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Abstract

We consider a bistable reaction-diffusion equation u; = Au + f(u) on RV in the
presence of an obstacle K, which is a wall of infinite span with many holes. More
precisely, K is a closed subset of RV with smooth boundary such that its projection
onto the z;-axis is bounded and that RY \ K is connected. Our goal is to study what
happens when a planar traveling front coming from z; = —oo meets the wall K.

We first show that there is clear dichotomy between “propagation”and “blocking”.
In other words, the traveling front either passes through the wall and propagates toward
x1 = +oo (propagation) or is trapped around the wall (blocking), and that there
is no intermediate behavior. This dichotomy holds for any type of walls of finite
thickness. Next we discuss sufficient conditions for blocking and propagation. For
blocking, assuming either that K is periodic in y := (x3,...,zxn) or that the holes
are localized within a bounded area, we show that blocking occurs if the holes are
sufficiently narrow. For propagation, three different types of sufficient conditions for
propagation will be presented, namely “walls with large holes”, “small-capacity walls”,
and “parallel-blade walls”. We also discuss complete and incomplete invasions.
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1 Introduction

We consider a reaction-diffusion equation on RY, N > 2. in the presence of obstacles. The
problem is formulated as follows:

w=Au+ f(u), zeQ:=RV\K,

1.1
ou _y, e o, (1.1)
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where f € C! is a bistable nonlinearity satisfying, for some 0 < a < 1,
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0, £(0)<0, f'(a)>0, f(1)<0, /Of(s)ds>0. (1.2)

The last condition in (1.2]) implies that f is unbalanced, with u = 1 being more ‘stable’ than
u = 0. The obstacle K is a closed set with uniformly smooth boundary satisfying

Kc{zeRY|0<z <M}, Q:=R"\K is connected, (1.3)
for some constant M > 0. Here and in what follows we shall use the notation

r=(x1,29,...,2n) = (21,y), y=(22,...,TN).

By “uniformly smooth”, we mean that there exists § > 0 such that for every point z* € 92 =
0K, the sets 00N {|z —z*| < §} and QN {|z —a*| < 0} can respectively be expressed locally
as a graph and a subgraph of a smooth function whose derivatives have uniform bounds that
do not depend on z*. We call v the outward unit normal to 2 on 0f).

The condition in guarantees that the one-dimensional equation

possesses a traveling wave solution of the form ¢(z — ct) where ¢ is a positive constant and
the profile function ¢ satisfies

{ ¢"(2) + c¢'(2) + f(9(2)) =0 (z €R),

(1.4)
0<p<1, ¢(—o0)=1, ¢(+00)=0.

It is known that ¢ is unique and the traveling wave profile ¢ is unique up to translation
([10]). Hereafter we set

6(0) = a. (1.5)

Then (1.4]) and (1.5 determine the function ¢ uniquely. Using the same function ¢, one can
construct a special solution of the equation u; = Au+ f(u) on RY of the form

u(t,x) = u(t, 1, g, ..., xn) = (a1 — ct), (1.6)

which we call the planar front solution. The goal of the present paper is to study the behavior
of the planar front solution in the presence of the wall K.

Note that the planar front solution is not a solution of our problem as it does
not satisfy the Neumann boundary condition on 0f). Therefore, in order to formulate the
above question precisely, we have to first construct a solution of that behaves like the
planar front solution when ¢ is sufficiently negative and whose front approaches K as time
passes. The existence of such a solution is the purpose of Theorem [1| below.

This paper is a sequel to our earlier paper [4], in which we considered the case where
the obstacle K is a compact set. As we shall see, the behavior of solutions can be far more
complex in the present case.



1.1 Existence and uniqueness of a front-like entire solution

The following preliminary theorem guarantees the existence of a solution of that behaves
like the planar front solution when t is sufficiently negative. Note that this theorem
holds for any type of obstacle K as long as it lies in the right half space x1 > 0. Therefore
the thickness of K need not be finite.

Theorem 1. Assume simply that K C {x € RY | x; > 0} and that the boundary of
QO =RN\K is uniformly smooth. Then there exists a unique entire solution u of (1.1)
satisfying 0 < u < 1 (x € Q,t € R) and

lim (sup lu(t,z) — Pp(xy — ct)|) = 0. (1.7)

t——00 \ 2cQ)

This solution satisfies i, > 0 for all x € Q, t € R.

Remark 1.1. In our previous paper [4, Theorem 2.1], we stated basically the same result as
above, except that we considered left-bound traveling waves of the form ¢(x1+ct), while in the
present paper we consider right-bound traveling waves that are given in the form ¢(z, — ct).
Apart from this sign difference, the analysis remains the same. However, as there was a small
gap in the proof of [{l, Theorem 2.1] concerning the claim u; > 0, we provide in Sectz’on@ a
complete proof of this theorem which is of independent interest.

Figure (1| shows an image of the front-like solution (¢, x) approaching the wall K. As

Iy

Figure 1: Image of a front-like solution u approaching the wall K.

one can imagine, the combination of the diffusion effect and the nonlinear term can make
the interaction between the front and the obstacle K highly complex.
Since the solution « is monotone increasing in ¢, the following limit exists, which we call
the limit profile:
O(x) ;== lim a(t,x) (limit profile). (1.8)

t——+o00



This function v is a solution of the following stationary problem:

Av+ f(v)=0, ze€Q:=RNV\K
0 1.9
S 0, x € 0f). (1.9)
v
The long-time behavior of the solution % can be understood from this limit profile .
Since © is the limit of @ satisfying ((1.7) and @, > 0, it clearly has the following property:

0<v<1 in Q, lim o(x) =1 (1.10)
T1—r—00
As we shall see later in Theorem [2] either of the following alternatives holds, which we call
“propagation” and “blocking”, and there is no intermediate behavior:

xllir}goo U(I’l, y) -

{ 1 (propagation), (1.11)

0  (blocking).

Furthermore, quite importantly, the above convergence is uniform regardless of the choice of
the wall K so long as it is confined in the region {0 < 27 < M}. As a consequence of this
uniformity, one can show that the limit of a sequence of walls that block the front is again
a blocking wall (Corollary . In other words, the family of blocking walls is closed.
Figure [2| shows a typical image of v for propagation and blocking. The special case of
propagation, where v = 1, is called “complete invasion”; see Subsection for details.
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Figure 2: Image of propagation and blocking. The shaded area indicates the position of K.

Note that the classification between propagation and blocking is defined for the
limit profile of the special solution u. One may then wonder what happens for other solutions.
It turns out that a large class of solutions whose initial support is contained in the region
{21 < 0} converge to the same limit ¢ as ¢ — +oo (Corollary 2.2). Therefore, the notion of
propagation and blocking defined in has much broader relevance.

The question of the influence of the geometry of the domain on propagation for bistable
equations arises in many modeling contexts and has been the object of a host of studies in the
recent years. One of the earliest works on front propagation for bistable reaction-diffusion
equations of the type (1.1 is a paper by Heinze [18]. He considered an array of obstacles
K = eK; periodic in all directions with period . With a homogenization point of view,
Heinze analysed the limit ¢ — 0.



Motivated by some questions arising in the electrophysiology of the brain, Chapuisat
and Grenier [7] introduced a new model with a bistable equation in a domain made up of
two semi-infinite parallelepipeds with square sections. They showed blocking or propagation
depending on the widths of the strips.

These results were then extended by Berestycki, Bouhours and Chapuisat [2] in more
general cylindrical domains which have varying bounded cross sections stemming from a
straight incoming cylinder in the left half-space. They further characterized propagation and
blocking behaviors showing in particular that a gradual opening allows propagation while
an abrupt opening blocks the incoming wave. Pauthier [26] then considered the problem in
cylindrical domains that converge to a half-cylinder in the left half-space, and Hamel and
Zhang [17] dealt with axially symmetric cylindrical domains with unbounded section at one
end. Ducasse and Rossi [§] proved some blocking and oriented propagation phenomena for
the Cauchy problem associated with in periodic domains with compactly supported or
step-like initial data.

As already mentioned, the present paper is a sequel to our previous paper [4], which
concerns the question of propagation in the presence of a bounded obstacle K. The existence
of fronts propagating around a compact obstacle has been investigated for various equations
in [30, 34], while fronts propagating or being blocked in domains with multiple cylindrical
branches have been considered in [12, [13] 20}, B31], 32].

For nonnegative reactions f the first two authors of the paper proved in [3] the existence
of fronts for equations more general than (1.1)), with periodicity in some directions and
boundedness in others.

1.2 Organization of the paper

In Sections [2] [3] [} we present our main results, whose proofs take up Sections [5], [0} [7]
and [9

Our first result in Section [2| establishes the dichotomy ED of behaviors for the limit
profile v defined in . Assuming only that K satisfies ED, we prove Theorem . We
next show in Theorem [3| that this limit profile is minimal among all the positive solutions
of satisfying lim,, , - v(z1,y) = 1. As a corollary of this result, one sees that many
solutions with initial support in the region {z; < 0} converge to the same limit v as t — +o0
(Corollary [2.2).

In Section [3] we give sufficient conditions for blocking. More precisely, if all the holes are
sufficiently narrow in a certain sense, then blocking occurs. For this result, we consider two
cases: the case where the holes of K are localized within a bounded area (Theorem [4) and
the case where K is periodic in y € Rév ~1 (Theorem .

For propagation, we give three different types of sufficient conditions, namely

(a) walls with large holes;
(b) small-capacity walls (or skeleton walls);

(c) parallel-blade walls.



The case (a) is intuitively clear. If the wall has a large enough hole that allows a ball
of radius Ry > 0 to pass through from one side of the wall to the other side, where Ry is a
specific constant to be specified later, then propagation occurs (Theorem @

The case (b) deals with walls that have small capacity. If the capacity of the wall is very
small, then propagation occurs even if there is no large open space in the wall (Theorem @
This is typically the case when the wall is made of dense debris-like objects.

The case (c¢) deals with walls that consist of very thin panels that are parallel to the
r1-axis. For example, in the case N = 2, a parallel-blade wall consists of thin needle-like
obstacles that are all parallel to the xi-axis. Here again propagation can occur even if the
space between the needles is narrow, so long as the needles are thin enough (Theorem .

Figure |3| shows typical images of the above three types of walls.
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Figure 3: (a) wall with large holes; (b) small-capacity wall; (c) parallel-blade wall

We also present a result on complete invasion. More precisely we show that if the wall K
satisfies certain geometrical conditions then we have o = 1 on entire  (Theorem [9). We
note that complete invasion does not occur if K has a reservoir-like pocket as in Figure 8| (b)
(Theorem [10)).

In Section [5, we prove Theorem [I} on the existence, uniqueness, and monotonicity of the
front-like solution (¢, x).

In Section |§|, we prove the dichotomy theorem (Theorem , using a recent Liouville type
theorem by Liu et al [21] (Theorem and a limiting argument.

In Section |7, we prove Theorems 4] and [5| on blocking. The main idea is to construct an
upper barrier, which is a stationary supersolution that tends to 0 as z; — +o00. This barrier
function is constructed by a variational method. This method is inspired by [2, 22], but the
argument is quantitatively more precise and more general than in these earlier references.

In Section [8| we prove the main results for propagation for the above three types of walls
(a), (b), (¢) (Theorems|6 [7}, [B). The proof of Theorem [f]for case (a) is rather straightforward,
and it is based on the comparison principle and a sliding argument, as in [4]. In the proof of
Theorem [7] for case (b), we combine the classical theory of removable singularities on a set
of zero capacity and the above mentioned fact (Corollary that the limit of a sequence of
blocking walls is again blocking. To our knowledge, such arguments have not been combined



previsouly in the study of front propagation for reaction-diffusion equations of the type .
The proof of Theorem [§| for case (c) is based on a rather non-standard comparison argument
which allows us to develop a new version of the “sliding method” (compare [5]). More
precisely, we construct a family of “quasi-subsolutions” w?* that slide along the z-axis and
show that w? remains “nearly below” the limit profile © for all A\ € R. Here, w” being nearly
below ¥ means that the measure of the set {z | w*(z) — v(z) > 0} remains small. Once this
is shown, we have v(xz) — 1 as x; — +oo. In order to make this argument work, we need a
refined version of Poincaré inequality (Lemma , which will be proved in Appendix .
Section [ is devoted to the proofs of Theorems [9 and [10] on complete and incomplete
invasions. The proof of Theorem [9] on complete invasion uses comparison with moving
subsolutions. It is adapted from our earlier work [4, Theorem 6.4], in which we studied
the case of a compact obstacle K. The proof of Theorem [10] on incomplete invasion is also
adapted from our earlier work [4, Theorem 6.5], but the proof here is more general as it
allows us to deal with unbounded obstacles and it is also more precise, in the sense that
geometric quantities guaranteeing the incomplete propagation are more clearly specified.

2 Main results 1: dichotomy theorem

In this section we consider general type of walls of finite thickness, that is, we only assume the
condition , and state Theorem [2[on the classification between propagation and blocking
for the front-like solution u. We then show the minimality of the limit profile © (Theorem
and discuss the long-time behavior of more general solutions (Corollary .

2.1 Dichotomy theorem

We start with the results on the classification of the long-time behavior of the solution .

Theorem 2 (Dichotomy). Assume (1.3)), and let © denote the limit profile defined in (1.8]).

Then one of the following alternatives holds:

lim o(xy,y) =1 (propagation), lim o(x1,y) =0 (blocking).

Z1—+00 z1—+00

Furthermore, the above convergence is uniform with respect toy € RN~ and K so long as K
satisfies (1.3]). More precisely, for any € > 0, there exists M > M that does not depend
on K such that

o(xy,y) € (0,e] Ul —e, 1] for all x; > M®, y e RV, (2.1)
An immediate consequence of the above theorem is the following:
Corollary 2.1. Let Ky, K5, K3, ... be a sequence of smooth walls satisfying

K,c{zeRV|0<x, <M} (j=1,2,3,...)



that converge to a wall K in the Hausdorff distance. Suppose that blocking occurs for
every K; (j = 1,2,3,...) and let v; (j = 1,2,3,...) denote the limit profile for K;. If vy
denotes the limit of any convergent subsequence of {v;}, then

lim  ve(z1,y) =0  uniformly iny € RN, (2.2)

xr1—+00

This result will be exceedingly useful in the proof of propagation for small capacity walls
(Theorem . Combining Corollary and Theorem [3| below, we see that blocking walls
form a closed family. Indeed, suppose that the convergence K; — K. takes place in a
reasonably smooth manner so that v, satisfies the Neuman boundary conditions on 0K .,
and let 7, denote the limit profile for the wall K . Then by the minimality of 0., (see
Theorem [3| below) and (2.2)), we have 0o < v, hence

lim 0 (x1,y) =0,
x1—+00
which means that K is also a blocking wall.

Somewhat similar dichotomy results are also known in other contexts. In [I7], the
propagation of a solution u(¢,z) emanating from the planar front ¢(z; — ct) in a domain
made up of, roughly speaking, a straight half-cylinder {z; < 0, |[y] < R} and a cone
{1 > 0, |y| < R+ Blz1|} (8 > 0) was investigated: in that geometrical configuration,
a dichotomy also holds for the limit profile v(x) of u(t,z) as t — 400, namely, either v = 1
in the domain (complete invasion), or v(x1,y) — 0 as 7 — +00.

Here we derive this dichotomy in Section [6] from a recent general classification of stable
solution of bistable equations in all of space due to Liu, Wang, Wei and Wu [21].

2.2 Minimality of v and the behavior of more general solutions

A notable feature of the limit profile v is its minimality which we now state.

Theorem 3 (Minimality). Let v be a solution of the stationary problem (1.9) such that

O0<ov<1 in €,
v(z,y) =1 as xy — —oo uniformly iny € RN-L

Then v > v in Q.

This property will be proved by using the comparison results for ancient solutions
(Lemma [5.2)).

So far, the notion of propagation and blocking has been defined by means of the special
solution u satisfying . It turns out that a large set of solutions of the initial-boundary
value problem associated with share the same limit profile as . Therefore the classifi-
cation between propagation and blocking has much broader implications. This will be seen
to be a consequence of the minimality property above.

Before stating the result, we introduce some notation. Let H(z), z < 0, be the function
that is defined uniquely by the following conditions:

H"+ f(H)=0 (-oo<2<0), H()=0, lim H(z)=1.

Z—r—00



Such a function exists since f is an unbalanced bistable nonlinearity satisfying . It is
easily seen that H' < 0 and that 0 < H < 1 in (—00,0). The function H is extended by 0
in (0, +00). Next, as will be seen in Section , there exist Ry > 0 large enough and a
radially symmetric decreasing solution ¥ of the problem

AV f(U) =0 (Jz] < Ro),

=0 <|1’| :R0)7
0<V¥<1 (lx| < Ry),
a < ¥(0),

which is of class C? in the closed ball {x € RY : |x| < Ry}. For each point P € Q with
d(P,K) > Ry, where d(P, K) denotes the distance between P and the set K, we define a
function ¥F on Q as follows:

]o otherwise. ’

The function ¥ is then a compactly supported subsolution of (1.1]).
The initial-boundary value problem associated with (1.1]) writes:

u=Au+ f(u), t>0,z€Q:=RV\K,

u(0,z) = up(x), €, (2.4)
ov

Corollary 2.2. Let u be a solution of (2.4) whose initial datum g satisfies

UP(z) <wup(z) < H(zy) for o= (x1,29,...,25) €Q (2.5)
for some P € QN {x; <0} with d(P,K)> Ry. Then

lim u(t,z) = v(x), (2.6)

t—+o00
where v is the limit profile of the special solution u defined in ((1.8)).
An example of g satisfying the condition (2.5)) is illustrated in Figure . Other trivial
examples are ug(r) = H(xy +a) for any a > 0 and ug(x) = U (z) for any P € {z; < —Ry}.
The proof of Theorems [2 and [3] will be given in Section [6]
3 Main results 2: sufficient conditions for blocking

In this section we discuss sufficient conditions for blocking (Theorems [i] and [5]). In addition
to the finite-thickness condition ([1.3]), we assume that either of the following holds:

10



Figure 4: An image of the initial datum wq satisfying ({2.5]).

(K1) (wall with localized holes): there exist a,b with 0 < a < b < M such that {z € R |
a <z <b}\ K is bounded;

(K2) (periodic wall): there exist linearly independent vectors p,, ..., py € {0} x R¥~! such
that
K+p,=K (i=2,...,N) (periodicity in y). (3.1)

For both (K1) and (K2), the blocking is proved by constructing a suitable upper barrier
around the wall. The construction of the barrier is based on an variational argument. The
proofs for the case (K1) and the case (K2) are essentially the same, except that the variational
argument for (K2) is carried out on the unit periodicity cell defined in (3.3)).

3.1 Blocking for walls with small localized holes

In this subsection we consider the case (K1). We repeat our assumption:
{r €RY |a <z, <b}\ K is bounded for some 0 < a <b< M. (3.2)
This includes the case where the wall K has a single hole. We introduce some notation:
Qup ={(z1,y) € Q] a<z <b}, Q:={(x1,y) € Q| x>0}
The domain €, represents the area inside the holes (Figure [5).

Theorem 4 (Blocking for walls with small localized holes). Assume that €y, is a uniformly
Lipschitz domain. Then there exists € > 0, depending on f, b— a and €, such that if (3.2))
holds and || < €, blocking necessarily occurs, where |Q2q5| denotes the volume of Qg p.

It should be noted that the dependence of € on the set €, is quite subtle. In fact, if one
fixes the passage €2,;, even a very narrow one, then it is shown in [2] that an opening from
this passage into the area {x; > M} that is gradual enough will allow the wave to propagate
through the wall. Therefore, the narrowness of the passage €1,, alone cannot guarantee
blocking; whether blocking occurs or not depends on the combination of €2, ; and (2.

11



— = e

v

Qa,b (S

l
l
1

(a) (b)

Figure 5: (a) a wall with a small single hole; (b) a wall with small periodic holes.

We prove the above theorem in Subsection by constructing a barrier function wqg that
is a stationary super solution of the elliptic equation in the region

Q1 ={(x1,y) € Q] x1 > -1}

with wo(—1,y) = 1 for all y € R¥~! and wy(x1,y) — 0 as x; — co. Such a barrier function
blocks fronts as we have u(z,t) < wo(x) for all t € R, z € Q_;.

3.2 Blocking for walls with small periodic holes

Here we assume that K satisfies (3.1)). In what follows, we shall denote the set of vectors
Do, ..., Py by P. We say that a set S C RY (or S € RJ™") is P-periodic if

S=S+py=-=S+py

Thus (3.1)) means that K is P-periodic. We say that a function w(x) = w(xy,y) defined on
a set ' C RY is P-periodic if its domain of definition 2’ is P-periodic and if

w(x) =wx+py) = =wlw+py) foralxzel.

The unit periodicity cell associated with P is a set Cp in R}~ defined by

{O}XCpZ{itipi‘ O<ti<1}. (3.3)

Theorem 5 (Blocking for walls with small periodic holes). Assume that €, is a uniformly
Lipschitz domain. Then there exists € > 0, depending on f, b — a and €y, such that if
Q.5 N {(a,b) x Cp}| < e, then blocking necessarily occurs.

12



As in the previous subsection, we prove this theorem by constructing a barrier function wq
in the region Q_; satisfying wo(—1,y) = 1 for all y € RV~! and wq(xy,y) — 0 as 11 — oo.
As before, the construction of this barrier function is based on a variational argument, but
this time, the variational argument is carried out on the unit periodicity cell Cp.

A wall with a small single hole, and a wall with small periodic holes are illustrated in

Figure

4 Main results 3: sufficient conditions for propagation

Here we discuss sufficient conditions for propagation. As mentioned in the introduction, we
present three different types of walls that allow propagation, namely:

(a) walls with large holes, (b) small-capacity walls, (c) parallel-blade walls.
We begin with the case (a).

4.1 Conditions for propagation (a): walls with large holes

This is a wall such that at least one of its holes is large enough to allow a ball of radius R,
to pass through it. Here the constant Ry > 0 is defined as follows. Consider the problem

AV +f(W) =0 (Jz] <R),
=0 (|z] = R), (4.1)
O<V¥<1 (|x| < R).

This problem has a solution if R > 0 is sufficiently large. To see this, consider the functional

T[] = /MR (%IW\Z - F(\IJ)) dr, F(s) = /Osf(a)do

under the boundary condition ¥(z) = 0(]z| = R). We extend the domain of F' so that
F(s) < 0for s < 0and F(s) < F(1) for s > 1. Since F(1) = maxseg F'(s) > F(0) =0
by the assumption , J[V] takes a negative value if R is sufficiently large. The global
minimizer of J is therefore not 0 for such R, and it is a solution of . Furthermore, W is
a radially symmetric decreasing function and satisfies

a<¥(0)< 1. (4.2)
Now we define
Ry = min{R > 0| (4.1) has a solution}. (4.3)

The existence of the above minimum follows from standard elliptic estimates. The main
result of this subsection is the following:

Theorem 6 (Walls with large holes). Suppose that there exists a continuous curve vy con-
necting some point Py in the region {1 < 0} and some point Py in the region {x1 > M} such
that the distance between K and any point on v is larger than or equal to the constant Ry

defined in (4.3). Then propagation occurs.

13



4.2 Conditions for propagation (b): small-capacity walls

Our second type of wall is a wall of small capacity in a certain sense. Let us first recall the
standard notion of zero capacity in RY.

Definition 4.1 (Set of zero capacity). Let Ky be a compact set in RY. We say that Ky has
zero capacity if the following holds:

inf {/ |Vw|?dz ‘ weC (D), w>1(rekKy), w=0(zxe (’9D)} =0, (4.4)
D

where D is a bounded open set with smooth boundary containing Ko.

As one can easily verify, the condition depends only on Ky and does not depend on
the choice of the open set D D K. It is well-known that, if Ky is a set of zero capacity and
if D is an open set containing Ky, then any bounded harmonic function defined on D \ Ky
can be extended to a harmonic function on D. Similarly, if v is a bounded solution of
Av+ f(v) =0 on D\ Ky, then it can be extended to a solution of Av+ f(v) =0 on D ([29]).

Here are two typical examples of situations in which a set has zero capacity ([28]).

(C1) The m-dimensional Hausdorff measure of Ky is 0 for any m < N — 2;
(C2) Ky is a locally finite union of smooth (N — 2)-dimensional manifolds.

For example, a discrete set has capacity 0 for any N > 2. If N = 3, a locally finite union of
curves (allowing intersections) has zero capacity (the case (C2)).
Our main result of this type of walls is the following:

Theorem 7 (Small capacity walls). Let ¢g > 0 and K® (0 < ¢ < g9) be a family of walls
satisfying
Kec{zeRY|0<x <M}, limsupK*® C K; UK,
e—0
where KCy is a closed set (possibly empty) satisfying the same condition as in Theorem@for
K = Ky, while Ky is a closed set of zero capacity satisfying K1 N Koy = 0. Then for all
sufficiently small € > 0, propagation occurs for K*.

Figure [f] (a) shows an example to which Theorem [f] applies. The wall has a tunnel that
allows a ball of radius Ry to pass through. The dotted line indicates the curve . Figure @ (b)
exemplifies the situation to which Theorem m applies. Here, the same tunnel as in (a) is filled
with debris-like objects. The front penetrates through the debris if its capacity is sufficiently
small. In the special case where K; = (), every part of K¢ has small capacity.

4.3 Conditions for propagation (c): parallel-blade walls

Our third type of wall consists of objects that are very thin (like thin blades, possibly curved)
that are all parallel to the x;-axis. More precisely, it is defined as follows:

14



(a) (b)

Figure 6: (a) wall with a large hole; (b) hole filled with small-capacity debris

(P) Let X C R?JJV ~1 be a closed P-periodic set formed by a locally finite union of smooth

(N — 2)-dimensional manifolds that intersect transversely with one another if they
ever intersect, so that the boundary of each connected component of the set Rév I\ D
is a uniformly Lipschitz manifold. For each small ¢ > 0, let N.(X) denote the e-
neighborhood of 3. Finally, let K¢ (0 < € < g¢) be a family of P-periodic closed sets
in RV with smooth boundary satisfying the following conditions:

K C [0, M] x N.(2) forall 0<e < ey, (4.5)
/ lv-e1]|dS, <ep forall 0<e<eq, (4.6)
OKENAp

where v denotes the outward unit vector to K¢, e; the unit vector in the z; direction,
Ap := R x Cp denotes the infinite cylinder in R" whose cross section is Cp, the unit
periodicity cell, and ; = £1(¢) > 0 is an arbitrary e-dependent quantity that tends
to 0 as € — 0 (see Figure (7).

K K /

Figure 7: Image of a parallel-blade wall (left) and a magnified view of each blade (right).
Ky :=lim._,o K¢ has positive N — 1 Hausdorff measure, therefore its capacity is positive.

The main theorem for this type of wall is the following;:

15



Theorem 8 (Parallel-blade walls). Let the family of P-periodic obstacles K¢ satisfy (4.5))
and (4.6). Then for all sufficiently small ¢ > 0, propagation occurs for K¢.

Remark 4.2. To give the reader an idea of what the conditions (4.5) means, let us consider
the case N = 2. In this case, X is a discrete set of points and [0, M] x X is a set of line
segments that are all parallel to the x1-axis and are aligned periodically in the y direction. The
condition implies that K¢ consists of objects that are contained in an € neighborhood
of those line segments, therefore they are all thin objects of thickness at most 2¢. The
condition implies that the surface of those thin objects are rather flat in the middle
part, while around their edge the surface can have many tiny bumps so long as the total
length of the boundary around the edge remains small. In the case N = 3, walls consisting
of thin parallel panels and also those with honeycomb structure are typical examples of K¢.

4.4 Complete invasion

In this subsection we give a sufficient condition for the limit profile v to be identically equal
to 1, which we call complete invasion.

Definition 4.3. K is called directionally convex in the direction x1 if, for some a € R, the
following holds. Here e, denotes the unit vector parallel to the xy axis.

(i) for every line A parallel to ey, the set K N A is either a single line segment or empty;

(i) KNn{z € RN | 21 = a} = n(K), where ©(K) is the orthogonal projection of K onto

the hypersurface x1 = a.

D

d 441

(a) (b)

Figure 8: (a) Directionally convex objects; the dotted line indicates the hyperplane z; = a.
(b) A wall that has a reservoir with narrow entrance, which prevents complete invasion.
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Note that the above condition is slightly more stringent than the usual notion of “direc-
tional convexity” because of the second condition K N {z | 21 = a} = 7(K). An example of
directionally convex objects is given in Figure 8] (a).

Theorem 9 (Complete invasion). Assume that K is directionally convez in the direction x;.
If propagation occurs, then v(x) =1 for all x € S).

Essentially the same result is proved in our earlier paper [4, Theorem 6.4]. Though the
paper [4] dealt with the case where K is a compact obstacle, the proof remains the same.
The proof of Theorem [0 will be given in Section [0} We think that complete invasion occurs
for a much broader class of K than just directional convexity. On the other hand, as shown
in |4, Theorem 6.5], complete invasion does not occur if part of K has a reservoir-like shape
with narrow entrance (see Figure |8 (b)). Here we state this result in a somewhat vague
manner. A more precise statement of this theorem is given in Theorem [0.1] in Section [9

Theorem 10 (Incomplete invasion). Assume that part of K has a reservoir-like configuration
as shown in Figure@ (b). If the entrance of this reservoir is sufficiently narrow, then complete
imwasion does not occur. More precisely, the value of v remains close to 0 inside the reservoir,
even if propagation occurs. In other words, there are such cases that 0 < v < 1 on €2, while
o(x) = 1 as v1 — +oo.

The above theorem can be proved by constructing an upper barrier around the mouth of
the reservoir, in precisely the same style as in the proof of Theorem [5| for blocking.

5 Proof of Theorem [1

Here we prove Theorem [1{ concerning the entire solution u satisfying . As we mentioned
in the introduction, the same result appears in our earlier work [4, Theorem 2.1]. The
statement of [4, Theorem 2.1] was completely correct, along with the proof of the existence
of such an entire solution. However, there was a gap in the proof of the monotonicity of (z, t)
in t; see Remark for details. In this section we give a complete proof of this theorem.
As we shall see, the monotonicity and uniqueness follows easily from the property

(Proposition [5.1).

5.1 Proof of the existence

The proof of the existence of u satisfying goes exactly along the same line as in the
proof of Theorem 2.1 of [4], except that ¢(x; + ct) in [4] is replaced by ¢(x; — ct) here. We
prove the result under a slightly more general assumption that f is a multistable nonlinearity
that simply satisfies the following conditions:

{f(o) =f(1) =0, f(0) <0, f(1) <0,

5.1
there exists a function ¢ defined on R satisfying (1.4]) for some ¢ > 0. (5:1)

In other words, we assume that the one-dimensional equation u; = ., + f(u) possesses a
traveling wave of speed ¢ > 0 connecting 0 and 1.
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We construct the entire solution @ as a limit of a sequence of solutions (u,,)nen of the
Cauchy problem that are defined for —n <t < 400 and are trapped between some sub-
and supersolutions. Such an approach is found in [I5] [16] for the construction of new entire
solutions of the Fisher-KPP equations, and also in [I1) I4] for the construction of entire
solutions of a bistable reaction-diffusion equation having a pair of mutually annihilating
fronts. For the supersolution, we rely in part on a technique of Guo and Morita [14]

Proof of the existence. As in [4], we introduce some auxiliary notations. Let

c+ /2 —4f'(0)

\ =
2
be the positive root of the equation A\* — cA + f/(0) = 0, let
7= log—C € (—00,0)
=—1o —00
Ne Be + M, ’

with M; > 0 being a free parameter to be chosen later, and let

1 c
)=~ log—
() 8 M, et

The function ¢ is well defined in (—oo,T] and it solves the equation
€)= My ) in (—00,T), with &(—o0) =0,
Notice also that the function t — ct + £(t) is increasing in (—oo, 7] and that
ct+&(t) < T +&T)=0 foralt<T.

Now let
H={zeR" |21 <0}={zeQ]|z; <0}

and define two functions w~ and w™' by

~(t.1) = p(xy — ct +E(1t) — p(—xy —ct +&(t)) fort <T, xz € H,
R 0 fort <T, 2€Q\H,

w(t,z) = G(z1 —ct —E(t) + ¢(—a1 —ct —£(t) fort <T, z€H,
o 2¢(—ct —&(1)) fort <T, 2€Q\H.

Notice that w™ > 0 in (—o0o,T] x H since ¢ is decreasing, while w* > 0 in (—o0,T] x Q,

and that w® are both continuous in (—oo, T’ X Q. Furthermore, both functions w* are of
class C? in (—o0,T] x (Q\{z1 = 0}), w™ is of class C* in (—o0, T] x Q, and
v-Vw* =0 on (—oo,T] x 09 (5.2)

since 9 C RV\ H and w* do not depend on x in (—oo,T] x (Q2\ H). Note also that

0<w (t,r) <wh(t,z) on (—oo0,T]x Q (5.3)
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and that
lim sup |w(z,t) — ¢(x1 — ct FE())| = 0. (5.4)

As shown in [4, Lemma 2.2], if M; > 0 is chosen sufficiently large, there exists 7" with
T < T (< 0) such that the following inequalities hold, the proof of which is omitted here:

wi > Aw" + f(w?) in (—oo, T'] x (Q\{z1 = 0}),

w, < Aw” + f(w”) in (o0, T"] x (Q\{z1 = 0}).

We fix such M; and 77 < 0 in the sequel. Note that w~ has a positive derivative gap at
x1 = 0 in the sense that lim,, ,o- (w™ (¢, z1,y) —w ™ (¢,0,y))/z1 < 0 = limy, o+ (W™ (t, 21,y) —
w™(t,0,y))/x; for every t < T and y € R¥~! such that (0,y) € Q. Therefore, the above
inequality together with implies that w™ is a subsolution of in the time range
—oo <t <T'. Also, since w" has no derivative gap at x; = 0, the above inequality and
imply that w* is a supersolution of in the time range —oco <t < T".

Now, for n > —T", let w, (¢, x) be the solution of for t > —n with initial data

Up(—n,z) = w (—n, ). (5.5)

By (5.3)), we have w™(—n,x) = u,(—n,z) < wt(—n,x). Since w™ (resp. w™) is a sub- (resp.
super-) solution, the comparison principle implies

w(t,z) <up(t,r) <w'(t,x) for t€[-n,T], x€Q. (5.6)
Setting t = —(n — 1) in the above inequality yields, for n > —7" 4 1,
U (—n+1,z) >w (—n+1,2) = u,_1(—n + 1, x).
Applying again the comparison principle, we obtain
U (t,7) > up_1(t,z)  for t€[-n+1,T], v €Q.

Hence the sequence u,(t, z) is monotone increasing in n. Letting n — oo and using parabolic
estimates, we see that this sequence converges to an entire solution defined for ¢t € R, x € ,
which we denote by u(t, x). Letting n — +o0 in (5.6]) gives

w(t,z) <u(t,z) <wh(t,z) for t € (—o0, T, v €.

This, together with (5.4), and that fact that £(¢) — 0 as t — —oo show that u satisfies ((1.7]).
The proof of the existence is complete. O

5.2 Proof of uniqueness and monotonicity

The uniqueness and time monotonicity of % in Theorem [l are direct consequences of the
property (|1.7)). More precisely, the following proposition holds:
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Proposition 5.1. Let u be an entire solution of (1.1)) satisfying (1.7)). Then u; > 0 for all
t € R, x € Q. Furthermore, there exists only one entire solution of (1.1)) that satisfy (1.7).

The above proposition follows from Lemma below. This lemma will also play an
important role in the proof of Theorem [3] (the minimality of ©) and Theorems [4] and [5|
Before stating the lemma, we introduce some notation. Let dy € (0, %) be such that

f'(s) <0 for se]0,d)]Ul[l—d1]. (5.7)
As before, we use the notation x = (x1, 2z, ...,2xx) = (21,y), where y = (z2,...,2yN).

Lemma 5.2 (Comparison of ancient solutions). Let u(t,z),u(t,z) be solutions of (I.1)
defined on (—oo,T| x ) for some T € R and satisfying 0 <u <1,0<u < 1.

(i) Assume that there exist a continuous function a(t) such that
u(t,z) <u(t,z) (Vte (—oo,T], x € QN{x =alt)}),

1 -6 <u(t,x) <1 (Vte (—oo,T],z€Qn{r; <a(t)}),
Then
u(t,z) <u(t,xz) forall te (—o0,T],ze€QN{x; <alt)}
(ii) Assume that there exist a continuous function b(t) such that

u(t,z) <u(t,z) (Vte (—oo,T], z € QN{xy=0(t)}),

0<u(t,z) <y (Vte (—oo, T, zeQN{xy>0(t)}).

Then
u(t,z) < u(t,z) forall t € (—o0,T], z€ QN {xy >b(t)}.

Note that the above lemma is different from the standard comparison principle, as it is
concerned with ancient solutions that do not have initial data. To our knowledge, Lemma [5.2
is new. It nevertheless has some similarities with the comparison results in [25, Lemma 5.9
and [3, Lemmas 3.2 and 3.4]. These results establish comparison of a pair of stationary
solutions whose values are ordered on the edge of an unbounded domain. However, they do
not deal with more general ancient solutions of a parabolic problem as we do here.

Proof of Lemmal[5.9 Since f' < 0 on the compact set [0, 0] U [1 — g, 1], there exists ¢ > 0
such that
f'(s) <=0 for se0,d]U[l— bl

We first prove (i). Let w(t, x) := u(t,z) — u(t, ). Then w satisfies
wy =Aw+ h(t,x)w (t € (—o00,T], z € QN{xy <a(t)}),
where

h(t, ) = /O £ (sult, ) + (1 — 8)i(t, ) ds,

20



along with the boundary condition
w(t,z) <0 (t€ (oo, T], z€n{x; =a(t)}). (5.8)

Also, since 1 — g < u <1 and u < 1, we have w < §y. It suffices to show that w < 0.
Suppose that w(t,z) > 0 for some t € (—o0,T], v € QN {z; < a(t)}). Then we have
1 -9y <u(t,z) <wu(t,x) <1, which implies h(t,z) < —o. It follows that

wy < Aw — ow wherever w > 0. (5.9)
Now we choose T} < T arbitrarily and define a function n(t, z) = doe=°*="1). Then
m=-—-on=An—on, (te[l1,T],ze€Qn{x; <a(t)}).
Note also that

n(Ty,z) =0 > w(Ty,z) (xe€Qn{x; <a(Th)}),

n(t,a(t),y) > 0>w(talt),y) (t€[T1,T], (at),y) € ),
an ow

5(75,@ = E(t,x) =0 (te[Th,T], z€dQn{x <a(t)}).

Thus, in view of , 1 acts as an upper barrier for w. Consequently,
w(t,z) < nt,z) = doe T (t € [T}, T], z € QN {2 < alt)}).
Recall that T} € (—o0,T) is arbitrary. Letting 73 — —oo, we obtain
w(t,x) <0 forall te€ (—oo,T],ze€QN{xs <a(t)}.

Since w is not identically 0 by virtue of (QN{zy =&} # 0 for every € € R), the strong
maximum principle implies w < 0. The statement (i) is proved.

The statement (ii) is proved in the same manner, by simply replacing the region QN{z; <
a(t)} by QN {z; > b(t)}. All we have to show is that w = u —u < 0 for x; > b(t). Since
0<u<dpand 0 <u <1, wehave 0 <u < u < d§ whenever w > 0, which implies . The
conclusion w < 0 then follows by arguing as above. The proof of Lemma|5.2|is complete. [

Now we are ready to prove Proposition [5.1]

Proof of Proposition[5.1. We begin with the proof of @, > 0. Let dy > 0 be as in Lemma[5.2]
We recall that ¢ satisfies the condition (1.5)), that is, ¢(0) = a. Let L > 0 be such that

J J
1—50§¢(z)<1 for z € (—oo,—L], O<q§(2)§§0 for z € [L,+00)
and define a(t) = ct — L, b(t) = ¢t + L. Then

1—

o | S

<@rg —ct) <1 if 23 <al(t), 0<@(z;—ct) < % if x> b(t).
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Now let 7 > 0 be a constant. Then since ¢ is monotone decreasing, we have
d(xy —c(t+71)) — p(xy —ct) > 0.

Since (¢, ) converges to ¢(z; — ct) and u(t + 7, ) to ¢(z1 —c(t + 7)) as t — —oo uniformly
on ), we see that, for any sufficiently small 7 > 0, there exists 7' < 0 such that

1—6 <u(t,z), u(t+7,2) <1 for t€ (—oo,T], v € QAN {x; <a(t)}, (5.10)
0<a(t,z), u(t+7,0) <dy for t€ (—oo,T], v € QN {x; >b(t)}, (5.11)
u(t 4+, .7:) —a(t,x) >0 for t € (—o00,T], z € QN{at) <z <bt)}. (5.12)

Combining (5.10), (.11), a(t + 7,a(t)) — a(t,a(t)) > 0, u(t + 7,b(t)) — u(t,b(t)) > 0 and
applying Lemmavvlth u(t x):=u(t+7,x) and u(t, z) := u(t, z), we see that au(t+7,z) —
u(t,z) > 0if t < T and if 21 < a(t) or zy > b(t). This, together with (5.12)), implies

u(t +7,2) —u(t,r) >0 for t € (—o00,T], z € Q.

By the comparison principle, the same inequality holds for ¢ > T". Therefore u(t+1,x) —
u(t,z) > 0 for all t € R and = € Q. Consequently

u(t +7,x) —u(t, ) -

U (t, ) = lim

t( ) 70t T

Since w; is not identically 0, the strong maximum principle implies u; > 0.
Next we prove the uniqueness. Suppose that u satisfies

lim sup |u(t, z) — ¢(x; — ct)| = 0.
l=—00 1)
Then, by setting u(t,z) = u(t + 7,2), u(t,x) = u(t,z) and applying Lemma as above,
we see that u(t + 7,7) > @(t,z) on R x Q for all sufficiently small 7 > 0. Letting 7 — 0, we
obtain @ > @. Similarly, by setting u(t,z) = u(t + 7, x), u(t,z) = u(t,z), we obtain u > .
Thus we have u = @ and the proof of the uniqueness is complete. O

Remark 5.3. As mentioned earlier, Theorem 2.1 of our earlier paper [J] states the same
results as Theorem here. However, there was a gap in [4|] in the proof of the monotonicity
of uint. The gap in [{)] lies in the claim that the subsolution w™(t, z) used in the construction
of the entire solution u is monotone increasing in t. This is not true and we cannot infer
from it, as in [{], that the function u, defined by satisfies (uy); > 0.

There are different ways to fill the gap. The quickest way is to simply modify the definition
of uy, in (5.5), i.e. uy(—n,z) =w"(t,x), as

Up(—n,x) = sup w (s, x). (5.13)

s<—n

Then it is easily seen that u, satisfies (uy); > 0 andw™ < u,, < w' as desired. As a matter of
fact, the same idea of defining u,, as in (5.13)) is also found in the proof of Theorem 5 of one of
the present authors’ earlier paper [23] for constructing a monotone increasing orbit emanating
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from an unstable equilibrium point in an order-preserving dynamical system. The same idea
is also found in more recent papers including [9, [17]. In the present paper, we have taken a
different and new approach, which is to keep the existence proof in [4] as it is and to derive
the monotonicity of u directly from the property . An advantage of this approach is that,
once Lemma (on the comparison of ancient solutions) is established, the uniqueness, as
well as the monotonicity, can be derived simultaneously from (1.7)). Furthermore, Lemma
turns out to be a powerful tool. In fact, it will also play an important role in the proof of the
minimality of © in Theorem[3 as well as for the blocking results of Section |7

The method of proof we introduce here is of independent interest and could be applied in
other situations as well.

6 Proof of the dichotomy theorem

In this section we prove Theorem [2] (dichotomy theorem), Theorem (3| (minimality of the limit
profile v) and Corollary (behavior of more general solutions). Throughout this section,
we only assume that K satisfies (1.3]) (finite thickness) besides the smoothness of 0K.

6.1 A Liouville type result

Before proving Theorem [, we recall a recent result by Liu et al [2I] on a Liouville type
theorem. Let v be a solution of the following equation on the entire space R¥:

Av+g(v)=0 in RY (6.1)

where g : R — R is a C! function whose zeros are all isolated. In order to define the stability
of the solution v, we consider linearized eigenvalue problems of the following form in balls By
of radius R with the Dirichlet boundary conditions:

{ —A¢—g'(v)p = Arp, with ¢ >0 in By,

(6.2)
p=0 on 0Bg.

Definition 6.1. We say that a solution v of (6.1)) is stable if the principal eigenvalue A = Ag
of the problem (6.2)) satisfies Ag > 0 for all R > 0.

Notice that this notion of stability is defined in a weak sense as it allows Ag to be 0.

Theorem 6.2. ([21, Theorem 1.4]) Let v be a bounded solution of
Av+gv)=0 in RY

that is stable in the sense of Definition[0.1 Assume that the one-dimensional equation
w4+ g(w)=0 in R (6.3)

does not have any non constant bounded stable solution. Then v is a constant.
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Our nonlinearity f (extended by f(s) = f'(0)s for s < 0 and f(s) = f'(1)(s — 1) for
s > 1) clearly satisfies the assumption of the above theorem. Indeed, since f is an unbalanced
bistable nonlinearity, there is no front-like stationary solution. Therefore, any non-constant
bounded solution w of with g = f is either periodic or symmetrically decreasing to 0
at +o0o. In either case, w is not stable. Thus, we have the following corollary:

Corollary 6.3. Let f be as in (1.2)) and let v be a bounded solution of
Av+ f(v)=0 in RY (6.4)
that s stable in the sense of Definition|6.1| with g = f. Then either v =0 or v = 1.

Proof. By Theorem [6.2] v is a constant. Therefore v is either 0 or o or 1. By the stability
assumption, v = « is excluded. O

6.2 Proof of Theorem [2

Proof of Theorem[3 Suppose that (2.1)) does not hold for some ¢ = gy > 0. Then there
exists a sequence of walls

K,C{zeRY|0<x <M} (j=1,2,3,..))

and a sequence of real numbers b; — oo such that the limit profile v; corresponding to the
wall K satisfies
€0<’Uj(bj,yj)<1—€0 (j:1,2,3,)

for some y; € RYV~!. Define a function w;(z) = w;(z1,y) on {(x1,y) | M —b; <1 < 00,y €
RN} by w;(x1,y) = vj(x + bj,y + y;). Then w; satisfies

ij + f(w]) =0 (($1,y) < (M — bj,OO) X RN_l) , o < U}](0,0) <1-— £0-

Since wy, ws, ws, ... are uniformly bounded, we can choose a subsequence of (w;);en that
converges locally uniformly in the C? sense to a function w., on RY satisfying

Awe + f(wse) =0 (v € RY) (6.5)

along with the inequality
g0 < W (0,0) < 1 — &o. (6.6)

Recall that each v; is a limit as ¢ — +o0 of a sequence of monotone increasing in time
solutions u;(t,z). It follows that, for any ball B included in {z € RY | a3 > M}, the
principal eigenvalue of the operator —A — f’(v;) in B with Dirichlet boundary conditions
on B is nonnegative. Since b; — oo and f'(w;) — f'(ws) locally uniformly in RY as j — oo,
one gets that, for any ball B C R¥, the principal eigenvalue of the operator —A — f'(ws)
in B with Dirichlet boundary conditions on 0B is nonnegative. In other words, ws is a
stable solution of in the sense of Definition . Consequently, by Corollary we
have either w,, = 0 or w,, = 1, but this contradicts the inequality . This contradiction
proves Theorem O
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6.3 Proof of Theorem [3] and Corollary

In this subsection we prove Theorem [3| on the minimality of the limit profile v and Corol-
lary on the long-time behavior of solutions of the initial value problem ([2.4).

Proof. Let 6 € (0, %) be the constant that appears in , and let a < 0 be such that
1—0p <w(z) <1 forall reRY with z; <a.
Next choose T' < 0 sufficiently negative so that
0<u(t,r) <o forall te (—oo,T|, z€Q with 1 > a.
Such T exists since u satisfies . In particular, we have
u(t,a,y) < v(a,y) forall t€ (—oo0,T].yc RV
Applying Lemma (i) in the region x; < a and (ii) in the region x; > a, we see that
u(t,z) <wv(zx) forall te (—o0,T], xe€ Q.

By the comparison theorem, the above inequality holds also for ¢ > T, hence u < v every-
where. Consequently, v = lim;_, ;o & < v. The theorem is proved. O

Proof of Corollary[2.3. We first show that H < v in the region 21 < 0. Let &y > 0 be as
in (5.7) and choose @ < 0 such that

1 -9 <ov(x) <1l foral ze€Q with z; <a.

For each A < 0, define H*(z) = H*(z1,y) = H(x, — A\, y). Then H” is defined in the region
1 < X and satisfies 0 < H* < 1. Note also that

H%a,y) =0 < v(a,y) forall ye RV

Applying Lemma [5.2] to & = v and u = H, we see that H* < v in the region z; < a. Now
we let A vary from a to 0 continuously. Then, by the strong maximum principle, the graph
of H* remains strictly under that of ¥ as A varies from a to 0. Consequently,

H(z) = H(z) < o(z) forall € Q with x; <O0.

Next let U” be the solution of whose initial data is ' (z) := ¥(z — P). Since ¥"
is a subsolution, UP(¢,x) is monotone increasing in ¢. This, together with the fact that
VP < H < v, we see that U” converges as t — +0o to some positive solution V¥ of
satisfying

P < VP <o on Q. (6.7)

Now we choose an arbitrary point @ in Q@ N {z; < —Ry}, where Ry is the constant

defined in (4.3)), that is, the radius of the support of ¥ and ¥”. For each s € [0, 1], let
P(s) = (1 — s)P + sQ be the interpolation point between P and @, and consider the
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family of subsolutions {\I/P(S)}se[o,l]. At s = 0, we have PO < VP by . As s increases
continuously from 0 to 1, U¥) remains strictly below V* since otherwise the graph of W¥(")
touches that of V¥ from below for some s = s*, but this is impossible by the strong maximum
principle. Hence W@ < V? for all Q in QN {x; < —Ry}, which implies

VP(z1,y) > V(0) >a forall z; < —Ry, ye€ RY!
since max, ¥¥(z) = max, ¥(r — Q) = ¥(0) > a; see ([4.1) and (4.2). Since f(s) > 0 for

a < s < 1, the above inequality and a comparison argument imply

lim VP(zy,y) =1

r1——00

Hence, by Theorem [3, V¥ > 4. Therefore V¥ = v by (6.7) . In other words,
lim UF(t,2) = v(x).
t—ro0

Since UF < wy < 9, we have UP(t,z) < wu(t,r) < v(x) by the comparison principle.
Hence (2.6 holds. The corollary is proved. O

7 Proof for blocking

In this section we prove Theorems [4] and [f] on the blocking of fronts. We first consider
the case where the holes of K are localized (Theorem , then discuss the case where K is
periodic in y (Theorem . Actually, the two cases are quite similar.

The blocking phenomenon in bistable equations caused by a narrow passage was first
demonstrated rigorously by Matano [22] for dumbbell-shaped bounded domains. Later, sim-
ilar blocking results in bounded dumbbell-shaped domains were obtained by many authors
including [19, 24]. The works of Berestycki, Bouhours and Chapuisat [2] and Hamel and
Zhang [17] discuss blocking phenomena for traveling waves that propagate through a semi-
infinite cylinder-shaped domain (for z; < 0) having a wide opening at the end, with bounded
or unbounded section as z; — +0o0.

The main idea of the proof of blocking in the present paper is to construct a barrier
function, denoted by wy, that is a stationary supersolution of the elliptic equation in the
region Q_1:=Q N {z; > —1} with wy(—1,y) = 1 for all y € R¥~ and wy(z;,y) — 0 as
x1 — 400. More precisely, wy is a solution of the problem

Awg + f(’wo) =0, reQ_1=0nN {.Tl > —1},
awo

8_ =0, .feaK:aQ,lﬂ{iCl > —1}, (71)
v
wO(_17y) = 17 yERN717
satisfying
wo(z1,y) = 0 as x; — +o0. (7.2)

In the case where K is P - periodic, this solution further satisfies

wo(x1,y) is P-periodic in y. (7.3)
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Once this barrier function is obtained, we can compare wy and @ in (|1.7) and, by using
Lemma (ii), it will follow that v(x) < wy(z) for all z € Q_;. Therefore the existence of
such a barrier function wy clearly implies blocking.

We present two different methods for constructing the barrier function wg. Both methods
rely on a variational argument for essentially the same energy functional but under different
constraints. The first method uses a constraint that is an extension of the one found in [22),
Theorem 6.2]. The second method goes along the same line as in [2], but the argument is
given in a more precise and more general manner. Each of the two approaches is interesting
in its own right and they may lead to different ways of generalizing the results in future
studies.

We begin with the case where the holes of K are localized in a bounded area using the
first method. We will apply the second method to treat the case where K is periodic. But
both methods can be used as well to prove the other cases with only minor modifications.

7.1 Blocking, the first approach: proof of Theorem

To start with, we observe that we can extend f linearly outside the interval (0,1), that is,
we set

f(s) = f'(0)s for s <0, and f(s) = f'(1)(s —1) for s > 1. (7.4)
Define i
F(s) :—/0 f(r)dr.

By the condition ([1.2)), the function —F' possesses a local minimum at s = 0, a global
minimum at s = 1, with

0=—F(0) > —F(1),
and one local maximum at s = «, with —F'(«) > 0. By (7.4]), one has that
— F(s) > As®> — B, (7.5)
1

where A = 5 min(|f'(0)|,[f(1)|) and B is some constant. We choose constants p > 0, o > 0

and 0 € (0, a] such that
— F(s)+u(s—0)* >0 forany s€R. (7.6)

Such constants exist since —F(s) > 0 for s € (0,a] and —F' is bounded from below (see

Figure[d). From (7.6) and —F > 0 in (—oc, ], it follows that

—F(s)+pu(s—35)?2*>0 forany s€R, 5¢€ (—o0,d]. (7.7)

A key ingredient in this approach of blocking is the following decomposition of €2, :=
QN {z, > b} (see Figure [10).

27



—F(s)

Figure 9: Graph of —F

Lemma 7.1. Given p > 0, there exists a decomposition of €2, into a union of bounded
subdomains D; C (0 (j =1,2,3,...):

DinD;=0(i#j), cl|JD;, (7.8)
j=1

with the following properties:
(1) The D; have uniformly Lipschitz boundaries,
(i4) Dmin = inf; | Dj| > 0, Diay := sup; | D;| < oo,
(iii)
/ VoPdr > 2u/ (6— ) dr, forallée H'(D;) (j=1,23,..), (1.9)
D; D;
where ¢; := | D;| ™ ij ¢ dx denotes the average of ¢ over D;.

Proof. The inequality ([7.9) is a Poincaré~Wirtinger inequality. Therefore, it is equivalent to
the inequality:
pi(Dj) > 2p for all j e N.

where y1(D;) is the first positive eigenvalue of —A on D; under Neumann boundary condi-
tions. Actually, this eigenvalue is defined by the above inequality in the sense that it is the
minimum of the Rayleigh quotient over functions in H'(D;) of null average.

If D is a bounded Lipschitz domain, by the Szegé—Weinberger inequality [33], we have
p1(D) < py(B), where B is a ball that has the same volume as D. This means that

m(D) < (%) ; p1(B),

where B; denotes the unit ball in RY. Thus, a necessary condition for (7.9) to hold is

N

J 2/UL
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Hence, for to hold, we have an upper bound on the volume of D;. However, this volume
constraint is not enough to guarantee . For example, even if a Lipschitz domain D has a
small enough volume, p; (D) can be very small if it is a long thin object, or if it is dumbbell-
shaped with a narrow middle part. If D is a convex domain, then, by [27], we have

pu(D) = * (diam(D))

where diam(D) denotes the maximal diameter of D, hence (7.9)) is satisfied if diam(D;) is
not too large. For more general Lipschitz domains D, a similar uniform lower bound

(D) = C (diam(D)) ™

is given in [I, Proposition 3.2], where the constant C' depends only on the “fatness” of D.
Here, roughly speaking, the fatness of a Lipschitz domain D is measured as follows. Let
r, L > 0 be such that for every zo € 9D, the set D N {|z — z¢| < r} is expressed as an
epigraph of a function whose Lipschitz norm does not exceed L. (Here r > 0 is uniform for
all xg € 0D.) Then the fatness of D is measured by @ := diam(D)/r and L. (D is fatter
if @, L are smaller.)

Thus, in order to construct a decomposition (D;);—123, . satisfying the conditions (i)-
(iii) of Lemma it suffices to cover the exit area of ),; around each hole by relatively
fat Lipschitz domains of proper sizes. This is possible since €, is assumed to be uniformly
Lipschitz. In the region away from K, we can simply set D, to be rectangles or parallelepiped

domains of the same size that fulfill the condition ([7.9)). O
D,
K
Qa,b
Ds

Figure 10: The domains (D;),—1 2, covering the region (2.

We are now ready to prove the main result of this section.

Proof of Theorem[f] We first recall the assumption of the theorem: €, is bounded and

Qus| < e, (7.11)
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where the value of ¢ is to be specified later. We define a functional

Jo(w) = /m{ml@} ('V;”‘Q — F(w) + F(l)) dz + /Q (@ - F(w)) dv, (7.12)

where w varies in the set

X ={we H..(Q1) | w(-1,y) =1 for (almost) all y € RV},

If w satisfies |
wj::m/ wdr < forall j=1,2,3,..., (7.13)

then, by (7.7) and (7.9)), we have
[Vwl® — N2
5~ F(w) ) dx > (1w — w;)* — F(w)) dz > 0. (7.14)
D D

J J

Hence, the second term on the right-hand side of (7.12)) can be defined as the following sum:

(5 o) (5 o)

Furthermore, since W (s) attains its global minimum at s = 1, we have

/Qﬂ{—1<:c1<b} (W;UP — Flw)+ F(1)> dz 2 0. (7.15)

Therefore the functional J_;(w) in (7.12)) is well-defined with values in [0, +00], provided
that w satisfies the constraint ((7.13]). For each § € (0, a|, we define:

X5 :={w € X | w satisfies (7.13)}. (7.16)

Next we define a function ¢ by

1 it —1<ux <a,
b_
(@) = Clany) = § 7 D g<a <b, (7.17)
— a
0 it 2 >0

This function clearly belongs to X for any ¢ € (0, o] and satisfies

J(0) = /m{agmb} (@ _FO) + F(l)) do < e <ﬁ ~ F(a) + F(l)) |

Now we consider the following minimization problem:

Minimize J_;(w). (7.18)

weXs

We require the following.
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Lemma 7.2. There exists a global minimizer wqy of problem (|7.18|).

Proof. Let w, be a minimizing sequence, and let Jp,(w) (j = 1,2,...) and Jy(w) denote the
left-hand side of and , respectively. The nonnegativity of these energies implies
that Jp,(w,) (j = 1,2,...) and Jy(w,) are uniformy bounded as n varies. Hence, by (7.5),
wy, is bounded in H'(Q N {-1 < z; < b}) and also in H'(D;) for all j. Therefore, by a
diagonal extraction procedure, we can strike out a subsequence which we denote again by
wy, such that w, converges to some wp, weakly in H'(Q N {-1<z; < b}) and in H'(D;),
for all j, and w, converges a.e. pointwise to wy in Q_y, together with wy(—1,y) = 0 for
almost all y € RY from the compactness of the trace operator from H'(QN{—1 < z; < b})
to L2 ({x; = —1}). We then conclude by Fatou’s Lemma that wy is a global minimizer of

problem ([7.18)). O

Let us return to the proof of Theorem 4l Let wq be the global minimizer. Since ¢ belongs
to X, we have

OSJAWQSLJQSE(Q]’ —puw+Fm). (7.19)

(b—a)

We claim that the condition ([7.13)) holds strictly for wg, namely
1
wwk—j/WM<5@_m&mx (7.20)
“|Djl Jp,

if £ is chosen sufficiently small. To see this, suppose the contrary. Then

1
| D

By (78), (7). and (T21), we have
Vwp|?
/ <@ - F(wo)) dx > / (1(wo — Wo 5)* — F(wo)) dz > o|Dj-
D D

Wo,j =

/ wodx =6 for some j* € N. (7.21)
Dj*

Y

2

i

while, by ([7.7) and (7.13)), we have, for all j € N,
2
/ (M — F(wo)) d.CL’ Z / (/JJ(’UJO — 11_)073‘)2 — F(wo)) dI‘ 2 0
D D

. 2 .
J J

This, together with (7.15)), implies

J_l(wo) Z O'|Dj* Z O-Dmin‘ (722)
Now we choose ¢ > 0 sufficiently small so that
1 -1
Dpin | =—— — F F(1 : 2
e<o (2(()—&)2 () + F( )) (7.23)



Then ([7.22)) contradicts ([7.19). This contradiction proves that ([7.20]) holds, provided that ¢
has been chosen to satisfy (7.23)). This implies that wy lies in the interior of X in the H}
topology, hence it satisfies the following Euler-Lagrange equation:

Awg + f(WQ) =0, x € Q_q,

ow
8_; —0, €00 N{xr > -1},
w0<_1,y) =1, ye RN_I’

along with the constraint . The previous properties, together with elliptic estimates,
the strong maximum principle and , then entail that w is bounded in €2_; and satisfies
0<'lU0<1iIlQ_1.

Next we compare wy and « in . If we choose T sufficiently negative, we have

0<a(t,z) <d forall te (—oo,T],ze€Qy=0n{x; >—1}, (7.24)
where dy is the constant introduced in (5.7]). Furthermore,
u(t,z) <wo(x) =1 forall te€ (—o0,T], ze€QN{xr; =—1}. (7.25)

Thus, by Lemma (ii), we have u(t,z) < wo(x) for all z € Q_; and t € (—o0, T}, hence
for all t € R by the comparison principle. It follows that o(z) < wo(z) for all z € Q_; .
This, together with , implies that the propagation does not occur. In other words, we
do not have v(z) — 1 as z; = +o00. Together with Theorem [2 the proof of Theorem [4] is
complete. O

Remark 7.3. Though we did not need it in the above proof, we can further show that
wo(x) = 0 as v1 — +00. Indeed, by (7.14) and (7.15), we have

Yoo > Ja(ug) > fj A (T~ pu) o> fj [, (o=,

-

3J
>0

)? — F(wp)) d.

J/

Hence
lim (,U(wO — IZJOJ')Z — F(’U}O)) dx = 0.

Jj—r+oo D;

One can then deduce that wy; — 0 as j — +oo since u(s — §)? — F(s) > 0 for s € R if
0 < 5 < 4. Elliptic estimates then imply wo(x) — 0 as x; — +00.

7.2 Blocking, the second approach: proof of Theorem

In this subsection we explain the second approach for the proof of blocking. We consider
here the periodic case. As mentioned earlier, this approach is similar to the one of [2].

To construct the barrier wy satisfying and , we first consider a solution w = wg
of the following problem in the region Q_; p = QN {-1 < z; < R}, for R > M + 1, that
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vanishes on the right hand side boundary:

( Aw + f(w) =0, x €81 R,
0
6—15:0, ZEE@K:aQ_LRm{—1<ZE1<R},
w(—1,y) =1, y € RV (7.26)
w(R,y) =0, y € RN
(| w(z1,+) is P-periodic.

The idea is to construct a function that is close to 1 in 2_; ,, close to 0 in €2, z and has a
transition from 1 to 0 in €2,; that is not much costly in terms of energy when the trace of
this set in one periodicity cell is small in measure.

By the maximum principle we know that all solutions w of with the function f
extended as in satisfy 0 < w < 1, whence are solutions with the original function f. We
require some notations. We introduce the restrictions of the sets €2, €2, 2, ; to one periodicity
cell. That is, we denote:

D:=Q N RxCp; Dy:={(r1,y) €Q; 21 >, yeCp};

Dog:={(zx1,y) €Q; a<az1 <p,yelp}=Qps N (a,B)xCp.
For simplicity, we denote D = D_y . Let F(2) := [; f(s)ds and consider the functional:

J(w) = /DR@—F(U)).

As above, we consider the function ( = {(x;) defined by:

1 if —1<x <a;
((z) =((a1) = bb_% if o< <b (7.27)
—a
0 if b<az <R

We are going to locate a local minimum of J over the space of P-periodic functions
in H'(D®) that satisfy the limiting conditions at z; = —1 and z; = R, and which is close
to (. We denote by H3 the space of P-periodic functions over Qf := Q_; p that are in
H' (D) and let

Hp = {u € Hp; uc H'(D®), u(-1,y) =1, u(R,y) = 0, for (almost) all y € RV},

We consider the problem of finding a local minimum of J over Hpg, at least when ¢ is
sufficiently small. Here is the key result in this direction.

Proposition 7.4. Given the domain £, and b — a, there exist 6 > 0 and € > 0 such that if
|Das| < e, then for all R > M + 1 we have

inf {J(w), w € ,HR7||w_(HH1(DR) = (5} > J(C)
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Proof. Tt should be emphasized that § and e are independent of R > M + 1. We denote
w = (+v and thus v is in the space H r corresponding to the limiting conditions v(—1,y) =
v(R,y) = 0 for (almost) all y, with periodicity in y. We split the functional J in three parts
JY, J?, J? corresponding to integration over the the domains D_; 4, Doy and Dy, g respectively.

1. Estimate for J!. From the assumptions on f, it follows that there exists some v > 0
such that
—F(2) > —F(1) +~(z — 1)* for all z € R,

Therefore, reducing ~ if need be, we can assume that v < 1/2, and we get

v 2
JHw) = /D % — F(w) = J' 1 +0) > 9lllfp . + Q). (7.28)

—1,a

2. Estimate for J2. We first note that

[Vwl? [Vol? V(P2 [Vol? 1
Z - = - 5 |Da,b|-
Da,b 2 Da,b 4 Da,b 2 D 4 2<b - a)

a,b

Therefore, if |D, | < ¢ we get

2 2 2
[Tl [ RV e
Da,b 2 D 4 Da,b 2

a,b

where C' > 0 is a generic constant. Using the same inequality as above for —F', we get

2

[Pz [ (=FO+% —atc-107- PO+ FQ) 2 [ (-FQ+%) —c=

Da,b

a,b

Combining the two preceding inequalities yields:

Vuw|? v
2w = [ L P2 Ll o, + 6) - C= (7.20)

3. Estimate for J3. Owing to the assumption f’(0) < 0, 0 is a strict local minimum for
—F'. Therefore, for ¢ > 2 given, reducing ~ if need be, there exists C' > 0 such that

—F(z) > 2% — C|z]%, for all z € R.

We choose ¢ to be defined by ¢ := 1\%2 when N > 3 and ¢ = 4 when N = 2. Since ((z) =0

in Dy i and choosing v < 1/2, we see that

Vul?
Pwy= [ B Fw) 2ol - C [l
Dy r Dy r

Next, we require the following consequence of the Gagliardo-Nirenberg and Sobolev inequal-
ities.
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Lemma 7.5. There is a constant C, > 0, independent of R > M + 1, such that for any
function u in H'(Dy r), periodic in y, that vanishes on y = R there holds

[l a(py.r) < Collullm (o, p)-

We wish to emphasize that in these inequalities, the constant C' depends on the do-
main Dy, in particular its Lipschitz norm, but it does not depend on R. These inequalities
follow from the classical Gagliardo-Nirenberg and Sobolev inequalities (and known as La-
dyzhenskaya’s inequality in the particular case N = 2,q = 4).

Combining the previous inequalities yields:

YVwl|?
P = [ ) 2wl - Cllollp, + 2O, (130
bR

4. Conclusion of the proof of Proposition [7.4 Combining the three estimates for
Jb, J? and J?3, we obtain:

[Vwl? gl
Hw) = [ S5 = Pw) 2 Jllw = il on = Clle =l — Ce + (). (731
By choosing adequately 6 > 0 we can make %52 — (9?7 > 0. Then for € > 0 small enough,
this inequality proves Proposition [7.4] O

Conclusion of the proof of Theorem[5. We choose § > 0 and € > 0 as in the previous propo-
sition. Note that they are independent of R > M + 1. For any such R we consider the
minimization problem

mln{J(w) W e HR, ”’LU - CHHl(DR) < 5} (732)

By standard arguments, we know that J achieves its minimum on the closed ball of radius
§ centered on ¢ in Hg. From Proposition [7.4] it follows that

J(¢) < min{J(w) ;w € Hg, ||w— {||gpr) = d}.

This implies that the minimum of J in the ball of radius § about ( is necessarily an interior
minimum. Hence it is a local minimum of the energy J.

For all R > M + 1, we have thus found a solution wg of problem ([7.26]) that furthermore
satisfies

llwr — (|| a1 (pry < 6.
Since § > 0 is independent of R, we see that wg is bounded in H! norm, independently of R.
Therefore, we can extract a subsequence wg; of wg that converges almost everywhere in €

and weakly to some function wg in H'(D_;). This function is a solution of problem ([7.1]).
Moreover, since each wg is a local minimum of .J, it follows that

/D (V6L — F(wr)?) = 0
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for every P-periodic function ¢ in H'(Dysg) such that ¢(M,y) = ¢(R,y) = 0 for almost
every y € R¥~1. Therefore, the principal eigenvalue Agp of the operator —A — f’(wg) in
{M < x; < R}, with P-periodicity and Dirichlet boundary conditions at {z1 = M} U{z; =
R}, satisfies Agp > 0. Hence, for every ball B C {z; > M} and every R large enough
such that B C {M < z; < R}, the principal eigenvalue Ag p of the operator —A — f'(wg)
in B with Dirichlet boundary conditions on 0B satisfies Ag g > Arp > 0. Arguing then
precisely as in the proof of Theorem |2/ in Subsection , we see that either wy(z1,y) — 0
or wo(x1,y) — 1 as 23 — +o0o. But we know that the latter is impossible since wy is
in L*(D_y), whence wy(x1,y) — 0 as x; — +00. The construction of the barrier function wy
is thus complete.

In order to conclude the proof of Theorem [5] it suffices to show that o < wp in the
region €2_;. This follows from the existence of T' sufficiently negative such that -
hold, together with Lemma (ii). As this part of the argument is precisely the same as
in the proof of Theorem [4] in the previous subsection, we omit the details. The proof of
Theorem [5| in the second approach is complete. O

8 Proofs for propagation

In this section, we prove Theorems [0}, [7] and [§] on the propagation of fronts for the following
three types of walls:

e walls with large holes (Theorem [6));
e small-capacity walls (Theorem [7));

e parallel-blade walls (Theorem [g).

8.1 Walls with large holes: proof of Theorem [6]

Proof of Theorem[f. Let Ry be the constant defined in (4.3) and let ¥ be the solution of
for R = Ry. For each point P € Q with d(P,K) > Ry (d(P,K) denotes the distance
between P and the set K), we consider a function U* on Q defined as in (2.3). Then ¥* is
continuous on 2 and satisfies

0<UP(z)<1 (x€Q), max¥” =T(0)> a,

AVF + f(UF)Y =0 (Jz — P| < Ry).

Clearly, for any P € Q with d(P, K) > Ry, ¥ is a subsolution of (.1
Since ¥ — 1 as x; — —o0, and since max ¥X' = ¥(0) < 1, we have

U (2) < o(2)

if the x; coordinate of P is sufficiently negative. Choose such P and call it Fy. Next let
P(s) = (1—s)Py+ sP; be the interpolation point between Py and P;. As s varies from 0 to 1
continuously, the graph of W) slides along the line segment PyP,. By the strong maximum
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principle and the fact that o > 0 and that ¥F®) is a compactly supported subsolution, we
see that UP() remains below © all the way to s = 1. Hence P; < 7.

Next we move P continuously along the curve ~, from P; to P5. Then, since the distance
between each point on v and K is bounded from below by Ry, ¥ is a compactly supported
subsolution. Thus, again by the strong maximum principle, ¥ remains below v all the way
to P = P, hence U2 < . Finally, let Q be an arbitrary point in the region {z; > M + R}
and connect P, and ) by a continuous curve v, that is outside the Ry-neighborhood of K.
Then, by the same argument as above we see that U@ < v. Consequently we have

o(x) > U(0) >a forall xe€ {x;> M+ Ry}

By a simple comparison argument, we easily see that this implies v — 1 as 1 — 400 since
f(s) > 0 for @ < s < 1. The proof of Theorem [] is complete. O

8.2 Small capacity walls: proof of Theorem

Proof of Theorem[7. Suppose the contrary. Then there exist positive numbers £; — 0 such
that blocking occurs for K% (j = 1,2,...). Let v; denote the limit profile for K% and let
vj = Vs (after taking a subsequence). Then v, satisfies

Avg + f(vse) =0 in RV \ (K1 U Kp).
Since Ky has capacity 0 and v, is bounded, Ky is a removable singularity. Therefore
Avg + f(vs) =0 in RV \ K.

By the assumption, IC; has a passage of width larger than or equal to Ry. Therefore, as in
the proof of Theorem [0 we see that v, — 1 as 1 — +00. This, however, contradicts the
statement of Corollary [2.1 This contradiction proves the theorem. O]

8.3 Parallel-blade walls: proof of Theorem

The proof of propagation for this type of wall is based on a rather non-standard comparison
argument using “quasi-subsolutions”, the meaning of which will be explained below. In what
follows, v° will denote the limit profile corresponding to the wall K¢. We want to show that
v°(z) — 1 as 1 — +oo if ¢ is sufficiently small.

We introduce a function p = p(z1) on R that will serve as the basis of our argument. Let
d > 0 be a small constant such that s — f(s) — § satisfies

Gls) = /b (F(0) = 6)do > 0, for all 5 € [0,b), (8.1)

where b is the stable zero of the function s — f(s) — d such that o < b < 1. We define a
function p = p(z1) on R by

p"+ flp) =29 if x; <0,
p>0, p<0 if <0, (8.2)
p(0)=0 and p(z1) > b as x; — —o0.
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It is easily seen that such a function p exists and is unique as long as 6 > 0 is such
that is satisfied. Indeed, letting g(s) := f(s) — 4, it is obtained by solving the equation
w” 4+ g(w) = 0 on z; < 0 with initial data at 1 = 0: w(0) = 0,w’(0) = ayp, where ap < 0 is
determined by a3 = 2 fobg(s)ds = 2G(0).

In the following, we extend p to all of R by setting p(z;) = 0 if z; > 0.

Next, for each A € R, we define a function p* on RV by

PMa) = play — N).

The support of p* is the half space {x; < A}. Since o(z) — 1 as ; — —oo and sup p* =
b < 1, it follows that for all sufficiently large A < 0 the function p* is below ©¢, that is

oNz) <v°(x) (z€Q). (8.3)

We would like to show that this inequality continues to hold for all A by a sliding type
argument. However, this is not necessarily true in general. Indeed, the function p* is not
exactly a subsolution of for large A > 0 because it does not satisfy the appropriate
boundary conditions d,p* < 0 on some part of the boundary of K°. Consequently, the
inequality may not hold for all z € Q2 if A > 0. Instead, we are going to show that the
region where p*(z) is larger than v°(z) remains small. More precisely, define

DY ={zcQ|pMz) > (x)} NAp

We shall now prove that the volume of D* remains small for all A > 0 provided ¢ is sufficiently
small, which implies that (8.3)) “nearly” holds.
Let w” := p* — #°. Then w” is of class C? on 2 and satisfies

[ Aw* + f/(&(x))w =6, in Q
w* >0 in D,
w =0, on 9D*NQ, (84)
owr  9p N .

\ E = E on 8D N 8K .

As for the boundary conditions on 0Ap it is understood that we are dealing with P-periodic
functions and we will see that these conditions do not affect the computations that follow.

Lemma 8.1. The set S()\) := {z € Q | w*(z) = 0} N Ap has Lebesque measure zero.

Proof. Suppose that S(A) has a positive Lebesgue measure. Then by the Lebesgue density
theorem, almost every point z* of S()) is a density point, in the sense that

i SN OB (@)

o B ] ) (8:5)

where B,(z*) denotes a ball of radius r centered at z*. This implies Vw*(z*) = 0, since
otherwise S(A) would be a smooth hypersurface around z*, thus (8.5) would not hold.
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Next, since Aw* = § > 0 at z*, there exists a unit vector e such that

d2
@w’\(:v* + se) > 0.

This, together with w*(z*) = 0 and Vw*(x*) = 0, implies that w*(x) > 0 in the intersection
of a small neighborhood of z* and the interior of a dual cone with vertex at x*. This again
contradicts (8.5). Therefore (8.5)) never holds, hence S(\) has Lebesgue measure zero. [

Corollary 8.2. |D?| is increasing and continuous in \.

Proof. Since w*(z) = p*(z) — v°(x) is increasing in A for each fixed z € €2, the set D?* is
increasing in A, hence so is | D*|. To prove continuity, observe that w*(z) is continuous and
increasing in A for each fixed x. Hence, for each Ay > 0,

D* = lim D*= (] DM
A= 0<A<Ag
Consequently, we have
|D| = lim |D?|.
A=Ay

Next, for each Ay > 0, the continuity and monotonicity of w* implies

lim |D*| = |D* U S(\o)|.

A=Ad
Since S(Ag) is a set of measure zero by Lemma we have

lim |D* = |D™].
A=Ad

This establishes the continuity of A — |D?|. O
Now we are ready to prove the following estimate on the volume of D*.

Proposition 8.3. For any given constant v > 0, there exists g = €o(v), also depending
on f, such that if assumptions (4.5)—(4.6]) are satisfied for any e < ey, we have

DY < v, forall AR (8.6)

To prove Proposition [8.3] we will use the following lemma, which we show in the Ap-
pendix.

Lemma 8.4. There exist a constant nyg > 0 that is independent of € and a constant C' > 0,
depending on 1o, but again independent of €, such that, for any nonnegative w € Hp(RN \
([0, M] x N.(X)) the following inequality holds

/ o |Vw|*dx > C |supp(w) ﬂAp|2/N/ w?dx (8.7)
supp(w)NAp

supp(w)NAp

so long as |supp(w) N Ap| < np.
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Proof of Proposition 8.3 Let Ay < 0 be such that v°(z1,y) > b for all x; < A\g and all y. For
A > ), define
R/\ =QnN {([Bl,y) € Ap, M <z < )\}

The difference w? satisfies a linear equation
Au* + q(z)w* =6 in R, (8.8)
for some function ¢ bounded by the Lipschitz norm of f:
lg(z)| < Ly :=||f||r=(1), forall xe€ Q.

For each > 0, let x,, be defined by:

0, if s<0,
X’](S) = S/na lf 0 S S S 7,
1, if s>n.

Multiply equation (8.8) by x,(w”) and integrate by parts on R* to get:

i [ == [ v [ Sgwnis s [ w69

ORXN 8V R

Observe that w* < 0 on z; = A\g and z; = A, as well as on OR* \ K¢, and that there is no
contribution of the boundary of Ap because the functions are periodic. Thus we get

A A
| Soahds.= [ 2y was,
0

X
RA al/ ORMK¢€ aV "

Since dp*/Ov = Vp* - v = p/(x; — \) e; - v, the condition (4.6]) implies

/E)RA NOKe

Denoting |||z~ by k this, together with y,(w*) = 0 when w* < 0, yields

5/ X (W) gLf/ wt + ke
RA DA

Then, letting n — 0, we obtain

o A
o | as: < el

§| D gLf/ w + ke (8.10)
DA

To derive the second estimate we need, we multiply equation (8.8) by w™ (to simplify
notations, we now write w instead of w?). Integration over R* and Green’s formula yield:

(5/ w g/ w*a—wdSw—/ \Vw]2+Lf/ w?
DX ORN ov DX DX

a A
:/ wide—/ |Vw|2+Lf/ w?
oRMNOK: OV DX D>
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where we have used the fact that fR/\ Vw-Vwt = fD% |Vw|2. Again using condition (4.6)),

we obtain
5/ wg—/ |Vw|2+Lf/ w? + ke
DX DX DX

Combining this with (8.10]) yields
|DM < 6721y (—/ |Vwl|* + Lf/ w2) + k6N 14+ Lps ey (8.11)
D> D>

Next we set D := D*\ ([0, M] x N.(X)). Then

—/ |VU)’2+Lf/ w? < —/A |Vw|2+Lf/A w2+CELf€,
D> D> D> D>

where CY; is a constant depending on 3. This and (8.11]) yield

D < 07 2Ly (— /AA |Vw|2+Lf/AA wz) + Ci(e + &),
D D

where the constant C involves the various other parameters ¢, Ly, k, Cx, which are fixed and
in particular do not depend on «.
By Lemma there exists a constant C' > 0, independent of ¢, such that:

D) < 672Ly (~CIDM 2 + Ly) [

'LU2 + 01(5 + 81)
DA

so long as ]ﬁ)‘| < 1n9. Choose n; > 0 sufficiently small such that C’nl_2/N > Ly. Then we
have
|ID < = |D* < Ci(e+¢y).

Since, by the assumption in , g1 = €1(e) tends to 0 as € — 0, there exists €* such that
m > Ci(e +¢e1) forall e € (0,e].
Thus, if € € (0,&*], we have
DY <m = [DY < Cile+er) (<m),

which implies that | D?*| cannot take a value between C} (g + 1) and 7;. Now, as we increase
the value of \, the value of | D*| for A < 0 equals 0 and it depends on A > 0 continuously by
Corollary [8.2] Consequently, we have

|ID* < Ci(e +¢,) forall \eR,

provided that 0 < € < ¢*. Since C4(¢ 4 €1) can be arbitrarily small if € is chosen small, the
proof of Proposition [8.3|is complete. O

Completion of the proof of Theorem[8 The inequality implies that the limit profile ©°
cannot tend to 0 as x; — 400, since otherwise we would have |D*| — 400 as A — +o00.
Hence propagation occurs for K¢ so long as 0 < € < €*. The theorem is proved. O
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Remark 8.5. There are indeed cases where the inequality does not hold everywhere
in Q for large values of \; in other words, we may have D # O for large X. For example,
if some parts of K¢ have tiny reservoir-shaped pockets with a sufficiently narrow entrance as
shown in Figure then the value of v remains small inside those pockets by Theorem
therefore the inequality cannot hold in those pockets. Note that the condition 18
satisfied provided the pockets are tiny enough.

s

KS

Figure 11: A tiny pocket on the surface of K¢, which prevents complete invasion.

9 Complete and incomplete invasions

In this section we prove Theorem [J on a sufficient condition for complete invation and
Theorem (10| on an example of incomplete invasion.

9.1 Proof of Theorem [9 for complete invasion

As we mentioned earlier, the proof is basically the same as that of Theorem 6.4 in [4], though
the notation here is simpler as we are considering directional convexity only in direction x;.

Proof of Theorem[9. Let p = p(z;) be as in (8.2) and define a function W* on RY by
W(x) := max{p(z; — \), p(M — 21 — \)}. (9.1)

This function is symmetric with respect to the hyperplane {x; = M/2} and monotone
decreasing (resp. increasing) in the region {x; < M/2} (resp. {z; > M/2}). When X\ < 0,
the support of W* is the set {z; < A} U {x; > M — A}, which does not touch the wall K.
Therefore, W*|q is a subsolution of for all A < 0. Furthermore, since we are assuming
that propagation occurs, we have v(x) — 1 as x; — +oo. Therefore, we have

Wha(z) < o(z) forall z€Q (9.2)

if \ is sufficiently negative.

Now we increase A continuously. Since W?*|q is a subsolution for all A < 0, continues
to hold up to A = 0 by the strong maximum principle. Once A becomes positive, the support
of W* meets the wall K, but W*|q remains to be a subsolution for all A > 0. To see this,
recall that K is directionally convex and that p is a monotone decreasing function. Therefore

oW
ov

<0 on O\ {z;=M/2}.
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Furthermore, at x; = M/2, W?* has a positive derivative gap. Consequently, W?*|q is a
subsolution for all A > 0. We can therefore increase A continuously in the region A > 0, to
obtain (9.2)) for all A € R. Hence

o(r) > lim W*(z)=0b on Q.

A——+o00

Since b > «, a simple comparison argument shows that v(z) = 1 everywhere. The proof of
the theorem is complete. O

9.2 Proof of Theorem for incomplete invasion

Here we restate Theorem [10|in a more precise manner and prove it. The method of the proof
is basically the same as the proof of Theorem [] for blocking given in Subsection [7.1} We
first specify the structure of the “reservoir”.

A typical image of a reservoir is shown in Figure (left). The mouth of the reservoir
can face in any direction. Let e denote the unit vector pointing toward the mouth of the
reservoir. The reservoir consists of two open subdomains 2y and 2_: the former represents
the narrow entrance path and the latter the interior of the reservoir (Figure (8] (right)). Here
z := x - e denotes the coordinate in the direction e. We assume that

NNNQC{z=alU{z=0}, 00Q_NQC{z=0}

as shown in Figure [12 (right). We set I' := 9§ N {z = a}, the outer-most boundary of Q.
The entire reservoir is the domain €,..; := QU (Q_ N Q).

=\
S
-

Figure 12: Example of a reservoir-like configuration and its magnified view.

Next let 0 € (0,a], > 0, 0 > 0 be the constants satisfying (7.6)-(7.7), that is,
~F(s)+u(s—0)* >0 forany s€R,

—F(s)+pu(s—35)?*>0 forany s €R, 5¢€ (—o0,d],
where F(s) = [ f(r)dr, with f extended as in (7.4). We decompose the domain Q_ into a

union of subdomains D; C Q_ (j = 1,2,...,m) with uniformly Lipschitz boundaries such
that .
D;ND;=0(i#j), 9 clJDj,
j=1
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[ WoPaz o [ (0-8)}ds YoemD) (=12 m)
Dj Dj
where ¢ denotes the average of ¢ over D;. We set

Duin 1= min{[Ds|, |Ds|..., | Dul}.

See Lemma [7.1]on such decomposition and the meaning of the constant u. If the size of {2_
very large, we need to split it into subdomains of appropriate sizes, otherwise we can simply

set m=1and D; =_.

Our goal is to construct an upper barrier that blocks the invasion of @ into the reservoir.
Such a barrier can be constructed as a stationary solution V' (x) of the following problem:

AV + f(V)=0, z € Qpes,

V=1, rzel,

ov

A Qs \ T
o 0, x €0 res\

that satisfies
x)der <46 forall j=1,2,.
o,

To do so, we first define the following functional which is an analog of J_; in ([7.12)):

L&ww=[¥<W§P—F@o+Fqum+ACvfz—Fdex

and minimize this functional on the following set of functions

< .
wr = |D|/ r)dr <9 (j=1,2, ,m)}

Let V' be the global minimizer of .J,., over the set Xs and define

X5 = {w € H' (Qyes)

b—z
if Q
(@)={ b=a =TT
0 if e .
Since ¢ € Xg, we have
1

(M$OSLAOSKM(<

m —F(a)+F(1)) )

Now assume that the following inequality holds:

1

m — F(«) +F(1)> )

|Q0| < UDmin (
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Then, arguing as in the proof of Theorem {4} we see that (9.4)) holds strictly, that is,

x)dr <§ forall j=1,2,...,m
!D\

This implies that V' lies in the interior of Xj, hence it satisfies the Euler-Lagrange equa-
tion (9.3). Since €, is bounded, V' is uniformly positive in Q,.,. Therefore u(t,z) < V(z)
in €, for ¢ sufficiently negative. Hence, by the comparison principle, u(t,z) < V(z) for all
t € R, which implies 9(z) < V() in Q,¢s. Combining this and (9.4), we see that v is not
identically equal to 1. Summarizing, we have proved the following theorem.

Theorem 9.1. Let Qg and Q_ be as above, and assume that (9.5) holds. Then v < 1. In
particular, the complete invasion does not occur even if propagation takes place.

A Appendix: relative Poincaré inequality

In this Appendix, we prove Lemma [8.4] which we have used in the proof of Theorem [§] in
Subsection RB.3l We restate this lemma:

Lemma A.1. There exist a constant ng > 0 that is independent of € and a constant C' > 0,
depending on 1o, but again independent of €, such that, for any nonnegative w € HL(RN \
([0, M] x N.(X)) the following inequality holds

/ |Vw|*dx > C |supp(w) N Ap|2/N/ w?dx (A.1)
supp(w)NAp supp(w)NAp
so long as |supp(w) N Ap| < n.

The above lemma follows from Proposition 2.3 (2) of [6]. We state this proposition for
the special case where w belongs to H' N C.

Proposition A.2 ([6]). Let Q be a domain in RY, not necessarily bounded, with a uniformly
Lipschitz boundary, and let ny be a real number with 0 < ny < |Q|. Then there exists

a constant C' depending only on Q and no such that, for any open set D C O satisfying
ID| < no and any function w € HY(Q) N C(Q) such that w = 0 in Q\ D, the following
inequality holds:

(N—=2)/N
/ |Vw|*dz > C (/ ]w|2N/(N_2)d:r> if N >3,
D D

—1
/|Vw\2dx26’(/ |w|72d:z:) /|w|7dx if N =2,
D D D

where v > 2 is arbitrary if N = 2.
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By Hoélder’s inequality,

(N—2)/N 2/N
/ w?dr < </ |w|2N/(N2)da:) </ da:) :
D D D

Combining this with (A.2) for N > 3, we obtain
/ Vuwlde > C|D| /N / wdz. (A.3)
D D

In the case N = 2, the above inequality follows by setting v = 2 in (A.2]).
An important point of the estimate ((A.3)) is that, unlike the standard Poincaré inequality,

w is required to be 0 only on dD N ) and no restriction is imposed on the value of w
on 0D N JS2. This aspect of estimate (A.3)) will be important in the proof of Lemma .

Proof of Lemma[A.1 We divide the integral on the left-hand side of (A.1)) as follows:

I:/  |[Vw]?da, 10:/ | Vw|?de, [+:/  |Vw|d,
supp(w)NO— supp(w)NQ§ supp(w)NQ+

where

~

Q_:A'pﬂ{l’1<0}7 §+:Apm{$1>M},

Q¢ = Apn ((0,M) x (RYTT\N(D))).
These are all domains with uniformly Lipschitz boundaries, with ﬁi being unbounded,
while Q& is bounded and e-dependent. Note also that D* is bounded, since D* C R,

We first consider the integral Iy. This integral is taken over the region supp(w)n (Al(f. The
set (AZS is a close approximation of (AZ(? = Ap N ((0, M) x (RY-'\ X)), which is a bounded
open set having finitely many connected components each of which being a bounded domain
with a Lipschitz boundary, by virtue of the assumption on ¥ given in subsection |4.3| Each
connected component of ﬁ§ is also a bounded domain with a Lipschitz boundary and is a close
approximation of the corresponding connected component of ﬁg. It is not difficult to see that
there is a diffeomorphism between each connected component of ﬁg and the corresponding
connected component of (AZ(? whose Jacobian matrix is uniformly close to identity for all
sufficiently small € > 0. Thus the estimate applies to each of the connected components
of (AZS with a constant C' = Cj that is independent of €. Consequently, by Proposition
and , if 79 is chosen relatively small, we have

Iy > Cy|supp(w) N Ap]z/N/  wde, (A.4)
supp(w)NQ§
so long as |supp(w) N §8| < o and [supp(w) N Ap| # 0.
Next, as regards the integral I_ and I, since 2_ and (), are simple domains that do
not depend on ¢, we can apply Proposition and (A.3)) directly, to obtain

I > Cylsupp(w) N AP\Q/N/  wd, (A.5)
supp(w)NQ+

for some constant C'+ > 0, provided that [supp(w) N QE| < gy and [supp(w) N Ap| # 0.
Combining (A.4) and (A.5]), we obtain (A.1)). The lemma is proved. O
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