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Abstract

In this paper, we give some conditions for finite-time extinction or persistence of
the solutions of diffusion-advection equations in strong and oscillating flows, under
Dirichlet boundary conditions. The enhancement of the diffusion rate depends on the
interplay between strong advection and time-homogenization, and in particular on
the ratio between the strength of the flow and its frequency parameter. Quantitative
estimates of this ratio, which depend on the geometry of the domain, are provided in
the case of a uniform flow. In the general time-space dependent case, the finite-time
behavior of the solutions is related to on the existence of first integrals of the flow.

1 Introduction

This paper is concerned with the analysis of the influence of large advection on persistence
or extinction property at finite times for the solutions of diffusion-advection equations

Ouy

5 = Auy + A(y)V(yt,z) - Vu,, t>0, ze€Q,

uy(t,z) =0, t>0, z€d, (1.1)
uy(0,2) = ugy (), 2€Q

with a large frequency parameter v > 0. The domain  C R" is assumed to be bounded
and of class C2. The given flow V is in L*((0,+00) x Q,RY), and its strength A(y) is
typically large. Throughout the paper, we assume that A(v) > 0 for all v > 0 and that V'
is incompressible, that is divergence-free, for almost all times, in the sense that for a.e.
s € Ry =[0,4+00)

Ve W(Q), /QV(S,J;) V() dz = 0.
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For any initial condition ug., € L?*(2), the solution ¢ — wu,(¢,-) of (1.1) is con-
tinuous in L*(Q2) for ¢ > 0, and, from standard parabolic estimates, it belongs to
L=((e,400), Wy () N W2P(Q)) and Lo € Lo((e, +00), LP(Q)) for all 1 < p < 400
and ¢ > 0.

We are interested in comparing the roles of diffusion and advection when the latter is
large. For the sake of simplicity of the presentation, the second-order term in (1.1) is the
Laplacian, but the results of the present paper could easily be adapted to the case when
the second-order term is of the divergence form div(a(z)V), where a is a uniformly elliptic
symmetric matrix field in Q. For each v > 0 and each initial condition uy_,, the solution u.,
of (1.1) always decays with respect to time in L? norm and it converges to 0 in L? norm as
t — +o00. Here, the issue is to know whether, given an initial condition, the solutions persist
at any finite time (the L? norm stays away from 0) or converge to 0 when the amplitude A
and the frequency scale v are large. Many results were concerned with large time estimates
and homogenization limits of the solutions after rescaling, but it is of great importance to
estimate how fast the diffusion rate is enhanced by strong flows at finite times, especially in
some applications to nonlinear reaction-diffusion-advection problems. Roughly speaking,
since the amplitude is expected to be large, the behaviors of the solutions ., shall depend
on the mixing properties of the flow, but they shall also depend on the interplay between
the strength A(y) of the flow and the temporal frequency ~.

When V' = V(x) depends on z only, the following result was proved in [3]: if V has a
first integral w € HJ(Q)\{0}, that is

V-Vw=0 a.e. in ,

then there are initial conditions uy € L*(Q2) such that the solutions u” of (1.1) with
advection AV (z) satisfy

.. A

lim inf [Ju”(t, )| 20y > 0

for each t > 0; on the other hand, if V has no first integral w € H}(Q)\{0}, then

i [fut ()| ey = 0
for all ¢ > 0 and for all vy € L?(Q2).! For Hamiltonian systems in even dimensions, when
V = Vw is the orthogonal gradient of a first integral w which satisfies additional non-
degeneracy assumptions, the solutions u? behave as A — +oo like those of an effective
diffusion equation on the Reeb graph of w (see [19]). For equations which are set on
a smooth compact Riemannian manifold, assuming that the vector field V' is Lipschitz-
continuous, it was recently proved in [6] that the solutions u? converge to their average
at any finite time as A — +o0 if and only if the operator V - V has no eigenfunction
in H'(M), other than the constant functions. Conditions for the existence or non-existence
of H} first integrals in the Dirichlet case or eigenfunctions of V-V in the no-boundary case
are discussed in [3] and [6]. A more abstract formulation can also be found in [6], and the

! Actually, only initial conditions ug € Hg (£2) were considered in [3], but the result immediately extends
to initial data ug € L*(Q).



infinite two-dimensional case is analyzed in [21]. Very recently, relaxation enhancement
results have been established for equations of the type u#f = Au? + A V(At,z) - Vut
with time-periodic flows on smooth compact manifolds, see [14]. Some applications and
propagation speed estimates for nonlinear reaction-diffusion problems in strong flows have
been derived in [1, 2, 3, 4, 5, 6, 8, 10, 11, 13, 15, 16, 17, 20, 22].

In this paper, we consider Dirichlet boundary conditions and the general situation
when the flow depends on time too. Some of the aforementionned results can be easily
extended to the case when the flow is of the type AV (¢, x) (see the comments at the end of
Section 3). However, the flow may involve various time scales and strengths. Typically, in
equation (1.1), the strength A(y) and the time-frequency = are large but may not be the
same. New phenomena shall appear here due to the interplay between enhancement by
strong advection and time-homogenization. As we shall see, the qualitative properties of
the solutions at any finite time shall depend on quantitative estimates on the ratio A(~y)/~,
even when the flow is spatially uniform. We first analyze this particular situation in
Section 2 and next we deal with the general time-space dependent case in Section 3.
We will see the role of the first integrals (if any) of the flow. More precise quantitative
estimates will be given in the time-periodic case. However, our analysis is valid for general
non-periodic or even non-almost-periodic flows.

2 Uniform flows
This section is concerned with the case when the flow V' does not depend on x, namely
Viyt,z) =V ().

We shall see that the extinction or persistence in finite time as v — +o0o —and the time-
decay if there is extinction— firstly depends on the time-average of the flow, and on the
ratio between the amplitude A(y) and the frequency v when the average is zero. We first
deal with the case when the average of V' is not zero.

Proposition 2.1 Assume that V (yt,x) = V(yt) and that there exists V € RN\{(0,...,0)}

such that
1

t
2/ V(s)ds —V ast— +oo. (2.1)
0
Let (ug)y>0 be a bounded family in L*(Q2) and let (u,),=o denote the solutions of (1.1). If
lim,_ 4 A(7y) = +o00, then
V>0, [u(t)|2@ —0 asy— +oo. (2.2)

Moreover, if up~ # 0, then

—2

ln (Hu,y(t,)HLz(Q)) |V t

Vi>0, limsu < —
7ﬂ+oop A(7)? 4

In the periodic case, Proposition 2.1 immediately leads to the following

< 0. (2.3)



Corollary 2.2 Assume that V(vyt,x) = V(yt) and that there exists T > 0 such that

V(s+T)=V(s) fora.e s€]|0,+0) (2.4)

T

(md/ V(s)ds # 0. If lim,_, o A(y) = 400, then properties (2.2) and (2.3) hold for any
0

bounded family (ug~)y>0 in L*($2).

Proof of Proposition 2.1. For each v > 0, call

v, (t, ) = uy(t, ) X exp (@) .

Denote
Ch :mig(v-:c) and Cb :ma}(v-x).

z€Q z€eS)
It is immediate to see that, for each ¢ > 0,

e~ A0 / (vy(t, 2))* dx < / (uy(t, 2))* do < e= 40 x / (vy(t, 2))* da. (2.5)
Q Q Q
On the other hand, the functions v, satisty

Gy
ot
and v, (t,-) € Wy P(Q) N W?P(Q) for all 1 < p < +oo, for a.e. t > 0. Denote

= Av, + A(y) (V(yt) = V) - Vo, — A(Z)Q (QV V(yt) - |V ) X Uy (2.6)

6,(6) = [ (urft,2)

for each t > 0 and v > 0. The functions ¢, are continuous in [0, +00) and differentiable
a.e. in (0, 4o00). Multiply (2.6) by v, and integrate by parts over Q. It follows that

(%;/(t) = —/Q|va(t,x)\2dx— @ <2V Viyt) — V] > X (1)

for a.e. t > 0. Hence,

6.0 < 60 xexp {22 (o [ 7wy - 71}

for all t > 0. Because of (2.5), there holds that, for all t > 0,

it My < Co x exp { (€2 = At = 205« (2 [V vy as = 772) .

0

where C3 = sup.. [[to |72y < +00. Assumption (2.1) implies that
j— =2
Vit>0, 2/ V-V(ys)ds — 2|V|"t asy — +oo.
0
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One concludes that |u,(,-)||r2¢) — 0 and that (2.3) holds as v — +oo for each ¢ > 0,
since lim, 1o, A(y) = +oo and V # 0. O

Proposition 2.1 and Corollary 2.2 show the extinction of the solutions u., when ~
and A(y) are large and when the average of the flow is not zero. When the average
of V' is zero, the behavior of the solutions . turns out to be more involved, even in the
time-periodic case. It depends on the ratio between the strength A(v) of the flow and
its temporal frequency ~. The following result covers this situation. But it also holds
in a more general setting, for non-periodic flows, just assuming the boundedness of the
antiderivative of V' which is defined in R by

Vt>0, W) = /t V(s)ds. (2.7)

Theorem 2.3 Assume that V(vt,x) = V(7t) and that the continuous function W defined
in Ry by (2.7) is bounded.
1) There is a constant q. € (0,400) such that, for any q € [0,q.), there is ug € L*(2)
such that
Vt>0, inf |y (t, )| L2(2) > 0, (2.8)
ol

v>0, 0<A(v)<q

where (uy )0 denote the solutions of (1.1) with initial condition v = ug. In particular,
if imsup, ., . A(7)/v < ¢, then

Vt>0, liminf |y (t, )| L2() > 0.
y—+o0

2) If there exist two sequences (Tp)nen and (T} )nen such that

\V/TLEN, OSTn<T7/L§Tn+17
/ Tn . ’ (29)
sup (1, — 7,) + sup (—) < +00, 1n1§ W (r,) — W(r))| >0,
ne

neN neN, n>1 \ 1

there is ¢* € [gs, +00) such that, if iminf, o A(y)/y > ¢*, then the extinction pro-
perty (2.2) holds for any ug € L*(2).

3) If Q is convez, if V is periodic in the sense of (2.4) and if V' # 0, then one can
choose q. = q*.

Remark 2.4 [t is reasonable to conjecture that, under condition (2.9), the extinction pro-
perty (2.2) is still valid if liminf, . A(y)/y = ¢*. However, this case does not follow
immediately from the proof of part 2) of Theorem 2.3 and it is left here as an open problem.

Before doing the proof of Theorem 2.3, we state a corollary which is a reformulation in
the periodic case and the proof of which will be given at the end of this section. We can
also derive the explicit value of ¢, = ¢* when 2 is an euclidean ball as well as some general
bounds on ¢, and ¢* in arbitrary domains.



Corollary 2.5 Assume that V(yt,z) = V(vt), that V is periodic in the sense of (2.4),
that V =0 and that V' # 0. Then there are two constants 0 < q. < q* < +00 which only
depend on 2 and V' such that:

1) For any q € [0, q.), there is ug € L*(Q) such that the solutions (u,),=o of (1.1) with
initial condition ug. = ug satisfy the persistence property (2.8), that is

Vit 0, inf £ )2 > 0.
>0, OlﬁnA(’Y)SQ’Y et )l )

2) If iminf, . A(y)/y > ¢*, then the functions (u,) >0 satisfy the extinction pro-
perty (2.2) for any ug € L*(Q), that is lim, .o ||uy(t, )| 12() = 0 for all t > 0.

3) If Q is an euclidean ball of radius R, then

. 2R
q*_q_OSC<W)7

where osc(W) = sup, y~q |W (t) =W (t')| is the oscillation of the function W defined in (2.7).
In particular, for an interval Q = I in dimension N = 1, then q. = ¢* = L/osc(W),
where L denotes the length of the interval I.

4) In general domains ), the following estimates hold

2 Ronin($2) . diam(Q)

osc(W) — =41 = osc(W)’ (2.10)

where Ruyin(2) denotes the inner radius of Q) and diam(2) its diameter.

Proof of Theorem 2.3. For every ¢ > 0 and 7 > 0, call
Qgr = Q+qW(r) ={z+W(r), z€Qj.

Remember that the function W is assumed to be bounded in R,. Therefore, there exist
0 < g« < +00 such that, for any ¢ € [0, ¢.), there is a non-empty open subset ' C 2 such
that

V¢ el0g,Vr>0, QCQp,.

On the other hand, for any two sequences (7,,)nen and (7),)nen such that

. o !
f |W(r,) - W(r,)| >0,

there is ¢* € [gs, +00) such that

Yq>q, inf  dist (.7, Qi) >0, (2.11)

q'>q, neN

where dist(A, B) denotes the euclidean distance between two sets A and B. Furthermore,
it follows from Helly’s theorem that, if 2 is convex, if V satisfies (2.4) and if V' # 0, then
one can choose ¢, = ¢* (independently from the sequences (7,,)nen and (7)) nen)-

For every v > 0 and 7 > 0, call

Oy (7,) = uy (Y, - =y TTA(MW(T)) in Q14 1
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The functions v, solve the heat equation with diffusion coefficient y~*:

vy

5 = Y Avy in Q140 . (2.12)

for a.e. 7 > 0. Furthermore, for any v > 0, v,(7,-) € Wol’p(QTlA(v)yT) NW2P(Qy-14().7)
for all 1 < p < 400 and for a.e. 7 > 0, while v,(0,-) = up in Qy-14¢y)0 = 2.
1) Assume first that ¢ € [0, ¢,) and call

L,={y>0, 0<A(>y) <~}

(remember that A(7) is assumed to be nonnegative throughout the paper). It follows then
from the characterization of ¢, that there is a non-empty open subset €2’ C 2 such that

Ve Fq, vV12>0, ' c Q’y*lA('y),T-

Choose now any ug € L*(Q) such that uy > 0 almost everywhere in 2 and the restriction u
of up in Q' is not zero. Fix any v € I';. Call v/ the solution of

GO, 0 94
o7 y Uy, T > U, xell,
vl (1,7) =0, T>0, x €0,
v (0,7) = up(x), = e€Q.

It follows from the maximum principle that, for all 7 > 0,
vy(7,-) 2 0 ae. in Q140 and vy (7,-) >0 (7,-) >0 ae. in Q.
Therefore,

V0, Jluy (s = sl 2 100 iz,

As a conclusion, ||uy(t,-)|r2@) > ||w'(t, )|l 2@y > 0 for all v € I'y and ¢ > 0, where w'
does not depend on v and solves the heat equation

a /
w:Aw’, t>0 ze
ot
w'(t,z) =0, t>0, xe o,

w'(0,2) = ug(z), ze

in €. This yields
ian luqy(t, )| 22(0) > 0 for all ¢ >0,
v€lyq

which completes the proof of part 1) of Theorem 2.3. Actually, the lower bound can be
made more explicit for some special choices of ug. Indeed, assuming that Q' is of class C?
(this is possible without loss of generality, even if it means decreasing '), if u{, denotes
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a nonzero principal eigenfunction of —A in €’ with Dirichlet boundary conditions and if
A > 0 denotes the principal eigenvalue, then

w'(t, ) — e—A/tuE)

for all ¢ > 0, whence |lu,(t, )| 2y > e |Jupl| 2oy for all t > 0 and v € T,.
2) Let us now assume that there exist two sequences (7, )neny and (7}, )nen Satlsfylng (2.9).
Let ¢* € [gs, +00) such that (2.11) holds, and assume that

A
lim inf ﬂ > q".
y—too 7y

There exist then 79 > 0 and 1 > 0 such that
Vvy>v, VneN, dist (Qv’lA(“/),Tw QW’IA(V)EQ) > .

Fix any ¢ > 0. Let Uy € C(Q) such that |lug — Upl|r2() < ¢, and call U, the solution
of (1.1) with initial condition Uy at ¢ = 0. Since V is dlvergence free (because it is
independent of z here), the L?(2) norm of any solution of (1.1) is nonincreasing with
respect to time. In particular,

V>0, ¥t>0, |u(t,)— Uyt )|oem < e (2.13)

On the other hand, there exists M > 0 such that —M < Uy < M in €, and the
maximum principle implies that

V>0, Vt>0, —M<U,/t-)<M ae in(d
For all v > 0 and 7 > 0, call
‘/'7(7_’ ) = UW(’V_ITJ T ’Y_IA(fy)W(T)) in Q“Fl

The functions V,, solve the heat equation (2.12) in the domains €2,-14(,), with Dirichlet
boundary conditions and there holds

Vy>0,V72>0, —M<IV(r,-)<M ae inQy140- (2.14)

Fix now any v > 7. Call V., the solution of

ov. AT 2
8_7'7 =y 1AV, T>1, Y€ Q"/,l Ayt
V,(1,y) = M, T>Ty, Y € 09"/2114(7)

V’Y<7_07y) = Oa (RS Qn—lA ),74

in the domain

2
Qn/ LA(y),7h - Q'yflA('y),Té + B(07 7]/2)7



where B(0,7/2) denotes the open euclidean ball of centre 0 and radius n/2. Notice
that V. (7,9) is increasing in 7 > 7, for each y € Qn/,l At whence

Vo (r,y) >0 forall 7> 7 and y € Qn/_ZlA .

Since Q-1 4(y),7 N QZ/*%A(’Y)J(S = () due to the choice of n, it follows from (2.14) and the
maximum principle that

Vr1elnmn, Vi) <V ae in Q14 ﬂQ"/_QlAV)T

As a consequence,

Vi(15,:) <V, (7g,7) ae. in erA(y),T(g- (2.15)
Call w(t, z) the solution of
ow

ot
w(t,z) =1, t>0, €02

w(0,7) =0, x€ Q2

=Aw, t>0, z€Q?

in the domain

Q"2 = Q+ B(0,1/2).

The function w, which does not depend on 7, is increasing in t for each « € Q27/2. Further-
more, w < 1, and max,cx w(t, ) < 1 for each ¢t > 0 and any compact set K C Q"2 from
the strong maximum principle. In particular,

0 <6 :=max w(y '7,r) <1,
z€Q

where 7 = sup,,en(77, — 7n) € (0, +00) from (2.9). Observe now that

Vy(r,y) = Mw(y 't —70),y =7 AW (7))

Qﬁ/ 2

Y 1A() . Thus,

for all 7 > 19 and y €
Vye QvflA(,y),T(l), VA/(T(/),y) = Muw(y~ (To —T0),Y — 1A( YW (5))

M w(vg 7,y =y LAY W (7))
M6

IA A

since 7 > 7 > 0 and owing to the definitions of § and Q,-14(,) . It follows from (2.15)
that
Vo(19,-) < M6 ae. in Q1407

The lower bound V,(75,) > —M9 a.e. in Q,-14(,) - holds similarly. Eventually,

IV (r0s M@, 1,y L0) < M,



that is ||U,(y7 170, )||rey < M. Since 75 < 71, the maximum principle yields
1Uy (v~ 71, ) Lo (@) < M.
An immediate induction leads to

Vne N, ||U7(’)/_17'n, )HLoo(Q) < M(Sn,

whence
Vne Na ”U’Y(’Y_ITTH )||L2(Q) < M6n|Q|1/2a

where |€2| denotes the Lebesgue measure of €).
Fix any t > 0. Call C' = sup,,»; 7,/n € (0, +00) from (2.9). For v (> 7o) large enough,
there exists n € N\{0} such that

" t
tz@zT— and nzl—l.
Y T ¢

Since the map s +— ||U,(s, )| 2(q) is nonincreasing, it follows that, for any fixed ¢ > 0,
U5t M 2@y < N0V s ) l12@) < M OTCHQIY2
for y large enough. Since 6 € (0, 1) is independent of «y, one concludes that
U5 (t, M 2@y — 0 as vy — +o0
and that, using (2.13), [lu,(,-)||2() < 2¢ for 7 large enough. That completes the proof
of Theorem 2.3. O
Notice that the assumptions of Theorem 2.3 yield

t
V= lim t_l/ V(s)ds = 0.
0

t——+oo

The arguments used in the proof of part 2) imply that if (2.9) is fulfilled and if ¢ :=
liminf, 4o A(Y)/7 > ¢*, then

| t, )| 2 t In(d
Vt>0, limsup H(HuV( >HL(Q))< n()

< <0,
'y~>+oo F)/ C

for any uy € L>*(Q)\{0}, where C' = sup,,~; 7,,/n € (0,400), and § € (0,1) depends only
on the domain 2, on the flow V and on ¢. In particular, if A(y) = ¢y with ¢ > ¢*, then, for
each t > 0, the quantity In(||u,(Z,-)||r2)) is bounded from above by a negative constant
times A(y) as v — +o00. This decay is much slower than the one obtained in the general
case when V exists and is not zero: the quantity In(||u,(t,-)|/r2()) is then bounded from
above by a negative constant times A(v)? as v — 400 (see Proposition 2.1).

Proof of Corollary 2.5. Parts 1) and 2) immediately follow from Theorem 2.3, and
part 3) follows from part 4). Let us then prove (2.10). First, if ¢ > diam(€2)/osc(1V), then
there exist 0 < 73 < 7» such that |qW (m) — ¢W (7)| > diam(£2), whence

inf dist(Q+ ¢W(m), Q2+ ¢W(r)) > 0.

q'>q
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It follows from the construction of ¢* in the proof of Theorem 2.3 that this real number
can be chosen so that ¢* < ¢. Since this is true for any ¢ > diam(2)/osc(W), the upper
bound in (2.10) follows. Let now B be an open euclidean ball of radius Ry, (§2) which is
included in Q. Choose ¢y = 2Ry /0sc(W). Thus |gW (1) — oW (7)| < 2Rymin, whence

(B+ qW ()N (B~+qW(r')) #0

for all 7,7/ > 0. If follows from Helly’s theorem that, for any 0 < ¢ < qq, there exists a
non-empty open set ' C B C §2 such that

V¢ el0q,Vr>0, QCB+dW(r)CcQ+dW(r)=Qy.,.

Therefore, it follows from the proof of Theorem 2.3 that one can choose ¢, so that ¢, >
2R pmin/osc(W). O

Remark 2.6 Notice from the above proof that the lower bound q. > 2Ry /osc(W) holds
even when V' is not assumed to be periodic.

3 Non-uniform flows

In this section, the flow V' is not assumed to be uniform in space anymore. We shall see that
the conditions for persistence or extinction at any positive time as v — +oco are related
to the existence or non-existence of first integrals of the flow. We first give a sufficient
condition for the solutions of (1.1) not to converge to 0 in finite time as v — +o0.

Theorem 3.1 Assume that there is a function w € H}(Q)\{0} such that
V(s,:)-Vw=0 ae. in (3.1)

for a.e. s € R. Then, there is ug € L*(Q) such that the solutions (u,)~o of (1.1) with
initial condition ug~ = ug satisfy

V20 iuf [l (t )@ > 0. (3.2)

Proof. Choose uy = 1. For each v > 0, the solution u, of (1.1) with initial condition w
satisfies
0 <uy(t,r) <1 ae. in () (3.3)

for all ¢ > 0, from the strong maximum principle. Let us prove that the functions u,
satisfy the persistence property (3.2) at any time ¢ > 0. Assume not. That is, assume
there is ¢ > 0 and a sequence (7, )nen of positive numbers such that |lu, (¢, )| 2@ — 0 as
n — +o00. Up to extraction of a subsequence, one can then assume that

Uy, (t, ) — 0 as n — +oo, for a.e. x € (L. (3.4)

Let n € N be any integer and let n > 0 and € > 0 be any positive numbers such that
0 < n < t. Multiply the equation (1.1) by w?/(u., +¢) and integrate over (7, ¢) x Q. Notice
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that the function (0, +00) 3 s +— 1/(u., (s,-) +¢) (vesp. (0,4+00) 3 s +— w?/(u,(s,-) +¢),
resp. (0,400) 2 s — w?/(u.,(s,-) +¢) X %”(5, ) is in L®((tg, +00), Wy P(Q) N W2P(Q))
for all 1 < p < 400 (resp. in L®((ty, +00), Wy (), resp. in L®((to, +00), L'(R2))) for
all £y > 0. It is found that

/Q W In(us, (t,) + ) /Q W In(u,, (1,) //ﬁt Vi, - (u% +5>

// w? V (s, ) - Vu,,
A(Yn .
77 t u'Yn + €

The second term of the right-hand side vanishes because of (3.1) and V is divergence-free
for almost all times. Expanding the first term of the right-hand side and using Young’s
inequality leads to

// Vu,, - ( ) _ _2// wVuw - Vu% / w?|Vu,, [*
(n,t)xQ Uy, T € (n,t) X2 mtyx (U, + (us, +2)2
- SR [vuk

(n,t)xQ Q

v

Therefore,

/Q W In(uy, (£ )+ €) — /Q W n(us, (1) +2) > —(t =1 / Vul? (3.5)

for all n € N, e > 0 and n € (0,1).

Fix n € N and € > 0. Since u,, (n,) — up = 1 in L*(2) as n — 0, there exists
a sequence (ny)reny of numbers in (0,¢) such that n, — 0 and w,, (9, 2) — 1 for a.e.
x €, as k — +oo. By (3.3) and Lebesgue’s dominated convergence theorem, it follows
asn =mn, — 01in (3.5) that

/Qw2 In(u., (t,-) +¢) —In(1 +5)/Qw2 > —t/Q|Vw|2.

Next, pass to the limit as n — +oo and use (3.3) and (3.4). It follows that, for each
e >0,

Ine —In(1 +¢)] /sz > —t/Q|Vw|2.

The limit as ¢ — 0 leads to a contradiction. As a conclusion, the persistence property (3.2)
is satisfied and the proof of Theorem 3.1 is complete. Actually, it follows from the proof
that the conclusion holds good for any ug € L*(€) such that ug > 0 (or up < 0) a.e. in
and In(Ju|)w? € LY(Q). O

Remark 3.2 In the time-periodic case, the assumptions of Theorem 3.1 yield an additional
property, which is concerned with the principal eigenvalues of the parabolic operators given

12



in (1.1). Namely, besides (3.1), assume now that the flow V is time-periodic, that is there
exists T'> 0 such that

V(s+T,:)=V(s,:) fora.e. séc]l0,+00). (3.6)

For each v > 0, call ¢, the principal eigenfunction of the parabolic equation (1.1)

with YT -periodicity in time, and denote \, the principal eigenvalue. That is, ¢, €

L=(R, W, P(Q) N W2P(Q)), d% e L>*(R, LP(2)) for all 1 < p < 400 and ¢, satisfies
Dy

o Ap, — AV (1t z) - Vo, = Ay,

T
Py '+;7' = ©n

and p(t,-) > 0 a.e. in Q for allt € R. The mazimum principle yields A, > 0. It follows
from the proof of Theorem 3.1 that

/ VP
Ay < S = R,.
w2

J

Hence, under assumptions (3.1) and (3.6), the principal eigenvalues A, are bounded and
Vy>0, 0<A <A

where A denotes the infimum of the Rayleigh quotient R, among all first integrals
w € HYH(Q)\{0} satisfying (3.1) (as a matter of fact, this infimum is reached from Rel-
lich’s theorem). In the time-independent case, we refer to [3, 5, 7, 9, 12, 18| for further
estimates on the principal eigenvalues in the limit of large drifts.

It is worth pointing out that, in Theorem 3.1 and Remark 3.2, the real numbers ~
and A(y) are arbitrary and may not be large. A fortiori, no relation between A(y) and ~
is required, unlike in Theorem 2.3. The existence of first integrals w € HJ(2)\{0} satis-
fying (3.1) is a sufficient condition for the persistence property (3.2) to hold. However,
this condition is not at all necessary in general, as follows from parts 1) of Theorem 2.3 or
Corollary 2.5.

Next, we give a sufficient condition for the solutions of (1.1) to tend to extinction in
any finite time.

Theorem 3.3 Assume that there exists T > 0 such that, for any sequence (T,)nen n Ry,
there exist a subsequence (T, Jken, a Borel set B C (0,T) with positive Lebesgue measure
and Voo € L=((0,T) x Q,RY) such that V(7 + 7, ) — Vao(7, ) in L*((0,T) x Q,RY) as
k — +oo and, for all T € B, Voo(7,-) has no first integral in H}(Q)\{0}. If

40)
v

then the extinction property (2.2) holds, where (u,) o denote the solutions of (1.1) with
any nitial condition uy € L*(Q).

— +00 as vy — +00,

13



Proof. Assume that the conclusion does not hold. There exist then uy, € L?*(Q),
to > 0, € > 0 and a sequence of positive real numbers (7, )nen such that lim, . .7, =
limy, 4 00 A(Vn)/vn = +00 and

[y, (to, )| £2(y > € for all n € N. (3.7)

By linearity, one can assume without loss of generality that ||ug||z2@) = 1 and € € (0, 1].
Some of the arguments below are inspired from the proof of Theorem 3.1 of [3]. Call u,, +
the solutions of problem (1.1) with v = ~,, and initial condition uac = 1{tuo>03to- There
holds

Uy, = Up 4+ Up,
On the other hand, the maximum principle implies that, for all ¢ > 0, £u, 1 (¢,-) > 0 a.e.
in €2. Therefore, either ||u, 4 (to, )| r2Q) = €/2 or ||un,—(to, )| r2(0) = €/2. Up to extraction
of some subsequence, and even if it means changing €/2 into ¢, one can assume without
loss of generality that (3.7) holds with ug > 0 a.e. in Q. Call now u{! = 1g,<myuo and
M > 0 large enough so that |Jug —ud’||;2(q) < /2. Let u} and @, be the solutions of (1.1)
with v = ~,, and initial conditions u}! and uy — u)’. There holds

Uy = u% + Uy,

But ||ﬂn(t0, )HLQ(Q) S Hﬂn(O, )HL2(Q) = H’LLD—’LL[J)V[HL2(Q) S 5/2 ThUS, Huﬁ/l(to, )HL2(Q) 2 6/2
Therefore, even if it means changing £/2 into &, one can assume without loss of generality
that (3.7) holds with 0 < ug < M a.e. in , whence, for all ¢ > 0 and for all n € N,

0<wu,(t,-) <M ae. in Q.

For each n € N, call v,, the function defined by

1

V1 > 07 Un(T7 ) - u’)’n(fyr: T, )

The functions v,, solve

vy,
8L = v Av, 4+ A7)V (T, 2) - V.
-
Furthermore, for each n € N, 0 < v,(7r,-) < M ae. in Q for all 7 > 0, v, €
L>((n, +00), Wy (Q) N W2P(Q)), %= € L((n, +00), LP()) for all 1 < p < +oo and

n > 0, and
v (0, ‘)HLQ(Q) =1, |lva(vnto, ‘)HL?(Q) > €.
Furthermore, the functions 7 +— ||v,(7,-)||z2() are nonincreasing. Since lim, .4 =

+00, there exists N € N large enough such that, for all n > N, there is 7, € [0, y,t0 — T

such that
27T

PYntO ‘

0 < Jon (7, )lzz@) = [loa(mn + T, )| 220) < (3.8)

For any n > N and 7 > —7,, call



The functions w, satisfy e < [Jw,(7,-)||z2@) < 1 for all 7 € [0,7] and 0 < w, < M a.e.
in Q for all 7 > —7,,. Furthermore, they satisfy the equations

ow,,

or
Multiply (3.9) by w,, and integrate over (0,7") x €. It is found that

= 7 Awy + 7, AV (T + T, ) - V. (3.9)

_ wn<0a ')2 wn(T7 ')2
it [ = [ [T a0, sy — (Tl
(0.T)xQ 0 Q

Because of (3.8), it follows that

[ wwp <
(0,T)xQ to

for all n > N. Up to extraction of a subsequence, it follows from standard arguments
that the functions w,, converge weakly in L*((0,T") x ) to a function w such that Vw €
L*((0,T) xQ, RY) and such that the functions 4= converge weakly in L*((0,7) x2) to %,
for each 1 < i < N. Furthermore, for a.e. 7 € (0,7), w(r,-) € H}(Q), 0 < w(r,-) < M
a.e. in Q, and Vw72 gy < 27/to- Remember that v, — +00, 7, A(y.) — +oo
as n — 400 (whence A(y,) — +00) and that, up to extraction of another subsequence,
the functions V(- + 7,,-) converge to a function V, in L2((0,7) x Q,RY). Divide (3.9)
by v, ' A(7,), multiply by any test function ¢ € D((0,T) x ), integrate by parts the first
two quantities over (0,7) x §2 and pass to the limit as n — +o00. From the above estimates,

it follows that
/ / (Vo - VW) p =0
(0,7)xQ

for any ¢ € D((0,T) x ), whence Vo, - Vw = 0 a.e. in (0,7) x Q, and then V. (7,-) -
Vw(r,+) =0 (in L*(Q)) for a.e. 7 € (0,T) by Fubini’s theorem.
On the other hand, for any Borel set E C (0,7") with Lebesgue measure |E| > 0, there

holds . B )
€
Wy, > — wi > > 0.
/EXQ M ExQ M

By passing to the limit as n — 400, one gets that

E 2
/ w2m>0.
E xS M

Thus, there exists a Borel set E/ C E such that |E'| > 0 and, for all 7 € E', w(r,-) €
H}(Q)\{0} and V. (7,-)-Vw(r,-) = 0in L?(Q). Choosing E = B (given in the assumptions
of Theorem 3.3) leads to a contradiction. The proof is now complete. U

Remark 3.4 [t follows from Theorem 3.3 that if V is time-periodic in the sense of (3.6)
and if there is a non-negligible Borel set By C (0,T) such that, for all T € By, V(7,-) has
no first integral in Hy(Q)\{0}, then lim,_ o |luy(t, )| 12¢) = 0 for all t > 0 and for all
ug € L*(2), as soon as lim,_, 1o A(7y)/7 = +o0.
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Theorem 3.3 gives a sufficient condition for extinction which is more general than the
statement of part 2) of Theorem 2.3. The proof of part 2) of Theorem 2.3 could have been
done by using similar arguments as above. However, in Theorem 2.3, we used a more direct
approach. That approach was also interessting because it provided quantitative estimates
of the ratio A(y)/~ above which the solutions will tend to extinction at any finite time.

We complete this section with a few additional comments on the behavior of the solu-
tions u? of the equations

ou A A
W:Au + AV (t,x) - Vu®, t>0, z €,
ut(t,r) =0, t>0, €N,

ut(0,2) = up(z), €,

(3.10)

as A — +o0o. The bounded flow V is not assumed to be highly oscillating anymore. The
same arguments as the ones used in the proof of Theorem 3.1 imply that if there is w €
H}()\{0} and T' > 0 such that V(¢,-)-Vw = 0 for a.e. t € (0,T), then there is ug € L*(Q)
such that the solutions u® with initial condition u§' = ug satisfy infaso [|[u?(t, )| z2@) > 0
for all t € [0,7]. On the other hand, it follows from the proof of Theorem 3.3 that if there
is T' > 0 and a non-negligible Borel set B C (0,7") such that V(¢,-) has no first integral
in Hj(Q)\{0} for all t € B, then lima_. o [|[u?(t,)||z2() = 0 for every t > T and every
initial condition uf! = ug € L?(2). In particular, when V(¢,z) = V/(¢) is uniform, then
the same conclusion holds for any ¢ > 0 such that V' £ 0 in (0,¢). Notice lastly that in
problem (3.10), the large amplitude parameter is A, while in Theorem 3.3 or Remark 3.4,

we needed A(7)/v to be large, because of the scaled time variable ~¢ in the flow V.
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