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Abstract

This paper is concerned with reaction-diffusion-advection equations in spatially
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1 Introduction and main results

We consider the equation

∂tu = div(A(x)∇u) + q(x) · ∇u+ f(x, u), t > 0, x ∈ RN , (1.1)

and we are interested in the large-time dynamics of bounded solutions u, and especially
in the convergence to some front profiles along level sets. Throughout the paper, the
operator ∇ stands for the gradient operator with respect to the variables x ∈ RN .
Regarding the terms in (1.1), we assume throughout the paper that

f(x, 0) = f(x, 1) = 0 for all x ∈ RN ,

and that A(x), q(x), f(x, s) are (1, · · · , 1)-periodic with respect to x ∈ RN (for short,
we say periodic in the sequel), i.e.

∀h ∈ ZN , A(·+ h) ≡ A, q(·+ h) ≡ q, f(·+ h, ·) ≡ f.

The matrix field x 7→ A(x) = (aij(x))1≤i,j≤N ranges in the set of symmetric positive
definite matrices, and it is of class C1,α(RN) for some α > 0. The vector field x 7→
q(x) = (qi(x))1≤i≤N ∈ RN is of class C1(RN), together with

div q = 0 in RN and

∫
(0,1)N

q(x)dx = 0.

Lastly, f : (x, s) 7→ f(x, s) is of class C0,α(RN × [0, 1]), ∂sf exists and is of class
C0,α(RN × [0, 1]).1 We consider solutions u of (1.1) with measurable initial conditions

1These assumptions on the regularity of f are a bit stronger than some other assumptions in the
literature, but they will be used in the proofs of some intermediate results (Proposition 2.2 and Lem-
mata 3.3-3.4) which constitute some steps of the main results.
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u0 : RN → [0, 1], in the sense that u(t, ·)→ u0 as t→ 0+ in L1
loc(RN). Each solution u is

understood as the unique bounded solution with initial condition u0, and it is such that

0 ≤ u(t, x) ≤ 1 for all t > 0 and x ∈ RN ,

with strict inequalities if u0 is not almost everywhere equal to 0 or to 1, by the
strong maximum principle. Furthermore, from parabolic regularity theory, u is then
a classical solution in (0,+∞) × RN , namely it is of class C1 in t and C2 in x, and
‖∂tu‖C0,α/2([1,+∞)×RN ) + max

1≤i≤N
‖∂xiu‖C0,1([1,+∞)×RN ) + max

1≤i,j≤N
‖∂xixju‖C0,α/2([1,+∞)×RN ) is

bounded by a universal constant depending only on A, q and f , with ‖v‖C0,β(E) :=
‖v‖L∞(E) + supζ 6=ζ′∈E |v(ζ)− v(ζ ′)|/|ζ − ζ ′|β for E ⊂ R× RN and β > 0.

Propagation phenomena are an important aspect of reaction-diffusion equations.
A prominent question is to know whether and how one of the steady states 0 or 1
invades the other one. To describe such invasions, fronts propagating with average
speed and connecting these two steady states play an essential role. We show in this
paper that the fronts are attractive, in the sense that they appear as spatially local
limits, along sequences of points, in the large-time behavior of solutions of (1.1), even
if the initial conditions u0 are far from any front. This question of convergence to
front profiles is a widely open problem in the theory of reaction-diffusion equations in
arbitrary dimension N or for general initial conditions.

We first highlight in Section 1.1 one main result (Theorem 1.3) on the specific im-
portant case of compactly supported initial conditions. That result is actually part of
more general results which are detailed in Section 1.2. The main hypotheses used in
these main results are commented in Sections 2.1-2.2. The conclusions and examples of
applications of the main results are discussed in Section 2.3. The proofs of the main
results are carried out in Section 3, while Section 4 is devoted to the proof of auxiliary
results related to the main hypotheses and properties of pulsating traveling fronts and
asymptotic invasion shapes.

Throughout the paper, “| |” and “ · ” denote the Euclidean norm and inner product
in RN . For x ∈ RN and r > 0, Br(x) is the open Euclidean ball with center x and
radius r, Br := Br(0), and SN−1 := {e ∈ RN : |e| = 1} is the unit Euclidean sphere
of RN . We set R+ := (0,+∞) and, for x ∈ RN \ {0},

x̂ :=
x

|x|
.

1.1 A main result with compactly supported initial conditions

For the main results, we assume that the steady states 0 and 1 are weakly stable for f ,
in the following sense:

Hypothesis 1.1. There exists δ ∈ (0, 1/2) such that, for every x ∈ RN , the function
s 7→ f(x, s) is non-increasing in [0, δ] and decreasing in [1− δ, 1].

Next, we will assume an implicit hypothesis which is not expressed in terms of the
coefficients of the equation. Namely, we assume that (1.1) has pulsating traveling fronts
describing the invasion of the steady state 0 by the steady state 1, in every direction:
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Hypothesis 1.2. For any e ∈ SN−1, there exists a pulsating traveling front connecting 1
to 0 in the direction e with a positive speed, in the sense that there are c∗(e) > 0 and an
entire (defined for all t ∈ R) classical solution φe : R×RN → (0, 1) of (1.1) of the type

φe(t, x) = Ue(x, x · e− c∗(e)t), (1.2)

where the function Ue(x, z) is periodic in the x-variable and satisfies

lim
z→−∞

Ue(x, z) = 1, lim
z→+∞

Ue(x, z) = 0, uniformly with respect to x ∈ RN . (1.3)

Hypotheses 1.1-1.2 are related to the bistability of the equation (1.1), in a broad
sense. They are commented in Section 2.1. Under Hypotheses 1.1-1.2, the speed c∗(e)
in any direction e is unique, φe is unique up to shift in t, the map e 7→ c∗(e) is continuous,
and the map e 7→ φe is continuous in some sense after normalization, see Proposition 2.2.
We point out here that, since c∗(e) > 0 under Hypothesis 1.2, the change of variable
(t, x) 7→ (x, x · e − c∗(e)t) is a C∞ diffeomorphism from RN+1 onto itself, hence Ue is
continuous, as is φe. Furthermore, since 0 < φe < 1 in R×RN from the strong parabolic
maximum principle, there holds 0 < Ue(x, z) < 1 for all (x, z) ∈ RN × R, and

∀ a ≤ b ∈ R, 0 < min
(x,z)∈RN×[a,b]

Ue(x, z) ≤ max
(x,z)∈RN×[a,b]

Ue(x, z) < 1, (1.4)

by continuity in (x, z) and periodicity with respect to x. From parabolic estimates and
the C0,α(RN × [0, 1]) regularity of f and ∂sf , the functions φe and ∂tφe together with
their first-order, respectively second-order, derivatives with respect to t, respectively
with respect to x, are continuous and bounded in R × RN . Hence, the functions Ue,
∇Ue, ∂zUe, ∇∂zUe and ∂2

zzUe are at least continuous and bounded in RN × R, where
∇ := ∇x.

A fundamental open problem in the theory of reaction-diffusion equations (1.1) in
dimensions N ≥ 2 is the local-in-space convergence at large time to profiles of pulsating
fronts along some sequences of points. To address this question, we consider the Ω-limit
set of a solution u : R+ × RN → [0, 1] of (1.1), which is defined by

Ω(u) :=


ψ ∈ L∞(RN) : u(tn, xn + ·) −→

n→+∞
ψ in L∞loc(RN),

for some sequences (tn)n∈N in R+ diverging to +∞
and (xn)n∈N in RN

 . (1.5)

This set is composed by all possible asymptotic profiles of u. It can also be written as

Ω(u) =
⋃

e∈SN−1

Ωe(u), (1.6)

where

Ωe(u) :=


ψ ∈ L∞(RN) : u(tn, xn + ·) −→

n→+∞
ψ in L∞loc(RN) as n→ +∞,

for some sequences (tn)n∈N in R+ diverging to +∞
and (xn)n∈N in RN \ {0} such that x̂n −→

n→+∞
e


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is called the Ω-limit set of u in the direction e.2 Notice that the sets Ω(u) and Ωe(u)
are all non-empty and included in C2(RN) from standard parabolic estimates.

In the sequel, we say that a function u is an invading solution of (1.1) if

u(t, ·)→ 1 as t→ +∞ locally uniformly in RN . (1.7)

If u is an invading solution, then u(tn, xn + ·)→ 1 as n→ +∞ locally uniformly in RN ,
for any sequence (tn)n∈N diverging to +∞ and for any bounded sequence (xn)n∈N in RN .
However, the sequences (xn)n∈N in (1.5) can also be unbounded, and (1.7) is therefore
not enough at all to describe the way the state 1 invades the whole space RN . We want
to know more about the local profiles appearing at large time in the regions where u is
away from 0 and 1.

An important case of our more general results concerns compactly supported initial
data, in which case we show that any directional limit set Ωe(u) contains some profiles
of pulsating traveling fronts connecting 1 to 0:

Theorem 1.3. Assume that Hypotheses 1.1-1.2 hold. Let u be an invading solution
to (1.1) with a compactly supported initial condition u0. Then, for any e ∈ SN−1, there
is ν ∈ SN−1 such that

Ωe(u) ⊃
{
φν(t, ·+ y) : (t, y) ∈ R× RN

}
∪ {0, 1}. (1.8)

More details about the directions ν in (1.8) will be given in the other main results in
Section 1.2, together with the extension to non-compactly supported initial data, while
some comments on the conclusion will be provided in Section 2.3.

1.2 More general main results

In order to describe more precisely the shape of the possible transition between the
states 1 and 0 at large time for the solutions u of (1.1) with initial conditions having
arbitrary support, we use the following notion of asymptotic invasion shape:

Definition 1.4. We say that a solution u to (1.1) admits an asymptotic invasion shape
W ⊂ RN if W coincides with the interior of its closure and satisfies

lim
t→+∞

(
min
x∈C

u(t, tx)
)

= 1 for any non-empty compact set C ⊂ W ,

lim
t→+∞

(
max
x∈C

u(t, tx)
)

= 0 for any non-empty compact set C ⊂ RN \W .
(1.9)

Examples and counter-examples of existence of the asymptotic invasion shape W ,
and general properties of W , are discussed in Section 2.2.

2The inclusion “⊃” in (1.6) holds by definition. The reverse one follows from the fact that, for
any sequence (xn)n∈N in RN , one can extract a subsequence such that (x̂nk

)k∈N converges to some
e ∈ SN−1, unless all but finitely many xn’s are equal to the 0 vector in RN . However, the latter
type of sequences can be omitted in the definition (1.5) of Ω(u) and replaced by (e/n)n∈N∗ , for given
e ∈ SN−1, since, for any sequence (tn)n∈N with lim infn→+∞ tn > 0, one has, by parabolic estimates,
u(tn, ·)− u(tn, e/n+ ·)→ 0 as n→ +∞ in L∞(RN ).
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Under Hypotheses 1.1-1.2, it follows from [69]3 that all the invading solutions of (1.1)
with compactly supported initial conditions u0 admit an identical asymptotic invasion
shape W , which we call W0 (as a reminder of the fact that the initial condition is
compactly supported) and which is given by the so-called Freidlin-Gärtner formula:

W0 =
⋂

ξ∈SN−1

{
x ∈ RN : x · ξ < c∗(ξ)

}
=

{
re : e ∈ SN−1, r ∈ [0, w(e))

}
with w(e) := min

ξ∈SN−1, ξ·e>0

c∗(ξ)

ξ · e
> 0.

(1.10)

From this formula and the continuity of the map ξ 7→ c∗(ξ) from SN−1 to R+ = (0,+∞)
(by Proposition 2.2 below), the set W0 is open, bounded, convex, it contains a neigh-
borhood of the origin, the minimum in (1.10) is truly reached, the map e 7→ w(e) is
continuous from SN−1 to R+ as well, andW0 is the Wulff shape of the envelop set of the
speeds c∗(ξ) of pulsating fronts. The set W0 can also be viewed as the large-time limit
of the rescaled upper level sets of the invading solutions u with compactly supported ini-
tial supports (by Proposition 2.7 below). Furthermore, at any point z = w(ẑ)ẑ of ∂W0

where W0 has a tangent plane, the expression (1.10) for w(ẑ) is uniquely minimized by
ξ = ν, where ν is the exterior unit normal of W0 at z,4 that is,

z · ν = c∗(ν).

Therefore, we refer to the above identity as the “regular Freidlin-Gärtner formula”.
The next theorem shows, first, that such formula holds for any solution u at every

regular point z of ∂W without requiring the boundedness of the support of u0, and
second, that the Ω-limit set of u in the direction ẑ contains profiles of pulsating traveling
fronts. Regular here means that W satisfies both the interior and the exterior ball
conditions at the boundary point z, which assert respectively that there exists an open
Euclidean ball B (resp. B′) such that B ⊂ W (resp. B′ ⊂ RN \ W) and z ∈ ∂B
(resp. z ∈ ∂B′). The simultaneous validity of the two conditions imply in particular
that W has a tangent plane at z, with the (unique) exterior unit normal to W at z

being given by ẑ − y = ŷ′ − z, where y and y′ are the centers of B and B′ respectively.

Theorem 1.5. Assume that Hypotheses 1.1-1.2 hold. Let u be a solution to (1.1) ad-
mitting an asymptotic invasion shape W. Assume that there exists a point z ∈ ∂W at
which W satisfies the interior and exterior ball conditions. Let ν be the exterior unit
normal to W at z. Then the following properties hold:

(i) z · ν = c∗(ν) ;

3This is a consequence of [69, Theorems 1.4-1.5] which hold for general space-time dependent equa-
tions, not necessarily periodic, and provide an asymptotic invasion shape that reduces to the set W0 in
(1.10) thanks to Hypothesis 1.2.

4Indeed, consider any minimizer ξ in the expression (1.10) for w(ẑ), that is, ξ ∈ SN−1 with ξ · ẑ > 0
and w(ẑ) = c∗(ξ)/(ξ ·ẑ). The setW0 then lies by (1.10) in the open half-space E :={x∈RN :x·ξ<c∗(ξ)},
while z = w(ẑ)ẑ belongs to both ∂W0 and ∂E. Since W0 has a tangent plane at z with exterior unit
normal ν and since W0 must lie on one side of this tangent plane by convexity, it follows that this
tangent plane must be ∂E and that ξ = ν.
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(ii) Ωẑ(u) ⊃
{
φν(t, ·+ y) : (t, y) ∈ R× RN

}
∪ {0, 1}.

It turns out thatW always contains a neighborhood of the origin, because it is open
and contains the origin (by Proposition 2.6). Hence, the vector ẑ is well defined for
any z ∈ ∂W . The validity of the interior and exterior ball conditions at z in Theorem 1.5
holds in particular at any point z where ∂W is twice-differentiable. Theorem 1.5 could
be summarized by saying that: (i) the regular Freidlin-Gärtner formula holds at every
regular point of ∂W ; (ii) in the direction of any regular point, the solution approaches
the profiles of pulsating traveling fronts along sequences of times.

We now extend Theorem 1.5 beyond regular points by introducing the notion of
generalized normal set, defined as the set of limits of exterior unit normals of regular
approximated points:

V(z) :=


ν= lim

n→+∞
νn : zn ∈ ∂W , lim

n→+∞
zn = z,

W satisfies the interior and exterior ball conditions at zn,
νn is the exterior unit normal at zn

.
Theorem 1.5 then leads to the following result:

Corollary 1.6. Assume that Hypotheses 1.1-1.2 hold. Let u be a solution to (1.1)
admitting an asymptotic invasion shapeW. Let z be any point of ∂W such that V(z) 6= ∅.
Then the following properties hold:

(i) z · ν = c∗(ν) for all ν ∈ V(z);

(ii) Ωẑ(u) ⊃
{
φν(t, ·+ y) : (t, y) ∈ R× RN , ν ∈ V(z)

}
∪ {0, 1}.

Property (i) above is a generalized regular Freidlin-Gärtner formula, in which the
exterior unit normal ν is replaced by the whole set of generalized exterior unit normals V .
We show in Proposition 2.6 below that the set ∂W is Lipschitz-regular, but unfortunately
this is not enough to guarantee the existence of the generalized exterior unit normals at
the boundary. However, since a sufficient condition for the validity of the interior and
exterior ball conditions at a point is the second order differentiability of the boundary
at that point, it follows from the Alexandrov theorem that Corollary 1.6 can be applied
in particular at the points z ∈ ∂W around which W is convex, that is, for which there
is r > 0 such that W ∩Br(z) is convex.

The arguments employed in the proof Theorem 1.5 lead to the following important
result in the case where u0 is compactly supported. We recall that, in such case, it
follows from [69] that the solution u admits an asymptotic invasion shape W0, given by
the Freidlin-Gärtner formula (1.10).

Corollary 1.7. Assume that Hypotheses 1.1-1.2 hold. Let u be an invading solu-
tion to (1.1) with a compactly supported initial condition u0. Its asymptotic invasion
shape W0 therefore exists and is given by (1.10). Then, for any e ∈ SN−1, one has

Ωe(u) ⊃
{
φξ(t, ·+ y) : (t, y) ∈ R× RN , ξ is a minimizer

in the expression of w(e) in (1.10)

}
∪ {0, 1}. (1.11)

Lastly, if ∂W0 is everywhere differentiable, then

Ω(u) ⊃
{
φe(t, ·+ y) : (t, y) ∈ R× RN , e ∈ SN−1

}
∪ {0, 1}. (1.12)
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Corollary 1.7 contains Theorem 1.3, and additionally provides the directions ν
in (1.8). It asserts that the convergence toward a pulsating traveling front, along some
sequence of times, occurs in any direction e ∈ SN−1, even in those where W0 exhibits a
corner, i.e. where the Freidlin-Gärtner formula (1.10) admits multiple minimizers. Cor-
ners may actually exist, as shown in [35, Corollary 6.2], hence the Ω-limit set in the
corresponding directions contains the profiles of several distinct pulsating fronts.

It is natural to wonder whether the equality actually holds in Corollary 1.7 when ∂W0

is everywhere differentiable, i.e.

Ω(u) =
{
φe(t, ·+ y) : (t, y) ∈ R× RN , e ∈ SN−1

}
∪ {0, 1}.

Such conclusion is known to hold for homogeneous equations (where W0 is a ball), as
follows from [2, 4, 72], but in the periodic setting it has only been derived in dimension
N = 1, for f either of the bistable type, as follows from [13, 24, 76, 78], or of the Fisher-
KPP type (2.19) below, see [46]. To our knowledge, ours are the first convergence-to-
front results for periodic equations in dimensions higher than one.

More comments on the conclusions and applications of the main results, and counter-
examples when the hypotheses are not fulfilled, are given in Section 2.3.

Some additional notations. For a subset E ⊂ RN , we call

1E : RN → {0, 1}

the indicator function of the set E, that is, 1E(x) = 1 if x ∈ E and 1E(x) = 0 if
x ∈ RN \ E. For x ∈ RN and A ⊂ RN , we define dist(x,A) := inf

{
|x − y| : y ∈ A}

(with dist(x, ∅) = +∞) and, for any two subsets A,B ⊂ RN , we define the Hausdorff
distance between A and B as

dH(A,B) := max
(

sup
x∈A

dist(x,B), sup
y∈B

dist(y, A)
)

with the conventions dH(A, ∅) = dH(∅, A) = +∞ if A 6= ∅ and dH(∅, ∅) = 0.

2 Comments on the hypotheses and the conclusions,

and complementary results

We first discuss in Section 2.1 some conditions under which Hypotheses 1.1 and 1.2
are fulfilled, and the invasion property entailed by them. Section 2.2 lists examples
and counter-examples of existence of asymptotic invasion shapes W , and some general
properties ofW in an even more general framework, without Hypotheses 1.1-1.2. Lastly,
we give in Section 2.3 some applications of the main results, and we explain the necessity
of the main hypotheses.

2.1 Weak bistability, pulsating fronts, and invasion property

Sufficient conditions in the homogeneous case. In the homogeneous case with
A ≡ IN (the identity matrix of size N ×N), q ≡ 0 and f(x, s) = f(s), (1.1) reduces to

∂tu = ∆u+ f(u), t > 0, x ∈ RN . (2.1)
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If f is of ignition type, that is,

∃α ∈ (0, 1), f = 0 in [0, α] and f > 0 in (α, 1), (2.2)

or if f is of bistable type, that is,

∃α ∈ (0, 1), f < 0 in (0, α) and f > 0 in (α, 1), (2.3)

with
∫ 1

0
f >0, then (2.1) admits planar fronts connecting 1 to 0 with positive and unique

speed c, namely solutions u(t, x) = ϕ(x·e−ct), with e ∈ SN−1 and ϕ : R→ (0, 1) solving

ϕ′′ + cϕ′ + f(ϕ) = 0 in R, ϕ(−∞) = 1, ϕ(+∞) = 0, c > 0, (2.4)

see [2, 28]. Such fronts are pulsating traveling fronts too, with the same speed c, hence
Hypothesis 1.2 holds. Furthermore, if f is non-increasing in a right neighborhood of 0
and decreasing in a left neighborhood of 1 (for instance if f ′(1) < 0 for (2.2), or f ′(0) < 0,
f ′(1) < 0 for (2.3)), then Hypothesis 1.1 holds as well, and any pulsating traveling front
in the direction e is a planar front by [4, Theorem 3.1] (or by the uniqueness property in
Proposition 2.2 below). Planar traveling fronts might also exist for multistable nonlin-
earities f , for instance if the speed of a front connecting any pair of consecutive stable
states is smaller than the speeds of the fronts connecting pairs of consecutive stable
states above them, see [28].

We point out that Hypothesis 1.2 can of course be fulfilled without Hypothesis 1.1:
for instance, for (2.1) and f > 0 in (0, 1), the set of admissible speeds in each direction e
is a closed interval [c∗(e),+∞) ⊂ R+ [2, 29, 52] (and c∗(e) > 0 does not depend on
e ∈ SN−1 for (2.1)). Conversely, Hypothesis 1.1 can be fulfilled without Hypothesis 1.2,

for instance for (2.1) and f of bistable type (2.3) with f ′(0) < 0, f ′(1) < 0 and
∫ 1

0
f ≤ 0.

The general periodic equation (1.1), properties of pulsating traveling fronts.
For (1.1), under our standing assumptions, Hypothesis 1.2 is known to hold when f is
of the generalized ignition case

∃α ∈ (0, 1),

{
f = 0 in RN × [0, α],

∀ s ∈ (α, 1), 0 ≤ min
RN

f(·, s) < max
RN

f(·, s), (2.5)

see [3, 75, 77, 79]. In this case, Hypothesis 1.1 holds if one further assumes that f(x, ·)
is decreasing in [1− δ, 1] for some δ > 0. Hypothesis 1.1 is also fulfilled if f of the strong
bistable type, namely if

∂sf(x, 0) < 0 and ∂sf(x, 1) < 0 for all x ∈ RN (2.6)

(remember that ∂sf is continuous in RN × [0, 1] and periodic in x). We call this case
“strongly bistable” because both steady states 0 and 1 are linearly stable (from above
and below respectively), but f(x, ·) may have more than one zero in the interval [0, 1].
In the case (2.6), Hypothesis 1.2 is known to hold in dimension 1 [13, 27, 84] or in higher
dimensions under various additional assumptions on A, q and f , for instance in highly
or slowly oscillating media [14, 15, 79] or when there does not exist any periodic steady
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state between 0 and 1 [11, 23, 34] (see also [50, 63, 73, 76, 78, 80] for further references
in the case of almost-homogeneous coefficients).

The main properties of the pulsating traveling fronts and speeds given in Hypothe-
sis 1.2 are summarized in Proposition 2.2 below. That result is actually proved under
Hypothesis 1.2 and under an hypothesis slightly weaker than Hypothesis 1.1, in which
the monotonicity of f(x, ·) in a left-neighborhood of 1 is not anymore assumed to be
strict:

Hypothesis 2.1. There exists δ ∈ (0, 1/2) such that, for every x ∈ RN , the function
s 7→ f(x, s) is non-increasing in [0, δ] and in [1− δ, 1].

Proposition 2.2. Under Hypotheses 1.2 and 2.1, let φe(t, x) = Ue(x, x · e− c∗(e)t) be a
pulsating traveling front connecting 1 to 0 in a direction e ∈ SN−1. Then its speed c∗(e) is
unique, ∂tφe(t, x) > 0 in R×RN , φe is unique up to shift in t, ∂zUe(x, z) < 0 in RN×R,
Ue is unique up to shift in z, and it satisfies, for some λ0 > 0 and C > 0,

∀ (x, z) ∈ RN × R, Ue(x, z) ≤ Ce−λ0z. (2.7)

Furthermore, the map e 7→ c∗(e) is continuous from SN−1 to R+. Lastly, for any fixed
µ ∈ (0, 1), if φe is normalized so that φe(0, 0) = µ, then the maps e 7→ φe and e 7→ Ue
are continuous from SN−1 to L∞loc(R× RN) and L∞(RN × R), respectively.

As a matter of fact, the continuity property in Proposition 2.2 generalizes some
earlier results established for reactions of ignition type (2.5) [1] or strongly bistable
reactions of type (2.6) [14]. The C2 smoothness of the speeds c∗(e) with respect to e is
also derived in [36] in the bistable case, under further assumptions on the coefficients.

The invasion property. An important property entailed by Hypotheses 1.1-1.2 is
the local-in-space convergence of u(t, ·) to 1 as t → +∞ when u0 is “large” enough on
a large enough ball, namely (2.8) below. That property follows from [21], where the
condition maxRNf(·, s) > 0 for all s ∈ [1 − δ, 1) was used (this condition follows from
Hypothesis 1.1, and even f(x, s) > 0 for all (x, s) ∈ RN × [1 − δ, 1)). But we show
in Section 4.1 that the property maxRN f(·, s) > 0 for all s ∈ [1 − δ, 1) is satisfied as
well when Hypothesis 1.1 is replaced by the weaker Hypothesis 2.1, still together with
Hypothesis 1.2, and we then get the following result.

Proposition 2.3. Under Hypotheses 1.2 and 2.1, there exist θ ∈ (0, 1) and ρ > 0 such
that(

u0 ≥ θ in Bρ

)
=⇒

(
u(t, ·)→ 1 as t→ +∞ locally uniformly in RN

)
, (2.8)

where u is the solution of (1.1) with initial condition u0 : RN → [0, 1].

Definition 2.4. Throughout the paper, the existence of θ ∈ (0, 1) and ρ > 0 for
which (2.8) holds is called the invasion property for (1.1).

We point out that if instead of Hypothesis 1.2, the equation (1.1) admits a pulsating
traveling front connecting 1 to 0 in a direction e ∈ SN−1 with a speed c∗(e) ≤ 0, then
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the invasion property necessarily fails, as a consequence of the comparison principle.
By [21, Remark 2], the invasion property and the periodicity of (1.1) imply that invading
solutions u of (1.1) spread at least with a positive linear speed in all directions:

∃ γ > 0, min
x∈Bγt

u(t, x)→ 1 as t→ +∞. (2.9)

For the homogeneous equation (2.1), the invasion property is equivalent to

there is θ ∈ (0, 1) such that f > 0 in [θ, 1), and

∫ 1

s

f > 0 for all s ∈ [0, 1), (2.10)

and θ in (2.10) and in (2.8) can be defined as the same real number [19, 66]. The invasion
property is therefore satisfied in particular if f ≥ 0 in [0, 1] and if f is positive in a left
neighborhood of 1. It also holds if f is of ignition type (2.2) or of bistable type (2.3) with∫ 1

0
f > 0 and θ in (2.8) can be any real number in the interval (α, 1), with ρ > 0 large

enough, depending on θ, see also [2, 28]. For (2.1), a sufficient condition for the invasion
property is that (2.4) admits a solution (c, ϕ), without requiring here Hypothesis 1.1,
see [49, Proposition 1.3]. The invasion property actually does not imply Hypotheses 1.1
or 1.2. For instance, if f > 0 in (0, 1), then the invasion property and Hypothesis 1.2
hold for (2.1), but Hypothesis 1.1 does not. Again for (2.1), if f of multistable type,
one could have that the invasion property and Hypothesis 1.1 hold, but Hypothesis 1.2
does not (when instead of a single traveling front there is a stack of fronts) by [28].

For the general periodic equation (1.1), the invasion property holds when ∂sf(·, 0) > 0
in RN and f is of the generalized positive case

0 ≤ min
RN

f(·, s) < max
RN

f(·, s) for every s ∈ (0, 1), (2.11)

see [6, 7, 30, 74] (here θ can be arbitrary in (0, 1) and ρ > 0 can be arbitrary). Notice
that Hypothesis 1.1 does not hold in this case. From [21], the invasion property also
holds when f is of the generalized ignition type (2.5) with f > 0 in RN × (α, 1). Under
Hypothesis 1.1, the invasion property holds with f of type (2.5), from [3] and Proposi-
tion 2.3. Lastly, the invasion property is fulfilled as well when f ≥, 6≡ 0 in RN × [0, 1]
and the principal part of the operator is in the non-divergence form Tr(A(x)D2u) and q
is not too large (not necessarily divergence free nor with 0 average) [21]. For reactions f
which may take negative values, the proposition below provides a sufficient condition
for the invasion property to hold.

Proposition 2.5. Let g : [0, 1] → R be a C1 function such that g(0) = g(1) = 0 and
satisfying (2.10) and g′(1) < 0. Let A0 = (Aij)1≤i,j≤N be a constant symmetric positive
definite matrix. There is ε > 0 such that, if

max
1≤i,j≤N

‖aij − Aij‖C1(RN ) + max
1≤i≤N

‖qi‖L∞(RN ) ≤ ε

and f(x, s) ≥ g(s) for all (x, s) ∈ RN × [0, 1], then the invasion property holds for (1.1).

Proposition 2.5 shows that the invasion property holds in the case of almost-constant
diffusion and almost-zero drift coefficients, provided that the reaction is larger than a
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homogeneous unbalanced bistable term. However, as for (2.1), the invasion property
does not hold in general without the condition f(x, s) ≥ g(s) and g satisfying (2.10). For
the periodic equation (1.1), typically with a bistable structure as in (2.6), heterogeneities
with large amplitude or large period can also rule out the invasion property [12, 16, 25,
26, 40, 60, 78, 80].

2.2 The asymptotic invasion shape: properties and examples

General properties. In Definition 1.4, the requirement that W coincides with the
interior of its closure guarantees the uniqueness of the asymptotic invasion shape, when
it exists. The next result contains a characterization ofW . From [21, Remark 2], under
the invasion property, any invading solution u satisfies (2.9), whence its asymptotic
invasion shape W , if any, contains a ball Bγ centered at the origin. Despite the fact
thatW may not be convex in general, it turns out that it contains the convex hull of the
union of Bγ with any other point ξ ∈ W . This property leads to the Lipschitz regularity
of W . All these results are summarized in the following statement.

Proposition 2.6. If a solution u to (1.1) admits an asymptotic invasion shape W, then

W = int
{
x ∈ RN : u(t, tx)→ 1 as t→ +∞

}
. (2.12)

Moreover, under the invasion property, W is star-shaped with respect to the origin
and ∂W (if non-empty) is Lipschitz-regular. More precisely, letting γ > 0 be such
that (2.9) holds for the solution of (1.1) with initial datum θ 1Bρ, where θ and ρ are as
in Definition 2.4, then, for any z ∈ ∂W, the following estimates hold:

∀λ ∈ [0, 1), B(1−λ)γ(λz) ⊂ W , (2.13)

∀λ ∈ (1,+∞), B(λ−1)γ(λz) ⊂ RN \W . (2.14)

The two inclusions (2.13)-(2.14) correspond to an interior and an exterior cone con-
dition, respectively, at any boundary point z ∈ ∂W , with the opening of the cones
only depending on γ and |z|. Hence they provide an explicit estimate of the Lipschitz
constant of ∂W , showing that ∂W is locally uniformly Lipschitz-continuous.

It turns out that, when a solution u to (1.1) is initially compactly supported, its
asymptotic invasion shape W , if any, can also be viewed as the large-time limit of the
rescaled upper level sets, defined by

Eλ(t) :=
{
x ∈ RN : u(t, x) > λ

}
, λ ∈ (0, 1), t > 0.

Proposition 2.7. If a solution u to (1.1) admits an asymptotic invasion shape W and
if its initial datum is compactly supported, then, for every λ ∈ (0, 1),

1

t
Eλ(t) −→

t→+∞
W (2.15)

in the sense of the Hausdorff distance.5

5When W = ∅, then (2.15) means that, for every λ ∈ (0, 1), the sets Eλ(t) are empty for t large.
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We point out that (2.15) does not hold in general if the initial datum is not compactly
supported, see [49, Proposition 6.5].6 However, under some additional conditions on u0

and f for (2.1), the rescaled upper level sets t−1Eλ(t) converge locally toW in the sense
of the Hausdorff distance as t→ +∞, see [49, Theorem 2.4].

Remark 2.8. Proposition 2.7 and property (2.12) of Proposition 2.6 hold under the
sole standing assumptions of the paper, and even without Hypotheses 1.1, 1.2 or 2.1.
Furthermore, the results (2.13)-(2.14) of Proposition 2.6 hold under the sole invasion
property. As a consequence, from Proposition 2.3, the results (2.13)-(2.14) hold true
under Hypotheses 1.2 and 2.1. But they also hold under the conditions of Proposition 2.5.

Examples of asymptotic invasion shape for homogeneous equations with u0

compactly supported. Firstly, if (2.4) has a solution (c, ϕ), then the asymptotic
invasion shape W0 of any invading solution u to (2.1) exists and it is equal to

W0 = Bc∗ , (2.16)

where c∗ > 0 is the minimal speed for which (2.4) has a solution, see [2] under fur-
ther assumptions on f and [49] in the general case. This result holds even without
Hypothesis 1.1, and the speed c in (2.4) is not unique in general, but the minimal speed
c∗ > 0 does exist [49]. With Hypothesis 1.1, (2.16) can also be viewed as a consequence
of (1.10).

In the homogeneous case with q ≡ 0, f(x, s) = f(s) and A = (Aij)1≤i,j≤N is a
constant (independent of x) symmetric positive definite matrix, (1.1) reduces to

∂tu =
∑

1≤i,j≤N

Aij∂xixju+ f(u), t > 0, x ∈ RN . (2.17)

A change of variable shows that the asymptotic invasion shape W0 of any invading
solution u with compactly supported u0 is an open ellipsoid of the type

W0 = R(E),

where R is an orthogonal mapping, E :=
{
x ∈ RN : x2

1/λ1 + · · · + x2
N/λN < (c∗)2

}
and (λi)1≤i≤N are the eigenvalues of the constant matrix A.

The asymptotic invasion shape can also exist and be empty: for instance, for (2.1)

or (2.17) in the bistable case (2.3), if ‖u0‖L∞(RN ) ≤ α, or if
∫ 1

0
f ≤ 0 and f ′(0) < 0, then

‖u(t, ·)‖L∞(Rn) → 0 as t→ +∞, whence the asymptotic invasion shape is empty.

Examples for (2.1) with unbounded initial support. Even for (2.1) and even with
the existence of a pair (c, ϕ) solving (2.4) (hence, Hypothesis 1.2 holds), the question of
the existence of an asymptotic invasion shape is much more intricate when the initial
datum u0 is no longer compactly supported. Various conditions for the existence of an

6[49, Proposition 6.5] was concerned with the homogeneous equation (2.1) for the initial condition
u0 = 1U and U = {(x′, xN ) ∈ RN−1 × R : xN ≤

√
|x′|} and the nonlinearity f(s) = s(1− s), but from

its proof, the same conclusion holds for instance for a function f of type (2.3) with
∫ 1

0
f > 0.
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asymptotic invasion shape have been given in [49] when u0 = 1U , involving notions of
“bounded” or “unbounded” directions of U . For instance, if

U =
{
x = (x′, xN) ∈ RN−1 × R : xN ≤ Γ(x′)

}
with Γ ∈ L∞loc(RN−1) satisfying Γ(x′)/|x′| → α ∈ [−∞,+∞] as |x′| → +∞, then the
asymptotic invasion shape W exists. If α = +∞, then W = RN . If 0 < α < +∞,
then W is a shifted cone

W =
{
x ∈ RN : xN < α |x′|+ c∗

√
1 + α2

}
, (2.18)

that is, W = Bc∗ + C, where C := {x = (x′, xN) ∈ RN−1 × R : xN ≤ α|x′|} and c∗ is the
minimal speed for which (2.4) has a solution. Here, W is neither convex nor C1 (and it
does not satisfy the exterior ball condition at its boundary point (0, · · · , 0, c∗

√
1 + α2)),

see Figure 1 (a) with Γ(x′) = α |x′|. If α = 0 (this is the case for instance when γ
is bounded), then W is the half-space W = {x ∈ RN : xN < c∗}. If −∞ < α < 0,
then W = Bc∗ + C is still the c∗-neighborhood of the cone C, but W is now convex
and C1 (it is not C2 but it satisfies the interior and exterior ball conditions at every
boundary point), see Figure 1 (b) with Γ(x′) = α |x′|. If α = −∞, thenW =

{
x ∈ RN :

|x′| < c∗, xN < 0
}
∪Bc∗ , which is convex and C1, but not C2.

(a) α < 0 (b) α > 0

Figure 1: The asymptotic invasion shape W for u0 = 1U with U = {xN ≤ α|x′|}. In
the case (a) α > 0, W is not regular at z̄, where V(z̄) = {ν1, ν2} (in dimension N = 2).
In the case (b) α < 0, W satisfies the exterior and interior ball conditions at every
boundary point.

Counter-examples for (2.1). Three counter-examples on the existence of an asymp-

totic invasion shapeW for (2.1) are given. Firstly, for f of bistable type (2.3) with
∫ 1

0
f >

0 and f ′(0) < 0, there are compactly supported u0 such that ‖u(t, ·)− Φ‖L∞(RN ) → 0
as t → +∞, where Φ : RN → (0, 1) is a steady state of (2.1) such that Φ(x) → 0 as
|x| → +∞, whence W does not exist, see [17, 58, 59, 64, 83].
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Secondly, since by [49] the existence of a solution (c, ϕ) of (2.4) implies the invasion
property, it is natural to wonder whether, under the sole invasion property, the invading
solutions which are initially compactly supported admit an asymptotic invasion shape.
This is actually false in general, as follows from [28] in dimension 1 and from [18] in
any dimension, for some multistable functions f : there can exist invading solutions
developing into a terrace of fronts expanding with different speeds (see [24, 34, 65, 66]
for more results on terraces of fronts for (2.1) or (1.1)).

Thirdly, even for invading solutions u and even with the existence of a solution (c, ϕ)
of (2.4), the asymptotic invasion shape does not exist in general if u0 is not compactly
supported. For instance, if f(s) = s(1− s) and u0 = 1U with U :=

⋃
n∈NB2n+1 \B2n−1,

then W does not exist [49]. There are also initial conditions u0 : R → (0, 1] oscillating
in a highly non-periodic manner between two exponential functions e−λ|x| and e−µ|x|

as |x| → +∞, with distinct λ > 0 and µ > 0, for which W not exist [43, 81].

Examples for the periodic equation (1.1). If the initial condition u0 6≡ 0 is com-
pactly supported, and if f satisfies the generalized Fisher-KPP assumption

0 < f(x, s) ≤ ∂sf(x, 0)s for all (x, s) ∈ RN × (0, 1), (2.19)

then u admits an asymptotic invasion shape W0, independent of u0, given by (1.10),
where c∗(ξ) > 0 is here the minimal speed of pulsating traveling fronts connecting 1 to 0
in the direction ξ in the sense of (1.2)-(1.3) (all speeds c ∈ [c∗(ξ),+∞) are admissible
under (2.19), in contrast with Hypothesis 1.1, see Proposition 2.2). These results follow
from [3, 7, 74] and the original formula [30]. Actually, formula (1.10) for compactly
supported u0 holds for a more general class of reaction terms f , basically as soon as
pulsating traveling fronts exist in every direction [69]. This includes, beyond the Fisher-
KPP type (2.19): the generalized positive type (2.11) (see also [74]), the generalized
ignition type (2.5), as well as the bistable type (2.6) with Hypothesis 1.2.

Consider now step-like initial conditions u0 : RN → [0, 1], for which u0(x) = 0 when
x · e is large, and u0(x)→ 1 as x · e→ −∞, for some e ∈ SN−1. If f is of the generalized
ignition or positive cases (2.5) or (2.11), then u has the asymptotic invasion shape

W =
{
x ∈ RN : x · e < c∗(e)

}
, (2.20)

where c∗(e) is the unique or minimal speed of pulsating traveling fronts connecting 1 to 0
in the direction e [54, 55, 74, 82]. For bistable-type equations, results of the type (2.20)
are also known, provided pulsating fronts exist in the direction e [78, 79].

2.3 Comments on the conclusions of the main results

The necessity of the assumptions. Before giving some examples of applications
of the main results of Section 1, we first point out that the conclusions do not hold or
even do not make sense in general without any of the Hypotheses 1.1 or 1.2, or if u is
not invading (in Theorem 1.3 or Corollary 1.7) or if u does not admit an asymptotic
invasion shape (in Theorem 1.5 or Corollary 1.6).

First of all, the conclusions do not hold true in general without Hypothesis 1.1, which
is required for the uniqueness of the speed of pulsating fronts in each direction. Indeed,
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if the speeds are not unique, as it is the case for the homogeneous equation (2.1) with
f > 0 in (0, 1), then considering any other front solution u(t, x) := ϕ(x · e − ct) in a
direction e ∈ SN−1, with a speed c > c∗, one clearly has that W = {x ∈ RN : x · e < c},
thus z · ν = c > c∗ at any z ∈ ∂W , and moreover Ω(u) is just given by {0, 1} and any
translation of the profile ϕ(x · e), hence it does not contains the profiles of the minimal
front.

Consider next (2.1) with f of bistable type (2.3) with f ′(0) < 0, f ′(1) < 0, and∫ 1

0
f > 0. Hence, Hypotheses 1.1-1.2 hold. On the one hand, if ‖u0‖L∞(RN ) < α, the

solution u with initial condition u0 satisfies ‖u(t, ·)‖L∞(RN ) → 0 as t → +∞, whence it
admits the asymptotic invasion shapeW = ∅, but it is not invading and the conclusions
of Theorem 1.3 or Corollary 1.7 do not hold, since Ω(u) = {0}.7 On the other hand,
by [17, 58, 59, 64, 83], there is a unique R∗ > 0 such that ‖u(t, ·) − Φ‖L∞(RN ) → 0
as t → +∞ when u0 = 1BR∗ , with Φ : RN → (0, 1) being a steady state of (2.1)
such that Φ(x) → 0 as |x| → +∞. Here, u is not invading and does not have any
asymptotic invasion shape, so Theorem 1.5 and Corollary 1.6 do not make sense. The
conclusions of Theorem 1.3 and Corollary 1.7 do not hold either, since in this case
Ωe(u) = {Φ(· + a) : a ∈ RN , a · e ≥ 0} ∪ {0} for any e ∈ SN−1 and the planar front
profiles do not coincide with Φ up to shift.

In the examples of the previous paragraph, the solutions u were not invading solu-
tions. Without Hypothesis 1.2, the conclusions of the main results do not hold either
even for invading solutions. For instance, from [18, 28], there are homogeneous equa-
tions (2.1) with multistable functions f for which invading solutions with initial compact
support exist but fronts connecting 1 to 0 do not (so the conclusions of Theorems 1.3
and 1.5 and Corollaries 1.6-1.7 do not make sense in such a case).

Earlier results for (2.1) and compactly supported u0. Consider (2.1) with f of
ignition type (2.2) and f ′(1) < 0, or of bistable type (2.3) with f ′(0) < 0, f ′(1) < 0,

and
∫ 1

0
f > 0. Hypotheses 1.1-1.2 are then fulfilled. Pick any invading solution u

with u0 compactly supported. By (2.16), u admits the asymptotic invasion shape W =
Bc∗ , with (c∗, ϕ∗) denoting the unique solution of (2.4) (up to shift for ϕ∗). It follows
from [4, 72] that, for any e ∈ SN−1, φe(t, x) ≡ ϕ∗(x · e − c∗t) in R × RN up to shift in
time, and that

Ωe(u) =
{
x 7→ ϕ∗(x · e+ σ) : σ ∈ R

}
∪ {0, 1}. (2.21)

This result is coherent – and even in this case stronger – than the inclusions regard-
ing Ωe(u) or Ωẑ(u) in the main results since the inclusions there are equalities here.
The same conclusion (2.21) regarding the invading solutions to (2.1) with compactly
supported u0 holds with more general bistable-type functions f for which (2.4) admits
a solution (c∗, ϕ∗) (see [24, 28, 66] in dimension N = 1 and [18] for general N ≥ 1).
It holds as well with Fisher-KPP type functions f such that f > 0 and s 7→ f(s)/s
is decreasing in (0, 1), where ϕ∗(x · e − c∗t) is a planar front connecting 1 and 0 with
minimal speed c∗ (see [10, 45, 53, 62, 71] if N = 1 and [22, 32, 67] for general N ≥ 1).

7The same observations remain valid if ‖u0‖L1(RN ) is small enough, since then ‖u(1, ·)‖L∞(RN ) would
be less than α, by comparing u with a linear heat equation and using the Lipschitz-continuity of f).
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Applications and counter-examples for the homogeneous equation (2.1) with
non-compactly supported u0. Consider the solutions u of (2.1) with u0 = 1U .
From [4, Theorem 3.1], Hypotheses 1.1-1.2 mean that (2.4) has a solution (c∗, ϕ∗) and
that f is non-increasing in a right neighborhood of 0 and decreasing in a left neighbor-
hood of 1. The case of non-compactly supported u0 is much richer than the compact case
and leads to new and different phenomena according to the shape of U . To illustrate
these phenomena, consider for instance U of conical type

U =
{
x = (x′, xN) ∈ RN−1 × R : xN ≤ α |x′|

}
, with α ∈ R∗.8 (2.22)

If α < 0, then, by Section 2.2, u has the asymptotic invasion shape W = Bc∗ + U
(the same asymptotic invasion shape W would also arise for u0 = 1U ′ with U ′ trapped
between two shifts of U), see Figure 1 (b). In particular, W satisfies the interior and
exterior ball conditions at any point z ∈ ∂W . Then Theorem 1.5 implies that z · ν = c∗

(as one can also directly check here) and that Ωẑ(u) contains all shifts of the planar
profile x 7→ ϕ∗(x · ν), together with the constants 0 and 1. The set ∂W is composed by
a spherical part, whose points z = (z′, zN) satisfy |z| = c∗ and ν = ẑ, and a conical part
where |z| > c∗ and

ν =
−α ẑ′ + eN√

α2 + 1
, where eN := (0, · · · , 0, 1). (2.23)

As a matter of fact, in this specific case, [48, Theorem 3.3] implies that, for every
sequence (tn)n∈N → +∞ and every sequence (xn)n∈N in RN such that supn∈N |x′n| < +∞,
the sequence (u(tn, xn + ·))n∈N converges, up to a subsequence, to a function depending
on the variable xN only. Other local asymptotic one-dimensional properties for (2.1)
with u0 = 1U are given in [47, 48]. However, [47, 48] do not give the convergence to
fronts’ profiles at large time and, up to our knowledge, Theorem 1.5 and Corollary 1.6
are new even for (2.1) in the simple case of the cone (2.22) (or if U were trapped between
two shifts of that cone).

If α > 0, then u still has the asymptotic invasion shape expressed by W = Bc∗ + U ,
or equivalently (2.18) (this would hold true for u0 = 1U ′ with U ′ lying between two
shifts of U), but now ∂W is not differentiable at the vertex z̄ := (0, · · · , 0, c∗

√
α2 + 1),

see Figure 1 (a). Outside z̄, the set ∂W is of class C2 and satisfies z · ν = c∗ for every
z ∈ ∂W\{z̄}, with outward unit normal still given by (2.23), hence Theorem 1.5 implies
that Ωẑ(u) contains all shifts of x 7→ ϕ∗(x · ν), in addition to {0, 1}. But Theorem 1.5
can not be applied at the vertex z̄, where W does not fulfill the exterior ball condition.
However, Corollary 1.6 implies that z̄ · ν = c∗ for all ν ∈ V(z̄), as one can also directly
check noticing that

V(z̄) =
{αe′ + eN√

α2 + 1
: e′ ∈ RN−1, |e′| = 1

}
=
{
ν ∈ SN−1 : z̄ · ν = c∗

}
,

and, in addition, that Ω̂̄z(u) = ΩeN (u) contains all shifts of all the profiles x 7→ ϕ∗(x · ν)
for ν ∈ V(z̄), together with {0, 1}. This result is new in this geometry in any dimension
N ≥ 2 under the sole Hypotheses 1.1-1.2.

8In the case α = 0 or more generally if U is trapped between two shifts of the half-plane {xN ≤ 0},
it follows from [4, 65], or [4, 28, 56, 57, 68] in the pure bistable case (2.3), thatW = {xN < c∗}, ν = eN
for any z ∈ ∂W, and that Ωẑ(u) is equal to the union of {0, 1} and the planar profiles x 7→ ϕ∗(xN +σ).
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On the other hand, still for α > 0, more precise results are known for (2.1) in

dimension N = 2 and f of bistable type (2.3) with
∫ 1

0
f > 0. Namely, it follows from [41,

42, 61] that: 1) Ωe(u) = {1} for any e = (e1, e2) ∈ S1 with e2 < α|e1|; 2) Ωe(u) is the
union of {0, 1} with all shifts of the planar profile x 7→ ϕ∗((x2 − αx1)/

√
α2 + 1), resp.

x 7→ ϕ∗((x2 + αx1)/
√
α2 + 1), if e2 ≥ α|e1| and e1 > 0, resp. e1 < 0; 3) Ω(0,1)(u) is the

union of {0, 1} with all shifts of the two planar profiles x 7→ ϕ∗((x2±αx1)/
√
α2 + 1) and

all shifts of a V -shaped profile φ : R2 → (0, 1) (which is even in x1, decreasing in x2, and
converges to 1 and 0 as x2−α|x1| → −∞ and +∞ respectively). In particular, Ω(0,1)(u)
does not contain the planar profile x 7→ ϕ∗(x2), but it contains a non-planar profile,
showing that the inclusion in part (ii) of Corollary 1.6 is strict in general. Furthermore,
the set of directions ν such that φν(t, ·+y) ∈ Ω(u) is not connected in general. However,
in this example, the inclusion in part (ii) of Theorem 1.5 is an equality at regular points
of ∂W . We actually conjecture it is truly an equality at points z ∈ ∂W around whichW
is sufficiently smooth, but this question is left open.

The general periodic equation (1.1). Up to our knowledge, the convergence to
profiles of pulsating traveling fronts at large time is completely new for general periodic
equations (1.1). The only known related results were obtained under further assump-
tions on (1.1) for front-like initial conditions in dimension 1 [13, 24, 76] or in higher
dimensions as follows from [5, 78], or for equations with Fisher-KPP reactions (2.19) in
dimension 1 [46].

In any dimension N ≥ 1, under Hypotheses 1.1-1.2, even for invading solutions which
are initially compactly supported, the convergence to profiles of pulsating traveling fronts
was not known. Theorem 1.3 and Corollary 1.7 especially answer this question. Fur-
thermore, if the asymptotic invasion shapeW0 of the invading solutions with compactly
supported u0 is of class C1, then necessarily V(z) = {ν(z)} at any point z ∈ ∂W0,
where ν(z) is the outward normal, and since the set of all such normals is then equal
to the whole sphere SN−1, it follows that Ω(u) contains all shifts of the profiles of the
pulsating traveling fronts connecting 1 to 0 in all directions, as stated in Corollary 1.7.
A sufficient condition forW0 to be C1 is that, for each e ∈ SN−1, there is a unique mini-
mizer ξe ∈ SN−1 realizing the minimum in (1.10) [37] (see also [70] for related results
on the map e 7→ ξe for ∂tu = ∆u + µ(x)f(u) with Fisher-KPP reactions f). Further
comments on the smoothness of W0 are given in [37].

Finally, Theorem 1.5 and Corollary 1.6 are also completely new when u0 is not
compactly supported. For instance, if u0 = 1U , U is of the type (2.22) with α < 0
and ∂W0 is C1, where W0 is the asymptotic invasion shape of invading solutions with
compactly supported u0, then u has an asymptotic invasion shape W = U +W0 [37],
so W satisfies the interior ball condition at every boundary point if W0 does so (the
exterior ball condition is automatically satisfied along ∂W by convexity of U and W0).
In particular, Theorem 1.5 applies to such u and W in the case when W0 is of class C2.
But if W0 is not regular, W does not necessarily satisfy the interior ball condition at
every point z ∈ ∂W . In this case, curved front profiles may also appear in the Ω-limit
set and the inclusion in Theorem 1.5 and Corollary 1.6 is strict. Indeed, for example, if
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N = 2 and coincidentally

ĉ :=
√

1+α2 c∗(er) =
√

1+α2 c∗(el) ≤
c∗(e)

e2

, for any e=(e1, e2) with e2 >
1√

1+α2
,

where

er :=
( −α√

1 + α2
,

1√
1 + α2

)
, el :=

( α√
1 + α2

,
1√

1 + α2

)
,

(an example of this type is given in [35, Corollary 6.2]) then ∂W has a corner at (0, ĉ) by
the formula of the asymptotic invasion shape for the type (2.22) with α < 0 in [37], and
does not satisfy the interior ball condition at this boundary point. In this case, there can
exist a Λ-shaped front W : R×R2 → (0, 1) which has level sets boundedly (in the sense
of the Hausdorff distance) oscillating around ∂U + (0, ĉ)t, see [38, Theorems 1.3-1.4].
Therefore, it is expected that Ω(0,1)(u) contains all profilesW (s, y+·), for (s, y) ∈ R×RN .
We also conjecture that Λ-shaped profiles appear as well in the Ω-limit set of an invading
solution with compactly supported initial condition, so that the inclusion in Theorem 1.3
and Corollary 1.7 might be strict in that case.

3 Proofs of the main results

3.1 Proof of Theorem 1.5

This section is devoted to the proof of the main Theorem 1.5. We preliminarily introduce
some notations and prove an auxiliary lemma which will be used in several further
proofs. Namely, for e ∈ SN−1 and λ ∈ R, we consider the principal eigenvalue ke(λ) of
the eigenvalue problem

div(A(x)∇ϕ)+(q(x)−2λA(x)e)·∇ϕ+
(
λ2eA(x)e−λ div(A(x)e)−λq(x)·e

)
ϕ=ke(λ)ϕ (3.1)

in RN acting on periodic functions. Notice that the left-hand side is equal to
eλx·e

[
div
(
A(x)∇(e−λx·eϕ)

)
+ q(x) ·∇(e−λx·eϕ))

]
. From Krein-Rutman and elliptic regu-

larity theories, this principal eigenvalue ke(λ) is uniquely characterized by the existence
(and uniqueness up to multiplication) of a positive principal eigenfunction ϕ of class
C2,α(RN).

Lemma 3.1. For every e ∈ SN−1, there holds ke(λ) = o(λ) as λ→ 0.

Proof. Fix e ∈ SN−1. Since the positive constant function ϕ = 1 solves (3.1) with
λ = 0 and 0 right-hand side, it follows by uniqueness that ke(0) = 0 and that any
associated eigenfunction of (3.1) with λ = 0 is constant. Furthermore, the map λ 7→
ke(λ) is analytic [51] and, from standard elliptic estimates, if ϕ is normalized so that,
say, maxRNϕ = 1, then ϕ → 1 as λ → 0 in C2(RN). Therefore, after integrating (3.1)
over (0, 1)N , using the periodicity of A, q, ϕ together with div q = 0, one gets that

ke(λ)

∫
(0,1)N

ϕ = −2λ

∫
(0,1)N

A(x)e · ∇ϕ+

∫
(0,1)N

(λ2eA(x)e−λ div(A(x)e)−λq(x) · e)ϕ

= −λ
∫

(0,1)N
A(x)e · ∇ϕ+

∫
(0,1)N

(λ2eA(x)e−λq(x) · e)ϕ,
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after integrating by parts. By dividing by λ 6= 0 and passing to the limit λ → 0, one
derives ke(λ) = o(λ) as λ→ 0, since q is assumed to have zero average over (0, 1)N .

The proof of Theorem 1.5 is then achieved through the following three Lemmata 3.2-
3.4. In their proofs, we will make use of Propositions 2.2 and 2.6, that will be proved
in Section 4.

Let us recall our notation x̂ := x/|x|, for any x ∈ RN \ {0}.

Lemma 3.2. Assume that the invasion property holds. Let u be a solution to (1.1)
admitting an asymptotic invasion shape W 6= ∅. There holds that 1 ∈ Ωe(u) for every
e ∈ SN−1, and moreover 0 ∈ Ωẑ(u) for any z /∈ W.

Proof. The inclusion (2.13) of Proposition 2.6 yields Bγ ⊂ W (this follows by taking
any z ∈ ∂W in (2.13) if W 6= RN , and this is trivial if W = RN), hence in particular,
for every e ∈ SN−1, it holds that u(t, e + ·) → 1 as t → +∞, locally uniformly in
RN , that is, 1 ∈ Ωe(u). Suppose now that there exists z /∈ W . Since W contains a
neighborhood of the origin, it follows that z 6= 0, and moreover there exists x̄ ∈ ∂W
such that ̂̄x = ẑ. From (2.14) one then derives Bγ(2x̄) ⊂ RN \W , whence 2x̄ ∈ RN \W
and therefore (1.9) implies that u(t, 2tx̄ + ·)→ 0 as t→ +∞, locally uniformly in RN .
This shows that 0 ∈ Ω̂̄x(u) = Ωẑ(u).

The following two lemmata are the key-points in the proof of Theorem 1.5.

Lemma 3.3. Assume that Hypotheses 1.1-1.2 hold. Let u be a solution to (1.1) admitting
an asymptotic invasion shape W. Assume that W satisfies an interior ball condition at
a point x̄ ∈ ∂W, i.e., there exist r > 0 and ν ∈ SN−1 such that Br(x̄− rν) ⊂ W. Then
one has x̄ · ν ≥ c∗(ν). Moreover, if x̄ · ν = c∗(ν) then

Ω̂̄x(u) ⊃
{
φν(t, ·+ y) : (t, y) ∈ R× RN

}
.

Lemma 3.4. Assume that Hypotheses 1.1-1.2 hold. Let u be a solution to (1.1) admitting
an asymptotic invasion shape W. Assume that W satisfies an exterior ball condition at
a point x̄ ∈ ∂W, i.e., there exist r > 0 and ν ∈ SN−1 such that Br(x̄+ rν) ⊂ RN \W.
Then one has x̄ · ν ≤ c∗(ν). Moreover, if x̄ · ν = c∗(ν) then

Ω̂̄x(u) ⊃
{
φν(t, ·+ y) : (t, y) ∈ R× RN

}
.

Postponing the proofs of Lemmata 3.3-3.4 in Sections 3.2-3.3, we first complete the
proof of Theorem 1.5.

Proof of Theorem 1.5. First of all, the existence of z ∈ ∂W implies that W is non-
empty, and thus it contains the origin, owing to Propositions 2.3 and 2.6. In particular,
z 6= 0 (recall that W is open) hence ẑ is well defined.

Next, on the one hand, Lemmata 3.3 and 3.4 directly imply the statement (i) of the
theorem, and consequently also the inclusion

Ωẑ(u) ⊃
{
φν(t, ·+ y) : (t, y) ∈ R× RN

}
.

On the other hand, the inclusion {0, 1} ⊂ Ωẑ(u) is provided by Lemma 3.2.
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3.2 Proof of Lemma 3.3

Let x̄ ∈ ∂W , r > 0 and ν ∈ SN−1 be as in the statement of the lemma. The proof
amounts to showing that if x̄ · ν ≤ c∗(ν), then necessarily x̄ · ν = c∗(ν) and moreover
φν(t, ·+ y) ∈ Ω̂̄x(u), for any (t, y) ∈ R× RN .

So, let us assume that
c := x̄ · ν ≤ c∗(ν).

The strategy consists in constructing two sequences (tn)n∈N in R+ and (xn)n∈N in ZN\{0}
satisfying tn → +∞ and x̂n → ̂̄x, and such that u(t+ tn, x+ xn)→ ũ(t, x) as n→ +∞
locally uniformly in (t, x) ∈ R × RN , with ũ(t, x) touching from above (a suitable
translation of) the function (t, x) 7→ U(x, x · ν − ct), where U = Uν (for simplicity, we
here drop the subscript ν) is the profile of the front φν , that is,

U(x, x · ν − c∗(ν)t) = φν(t, x).

Since the function (t, x) 7→ U(x, x·ν−ct) is a subsolution to (1.1) (because c ≤ c∗(ν) and
∂zU(x, z) < 0, owing to Proposition 2.2), this would imply that ũ(t, x) ≡ U(x, x · ν− ct)
and eventually that c = c∗(ν).

In order to achieve our goal, we transform the profile U(x, z) making it radial in z,
and then we perturb it in such a way that it touches the solution u from below in some
vicinity of points of the type (t, tx̄).

Construction of the “almost radial” subsolution

Since Br(x̄− rν) ⊂ W holds, for 0 < r′ < r there holds Br′(x̄− r′ν) \ {x̄} ⊂ W .
Therefore, up to reducing r, we can assume without loss of generality that such a
stronger property holds, i.e.

Br(y) \ {x̄} ⊂ W , with y := x̄− rν. (3.2)

In addition, since Proposition 2.6 entails that c := x̄ · ν > 0, we can further assume
without loss of generality that r ≤ c/2.

We then consider a C1 function ρ : [0,+∞)→ R satisfying

ρ′ > 0 in [0,+∞), ρ(0) =
r

2
, ρ(+∞) = r. (3.3)

For a given parameter ε > 0, we call

ρε(t) :=

∫ t

0

ρ(εs)ds+ εt, t ∈ [0,+∞). (3.4)

The crucial property is that, for 0 < ε � 1, the derivative of ρε in [0,+∞) goes
from ρ′ε < r to ρ′ε > r very slowly. For ε > 0, we define

vε(t, x) := U
(
x, |x− ty| − ρε(t)

)
, (t, x) ∈ [0,+∞)× RN .

Next, we lower the function vε in a suitable way.
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We start by considering the periodic principal eigenvalues kν(λ) given by (3.1)
with e = ν and λ > 0. We know from Lemma 3.1 that, for λ > 0 sufficiently small, it
holds

kν(λ) ≤ r

2
λ. (3.5)

We then take λ > 0 small enough such that (3.5) holds, and in addition λ < λ0, where
λ0 > 0 is the quantity provided by Proposition 2.2, for which U = Uν satisfies the
estimate (2.7). We then consider a nonnegative C2 function χ : R→ R satisfying

χ(z) =

{
0 for z ≤ −1

e−λz for z ≥ 1 .
(3.6)

Hence, the function χ decays to 0 at +∞ more slowly than U(x, ·). Notice that ∂zU
and its first-order derivatives have the same decay (2.7) as U , as a consequence of the
parabolic estimates applied to φν , and the fact that c∗(ν) > 0. In particular, there exists
a constant K > 0 (independent of ε > 0) such that

∀x ∈ RN , ∀ z ≥ 1, |∂zU(x, z) + |∂2
zzU(x, z)|+ |∇∂zU(x, z)| ≤ Kχ(z). (3.7)

Next, for ε > 0, we call

wε(t, x) := χ
(
|x− ty| − ρε(t)

)
ϕ(x) + 1, (t, x) ∈ [0,+∞)× RN ,

where ϕ is the periodic principal eigenfunction of the elliptic operator (3.1) associated
with kν(λ), normalized by (maxRN ϕ)(maxR χ) = 1. Therefore, for every ε > 0, there
holds

1 ≤ wε ≤ 2 in [0,+∞)× RN . (3.8)

Finally, for ε > 0 and for another parameter µ > 0, we define

vεµ(t, x) := vε(t, x)− µwε(t, x), (t, x) ∈ [0,+∞)× RN .

This function vεµ satisfies vεµ ≤ 1− µ in [0,+∞)× RN . Furthermore, since U(x, z)→ 0
as z → +∞ uniformly in x ∈ RN , there exists Rµ > 0 (depending on µ > 0 but not
on ε > 0) such that

∀µ > 0, ∀ ε > 0, ∀ t ≥ 0, ∀x ∈ RN , |x− ty| − ρε(t) ≥ Rµ =⇒ vεµ(t, x) < 0. (3.9)

Finally, if 0 < µ < 1/4 then µwε < 1/2 in [0,+∞) × RN and, since U(x, z) → 1
as z → −∞ uniformly in x ∈ RN , we can therefore find another quantity L ∈ R
(independent of µ ∈ (0, 1/4) and ε > 0) such that

∀ 0 < µ <
1

4
, ∀ ε > 0, ∀ t ≥ 0, ∀x ∈ RN , |x−ty|−ρε(t) ≤ L =⇒ vεµ(t, x) >

1

4
. (3.10)

For the rest of the proof, we restrict to 0 < µ < 1/4, so that both (3.9) and (3.10) hold.
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The contact points with u

On the one hand, by (3.2) and (1.9), for each µ ∈ (0, 1/4), there exists τµ ≥ 0 (indepen-
dent of ε > 0) such that

∀ 0 < µ <
1

4
, ∀ ε > 0, ∀ t ≥ τµ, ∀x ∈ RN ,

|x− ty| ≤ 3

4
rt =⇒ u(t, x) > 1− µ ≥ sup

[0,+∞)×RN
vεµ.

(3.11)

On the other hand, for each ε > 0, consider the function ρε defined in (3.4) and call, for
t ≥ 0,

γ(ε, t) :=
3

4
rt− ρε(t).

This function γ is continuous with respect to (ε, t) ∈ (0,+∞) × [0,+∞) and even
in [0,+∞)×[0,+∞) by setting γ(0, t) = rt/4 for t ≥ 0. The function γ is also decreasing
with respect to ε ≥ 0 for any t > 0, and it is strictly concave with respect to t ≥ 0
and satisfies γ(ε,+∞) = −∞ for any ε > 0. Finally, it holds γ(0, t) = rt/4 ≥ Rµ for
all t ∈ [4Rµ/r,+∞). From all these properties one deduces that, for every µ ∈ (0, 1/4),
there exists ε′µ > 0 small enough so that, for any ε ∈ (0, ε′µ), there holds{

t > 0 : γ(ε, t) ≥ Rµ

}
= [τ εµ, τ

ε
µ],

for some 0 < τ εµ < τ εµ satisfying

lim
ε→0+

τ εµ =
4Rµ

r
, lim

ε→0+
τ εµ = +∞. (3.12)

As a consequence, owing to (3.9), one derives

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′µ, ∀ t ∈ [τ εµ, τ

ε
µ], ∀x ∈ RN ,

|x− ty| ≥ 3

4
rt =⇒ vεµ(t, x) < 0 ≤ u(t, x).

Then, by taking ε′′µ ∈ (0, ε′µ) small enough so that

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′′µ, τ εµ − 1 > max(τ εµ, τµ),

with τµ given by (3.11), one eventually gets that

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′′µ, u > vεµ in [τ εµ − 1, τ εµ]× RN . (3.13)

We now show that, for given 0 < µ < 1/4 and ε > 0, one has u < vεµ at some point,
for t large enough. Specifically, on the one hand, since ρε(t)/t→ r + ε as t→ +∞, one
derives from (3.10) that, for t sufficiently large,

inf
x∈Br+ε/2(y)

vεµ(t, tx) >
1

4
.
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On the other hand, since x̄ ∈ ∂Br(y) ∩ ∂W and W is the interior of its closure, there
exists x ∈ Br+ε/2(y) \ W , hence property (1.9) yields u(t, tx) → 0 as t → +∞. We
conclude that the quantity infRN (u− vεµ)(t, ·) is negative for t large enough.

Thus, for 0 < µ < 1/4 and ε ∈ (0, ε′′µ), we can define

tεµ := inf
{
t > τ εµ : inf

RN
(u− vεµ)(t, ·) < 0

}
∈ [τ εµ,+∞).

Let (tn)n∈N in [τ εµ,+∞) and (xn)n∈N in RN be such that tn ↘ tεµ as n → +∞ and
(u− vεµ)(tn, xn) < 0. Property (3.9) and the non-negativity of u imply that

|xn − tny| < ρε(tn) +Rµ

for every n ∈ N, hence (xn)n∈N converges (up to subsequences) to some point xεµ ∈ RN

satisfying
|xεµ − tεµy| ≤ ρε(t

ε
µ) +Rµ

and (u− vεµ)(tεµ, x
ε
µ) ≤ 0, whence tεµ > τ εµ > 0 and (u− vεµ)(tεµ, x

ε
µ) = 0 by (3.13) and the

continuity of u− vεµ. Together with (3.13) again, we deduce that

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′′µ, min

[tεµ−1,tεµ]×RN
(u− vεµ) = (u− vεµ)(tεµ, x

ε
µ) = 0. (3.14)

Next, for any 0 < µ < 1/4, using that ρε(t) ≤ (r + ε)t for all t ≥ 0 and ε > 0, and
that tεµ > τ εµ → +∞ as ε → 0+ by (3.12), we infer that lim supε→0+ |xεµ/tεµ − y| ≤ r.
Thus, for any sequence (εn)n∈N in (0, ε′′µ) converging to 0+, the points xεnµ /t

εn
µ converge

as n→ +∞, up to subsequence, to some x̃ ∈ Br(y). But then the point x̃ must coincide
with x̄, because otherwise (3.2) and (1.9) would yield u(tεnµ , x

εn
µ )→ 1 as n→ +∞, while

we know that u(tεnµ , x
εn
µ ) = vεµ(tεnµ , x

εn
µ ) ≤ 1 − µ for all n ∈ N. Summing up, we have

that

∀ 0 < µ <
1

4
, lim

ε→0+
tεµ = +∞, lim

ε→0+

xεµ
tεµ

= x̄. (3.15)

The strict subsolution property

In the light of the property of the contact points derived above, we analyze the equation
satisfied by the function vεµ at time t in the vicinity of the point tx̄. More precisely, we
will focus on x ∈ tBω(x̄) with given ω ∈ (0, r/2), so in particular x 6= ty.

We start by considering the function (t, x) 7→ vε(t, x) = U
(
x, |x− ty| − ρε(t)

)
, with

ε > 0. Explicit computation yields, for all t > 0 and x ∈ tBω(x̄),

∂tv
ε − div(A∇vε)− q · ∇vε =−

(
ρ′ε(t) + x̂− ty · y

)
∂zU

− div(A∇U)− x̂− ty A x̂− ty ∂2
zzU

− div
(
Ax̂− ty

)
∂zU − 2x̂− ty A∇∂zU

− q · ∇U − q · x̂− ty ∂zU,

where, in the above terms, U is treated as U = U(x, z) and eventually evaluated at
z = |x− ty| − ρε(t). Exploiting the fact that U = Uν solves

−c∗(ν)∂zU−div(A∇U)−2νA∇∂zU−div(Aν)∂zU−νAν∂2
zzU−q·∇U−q·ν∂zU = f(x, U),
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one then infers that, for all t > 0 and x ∈ tBω(x̄),

∂tv
ε − div(A∇vε)− q · ∇vε = f(x, vε) +R(t, x), (3.16)

where

R(t, x) :=
[
c∗(ν)− ρ′ε(t)− x̂− ty ·y + div

(
A
(
ν − x̂− ty

))
+ q ·

(
ν − x̂− ty

)]
∂zU

+2
(
ν − x̂− ty

)
A∇∂zU +

(
νAν − x̂− ty A x̂− ty

)
∂2
zzU.

We now estimate the reminder R(t, x) when t > 0 and x ∈ tBω(x̄) (which will be the
region where the contact points (tεµ, x

ε
µ) of u and vεµ will eventually lie, by (3.14)-(3.15)).

First, recalling that ω < r/2, we have that

sup
x∈tBω(x̄)

∣∣x̂− ty − ν∣∣ = sup
x∈Bω(x̄)

∣∣x̂− y − ν∣∣ = sup
x∈Bω

∣∣x̂+ rν − ν
∣∣ ≤ 2ω

r − ω
≤ 4ω

r
. (3.17)

On the one hand, since

div
(
A
(
ν − x̂− ty

))
= (divA) ·

(
ν − x̂− ty

)
− 1

|x− ty|
(

TrA− x̂− ty A x̂− ty
)
,

we deduce from (3.17) that there exists C > 0, depending only on ‖A‖W 1,∞ , r, and N ,
such that

∀ 0 < ω <
r

2
, ∀ t > 0, sup

x∈tBω(x̄)

∣∣∣ div
(
A
(
ν − x̂− ty

)) ∣∣∣ ≤ Cω +
C

t
.

On the other hand, we find again by (3.17) that

∀ 0<ω<
r

2
, ∀ t>0, ∀x∈ tBω(x̄),

∣∣∣x̂−ty · y−c+r∣∣∣ ≤ |ν ·y−c+r|+4ω|y|
r

=
4ω|y|
r

, (3.18)

from which, using c ≤ c∗(ν) and ρ ≤ r, we derive

∀ ε > 0, ∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄),

ρ′ε(t) + x̂− ty · y ≤ ρ(εt) + ε+ c− r +
4ω|y|
r
≤ c∗(ν) + ε+

4ω|y|
r

.

Using these estimates, together with ∂zU < 0 and νAν − ζAζ = (ν − ζ)A(ν + ζ) for
any ζ ∈ RN , we find another constant C ′ > 0, depending only on ‖A‖W 1,∞ , ‖q‖∞, r, |y|,
and N , such that

∀ ε > 0, ∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄),

R(t, x) ≤
(
ε+ C ′ω +

C

t

)
×
(
|∂zU |+ |∂2

zzU |+ |∇∂zU |
)
,

(3.19)

where again the function U(x, z) and its derivatives are evaluated at (x, |x− ty|−ρε(t)).
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We now turn to the function (t, x) 7→ wε(t, x) = χ
(
|x − ty| − ρε(t)

)
ϕ(x) + 1. We

start with the values (t, x) such that t > 0 and |x− ty| − ρε(t) > 1. For such values, we
have |x− ty| > ρε(t) + 1 > 1 > 0, and we compute

∂tw
ε − div(A∇wε)− q · ∇wε =−

(
ρ′ε(t) + x̂− ty · y

)
χ′ϕ

− div(A∇ϕ)χ− x̂− ty A x̂− tyχ′′ϕ
− div

(
Ax̂− ty

)
χ′ϕ− 2χ′x̂− ty A∇ϕ

− (q · ∇ϕ)χ− q · x̂− tyχ′ϕ,

where χ and its derivatives are evaluated at |x− ty| − ρε(t). Using that χ(z) = e−λz for
z ≥ 1, and that ϕ solves (3.1) with e = ν, one derives, for t > 0 and |x− ty|− ρε(t) > 1,

∂tw
ε − div(A∇wε)− q · ∇wε =

(
λ
(
ρ′ε(t) + x̂− ty · y

)
− kν(λ)

)
χϕ+ R̃(t, x)χ,

with

R̃(t, x) :=−
[
div
(
A
(
ν − x̂− ty

))
+ q ·

(
ν − x̂− ty

)]
λϕ

− 2λ
(
ν − x̂− ty

)
A∇ϕ+

(
νAν − x̂− ty A x̂− ty

)
λ2ϕ.

On the one hand, recalling that we have (3.18), and also ρ′ε ≥ 0 and r ≤ c/2, we get,
always for t > 0 and |x− ty| − ρε(t) > 1,

∂tw
ε − div(A∇wε)− q · ∇wε ≥

(
rλ− 4ω|y|λ

r
− kν(λ)

)
χϕ+ R̃(t, x)χ

≥
(rλ

2
− 4ω|y|λ

r

)
χϕ+ R̃(t, x)χ,

where, for the second inequality, we have used (3.5). On the other hand, the term R̃
can be estimated exactly at the same way as R before, namely, one gets

∀ ε > 0, ∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄), |R̃(t, x)| ≤ C̃ω +

C̃

t
, (3.20)

for some constant C̃ > 0 depending only on ‖A‖W 1,∞ , ‖q‖∞, r, |y|, N , ‖ϕ‖W 1,∞ , and λ.
Summing up, we find the following estimate, up to increasing the constant C̃:

∀ ε > 0, ∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄),

|x− ty| − ρε(t) > 1 =⇒ ∂tw
ε − div(A∇wε)− q · ∇wε ≥

(rλϕ
2
− C̃ω − C̃

t

)
χ.

We gather together the above estimate for wε with the estimate (3.19) on the re-
minder R of the expression (3.16) and with the estimate (3.7). We then get that

∀ 0 < µ <
1

4
, ∀ ε > 0, ∀ 0 < ω <

r

2
, ∀ t > 0, ∀x ∈ tBω(x̄), |x− ty| − ρε(t) > 1 =⇒

∂tv
ε
µ−div(A∇vεµ)−q · ∇vεµ ≤ f(x, vε)+

(
Kε+KC ′ω+

KC

t
−µ
(rλϕ

2
−C̃ω− C̃

t

))
χ.
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Since r > 0, λ > 0 and minRN ϕ > 0, it follows that, for any given 0 < µ < 1/4, there
exist ε+

µ > 0 small enough, ω+
µ ∈ (0, r/2) small enough, and T+

µ > 0 large enough, such
that

∀ 0 < ε < ε+
µ , ∀ t ≥ T+

µ , ∀x ∈ tBω+
µ

(x̄),

|x− ty| − ρε(t) > 1 =⇒ ∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ < f(x, vε).

Let us consider δ ∈ (0, 1/2) from Hypothesis 1.1, remember (1.4), and call

m := min
x∈RN

U(x, 1) > 0, δ′ :=
min(m, δ)

2
> 0.

Notice that δ′/2 < 1/4. For any 0 < µ < δ′/2 and ε > 0, if vεµ(t, x) ∈ [0, δ′) for some
t > 0 and x ∈ RN , then 0 < vε(t, x) ≤ vεµ(t, x) + 2µ < 2δ′ = min(m, δ), which implies
at once that |x − ty| − ρε(t) > 1 (by the choice of m and ∂zU < 0) and also that
f(x, vε(t, x)) ≤ f(x, vεµ(t, x)) owing to Hypothesis 1.1. Therefore, we derive

∀ 0 < µ <
δ′

2
, ∀ 0 < ε < ε+

µ , ∀ t ≥ T+
µ , ∀x ∈ tBω+

µ
(x̄),

vεµ(t, x) ∈ [0, δ′) =⇒ ∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ < f(x, vεµ).

(3.21)

For the rest of the proof, we restrict to 0 < µ < δ′/2.
We now turn to the region where t > 0 and |x − ty| − ρε(t) < −1. There, one has

vεµ(t, x) = vε(t, x)− µ, whence, by (3.16) and (3.19),

∀ 0 < µ <
δ′

2
, ∀ ε > 0, ∀ 0 < ω <

r

2
, ∀ t > 0, ∀x ∈ tBω(x̄),

|x− ty| − ρε(t) < −1 =⇒

∂tv
ε
µ−div(A∇vεµ)−q · ∇vεµ ≤ f(x, vε)+

(
ε+C ′ω+

C

t

)
‖∂zU‖W 1,∞ .

(3.22)

Reminding (1.4), we then set

M := max
x∈RN

U(x,−1) < 1, δ′′ := min(1−M, δ) > 0.

For any 0 < µ < δ′/2 (which is less than δ) and ε > 0, if vεµ(t, x) ∈ (1 − δ′′, 1] for
some t > 0 and x ∈ RN , then 1 > vε(t, x) > vεµ(t, x) > max(M, 1 − δ), which implies
at once that |x − ty| − ρε(t) < −1 (because vε(t, x) > M and ∂zU < 0), whence
vεµ(t, x) = vε(t, x)− µ, and moreover

f(x, vεµ(t, x))− f(x, vε(t, x))
)
≥ min

z∈RN , s∈[1−δ,1−µ]

(
f(z, s)− f(z, s+ µ)

)
.

Notice that the right-hand side of the previous inequality is a positive constant (de-
pending on µ) thanks to Hypothesis 1.1. Using this in the estimate (3.22), for any
0 < µ < δ′/2, we can then find ε−µ > 0 small enough, ω−µ ∈ (0, r/2) small enough, and
T−µ > 0 large enough, such that

∀ 0 < µ <
δ′

2
, ∀ 0 < ε < ε−µ , ∀ t ≥ T−µ , ∀x ∈ tBω−µ

(x̄),

vεµ(t, x) ∈ (1− δ′′, 1] =⇒ ∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ < f(x, vεµ).

(3.23)
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Finally, if we call εµ := min(ε+
µ , ε

−
µ ) > 0, ωµ := min(ω+

µ , ω
−
µ ) ∈ (0, r/2), and Tµ :=

max(T+
µ , T

−
µ ) > 0, we get, from (3.21) and (3.23),

∀ 0 < µ <
δ′

2
, ∀ 0 < ε < εµ, ∀ t ≥ Tµ, ∀x ∈ tBωµ(x̄),

vεµ(t, x) ∈ [0, δ′)∪(1−δ′′, 1] =⇒ ∂tv
ε
µ−div(A∇vεµ)−q · ∇vεµ<f(x, vεµ).

(3.24)

Conclusion

Take any 0 < µ < δ′/2 (< 1/4). Let ε′′µ > 0 be the quantity in (3.14) and εµ > 0,
ωµ ∈ (0, r/2), Tµ > 0 be the ones in (3.24). By (3.15), we can take ε ∈ (0, ε′′µ) small
enough in such a way that the time-space contact point (tεµ, x

ε
µ) in (3.14) satisfies tεµ ≥ Tµ

and xεµ ∈ tεµBωµ(x̄). If in addition we require ε < εµ, then we necessarily have that

vεµ(tεµ, x
ε
µ) ∈ [δ′, 1− δ′′],

because otherwise, owing to (3.14) and (3.24), the solution u would touch from above
the function vεµ in a point where the latter is a strict subsolution, which is impossible.
Together with (3.15), this shows that we can choose ε = εµ ∈ (0,min(ε′′µ, εµ, µ)) small
enough so that vε

µ

µ (tε
µ

µ , x
εµ

µ ) ∈ [δ′, 1− δ′′], tεµµ ≥ 1/µ, and |xεµµ /tε
µ

µ − x̄| ≤ µ. Hence,

lim
µ→0+

εµ = 0, lim
µ→0+

tε
µ

µ = +∞, lim
µ→0+

xε
µ

µ

tεµµ
= x̄.

Next, again for any 0 < µ < δ′/2, we take ζµ ∈ ZN such that xµ := xε
µ

µ −ζµ ∈ [0, 1]N ,
and we call

tµ := tε
µ

µ , uµ(t, x) := u(t+ tµ, x+ ζµ), vµ(t, x) := vε
µ

µ (t+ tµ, x+ ζµ),

for (t, x) ∈ [−tµ,+∞)× RN . With these notations, we have

lim
µ→0+

εµ = 0, lim
µ→0+

tµ = +∞, lim
µ→0+

ζµ
tµ

= x̄, (3.25)

as well as, by (3.14),

∀ (t, x) ∈ [−1, 0]× RN , uµ(t, x) ≥ vµ(t, x) (3.26)

and
uµ(0, xµ) = vµ(0, xµ) ∈ [δ′, 1− δ′′]. (3.27)

Furthermore, reminding the definition of the functions vεµ and using the periodicity of U
in the first variable, we derive

vµ(t, x) = U
(
x, |x+ ζµ − (t+ tµ)y| − ρεµ(t+ tµ)

)
− µOµ(t, x)

for all (t, x) ∈ [−tµ,+∞) × RN , with the function Oµ satisfying 1 ≤ Oµ ≤ 2
in [−tµ,+∞)× RN .
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We claim that the level sets of (t, x) 7→ |x + ζµ − (t + tµ)y| − ρεµ(t + tµ) converge
locally uniformly to some shifting hyperplanes as µ → 0+. Indeed, on the one hand,
since tµ → +∞ as µ→ 0+, we find

|x+ ζµ − (t+ tµ)y| − |ζµ − tµy| =
|x− ty|2 + 2(x− ty) · (ζµ − tµy)

|x+ ζµ − (t+ tµ)y|+ |ζµ − tµy|

=
|x− ty|2/tµ + 2(x− ty) · (ζµ/tµ − y)

|(x− ty)/tµ + ζµ/tµ − y|+ |ζµ/tµ − y|
−→
µ→0+

(x− ty) · ν = x · ν − (x̄ · ν − r)t,

locally uniformly with respect to (t, x) ∈ R× RN . On the other hand, since by (3.27),

vµ(0, xµ) = U
(
xµ, |xε

µ

µ − tµy| − ρεµ(tµ)
)
− µOµ(t, x) ∈ [δ′, 1− δ′′],

and U(·,−∞) ≡ 1, U(·,+∞) ≡ 0, we deduce that |xεµµ − tµy|−ρεµ(tµ) remains bounded
as µ→ 0+, and thus the same is true for |ζµ− tµy| − ρεµ(tµ). One then gets from (3.25)

lim
µ→0+

ρεµ(tµ)

tµ
= lim

µ→0+

∣∣∣ζµ
tµ
− y
∣∣∣ = |x̄− y| = r.

Recalling the definition of ρεµ , this condition rewrites as

lim
µ→0+

( 1

εµtµ

∫ εµtµ

0

ρ(s)ds+ εµ
)

= r,

but then, since ρ is strictly increasing with ρ(+∞) = r (and εµ → 0 as µ → 0+) we
necessarily have that εµtµ → +∞ as µ→ 0+. This allows us to conclude that

ρεµ(t+ tµ)− ρεµ(tµ) =
1

εµ

∫ εµtµ+εµt

εµtµ

ρ(s)ds+ εµt→ rt as µ→ 0+,

locally uniformly with respect to t ∈ R. Summing up, we have that

|x+ζµ−(t+tµ)y|−ρεµ(t+tµ) = x·ν−x̄·νt+|ζµ−tµy|−ρεµ(tµ)+o(1) as µ→ 0+, (3.28)

locally uniformly with respect to (t, x) ∈ R × RN . Therefore, considering a se-
quence (µn)n∈N converging to 0+ along which |ζµn− tµny|−ρεµn (tµn) (which is bounded)
converges towards some limit, that we call Z ∈ R, we eventually get

|x+ ζµn − (t+ tµn)y| − ρεµn (t+ tµn)→ x · ν − x̄ · νt+ Z as n→ +∞,

locally uniformly with respect to (t, x) ∈ R × RN . Recalling that x̄ · ν = c, we have
thereby shown that

vµn(t, x)→ U(x, x · ν − ct+ Z) as n→ +∞, (3.29)

locally uniformly with respect to (t, x) ∈ R × RN . Finally, by parabolic estimates, the
functions uµn converge locally uniformly as n→ +∞ (up to subsequences) to an entire
solution ũ of (1.1), and by (3.26)-(3.27) it holds that

min
t∈[−1,0], x∈RN

(
ũ(t, x)− U(x, x · ν − ct+ Z)

)
= ũ(0, x̃)− U(x̃, x̃ · ν + Z) = 0,
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where x̃ is the limit (of a convergent subsequence of) (xµn)n∈N in [0, 1]N . Since by
Proposition 2.2, U(x, x·ν−ct+Z) is a subsolution to (1.1) because c ≤ c∗(ν) and ∂zU < 0
(and it is a strict subsolution if c < c∗(ν)), the strong maximum principle yields

ũ(t, x) ≡ U(x, x · ν − ct+ Z) for all (t, x) ∈ [−1,+∞)× RN ,

and moreover c = c∗(ν). This shows that φν(−Z/c∗(ν) + θ, ·) ∈ Ω̂̄x(u) for all θ ≥ −1.
Furthermore, the definition of Ω̂̄x(u) and the local uniform convergence in (3.29) imme-
diately yield that φν(s, · + ξ) ∈ Ω̂̄x(u) for each (s, ξ) ∈ [−Z/c∗(ν)− 1,+∞)× RN . But
since φν(s, x) = φν(s+k ·ν/c∗(ν), x+k) for all k ∈ ZN and (s, x) ∈ R×RN by definition
of φν , one finally gets that φν(s, ·+ ξ) ∈ Ω̂̄x(u) for each (s, ξ) ∈ R×RN . This concludes
the proof of Lemma 3.3. �

3.3 Proof of Lemma 3.4

The proof follows the same scheme as the one of Lemma 3.3. Now r > 0 and ν ∈ SN−1

are given by the exterior ball condition at x̄. We assume that

c := x̄ · ν ≥ c∗(ν),

and we need to show that c = c∗(ν) and moreover that φν(t, · + y) ∈ Ω̂̄x(u), for any
(t, y) ∈ R× RN .

Construction of the “almost radial” supersolution

Up to reducing r > 0, we can assume without loss of generality that the following
stronger exterior ball condition holds:

Br(y) \ {x̄} ⊂ RN \W , with y := x̄+ rν. (3.30)

In addition, since c = x̄ ·ν ≥ c∗(ν) > 0, we can further assume without loss of generality
that r ≤ c/2. We then consider the same C1 function ρ : [0,+∞) → R satisfying (3.3)
as in the proof of Lemma 3.3, and ρε as in (3.4) for ε > 0. For ε > 0, we then define

vε(t, x) := U
(
x, ρε(t)− |x− ty|

)
, (t, x) ∈ [0,+∞)× RN ,

and
wε(t, x) := χ

(
ρε(t)− |x− ty|

)
ϕ(x) + 1, (t, x) ∈ [0,+∞)× RN ,

where χ : R → R is a C2 non-negative function satisfying (3.6), but with 0 < λ < λ0

satisfying this time

kν(λ) ≤ c∗(ν)

2
λ, (3.31)

and ϕ is the periodic eigenfunction of (3.1) associated with kν(λ), normalized by
(maxRN ϕ) (maxR χ) = 1, so that (3.8) still holds. We recall that λ < λ0 yields (3.7), for
some constant K > 0 independent of ε > 0.

Then, for ε > 0 and µ > 0, we increase the function vε by setting

vεµ(t, x) := vε(t, x) + µwε(t, x), (t, x) ∈ [0,+∞)× RN .
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This function satisfies, on the one hand,

inf
[0,+∞)×RN

vεµ = µ > 0,

and furthermore, since U(x, z) → 1 as z → −∞ uniformly in x ∈ RN , there exists
Rµ > 0, depending on µ > 0 but not on ε > 0, such that

∀µ > 0, ∀ ε > 0, ∀ t ≥ 0, ∀x ∈ RN , ρε(t)− |x− ty| ≤ −Rµ =⇒ vεµ(t, x) > 1. (3.32)

On the other hand, if 0 < µ < 1/4 then µwε < 1/2 in [0,+∞) × RN and, since
U(x, z) → 0 as z → +∞ uniformly in x ∈ RN , we can therefore find another quantity
L ∈ R, independent of µ ∈ (0, 1/4) and ε > 0, such that

∀ 0 < µ <
1

4
, ∀ ε > 0, ∀ t ≥ 0, ∀x ∈ RN , ρε(t)−|x−ty| ≥ L =⇒ vεµ(t, x) <

3

4
. (3.33)

For the rest of the proof, we restrict to 0 < µ < 1/4, so that both (3.32) and (3.33) hold.

The contact points with u

On the one hand, by (3.30) and (1.9), for each µ ∈ (0, 1/4), there exists τµ ≥ 0,
independent of ε > 0, such that

∀ 0 < µ <
1

4
, ∀ ε > 0, ∀ t ≥ τµ, ∀x ∈ RN ,

|x− ty| ≤ 3

4
rt =⇒ u(t, x) < µ = inf

[0,+∞)×RN
vεµ.

(3.34)

On the other hand, consider as in the proof of Lemma 3.3 the following function:

γ(ε, t) :=
3

4
rt− ρε(t), ε > 0, t ∈ [0,+∞),

extended by γ(0, t) = rt/4. We have seen before that, for every µ ∈ (0, 1/4), there exists
ε′µ > 0 small enough so that, for any ε ∈ (0, ε′µ), there holds{

t > 0 : γ(ε, t) ≥ Rµ

}
= [τ εµ, τ

ε
µ],

for some 0 < τ εµ < τ εµ satisfying

lim
ε→0+

τ εµ = 4
Rµ

r
, lim

ε→0+
τ εµ = +∞. (3.35)

As a consequence, owing to (3.32), one derives

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′µ, ∀ t ∈ [τ εµ, τ

ε
µ], ∀x ∈ RN ,

|x− ty| ≥ 3

4
rt =⇒ vεµ(t, x) > 1 ≥ u(t, x).
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Then, taking ε′′µ ∈ (0, ε′µ) small enough so that τ εµ − 1 > max{τ εµ, τµ} for all ε ∈ (0, ε′′µ),
with τµ given by (3.34), eventually yields

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′′µ, u < vεµ in [τ εµ − 1, τ εµ]× RN . (3.36)

We now show that, for given 0 < µ < 1/4 and ε > 0, the inequality vεµ < u holds at
some point, for t sufficiently large. Specifically, on the one hand, since ρε(t)/t → r + ε
as t→ +∞, one derives from (3.33) that, for t sufficiently large,

sup
x∈Br+ε/2(y)

vεµ(t, tx) <
3

4
.

On the other hand, since x̄ ∈ ∂Br(y) ∩ ∂W , there exists x ∈ Br+ε/2(y) ∩ W , hence
property (1.9) implies that u(t, tx) → 1 as t → +∞. We conclude that the quantity
infRN (vεµ− u)(t, ·) is negative for t large enough. Thus, for 0 < µ < 1/4 and 0 < ε < ε′′µ,
we can define

tεµ := inf
{
t > τ εµ : inf

RN
(vεµ − u)(t, ·) < 0

}
∈ [τ εµ,+∞).

Using properties (3.32) and (3.36), one readily shows as in the proof of (3.14) that
tεµ > τ εµ and

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε′′µ, min

[tεµ−1,tεµ]×RN
(vεµ − u) = (vεµ − u)(tεµ, x

ε
µ) = 0, (3.37)

with xεµ satisfying
|xεµ − tεµy| < ρε(t

ε
µ) +Rµ.

Then, since ρε(t) ≤ (r + ε)t for all t ≥ 0 and tεµ ≥ τ εµ → +∞ as ε → 0+ by (3.35), we
eventually infer that lim supε→0+ |xεµ/tεµ − y| ≤ r. But then, we necessarily have that
xεµ → x̄ as ε→ 0+, because otherwise the inclusion (3.30) and the second limit in (1.9)
would lead to a contradiction with u(tεµ, x

ε
µ) = vεµ(tεµ, x

ε
µ) ≥ µ > 0. Therefore, we have

∀ 0 < µ <
1

4
, lim

ε→0+
tεµ = +∞, lim

ε→0+

xεµ
tεµ

= x̄. (3.38)

The strict supersolution property

We analyze the equation satisfied by the function vεµ at time t > 0 in the vicinity of
the point tx̄. More precisely, we will focus on the ball tBω(x̄) with given ω ∈ (0, r/2),
so in particular x 6= ty for every x ∈ tBω(x̄). In order to exploit the computation
already made in the proof of Lemma 3.3, observe that vε and wε are defined exactly as
in that proof, but with U(x, |x − ty| − ρε(t)) and χ(|x − ty| − ρε(t)) now replaced by
U(x, ρε(t)− |x− ty|)) and χ(ρε(t)− |x− ty|). One then derives

∂tv
ε − div(A∇vε)− q · ∇vε = f(x, vε) +R(t, x), (3.39)
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where

R(t, x) :=
[
c∗(ν) + ρ′ε(t) + x̂− ty ·y + div

(
A
(
ν + x̂− ty

))
+ q ·

(
ν + x̂− ty

)]
∂zU

+2
(
ν + x̂− ty

)
A∇∂zU +

(
νAν − x̂− tyAx̂− ty

)
∂2
zzU

and where U is treated as U = U(x, z) and eventually evaluated at z = ρε(t)−|x−ty|. We
now deal with the reminderR(t, x) using the estimates obtained in the proof Lemma 3.3.
To do so, we write y = x̄ − rν̃ with ν̃ = −ν, whence the estimate (3.17) holds with ν
replaced by ν̃. From that, and from inequalities c ≥ c∗(ν) and ρ ≤ r, one gets

∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄),

ρ′ε(t) + x̂− ty · y ≤ ρ(εt) + ε− c− r +
4ω|y|
r
≤ −c∗(ν) + ε+

4ω|y|
r

.
(3.40)

For the other terms in the above expression ofR, observe that, after replacing ν with−ν̃,
they are the same as in the expression of R in the proof of Lemma 3.3, up to a sign.
This leads to the following estimate (recall that ∂zU < 0):

∀ ε > 0, ∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄),

R(t, x) ≥ −
(
ε+ C ′ω +

C

t

)
×
(
|∂zU |+ |∂2

zzU |+ |∇∂zU |
)
,

(3.41)

where again U and its derivatives are evaluated at (x, ρε(t)− |x− ty|), with a constant
C > 0 depending only on ‖A‖W 1,∞ , r, N , and another constant C ′ > 0 depending only
on the same terms as well as ‖q‖∞ and |y|.

Let us turn to the function (t, x) 7→ wε(t, x) = χ(ρε(t) − |x − ty|)ϕ(x) + 1. Here
again we exploit the computation of the proof of Lemma 3.3, taking into account the
replacement of χ(|x − ty| − ρε(t)) with χ(ρε(t) − |x − ty|). In particular, in the region
ρε(t)−|x−ty| > 1, one uses the previous computation for the case |x−ty|−ρε(t) > 1, with
χ(|x− ty|−ρε(t)) = e−λ(|x−ty|−ρε(t)) now replaced by χ(ρε(t)−|x− ty|) = e−λ(ρε(t)−|x−ty|).
Then one just needs to replace λ with−λ. Observe that such replacement in the equation
satisfied by the eigenfunction ϕ is equivalent to the replacement of ν by ν̃ = −ν. As a
consequence, one derives, for t > 0 and ρε(t)− |x− ty| > 1 with x 6= ty,

∂tw
ε − div(A∇wε)− q · ∇wε =

(
−λ
(
ρ′ε(t) + x̂− ty · y

)
− kν(λ)

)
χϕ+ R̃(t, x)χ,

where χ is evaluated at ρε(t)− |x− ty|, and

R̃(t, x) :=−
[
div
(
A
(
ν + x̂− ty

))
+ q ·

(
ν + x̂− ty

)]
λϕ

− 2λ
(
ν + x̂− ty

)
A∇ϕ+

(
νAν − x̂− ty A x̂− ty

)
λ2ϕ.

Like R, the function R̃ satisfies the same estimate as in the previous proof, i.e. (3.20).
Then, using also (3.40) and (3.31) one gets

∀ ε > 0, ∀ 0 < ω <
r

2
, ∀ t > 0, ∀x ∈ tBω(x̄), ρε(t)− |x− ty| > 1 =⇒

∂tw
ε − div(A∇wε)− q · ∇wε ≥

(
λ
(c∗(ν)

2
− ε
)
ϕ− C̃ ′ω − C̃ ′

t

)
χ,
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where χ is evaluated at ρε(t) − |x − ty|, and C̃ ′ > 0 is a positive constant depending
only on ‖A‖W 1,∞ , ‖q‖∞, r, |y|, N , ‖ϕ‖∞ and λ.

We gather together the above estimate with the estimate (3.41) on the reminder R
of the expression (3.39). Recalling also the estimate (3.7) for U , we derive

∀ 0 < µ <
1

4
, ∀ ε > 0, ∀ 0 < ω <

r

2
, ∀ t > 0, ∀x ∈ tBω(x̄), ρε(t)− |x− ty| > 1 =⇒

∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ ≥ f(x, vε)−K

(
ε+ C ′ω +

C

t

)
χ

+µ
(
λ
(c∗(ν)

2
− ε
)
ϕ− C̃ ′ω − C̃ ′

t

)
χ.

Since λ > 0, c∗(ν) > 0 and minRN ϕ > 0, it follows that, for any given 0 < µ < 1/4,
there exist ε+

µ > 0 small enough, ω+
µ ∈ (0, r/2) small enough, and T+

µ > 0 large enough,
such that

∀ 0 < ε < ε+
µ , ∀ t ≥ T+

µ , ∀x ∈ tBω+
µ

(x̄),

ρε(t)− |x− ty| > 1 =⇒ ∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ > f(x, vε).

Let us call now

m := min
x∈RN

U(x, 1) > 0, δ′ := min(m, δ) > 0.

For any 0 < µ < 1/4 and ε > 0, if vεµ(t, x) < δ′ for some t > 0 and x ∈ RN , then
0 < vε(t, x) < vεµ(t, x) < δ′ = min(m, δ), which implies at once that ρε(t)− |x− ty| > 1
(by the choice of m and ∂zU < 0) and also that f(x, vεµ(t, x)) ≤ f(x, vε(t, x)) owing to
Hypothesis 1.1. Therefore, we derive

∀ 0 < µ <
1

4
, ∀ 0 < ε < ε+

µ , ∀ t ≥ T+
µ , ∀x ∈ tBω+

µ
(x̄),

vεµ(t, x) < δ′ =⇒ ∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ > f(x, vεµ).

(3.42)

Let us turn now to the region where t > 0 and ρε(t)− |x− ty| < −1. There, one has
vεµ(t, x) = vε(t, x) + µ, whence, by (3.39) and (3.41),

∀ 0<µ<
1

4
, ∀ ε>0, ∀ 0<ω<

r

2
, ∀ t>0, ∀x∈ tBω(x̄), ρε(t)−|x−ty|<−1 =⇒

∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ ≥ f(x, vε)−

(
ε+ C ′ω +

C

t

)
‖∂zU‖W 1,∞ .

(3.43)

We set

M := max
x∈RN

U(x,−1) < 1, δ′′ :=
1

2
min(1−M, δ) > 0.

Note that 0 < δ′′/2 < 1/4. For any 0 < µ < δ′′/2 and ε > 0, if vεµ(t, x) ∈ (1− δ′′, 1] for
some t > 0 and x ∈ RN , one has 1 > vε(t, x) ≥ vεµ(t, x) − 2µ > max(M, 1 − δ), which
in turn implies at once that ρε(t)− |x− ty| < −1 (because vε(t, x) > M and ∂zU < 0),
whence vεµ(t, x) = vε(t, x) + µ and moreover(

f(x, vε(t, x))− f(x, vεµ(t, x))
)
≥ min

z∈RN , s∈[1−δ,1−µ]

(
f(z, s)− f(z, s+ µ)

)
.
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Notice that the right-hand side of the previous inequality is a positive constant (depen-
ding on µ), by Hypothesis 1.1. Using this in the estimate (3.43), for any 0 < µ < δ′′/2,
we can then find ε−µ > 0 small enough, ω−µ ∈ (0, r/2) small enough, and T−µ > 0 large
enough, such that

∀ 0 < µ <
δ′′

2
, ∀ 0 < ε < ε−µ , ∀ t ≥ T−µ , ∀x ∈ tBω−µ

(x̄),

vεµ(t, x) ∈ (1− δ′′, 1] =⇒ ∂tv
ε
µ − div(A∇vεµ)− q · ∇vεµ > f(x, vεµ).

(3.44)

Finally, calling εµ := min(ε+
µ , ε

−
µ ) > 0, ωµ := min(ω+

µ , ω
−
µ ) ∈ (0, r/2), and Tµ :=

max(T+
µ , T

−
µ ) > 0, we get from (3.42) and (3.44) that

∀ 0 < µ <
δ′′

2
, ∀ 0 < ε < εµ, ∀ t ≥ Tµ, ∀x ∈ tBωµ(x̄),

vεµ(t, x) ∈ (0, δ′) ∪ (1−δ′′, 1] =⇒ ∂tv
ε
µ−div(A∇vεµ)−q · ∇vεµ>f(x, vεµ).

(3.45)

Conclusion

Take 0 < µ < δ′′/2 (< 1/4). Let ε′′µ > 0 be the quantity in (3.37) and εµ > 0,
ωµ ∈ (0, r/2) and Tµ > 0 be the ones in (3.45). By (3.38) we can take ε ∈ (0, ε′′µ)
small enough in such a way that the contact point (tεµ, x

ε
µ) in (3.37) satisfies tεµ ≥ Tµ

and xεµ ∈ tεµBωµ(x̄). If in addition we require ε < εµ, then we necessarily have that
u(tεµ, x

ε
µ) = vεµ(tεµ, x

ε
µ) ∈ [δ′, 1 − δ′′], because otherwise, owing to (3.37) and (3.45), the

solution u would touch from below the function vεµ in a point where the latter is a strict
supersolution, which is impossible. Together with (3.38), this shows that we can choose
ε = εµ ∈ (0,min(εµ, ε

′′
µ, µ)) small enough so that vε

µ

µ (tε
µ

µ , x
εµ

µ ) ∈ [δ′, 1 − δ′′], tεµµ ≥ 1/µ,
and |xεµµ /tε

µ

µ − x̄| ≤ µ. Hence,

lim
µ→0+

εµ = 0, lim
µ→0+

tε
µ

µ = +∞, lim
µ→0+

xε
µ

µ

tεµµ
= x̄.

Next, for each 0 < µ < δ′′/2 we take ζµ ∈ ZN such that xµ := xε
µ

µ − ζµ ∈ [0, 1]N . We
call

tµ := tε
µ

µ , uµ(t, x) := u(t+ tµ, x+ ζµ), vµ(t, x) := vε
µ

µ (t+ tµ, x+ ζµ),

for (t, x) ∈ [−tµ,+∞)× RN . With these notations, we have

lim
µ→0+

εµ = 0, lim
µ→0+

tµ = +∞, lim
µ→0+

ζµ
tµ

= x̄. (3.46)

as well as, by (3.37),

∀ (t, x) ∈ [−1, 0]× RN , uµ(t, x) ≤ vµ(t, x) (3.47)

and
uµ(0, xµ) = vµ(0, xµ) ∈ [δ′, 1− δ′′]. (3.48)
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One further has that

vµ(t, x) = U
(
x, ρεµ(t+ tµ)− |x+ ζµ − (t+ tµ)y|

)
+ µOµ(t, x)

for all (t, x) ∈ [−tµ,+∞)× RN , with 1 ≤ Oµ(t, x) ≤ 2.
We have shown in the proof of Lemma 3.3 that the level sets of the functions (t, x) 7→

|x+ ζµ− (t+ tµ)y| − ρεµ(t+ tµ) converge locally uniformly to some shifting hyperplanes
as µ→ 0+. We point out that this only relied on (3.25), which is exactly (3.46) above,
as well as on the boundedness of |ζµ − tµy| − ρεµ(tµ) following from (3.27), which is
exactly (3.48) above, and the fact that U(·, z)→ 0, 1 as z → ∓∞, both properties being
valid in the present case. This means that the limit (3.28) holds true, locally uniformly
with respect to (t, x) ∈ R×RN , with ν replaced by −ν, because now y = x̄+rν whereas
in Lemma 3.3 we had y = x̄− rν. Namely, there holds

ρεµ(t+ tµ)− |x+ ζµ − (t+ tµ)y| = x · ν − x̄ · νt− |ζµ − tµy|+ ρεµ(tµ) + o(1) as µ→ 0+,

locally uniformly with respect to (t, x) ∈ R × RN . Therefore, considering a sequence
(µn)n∈N converging to 0+ along which |ζµn−tµny|−ρεµn (tµn) (which is bounded) converges
towards some limit Z ∈ R, and recalling that x̄ · ν = c, we eventually get

vµn(t, x)→ U(x, x · ν − ct− Z) as n→ +∞,

locally uniformly with respect to (t, x) ∈ R × RN . Finally, by parabolic estimates, the
functions uµn converge as n→ +∞ (up to a subsequence), locally uniformly, to an entire
solution ũ of (1.1), and by (3.47)-(3.48) it holds that

min
t∈[−1,0], x∈RN

(
U(x, x · ν − ct− Z)− ũ(t, x)

)
= U(x̃, x̃ · ν − Z)− ũ(0, x̃) = 0.

where x̃ is the limit (of a convergent subsequence of) (xµn)n∈N in [0, 1]N . Since by
Proposition 2.2, U(x, x · ν − ct − Z) is a supersolution to (1.1), because c ≥ c∗(ν) and
∂zU < 0 (and it is a strict supersolution if c > c∗(ν)), the strong maximum principle
yields

ũ(t, x) ≡ U(x, x · ν − ct− Z) for all (t, x) ∈ [−1,+∞)× RN ,

and moreover c = c∗(ν). This means that φν(Z/c
∗(ν) + θ, ·) ∈ Ω̂̄x(u) for all θ ≥ −1.

We then conclude as in the proof of Lemma 3.3 that φν(s, ·+ ξ) ∈ Ω̂̄x(u) for all (s, ξ) ∈
R× RN . The proof of Lemma 3.4 is thereby complete. �

3.4 Proof of Theorem 1.3, and Corollaries 1.6 and 1.7

We first prove Corollary 1.6, and next Corollary 1.7, which contains Theorem 1.3.

Proof of Corollary 1.6. Consider a point z ∈ ∂W such that V(z) 6= ∅. Take ν ∈ V(z).
By definition, there exists a sequence of points (zn)n∈N in ∂W at which W fulfills the
interior and exterior ball conditions, such that (zn)n∈N converges to z and the exterior
unit normals νn at zn converge to ν. By Theorem 1.5, the following properties hold for
each n ∈ N:

zn · νn = c∗(νn) and Ωẑn(u) ⊃
{
φνn(t, ·+ y) : (t, y) ∈ R× RN

}
∪ {0, 1}.
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Recall that Propositions 2.3 and 2.6 yield 0 ∈ W (which is open) hence the sequence
(ẑn)n∈N is well defined and converges to ẑ. Thanks to the continuity of the map e 7→
c∗(e), granted by Proposition 2.2, the first property above yields z · ν = c∗(ν). By the
second one, for any given (t, y) ∈ R×RN , we can pick two sequences (tn)n∈N in R+ and
(xn)n∈N in RN \ {0}, such that (tn)n∈N diverges to +∞ and there holds

∀n ∈ N, |x̂n − ẑn| <
1

n
and sup

x∈Bn
|u(tn, xn + x)− φνn(t, x+ y)| < 1

n
.

Here the profiles φνn are normalized by, say, φνn(0, 0) = 1/2. It then follows from the
continuity of the fronts φe with respect to e, provided again by Proposition 2.2, that
u(tn, xn+ ·)→ φν(t, ·+y) in L∞loc(RN) as n→ +∞. This means that φν(t, ·+y) ∈ Ωẑ(u).
Finally, the inclusion {0, 1} ⊂ Ωẑ(u) directly follows from Lemma 3.2.

Proof of Corollary 1.7. We start with the inclusion (1.11) for the set Ωe(u), for given
e ∈ SN−1. Let ξ ∈ SN−1 be a minimizer in the expression of w(e) in (1.10), i.e.,
ξ · e > 0 and

w(e) =
c∗(ξ)

ξ · e
.

Calling x̄ := w(e)e ∈ ∂W0, this equality rewrites as x̄ · ξ = c∗(ξ). We also have by (1.10)

W0 ⊂ {x ∈ RN : x · ξ < c∗(ξ)}.

It follows that, for given r > 0, Br(x̄ + rξ) ∩W0 = ∅, that is, W0 satisfies the exterior
ball condition at x̄. We then apply Lemma 3.4 and derive

Ωe(u) = Ω̂̄x(u) ⊃
{
φξ(t, ·+ y) : (t, y) ∈ R× RN

}
.

Moreover the inclusion {0, 1} ⊂ Ω̂̄x(u) follows from Lemma 3.2.
We now turn to the inclusion (1.12) for the set Ω(u) in the case where ∂W0 is

differentiable. We already know that {0, 1} ⊂ Ω(u). Take an arbitrary e ∈ SN−1.
We know by (1.10) that W0 is convex, bounded and non-empty, hence W0 is convex,
compact and non-empty. There exists then L ∈ R such that

W0 ⊂ {x ∈ RN : x · e < L} and W0 ∩ {x ∈ RN : x · e = L} 6= ∅.

Since ∂W0 is differentiable, then necessarily {x ∈ RN : x·e = L} is the tangent plane to
W0 at any point z ∈ W0∩{x ∈ RN : x·e = L}, with outward unit normal e (notice that
such a z necessarily belongs to ∂W0). As observed in Footnote 4 following the Freidlin-
Gärtner formula (1.10), one then has that the expression for w(ẑ) is uniquely minimized
by ξ = e. One eventually concludes from the first statement of the corollary, that{

φe(t, ·+ y) : (t, y) ∈ R× RN
}
⊂ Ωẑ(u) ⊂ Ω(u).

The proof of Corollary 1.7 is thereby complete.
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4 Proof of the other results

In Section 4.1, we state and prove some auxiliary lemmata which will be used in
the subsequent sections. Sections 4.2-4.6 are devoted to the proofs of Proposi-
tions 2.2, 2.3, 2.5, 2.6 and 2.7 on the properties of pulsating traveling fronts, the invasion
property and the asymptotic invasion shapes.

4.1 Some auxiliary lemmata

Propositions 2.2 and 2.3, that are proved in Sections 4.2 and 4.3, are based on the
following auxiliary lemmata.

Lemma 4.1. Assume that Hypotheses 1.2 and 2.1 hold. Then maxx∈RNf(x, s) > 0 for
all s ∈ [1− δ, 1), where δ > 0 is given in Hypothesis 2.1.

Proof. Assume by way of contradiction that the conclusion does not hold. By Hypo-
thesis 2.1 and f(·, 1) = 0 in RN , one then infers the existence of σ ∈ (0, δ] such that

f = 0 in [1− σ, 1]× RN . (4.1)

Consider then any direction e ∈ SN−1, and a front φe(t, x) = Ue(x, x · e − c∗(e)t) given
by (1.2)-(1.3), from Hypothesis 1.2. Since Ue(·, z) → 1 uniformly in RN as z → −∞,
there exists M < 0 such that

φe(t, x) ≥ 1− σ for all (t, x) ∈ R× RN such that x · e− c∗(e)t ≤M. (4.2)

On the other hand, by (1.4), there is ς ∈ (0, σ] such that Ue(·,M) ≤ 1− ς in RN , that is,

φe(t, x) ≤ 1− ς for all (t, x) ∈ R× RN such that x · e− c∗(e)t = M. (4.3)

Under the notations (3.1), it then follows from Lemma 3.1, together with the conti-
nuity of λ 7→ ke(λ) and the positivity of c∗(e) by Hypothesis 1.2, that there exists λ > 0
such that

ke(λ) ≤ c∗(e)λ

3
. (4.4)

Let ϕ be the positive periodic C2,α(RN) eigenfunction solving (3.1), normalized such
that maxRN ϕ = 1. Consider now the function u defined in R× RN by

u(t, x) := 1− ς + ς
ϕ(x)

minRN ϕ
e−λ(x·e−c∗(e)t/3),

and the set

E :=
{

(t, x) ∈ R× RN :
c∗(e)t

3
≤ x · e ≤ c∗(e)t+M

}
.

Notice that t ≥ −3M/(2c∗(e)) for every (t, x) ∈ E. For every (t, x) ∈ ∂E, either
x · e = c∗(e)t + M and then u(t, x) ≥ 1 − ς ≥ φe(t, x) by (4.3) and the definition of u,
or x · e = c∗(e)t/3 and then u(t, x) ≥ 1 > φe(t, x). Furthermore, φe(t, x) ≥ 1− σ for all
(t, x) ∈ E by (4.2), whence

∂tφe = div(A(x)∇φe) + q(x) · ∇φe in E
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by (1.1) and (4.1). On the other hand,

∂tu ≥ div(A(x)∇u) + q(x) · ∇u in E

by (3.1) and (4.4). The parabolic maximum principle then yields u ≥ φe in E. In par-
ticular, for t ≥ −3M/c∗(e) and xt := (2c∗(e)t/3)e, there holds (t, xt) ∈ E and

Ue

(
xt,−

c∗(e)t

3

)
= φe(t, xt) ≤ u(t, xt) = 1− ς + ς

ϕ(xt)

minRN ϕ
e−λc

∗(e)t/3.

By (1.3), the passage to the limit as t → +∞ leads to 1 ≤ 1− ς, a contradiction. The
proof of Lemma 4.1 is thereby complete.

The following Liouville-type result is a consequence of Lemma 4.1.

Lemma 4.2. Assume that Hypotheses 1.2 and 2.1 hold. Then, for any time-global
solution u : R× RN → [0, 1] of (1.1) with 1− δ ≤ u ≤ 1 in R× RN , one has u ≡ 1 in
R× RN .

Proof. From the maximum principle, it suffices that the solution u of (1.1) with initial
condition u0 := 1 − δ satisfies u(t, x) → 1 as t → +∞ for all x ∈ RN (indeed, for a
solution v satisfying 1 − δ ≤ v ≤ 1 in R × RN , since 1 ≥ v(−n, ·) ≥ 1 − δ = u0 in RN

for all n ∈ N, we would then have that 1 ≥ v(t, x) ≥ u(t + n, x) for all (t, x) ∈ RN

and n ≥ −t, whence v(t, x) = 1 for all t ∈ R for all x ∈ RN by passing to the limit
n→ +∞). So, consider the solution u of (1.1) with

u0 := 1− δ

in RN . Since u(t, x) ≤ 1 for all (t, x) ∈ R+ × RN and f(x, s) ≥ 0 for all (x, s) ∈
RN × [1− δ, 1] by Hypothesis 2.1 and f(·, 1) ≡ 0 in RN , using the comparison principle
one sees that u(t, x) is non-decreasing in t, hence by parabolic estimates u(t, ·) converges
in C2

loc(RN) to a stationary solution ũ of (1.1) satisfying 1−δ ≤ ũ ≤ 1 in RN . Moreover,
u is periodic in x, hence ũ is periodic too, while f(x, ũ(x)) ≥ 0 for all x ∈ RN since
1 − δ ≤ ũ ≤ 1 in RN . Considering a minimum point of ũ and applying this time the
elliptic strong maximum principle, one infers that ũ is constant, whence f(x, ũ) = 0
for all x ∈ RN . Lemma 4.1 then yields ũ = 1, that is, u(t, x) → 1 as t → +∞ for all
x ∈ RN , and the proof of Lemma 4.2 is complete.

The next two lemmata, which are particular cases of comparison principles estab-
lished in [3] in more general geometries, provide some comparisons between sub- and
super-solutions defined in half-spaces in the (t, x) variables.

Lemma 4.3. [3, Lemma 3.2] Assume that Hypothesis 2.1 holds. Let e ∈ SN−1, c ∈
R \ {0}, h ∈ R, and denote E := {(t, x) ∈ R × RN : x · e − ct ≥ h}. Let u : E → [0, 1]
and u : E → [0, 1] be two C1 functions which are C2 in x and are such that ∂tu, ∂tu,
∂xiu, ∂xiu, ∂xixju and ∂xixju are all bounded and Hölder-continuous in E, for every
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1 ≤ i, j ≤ N . Assume that

∂tu ≤ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in E,

∂tu ≥ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in E,

u ≤ δ in E,

lim
H→+∞

(
sup

(t,x)∈E, x·e−ct≥H

(
u(t, x)− u(t, x)

))
≤ 0,

u ≤ u on ∂E.

Then u ≤ u in E.

Lemma 4.4. [3, Lemma 3.4] Assume that Hypothesis 2.1 holds. Let e ∈ SN−1, c ∈
R \ {0}, h ∈ R, and denote F := {(t, x) ∈ R × RN : x · e − ct ≤ h}. Let u : F → [0, 1]
and u : F → [0, 1] be two C1 functions which are C2 in x and are such that ∂tu, ∂tu,
∂xiu, ∂xiu, ∂xixju and ∂xixju are all bounded and Hölder-continuous in F , for every
1 ≤ i, j ≤ N . Assume that

∂tu ≤ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in F,

∂tu ≥ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in F,

u ≥ 1− δ in F,

lim
H→−∞

(
sup

(t,x)∈F, x·e−ct≤H

(
u(t, x)− u(t, x)

))
≤ 0,

u ≤ u on ∂F.

Then u ≤ u in F .

From the previous two lemmata, another comparison principle follows, between sub-
and super-solutions of (1.1) defined this time in R× RN .

Lemma 4.5. Assume that Hypothesis 2.1 holds. Let e ∈ SN−1, c > 0, and u : R×RN →
(0, 1) and u : R×RN → (0, 1) be two C1 functions which are C2 in x and are such that
∂tu, ∂tu, ∂xiu, ∂xiu, ∂xixju and ∂xixju are all bounded and Hölder-continuous in R×RN ,
for every 1 ≤ i, j ≤ N . Assume that

∂tu ≤ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in R× RN ,

∂tu ≥ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in R× RN ,

u(t, x)→ 1 and u(t, x)→ 1 as x · e− ct→ −∞,
u(t, x)→ 0 as x · e− ct→ +∞.

Then there is the smallest T ∈ R such that

u(t, x) ≤ u(t+ T, x) for all (t, x) ∈ R× RN ,

and there is a sequence (tk, xk)k∈N in R× RN such that supk∈N |xk · e− ctk| < +∞ and
u(tk, xk)− u(tk + T, xk)→ 0 as k → +∞.
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Proof. Let B > 0 such that

u ≤ δ in E := {(t, x) ∈ R× RN : x · e− ct ≥ B}

and
min(u, u) ≥ 1− δ/2 in F := {(t, x) ∈ R× RN : x · e− ct ≤ −B}.

For any τ ≥ 2B/c, calling uτ := u(· + τ, ·), one has u ≤ δ ≤ 1 − δ ≤ 1 − δ/2 ≤ uτ

on ∂E, and then u ≤ uτ in E by Lemma 4.3 applied to u and uτ in E (notice that
the partial diffierential inequation satisfied by u in R×RN holds as well for us for each
s ∈ R, since the coefficients A, q and f are independent of t). On the other hand, still
for any τ ≥ 2B/c, one has uτ ≥ 1 − δ/2 ≥ 1 − δ in (R × RN) \ E, and then u ≤ uτ in
(R×RN) \E by applying this time Lemma 4.4 in this set. Therefore, u ≤ uτ in R×RN

for any τ ≥ 2B/c.
Call now

T := inf
{
τ ∈ R : u ≤ uτ in R× RN

}
.

From the previous paragraph and the fact that u < 1 in R × RN and u(t, x) → 1 as
x · e− ct→ −∞, one gets that T is a real number, and that u ≤ uT in R×RN (that is,
the first part of the desired conclusion). In particular, uT ≥ u ≥ 1− δ/2 in F . Define

η := inf
(t,x)∈R×RN , |x·e−ct|≤B

(
uT (t, x)− u(t, x)

)
≥ 0, (4.5)

and assume by way of contradiction that η > 0. Since ∂tu is bounded in R×RN , there
is σ < T such that uσ ≥ 1− δ in F and uσ(t, x)−u(t, x) ≥ 0 for all (t, x) ∈ R×RN such
that |x · e − ct| ≤ B. By Lemma 4.3 applied to u and uσ in E, one gets that u ≤ uσ

in E. Furthermore, by Lemma 4.4 applied to u and uσ in F , one also gets that u ≤ uσ

in F . Finally, u ≤ uσ in R× RN , contradicting the definition of T .
As a conclusion, η in (4.5) is equal to 0, and the conclusion of Lemma 4.5 follows.

4.2 Proof of Proposition 2.2

The proof of Proposition 2.2 makes use of some results of [5], and of Lemmata 4.3
and 4.5.

Proof of Proposition 2.2. We assume Hypotheses 1.2 and 2.1 throughout the proof. We
recall that Hypothesis 2.1 is weaker than Hypothesis 1.1.

Step 1: monotonicity and uniqueness. First of all, for any direction e ∈ SN−1, the
pulsating traveling front φe(t, x) = Ue(x, x·e−c∗(e)t) given in (1.2)-(1.3) with c∗(e) > 0 is
an invasion of 0 by 1 in the sense of [5, Definition 1.4], since c∗(e) > 0 by Hypothesis 1.2.
It then follows from [5, Theorem 1.11] that φe is increasing in time t. Furthermore,
since the coefficients of (1.1) are independent of t, the nonnegative function ∂tφe is,
from parabolic regularity theory, a classical solution of

∂t(∂tφe) = div(A(x)∇∂tφe) + q(x) · ∇∂tφe + ∂sf(x, φe) ∂tφe (4.6)

in R× RN , whence ∂tφe > 0 in R× RN from the strong parabolic maximum principle.
Furthermore, the speed c∗(e) is necessarily unique by [5, Theorem 1.12] and φe is unique
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up to shift in t by [5, Theorems 1.12 and 1.14]. In other words, ∂zUe(x, z) < 0 in RN×R,
and Ue is unique up to shift in z.

Step 2: exponential decay estimates (2.7) for Ue. Given a direction e ∈ SN−1, it follows
from the notations (3.1) and Lemma 3.1, together with the continuity of λ 7→ ke(λ) and
the positivity of c∗(e) by Hypothesis 1.2, that there exists λ0 > 0 such that

ke(λ0) ≤ c∗(e)λ0.

Let ϕ0 be the positive periodic C2,α(RN) eigenfunction associated to the eigenvalue
problem (3.1) with parameter λ := λ0, normalized with maxRNϕ0 = 1. Let δ > 0 be
given by Hypothesis 2.1 and let δ0 := δ × minRNϕ0 ∈ (0, δ]. By (1.3), there is h0 ∈ R
such that 0 < Ue(x, z) ≤ δ0 for all (x, z) ∈ RN × [h0,+∞), that is, 0 < φe ≤ δ0 in
E := {(t, x)∈R×RN : x · e− c∗(e)t ≥ h0}. Consider now the function u defined in E by

u(t, x) :=
δ0ϕ0(x)

minRNϕ0

e−λ0(x·e−c∗(e)t−h0).

Since ke(λ0) ≤ c∗(e)λ0, the function u satisfies ∂tu ≥ div(A(x)∇u)+q(x)·∇u in E. Fur-
thermore, 0 < u ≤ δ0/(minRNϕ0) = δ in E, whence f(x, u) ≤ 0 in E by Hypothesis 2.1
and f(·, 0) ≡ 0 in RN , and finally

∂tu ≥ div(A(x)∇u) + q(x) · ∇u+ f(x, u) in E.

On the other hand, 0 < φe ≤ δ0 ≤ δ in E, while φe(t, x) → 0 and u(t, x) → 0 as
x · e − c∗(e)t → +∞, and φe(t, x) ≤ δ0 ≤ u(t, x) for all (t, x) ∈ R × RN such that
x · e − c∗(e)t = h0, that is, (t, x) ∈ ∂E. It follows from Lemma 4.3 that φe ≤ u in E,
that is,

Ue(x, z) ≤
δ0ϕ0(x)

minRNϕ0

e−λ0(z−h0) ≤ δ0

minRNϕ0

e−λ0(z−h0) = δ e−λ0(z−h0) ≤ e−λ0(z−h0).

Together with the inequality Ue < 1 in R× RN , (2.7) follows with C := eλ0h0 .

Step 3: continuity of the map e 7→ c∗(e) from SN−1 to R+ = (0,+∞). Remember first
that, for each e ∈ SN−1, the pulsating front φe : R × RN → (0, 1) given in (1.2) is
of class C1 in (t, x), C2 in x, and ∂tφe, ∂xiφe and ∂xixjφe are all bounded and Hölder-
continuous in R × RN , for every 1 ≤ i, j ≤ N . Furthermore, from parabolic regularity
theory, the function ∂tφe is a classical solution of (4.6) in R×RN , and ∂ttφe and ∂txiφe
are also bounded and Hölder-continuous in R × RN , for every 1 ≤ i ≤ N (as are also
the second-order partial derivatives of ∂tφe with respect to x).

Consider a sequence (en)n∈N in SN−1 converging to a direction e in SN−1. For each
n ∈ N, call

un : R× RN → (0, 1), (t, x) 7→ un(t, x) := φen(t, x),

which solves (1.1) in R× RN , and define a function vn in R× RN by

vn(t, x) := Ue(x, x · en − c∗(en)t) = φe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)
.
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Notice that both functions un and vn are of class C2 in R×RN , with bounded and Hölder-
continuous first- and second-order partial derivatives in the (t, x) variables. From (1.3),
there holds un(t, x)→ 1 and vn(t, x)→ 1, resp. 0, as x · en− c∗(en)t→ −∞, resp. +∞.
By definition, the function un solves (1.1) in R× RN , while the function vn satisfies

∂tvn(t, x)− div(A(x)∇vn)(t, x)− q(x) · ∇vn(t, x)− f(x, vn(t, x))

=
c∗(en)− c∗(e)

c∗(e)
∂tφe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)

+Rn(t, x)

for all (t, x) ∈ R× RN , where

Rn(t, x) := −div(A(x)(e− en)) + q(x) · (e− en)

c∗(e)
∂tφe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)

− 2

c∗(e)
(e− en)A(x)∇∂tφe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)

−(e− en)A(x)(e− en)

(c∗(e))2
∂ttφe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)
.

From parabolic estimates applied to the positive solution ∂tφe of (4.6), there is a constant
C1 > 0 such that

∀ (t, x) ∈ R× RN , |∇∂tφe(t, x)|+ |∂ttφe(t, x)| ≤ C1 × max
[t−1,t]×B1(x)

∂tφe.

Pick any vector ξ ∈ ZN such that ξ · e > 0. From the parabolic Harnack inequality
applied to ∂tφe, there is a constant C2 > 0 such that

∀ (t, x) ∈ R× RN , max
[t−1,t]×B1(x)

∂tφe ≤ C2 × ∂tφe
(
t+

ξ · e
c∗(e)

, x+ ξ
)
.

But, for all (t, x) ∈ R×RN , φe(t, x) = φe(t+ (ξ · e)/c∗(e), x+ ξ) by (1.2)-(1.3), whence
∂tφe(t, x) = ∂tφe(t+ (ξ · e)/c∗(e), x+ ξ). Finally, one gets that

∀ (t, x) ∈ R× RN , |∇∂tφe(t, x)|+ |∂ttφe(t, x)| ≤ C1C2 × ∂tφe(t, x).

Assume now by way of contradiction that c∗(en) 6→ c∗(e) as n → +∞. Up to
extraction of a subsequence, two cases may occur: either there is ε > 0 such that
c∗(en) ≥ c∗(e) + ε for all n ∈ N, or there is ε > 0 such that c∗(en) ≤ c∗(e) − ε for all
n ∈ N. Consider first the former case. From the previous paragraph, since en → e as
n→ +∞, there is N1 ∈ N large enough such that

|Rn(t, x)| ≤ ε

2c∗(e)
∂tφe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)

for all n ≥ N1 and (t, x) ∈ R× RN , whence

∂tvn(t, x)− div(A(x)∇vn)(t, x)− q(x) · ∇vn(t, x)− f(x, vn(t, x))

≥ ε

2c∗(e)
∂tφe

(c∗(en)t+ x · (e− en)

c∗(e)
, x
)
> 0.

(4.7)
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Take any n ≥ N1. By Lemma 4.5 applied with direction en ∈ SN−1, c := c∗(en),
u := un = φen and u := vn, there are T ∈ R and a sequence (tk, xk)k∈N in R× RN such
that

Ue(x, x · en − c∗(en)(t+ T )) = vn(t+ T, x) ≥ φen(t, x) = Uen(x, x · en − c∗(en)t)

for all (t, x) ∈ R× RN and

sup
k∈N
|xk · en − c∗(en)tk| < +∞, vn(tk + T, xk)− φen(tk, xk)→ 0 as k → +∞. (4.8)

For each k ∈ N, let yk ∈ ZN and zk ∈ [0, 1)N such that xk = yk + zk, and call

σk := xk · en − c∗(en)tk and τk :=
zk · en − σk
c∗(en)

.

Since the sequences (σk)k∈N and (zk)k∈N are bounded, so is the sequence (τk)k∈N and one
can assume, without loss of generality, that τk → τ ∈ R and zk → z ∈ RN as k → +∞.
Now, by (1.2)-(1.3) applied with directions en and e, there holds that

φen(tk, xk) = φen(τk, zk) and vn(tk + T, xk) = vn(τk + T, zk)

for all k ∈ N, whence vn(τ + T, z) = φen(τ, z) by passing to the limit k → +∞ in
the second part of (4.8). The strong parabolic maximum principle then entails that
vn(t + T, x) = φen(t, x) for all t ≤ τ and x ∈ RN , a contradiction with the strict
inequality in (4.7). Therefore, the case c∗(en) ≥ c∗(e) + ε (for all n ∈ N or just for a
subsequence) is ruled out.

Similarly, if c∗(en) ≤ c∗(e)−ε for all n ∈ N (or just for a subsequence), one is also led
to a contradiction, by using this time Lemma 4.5 with direction en ∈ SN−1, c := c∗(en),
u := vn and u := un = φen , for n large enough.

As a conclusion, the map e 7→ c∗(e) is continuous from SN−1 to (0,+∞).

Step 4: continuity of the profiles φe with respect to e. Consider any e ∈ SN−1, any
sequence (en)n∈N in SN−1 converging to e, and any µ ∈ (0, 1). Up to shifts in t, normalize
the fronts φen(t, x) = Uen(x, x · en − c∗(en)t) and φe(t, x) = Ue(x, x · e− c∗(e)t) so that

φen(0, 0) = φe(0, 0) = µ.

Notice that this is, uniquely, possible since the maps t 7→ φen(t, 0) = Uen(0,−c∗(en)t) and
t 7→ φe(t, 0) = Ue(0,−c∗(e)t) are continuous increasing and φen(−∞, 0) = φe(−∞, 0) =
0, φen(+∞, 0) = φe(+∞, 0) = 1, by (1.2)-(1.3) and the positivity of c∗(en) and c∗(e).
For each n ∈ N, let also tn be the unique real number such that

min
x∈[0,1]N

φen

(
tn +

x · en
c∗(en)

, x
)

= min
x∈[0,1]N

Uen(x,−c∗(en)tn) = 1− δ, (4.9)

and let te be the unique real number such that

min
x∈[0,1]N

φe

(
te +

x · e
c∗(e)

, x
)

= min
x∈[0,1]N

Ue(x,−c∗(e)te) = 1− δ. (4.10)
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Define, for n ∈ N and (t, x) ∈ R× RN ,

un(t, x) := φen(t+ tn, x) = Uen(x, x · en − c∗(en)(t+ tn)).

Each function un : R × RN → (0, 1) is a classical solution of (1.1) and, from standard
parabolic estimates, the sequence (un)n∈N converges, up to extraction of a subsequence,
locally uniformly in R × RN to a classical solution u : R × RN → [0, 1] of (1.1), with
bounded and Hölder-continuous partial derivatives ∂tu, ∂xiu and ∂xixju (for every 1 ≤
i, j ≤ N). Moreover, using the limit limn→+∞ c

∗(en) = c∗(e) from Step 3, one gets
from (4.9) that

min
x∈[0,1]N

u
( x · e
c∗(e)

, x
)

= 1− δ. (4.11)

Therefore, one infers from the maximum principle, together with f(·, 0) = f(·, 1) = 0
in RN , that 0 < u(t, x) < 1 for all (t, x) ∈ R×RN . On the other hand, the definition of un
and (1.3) applied with the direction en imply that un(t+(ξ ·en)/c∗(en), x+ ξ) = un(t, x)
for all n ∈ N, (t, x) ∈ R× RN and ξ ∈ ZN , whence

∀ (t, x) ∈ R× RN , ∀ ξ ∈ ZN , u
(
t+

ξ · e
c∗(e)

, x+ ξ
)

= u(t, x). (4.12)

Furthermore, by (4.9), for every n ∈ N and (t, x) ∈ R×RN such that x·en−c∗(en)t ≤
0, one has

1 > un(t, x) = Uen(x, x · en − c∗(en)(t+ tn)) ≥ Uen(x,−c∗(en)tn) ≥ 1− δ

since Uen is decreasing in its second variable and periodic in its first variable. Therefore,

1 ≥ u(t, x) ≥ 1− δ for all (t, x) ∈ R× RN such that x · e− c∗(e)t < 0 (4.13)

(and also when x · e− c∗(e)t = 0 by continuity of u). We now claim that

u(t, x)→ 1 as x · e− c∗(e)t→ −∞. (4.14)

Indeed, otherwise there would exist a sequence (τk, xk)k∈N such that xk·e−c∗(e)τk → −∞
as k → +∞ and lim supk→+∞ u(τk, xk) < 1. By writing xk = yk + zk with yk ∈ ZN and
zk ∈ [0, 1)N , the functions ũk(t, x) := u(t + τk, x + yk) then converge locally uniformly
in R × RN , up to extraction of a subsequence, to a classical solution ũ of (1.1) in
R × RN such that ũ(0, z) < 1 for some z ∈ [0, 1]N . Furthermore, 1 − δ ≤ ũ ≤ 1 in
R× RN from (4.13) and limk→+∞ xk · e− c∗(e)τk = −∞. That contradicts Lemma 4.2.
Therefore, the claim (4.14) is proved.

Apply now Lemma 4.5 with c := c∗(e), u := φe and u := u. There exist then
T ∈ R and a sequence (sm, ζm)m∈N in R × RN such that u(· + T, ·) ≥ φe in R × RN ,
supm∈N |ζm · e− c∗(e)sm| < +∞ and

u(sm + T, ζm)− φe(sm, ζm)→ 0 as m→ +∞. (4.15)

For each m ∈ N, let ξm ∈ ZN and ωm ∈ [0, 1)N such that ζm = ξm + ωm, and call

νm := ζm · e− c∗(e)sm and θm :=
ωm · e− νm

c∗(e)
.
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Since the sequences (νm)m∈N and (ωm)m∈N are bounded, so is the sequence (θm)m∈N and
one can assume, without loss of generality, that θm → θ ∈ R and ωm → ω ∈ RN as
m→ +∞. Now, by (1.2)-(1.3) and (4.12), there holds that

φe(sm, ζm) = φe(θm, ωm) and u(sm + T, ζm) = u(θm + T, ωm)

for all m ∈ N, whence u(θ+T, ω) = φe(θ, ω) by passing to the limit m→ +∞ in (4.15).
The strong parabolic maximum principle then entails that

u(t+ T, x) = φe(t, x)

for all t ≤ θ and x ∈ RN , and then in R×RN since both u and φe solve (1.1) in R×RN .
Together with (4.10)-(4.11) and the positivity of ∂tφe, one infers that T = −te, that is,

u ≡ φe(·+ te, ·) in R× RN .

Notice that, by uniqueness of the limit and compactness, the whole sequence (un)n∈N
then converges to φe(·+ te, ·) locally uniformly in R× RN .

Finally, remember that φen = un(· − tn, ·) in R × RN for each n ∈ N. If, by way
of contradiction, tn → −∞ up to a subsequence, then for each τ ∈ R, there holds
µ = φen(0, 0) = un(−tn, 0) ≥ un(τ, 0) for n large enough (since ∂tun > 0), whence
passing to the limits n → +∞ yields µ ≥ u(τ, 0) = φe(τ + te, 0) and then letting
τ → +∞ gives µ ≥ 1. This is a contradiction. Similarly, the sequence (tn)n∈N is
necessarily bounded from above too. Finally, it is bounded and, up to extraction of a
subsequence, it converges to a real number t∞. Therefore,

µ = φen(0, 0) = un(−tn, 0)→ u(−t∞, 0) = φe(te − t∞, 0) as n→ +∞,

whence φe(te − t∞, 0) = µ = φe(0, 0) and then t∞ = te by strict monotonicity of φe
with respect to its first variable. As a conclusion, by uniqueness of the limit, the whole
sequence (tn)n∈N converges to te and the sequence (φen)n∈N converges locally uniformly in
R×RN to u(·−te, ·) = φe. Lastly, since Ue(x, z) = φe((x ·e−z)/c∗(e), x) for all e ∈ SN−1

and (x, z) ∈ RN × R, the continuity of the map e 7→ c∗(e) from SN−1 to (0,+∞) and
the continuity of the map e 7→ φe from SN−1 to L∞loc(R × RN) (with the normalization
φe(0, 0) = µ) entail the continuity of the map e 7→ Ue from SN−1 to L∞loc(RN × R).
Furthermore, since every Ue satisfies Ue(x, z)→ 1 and 0 as z → −∞ and +∞ uniformly
in x ∈ RN and Ue ranges in (0, 1) (by monotonicity in z), one concludes that the map
e 7→ Ue is continuous from SN−1 to L∞(RN×R). The proof of Proposition 2.2 is thereby
complete.

4.3 Proof of Proposition 2.3

The proof of Proposition 2.3 relies on some results of [21] and on Lemma 4.2.

Proof of Proposition 2.3. Suppose that Hypotheses 1.2 and 2.1 (weaker than Hypoth-
esis 1.1) hold. Then using the results of [21] one infers that the invasion property
for (1.1) holds as well. More precisely, [21, Theorem 3] states that the invasion property
holds under Hypotheses 1.2 and 2.1, and under the additional assumption that there
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exists θ ∈ (0, 1) such that f(x, s) > 0 for all x ∈ RN and s ∈ [θ, 1). However, that
additional assumption is only used to guarantee the property that, for any half-space
E := {x ∈ RN : x · e ≤ 0} (with e ∈ SN−1) and for any solution w to (1.1) defined in
R × E and satisfying θ ≤ w ≤ 1 in R × E, there holds w(t, x) → 1 as x · e → −∞
uniformly in t ∈ R, see [21, Lemma 4] and [20, Lemma 9]. As in the proof of (4.14),
from standard parabolic estimates and the invariance of the equation by translation in
time, it is sufficient to show that, for any entire (defined in R×RN) solution v to (1.1),(

θ ≤ v ≤ 1 in R× RN
)

=⇒
(
v ≡ 1 in R× RN

)
.

But this Liouville-type result holds here, under Hypotheses 1.2 and 2.1, with θ := 1− δ,
by Lemma 4.2. The proof of Proposition 2.3 is thereby complete.

4.4 Proof of Proposition 2.5

In order to prove Proposition 2.5, we construct suitable compactly supported sub-
solutions for the associated stationary equations, with large enough maxima.

Proof of Proposition 2.5. Let g : [0, 1]→ R be a C1 function such that g(0) = g(1) = 0
and satisfying (2.10) and g′(1) < 0. Let us extend g in (−∞, 0) so that g is continuously
decreasing in (−∞, 0].

First of all, for all η > 0 small enough, there are aη < 0 and bη ∈ (0, 1) such that
g(aη) = g(bη) = η and 0 < g(s) < η for all s ∈ (bη, 1) (namely, bη = max{b < 1 : g(b) =
η}). Furthermore, aη → 0 and bη → 1 as η → 0+, and one can fix in the sequel η > 0
small enough such that the function g − η satisfies (2.10) with the extremes 0 and 1
replaced by aη and bη respectively. In particular, g − η > 0 in an interval [cη, bη), for
some cη ∈ (0, bη).

Now, from the variational methods of [8] (see also [44, Lemma 3.3]), there are then
R0 > 0 and a C2(BR0) function ϕ : BR0 → [aη, bη) solving

∆ϕ+ g(ϕ)− η = 0 in BR0 ,

aη < ϕ < bη in BR0 ,

cη < max
BR0

ϕ = ϕ(0) < bη,

ϕ = aη on ∂BR0 .

Furthermore, ϕ is radially symmetric and decreasing with respect to |x| in BR0 [33].
Let then R be an orthogonal matrix and D be a positive diagonal matrix, representing
some automorphisms R and D in the canonical basis of RN , such that (Aij)1≤i,j≤N =
RD2R−1. Calling E the open ellipsoid R ◦ D(BR0), it follows that the C2(E) function
x 7→ ψ(x) := ϕ(D−1 ◦ R−1(x)) solves

∑
1≤i,j≤N

Aij∂xixjψ + g(ψ) = η in E ,

aη < ψ < bη in E ,
cη < max

E
ψ = ψ(0) < bη,

ψ = aη on ∂E .

47



Let us also extend ψ by aη in RN \ E . In particular, ψ is then continuous in RN and the
set where ψ is positive is bounded and included in E .

Therefore, there is ε > 0 such that, if the matrix and vector fields A and q satisfy
the general assumptions of the paper, together with

max
1≤i,j≤N

‖aij − Aij‖C1(RN ) + max
1≤i≤N

‖qi‖L∞(RN ) ≤ ε,

then, for all y ∈ RN ,

div(A(x− y)∇ψ)(x) + q(x− y) · ∇ψ(x) + g(ψ(x)) > 0 for all x ∈ E . (4.16)

We finally claim that, under these conditions and f(x, s) ≥ g(s), the invasion property
holds for (1.1). To do so, choose any ρ > 0 such that

E ⊂ Bρ,

and any θ such that
θ ∈ (ψ(0), bη).

In particular, θ ∈ (ϕ(0), bη) ⊂ (cη, bη) ⊂ (0, 1). Consider now any solution u of (1.1)
with initial condition u0 such that

θ 1Bρ ≤ u0 ≤ 1 in RN .

Let also v be the solution of (1.1) with g instead of f and with initial condition v0 :=
max(ψ, 0) in RN . One then has v0 ≤ u0 in RN and it follows from the above properties
of ψ and the parabolic maximum principle that

0 ≤ v(t, x) ≤ u(t, x) ≤ 1 for all t > 0 and x ∈ RN (4.17)

and that the function v is increasing with respect to t > 0. Therefore, from standard
parabolic estimates, there is a C2(RN) function v∞ : RN → [0, 1] such that v(t, ·)→ v∞
locally uniformly in RN as t→ +∞, and

div(A(x)∇v∞) + q(x) · ∇v∞ + g(v∞) = 0 in RN , (4.18)

together with v∞ > v0 = max(ψ, 0) in RN . Since v0 is compactly supported, there is
r0 > 0 such that v∞ > v0(·+ ξ) in RN for all ξ ∈ Br0 . Let then

r∗ := sup
{
r > 0 : v∞ > v0(·+ ξ) in Br for all ξ ∈ Br}.

One has 0 < r0 ≤ r∗ ≤ +∞. Assume by way of contradiction that r∗ < +∞. Then
there is y ∈ RN such that v∞ ≥ v0(· + y) = max(ψ(· + y), 0) in RN with equality at
a point x∗. Since v∞ > 0 in RN and ψ = aη < 0 in RN \ E , one has x∗ + y ∈ E , that
is, x∗ ∈ E − y, and v∞(x∗) = ψ(x∗ + y). On the other hand, by (4.16), the function

x 7→ ψ̃(x) := ψ(x+ y) satisfies

div(A(x)∇ψ̃) + q(x) · ∇ψ̃ + g(ψ̃) > 0 in E − y.
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This, together with v∞ ≥ ψ̃ in E−y, v∞(x∗) = ψ̃(x∗) and (4.18) evaluated at x∗ ∈ E−y,
leads to a contradiction. Therefore, r∗ = +∞ and 1 ≥ v∞ > v0(· + ξ) in RN for all
ξ ∈ RN . In particular,

max(ψ(0), 0) = v0(0) < v∞(x) ≤ 1 for all x ∈ RN ,

whence ζ(t) < v∞(x) ≤ 1 for all t ≥ 0 and x ∈ RN , where ζ solves ζ ′(t) = g(ζ(t)) for all
t ≥ 0 and ζ(0) = v0(0) = max(ψ(0), 0). Since ψ(0) ∈ (cη, bη) while g ≥ η > 0 in [cη, bη]
and g > 0 in (bη, 1), one infers that ζ(+∞) = 1 and that v∞(x) = 1 for all x ∈ RN . As
a conclusion, remembering (4.17) and the definition of v∞, it follows that

u(t, x)→ 1 as t→ +∞ locally uniformly in RN ,

that is, (2.8) holds. The proof of Proposition 2.5 is thereby complete.

4.5 Proof of Proposition 2.6

In order to prove Proposition 2.6, we need to show the characterization (2.12) for the
asymptotic invasion shape W , as well as the two estimates (2.13)-(2.14). Notice indeed
that those estimates imply that W is star-shaped with respect to the origin, and that
its boundary ∂W , if non-empty, is Lipschitz-regular. We start with the proof of (2.12).

Proof of (2.12). Define W ′ as the right-hand side in (2.12). Assume that u admits an
asymptotic invasion shape W = intW . As an immediate consequence of the openness
of W and the first property in (1.9) (applied with C := Br(x) for any x ∈ W and
r > 0 such that Br(x) ⊂ W), we get W ⊂W ′. Conversely, the second property in (1.9)
satisfied by W yields W ′ ⊂ W , and being W ′ open, we derive W ′ ⊂ intW , and the
latter set coincides with W by Definition 1.4. Finally, W =W ′.

The proof of (2.13)-(2.14) relies on the following result.

Lemma 4.6. Under the invasion property (2.8), if a solution u to (1.1) admits an
asymptotic invasion shape W, then

∀ ξ ∈ W , ∀λ ∈ [0, 1), B(1−λ)γ(λξ) ⊂ W , (4.19)

where γ > 0 is such that (2.9) holds for the invading solution with initial datum θ1Bρ.

Proof. We have proved above that the asymptotic invasion shape W of u is given
by (2.12). We now prove that such set satisfies (4.19) with γ > 0 being such that (2.9)
holds for the invading solution v of (1.1) with initial datum θ1Bρ , where θ ∈ (0, 1) and
ρ > 0 are given by the invasion property.

Fix ξ ∈ W . Being W open, there exists r > 0 such that Br(ξ) ⊂ W . Thus, by
Definition 1.4, there holds

lim
t→+∞

(
min

x∈Br(ξ)
u(t, tx)

)
= 1.

In particular, there exists T > 0 such that

∀ τ ≥ T, ∀x ∈ Bρ+
√
N(τξ), u(τ, x) ≥ θ.
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For τ ≥ T , let hτ ∈ ZN be such that hτ−τξ ∈ [0, 1]N , whence u(τ, ·+hτ ) ≥ θ1Bρ . Thanks
to the invariance of the equation by temporal translations and by spatial translations
by ZN , the function u(· + τ+, · + hτ ) is still a solution to (1.1) and thus, since the
solution v of (1.1) with initial datum θ1Bρ satisfies (2.9) for some γ > 0, we infer by
comparison that

∀ τ ≥ T, min
x∈Bγt

u(t+ τ, x+ hτ ) ≥ min
x∈Bγt

v(t, x)→ 1 as t→ +∞.

We rewrite the above property as follows:

min
y∈Bγ(s−τ)(hτ )

u(s, y)→ 1 as s− τ → +∞ with τ ≥ T. (4.20)

For fixed τ ≥ T and x ∈ Bγ, there holds

|sx− hτ |
γ(s− τ)

→ |x|
γ
< 1 as s→ +∞,

hence (4.20) yields

Bγ ⊂ {x∈RN : u(s, sx)→ 1 as s→ +∞}.

It then follows from (2.12) that Bγ ⊂ W , that is, the inclusion (4.19) holds for λ = 0.
Fix now λ ∈ (0, 1) and x ∈ B(1−λ)γ(λξ). Taking any s ≥ T/λ and τ := λs ≥ T , we

infer
|sx− hτ |
γ(s− τ)

=
|sx− hλs|
γ(1− λ)s

≤ |x− λξ|
γ(1− λ)

+
|λsξ − hλs|
γ(1− λ)s

,

whence, being hλs − λsξ ∈ [0, 1]N bounded,

|sx− hτ |
γ(s− τ)

→ |x− λξ|
γ(1− λ)

< 1 as s→ +∞.

Observe that s→ +∞ is equivalent to s− τ = (1− λ)s→ +∞. As a consequence, we
deduce from (4.20) that u(s, sx) → 1 as s → +∞. Owing to (2.12), we have thereby
shown that B(1−λ)γ(λξ) ⊂ W . The proof of Lemma 4.6 is complete.

End of the proof Proposition 2.6. It remains to show (2.13)-(2.14). We assume that
the invasion property holds. Let z ∈ ∂W . Firstly, for any λ ∈ [0, 1) and any point
x ∈ B(1−λ)γ(λz), we can find ξ ∈ W such that x ∈ B(1−λ)γ(λξ), thus x ∈ W by
Lemma 4.6. This is the inclusion (2.13).

For the other inclusion, consider again z ∈ ∂W , but this time λ > 1. Assume by
contradiction that there exists ξ ∈ B(λ−1)γ(λz) ∩W . We see that

|z − 1

λ
ξ| = 1

λ
|λz − ξ| < (λ− 1)γ

λ
=
(

1− 1

λ

)
γ.

It then follows from Lemma 4.6 that z ∈ W : a contradiction with the fact that W
is open. This is the inclusion (2.14).
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4.6 Proof of Proposition 2.7

Consider a solution u to (1.1) with a compactly supported initial condition u0 : RN →
[0, 1], and assume that u has an asymptotic invasion shape W . Let

L := sup
(x,s)∈RN×(0,1]

f(x, s)

s
.

From the standing assumptions on f , L is a real number. From the maximum principle,
there holds, for all t > 0 and x ∈ RN ,

0 ≤ u(t, x) ≤ eLtv(t, x),

where v is the solution of the equation

∂tv = div(A(x)∇v) + q(x) · ∇v, t > 0, x ∈ RN ,

with initial condition u0. In other words,

v(t, x) =

∫
RN
p(t, x, y)u0(y) dy,

where p is the fundamental solution associated to the above equation. From [31], there
is a constant γ > 0 large enough such that the kernel p satisfies the Gaussian estimates

∀ t > 0, ∀ (x, y) ∈ RN × RN , 0 ≤ p(t, x, y) ≤ γ e−|x−y|
2/(γt)

tN/2
.

Since u0 : RN → [0, 1] is compactly supported, there is then a constant Γ > 0 such that

sup
|x|≥Γt

u(t, x)→ 0 as t→ +∞. (4.21)

Remember that the asymptotic invasion shapeW is given by Definition 1.4. Assume
in this paragraph thatW = ∅. Then max|x|≤Γt u(t, x)→ 0 as t→ +∞ by choosing C :=
BΓ in the second assertion of (1.9). Therefore, together with (4.21), ‖u(t, ·)‖L∞(RN ) → 0
as t→ +∞, and, for any λ ∈ (0, 1), the upper level sets Eλ(t) = {x ∈ RN : u(t, x) > λ}
are empty for all t > 0 large enough, whence (2.15) holds trivially in this case.

Assume in the rest of the proof that W 6= ∅, and observe that W ⊂ BΓ by Defini-
tion 1.4 and (4.21). Consider any λ ∈ (0, 1). Let first r > 0 be arbitrary and denote{

Ir :=
{
x ∈ RN : d(x,RN \W) ≥ r

}
,

Er :=
{
x ∈ RN : d(x,W) ≥ r

}
,

where d(x,A) := infy∈A |x − y| for any A ⊂ RN . Notice that the “exterior” set Er is
not empty since W is bounded, and that the “interior” set Ir is not empty provided
that r > 0 is small enough, since W is open and not empty. On the one hand, the
compact set Ir is included in W and, if it is not empty, there holds minx∈tIr u(t, x)→ 1
as t → +∞ by (1.9), whence Ir ⊂ t−1Eλ(t) for all t large enough. On the other hand,
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the compact set Er ∩ BΓ is included in RN \ W and, if it is not empty, there holds
maxx∈t(Er∩BΓ) u(t, x) → 0 as t → +∞ by (1.9). Together with (4.21), this implies that

supx∈tEr u(t, x) → 0 as t → +∞, whence t−1Eλ(t) ⊂ RN \ Er for all t large enough. To
sum up,

Ir ⊂ t−1Eλ(t) ⊂ RN \ Er (4.22)

for all t large enough.
Consider finally any ε > 0. By taking r ∈ (0, ε] small enough such that Ir 6= ∅, it

follows from the first inclusion of (4.22) that t−1Eλ(t) 6= ∅ for all t large enough, and
from the second one that

sup
x∈t−1Eλ(t)

d(x,W) ≤ r ≤ ε (4.23)

for all t large enough. For any x ∈ W , there exists y ∈ W such that |y − x| < ε, and
thus, since y ∈ Ir for some r > 0 (depending on y) small enough, we deduce that

W ⊂
⋃
r>0

(Ir +Bε).

Being W compact, we can extract a finite covering Ir1 + Bε, . . . , Irp + Bε of W . Since
by (4.22) each one of the Irj is contained in t−1Eλ(t) for t larger than some Tj > 0, we

infer that W ⊂ (t−1Eλ(t) +Bε) for t larger than T := max{T1, . . . , Tp}, whence

sup
x∈W

d(x, t−1Eλ(t)) ≤ ε (4.24)

for t larger than T . By putting together (4.23) and (4.24), it follows from the arbi-
trariness of ε > 0 that the sets t−1Eλ(t) converge to W as t→ +∞ in the sense of the
Hausdorff distance. The proof of Proposition 2.7 is thereby complete. �
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