R,11 = 4R,. By Lemma 6.1 and parts (i) and (iii) of Lemma 6.4, we get that
1> min vy g, 2 _MN Uy g, ; = MIN Ugygr, =2 _MAX VUgoR, =

Bs(x1) Br,, (z0) Br,, (z0) BRr,, (z0)
-2 MaxX Uy g, = MaX Uy g, = MaxX Uy 5 > 0.
Br,, (%0) Bs(z1) Bs(w1)

Taking the limit as n — +00 in the inequality

(6.17)

Lmvwo,Rn+1 2 max Vzo,Rn
Bs(z1) Bs(z1)
we obtain that
min v > max v.
Bs(z1) Bs(z1)
Hence, v is equal to a constant C,, 5 in Bs(z1) and, thanks to (6.17), there holds # < C,, 5 < 1.
Furthermore, since x; € R is arbitrary, it follows that o is equal to a constant C' € (6,1] in
RV,
Lastly, (6.16) yields f(C) = 0. Since f satisfies (1.13) and 0 < C' < 1, we infer that C' = 1.
Therefore, o = 1 in RY and thus the sequence (v, g, Jnen converges to 1 locally uniformly in
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RY as n — +o0. Since the non-decreasing sequence (R,),en converging to +oo is arbitrary,
and so is 0 € [dy, +00), it follows that v,, r converges to 1 locally uniformly in RN as R — +o0.
The proof of Lemma 6.5 is thereby complete. O

6.3. Compactly supported continuous sub-solutions in R". In this section, we con-
struct compactly supported continuous sub-solutions from RY to [0,1] of problems of the
type (6.1). Such continuous sub-solutions will then serve as a building block of some lower
bounds in the proof of Theorem 2.4.

Let us first introduce some useful notations. For o € RY, R > 0 and « € R", let Poro.r(T)

be the projection of z on the closed convex set Br(zy), that is, Py, r(z) € Br(z) and

|# = Puo ()] = dist(z, Br(wo)) = min |z —yl.

yEBR(zo)

Lemma 6.6. Assume that f and J satisfy (1.10), (1.11) and (1.13). Assume further that J
is compactly supported and J € L*(RN). Let dy = do(f,J) > 0 be given as in Lemmas 6.1
and 6.3 and, for any xo € RY and R > dy, let v,y g € C(Br(z0), (0,1)) be the mazimal solution
of (6.1). Then there exists &y > 0 such that, for any o € RY, R > dy and § € (0,80), the
continuous function wy, rs: RY —[0,1) defined by

(6.18) Wy ro(T) = max {vwo’R(PTO,R(x)) —5! |z — Pyy.r(x)], 0}

satisfies

(6.19) / J(@ — ) weo rs(y) Ay —way 15(@) + f(weo rs(x) =0 for all z € RY
B

r' (20)

J/

-

=LB ) (20) Wzg,R.5](7)
and for all R > R+ 9.

Proof. In view of (6.18), we see that, for every o € RY, R > dy and § > 0, the function
Wyy.rs 18 continuous RY | that 0 < wy,, ps < 1 in RY, that wyy rs = vsy.r in Br(xg) and that
Wy, R,6 = 0 in RN \ BR+5(I'0>.

We set g(s) := s — f(s) for s € [0,1]. From (1.13), we see that

6.20 = ming > 0.
(6:20) 7:=Ting

We recall that, by (1.13), J is assumed to belong to W11(RY), and set

(6.21) dp := 7 X (/N VJ(2)] dz>_1 > 0.

Let us now fix any zg € RY, R > dy, 6 € (0,0g] and let us check that (6.19) holds for any
R’ > R+94. Since both w,, rs and J are non-negative and since wy, gs = 0 in RN \ Brs(zo),
recalling also that f(0) = 0 due to (1.13), we see that it is sufficient to show (6.19) for
x € Bpris(xp). Furthermore, by monotonicity of the integral with respect to R', it is enough
to show (6.19) for R = R+ 6.

For any x € Bgris(xg), there holds

/ J(2—y) way s(y) dy = / J(2—y) way a(y) dy+ / J(2—y) ey () dy.
BRrys(xo) Brys(20)\Br(0) Br(o)
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Therefore, it follows from the above equality and the definitions of v,, r and w,, rs that, for
x € Br(xg),

/ (@ =) way 15 (y) dy— 0 1o (%) & F (102 res(2)) = / J(a—y) w2, rs(y) dy >0.
Bris(xo) Bpris(20)\Br(zo)

To complete our proof, we have to show that the above inequality holds also for z €
Bris(zo) \ Br(zo). To this end, let us consider © € Bris(x¢) \ Br(zo) and set

$(x) 1= Vg R(Pro.r(z)) and 7(z) := dist(z, Br(xo)) = | — Pry.r(z)| > 0,

that is, wy, ps(z) = max{s(z) — 6 '7(x),0}. From the nonnegativity of J and w,, rs and the

fact that wyy rs = Vyy,r In Br(zo), we have

/ (& — ) way 15(y) dy — w5 s () + (w5100 (2))
Bpryis(zo)

2/3( ;]($—y)UmO,R<y)dy—maX{S(x)—é1T(x),0}+f(max{s(gj)_517_(1_)’0}).

Now, two situations may occur: either s(z) < 6 '7(z) (that is, wy, gs(z) = 0), or s(z) >
67 (x) (that is, wyy rs(x) > 0). In the first situation, we easily conclude that

/ J(l’ - y) wxg,R,&(y) dy - wxo,R,é(:C> + f(wmo,R,(s(x)) 2 / J(Q? - y) U:EO,R(y) dy 2 0.
Brys(2o) Br(zo)

So let us now assume that s(z) > 6~'7(z), that is,
(6.23) 0 < Wap.rs(7) = s(x) — 6 '7(x) < 5(2) = Vagr(Pay.r(7)) < 1.
Let us rewrite the first integral in the right-hand side of (6.22) as

[ ey = [ =)= IPanls) < 9] ) dy
Br(zo) Br(zo)

(6.22)

4 / I Praal®) =0} dy
BR Qo

Since vy, g solves (6.1) in Bg(xo), since P,y r(x) € Br(z) and s(z) = vy r(Pry.r(2)), and
since J € WH(RY), the above equality yields

/ I — ) vy rly) dy > s(z) — f(s(2)) — / T(@ — ) — T(Pry alx) — )| dy.
Br(o) Br(zo0)

> s(o) = (sa)) = [ 1 =1) = I(Paala) = )]

> s(z) — f(s(2)) — 7(x) x / IVIG)] d=

Combining now the above inequality with (6.22) and s(z) — §~!'7(z) > 0, and us-
ing (6.20), (6.21) and (6.23), we get

/ J(& — ) wap5(y) dy — way 2 (x) + F ey 15()
Br+s(zo)

> g(s(z)) — g(s(x) = 6~'7(x)) =705 7(x) = (' =705 )7(x) > 0.
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This is the desired inequality and the proof of Lemma 6.6 is thereby complete. O

7. THE CASE OF CONVEX OBSTACLES: PROOFS OF THE MAIN LIOUVILLE TYPE RESULTS

In this section, we prove our main results. We first consider in Section 7.1 the case where
J is a general kernel satisfying (1.11), namely we prove Theorems 2.2 and 2.3. Once this is
done, we consider in Section 7.2 kernels having compact support and we prove Theorem 2.4.
Section 7.3 is devoted to the proof of a lemma used in the proof of Theorem 2.4. Throughout
Section 7, we always assume that K is a compact convex set and that f and J satisfy the
conditions (1.10), (1.11) and (1.12).

7.1. General kernels: proofs of Theorems 2.2 and 2.3. Let us start our proof of Theo-
rem 2.2 with the following simple observation.

Lemma 7.1. Let K C RY be a compact convexr set and assume (1.10) and (1.11). Let
u e C(RN\ K,[0,1)) satisfy (2.3), that is,

(7.1) Lu+ f(u) <0 in RN\ K,
(7.2) u(z) =1 as |z] - +o0.

Then there ezists v € (0,1] such that v <u <1 in RV \ K.

Proof. We proceed by contradiction. Suppose that the conclusion does not hold. Then, by
continuity of u and (7.2), there exists a point o € RV \ K, such that u(zg) = 0. Arguing as
in the proof of the strong maximum principle (Lemma 4.2) or in the proof of the sweeping
principle (Lemma 4.3), we get that u = 0 in A(zg,71,72) NRY \ K, where 0 < 1 < 7y are given
in (1.11), and then w = 0 in A(zy,71,72) NRN \ K for all 1 € A(zg,71,72) NRN \ K. Since
K is convex, it follows in particular that v = 0 in B,(zo) NRY \ K for some r > 0. Finally,
the non-empty set {z € RN \ K; u(x) = 0} is both (obviously) closed and open relatively to
the connected set RV \ K. Hence u =0 in RV \ K, contradicting (7.2). O

We now turn to the proof of Theorem 2.2.

Proof of Theorem 2.2. Let K, f, J and u be as in Theorem 2.2. Firstly, without loss of
generality, one can assume by (1.10) that f is extended to a C*(R) function satisfying (4.1).
Secondly, by (2.3) and the boundedness of K, there exists Ry > 0 large enough so that K C Bpg,
and u > 1 — ¢y in RN \ Bg,, where ¢y > 0 is given in (4.1).

We proceed the proof by contradiction, and suppose that

(7.3) inf u<1.
RN\K

From (2.3) and (7.3), together with the continuity of w, there exists then zy € RV \ K such
that

u(xg) = ]15111\111(“ €1[0,1).

We observe that, by Lemma 7.1, one has u(xy) > 0. Now, since K is convex, there exists
e € 0B; such that K C HS, where H. is the open affine half-space defined by

He::xo—l—{xERN; :c~e>0}.
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In light of assumption (1.12), there exists an increasing function ¢ € C'(R) such that
Jixp—d+ f(p) >0 inR,
{ ¢(—00) =0, ¢(+o0) =1.
Let us also define the function
0r(2) = bre(z) = P(x-e—71), x€RY,
and the following quantity
Ty 1= inf{r eR; . <u inm}.

From Lemmas 5.1 and 7.1, we know that r, € [—00, ], where 79 > 0 is given in Lemma 5.1.
We claim that in fact

(7.4) Ty = —00.
The proof of (7.4) is by contradiction. We assume that 7, € R. Then, there exists a se-
quence (g;)jen of positive real numbers such that ¢, .. (z) = ¢(z - e —r. —g;) < u(x) for
allz € RV \ K and ¢; — 0 as j — 4o00. Thus passing to the limit as j — 400, we obtain that

o () <u(z) forallz e RN\ K.
Let us denote H the open affine half-space

H:{xGRN; ZB-€>RD}.

Notice that H N K = () and that v is well defined and continuous in H. We also observe that,
by construction,

(7.5) sup ¢, < 1.
He

Two cases may occur.
Case 1: inf e\ (u— @y, ) > 0. In this situation, thanks to the uniform continuity of ¢, there
exists € > 0 such that

inf (u— ¢, _.) > 0.
1}?\K(“ Pr.—c)

Now, we observe that u and ¢, _. satisfy
Lu+ f(u) <0 in H,
Lpr.—e+ f(pr.—e) 20 in H (by (5.3)),
U=, . in H°\ K,
together with u > 1—co in RM\Bpg, D H and lim|y|— o u(z) = 1, while ¢, _. < 1in RV, Thus,
by the weak maximum principle (Lemma 4.1) and the continuity of v and ¢,,_. in RV \ K,

we get that u > ¢,, . in RV \ K. This contradicts the minimality of r, and therefore Case 1
is ruled out.

Case 2: infpe\x(u — ¢r,) = 0. In this situation, by (7.2) and (7.5), and by continuity of u
and ¢,,, there exists a point # € H¢\ K such that u(z) = ¢, (z). Note that z € H,, since
otherwise 7 € RV \ H,, namely Z - ¢ < 2 - ¢, and the chain of inequalities

w(Z) = ¢, () < @, (r0) < u(rg) = min u
RN\K
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leads to a contradiction. Therefore, we have ¢,, < uw in RN \ K with equality at a point
T € RV\ KN H,. Since K C H® and ¢,, and u satisfy respectively

Lu+ f(u) <0 in H,
L., + f(pr.) =0 in H, (by (5.3)),

it follows in particular from the strong maximum principle (Lemma 4.2) that ¢, = u in H,.
Thus, for any et € dB; such that et - ¢ = 0, one infers from (7.2) and the definition of ¢,,
that

1= lim u(ze+ter) = lim ¢, (20 +ter) = ¢, (20) < 1.
t——+o0o t—+o0

This contradiction rules out Case 2 too.
Hence (7.4) holds true and as a consequence we have that ¢, < v in RN \ K for any r € R.
In particular, recalling that ¢(400) = 1, we get that

1> u(zg) > TEI_IIOO (o) Tgr_noo d(zg-e—1)=1,
a contradiction. Therefore, (7.3) can not hold. In other words, infmu =1,ie. u=11in
RN\ K. The proof of Theorem 2.2 is thereby complete. O

We observe that, by the same token, we obtain Theorem 2.3.

Proof of Theorem 2.3. By Lemma 3.2, Remark 3.3 and our assumptions on f, we know that u
has a (uniformly) continuous representative v* € C(RM \ K) in its class of equivalence and we
can identify u with u*. The desired result now follows as a consequence of Theorem 2.2. [

7.2. Compactly supported kernels: proof of Theorem 2.4. In this subsection we prove
Theorem 2.4. That is, provided some additional assumptions on f and .J are satisfied, we show
that the Liouville result obtained in Theorem 2.2 holds true when the uniform limit of u as
|z| — 400, namely condition (7.2), is replaced by the following weaker condition
(7.6) esssup u = 1,

RN\ K
where u : RV \ K — [0,1] is a measurable solution of Lu + f(u) = 0 a.e. in RNV \ K. The
condition (7.6) can be rewritten as

(7.7) sup u =1,
RN\K

if u is already assumed to be uniformly continuous in R¥ \ K. Note that the extra assump-
tions (2.4) made on f (namely f' < 1/2in [0,1]) actually guarantees that u has a uniformly
continuous representative in its class of equivalence, as follows from Lemma 3.2 and Remark 3.3.
As a consequence, in the proof of Theorem 2.4 we can assume without loss of generality that
u: RV \ K — [0,1] is uniformly continuous and satisfies (7.7). Notice immediately that the
same arguments as in the proof of Lemma 7.1 imply that

(7.8) u>0 in RV\ K.

Otherwise u would be identically equal to 0 in RN \ K, contradicting the assumption (7.7).
The key-point in the proof of Theorem 2.4 is the following lemma.
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Lemma 7.2. Let K C RY be a compact set and assume that f and J satisfy (1.10), (1.11)
and (1.13). Assume further that J is compactly supported and J € L*(RY). Letu : RN \ K —
[0,1] be a uniformly continuous solution of (2.5). Then, u(z) — 1 as |z| — +o0.

The proof of Lemma 7.2 is postponed in Section 7.3. In this section, we complete the proof
of Theorem 2.4.

Proof of Theorem 2.4. From the previous paragraphs, the function u can be assumed to be
uniformly continuous in RV \ K without loss of generality. Then, since the condition (1.13),
together with (1.10) and (1.11), implies the condition (1.12), the assumptions of Theorem 2.2
are all fulfilled, thanks to Lemma 7.2. Therefore u = 1 in RV \ K, completing the proof of
Theorem 2.4. |

7.3. Proof of Lemma 7.2. This section is devoted to the proof of Lemma 7.2. It is divided
into four main steps. To prove Lemma 7.2, it suffices to show that for any £ > 0 small enough
there exists R(¢) > 0 such that u > 1 — ¢ in RV \ Bp(). To obtain such a lower bound,
our strategy relies on the existence of continuous families of continuous sub-solutions w, which
satisfy w, > 1—¢in By(x,) for some z, € R" (these sub-solutions are drawn from Section 6.3).
Then, we use the sweeping principle to propagate the lower bound satisfied by the w,’s to a

lower bound for wu.
Step 1: the solution u is close to 1 in some large balls

In this step, we show that, for any ¢ > 0, £ > 0, and R > 0, there exists a point z* € RY \ K
such that

(7.9) lz*| > ¢, Bgr(z*) CRY\ K, and u>1—¢in Bgr(z*).

To do so, notice first that, from (2.5) and the continuity of v in RV \ K, two situations may
occur: namely, either there exists a sequence (7, ),eny C RY \ K such that
(7.10) lim |z,| =400 and lim wu(z,)=1,

n—+o0o n—+o0o

or there exists a point £ € RV \ K such that u(z) = 1. In the latter case, since f(u(z)) =
f(1) = 0, we get, as in the proof of Lemma 7.1, that v = 1 in RN \ K: the claim (7.9) is
therefore trivial in this case.

Thus, it suffices to treat the former case (7.10) only. Consider the functions w,, defined in
RN\ K — x, by

un(z) = u(x + ).

Since wu is uniformly continuous in RV \ K and since K is compact and lim,, . |z,| = 400,
it follows that, for every r > 0, the functions u,’s, ranging in [0, 1], are defined in B, for all
n large enough and are uniformly equicontinuous in B,. From Arzela-Ascoli theorem and the
diagonal extraction process, there exists a continuous function u., : RY — [0, 1] such that, up
to extraction of a subsequence, u,, — s locally uniformly in RY as n — +oo. Furthermore,
Uso(0) = 1 by (7.10). On the other hand, the functions u,’s satisfy

/(RN\K)_% J(z —y) u,(y) dy — (/(RN\K)_% J(z — 1) dy) Un(2) + f(un(x)) =0
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for all x € RN \ K — z,,. Lebesgue’s dominated convergence theorem implies that
J * Uoy — Uoo + f(Uoo) =0 in RV,

Since f(us(0)) = f(1) = 0 and us < 1 in RY, we get as in the proof of Lemma 7.1 that
Use = 1 in RY. In particular, for any fixed € > 0, £ > 0, and R > 0, it follows that, for every
n € N large enough, there holds |z,| > ¢, Bg(z,) C RY\ K and u, > 1 — ¢ in Bg, that is,
u > 1—¢in Bg(z,). In other words, the claim (7.9) holds with 2* = z,, and n large enough.

Step 2: a sub-solution in a ball

Fix ¢ > 0 small enough so that f' < 0 in [1 — ¢, 1], and let us now establish a lower bound
for v in a ball far away from K, by using a sub-solution drawn from Section 6.3. We recall
here that R; > 0 is such that supp(J) C Bg,.

We first claim that there exist z* € RV, 0 < Ry < Ry < R and a function w € C(R",[0,1))
such that

711) { Bpyi(z*) € RN\ Bg, € RV\K, u>1—c¢in Bg(z¥),

[w]—w+f(w) = 0in RY, w>1—¢in By(z*), w=0in RY\ Bg,(z*).

BRy1(z¥)
To show this claim, let Rx > max{l, R;} be such that K C Bg,. Then choose R >
max{Rg,do} > 1 (dyp > 0 is given as in Lemmas 6.1 and 6.3) such that the maximal so-
lution vy g € C(Bg, (0,1)) to problem (6.1) in Bp satisfies

(7.12) vop = 1—¢ in By.

Note that such a real number R exists according to Lemmas 6.3 and 6.5. On the one hand, as
far as the first line in (7.11) is concerned, formula (7.9), applied here with ¢ = R+ 14+ Rx > 0
and R+ 1 > 0 in place of R, yields the existence of x* € RY such that

(7.13) 2| > R+ 1+ Ry
(hence, Bryi(z*) C RY\ Bg, € RV\K) and
(7.14) u>1—¢ in Bpyi(z¥).

Thanks to (7.12) and part (ii) of Lemma 6.4, the maximal solution v,+ g € C(Bg(z*), (0,1)) to
problem (6.1) in Bgr(x*) satisfies v,« g = 1—¢ in By(2*). On the other hand, as far as the second
line in (7.11) is concerned, Lemma 6.6 provides the existence of a function w € C(R¥,[0, 1))
such that

L [w] —w+ f(w) > 0in RY, w = v, pin Br(z*) D By(r*)

Bpyi(z*)

and w = 0 in RN\ Br,i(z*). As a consequence, z*, Ry, R and w fulfill (7.11).
We then claim that

(7.15) w in RV \ K.

Su
Since w = 0 in RY \ Bryi(z*) and u > 0 in RV \ K, we only need to show that w < u in
Brii(z*) (C RN\ K). Denote

Zi=w—u
in Bry1(z*) and assume that

max z=2(Z) >0
Bryi(z*)
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for some T € Bry1(x*). Since Bryi(2*) C RV \ K and v and J are non-negative with J having
a unit mass in L'(RY), it follows from the equation Lu + f(u) = 0 satisfied by u in RN \ K
that

£BRJrl(fJC*)[u] (Z) —u(@) + f(u(z)) < 0.
Together with the first inequality of the second line of (7.11) applied at Z, we get that
(7.16) LBpii@)2(Z) = 2(2) + f(w(T)) — f(u(z)) = 0.

Since z < 2(T) in Bgyi(2*), one has Lp,, - [2](7) — 2() < 0. Furthermore, remember-
ing (7.14) and the choice of ¢, there holds 1 — e < u(z) = w(Z) — 2(z) < w(Z) <1l and f' <0
in [1—¢, 1], hence f(w(z))— f(u(2)) < 0. This contradicts (7.16). Therefore, maxg_—r=2 <0,

that is, w < w in Bgyi(2*) and then in RV \ K.
Step 3: a lower bound in annuli with large inner radii

Let us now construct some families of sub-solutions and exploit the sweeping principle
(Lemma 4.3) to get a lower bound of u in some annuli. To do so, let * € RY, 0 < R; <
Rk < R and w € C(RY,[0,1)) be as in (7.11). Consider any orthonormal basis (ej,- - ,en)
of RY and, for 7 € [0,27], let R, be the rotation of angle 7 in the plane spanned by (e, e)
(that is, R,e; = (cosT)e; + (sin7)ey and R,ea = —(sin7)e; + (cos7)ey) and leaving invariant
the vectors es,--- ,en. We set

From (7.11), note that A € R¥\Bg, C R¥\K (hence, ANK = ). Now for each 7 € [0, 27]
and x € RY, we set

wr(z) == w(R,x).
Thanks to the rotational invariance of J and A, and since Bgyi(2*) C A and both J and w
are non-negative, it follows from (7.11) that each function w, satisfies

L, [w;] —w; + f(w,) >0 inRY.
On the other hand, it follows from (2.5) that the function u obeys
Ll -uo)+ue) =~ [ sty (1- [ Je-pay) <o
RN\(KUA) RN\K

for all z € RV \ K and therefore for all x € A. In addition, thanks to positivity of u in RN \ K
(remember (7.8)) and the fact that J > 0 a.e. in A(ry,79) with 0 < r; <7y < Ry < Rk <R
(remember (1.11) and supp(J) C Bg,), one infers that

/ J(x—y)u(y)dy >0 forall z € A" := A(|z*|+R+1—ry, [2*|+R+1) (C A),
RN\ (KUA)
hence

L, [u](z) —u(z) + f(u(z)) <0 forall z € A".

Since w < uin A(C RN \ K) by (7.15) and 7, < R < |2*| — R — 1 by (7.13), it follows from
the sweeping principle (Lemma 4.3) applied to u, to the family (w;)-cjo,2x and to

(s1,82,83,84) = (Jz*| = R—1,|z"| + R+ 1—ro, |z"| + R+ 1,|z"| + R+ 1),
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that
(7.17) w, <u in A for every 7 € [0, 27].

Notice also (even if the following inequalities will not explicitly be used in the next step) that,

since w > 1 —¢ in By(x*) by (7.11), the family of estimates in (7.17) implies in particular that
u>1-c¢inJ ¢pom Bi(R;'z*). Since the previous arguments are independent of the choice

of the orthonormal basis (eq,...,ey), we also get that u > 1 — ¢ in A(|z*| — 1, |z*| + 1).
Step 4: conclusion

Let us now finish our argument. To complete the proof of Lemma 7.2, we will again construct
an adequate family of sub-solutions and use the sweeping principle to push further the estimates
obtained in the previous step. To do so, pick some p > 0 and consider the domain

A, =A(z*| - R—1,|z"| + R+ 1+ p),

where R > 0 is defined in Steps 2 and 3. From (7.11), we note that A, C R¥\Bgp, C RN\ K
(hence, A, N K = 0). Next, consider any rotation R of RY, let e := z*/|z*| € 0B and, for
each o € [0, p] and x € RY | denote

Wy(z) :=w(Rx —oe).

As in the previous step, from the rotational invariance of J and A,, and since Bgry1(z*+0€) C
A, for every o € [0, p] and both J and w are non-negative, it follows from (7.11) that each
function W, satisfies

L, Wo]=Wy+ f(W,) >0 inRY.
Similarly, it follows from (2.5) that the function u obeys
L, [u] —u+ f(u) <O in RN\ K
(and therefore in A,), while
L, [u] —u+ f(u) <0 in A(lz*|+ R+ 1+ p—ra, 2"+ R+1+p) (C 4,).

From the inequality (7.17) of the previous step (which holds for every 7 € [0, 27] and for every
orthonormal basis (e, -+ ,ey)), we have Wy < u in A and then in RV \ K (since Wy = 0 in
RY¥\ A and u > 0 in RV \ K. As a consequence, Wy < u in A,. Finally, it follows from the
sweeping principle (Lemma 4.3) applied to u, to the family (W,)sejo,, and to

(s1,82,83,80) = (|2"| =R =1L, |2"| + R+1+p—ry[z*[+ R+1+p, 2"+ R+ 14p),

that W, < u in A, for every o € [0,p]. Since w > 1 — ¢ in By(z*) by (7.11), we obtain in
particular that

u=zl—¢c in U Bi(R~Y(z* + ge)).
a€0,p]

The previous arguments being independent of the choice of p > 0 and the rotation R of RY,
we conclude that

u(z) > 1—¢ forall |z] > |z¥] — 1.

Since € > 0 can be arbitrarily small, the proof of Lemma 7.2 is thereby complete.
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8. THE CASE OF SMALL PERTURBATIONS OF CONVEX OBSTACLES

In this section, we explore further the validity of the Liouville Theorem 2.2 and we prove
Theorem 2.6, a kind of stability result for the Liouville property. In the spirit of the results of
Bouhours [7], we show that the Liouville property obtained in Theorem 2.2 still holds true for
small perturbations of convex obstacles, provided some additional assumptions are made on f
and J. To do so, we adapt to our problem the arguments developed in [7] and, in particular,
we will rely on the following

Lemma 8.1. Assume all hypotheses of Theorem 2.6. Then, for every § € (0,1), there exists a
real number Rs > 0 such that, for any € € (0,1] and any measurable solution u. : RN \ K. —
[0,1] of (2.7), there holds u.(z) > 1— 4 for a.e. |x| > Ry.

Before proving Lemma 8.1, let us first establish a preliminary “rough” Liouville-type result,
namely Proposition 2.1.

Proof of Proposition 2.1. We recall that f € C'([0,1]), that J is assumed to satisfy (1.11),

that K is a compact set such that RY \ K is connected, and that u : RN\ K — [0,1] is a
continuous solution of (2.1) such that f > 0 on [¢,1]. Let us set

m = inf v € [0, 1].
R\K
Suppose, by contradiction, that m < 1. Let (z,),en € RN\ K be a sequence such that
u(z,) — m as n — +o0o. Since u(z) — 1 as |z| — +oo, the sequence (x,)nen is bounded
and, up to extraction of a subsequence, we may assume that it converges to some z € RV \ K.
Evaluating the equation satisfied by u at x,,, we obtain

/RN\K J(zn —y) (u(y) — u(z,)) dy + f(u(z,)) = 0.

By assumption, f(u(z)) > 0 for all z € RN \ K and therefore
/ J(xn — ) (u(y) — u(z,)) dy < 0.
RN\K
Since J € L'(RY) passing to the limit in the above inequality results in
0</ J(z —y)(u(y) —m) dy < 0.
RN\K

Thus, arguing as in Section 4 and using (1.11) and the connectedness of RY \ K, we obtain
that u =m (< 1) in RV \ K. Since u(z) — 1 as |z| — 400, we get a contradiction. The proof
of Proposition 2.1 is thereby complete. O

Let us now turn our attention to the proof of Lemma 8.1.

Proof of Lemma 8.1. First of all, in virtue of Lemma 3.2, we know that, for every ¢ € (0, 1],
every measurable solution u. : RY \ K. — [0, 1] of (2.7) possesses a Hélder continuous rep-
resentative uf € CO%(RN \ K.). Consequently, we are allowed to identify u. with u*. For
simplicity, we omit the superscript * and write simply u. instead of u}.
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Let us then continuously extend f by f/(0)s for s < 0 and by f/(1)(s—1) for s > 1 and still
denote f this extension. We also observe that, since (K. )p<.<; is a family of (at least) C%*
deformations of K in the sense of Definition 1.2, there exists a real number Ry > 0 such that

(8.1) K.C B, forall0<e<1.

Notice now that it is sufficient to show the conclusion of Lemma 8.1 for 6 > 0 small enough.
For any 6 > 0 small enough, we are going to consider an auxiliary problem whose solutions
will provide an appropriate lower bound for u., allowing us to prove the desired uniform
convergence as |z| — +oo. To this end, for § € (0,1), denote

1—-0/2
fs(s):==f(s) — f(1—=0/2) for s € R, and ss:= %
It is immediate to check that there exists d; € (0,1) such that, for every § € (0,d;), one has
s <0<1—-0/2<1and

fs<finR, fi=f <1/2inR,

1-6/2
fo(ss) =0, fi(ss) <0, fs(1=0/2) =0, fi(1=6/2) <0, / f5(r)dr > 0,
fs vanishes only once in (ss5,1 — §/2). 5

Using the results obtained in [2, 10, 14, 24], we know that, for every § € (0, d;), there exists a
continuous function ¢5: R — (55,1 — §/2) satisfying

Lros + fs(ps) = J1 % ps — ¢s + f5(¢ps5) > 0 in R,
¢s 1s increasing in R,

ps(—00) =55, ¢5(0) =0, ¢Ps(+00) =1-5/2.

Fix in the sequel any 6 € (0,6;), any € € (0,1] and any (Hélder-continuous) function
u. : RN\ K. — [0, 1] solving (2.7). For A > 0, we let ®5 4 be the function defined in RY by

Ps.a(z) = ¢s(|z| — A).
We observe that, by construction, we have
(8.2) Qs py(x) <0< u. foral xe By \ K..

Our aim is to extend the above relation to all x € RY \ Bg,. Since u.(z) — 1 as |z| — 400,
there exists R. > Ry such that u.(z) > max(1 — ¢y, 1 — 6/2) for all |z| > R. where ¢y > 0 is
such that f’ < 0 in [1 — ¢, +00). Then, reasoning as in Lemma 5.1 (or using directly that
P54 — 85 < 0as A — +oo locally uniformly in RY and ®54 < 1—4§/2 < 1in RY), we obtain
that, for some A, > 0,

D5 4. <ue in RN—\KE
Consequently, it makes sense to define
A" =inf{A€R; 5, <u. nRV\ K.} <A.
We claim that
(8.3) A* < Ry
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We argue by contradiction and assume that A* > Ry,. From the definition of A* and the
continuity of ¢g, we have
(84) (I)é,A* g Ue in RNV \ KE.
If minT\KE(u(E — ®5.4+) > 0, then from the uniform continuity of ¢s, there exists 7 > 0 small
enough such that @54+, < u. in By, \ K.. On the other hand, ®54+, < 1 —6/2 < u. in
RN\ Bg.. Hence, ®5 4+, < ue in RN \ K, a contradiction with the definition of A*. Therefore,
minm(us — &5 4+) = 0. Since u. and $s 4+ are continuous, there exists zy € By, \ K. such
that

CDE,A* ((L’O> = us(l‘o).

Since A* > Ry by assumption, it follows from (8.2) and the strict monotonicity of ®54 with
respect to A that zyg € Bg_ \ Bg,. Let us set ey = x¢/|zo| and define the open affine half-space
H:={zeR"; z-e >Ry} (CRY\K,).

From (8.4) and the definition of ®5 4, we have
us(r) = p(x) = ¢s(x - eg — A*) for all z € RV \ K.
Reasoning as in Lemma 5.1 and recalling the assumptions on fs, we have that
Lou. + f(u.) =0 in H,
Lo+ f(p) =0 in H (asin (5.3)),
us = ¢ in RV\ K,

ue(70) = p(x) with zo € H.
Applying the strong maximum principle (Lemma 4.2) we obtain in particular that u. = ¢ in
H. This is impossible since u.(z) — 1 as |z| — 400, while p < 1—6§/2 < 1in RY. Asa

consequence, the claim (8.3) holds true.
From (8.3) and the monotonicity of ®5 4 with respect to A, we then deduce that

®5,R0 < (D(;’A* g UE Hl RN \ KE'

Since € € (0,1] and u. : RV \ K. — [0,1] solving (2.7) were arbitrary, since Ry > 0 verify-
ing (8.1) was independent of ¢, and since ¢s(+00) =1 —0/2 > 1 —§, the desired conclusion
follows. O]

We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. First of all, as in the proof of Lemma 8.1, it follows from Lemma 3.2
that, for every € € (0,1], every measurable solution u. : RV \ K. — [0,1] of (2.7) can be
identified with its Holder continuous C%*(RN \ K_) representative. Furthermore, Lemma 3.2
yields

2[J]Bﬁoo(RN)

[UE]CO’Q(W) é A=

.f -f . _ !
oi%@m@éﬂwn”‘](x e @k, max f

Note that A is independent of €. In particular, for every ¢, € (0, 1] and every R > Ry, where
Ry > 0 is chosen as in (8.1), the family (u.)o<c<e, is uniformly bounded in C%*(Bg \ K.,).
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Recalling that K. — K as ¢ — 0 in the C** sense, there exists a sequence (g;);en € (0,1]
converging to 0 and a function uy € C%*(RN \ K) such that, for all R > Ry and 3 € (0, ),

(85) ||U5j — UOHCOvﬁ(WK%.) — 0 as ] — 4-00.

Notice that 0 < ug < 1in RV \ K. By Lemma 8.1 we know that u.(xz) — 1 uniformly in e > 0
as |x| — +oo. Consequently,
(8.6) up(z) -1  as |z| — +oo.

Now, we claim that

(8.7) Lug(z) + f(up(xz)) =0 in RV \ K,

where L is given by (1.2). This can be seen as follows. First, fix x in the open set RV \ K and an
integer jo large enough such that € RV\ K., for all j > j,. Notice that f(uc,(x)) = f(uo(x))
as j — +oo since f is continuous. Next, for all 7 > jo we have

Loio@) L) = [ o=, —0)) o, o))

[ =) ) - w() dy
Ko \K
For every R > Ry and j > jo, there holds

L ue(2) — Lug(z)| < 2 /
Ko \K

+||Usj - UO”LOO(BR\KE].) + |Uaj (z) — uo(z)].

J(x—y)dy+2/ J(z —y)dy

RN\Br

Since K., — K in the C%* sense and J € L'(R"), we have in particular that the first term in
the right-hand side converges to 0 as 7 — +o00. Recalling (8.5) and letting first j — 400 and
then R — +o00, we find that

Le,uc, (x) — Lug(z) — 0 as j — 4-o00.

Therefore, (8.7) holds for all z € RY \ K and finally for all z € RV \ K by continuity and
boundedness of ug in RV \ K.

Remember now that ug € C(RN \ K, [0,1]). By (8.6), (8.7) and Theorem 2.2, we infer that
ug = 1 in RN\ K. This also shows that the limit of the functions u., is unique and, hence,
us — 1 as e = 07 in the sense of (8.5), not only along a subsequence.

We conclude by contradiction. Suppose then that there exists countably infinitely many
numbers in (0, 1], which we label in decreasing order as (&;);en, such that ¢; — 0" as j — +o0
and

(8.8) VieN, Jz; e RN\ K., u.(r;) = min u., <1.

RN\K.

Note that this makes sense since, without loss of generality, we have identified the functions
u., with their continuous representatives in RV \ K... We observe that (1.13), (8.8) and
Proposition 2.1 yield that

ue,(z;) <0 forall j € N.
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Now, since the functions u.; converge uniformly to 1 as [z| — +oo (by Lemma 8.1), the
sequence (x;);en is bounded. Hence, up to extraction of a subsequence, we may assume that
r; — T as j — +oo, for some Z € RV \ K. Furthermore, since the functions u.; converge to
up = 1 as j — 400 in the sense of (8.5), we obtain that

1>0>u.(r;) — up(r) =1

Jj—+o0

This is a contradiction. Therefore, there exists an 9 € (0, 1] such that u. = 1 in RN \ K.
for every ¢ € (0,g¢) and for every measurable solution u. : RY \ K. — [0,1] of (2.7) (af-
ter identification with its continuous representative). The proof of Theorem 2.6 is thereby
complete. O
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