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1 Introduction and main results

We consider the equation
O = div(A(z)Vu) + q(2) - Vu+ f(z,u), t>0, v € RY, (1.1)

and we are interested in the large-time dynamics of bounded solutions u, and especially
in the convergence to some front profiles along level sets. Throughout the paper, the
operator V stands for the gradient operator with respect to the variables z € R¥.
Regarding the terms in , we assume throughout the paper that

f(z,0) = f(z,1) =0 for all z € RY,

and that A(z), q(z), f(z,s) are (1,--- ,1)-periodic with respect to z € RY (for short,
we say periodic in the sequel), i.e.

VheZV, A(-+h) = A, q(- +h) =q, f(-+h-)=f

The matrix field x — A(x) = (a;j(x))1<ij<n ranges in the set of symmetric positive
definite matrices, and it is of class CY*(RY) for some a > 0. The vector field z —
q(7) = (¢:(7))1<i<y € RY is of class CH(RY), together with

divg =0in RY and / q(z)dx = 0.
(0,)N

Lastly, f : (z,8) — f(z,s) is of class C%*(RY x [0,1]), O,f exists and is of class
CO(RN x [0,1])[] We consider solutions u of (I.I) with measurable initial conditions

IThese assumptions on the regularity of f are a bit stronger than some other assumptions in the
literature, but they will be used in the proofs of some intermediate results (Proposition and Lem-
mata 3.4) which constitute some steps of the main results.
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ug : RN — [0,1], in the sense that u(t,-) = ug as t — 07 in L} _(RY). Each solution u is

loc
understood as the unique bounded solution with initial condition ug, and it is such that

0<wu(t,r) <1 forallt>0and z € RN,

with strict inequalities if uy is not almost everywhere equal to 0 or to 1, by the
strong maximum principle. Furthermore, from parabolic regularity theory, u is then
a classical solution in (0,+o00) x RY, namely it is of class C! in ¢t and C? in z, and

Hatu||007‘1/2([1,+oo)><RN) + 121%?]% HaﬁﬂiuHCO’l([l,Jroo)XRN) + g?gN ||ao:ixjU||co,a/2([1,+oo)xRN) is

1
bounded by a universal constant depending only on A, ¢ and f, with [[v||cosg) =
[0]| Lo () + SUPe e [V(C) = v(C)]/IC = (' for E.C R x RY and 8 > 0.

Propagation phenomena are an important aspect of reaction-diffusion equations.
A prominent question is to know whether and how one of the steady states 0 or 1
invades the other one. To describe such invasions, fronts propagating with average
speed and connecting these two steady states play an essential role. We show in this
paper that the fronts are attractive, in the sense that they appear as spatially local
limits, along sequences of points, in the large-time behavior of solutions of , even
if the initial conditions uy are far from any front. This question of convergence to
front profiles is a widely open problem in the theory of reaction-diffusion equations in
arbitrary dimension /N or for general initial conditions.

We first highlight in Section one main result (Theorem on the specific im-
portant case of compactly supported initial conditions. That result is actually part of
more general results which are detailed in Section (1.2, The main hypotheses used in
these main results are commented in Sections [2.1H2.2l The conclusions and examples of
applications of the main results are discussed in Section The proofs of the main
results are carried out in Section [3| while Section [4] is devoted to the proof of auxiliary
results related to the main hypotheses and properties of pulsating traveling fronts and
asymptotic invasion shapes.

Throughout the paper, “| |” and “ - ” denote the Euclidean norm and inner product
in RY. For z € RY and r > 0, B,(z) is the open Euclidean ball with center z and
radius r, B, := B.(0), and S¥7! := {e € RY : |e|] = 1} is the unit Euclidean sphere
of RY. We set R := (0, +00) and, for z € RY \ {0},

1.1 A main result with compactly supported initial conditions

For the main results, we assume that the steady states 0 and 1 are weakly stable for f,
in the following sense:

Hypothesis 1.1. There exists § € (0,1/2) such that, for every x € RY, the function
s — f(x,s) is non-increasing in [0, 6] and decreasing in [1 — 6, 1].

Next, we will assume an implicit hypothesis which is not expressed in terms of the
coefficients of the equation. Namely, we assume that (1.1]) has pulsating traveling fronts
describing the invasion of the steady state 0 by the steady state 1, in every direction:
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Hypothesis 1.2. For any e € SN, there exists a pulsating traveling front connecting 1
to 0 in the direction e with a positive speed, in the sense that there are c¢*(e) > 0 and an

entire (defined for all t € R) classical solution ¢, : R x RN — (0,1) of (L.1) of the type
Ge(t,x) = Ue(z, 2 - € — c*(e)1), (1.2)
where the function Ug(z, z) is periodic in the x-variable and satisfies

ngm Ue(z, z) =1, ZEIJPOO U.(z,2) = 0, uniformly with respect to v € RV, (1.3)
Hypotheses are related to the bistability of the equation ([1.1), in a broad
sense. They are commented in Section 2.1 Under Hypotheses the speed c*(e)
in any direction e is unique, ¢, is unique up to shift in ¢, the map e — ¢*(e) is continuous,
and the map e — ¢, is continuous in some sense after normalization, see Proposition[2.2]
We point out here that, since ¢*(e) > 0 under Hypothesis [1.2] the change of variable
(t,z) — (z,7 - e — c*(e)t) is a C diffeomorphism from RN*! onto itself, hence U, is
continuous, as is ¢.. Furthermore, since 0 < ¢, < 1in R x RY from the strong parabolic
maximum principle, there holds 0 < U.(z,2) < 1 for all (z,2) € RY x R, and
Va<beR, 0< min  Ug(z,2) < max Uz, z) <1, (1.4)

(z,2)ERN X[a,b] T (2,2)ERN x[a,b]

by continuity in (x, z) and periodicity with respect to z. From parabolic estimates and
the C%*(RY x [0, 1]) regularity of f and O, f, the functions ¢, and d;¢, together with
their first-order, respectively second-order, derivatives with respect to ¢, respectively
with respect to x, are continuous and bounded in R x RY. Hence, the functions UL,
VU., 0,U., VO,U, and 0%.U, are at least continuous and bounded in RY x R, where
V :=V,.

A fundamental open problem in the theory of reaction-diffusion equations in
dimensions N > 2 is the local-in-space convergence at large time to profiles of pulsating

fronts along some sequences of points. To address this question, we consider the Q-limit
set of a solution u : RT x RY — [0,1] of ([1.1]), which is defined by

loc

¥ € LX(RY) : u(tn, 2 +) — ¥ in LE,(RY),
n—-+0oo

Qu) = for some sequences (t,)nen in RT diverging to +oo ¢ - (1.5)
and (z,)pey in RY

This set is composed by all possible asymptotic profiles of u. It can also be written as

o = |J 2w, (16)

eeSN—1
where
e L°RY) : u(ty, z, + ) - Y in L2 (RY) as n — 400,
n—-+0o0
Qe(u) := for some sequences (t,)nen in RT diverging to 400
and (2, )nen in RY \ {0} such that 7, e
n—-—+0o0



is called the Q-limit set of u in the direction ef] Notice that the sets (u) and Q.(u)
are all non-empty and included in C?(RY) from standard parabolic estimates.
In the sequel, we say that a function w is an invading solution of (L.1)) if

u(t,-) — 1 as t — +oo locally uniformly in RY. (1.7)

If u is an invading solution, then u(t,,z, + ) — 1 as n — 400 locally uniformly in RY,
for any sequence (t,)nen diverging to +oo and for any bounded sequence (2, )nen in RY.
However, the sequences (x,)nen in can also be unbounded, and is therefore
not enough at all to describe the way the state 1 invades the whole space RY. We want
to know more about the local profiles appearing at large time in the regions where u is
away from 0 and 1.

An important case of our more general results concerns compactly supported initial
data, in which case we show that any directional limit set Q.(u) contains some profiles
of pulsating traveling fronts connecting 1 to 0:

Theorem 1.3. Assume that Hypotheses hold. Let u be an invading solution
to (L.1)) with a compactly supported initial condition ug. Then, for any e € SN=1, there
is v € SN such that

Qe(u) D {du(t,-+y): (t,y) e Rx RV} U {0,1}. (1.8)

More details about the directions v in ((1.8]) will be given in the other main results in
Section [I.2] together with the extension to non-compactly supported initial data, while
some comments on the conclusion will be provided in Section [2.3]

1.2 More general main results

In order to describe more precisely the shape of the possible transition between the
states 1 and 0 at large time for the solutions w of ([1.1)) with initial conditions having
arbitrary support, we use the following notion of asymptotic invasion shape:

Definition 1.4. We say that a solution u to (1.1)) admits an asymptotic invasion shape
W C RN if W coincides with the interior of its closure and satisfies

lim (min u(t, tx)) =1 for any non-empty compact set C C W,
t—+oo \ zeC

L (1.9)
lim (max u(t, tx)) =0 for any non-empty compact set C C RN \ W.

t——4o00 zeC

Examples and counter-examples of existence of the asymptotic invasion shape W,
and general properties of W, are discussed in Section [2.2]

2The inclusion “D” in holds by definition. The reverse one follows from the fact that, for
any sequence (T,),en in RY, one can extract a subsequence such that (7, )ren converges to some
e € SV1, unless all but finitely many z,’s are equal to the 0 vector in RY. However, the latter
type of sequences can be omitted in the definition of Q(u) and replaced by (e/n)nen-, for given
e € SV1 since, for any sequence (t)neny with liminf,, 1. ¢, > 0, one has, by parabolic estimates,
uty, ) — u(tn,e/n+-) — 0 as n — +oo in L=(RY).



Under Hypotheses[1.1}[1.2] it follows from [69]] that all the invading solutions of
with compactly supported initial conditions ug admit an identical asymptotic invasion
shape W, which we call W, (as a reminder of the fact that the initial condition is
compactly supported) and which is given by the so-called Freidlin-Gértner formula:

Wo = ﬂ {zeRY:x- &< (€}
gesnt (1.10)

_ e SN_I, c O, ith — . C*(g) > 0.
{re:e r€[0,w(e))} with w(e) gegwl?llg.e>o §-e

From this formula and the continuity of the map & — ¢*(€) from S¥~! to R = (0, +-00)
(by Proposition below), the set W, is open, bounded, convex, it contains a neigh-
borhood of the origin, the minimum in is truly reached, the map e — w(e) is
continuous from SV~! to R as well, and W, is the Wulff shape of the envelop set of the
speeds ¢*(&) of pulsating fronts. The set W, can also be viewed as the large-time limit
of the rescaled upper level sets of the invading solutions u with compactly supported ini-
tial supports (by Proposition below). Furthermore, at any point z = w(2)z of OW,
where W, has a tangent plane, the expression for w(Z) is uniquely minimized by
¢ = v, where v is the exterior unit normal of W, at 2E| that is,

z-v=c"(v).

Therefore, we refer to the above identity as the “regular Freidlin-Gértner formula”.
The next theorem shows, first, that such formula holds for any solution u at every
regular point z of 0W without requiring the boundedness of the support of wug, and
second, that the Q-limit set of u in the direction Z contains profiles of pulsating traveling
fronts. Regular here means that W satisfies both the interior and the exterior ball
conditions at the boundary point z, which assert respectively that there exists an open
Euclidean ball B (resp. B’) such that B C W (resp. B € RY \ W) and z € 9B
(resp. z € OB’). The simultaneous validity of the two conditions imply in particular
that VW has a tangent plane at z, with the (unique) exterior unit normal to W at z

—

being given by z —y = gf—\z, where y and y' are the centers of B and B’ respectively.

Theorem 1.5. Assume that Hypotheses hold. Let u be a solution to ad-
mitting an asymptotic invasion shape W. Assume that there exists a point z € WV at
which W satisfies the interior and exterior ball conditions. Let v be the exterior unit
normal to W at z. Then the following properties hold:

(i) z-v=c"(v);

3This is a consequence of [69, Theorems 1.4-1.5] which hold for general space-time dependent equa-
tions, not necessarily periodic, and provide an asymptotic invasion shape that reduces to the set Wy in
thanks to Hypothesis

4Indeed, consider any minimizer ¢ in the expression for w(Z2), that is, £ € SN~1 with £-2 > 0
and w(z) = ¢*(§)/(£-Z). The set W, then lies by in the open half-space E:={z RN :z-£ <c*(£)},
while z = w(2)Z belongs to both 9W, and OE. Since W, has a tangent plane at z with exterior unit
normal v and since W, must lie on one side of this tangent plane by convexity, it follows that this
tangent plane must be 0F and that £ = v.




(i1) Qz(u) D {u(t,- +y): (t,y) e Rx R¥}U{0,1}.

It turns out that VW always contains a neighborhood of the origin, because it is open
and contains the origin (by Proposition . Hence, the vector z is well defined for
any z € 0W. The validity of the interior and exterior ball conditions at z in Theorem 1.5
holds in particular at any point z where W is twice-differentiable. Theorem could
be summarized by saying that: (7) the regular Freidlin-Gértner formula holds at every
regular point of OW; (ii) in the direction of any regular point, the solution approaches
the profiles of pulsating traveling fronts along sequences of times.

We now extend Theorem beyond regular points by introducing the notion of
generalized normal set, defined as the set of limits of exterior unit normals of regular
approximated points:

v= lim v, :z, €W, lim z, =z,
n—-+o0o n—-+o0o

V(z2):= W satisfies the interior and exterior ball conditions at z,,
v, is the exterior unit normal at z,

Theorem [1.5] then leads to the following result:

Corollary 1.6. Assume that Hypotheses hold. Let u be a solution to (1.1
admitting an asymptotic invasion shape W. Let z be any point of OW such that V(z) # ().
Then the following properties hold:

(i) z-v=c*(v) foralveV(z);
(i1) Q(u) D {gu(t,-+y): (t,y) ERxRY, v eV(z)} U{0,1}.

Property (i) above is a generalized regular Freidlin-Gértner formula, in which the
exterior unit normal v is replaced by the whole set of generalized exterior unit normals V.
We show in Proposition[2.6|below that the set W is Lipschitz-regular, but unfortunately
this is not enough to guarantee the existence of the generalized exterior unit normals at
the boundary. However, since a sufficient condition for the validity of the interior and
exterior ball conditions at a point is the second order differentiability of the boundary
at that point, it follows from the Alexandrov theorem that Corollary can be applied
in particular at the points z € 0V around which W is convex, that is, for which there
is 7 > 0 such that W N B,(z) is convex.

The arguments employed in the proof Theorem lead to the following important
result in the case where ug is compactly supported. We recall that, in such case, it
follows from [69] that the solution u admits an asymptotic invasion shape W, given by
the Freidlin-Gartner formula .

Corollary 1.7. Assume that Hypotheses hold. Let u be an invading solu-
tion to (L.1) with a compactly supported initial condition uy. Its asymptotic invasion
shape W, therefore exists and is given by (1.10). Then, for any e € SN, one has

Ge(t,-+vy) : (ty) e R xRN € is a minimizer
2e(u) > { in the expression of w(e) in (1.10)) U {01} (111

Lastly, if OW, is everywhere differentiable, then
Qu) D {ge(t,-+y): (t,y) eRxRY, ee SV} U {0,1}. (1.12)
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Corollary contains Theorem [I.3] and additionally provides the directions v
in . It asserts that the convergence toward a pulsating traveling front, along some
sequence of times, occurs in any direction e € SV, even in those where W, exhibits a
corner, i.e. where the Freidlin-Gértner formula admits multiple minimizers. Cor-
ners may actually exist, as shown in [35, Corollary 6.2], hence the 2-limit set in the
corresponding directions contains the profiles of several distinct pulsating fronts.

It is natural to wonder whether the equality actually holds in Corollary[I.7]when OW,
is everywhere differentiable, i.e.

Qu) = {¢e(t,-+y) (ty) eERxRY, ec SN_l} u {0,1}.

Such conclusion is known to hold for homogeneous equations (where W, is a ball), as
follows from |2, 4] [72], but in the periodic setting it has only been derived in dimension
N =1, for f either of the bistable type, as follows from [I3], 24} [76] [78], or of the Fisher-
KPP type below, see [46]. To our knowledge, ours are the first convergence-to-
front results for periodic equations in dimensions higher than one.

More comments on the conclusions and applications of the main results, and counter-
examples when the hypotheses are not fulfilled, are given in Section [2.3]

Some additional notations. For a subset £ C RY, we call
1p:RY —{0,1}

the indicator function of the set E, that is, lg(z) = 1 if v € E and 1g(z) = 0 if
z € RY\ E. For z € RY and A C RY, we define dist(z, A) := inf {|z — y| : y € A}
(with dist(z,0) = +o0) and, for any two subsets A, B C RY we define the Hausdorff
distance between A and B as

dy (A, B) := max (sup dist(x, B), sup dist(y, A))

€A yeB

with the conventions dy (A, ) = dyu (0, A) = +oo if A # () and dy(0,0) = 0.

2 Comments on the hypotheses and the conclusions,
and complementary results

We first discuss in Section some conditions under which Hypotheses [I.1] and

are fulfilled, and the invasion property entailed by them. Section lists examples

and counter-examples of existence of asymptotic invasion shapes VW, and some general

properties of VW in an even more general framework, without Hypotheses 1.2l Lastly,

we give in Section some applications of the main results, and we explain the necessity
of the main hypotheses.

2.1 Weak bistability, pulsating fronts, and invasion property

Sufficient conditions in the homogeneous case. In the homogeneous case with
A = Iy (the identity matrix of size N x N), ¢ =0 and f(x,s) = f(s), (L.1]) reduces to

Ou=Au+ f(u), t>0, z€R". (2.1)
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If f is of ignition type, that is,

Jda e (0,1), f=0in[0,a] and f > 01in (a, 1), (2.2)
or if f is of bistable type, that is,

Ja € (0,1), f<0in (0,a) and f > 01in («,1), (2.3)

with fol f>0, then (2.1)) admits planar fronts connecting 1 to 0 with positive and unique
speed ¢, namely solutions u(t, r) = ¢(z-e—ct), withe € S¥ ! and ¢ : R — (0, 1) solving

O e+ flp)=0inR, p(—00) =1, ¢(+o0)=0, ¢>0, (2.4)

see [2, 28]. Such fronts are pulsating traveling fronts too, with the same speed ¢, hence
Hypothesis holds. Furthermore, if f is non-increasing in a right neighborhood of 0
and decreasing in a left neighborhood of 1 (for instance if f'(1) < 0 for (2.2)), or f/(0) < 0,
f'(1) < 0 for (2.3)), then Hypothesis[L.1 holds as well, and any pulsating traveling front
in the direction e is a planar front by [4, Theorem 3.1] (or by the uniqueness property in
Proposition below). Planar traveling fronts might also exist for multistable nonlin-
earities f, for instance if the speed of a front connecting any pair of consecutive stable
states is smaller than the speeds of the fronts connecting pairs of consecutive stable
states above them, see [2§].

We point out that Hypothesis can of course be fulfilled without Hypothesis [T.1}
for instance, for and f > 0in (0, 1), the set of admissible speeds in each direction e
is a closed interval [¢*(e), +o0) C R [2, 29, 52] (and c¢*(e) > 0 does not depend on
e € SV for (2.1])). Conversely, Hypothesis |1.1| can be fulfilled without Hypothesis [1.2}
for instance for and f of bistable type (2.3 with f/(0) <0, f’(1) < 0 and fol f <0.

The general periodic equation (1.1), properties of pulsating traveling fronts.
For (1.1]), under our standing assumptions, Hypothesis is known to hold when f is
of the generalized ignition case

0.1) f=0inRY x [0,q], 25)

Ja € (0,1), . 2.5
Vs e (Oé, 1)7 0< Iﬁll\,nf('as) < I%%Xf(',S),

see [3, [75, [77, [79]. In this case, Hypothesis holds if one further assumes that f(z,-)

is decreasing in [1 — 4, 1] for some 6 > 0. Hypothesis is also fulfilled if f of the strong
bistable type, namely if

Osf(2,0) <0 and J,f(x,1) <0 for all z € RN (2.6)

(remember that O,f is continuous in RY x [0,1] and periodic in z). We call this case
“strongly bistable” because both steady states 0 and 1 are linearly stable (from above
and below respectively), but f(z,-) may have more than one zero in the interval [0, 1].
In the case (2.6), Hypothesis[L.2)is known to hold in dimension 1 [13} 27, 84] or in higher
dimensions under various additional assumptions on A, ¢ and f, for instance in highly
or slowly oscillating media [14] [15] [79] or when there does not exist any periodic steady
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state between 0 and 1 [IT], 23], B4] (see also [50, [63], (73], [76] [78, R0O] for further references
in the case of almost-homogeneous coefficients).

The main properties of the pulsating traveling fronts and speeds given in Hypothe-
sis are summarized in Proposition below. That result is actually proved under
Hypothesis [1.2| and under an hypothesis slightly weaker than Hypothesis [1.1}, in which
the monotonicity of f(x,-) in a left-neighborhood of 1 is not anymore assumed to be
strict:

Hypothesis 2.1. There exists § € (0,1/2) such that, for every x € RN, the function
s — f(x,s) is non-increasing in [0, 6] and in [1 — 0, 1].

Proposition 2.2. Under Hypotheses[1.2] and[2.1] let ¢.(t, z) = Ue(z,z-e—c*(e)t) be a
pulsating traveling front connecting 1 to 0 in a direction e € SN=1. Then its speed c*(e) is
unique, Oyde(t, z) > 0 in Rx RN ¢, is unique up to shift int, 0,Uy(x,2) <0 in RY xR,
U, is unique up to shift in z, and it satisfies, for some Ao > 0 and C' > 0,

V(z,2) € RN xR, U.(x,z) < Ce 0%, (2.7)

Furthermore, the map e — c*(e) is continuous from S¥=1 to RY. Lastly, for any fived
€ (0,1), if ¢e is normalized so that ¢.(0,0) = p, then the maps e — ¢, and e — U,
are continuous from SN to L (R x RY) and L>®(RY x R), respectively.

loc

As a matter of fact, the continuity property in Proposition generalizes some
earlier results established for reactions of ignition type [1] or strongly bistable
reactions of type [14]. The C? smoothness of the speeds c*(e) with respect to e is
also derived in [36] in the bistable case, under further assumptions on the coefficients.

The invasion property. An important property entailed by Hypotheses is
the local-in-space convergence of u(t,-) to 1 as t — 400 when wug is “large” enough on
a large enough ball, namely below. That property follows from [21], where the
condition maxgn f(+,$) > 0 for all s € [1 —§,1) was used (this condition follows from
Hypothesis [L.1} and even f(z,s) > 0 for all (v,s) € RY x [1 —¢,1)). But we show
in Section that the property maxg~ f(-,s) > 0 for all s € [1 — 4,1) is satisfied as
well when Hypothesis is replaced by the weaker Hypothesis still together with
Hypothesis [I.2] and we then get the following result.

Proposition 2.3. Under Hypotheses cmd there exist 0 € (0,1) and p > 0 such
that

(uo >0 in Bp) = (u(t, ) =1 ast — +oo locally uniformly in ]RN>, (2.8)

where u is the solution of (1.1) with initial condition ug : RY — [0,1].

Definition 2.4. Throughout the paper, the existence of 8 € (0,1) and p > 0 for
which (2.8) holds is called the invasion property for (1.1)).

We point out that if instead of Hypothesis , the equation (1.1 admits a pulsating
traveling front connecting 1 to 0 in a direction e € SV~ with a speed c¢*(e) < 0, then

10



the invasion property necessarily fails, as a consequence of the comparison principle.
By [21, Remark 2], the invasion property and the periodicity of (1.1]) imply that invading
solutions u of ([1.1]) spread at least with a positive linear speed in all directions:

Jv >0, min u(t,z) —>1 ast— +oc. (2.9)

:IJEnyt

For the homogeneous equation (2.1]), the invasion property is equivalent to

1
there is 6 € (0,1) such that f > 0in [¢,1), and /f >0 forall s€[0,1), (2.10)

and 0 in (2.10) and in can be defined as the same real number [19,[66]. The invasion
property is therefore satisfied in particular if f > 0 in [0, 1] and if f is positive in a left
neighborhood of 1. It also holds if f is of ignition type or of bistable type ([2.3]) with
fol f > 0and @ in (2.8) can be any real number in the interval (a, 1), with p > 0 large
enough, depending on 6, see also [2], 2§]. For , a sufficient condition for the invasion
property is that admits a solution (c,¢), without requiring here Hypothesis [L.1]
see [49, Proposition 1.3]. The invasion property actually does not imply Hypotheses
or 1.2, For instance, if f > 0 in (0, 1), then the invasion property and Hypothesis
hold for , but Hypothesis does not. Again for , if f of multistable type,
one could have that the invasion property and Hypothesis hold, but Hypothesis
does not (when instead of a single traveling front there is a stack of fronts) by [28].

For the general periodic equation , the invasion property holds when 9, f(-,0) > 0
in RY and f is of the generalized positive case

0< Iﬁzivn f(,8) < n%%xf(-, s) for every s € (0, 1), (2.11)

see [6l [7, 130, [74] (here 6 can be arbitrary in (0,1) and p > 0 can be arbitrary). Notice
that Hypothesis does not hold in this case. From [21], the invasion property also
holds when f is of the generalized ignition type with f > 0in RY x (a,1). Under
Hypothesis [L.1] the invasion property holds with f of type (2.5]), from [3] and Proposi-
tion Lastly, the invasion property is fulfilled as well when f >,# 0 in RY x [0, 1]
and the principal part of the operator is in the non-divergence form Tr(A(z)D?u) and ¢
is not too large (not necessarily divergence free nor with 0 average) [21]. For reactions f
which may take negative values, the proposition below provides a sufficient condition
for the invasion property to hold.

Proposition 2.5. Let g : [0,1] — R be a C* function such that g(0) = g(1) = 0 and
satisfying (2.10) and ¢'(1) < 0. Let Ay = (Aij)1<ij<n be a constant symmetric positive
definite matriz. There is € > 0 such that, if

ax lai; — Aijllor vy + nax, 1Gill Loy <€

and f(z,s) > g(s) for all (z,s) € RN x [0, 1], then the invasion property holds for (L.1)).

Proposition [2.5shows that the invasion property holds in the case of almost-constant
diffusion and almost-zero drift coefficients, provided that the reaction is larger than a
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homogeneous unbalanced bistable term. However, as for , the invasion property
does not hold in general without the condition f(z,s) > g(s) and g satisfying (2.10). For
the periodic equation , typically with a bistable structure as in , heterogeneities
with large amplitude or large period can also rule out the invasion property [12], [16], 25]
20, 40, [60, 78, 80].

2.2 The asymptotic invasion shape: properties and examples

General properties. In Definition [I.4] the requirement that W coincides with the
interior of its closure guarantees the uniqueness of the asymptotic invasion shape, when
it exists. The next result contains a characterization of W. From [21, Remark 2], under
the invasion property, any invading solution u satisfies , whence its asymptotic
invasion shape W, if any, contains a ball B, centered at the origin. Despite the fact
that W may not be convex in general, it turns out that it contains the convex hull of the
union of B, with any other point § € W. This property leads to the Lipschitz regularity
of W. All these results are summarized in the following statement.

Proposition 2.6. If a solution u to (1.1) admits an asymptotic invasion shape W, then
W =int {z € RY :u(t,tx) = 1 ast — +o0}. (2.12)

Moreover, under the invasion property, VW 1is star-shaped with respect to the origin
and OW (if non-empty) is Lipschitz-reqular. More precisely, letting v > 0 be such
that holds for the solution of with initial datum 0 1p,, where 6 and p are as
in Definition 2.4], then, for any z € OW, the following estimates hold:

Ve [0, 1), B(l,,\)v()\z) cWwW, (2.13)
VA€ (1,400), Bpo1,(Az) CRYV\W. (2.14)

The two inclusions — correspond to an interior and an exterior cone con-
dition, respectively, at any boundary point z € 0W, with the opening of the cones
only depending on v and |z|. Hence they provide an explicit estimate of the Lipschitz
constant of 0V, showing that 0V is locally uniformly Lipschitz-continuous.

It turns out that, when a solution u to is initially compactly supported, its
asymptotic invasion shape W, if any, can also be viewed as the large-time limit of the
rescaled upper level sets, defined by

E\(t) == {z e RY ru(t,z) > A}, Xe(0,1), t>0.

Proposition 2.7. If a solution u to (1.1)) admits an asymptotic invasion shape YW and
if its initial datum is compactly supported, then, for every A € (0,1),

%EA(t) W (2.15)

t—+00

in the sense of the Hausdorff distancel|

SWhen W = (), then (2.15)) means that, for every A € (0,1), the sets E\(t) are empty for ¢ large.
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We point out that does not hold in general if the initial datum is not compactly
supported, see [49, Proposition 6.5] H However, under some additional conditions on g
and f for , the rescaled upper level sets ¢! F(t) converge locally to W in the sense
of the Hausdorff distance as ¢ — 400, see [49, Theorem 2.4].

Remark 2.8. Proposition and property (2.12)) of Proposition hold under the
sole standing assumptions of the paper, and even without Hypotheses or 2.1
Furthermore, the results (2.13))-(2.14)) of Proposition hold under the sole invasion

property. As a consequence, from Proposition the results (2.13))-(2.14)) hold true
under Hypotheses[1.2) and[2.1. But they also hold under the conditions of Proposition[2.5]

Examples of asymptotic invasion shape for homogeneous equations with u
compactly supported. Firstly, if (2.4) has a solution (¢, ), then the asymptotic
invasion shape W, of any invading solution u to (2.1)) exists and it is equal to

Wy = B,-, (2.16)

where ¢* > 0 is the minimal speed for which has a solution, see [2] under fur-
ther assumptions on f and [49] in the general case. This result holds even without
Hypothesis , and the speed ¢ in is not unique in general, but the minimal speed
¢* > 0 does exist [49]. With Hypothesis , can also be viewed as a consequence
of .

In the homogeneous case with ¢ = 0, f(z,s) = f(s) and A = (A4;)1<ij<n IS a
constant (independent of ) symmetric positive definite matrix, reduces to

Opu = Z AijOrzyu+ f(u), t>0, v € RY. (2.17)

1<i,j<N

A change of variable shows that the asymptotic invasion shape W, of any invading
solution v with compactly supported ug is an open ellipsoid of the type

where R is an orthogonal mapping, £ := {z € RN : 2/\ + -+ + 2% /Ay < (¢*)?}
and ()\;)1<;<n are the eigenvalues of the constant matrix A.
The asymptotic invasion shape can also exist and be empty: for instance, for (2.1)

or (2.17)) in the bistable case ([2.3)), if ||ug|| oo (rrvy < o, o1 if fol f <0and f'(0) <0, then
|lu(t, )||Loe(mny = 0 as t = 400, whence the asymptotic invasion shape is empty.

Examples for (2.1) with unbounded initial support. FEven for and even with
the existence of a pair (¢, ¢) solving (hence, Hypothesis holds), the question of
the existence of an asymptotic invasion shape is much more intricate when the initial
datum wug is no longer compactly supported. Various conditions for the existence of an

649, Proposition 6.5] was concerned with the homogeneous equation (2.1)) for the initial condition
up =1y and U = {(2/,2n) € RV x R : 2x < +/|2/|} and the nonlinearity f(s) = s(1 — s), but from
its proof, the same conclusion holds for instance for a function f of type (2.3 with fol f>0.
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asymptotic invasion shape have been given in [49] when uy = 1y, involving notions of
“bounded” or “unbounded” directions of U. For instance, if

U={z=(d,2y) e RV xR:azy <T(2)}

with T' € L2 (RV™1) satisfying T'(2)/|2'] — a € [—o0,+00] as |2/| — +oo, then the

asymptotic invasion shape W exists. If & = +oo, then W = RN, If 0 < o < +o0,
then W is a shifted cone

W={zeR" :zy <al|/|+V1+a?}, (2.18)

that is, W = B +C, where C := {z = (2/,2y) € RV"! X R : 2y < a|2/|} and ¢* is the
minimal speed for which has a solution. Here, W is neither convex nor C* (and it
does not satisfy the exterior ball condition at its boundary point (0,--- 0, c*v1 4+ a?)),
see Figure [l| (a) with I'(2’) = «a|2’|. If a = 0 (this is the case for instance when ~
is bounded), then W is the half-space W = {z € RN : a2y < ¢*}. If —o0 < a < 0,
then W = B + C is still the ¢*-neighborhood of the cone C, but W is now convex
and C! (it is not C? but it satisfies the interior and exterior ball conditions at every
boundary point), see Figure (b) with I'(z) = a|2/]. If & = —o0, then W = {z € R :
|o/| < ¢, zn < 0} U B,-, which is convex and C!, but not C2.

(a) <0 (b) a>0

Figure 1: The asymptotic invasion shape W for ug = 1y with U = {zy < af2/|}. In
the case (a) a > 0, W is not regular at z, where V(2) = {vy, 15} (in dimension N = 2).
In the case (b) a < 0, W satisfies the exterior and interior ball conditions at every
boundary point.

Counter-examples for (2.1). Three counter-examples on the existence of an asymp-

totic invasion shape W for are given. Firstly, for f of bistable type with fol f>
0 and f'(0) < 0, there are compactly supported ug such that |u(t,-) — @[ fec@r) — 0
as t — +oo, where ® : RY — (0,1) is a steady state of such that ®(z) — 0 as
|z| — 400, whence W does not exist, see [17, 58] 59 64, [’3].
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Secondly, since by [49] the existence of a solution (¢, ¢) of implies the invasion
property, it is natural to wonder whether, under the sole invasion property, the invading
solutions which are initially compactly supported admit an asymptotic invasion shape.
This is actually false in general, as follows from [28] in dimension 1 and from [1§] in
any dimension, for some multistable functions f: there can exist invading solutions
developing into a terrace of fronts expanding with different speeds (see [24. [34], (65, [66]
for more results on terraces of fronts for (2.1)) or (L.1))).

Thirdly, even for invading solutions u and even with the existence of a solution (c, )
of , the asymptotic invasion shape does not exist in general if ug is not compactly
supported. For instance, if f(s) = s(1 —s) and up = 1y with U := J,,cy Bang1 \ Ban—1,
then W does not exist [49]. There are also initial conditions ug : R — (0, 1] oscillating
in a highly non-periodic manner between two exponential functions e **l and e—#l*l
as |z| = +oo, with distinct A > 0 and g > 0, for which W not exist [43] 81].

Examples for the periodic equation (|l.1). If the initial condition uy # 0 is com-
pactly supported, and if f satisfies the generalized Fisher-KPP assumption

0< f(z,s) < 0sf(x,0)s for all (z,5) € RY x (0,1), (2.19)

then u admits an asymptotic invasion shape W, independent of ug, given by ,
where ¢*(£) > 0 is here the minimal speed of pulsating traveling fronts connecting 1 to 0
in the direction ¢ in the sense of (L.2)-(1.3) (all speeds ¢ € [¢*(€), +00) are admissible
under , in contrast with Hypothesis , see Proposition . These results follow
from [3], [7, [74] and the original formula [30]. Actually, formula for compactly
supported wug holds for a more general class of reaction terms f, basically as soon as
pulsating traveling fronts exist in every direction [69]. This includes, beyond the Fisher-

KPP type (2.19): the generalized positive type ([2.11)) (see also [74]), the generalized

ignition type (2.5), as well as the bistable type (2.6) with Hypothesis [.2]
Consider now step-like initial conditions ug : RY — [0, 1], for which uy(z) = 0 when

x-eis large, and ug(z) — 1 as 2-e — —oo, for some e € S¥~L. If f is of the generalized
ignition or positive cases (2.5)) or (2.11)), then u has the asymptotic invasion shape

W={zeR":z e<c(e)}, (2.20)

where ¢*(e) is the unique or minimal speed of pulsating traveling fronts connecting 1 to 0
in the direction e [54, 55, [74, RB2]. For bistable-type equations, results of the type ([2.20))
are also known, provided pulsating fronts exist in the direction e [78 [79)].

2.3 Comments on the conclusions of the main results

The necessity of the assumptions. Before giving some examples of applications
of the main results of Section [I} we first point out that the conclusions do not hold or
even do not make sense in general without any of the Hypotheses or [1.2) or if u is
not invading (in Theorem or Corollary or if u does not admit an asymptotic
invasion shape (in Theorem or Corollary [L.6).

First of all, the conclusions do not hold true in general without Hypothesis[I.1], which
is required for the uniqueness of the speed of pulsating fronts in each direction. Indeed,
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if the speeds are not unique, as it is the case for the homogeneous equation ([2.1) with
f > 01in (0,1), then considering any other front solution u(t,z) := ¢(z - e —ct) in a
direction e € S¥71 with a speed ¢ > ¢*, one clearly has that W = {z e RN : z-e < ¢},
thus z - v = ¢ > ¢* at any z € OW, and moreover (u) is just given by {0,1} and any
translation of the profile ¢(x - €), hence it does not contains the profiles of the minimal
front.

Consider next with f of bistable type (2.3)) with f(0) < 0, f/(1) < 0, and
fol f > 0. Hence, Hypotheses hold. On the one hand, if ||ugl|ze@y) < a, the
solution v with initial condition ug satisfies ||u(t, -)|| oo @y — 0 as t — 400, whence it
admits the asymptotic invasion shape YW = (), but it is not invading and the conclusions
of Theorem or Corollary do not hold, since 2(u) = {0} On the other hand,
by [17, [58, 59, 64, 83], there is a unique R* > 0 such that |u(t,-) — ®||pec@yy — 0
as t — +oo when ug = 1p,., with ® : RN — (0,1) being a steady state of
such that ®(x) — 0 as |r| — +o00. Here, u is not invading and does not have any
asymptotic invasion shape, so Theorem and Corollary do not make sense. The
conclusions of Theorem and Corollary do not hold either, since in this case
Qc(u) = {®(-+a) :a € R a-e > 0} U{0} for any e € S¥~! and the planar front
profiles do not coincide with ® up to shift.

In the examples of the previous paragraph, the solutions v were not invading solu-
tions. Without Hypothesis [I.2] the conclusions of the main results do not hold either
even for invading solutions. For instance, from [I8, 28], there are homogeneous equa-
tions with multistable functions f for which invading solutions with initial compact
support exist but fronts connecting 1 to 0 do not (so the conclusions of Theorems
and and Corollaries do not make sense in such a case).

Earlier results for (2.1) and compactly supported ug. Consider (2.1)) with f of
ignition type and f’(1) < 0, or of bistable type with f’(0) < 0, f'(1) < 0,
and fol f > 0. Hypotheses |1.1 are then fulfilled. Pick any invading solution u
with ug compactly supported. By (2.16]), v admits the asymptotic invasion shape W =
B+, with (c*, ¢*) denoting the unique solution of (up to shift for ¢*). It follows
from [4] [72] that, for any e € SN71 ¢ (t,2) = p*(x - e — ¢*t) in R x RY up to shift in
time, and that

Qe(u) ={z—¢*(z-e+0): 0 e R} U{0,1}. (2.21)

This result is coherent — and even in this case stronger — than the inclusions regard-
ing Q.(u) or Qz(u) in the main results since the inclusions there are equalities here.
The same conclusion regarding the invading solutions to with compactly
supported ug holds with more general bistable-type functions f for which admits
a solution (c*, ¢*) (see [24] 28] [66] in dimension N = 1 and [I8] for general N > 1).
It holds as well with Fisher-KPP type functions f such that f > 0 and s — f(s)/s
is decreasing in (0, 1), where ¢*(x - e — ¢*t) is a planar front connecting 1 and 0 with
minimal speed ¢* (see [10, 45, (3] [62], [71] if N =1 and [22, 32, [67] for general N > 1).

"The same observations remain valid if ||ug]| 1~y is small enough, since then [Ju(1, )| Lo ra) would
be less than «, by comparing u with a linear heat equation and using the Lipschitz-continuity of f).
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Applications and counter-examples for the homogeneous equation (2.1) with
non-compactly supported uy. Consider the solutions u of with uy = 1y.
From [4, Theorem 3.1], Hypotheses mean that has a solution (c*, ¢*) and
that f is non-increasing in a right neighborhood of 0 and decreasing in a left neighbor-
hood of 1. The case of non-compactly supported ug is much richer than the compact case
and leads to new and different phenomena according to the shape of U. To illustrate
these phenomena, consider for instance U of conical type

U={z=(2,2y) e RV"'xR:zy <al|}, withae R*. (2.22)

If @ < 0, then, by Section [2.2] u has the asymptotic invasion shape W = B + U
(the same asymptotic invasion shape W would also arise for ug = 1y with U’ trapped
between two shifts of U), see Figure [I| (b). In particular, W satisfies the interior and
exterior ball conditions at any point z € V. Then Theorem [1.5|implies that z - v = ¢*
(as one can also directly check here) and that Qz(u) contains all shifts of the planar
profile x — ¢*(x - v), together with the constants 0 and 1. The set OW is composed by
a spherical part, whose points z = (2, zy) satisfy |z| = ¢* and v = Z, and a conical part
where |z| > ¢* and

!/
y="2Z N here ey = (0, ,0,1). (2.23)
a?+1

As a matter of fact, in this specific case, [48, Theorem 3.3] implies that, for every
sequence (t,)nen — +00 and every sequence (z,)ney in RY such that sup,,cy |24,] < 400,
the sequence (u(t,, T, + -))nen converges, up to a subsequence, to a function depending
on the variable xy only. Other local asymptotic one-dimensional properties for (2.1))
with uy = 1y are given in [47, 48]. However, [47, 48] do not give the convergence to
fronts’ profiles at large time and, up to our knowledge, Theorem and Corollary
are new even for in the simple case of the cone (or if U were trapped between
two shifts of that cone).

If a > 0, then w still has the asymptotic invasion shape expressed by W = B + U,
or equivalently (this would hold true for ug = 1y with U’ lying between two
shifts of U), but now 0W is not differentiable at the vertex z := (0,---,0,c¢*va? + 1),
see Figure [1] (a). Outside z, the set W is of class C? and satisfies z - v = ¢* for every
z € OW\{z}, with outward unit normal still given by (2.23)), hence Theorem [L.5 implies
that Qz(u) contains all shifts of z — ¢*(z - v), in addition to {0,1}. But Theorem
can not be applied at the vertex z, where VW does not fulfill the exterior ball condition.
However, Corollary implies that z - v = ¢* for all v € V(Z), as one can also directly
check noticing that

V() { ae’ + ey
Z) =4 —=

va?+1
and, in addition, that Qz(u) = ., (u) contains all shifts of all the profiles x — ¢*(z - v)

for v € V(Zz), together with {0, 1}. This result is new in this geometry in any dimension
N > 2 under the sole Hypotheses 1.2

8In the case a = 0 or more generally if U is trapped between two shifts of the half-plane {xx < 0},
it follows from [4} [65], or [4} 28] [56], 57, 68] in the pure bistable case (2.3)), that W = {ay < ¢*}, v = ey
for any z € OW, and that Qz(u) is equal to the union of {0, 1} and the planar profiles x — ¢*(xx + 7).

e e RV |e’|:1}:{V€SN_1:2-y:c*},
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On the other hand, still for a > 0, more precise results are known for in
dimension N = 2 and f of bistable type with fol f > 0. Namely, it follows from [4T],
42 [61] that: 1) Q.(u) = {1} for any e = (e1,e2) € S! with es < aley|; 2) Qc(u) is the
union of {0, 1} with all shifts of the planar profile x — ¢*((zy — ax1)/vVa? + 1), resp.
= " (22 + ax1)/Va? + 1), if e; > alei| and e; > 0, resp. e; < 0; 3) Qo1)(u) is the
union of {0, 1} with all shifts of the two planar profiles z — ¢*((xe £ axy)/vVa? + 1) and
all shifts of a V-shaped profile ¢ : R* — (0, 1) (which is even in 1, decreasing in », and
converges to 1 and 0 as xp — a|z1| — —o00 and 400 respectively). In particular, g 1)(u)
does not contain the planar profile x — ¢*(x2), but it contains a non-planar profile,
showing that the inclusion in part (ii) of Corollary is strict in general. Furthermore,
the set of directions v such that ¢, (t,-+vy) € Q(u) is not connected in general. However,
in this example, the inclusion in part (ii) of Theorem is an equality at regular points
of OW. We actually conjecture it is truly an equality at points z € 9V around which W
is sufficiently smooth, but this question is left open.

The general periodic equation (l.1). Up to our knowledge, the convergence to
profiles of pulsating traveling fronts at large time is completely new for general periodic
equations . The only known related results were obtained under further assump-
tions on for front-like initial conditions in dimension 1 [13, 24] [76] or in higher
dimensions as follows from [5] [78], or for equations with Fisher-KPP reactions in
dimension 1 [46].

In any dimension N > 1, under Hypotheses|1.1H{1.2] even for invading solutions which
are initially compactly supported, the convergence to profiles of pulsating traveling fronts
was not known. Theorem [I.3] and Corollary [1.7] especially answer this question. Fur-
thermore, if the asymptotic invasion shape W, of the invading solutions with compactly
supported ug is of class C', then necessarily V(z) = {v(z)} at any point z € OW,,
where v(z) is the outward normal, and since the set of all such normals is then equal
to the whole sphere S¥~1 it follows that Q(u) contains all shifts of the profiles of the
pulsating traveling fronts connecting 1 to 0 in all directions, as stated in Corollary [1.7]
A sufficient condition for W, to be C* is that, for each e € SV~!, there is a unique mini-
mizer &, € SV realizing the minimum in (1.10]) [37] (see also [70] for related results
on the map e — & for Qu = Au + p(x)f(u) with Fisher-KPP reactions f). Further
comments on the smoothness of W, are given in [37].

Finally, Theorem [1.5] and Corollary are also completely new when wug is not
compactly supported. For instance, if ug = 1y, U is of the type with a < 0
and OW, is C*, where W, is the asymptotic invasion shape of invading solutions with
compactly supported ug, then u has an asymptotic invasion shape W = U + W, [31],
so W satisfies the interior ball condition at every boundary point if W, does so (the
exterior ball condition is automatically satisfied along OW by convexity of U and W).
In particular, Theorem applies to such u and W in the case when W is of class C?.
But if W, is not regular, YW does not necessarily satisfy the interior ball condition at
every point z € 9W. In this case, curved front profiles may also appear in the (2-limit
set and the inclusion in Theorem and Corollary is strict. Indeed, for example, if
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N = 2 and coincidentally

c:=V1i+a?c(e,) =V1+a?c(e) < ¢ (e)) for any e=(ey, es) with ey >

1
() Vita?’

where

. —x 1 _ @ 1
o <\/1 + a2’ \/1+a2>’ o <\/1 + a2’ V1 —1—042>’

(an example of this type is given in [35, Corollary 6.2]) then 0V has a corner at (0,¢) by
the formula of the asymptotic invasion shape for the type with v < 0 in [37], and
does not satisfy the interior ball condition at this boundary point. In this case, there can
exist a A-shaped front W : R x R? — (0, 1) which has level sets boundedly (in the sense
of the Hausdorff distance) oscillating around oU + (0,¢)t, see [38, Theorems 1.3-1.4].
Therefore, it is expected that € 1)(u) contains all profiles W (s, y+-), for (s,y) € RxR".
We also conjecture that A-shaped profiles appear as well in the Q-limit set of an invading
solution with compactly supported initial condition, so that the inclusion in Theorem
and Corollary might be strict in that case.

3 Proofs of the main results

3.1 Proof of Theorem [1.5|

This section is devoted to the proof of the main Theorem|[1.5] We preliminarily introduce
some notations and prove an auxiliary lemma which will be used in several further
proofs. Namely, for e € S¥~! and A € R, we consider the principal eigenvalue k.()\) of
the eigenvalue problem

div(A(z)VeH(g(z)-2)A(z)e)- V(N eA(z)e-A div(A(z)e)-Ag(z)-€) o =ke(N)p (3.1)

in RV acting on periodic functions. Notice that the left-hand side is equal to
e[ div (A(z)V (e ) +q(x) - V(e™*“yp))]. From Krein-Rutman and elliptic regu-
larity theories, this principal eigenvalue k() is uniquely characterized by the existence
(and uniqueness up to multiplication) of a positive principal eigenfunction ¢ of class

C*2(RVN).
Lemma 3.1. For every e € SN, there holds k.(\) = o()\) as A — 0.

Proof. Fix e € SV~ Since the positive constant function ¢ = 1 solves with
A = 0 and 0 right-hand side, it follows by uniqueness that k.(0) = 0 and that any
associated eigenfunction of with A = 0 is constant. Furthermore, the map \ —
k.(A) is analytic [51] and, from standard elliptic estimates, if ¢ is normalized so that,
say, maxgnp = 1, then ¢ — 1 as A — 0 in C*(RY). Therefore, after integrating
over (0,1), using the periodicity of A, q, ¢ together with div ¢ = 0, one gets that

ke(X) /(071)N90 = —2)\ /(O’I)NA(x)e -V +/ (ANeA(z)e—Mdiv(A(z)e)—Ag(x) - €)p

0,H)N

- _/\/(0,1)N A(z)e- Vo +/ (MeA(z)e—Nq(z) - €)p,

O,H)N
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after integrating by parts. By dividing by A # 0 and passing to the limit A — 0, one
derives k.(\) = o(\) as A — 0, since ¢ is assumed to have zero average over (0,1)". [

The proof of Theorem [1.5]is then achieved through the following three Lemmata 3.2
.4l In their proofs, we will make use of Propositions and [2.6] that will be proved
in Section [l

Let us recall our notation 7 := z/|z|, for any x € RV \ {0}.

Lemma 3.2. Assume that the invasion property holds. Let u be a solution to (|1.1))
admitting an asymptotic invasion shape W # (). There holds that 1 € Q.(u) for every
e € SV, and moreover 0 € Qz(u) for any z ¢ W.

Proof. The inclusion of Proposition yields B, C W (this follows by taking
any z € OW in if W # RY and this is trivial if W = RY), hence in particular,
for every e € SV1 it holds that u(t,e + ) — 1 as t — +o00, locally uniformly in
RY, that is, 1 € Q.(u). Suppose now that there exists z ¢ W. Since W contains a
neighborhood of the origin, it follows that z # 0, and moreover there exists £ € W
such that 7 = 2. From one then derives B,(27) C R¥ \ W, whence 2z € RV \ W
and therefore implies that u(t, 2tz + -) — 0 as t — +o0, locally uniformly in RY.
This shows that 0 € Qz(u) = Qz(u). O

The following two lemmata are the key-points in the proof of Theorem [I.5]
Lemma 3.3. Assume that Hypotheses hold. Letu be a solution to (1.1)) admitting

an asymptotic invasion shape YW. Assume that W satisfies an interior ball condition at
a point T € OW, i.e., there exist r > 0 and v € SN~ such that B,(z —rv) CW. Then
one has T -v > c*(v). Moreover, if T -v = c*(v) then

Qz(u) D {du(t,- +y): (ty) e R xRV}

Lemma 3.4. Assume that Hypotheses hold. Letu be a solution to admitting
an asymptotic invasion shape WW. Assume that VYV satisfies an exterior ball condition at
a point T € OW, i.e., there exist 7 > 0 and v € SN7! such that B.(z +rv) C RV \ W.
Then one has @ - v < ¢*(v). Moreover, if T -v = c¢*(v) then

Qz(u) D {du(t,- +y): (ty) e R xRV}

Postponing the proofs of Lemmata 3.3 in Sections |3.243.3, we first complete the
proof of Theorem [I.5]

Proof of Theorem[L.5. First of all, the existence of z € 9V implies that W is non-
empty, and thus it contains the origin, owing to Propositions and In particular,
z # 0 (recall that W is open) hence z is well defined.

Next, on the one hand, Lemmata and directly imply the statement (7) of the
theorem, and consequently also the inclusion

QE(U’) ) {¢V(t7 ’ +y) : (tv y) e R x RN}

On the other hand, the inclusion {0,1} C Qz(u) is provided by Lemma (3.2} O

20



3.2 Proof of Lemma 3.3l

Let 2 € OW, r > 0 and v € S¥~! be as in the statement of the lemma. The proof
amounts to showing that if 7 - v < ¢*(v), then necessarily z - v = ¢*(v) and moreover
b, (t, - +y) € Qz(u), for any (t,y) € R x RY.
So, let us assume that
c:=x-v<c(v).

The strategy consists in constructing two sequences (¢, )nen in R, and (z,,)ney in ZV\ {0}
satisfying ¢, — +o0 and 7,, — 7, and such that u(t + ¢, + x,) — @(t,r) as n — +o0
locally uniformly in (t,z) € R x RY, with @(¢,z) touching from above (a suitable
translation of) the function (¢,z) — U(z,x - v — ct), where U = U, (for simplicity, we
here drop the subscript v) is the profile of the front ¢,, that is,

Ulz,z-v—c"(v)t)=o¢,(t ).

Since the function (¢, z) — U(x,z-v—ct) is a subsolution to (because ¢ < ¢*(v) and
9.U(z, z) < 0, owing to Proposition [2.2), this would imply that (¢, z) = U(z,z v —ct)
and eventually that ¢ = ¢*(v).

In order to achieve our goal, we transform the profile U(x, z) making it radial in z,
and then we perturb it in such a way that it touches the solution u from below in some
vicinity of points of the type (¢,tz).

Construction of the “almost radial” subsolution

Since B,(Z —rv) C W holds, for 0 < 7/ < r there holds B.(z —r'v) \ {z} C W.
Therefore, up to reducing r, we can assume without loss of generality that such a
stronger property holds, i.e.

B,(y)\{z} cW, with y:=2—rv. (3.2)

In addition, since Proposition [2.6] entails that ¢ := z - v > 0, we can further assume
without loss of generality that r < ¢/2.
We then consider a C! function p : [0, +00) — R satisfying

P >0in[0,+00), p(0)= g p(+00) =1 (3.3)

For a given parameter € > 0, we call

pe(t) = /Otp(ss)ds +et, te0,+00). (3.4)

The crucial property is that, for 0 < ¢ < 1, the derivative of p. in [0, +00) goes
from p. < r to p. > r very slowly. For € > 0, we define

v (tx) == Uz, |z — ty] — p-(t)), (t,z) € [0,400) x RV,

Next, we lower the function v® in a suitable way.
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We start by considering the periodic principal eigenvalues k,(\) given by (3.1))
with e = v and A > 0. We know from Lemma that, for A > 0 sufficiently small, it
holds

k() < S (3.5)

We then take A > 0 small enough such that (3.5 holds, and in addition A < Ag, where
Ao > 0 is the quantity provided by Proposition 2.2 for which U = U, satisfies the
estimate ([2.7). We then consider a nonnegative C? function y : R — R satisfying

0 for z < —1
- - 3.6
x(z) {e_)‘z for z > 1. (36)

Hence, the function x decays to 0 at +oo more slowly than U(x,-). Notice that 0,U
and its first-order derivatives have the same decay as U, as a consequence of the
parabolic estimates applied to ¢,, and the fact that ¢*() > 0. In particular, there exists
a constant K > 0 (independent of € > 0) such that

Ve e RY, Vz>1, |0.U(x,2)+|02U(x,2)| + |VO.U(z, 2)| < Kx(2). (3.7)
Next, for ¢ > 0, we call
W (t,2) = x (|2 — ty] — pe(0)) plx) + 1, (t,2) € [0, +00) x RV

where ¢ is the periodic principal eigenfunction of the elliptic operator associated
with k,()\), normalized by (maxg~y ¢)(maxg x) = 1. Therefore, for every £ > 0, there
holds

1 <w® <2 in[0,+00) x RV, (3.8)

Finally, for € > 0 and for another parameter 1 > 0, we define
v (t, ) == 0% (t,2) — pw(t,z), (t,2) € [0,400) x RY.

This function v, satisfies v, <1 — p in [0, +00) x RY. Furthermore, since U(z,z) — 0
as z — 400 uniformly in x € RY, there exists R, > 0 (depending on g > 0 but not
on € > 0) such that

V>0 Ve>0, Vt>0, Vo e RN, |z —ty| —p(t) > R, = vy (t,r) < 0. (3.9)
Finally, if 0 < p < 1/4 then pw® < 1/2 in [0,+00) x RY and, since U(z,z) — 1

as z — —oo uniformly in z € RY, we can therefore find another quantity L € R
(independent of p € (0,1/4) and € > 0) such that

1 3
Vo< p< 7 Ve>0,Vt>0,VzeRY |z—ty|—p.(t) <L = v (t,z) > —. (3.10)

o

For the rest of the proof, we restrict to 0 < u < 1/4, so that both (3.9) and (3.10]) hold.
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The contact points with «

On the one hand, by (3.2) and (1.9)), for each 1 € (0,1/4), there exists 7, > 0 (indepen-
dent of £ > 0) such that

1
vo<ﬂ<1, Ve>0, Vt>T, Vo eRY,
(3.11)

3
|zt —ty| < -1t = wu(t,r)>1-p> sup v,
4 [0,+00) xRN

On the other hand, for each € > 0, consider the function p. defined in (3.4) and call, for
t>0,

'7(57t> = %Tt - pe(t)'

This function v is continuous with respect to (g,t) € (0,400) x [0,400) and even
in [0, 400) x [0, +00) by setting v(0,¢) = rt/4 for t > 0. The function + is also decreasing
with respect to € > 0 for any ¢ > 0, and it is strictly concave with respect to t > 0
and satisfies y(e, +00) = —oo for any € > 0. Finally, it holds v(0,t) = rt/4 > R, for
all t € [4R,,/r, +00). From all these properties one deduces that, for every p € (0,1/4),
there exists €, > 0 small enough so that, for any ¢ € (0,¢},), there holds

{t>0: 1(e,) 2 Ry} = [55,75),

for some 0 < 77, < 7, satisfying

4R
] € _M 1 —€ —
eli%l* I‘u - r ’ 51—1%1* 7'“ oo (312>

As a consequence, owing to (3.9)), one derives

1
VO << T VOo<e<el, Vtelr, ™), Vo e RY,

3
|z — ty| > Zrt = v, (t,7r) <0 <u(tz).

Then, by taking ¢, € (0,¢/,) small enough so that

1
VO < pu< T V0 <e< 5;:, T,— 1> maX(prTu)a

with 7, given by (3.11)), one eventually gets that

— 1,7 ] x RV, (3.13)

1
VO<M<4_1’ Vo<e<e,, wu>v; in[7,

We now show that, for given 0 < u < 1/4 and € > 0, one has u < v7, at some point,
for t large enough. Specifically, on the one hand, since p.(t)/t — r + ¢ as t — 400, one
derives from (3.10)) that, for ¢ sufficiently large,

inf S (t, tx) >
T€EB,c/2(y) M( )

A~ =
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On the other hand, since T € 9B,(y) N OW and W is the interior of its closure, there
exists * € B,i./2(y) \ W, hence property (1.9) yields u(t,tx) — 0 as ¢ — 400. We
conclude that the quantity infg~ (u — vf)(t, ) is negative for ¢ large enough.
Thus, for 0 < < 1/4 and ¢ € (0,¢};), we can define
t;, = inf {t > T ian (u—wvg)(t,-) < 0} € [T}, +00).
Let (t;)nen in [7’ +00) and (acn)neN in RV be such that t, \, t, as n — +oo and
(u —v5)(tn, 7,) < 0. Property (3.9) and the non-negativity of u nnply that

|ZL’n - tny' < ps(tn) + R,u

for every n € N, hence (,,),en converges (up to subsequences) to some point x5, € RN
satisfying

|z, — 1, y\ < pe(t,) + Ry,
and (u—v5)(t5, 25) < 0, whence ¢5, > 75 > 0 and (u—v5)(£5, 25) = 0 by (3.13) and the

w Ly

continuity of u — v,. Together Wlth 3)) again, we deduce that

1 , .
VO <p< T V0 <e<e], [ti—f%?xRN(u —vy,) = (u—wv)(t, 25,) = 0. (3.14)
Next, for any 0 < p < 1/4, using that p.(t) < (r + )t for all t > 0 and £ > 0, and
that t7, > 75, — 400 as ¢ — 0% by (3.12), we infer that limsup, o+ 25 /t;, — y[ < 7.
Thus, for any sequence (g, )nen in (0,€},) converging to 07, the points x5 /5" converge

as n — 400, up to subsequence, to some & € B,(y). But then the point & must coincide
with Z, because otherwise (3.2) and (L.9) would yield u(¢5", 257) — 1 as n — +oo, while

B

we know that u(t;",z;") = v (tfj,xf}) < 1—p for all n € N. Summing up, we have
that

0 S lim 22— 3.15

<H<gp Jmfiodeo lmot-w 1)

The strict subsolution property

In the light of the property of the contact points derived above, we analyze the equation
satisfied by the function v, at time ¢ in the vicinity of the point ¢Z. More precisely, we
will focus on x € tB,,(Z) with given w € (0,7/2), so in particular x # ty.
We start by considering the function (¢,z) — v®(t,z) = U(z, |z — ty| — p-(t)), with
e > 0. Explicit computation yields, for all ¢ > 0 and x € tB,(Z),
O — div(AV®) — ¢ - Vo =— (pL(t) + T —ty- y)0.U
—div(AVU) — 2 — ty Az — ty O°.U
—div (A7 — ty) 9.U — 20 — ty AVA,U
—q-VU—q- 7 —tyd.U,

where, in the above terms, U is treated as U = U(x, z) and eventually evaluated at
z = |x — ty| — p:(t). Exploiting the fact that U = U, solves

—c*(1)0.U—div(AVU)—2v AV, U —div(Av)0,.U —vAvd>,.U —q-VU —q-v0.U = f(z,U),
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one then infers that, for all ¢ > 0 and x € tB, (),
O — div(AVY®) — g - Vo© = f(z,0%) + R(t, x), (3.16)
where
R(t,1) == [C*(u) — () — T — ty-y + div (A(V . :c/—Ty)) +q-(v- x/—\ty)] a.U
+2(v — o — ty) AVOU + (vAv —z — ty Az — ty) 92 U.

We now estimate the reminder R(¢, ) when ¢ > 0 and x € tB,,(Z) (which will be the
region where the contact points (t7,, 27,) of u and v;, will eventually lie, by (3.14))-(3.15])).
First, recalling that w < r/2, we have that

sup |:1:/—Ty—l/‘ = sup ‘:v/—\y—u‘ = sup ‘m—u‘ < 2 < 4_w (3.17)

On the one hand, since

—

div (A(I/ — a:/—\ty)> = (div A) - (V I ty) _

‘x_ty’(TrA—x—tyAaz—ty),

we deduce from (3.17)) that there exists C' > 0, depending only on [|A||y1.~, 7, and N,
such that

V0<w<f, vVt >0, sup div(A(u—m)>‘§0w+g.
2 2€tBo (%) t
On the other hand, we find again by that
‘v’0<w<g, Vt>0, Ve etB,(T), ‘x/—?y-y—c%—rl < |1/-y—c+r|+4w’y| :4&;@’, (3.18)
from which, using ¢ < ¢*(v) and p < r, we derive
Ve>0, VOi<w< g, Vit >0, Va € tB,(T),
p’s(t)+ac/—7y-y§p(et)+s+c—r+4w7m gc*(y)+e+4w7|y|.

Using these estimates, together with 0,U < 0 and vAv — (AC = (v — ()A(v + () for
any ¢ € RY, we find another constant C’ > 0, depending only on [|A|ly1.e, [|¢lleo, 7, [yl
and N, such that

Ve>0, V0 <w< g Vt>0, Vo € tB,(7),

c (3.19)
R(t,z) < (e+0/w+7> x (0.0 + 0%.U| + |VO.U)),

where again the function U(z, z) and its derivatives are evaluated at (z, |x — ty| — p<(t)).
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We now turn to the function (¢,z) — we(t,z) = x(|z — ty| — p-(t))p(z) + 1. We
start with the values (¢, x) such that ¢ > 0 and |z — ty| — p-(t) > 1. For such values, we
have |z — ty| > p.(t) +1 > 1 > 0, and we compute

dyw® — div(AVw®) — ¢ - V' = — (pL(t) + T—ty- y)xX'¢
— div(AV)x — 7 — ty Az — tyx"p
— div (Ax/—\ty) Yo —2X'T — ty AV
—(q-Volx —q-z—tyx'e,

where x and its derivatives are evaluated at |z — ty| — p.(t). Using that x(z) = e™** for
z > 1, and that ¢ solves (3.1)) with e = v, one derives, for ¢t > 0 and |z —ty| — p-(t) > 1,

Ot = div(AVw?) = g Vao' = (MpL(t) + 7~ Ty - y) = ko(N) ) xo + R(E ),

with

R(t,z) :=— [div (A(l/ - J}/—Ty)> +q- (V—J,’/—Ty)] Ap
— 2)\(y — az/—?y)AV<p + (I/AV — :U/—TyA:c/—\ty)Aan.

On the one hand, recalling that we have (3.18]), and also p. > 0 and r < ¢/2, we get,
always for t > 0 and |z — ty| — p.(t) > 1,

Awly|A

Oyw® — div(AVw®) — ¢ - Vw*® > (7")\ -, k,,()\))XSD + R(t, x)x

rA  dwl|y|A ~
> (L2
> ( 5 . )Xso +R(t, )X,

where, for the second inequality, we have used (3.5). On the other hand, the term R
can be estimated exactly at the same way as R before, namely, one gets

, (3.20)

| Q

Ve>0,V0<w< g Vt>0, Vo € tBy(z), |R(t.x)| < Cw+

for some constant C' > 0 depending only on || Ay, [|¢llse, 75 4], N, [ollwiee, and A.
Summing up, we find the following estimate, up to increasing the constant C:

Ve>0, V0 <w< g Vit >0, Vo € tB,(7),

Ao - C
|z —ty| — p:(t) >1 = Ow® —div(AVw®) — ¢ - Vu® > <% —Cw — 7>X

We gather together the above estimate for w® with the estimate (3.19) on the re-
minder R of the expression (3.16)) and with the estimate (3.7). We then get that

1
V0<M<Z, Ve >0, v0<w<g, Vt>0, Ve €tB,(T), |v—tyl—p(t) >1 =
KC e - C
€ _ 13 EY__ 4. £ < € / S TN - )
Oy, —div(AVu}) —q Vv“_f(x,v)+<K5+KC’w+ ; u( 5 Cw t))x
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Since 7 > 0, A > 0 and ming~ ¢ > 0, it follows that, for any given 0 < p < 1/4, there
exist £ > 0 small enough, w; € (0,7/2) small enough, and 7,7 > 0 large enough, such
that

VO<e<e,, Vt>T,, Vo €tB+(7),
[z —ty| — p-(t) > 1 = Ow;, — div(AVv) — ¢ Vi, < f(z,0%).

Let us consider ¢ € (0,1/2) from Hypothesis remember ((1.4)), and call

i 1)
mo= min U(z,1) >0, ¢ = 2in0m9)
zERN 2

> 0.

Notice that ¢'/2 < 1/4. For any 0 < pu < ¢'/2 and € > 0, if v}, (¢,7) € [0,¢") for some
t>0and z € RY, then 0 < v°(t,z) < v§(t,z) + 2u < 26’ = min(m, §), which implies
at once that |z — ty| — p(t) > 1 (by the choice of m and 0,U < 0) and also that
f(z,v°(t, ) < f(z,v5(t, x)) owing to Hypothesis . Therefore, we derive

!

)
V0<,u<§, Vo<e<e,, Vt>T,, Va € tB,+(7),
vi(t,x) €[0,0") = Ow;, —div(AVv;) —q- Vu;, < f(x,v}).

(3.21)

For the rest of the proof, we restrict to 0 < pu < §'/2.
We now turn to the region where t > 0 and |z — ty| — p.(t) < —1. There, one has

Vs (t, x) = v°(t,z) — p, whence, by (3.16)) and (3.19),
5/
V0<u<§, Ve >0, V0<w<g, Vit >0, Vx € tB,(Z),
|z —ty] — pe(t) < =1 = (3.22)
3 £ 3 £ C
Oy, —div(AVv,) —q - Vv, < f(x,v )+<€+C’w—l—7>|]82U|]W1,oo.
Reminding ([1.4)), we then set
M = max U(z,—1) <1, 6" :=min(1 — M, ) > 0.

zeRN
For any 0 < p < ¢'/2 (which is less than §) and ¢ > 0, if v§(¢,z) € (1 — 0", 1] for
some t > 0 and z € RY, then 1 > v*(t,z) > v (t,x) > max(M,1 — J), which implies
at once that |z — ty| — p-(t) < —1 (because v°(t,z) > M and 0,U < 0), whence
Ve (t, x) = v°(t,z) — p1, and moreover

[z, v (t,z)) — f(x,va(t,:v))) > min (f(z, s)— f(z,s+ ,u))

T 2ERN, s€[1-6,1—4]

Notice that the right-hand side of the previous inequality is a positive constant (de-
pending on p) thanks to Hypothesis . Using this in the estimate , for any
0 < p < d'/2, we can then find g, > 0 small enough, w, € (0,7/2) small enough, and
T,; > 0 large enough, such that

!/

o
V0<u<§, Vo<e<eg,, Vi>T,, Vxeth;(i),
vi(t,x) € (1-0"1] = 0wy, —div(AVv;) — q- Vu;, < f(z,v5).

(3.23)
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Finally, if we call €, := min(e;, ;) > 0, w, = min(w},w,) € (0,7/2), and T}, :=
max(T,7,T) > 0, we get, from (3.21) and (3.23)),

!

J
VO < pu< oL VO<e<e, Vt>T, Vo etB,, (),
vi(t, ) €[0,0)U(1-6",1] = w5 —div(AVv;)—q- Vv, < f(z,v5).

(3.24)

Conclusion

Take any 0 < p < §'/2 (< 1/4). Let ¢/ > 0 be the quantity in (3.14) and ¢, > 0,

wy € (0,7/2), T, > 0 be the ones in (3.24). By (3.15), we can take e € (0,¢];) small

enough in such a way that the time-space contact point (¢, z7,) in (3.14)) satisfies t;, > T,

and z§, € B, (7). If in addition we require ¢ < ,,, then we necessarily have that
/ 1/
ve(t, x,) € 10,1 —46"],

because otherwise, owing to (3.14]) and ([3.24)), the solution u would touch from above
the function vf, in a point where the latter is a strict subsolution, which is impossible.
Together with (3.15), this shows that we can choose ¢ = ¢* € (0, min(¢’, e, 1)) small

m
enough so that v (5, 25) € 0,1 = 8"], 5, > 1/p, and |5 /15 — T < p. Hence,
s
lim " =0, lim 5" = 400, lim £ =z
u—0t u—0t ,u n—0t t;ﬂ

Next, again for any 0 < p < 0'/2, we take ¢, € Z" such that z, := z —(, € [0,1]",
and we call

by = t,iua uu(t, x) = u(t + Ly, © + Cu)v Uu(t»x) = Uzu(t iy, + Cu)7

for (t,x) € [—t,,+00) x RY. With these notations, we have

lim " =0, lim ¢, = 400, lim S _ z, (3.25)
u—0+ u—0+ p—0t t,

as well as, by (3.14)),
V(t,x) € [-1,0) x RN, w,(t,z) > v,(t, z) (3.26)

and
u,(0,2,) = v,(0,2,) € [§',1—§"]. (3.27)

Furthermore, reminding the definition of the functions v, and using the periodicity of U
in the first variable, we derive

U,u(ta {E) = U(:E, |$ + gu - (t + tu)y| — Per (t + tu)) - Uou(t> 55)
for all (t,z) € [—t,,+oc) x RN, with the function O, satisfying 1 < O, < 2
in [—t,,+o0) x RY.
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We claim that the level sets of (t,2) — |z + (, — (t +t,)y| — peu(t + t,) converge
locally uniformly to some shifting hyperplanes as g — 0. Indeed, on the one hand,
since t,, — +o00 as u — 0%, we find

e =ty +2(x — ty) - (G — tuy)
oot G B o o = L 0l I
_ e —tyP/t + 2 —ty) - G/t — y)
|(x — ty)/tu + Cu/tu —y| + Ku/tu .l

— (x—ty)-v=x-v— (T -v—r)t,
n—0t

locally uniformly with respect to (t,z) € R x RY. On the other hand, since by (3.27),
vu(0,2,) = U, |a:‘;“ — byl = pen(ty)) — nOu(t,x) € [6',1 = 0",

and U(-, —o0) = 1, U(-,+00) = 0, we deduce that [z —t,y| — pex(t,) remains bounded
as ¢t — 07, and thus the same is true for |, —t,y| — pzu(t,). One then gets from ({3.25))

9
tﬂ

lim Per i) (t,) = lim
u—0t t# n—0+t

—y‘zlf—ylzr-

Recalling the definition of p.., this condition rewrites as

lim (L /EutH p(s)ds + 5“) =r,
0

u—0t E“tu
but then, since p is strictly increasing with p(+o00) = r (and e — 0 as p — 01) we

necessarily have that ¢/t,, — +o0 as p — 07. This allows us to conclude that

1 bty +ett
pen(t +1,) — pen(t,) = g_u/ p(s)ds +e't —rt as p— 0%,
elty,

locally uniformly with respect to ¢ € R. Summing up, we have that
|z+C— (t+t )yl — pen (t+1,) = v —T-vt+|C—t,y|—pen(t,)+o(1) as p— 01, (3.28)

locally uniformly with respect to (t,z) € R x RY. Therefore, considering a se-
quence (py)nen converging to 0% along which [(,, —t,,y| — peun (t,,,) (Which is bounded)
converges towards some limit, that we call Z € R, we eventually get

|24+ Cuy — (E+t0,)Y| — peun(t +1,,) - v—T-vt+Z as n — +oo,

locally uniformly with respect to (t,z) € R x RY. Recalling that z - v = ¢, we have
thereby shown that

U, (t,x) > U(r,x-v—ct+Z) as n— 400, (3.29)

locally uniformly with respect to (¢,7) € R x RY. Finally, by parabolic estimates, the
functions u,,, converge locally uniformly as n — +oo (up to subsequences) to an entire

solution @ of (1.1]), and by (3.26))-(3.27) it holds that
min (a(t,z) = U(z,z-v—ct+2Z)) =u(0,z) = Uz, -v+ Z) =0,

te[—1,0], zeRN
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where Z is the limit (of a convergent subsequence of) (2, )nen in [0,1]Y. Since by
Proposition 2.2, U(x, z-v—ct+Z) is a subsolution to (|1.1)) because ¢ < ¢*(v) and 0,U < 0
(and it is a strict subsolution if ¢ < ¢*(v)), the strong maximum principle yields

a(t,z) =U(z,x-v—ct+Z) forall (t,z) € [-1,400) x RY,

and moreover ¢ = ¢*(v). This shows that ¢,(—Z/c*(v) + 6,-) € Qz(u) for all § > —1.
Furthermore, the definition of Qz(u) and the local uniform convergence in (3.29) imme-
diately yield that ¢, (s, + &) € Qz(u) for each (s,&) € [-Z/c*(v) — 1,+00) x RY. But
since ¢, (s,z) = ¢, (s+k-v/c*(v),z+k) for all k € Z" and (s,x) € R x RY by definition
of ¢,, one finally gets that ¢, (s, +¢&) € Qz(u) for each (s,£) € R x RY. This concludes
the proof of Lemma [3.3] O

3.3 Proof of Lemma [3.4]

The proof follows the same scheme as the one of Lemma Now 7 > 0 and v € S¥!
are given by the exterior ball condition at . We assume that

c:=T-v>c(v),
and we need to show that ¢ = ¢*(v) and moreover that ¢,(t,- +y) € Qz(u), for any
(t,y) € R x RV,
Construction of the “almost radial” supersolution

Up to reducing r» > 0, we can assume without loss of generality that the following
stronger exterior ball condition holds:

B,(y)\ {7} cRV\W, with y:=7 +rv. (3.30)

In addition, since ¢ = z-v > ¢*(v) > 0, we can further assume without loss of generality
that » < ¢/2. We then consider the same C! function p : [0, +00) — R satisfying (3.3)
as in the proof of Lemma , and p. as in (3.4) for € > 0. For € > 0, we then define

v (tx) == Uz, p-(t) — |z — ty]), (t,z) € [0,+00) x RY,
and
we(t, x) == X(pg(t) — |z — ty|) o(x)+1, (t,z)€[0,4+00) x RY,

where y : R — R is a C*? non-negative function satisfying (3.6)), but with 0 < X\ < Ag
satisfying this time
¢ (v)

ky(A) <

A, (3.31)

and ¢ is the periodic eigenfunction of associated with k,(\), normalized by
(maxgn ¢) (maxg x) = 1, so that still holds. We recall that A < g yields (3.7), for
some constant K > 0 independent of € > 0.

Then, for ¢ > 0 and p > 0, we increase the function v® by setting

v, (t, ) =0 (t, ) + pw(t, x), () € [0,+00) X RY.
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This function satisfies, on the one hand,

inf 05 =pu >0,
[0,400) xRN # K

and furthermore, since U(x,2) — 1 as z — —oo uniformly in # € R", there exists
R, > 0, depending on z > 0 but not on € > 0, such that

V>0, Ve>0, Vt>0, Vo eRY, p.(t)—|z—ty| < —R, = vj(t,x) > 1. (3.32)

On the other hand, if 0 < pu < 1/4 then pw® < 1/2 in [0,+00) x RN and, since
U(z,z) — 0 as z — +oo uniformly in € RY, we can therefore find another quantity
L € R, independent of p € (0,1/4) and € > 0, such that

1 3
V0 < p< 7 Ve>0,Vt>0, Ve eRY, p.(t)—|o—ty] > L = vy (t, @) < 1 (3.33)
For the rest of the proof, we restrict to 0 < p < 1/4, so that both (3.32) and (3.33)) hold.

The contact points with «

On the one hand, by (3.30) and (1.9), for each p € (0,1/4), there exists 7, > 0,
independent of € > 0, such that

1
V0<u<1, Ve>0, Vt>71, Yo eRY,
(3.34)

3
—tyl < —-rt = u(t < = inf £,
o —ty| < v u(t,z) < p o 2f o Y

On the other hand, consider as in the proof of Lemma [3.3| the following function:

3
7(5715) = Zrt - ps(t)> e>0,te [07 +OO)7

extended by v(0,t) = rt/4. We have seen before that, for every u € (0,1/4), there exists
g, > 0 small enough so that, for any ¢ € (0,¢},), there holds

{t>0:9(1) 2 R} =[5, 7).

w
for some 0 < 77, < 75, satisfying

. . R .
ali%h T = 47”, SILI(I)lJr 75, = +00. (3.35)

As a consequence, owing to (3.32)), one derives

1
VO < p< T VOo<e<e), Vtelr, 7], Vo e RY,

3
|z —ty| > Zrt = v (t,r) >1>u(t,x).
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Then, taking e/, € (0,¢/,) small enough so that 77, — 1 > max{z;, 7} for all € € (0,¢/),
with 7, given by (3.34)), eventually yields

1
VO<p< V0<e<e, u<u) in 7 — 1,7, x RY. (3.36)

We now show that, for given 0 < p < 1/4 and € > 0, the inequality vy, < u holds at
some point, for ¢ sufficiently large. Specifically, on the one hand, since p.(t)/t — r + ¢
as t — 400, one derives from (3.33)) that, for ¢ sufficiently large,

3
sup v (t,tr) < -
IEBT+E/2(y) 4

On the other hand, since z € 9B,(y) N OW, there exists x € B,./2(y) N W, hence
property (1.9) implies that u(t,tz) — 1 as t — +o0o. We conclude that the quantity
infrw (v, —u)(t, ) is negative for ¢ large enough. Thus, for 0 < p < 1/4and 0 < e < ¢},
we can define

t;, = inf {t >T, %nN(vZ —u)(t,-) < 0} € [7,, +00).

Using properties (3.32) and (3.36)), one readily shows as in the proof of (3.14]) that

tz > F; and

1
Vo<pu< = Vo<e<ée, min (v —u) = (v —u)(t5,2°) =0, 3.37
= (0 ) = (0 = )t ) (3.37)
with @, satisfying
|25, — oyl < p=(t) + R,
Then, since p.(t) < (r +¢)t for all t > 0 and ¢, > 75, — +o0 as € — 07 by (3.35)), we
eventually infer that limsup, o+ |25,/t, — y| < 7. But then, we necessarily have that

x5, — T as € — 07, because otherwise the inclusion (3.30) and the second limit in (1.9
would lead to a contradiction with u(t;, x,) = v, (¢, 7;) > > 0. Therefore, we have

oy
VO<p< i lim e =4 g (3.38)
— 1m = 0 — = X. .
H 47 emot H ’ e—0t ti

The strict supersolution property

We analyze the equation satisfied by the function vf, at time ¢ > 0 in the vicinity of
the point tZ. More precisely, we will focus on the ball B, (z) with given w € (0,7/2),
so in particular x # ty for every x € tB,(Z). In order to exploit the computation
already made in the proof of Lemma (3.3 observe that v* and w® are defined exactly as
in that proof, but with U(x, |z — ty| — p-(t)) and x(|z — ty| — p-(t)) now replaced by
Uz, pe(t) — |z —ty|)) and x(p-(t) — |z — ty|). One then derives

O — div(AVY®) — g - Vo© = f(z,0°) + R(t, x), (3.39)
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where
R(t,z) := [c*(z/) + L () + = — ty-y + div (A(l/ + af—?y)) +q-(v+ :13/—73/)] o0.U
+2(V n x/—\ty) AVOU + (VAU _ :c/—TyAx/—Ty) 92U

and where U is treated as U = U(z, z) and eventually evaluated at z = p.(t)—|x—ty|. We
now deal with the reminder R (¢, ) using the estimates obtained in the proof Lemma/3.3]
To do so, we write y = ¥ — rv with 7 = —v, whence the estimate holds with v
replaced by 7. From that, and from inequalities ¢ > ¢*(v) and p < r, one gets

v0<w<— Vt>0, Vx € tB,(7),
(3.40)
w w
pL(t) + 1 —ty - y<p(5t)+8—c—r+7|y| < —c*(v) +e¢ +#
For the other terms in the above expression of R, observe that, after replacing v with —v,
they are the same as in the expression of R in the proof of Lemma [3.3, up to a sign.
This leads to the following estimate (recall that 0,U < 0):

Ve >0, v0<w< , Vt>0, Vo € tB,(7),

. (3.41)
R(m) > (e ot ) x (001 + 10201 + VoL,

where again U and its derivatives are evaluated at (x, p-(t) — |x — ty|), with a constant
C' > 0 depending only on ||Al|w1, r, N, and another constant C’ > 0 depending only
on the same terms as well as ||¢||« and |y|.

Let us turn to the function (¢,z) — w®(t,x) = x(p-(t) — |z — ty|) ¢(x) + 1. Here
again we exploit the computation of the proof of Lemma [3.3] taking into account the
replacement of x(|z — ty| — p:(t)) with x(p:(t) — |x — ty|). In particular, in the region
pe(t)—|z—ty| > 1, one uses the previous computation for the case |z—ty|—p.(t) > 1, with
X (|7 —ty| = pe(t)) = e Mle=1=r=0) now replaced by x(pz(t) — [z —ty|) = e~ o= -l==tol),
Then one just needs to replace A with —\. Observe that such replacement in the equation
satisfied by the eigenfunction ¢ is equivalent to the replacement of v by v = —v. As a
consequence, one derives, for ¢t > 0 and p.(t) — |z — ty| > 1 with z # ty,

OF = div(AVw?) = g Vo = (=A(pL(0) + 7 — Ly - y) = k(N)) xo + R(L D)X,
where x is evaluated at p.(t) — | — ty|, and
R(t,x) = — [div (A(u + :E/—\ty)> +q-(v+ az/—\ty)] Ap
—2\(v+ T — 1Y) AV + (vAv — & — ty AT — ty) N

Like R, the function R satisfies the same estimate as in the previous proof, i.e. (13.20)).
Then, using also (3.40)) and (3.31)) one gets
Ve>0, Vl<w< g, Vit>0, Ve €tB,(T), p(t)—|x—ty >1 =

~

o — div(AVur) g vur > (A ) - D)y,
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where y is evaluated at p.(t) — |z — ty|, and C’ > 0 is a positive constant depending
only on [[Allwice, llgllo, 7 Iyl N, 9]l and A

We gather together the above estimate with the estimate (3.41)) on the reminder R
of the expression ([3.39). Recalling also the estimate (3.7)) for U, we derive

1
VO<M<Z’ Ve >0, V0<w<g, V>0, Ve €tB,(T), pt)—|z—tyl>1 =
&€ 3 &€ € S C
vy, — div(AVv;) —q- Vv, > f(x,0°) — K(e—i—C’w—l— T)X

* 1

) —&)p— C'w— %)X

+u<)\(

Since A > 0, ¢*(v) > 0 and ming~ ¢ > 0, it follows that, for any given 0 < pu < 1/4,
there exist ¢} > 0 small enough, w € (0,7/2) small enough, and 7,7 > 0 large enough,
such that

VO<e<e), Vt=T,, Vo €tB,+(7),
pe(t) — |z —ty| > 1 = O, — div(AVuv;) — q- Vo, > f(z,0%).

Let us call now

m = min U(z,1) >0, 8" := min(m, §) > 0.
z€RN
For any 0 < p < 1/4 and € > 0, if v(t,x) < ' for some ¢t > 0 and z € RY, then
0 <v*(t,x) < vi(t,z) < ¢ = min(m, d), which implies at once that p.(t) — [z —ty| > 1
(by the choice of m and 0.U < 0) and also that f(z,v(t, 7)) < f(x,v*(t, 7)) owing to
Hypothesis [I.1] Therefore, we derive

1
vo<u<1, Vo<e<e;, VEt>T,, Va € tB,+(2),

(3.42)
vi(t,r) <0 = 0w — div(AVv;) — q- Vg, > f(z,v5).

Let us turn now to the region where ¢t > 0 and p.(t) — |z — ty| < —1. There, one has

g (t, x) = v°(t, z) + p, whence, by (3.39) and (3.41)),

1
VOo<p< 7 Ve>0, v0<w<g, Vt>0, Ve etB,(T), p-(t)—|z—ty|<—1 =
C (3.43)
o5, — div(AVv;,) — q - Vv, > f(x,0°) — (5 + C'w + 7) 10U ||w1.os.

I

We set 1
M = max U(z,—1) < 1, 5" ::§min(1—M,5) > 0.

z€RN
Note that 0 < ¢”/2 < 1/4. For any 0 < < ¢”/2 and ¢ > 0, if v5(¢,z) € (1 —§",1] for
some t > 0 and z € RY, one has 1 > v°(t,z) > v (t,z) — 2pu > max(M, 1 — ), which
in turn implies at once that p.(t) — |z — ty| < —1 (because v°(t,z) > M and 0.U < 0),
whence v5,(t, 7) = v°(t, ) + p and moreover

(f(a:,vg(t,x)) — f(m,vli(t,x))) > min (f(z, s)— f(z,s+ u))

T 2€RVN | s€[1-6,1—p]
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Notice that the right-hand side of the previous inequality is a positive constant (depen-
ding on p), by Hypothesis [1.1} Using this in the estimate (3.43)), for any 0 < u < §”/2,
we can then find €, > 0 small enough, w, € (0,7/2) small enough, and 7, > 0 large
enough, such that

1/

o
V0<u<5, Vo<e<e,, Vi>T,, Va:Eth;(:Z’),

(3.44)
vi(t,z) € (1-0"1] = 0w, —div(AVv) —q- Vu;, > f(z,v5).
Finally, calling €, := min(e},e,) > 0, w, := min(w!,w;) € (0,7/2), and T, :=
max(T,5,T,7) > 0, we get from (3.42)) and (3.44) that
6//
v0<u<5, VO<e<e, Vt>T, Vo etB,, (), (3.45)

vi(t,z) € (0,0) U (1=6"1] = Ow;—div(AVuv;)—q- Vvi > f(z,v5).

Conclusion

Take 0 < p < §"/2 (< 1/4). Let ¢, > 0 be the quantity in (3.37) and ¢, > 0,
wy € (0,7/2) and T, > 0 be the ones in (3.45). By (3.38) we can take ¢ € (0,¢})
small enough in such a way that the contact point (£7,77) in (3.37) satisfies t;, > T,
and zj, € tZBwu(:E). If in addition we require ¢ < ¢,, then we necessarily have that

u(ts,, =) = vy (t5, x5) € [0,1 — "], because otherwise, owing to (3.37) and (3.45), the

solution u would touch from below the function v}, in a point where the latter is a strict

supersolution, which is impossible. Together with (3.38)), this shows that we can choose
_ 3 " H ,u K / 1 H

e =c¢eh Me (9»m1f1(5m5wl‘)) small enough so that v (t5, 25 ) € [0,1 —0"], 5 > 1/,

and |z, /t5 — 7| < pu. Hence,

. . M . —
lim " =0, lim ¢ = +oo, lim tg‘ =Z.
+ + +
n—0 n—0 n—0 I

Next, for each 0 < p < 6”/2 we take ¢, € Z" such that x, := xff — ¢, €[0,1]N. We
call

by = tzﬂu uu(t, r) = u(t + Ly, ® + Cu)a Uu<t7 T) = UZM (t+ tu, ® + Cu);

for (t,x) € [—t,,+00) x RY. With these notations, we have

lim " =0, lim ¢, = 400, lim S z. (3.46)
u—0t p—0+ p—07F tu

as well as, by (3.37)),
V(t,x) € [-1,0] x RN, w,(t,z) <w,(t z) (3.47)
and

u,(0,2,) = v,(0,2,) € [0',1 —&"]. (3.48)
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One further has that
vu(t, ) = U(‘Ta pen(t +1t,) — v+ G — (t+ tu>y|) + uO,(1, )

for all (t,z) € [—t,,+00) x RY, with 1 < O, (t,z) < 2.

We have shown in the proof of Lemma3.3|that the level sets of the functions (¢, z)
|2+ — (t+1t,)y| — pen(t +1,) converge locally uniformly to some shifting hyperplanes
as u — 0. We point out that this only relied on , which is exactly above,
as well as on the boundedness of |(, — t,y| — p-u(t,) following from (3.27), which is
exactly above, and the fact that U(-, z) — 0,1 as z — Foo, both properties being
valid in the present case. This means that the limit holds true, locally uniformly
with respect to (t, ) € R x RY, with v replaced by —v, because now y = 7 +rv whereas
in Lemma we had y = z — rv. Namely, there holds

per(t+t,) — o+ — (E+t )yl =x-v—=2 vt—|C—tyl+ pen(ty) +0(1) as p— 07,

locally uniformly with respect to (t,z) € R x RY. Therefore, considering a sequence
(fn)nen converging to 0% along which |(,,, —t,, Y| —peun (t,, ) (which is bounded) converges
towards some limit Z € R, and recalling that x - v = ¢, we eventually get

v, (t,x) > U(r,z-v—ct—2Z) as n — +oo,

locally uniformly with respect to (t r) € R x RY. Finally, by parabolic estimates, the
functions u,,, converge as n — 400 (up to a subsequence), locally uniformly, to an entire

solution @ of (1.1]), and by (3.47] - - ) it holds that

te[_ll’gl]{anRN (U(x,x v—ct—2)—u(t,x)) =U& 2 -v—Z)—u(0,%) = 0.
where Z is the limit (of a convergent subsequence of) (2, )nen in [0,1]Y. Since by
Proposition 2.2, U(z,z - v — ¢t — Z) is a supersolution to (L.1)), because ¢ > ¢*(r) and
0.U < 0 (and it is a strict supersolution if ¢ > ¢*(v)), the strong maximum principle
yields

a(t,z) =U(z,x-v—ct—Z) forall (t,x) € [-1,4+00) x RV,

and moreover ¢ = ¢*(v). This means that ¢,(Z/c*(v) + 6, ) € Qz(u) for all § > —1.
We then conclude as in the proof of Lemma 3.3 that ¢, (s, -+ &) € Qz(u) for all (s,&) €
R x RY. The proof of Lemma |3.4] is thereby complete. O

3.4 Proof of Theorem [1.3], and Corollaries and
We first prove Corollary and next Corollary [I.7, which contains Theorem

Proof of Corollary[1.6] Consider a point z € 9W such that V(z) # (). Take v € V(z).
By definition, there exists a sequence of points (z,)neny in OW at which W fulfills the
interior and exterior ball conditions, such that (z,),eny converges to z and the exterior
unit normals v, at z, converge to v. By Theorem [I.5] the following properties hold for
each n € N:

Zn Uy = (vy) and  Qz(u) D {é, (t,-+y): (Ly) eRxRY}U{0,1}.
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Recall that Propositions and yield 0 € W (which is open) hence the sequence
(Zn)nen is well defined and converges to z. Thanks to the continuity of the map e —
c*(e), granted by Proposition the first property above yields z - v = ¢*(v). By the
second one, for any given (t,y) € R x RY, we can pick two sequences (t,),en in R* and
(T)nen in RV \ {0}, such that (¢,),en diverges to +o0o and there holds

. 1 1

VneN, |7, — Z,| < = and  sup |u(tn,z, + ) — ¢y, (t, 2 +y)| < —.

n T€By, n
Here the profiles ¢,,, are normalized by, say, ¢,,(0,0) = 1/2. It then follows from the
continuity of the fronts ¢, with respect to e, provided again by Proposition [2.2] that
U(tp, Tn++) = ¢, (t, - +y) in L (RY) as n — +o00. This means that ¢, (¢, +y) € Qz(u).

loc

Finally, the inclusion {0,1} C Qz(u) directly follows from Lemma [3.2] O

Proof of Corollary[1.7. We start with the inclusion for the set Q. (u), for given
e € SV Let € € S¥~! be a minimizer in the expression of w(e) in , ie.,
¢&-e>0 and

()

w(e) = fo
Calling = := w(e)e € OV, this equality rewrites as Z-& = ¢*(£). We also have by ([1.10))

Wo C{z e RY :x- € < c*(6)}.

It follows that, for given r > 0, B,.(T + ) N W, = (), that is, W) satisfies the exterior
ball condition at . We then apply Lemma [3.4] and derive

Qe(u) = Qz(u) D {oe(t,- +y) : (t,y) e Rx RV},

Moreover the inclusion {0,1} C Qz(u) follows from Lemma [3.2]

We now turn to the inclusion for the set Q(u) in the case where OW, is
differentiable. We already know that {0,1} C Q(u). Take an arbitrary e € SV~L.
We know by that W, is convex, bounded and non-empty, hence W, is convex,
compact and non-empty. There exists then L € R such that

WoC{zeRY iz e<L} and Won{z eRY :z-e= L} #0.

Since W) is differentiable, then necessarily {x € RY : z-e = L} is the tangent plane to
W) at any point z € WyN{z € R : z-e = L}, with outward unit normal e (notice that
such a z necessarily belongs to O9W)). As observed in Footnote [4f following the Freidlin-
Gértner formula , one then has that the expression for w(Z) is uniquely minimized
by & = e. One eventually concludes from the first statement of the corollary, that

{@c(t,-+y): (t,y) ERXRY} C Qz(u) C Qu).

The proof of Corollary [1.7]is thereby complete. O
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4 Proof of the other results

In Section 4.1, we state and prove some auxiliary lemmata which will be used in
the subsequent sections. Sections are devoted to the proofs of Proposi-

tions[2.2] [2.3] [2.5] [2.6) and 2.7 on the properties of pulsating traveling fronts, the invasion

property and the asymptotic invasion shapes.

4.1 Some auxiliary lemmata

Propositions and [2.3] that are proved in Sections and [£.3] are based on the

following auxiliary lemmata.

Lemma 4.1. Assume that Hypotheses cmd hold. Then max,cgn f(x,s) > 0 for
all s € [1 —6,1), where 6 > 0 is given in Hypothesis [2.1]

Proof. Assume by way of contradiction that the conclusion does not hold. By Hypo-
thesis and f(-,1) = 0 in RY, one then infers the existence of o € (0, 6] such that

f=0in[l —0,1] x RV, (4.1)

Consider then any direction e € SV~ and a front ¢.(t,z) = Ud(x,z - ¢ — c*(e)t) given

by (1.2)-(1.3]), from Hypothesis . Since U,(+,2) — 1 uniformly in R as z — —o0,
there exists M < 0 such that

bo(t,x) > 1 — o0 for all (t,z) € R x RN such that x-e — c*(e)t < M. (4.2)
On the other hand, by (1.4), there is ¢ € (0, o] such that U,(-, M) < 1—¢ in RY, that is,
Ge(t,x) <1 — for all (t,2) € R x RY such that z-e — c*(e)t = M. (4.3)

Under the notations ({3.1)), it then follows from Lemma , together with the conti-
nuity of A — k.(A) and the positivity of ¢*(e) by Hypothesis , that there exists A > 0

such that
c*(e) A

3

Let ¢ be the positive periodic C**(RY) eigenfunction solving (3.1]), normalized such
that maxgy ¢ = 1. Consider now the function % defined in R x RY by

ke(\) < (4.4)

ﬂ(t,x) =1 —c+¢ (,D(I') e—)\(x-e—c*(e)t/ii)’
mingw~

and the set

cle)t <z-e<ce)t+ M}

E::{(t,m)eRxRN: o <

Notice that t > —3M/(2¢*(e)) for every (t,z) € E. For every (t,x) € OF, either
xr-e=c*(e)t+ M and then u(t,z) > 1—¢ > ¢.(t,z) by and the definition of %,
or x-e = c*(e)t/3 and then u(t,z) > 1 > ¢.(t,z). Furthermore, ¢.(t,z) > 1 — o for all
(t,z) € E by (4.2)), whence

Orpe = div(A(z)Vee) +q(x) - V¢, in E
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by (1.1)) and (4.1)). On the other hand,
Ou > div(A(x)Vu) + ¢q(z) - Vu in E

by (3.1)) and (4.4). The parabolic maximum principle then yields @ > ¢, in E. In par-
ticular, for t > —3M/c*(e) and x; := (2¢*(e)t/3)e, there holds (¢, z;) € E and

* t >k
U (:ct, _cle) ) = ¢e(t,xy) <u(t,zy) =1—¢+¢ M e (/3
3 mingw~ @
By (|1.3), the passage to the limit as ¢ — 400 leads to 1 < 1 — ¢, a contradiction. The
proof of Lemma [4.1] is thereby complete. O

The following Liouville-type result is a consequence of Lemma 4.1

Lemma 4.2. Assume that Hypotheses and hold. Then, for any time-global
solution u : R x RN — [0,1] of (1.1) with1 -5 <u <1 in R xRN, one hasu =1 in
R x RV,

Proof. From the maximum principle, it suffices that the solution u of with initial
condition ug := 1 — § satisfies u(t,z) — 1 as t — +oo for all x € RY (indeed, for a
solution v satisfying 1 —d < v < 1in R x RY, since 1 > v(—n,:) > 1—0 = ug in RY
for all n € N, we would then have that 1 > v(¢t,x) > u(t + n,z) for all (t,z) € RY
and n > —t, whence v(t,z) = 1 for all t € R for all z € RY by passing to the limit
n — +00). So, consider the solution u of with

U()Z:l—(s

in RY. Since u(t,z) < 1 for all (t,z) € R, x RN and f(z,s) > 0 for all (z,s) €
RY x [1 — §,1] by Hypothesis 2.1/ and f(-,1) = 0 in RY, using the comparison principle
one sees that u(t, z) is non-decreasing in ¢, hence by parabolic estimates u(t, ) converges
in C? _(RY) to a stationary solution @ of satisfying 1 —d < @ < 1in R¥. Moreover,
u is periodic in x, hence @ is periodic too, while f(z,@(z)) > 0 for all z € RY since
1 -6 <a<1inRM. Considering a minimum point of % and applying this time the
elliptic strong maximum principle, one infers that @ is constant, whence f(z,@) = 0
for all z € RY. Lemma then yields @ = 1, that is, u(t,z) — 1 as t — +oo for all

x € RY | and the proof of Lemma 4.2 is complete. O

The next two lemmata, which are particular cases of comparison principles estab-
lished in [3] in more general geometries, provide some comparisons between sub- and
super-solutions defined in half-spaces in the (¢, x) variables.

Lemma 4.3. [3, Lemma 3.2] Assume that Hypothesis holds. Let e € SN71, ¢ €
R\ {0}, h € R, and denote E := {(t,z) ER xRN :x-e—ct > h}. Letu: E — [0,1]
and U : E — [0,1] be two C' functions which are C* in x and are such that Ou, 0.,
O, Op U, Opz;u and Oppp, U are all bounded and Holder-continuous in E, for every
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1<i,5 <N. Assume that

( Ou < div(A(x)Vu) +q(z) - Vu+ f(z,u) in E,
ou > div(A(x)Va) + q(x) - Vu+ f(x,uw) in E,
u<d inFE,

lim (( sup (u(t,z) — H(t,x))) <0,

H—+o0 t,x)€E, v-e—ct>H

u<wu ondE.

\ = =

Then u <win E.

Lemma 4.4. [3, Lemma 3.4] Assume that Hypothesis holds. Let e € SV, ¢ €
R\ {0}, h € R, and denote F := {(t,z) e R xRN :x-e—ct <h}. Letu: F — [0,1]
and u : F — [0,1] be two C' functions which are C* in x and are such that du, Oy,
O, Op U, Opiz;u and Oppu are all bounded and Holder-continuous in F', for every

1<i,5 < N. Assume that

u < div(A(z)Vu) + q(z) - Vu+ f(z,u) in F,
Ou > div (A(I)Vﬂ) +q(z) - Vu+ f(z,w) in F,
uw>1 mn F,

lim ( sup (u(t, ) —ﬂ(t,:r;))) <0,

H—==00 \ (t 1)eF, ze—ct<H
L u<u on JF.

Then u <win F.
From the previous two lemmata, another comparison principle follows, between sub-

and super-solutions of ([1.1)) defined this time in R x RY.

Lemma 4.5. Assume that Hypothesis[2.1 holds. Lete € SN~ ¢ >0, andu : RxRN —
(0,1) andw : R x RN — (0,1) be two C* functions which are C* in x and are such that
Ogu, O, Oy, Op U, Opye;u and Opp U are all bounded and Holder-continuous in R x RV,

for every 1 <i,j < N. Assume that

Opu < div(A(z)Vu) +q(2) - Vu+ f(z,u) in R x RY,
o > div(A(x)Va) + q(z) - Vu+ f(z,u) in R x RY,
u(t,z) > 1 and u(t,x) - 1 asxz-e—ct - —o0,
u(t,z) -0 asx-e—ct — +oo.
Then there 1s the smallest T' € R such that
u(t,z) <u(t+T,x) forall (t,r) € R x RN,

and there is a sequence (tg, T1)reny in R x RY such that supyey |2k - € — cty| < +00 and
u(ty, xp) —u(ty + T, x) — 0 as k — +o0.
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Proof. Let B > 0 such that
u<d in E:={(t,z) ERxR":z-e—ct> B}

and
min(u, ) > 1—0/2 in F:={(t,2) ERxRY :2-e—ct < —B}.

For any 7 > 2B/c, calling u” :== u(-+ 7,-), onehasu < § <1 -6 <1—-46/2 <@
on OF, and then u < " in E by Lemma applied to u and " in E (notice that
the partial diffierential inequation satisfied by @ in R x R holds as well for @* for each
s € R, since the coefficients A, g and f are independent of t). On the other hand, still
for any 7 > 2B/c, one hasu™ > 1—6/2>1—6 in (R x RY)\ E, and then u < u” in
(R x RN)\ E by applying this time Lemma [4.4]in this set. Therefore, u < u” in R x RY
for any 7 > 2B/c.

Call now

T::inf{TER:ggﬂTinRxRN}.
From the previous paragraph and the fact that u < 1 in R x RY and u(t,z) — 1 as
T-e—ct — —oo, one gets that T is a real number, and that u < u’ in R x RY (that is,
the first part of the desired conclusion). In particular, u’ > u > 1—§/2 in F. Define
- ; =T
= (t,m)ERXle\Pﬁz-e—cﬂgB (@t 2) — ult,2)) 2 0, (4:5)

and assume by way of contradiction that 7 > 0. Since 9,u is bounded in R x R¥ there
is 0 < T such that u? > 1—¢§ in F and u’(t,x) —u(t,z) > 0 for all (¢,x) € R x RY such
that |z - e — ct| < B. By Lemma applied to u and w7 in E, one gets that u < u’
in . Furthermore, by Lemma 4.4} applied to v and u? in F', one also gets that u < u”
in F. Finally, u <7° in R x RY, contradicting the definition of 7.

As a conclusion, 7 in is equal to 0, and the conclusion of Lemma follows. [

4.2 Proof of Proposition

The proof of Proposition makes use of some results of [5], and of Lemmata
and 4.5l

Proof of Proposition 2.2, We assume Hypotheses [[.2] and [2.1] throughout the proof. We
recall that Hypothesis [2.1] is weaker than Hypothesis [I.]

Step 1: monotonicity and uniqueness. First of all, for any direction e € SV~1, the
pulsating traveling front @.(t, z) = U, (z, z-e—c*(e)t) given in (L.2)-(1.3)) with c*(e) > 01is
an invasion of 0 by 1 in the sense of [5, Definition 1.4], since ¢*(e) > 0 by Hypothesis|[1.2]
It then follows from [5, Theorem 1.11] that ¢, is increasing in time ¢. Furthermore,
since the coefficients of are independent of ¢, the nonnegative function 0;¢,. is,
from parabolic regularity theory, a classical solution of

at(at¢e) = le(A(x)vat¢e) + Q(a:) ’ vat(be + 8sf<$v ¢e) 8t(z)e (46>

in R x RV, whence 0;¢, > 0 in R x RY from the strong parabolic maximum principle.
Furthermore, the speed c¢*(e) is necessarily unique by [5, Theorem 1.12] and ¢, is unique
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up to shift in ¢ by [5, Theorems 1.12 and 1.14]. In other words, 8.U,(z, z) < 0 in RY xR,
and U, is unique up to shift in 2.

Step 2: exponential decay estimates ([2.7) for U,.. Given a direction e € SV~1, it follows
from the notations (3.1) and Lemma , together with the continuity of A\ — k.(\) and
the positivity of ¢*(e) by Hypothesis [1.2] that there exists Ao > 0 such that

ke()\O) S c*(e) )\0.

Let oy be the positive periodic C?*(R¥Y) eigenfunction associated to the eigenvalue
problem (3.1)) with parameter \ := \g, normalized with maxgnpg = 1. Let § > 0 be
given by Hypothesis and let &y := & X mingnpy € (0,4]. By (L.3), there is hy € R
such that 0 < U.(z,2) < dg for all (x,2) € RY x [hg,+00), that is, 0 < ¢, < dy in
E:={(t,z)eERxRN : z-e—c*(e)t > hg}. Consider now the function % defined in E by

u(t, x) = 0020() xo(aect@i-to)
ming~ @o

Since k.(Ag) < c¢*(e) Ao, the function @ satisfies d;u > div(A(x)Vu)+¢q(z)-Vu in E. Fur-
thermore, 0 < @ < dy/(mingnpy) = 6 in E, whence f(z,%) < 0 in E by Hypothesis
and f(-,0) =0 in RV, and finally

Ou > div(A(x)Vu) + q(x) - Vu + f(xz,u) in E.

On the other hand, 0 < ¢, < &y < § in E, while ¢.(t,2) — 0 and u(t,z) — 0 as
x-e—c*(e)t = +oo, and ¢.(t,z) < & < u(t,r) for all (t,x) € R x RY such that
x-e— c*(e)t = hg, that is, (t,2) € OF. It follows from Lemma [4.3| that ¢, < u in E,

that is,

e

Ue(l’ Z) < 6080—0(]:) e*)\o(tho) < L —Xo(2—ho) _ 567)\0(th0) < e*)\o(tho)'
"7 T mingy g ~ ming~ g -

Together with the inequality U, < 1 in R x RY, ([2.7)) follows with C' := e*oho,

Step 3: continuity of the map e — c*(e) from SN=! to R, = (0, +00). Remember first
that, for each e € SV~! the pulsating front ¢, : R x RY — (0,1) given in ((1.2)) is
of class C' in (t,z), C? in z, and O;¢e, Oy, @e and Oy,4,¢c are all bounded and Holder-
continuous in R x RY, for every 1 < 4,5 < N. Furthermore, from parabolic regularity
theory, the function 0;¢, is a classical solution of in R x RN and dy¢. and O, b,
are also bounded and Holder-continuous in R x RY, for every 1 < i < N (as are also
the second-order partial derivatives of dy¢. with respect to x).

Consider a sequence (€, )nen in SV~ converging to a direction e in S¥~!. For each
n € N, call

U, RxRY = (0,1), (t,2) = un(t,z) = ¢e, (L, 2),

which solves (1.1)) in R x RY, and define a function v, in R x RY by

cen)t+a-(e— en)w).

tn(t,2) = Ui, eq = fe)t) = o (HEES
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Notice that both functions u,, and v,, are of class C? in RxR", with bounded and Holder-
continuous first- and second-order partial derivatives in the (¢, x) variables. From (1.3]),
there holds u,(t,z) — 1 and v,(t,z) — 1, resp. 0, as z - e, — c*(e, )t — —00, resp. +oc.
By definition, the function w,, solves in R x RY, while the function v, satisfies

Oyun(t, ) — div(A(z)Vu,)(t, z) — q(z) - Vu,(t,x) — f(x,v,(t, x))

_ (en) —c(e) e )t+x-(e—ey) . N
e C*(€) at(be( C*(&) 5 ) + Rn(t, )

for all (t,z) € R x RY, where
R,(t,z) = _ div(A(x)(e - ezzz(:)r q(x) - (e — en) @qbe(c*(en)t 1;9(56.)(6 — en) , 3:)

2 o VAls et +x-(e—ey) .
c*(e) (e = ea) Al )V&@( c*(e) ’ )

_(e—en)A(x)(e - en)att¢e<c*(en)t +z-(e— en)’ )

(c*(e))? c*(e)
From parabolic estimates applied to the positive solution 0,¢, of (4.6)), there is a constant
C; > 0 such that

V(t,z) ER X RN, |VOde(t, )| + [Oucde(t,z)| < Ci x  max 0.

[t—1,t]x B1(x)

Pick any vector ¢ € Z" such that ¢ - e > 0. From the parabolic Harnack inequality
applied to 0;¢., there is a constant C'y > 0 such that
£-e

V(t,x) € R x RY, max 3tqbe§02><8tgbe<t+—,x+§>.
=1, B1(z) c*(e)

But, for all (t,z) € R x RN, ¢ (t,2) = ¢e(t + (£ - €)/c*(e), x + &) by (L.2)-(L.3), whence
0 (t, ) = Ore(t + (€ -€)/c*(e), z + &). Finally, one gets that

V(t,l’) € R x RN7 |vat¢e(tax)| + |@tt¢e(t7x)| S C’1612 X @tgbe(tax)‘

Assume now by way of contradiction that c*(e,) 4 c¢*(e) as n — +oo. Up to
extraction of a subsequence, two cases may occur: either there is ¢ > 0 such that
c*(en) > c*(e) + ¢ for all n € N, or there is € > 0 such that ¢*(e,) < ¢*(e) — ¢ for all
n € N. Consider first the former case. From the previous paragraph, since e, — e as
n — 400, there is NV; € N large enough such that

g
Ry (t, )] <
‘ ( IL')| 20*(€> t

5, <c*(en)t —Z:E'e~)(e —en) | :v)

for all n > Ny and (t,2) € R x RY, whence

Oyvn(t,x) — div(A(z)Vu,)(t, ) — q(z) - Vou(t,x) — f(z,v,.(t, 7))

- t¢e(c* (en)t + - (e —en)

(4.7)
= 2c*(e) c*(e)

,:z;) > 0.
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Take any n > N;. By Lemma applied with direction e, € SV71, ¢ 1= c*(e,),
U= U, = ¢, and U := v,, there are T' € R and a sequence (¢, 71 )ren in R x RY such
that

Ue(z,z -, —c(en)t+T)) =v,(t +T,2) > ¢, (t,2) = U, (x,2 - e, — c*(en)t)
for all (t,z) € R x RY and

sup |z - e, — ¢ (en)ti] < +o00, vp(ty + T, x) — G, (tk, vx) — 0 as k — +o0.  (4.8)
keN

For each k € N, let y, € ZY and z;, € [0,1)" such that x;, = y + 2, and call

Rk €p — Ok

O =T - ey, — C (e)ty and 75 := e

Since the sequences (o)ken and (2x)ren are bounded, so is the sequence (7 )ren and one
can assume, without loss of generality, that 7, = 7 € R and 2, — 2z € RV as k — +o0.
Now, by (1.2))-(1.3)) applied with directions e,, and e, there holds that

Gey, (L Tk) = Qe (Tky 21) and v, (te + T, 2x) = vo(7 + T, 21)

for all & € N, whence v, (T + T,2) = ¢.,(7,2) by passing to the limit k& — 400 in
the second part of . The strong parabolic maximum principle then entails that
vt +T,x) = ¢, (t,x) for all t < 7 and z € RY, a contradiction with the strict
inequality in (4.7)). Therefore, the case c¢*(e,) > c¢*(e) + ¢ (for all n € N or just for a
subsequence) is ruled out.

Similarly, if ¢*(e,,) < ¢*(e) —¢ for all n € N (or just for a subsequence), one is also led
to a contradiction, by using this time Lemma with direction e, € S¥71, ¢ 1= c*(e,),
u:= v, and U := u, = ¢, , for n large enough.

As a conclusion, the map e — ¢*(e) is continuous from SV~ to (0, +00).

Step 4: continuity of the profiles ¢. with respect to e. Consider any e € SV~!, any
sequence (e, )pen in S 1 converging to e, and any p € (0,1). Up to shifts in ¢, normalize
the fronts ¢, (t,2) = Us, (z,x - €, — ¢*(e,)t) and ¢¢(t,z) = U(x,z - e — c*(e)t) so that

¢6n(07 0) = ¢e(0a O) = U.

Notice that this is, uniquely, possible since the mapst — ¢, (¢,0) = U,, (0, —c*(e,)t) and
t — ¢e(t,0) = U, (0, —c*(e)t) are continuous increasing and ¢, (—00,0) = ¢.(—00,0) =
0, ¢e, (+00,0) = ¢e(+00,0) = 1, by (1.2)-(1.3) and the positivity of ¢*(e,) and c¢*(e).

For each n € N, let also ¢,, be the unique real number such that

xX - e
1 en | Tn n; )Z I Ue 7_* n)tn :1_57 4.9
xgé{ﬂNm( + ey t) = L, (7, = (en)tn) (4.9)

and let t. be the unique real number such that

T - e
in ¢ (t, + —< ): in U (z,—c*(e)t.) =1 — 6. 410
mggﬂﬁ( T ot ®) T Loy Vel e et) (4.10)
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Define, for n € N and (¢,7) € R x RV,
Un(t, ) := e, (t +tn,x) = U, (x,2- €, — c*(en)(t + t,)).

Each function u, : R x RN — (0,1) is a classical solution of and, from standard
parabolic estimates, the sequence (u,),en converges, up to extraction of a subsequence,
locally uniformly in R x R to a classical solution u : R x RV — [0,1] of (L.1)), with
bounded and Hoélder-continuous partial derivatives Oyu, 0,,u and &Uixju (for every 1 <
i,7 < N). Moreover, using the limit lim, , ., c*(e,) = c¢*(e) from Step 3, one gets

from (4.9)) that
T-e

min u(—,x) =1-0. (4.11)
c*(e)

z€[0,1]N e
Therefore, one infers from the maximum principle, together with f(-,0) = f(-,1) =0
in RY, that 0 < u(t,z) < 1forall (£,2) € RxRY. On the other hand, the definition of u,,
and applied with the direction e,, imply that w, (t+ (£ -e,)/c*(en), x4+ &) = un(t, x)
for alln € N, (t,2) € R x RY and ¢ € Z", whence

V(t,z) eRx RN, VeEezZ”, u(t—i—g,x—i—f):u(t,x). (4.12)

c*(e)

Furthermore, by (4.9)), for every n € N and (¢,x) € RxRY such that z-e,, —c*(e,)t <
0, one has

1> uy(t,z) = U, (z,x e, —c*(en)(t + t,)) > Ue, (x,—c*(ep)t,) > 1—10

n

since U,, is decreasing in its second variable and periodic in its first variable. Therefore,
1 >wu(t,z) >1—4for all (t,2) € R x RY such that z-e — c¢*(e)t <0 (4.13)

(and also when z - e — ¢*(e)t = 0 by continuity of ). We now claim that
u(t,z) > lasx-e— c*(e)t - —o0. (4.14)

Indeed, otherwise there would exist a sequence (7%, k) ren such that xy-e—c*(e)7, — —o0
as k — +oo and limsup,_,,  u(7, xx) < 1. By writing zy = yx + 2 with y, € Z" and
2z € [0,1)V, the functions uy (¢, z) := u(t + 74, © + y) then converge locally uniformly
in R x RY, up to extraction of a subsequence, to a classical solution u of in
R x RY such that %(0,2) < 1 for some 2z € [0,1]Y. Furthermore, 1 —6¢ < u < 1 in
R x RY from (4.13) and limy_, oo 71, - € — ¢*(e)7, = —00. That contradicts Lemma [4.2]
Therefore, the claim (4.14)) is proved.

Apply now Lemma with ¢ := ¢*(e), u := ¢, and u := u. There exist then
T € R and a sequence (S, Cn)men in R x RY such that u(- +7T,) > ¢. in R x RY,
SUD e |G - € — ¢*(€)sp| < 400 and

w(Sm + T, Cm) — Ge(Sm, Gn) — 0 as m — +oo. (4.15)

For each m € N, let &, € Z" and w,, € [0,1)" such that (,, = &, + wnm, and call

Wi * € — VU

c*(e)

Um = (m-e—c"(e)s, and 6, =

45



Since the sequences (4, )men and (wy, )men are bounded, so is the sequence (6,,)men and
one can assume, without loss of generality, that 6,, — 6 € R and w,, =+ w € RY as

m — 4o00. Now, by ((1.2)-(1.3)) and (4.12), there holds that

for all m € N, whence u(0+T,w) = ¢.(0,w) by passing to the limit m — +o0 in (4.15)).
The strong parabolic maximum principle then entails that

u(t+T,x) = ¢e(t, )

for all t < @ and z € RV, and then in R x RY since both u and ¢, solve (1.1)) in R x RV,
Together with (4.10])-(4.11)) and the positivity of 0;¢e, one infers that T = —t., that is,

U= Qe +te,+) in Rx RY.

Notice that, by uniqueness of the limit and compactness, the whole sequence (uy)nen
then converges to ¢.(- + t., ) locally uniformly in R x R¥.

Finally, remember that ¢., = u,(- — t,, ) in R x RY for each n € N. If, by way
of contradiction, t, — —oo up to a subsequence, then for each 7 € R, there holds
po= ¢, (0,0) = u,(—t,,0) > u,(r,0) for n large enough (since dyu, > 0), whence
passing to the limits n — 400 yields g > u(7,0) = ¢o(7 + t,0) and then letting
T — 400 gives ;1 > 1. This is a contradiction. Similarly, the sequence (t,)nen is
necessarily bounded from above too. Finally, it is bounded and, up to extraction of a
subsequence, it converges to a real number t.,. Therefore,

= e, (0,0) = up(—t,,0) = u(—tx,0) = Pe(te — too,0) as n — 400,

whence ¢¢(t, — too,0) = u = ¢.(0,0) and then t,, = t. by strict monotonicity of ¢,
with respect to its first variable. As a conclusion, by uniqueness of the limit, the whole
sequence (t,)nen converges to t. and the sequence (e, )nen converges locally uniformly in
R xRN to u(-—t,, ") = ¢.. Lastly, since U.(z, 2) = ¢.((x-e—2)/c*(e),x) for all e € SV~!
and (z,z) € RY x R, the continuity of the map e — c¢*(e) from SV~ to (0, +o00) and
the continuity of the map e — ¢, from SV~ to L (R x RY) (with the normalization

loc
$.(0,0) = ) entail the continuity of the map e — U, from S¥7! to L (RY x R).
Furthermore, since every U, satisfies U.(x, z) — 1 and 0 as z — —oo and +oo uniformly
in v € RY and U, ranges in (0,1) (by monotonicity in z), one concludes that the map
e + U, is continuous from S¥~! to L®(RY x R). The proof of Proposition [2.2]is thereby

complete. O

4.3 Proof of Proposition 2.3
The proof of Proposition [2.3| relies on some results of [21] and on Lemma

Proof of Proposition[2.3] Suppose that Hypotheses and (weaker than Hypoth-
esis hold. Then using the results of [21I] one infers that the invasion property
for holds as well. More precisely, [21, Theorem 3| states that the invasion property
holds under Hypotheses and 2.1} and under the additional assumption that there
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exists 6 € (0,1) such that f(z,s) > 0 for all z € RY and s € [#,1). However, that
additional assumption is only used to guarantee the property that, for any half-space
E:={zx eR" :z-e <0} (with e € S¥!) and for any solution w to defined in
R x E and satisfying § < w < 1 in R x E, there holds w(t,z) — 1 as z-e — —0o0
uniformly in ¢ € R, see [2I, Lemma 4] and [20, Lemma 9]. As in the proof of (4.14),
from standard parabolic estimates and the invariance of the equation by translation in
time, it is sufficient to show that, for any entire (defined in R x RY) solution v to (1.1,

(0<v<1inRxRY) — (v=1inRxR"Y).

But this Liouville-type result holds here, under Hypotheses [I.2] and 2.1 with 6 :=1—94,
by Lemma [£.2] The proof of Proposition [2.3]is thereby complete. O

4.4 Proof of Proposition (2.5

In order to prove Proposition [2.5] we construct suitable compactly supported sub-
solutions for the associated stationary equations, with large enough maxima.

Proof of Proposition[2.5. Let g : [0,1] — R be a C* function such that g(0) = g(1) =0
and satisfying and ¢'(1) < 0. Let us extend ¢ in (—o0, 0) so that g is continuously
decreasing in (—o0, 0].

First of all, for all » > 0 small enough, there are a, < 0 and b, € (0,1) such that
g(a,) = g(b,) =nand 0 < g(s) <n for all s € (b,,1) (namely, b, = max{b < 1:g(b) =
n}). Furthermore, a, — 0 and b, — 1 as n — 07, and one can fix in the sequel > 0
small enough such that the function g — n satisfies with the extremes 0 and 1
replaced by a, and b, respectively. In particular, ¢ —n > 0 in an interval [c,,b,), for
some ¢, € (0,b,).

Now, from the variational methods of [§] (see also [44, Lemma 3.3]), there are then
Ry > 0 and a C%(Bg,) function ¢ : Bg, — [a,, b,) solving

Ap+g(p)=n=0 in B,
a, < ¢ < b, in Bpg,,
¢y, <maxy = ¢(0) < by,

Br,
© = ay on 0Bg,.

Furthermore, ¢ is radially symmetric and decreasing with respect to |z| in Bg, [33].
Let then R be an orthogonal matrix and D be a positive diagonal matrix, representing
some automorphisms R and D in the canonical basis of RY, such that (Aij)i<ij<n =
RD?>R~'. Calling £ the open ellipsoid R o D(Bg,), it follows that the C?(£) function
x— Y(x) = (Do R Y(x)) solves

() Aydeap+gh)=n i€
1<ij<N
a, <1 < by, in &,
¢, < max1) = (0) < by,
£
L ¥ =a, on 0€.
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Let us also extend ¢ by a, in RY \ €. In particular, ¢ is then continuous in RY and the
set where 1) is positive is bounded and included in &.

Therefore, there is € > 0 such that, if the matrix and vector fields A and ¢ satisfy
the general assumptions of the paper, together with

(Inaxlaij = Ajller @y + max [lgill ey <,

then, for all y € RY,
div(A(z —y)V¥)(z) + ¢(x —y) - V(z) + g(¢(x)) > 0 for all x € &. (4.16)

We finally claim that, under these conditions and f(z,s) > g(s), the invasion property
holds for (1.1]). To do so, choose any p > 0 such that

£CB,

and any # such that

0 € (¥(0), by).
In particular, 8 € (¢(0),b,) C (c,,b,) C (0,1). Consider now any solution u of ([1.1)
with initial condition wuy such that

01p, <ug <1 in RV,

Let also v be the solution of (1.1)) with ¢ instead of f and with initial condition vy :=
max(1),0) in RY. One then has vy < ug in RY and it follows from the above properties
of 1 and the parabolic maximum principle that

0 <wv(t,z) <u(t,x) <1 forallt>0and z € RY (4.17)

and that the function v is increasing with respect to ¢ > 0. Therefore, from standard
parabolic estimates, there is a C?(R") function v, : RY — [0, 1] such that v(t,-) — ve,
locally uniformly in RY as t — 400, and

div(A(2)Vug) + q(2) - Ve + (V) = 0 in RY, (4.18)

together with vy, > vy = max(¢,0) in RY. Since v, is compactly supported, there is
ro > 0 such that vy, > vo(- + &) in RY for all £ € B,,. Let then

r* := sup {r >0: 00 > vo(-+ &) in B, for all £ € B,.}.
One has 0 < rg < r* < 400. Assume by way of contradiction that r* < +o00. Then
there is y € RY such that vy, > vo(- +y) = max(¢(- + y),0) in RY with equality at
a point z*. Since vy, > 0 in RY and ¢ = a,, < 0 in RN \ &, one has z* + y € &, that

is, ¥ € & —y, and vee(2") = Y(z" +y). On the other hand, by (4.16), the function
z = (x) ;== P(x + y) satisfies

div(A(z)VY) + q(z) - Vi + g(¢) > 0 in & —y.
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This, together with vs > 1 in € —y, Ve (z*) = ¥(2*) and ([I.18) evaluated at z* € £ —y,
leads to a contradiction. Therefore, r* = +o0o and 1 > vy > vo(- + &) in RY for all
¢ € RV, In particular,

max(1(0),0) = v9(0) < veo(z) <1 for all z € RV,

whence () < voo(z) <1 for all t > 0 and z € RY, where ¢ solves '(t) = g(¢(t)) for all
t > 0 and ¢(0) = v9(0) = max(z(0),0). Since (0) € (¢, b,) while g > 1 > 0 in [c;, by]
and g > 0 in (b, 1), one infers that ((+00) = 1 and that v (z) =1 for all x € RY. As
a conclusion, remembering and the definition of v, it follows that

u(t,r) = 1 ast — +oo locally uniformly in RY,

that is, (2.8 holds. The proof of Proposition is thereby complete. ]

4.5 Proof of Proposition [2.6

In order to prove Proposition , we need to show the characterization for the
asymptotic invasion shape W, as well as the two estimates —. Notice indeed
that those estimates imply that W is star-shaped with respect to the origin, and that
its boundary oW, if non-empty, is Lipschitz-regular. We start with the proof of .

Proof of (2.12)). Define W' as the right-hand side in (2.12)). Assume that u admits an
asymptotic invasion shape W = int WW. As an immediate consequence of the openness
of W and the first property in (1.9) (applied with C' := B,(z) for any z € W and
r > 0 such that B,(x) C W), we get W C W'. Conversely, the second property in ({1.9)
satisfied by W yields W' C W, and being W' open, we derive W’ C int W, and the

latter set coincides with W by Definition [1.4] Finally, W = W' O

The proof of (2.13])-(2.14)) relies on the following result.

Lemma 4.6. Under the invasion property (2.8)), if a solution u to (1.1) admits an
asymptotic invasion shape VW, then

VEeW, YAe[0,1), Bu-_xn,(X) CW, (4.19)
where v > 0 is such that (2.9)) holds for the invading solution with initial datum 01p,.

Proof. We have proved above that the asymptotic invasion shape W of u is given
by . We now prove that such set satisfies (4.19)) with v > 0 being such that
holds for the invading solution v of with initial datum 61z, where 6 € (0,1) and
p > 0 are given by the invasion property.

Fix £ € W. Being W open, there exists r > 0 such that B.(§) € W. Thus, by
Definition [I.4], there holds

lim ( min u(t,tm)) =1.
t—+4o0 zEBr(i)

In particular, there exists 7' > 0 such that

Vr>T, V.TGBp+\/N(T€), u(r,x) > 6.
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For 7 > T, let h, € Z" be such that h.—7¢ € [0,1]Y, whence u(7, -+h,) > 01p,. Thanks
to the invariance of the equation by temporal translations and by spatial translations
by ZY, the function u(- + 7+, + h,) is still a solution to and thus, since the
solution v of with initial datum 61p, satisfies for some v > 0, we infer by
comparison that

Vr>T, min u(t+ 7,2+ h;) > min v(t,z) - 1 as t — +oo.
TEB~¢ TEB~¢

We rewrite the above property as follows:

min _ u(s,y) -1 as s—7 — 4oo with 7> T. (4.20)
yeB’y(sfr) (hr)

For fixed 7 > T and x € B,, there holds

50— hel _ Ja]

<1l as s — 400,
Y(s—=7) v

hence ([4.20) yields
B, C {zeR" : u(s,sz) =+ 1 as s — +00}.

It then follows from (2.12)) that B, C W, that is, the inclusion (4.19) holds for A = 0.
Fix now X\ € (0,1) and x € B-xy(AE). Taking any s > T'/A and 7 := As > T, we

infer
|sv — | |sz — hyl < |z — X | AsE — hysl

Ws—=7) A1 =Xs T y(1=2)  (1-N)s
whence, being hy, — As€ € [0, 1] bounded,

|sz — h.| |lx — X
—
=m) A=)
Observe that s — 400 is equivalent to s — 7 = (1 — A)s — +o0. As a consequence, we

deduce from ([(£.20)) that u(s,sz) — 1 as s = +oo. Owing to (2.12), we have thereby
shown that B(i_y),(A) C W. The proof of Lemma is complete. O]

<1 as s — +oo.

End of the proof Proposition 2.6 It remains to show —. We assume that
the invasion property holds. Let z € OW. Firstly, for any A € [0,1) and any point
r € Ba_y,(A2), we can find £ € W such that x € Bu_y),(AE), thus z € W by
Lemma |4.6| This is the inclusion (2.13]).

For the other inclusion, consider again z € W, but this time A > 1. Assume by
contradiction that there exists £ € B_1),(Az) N WW. We see that

\ —
2 g8l = she—gl < A2 (1 0)s,

A A
It then follows from Lemma that 2 € W: a contradiction with the fact that W
is open. This is the inclusion (2.14)). m
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4.6 Proof of Proposition

Consider a solution u to ([1.1)) with a compactly supported initial condition g : RY —
[0, 1], and assume that « has an asymptotic invasion shape W. Let

L= sup f(@:9) .
(z,5)eRN x(0,1] S

From the standing assumptions on f, L is a real number. From the maximum principle,
there holds, for all t > 0 and z € RY,

0 < ult,z) < eu(t, x),
where v is the solution of the equation
O = div(A(x)Vv) +q(z) - Vv, t>0, v € RY,

with initial condition ug. In other words,

olte) = [ plta) unlo)

where p is the fundamental solution associated to the above equation. From [31], there
is a constant v > 0 large enough such that the kernel p satisfies the Gaussian estimates

fy €_|w_y‘2/('7t)

Vit >0, V(z,y) € RY xRN, 0<p(t,z,y) < N2

Since ug : RY — [0, 1] is compactly supported, there is then a constant I' > 0 such that

sup u(t,z) - 0 ast — +oc. (4.21)
[>Tt

Remember that the asymptotic invasion shape W is given by Definition Assume
in this paragraph that YW = (. Then max,<r; u(t,z) — 0 as t — 400 by choosing C' :=
Br in the second assertion of (L.9). Therefore, together with (4.21)), [|u(t, -)|| o @y) — 0
as t — +o0, and, for any A € (0,1), the upper level sets E\(t) = {x € RY : u(t,z) > \}
are empty for all £ > 0 large enough, whence holds trivially in this case.

Assume in the rest of the proof that W # (), and observe that W C Br by Defini-
tion [1.4] and (4.21)). Consider any A € (0,1). Let first 7 > 0 be arbitrary and denote

Z. = {zeRY:d(zRV\W)>r},
& {z e RN :d(z, W) > 1},

where d(z, A) := infyca |x — y| for any A C RY. Notice that the “exterior” set &, is
not empty since W is bounded, and that the “interior” set Z,. is not empty provided
that » > 0 is small enough, since W is open and not empty. On the one hand, the
compact set Z, is included in W and, if it is not empty, there holds min,e,7, u(t, ) — 1
as t — 400 by , whence Z, C t71E\(t) for all ¢ large enough. On the other hand,
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the compact set & N Br is included in RY \ W and, if it is not empty, there holds
max, ¢,z Ut x) = 0 as t — +oo by (1.9). Together with (4.21), this implies that
SUp,ere, u(t,x) = 0 as t — +oo, whence t71Ey\(t) C RV \ &, for all ¢ large enough. To
sum up,

T, Ct'E\(t) C RV \ &, (4.22)

for all ¢ large enough.

Consider finally any ¢ > 0. By taking r € (0, ] small enough such that Z, # ), it
follows from the first inclusion of that t71E\(t) # 0 for all ¢ large enough, and
from the second one that

sup  d(z, W) <r<e (4.23)

(Eet*lE)\(t)
for all ¢ large enough. For any x € W, there exists y € W such that |y — x| < ¢, and

thus, since y € Z, for some r > 0 (depending on y) small enough, we deduce that

wc & + B).

Being W compact, we can extract a finite covering Z,, + B, . .. ,Z,, + B of W. Since
by (4.22) each one of the Z,, is contained in t~'E\(t) for t larger than some T; > 0, we
infer that W C (t71E\(t) + B.) for t larger than T := max{Ty,...,T,}, whence

sup d(z,t ' E\(t)) < ¢ (4.24)
xeW

for ¢ larger than T. By putting together (4.23) and (4.24])), it follows from the arbi-
trariness of € > 0 that the sets t "' F\(t) converge to W as t — 400 in the sense of the
Hausdorff distance. The proof of Proposition is thereby complete. 0
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