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Abstract

We extend, to parabolic equations of the KPP type in periodic media, a result of Bramson
which asserts that, in the case of a spatially homogeneous reaction rate, the time-lag between
the position of an initially compactly supported solution and that of a traveling wave grows
logarithmically in time.

1 Introduction

1.1 Model and question

We study solutions u(¢, z) of the initial value problem
Ut = Ugg + f(z,u) (>0, x €R), u(0,z) = up(z). (1)

The initial datum wug is nonnegative, nonzero and compactly supported. The function f is of class
C10,1], 1-periodic in z, concave in u, and satisfies f(x,0) = 0. We also assume that:

1. the first periodic eigenvalue of —0,, — g(x) is negative, where g(z) = 0, f(z,0).
2. We have f(z,u) = g(z)u — q(x,u), with g(z,u) > mu? for large w.

Thus, f(z,u) < 0 as soon as u is larger than some sy > 0. We will sometimes say that f satisfies
the KPP assumptions, in reference to the seminal paper of Kolmogorov, Petrovskii, Piskunov [24].
Also note that they do not preclude g to be negative in some regions, this is important for models
in ecology, where the nonlinearity f(z,u) = g(z)u — u? is of special interest.

Under those, there is (see [6]) a unique positive solution 7(z) to —7” = f(x,7) on R, which is in
addition 1-periodic. This function 7(z) attracts, locally uniformly, the solutions of (1). Thus, there
is a moving transition between the values of u(t,.) that are close to 7(z), and those close to 0. We
are going to study how this transition moves to the right, and to this end let us define

X(t) = max{z > 0: u(t,z) — %iﬁfw}. 2)

Then (Freidlin-Gértner [17], Freidlin [15], Weinberger [32], Berestycki-Hamel-Nadin [5]) the function
X (t)/t tends, as t — 400, a constant ¢* which is the smallest speed of a pulsating front solution
to (1) (we will come back to this definition later, in much more detail). The question we ask is the
following: what can we say about X (t) — ¢*t?
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1.2 The case of a homogeneous medium

Here we just mean that f does not depend on z: f(z,u) = f(u). Assumptions 1 and 2 translate
into f/(0) > 0, m(z) = 1 and f’(1) < 0. Then, given any ¢ > ¢* = 2, there exists a traveling wave
solution u(t,x) = Ue(x — ct) of (1), which satisfies —cU. = U + f(U.), U.(—0) =1, U.(+0) =0
and U, > 0. For ¢ > ¢* the function U.(x) decays exponentially as  — +o00: Us(x) ~ Ce™ % with
the decay rate ). being the smallest positive solution of A2 —cA + 1 = 0.

On the other hand, at ¢ = ¢* the traveling wave asymptotics is U (z) ~ Cxe ™%, with A* = 1.
It has been shown in the pioneering work of Bramson [8, 9] that

X(t)=c"t— logt+ O(1) as t — +o0.

2%
There is even a little more: the region in R, where (¢, x) transitions from the value u =~ 1 to u ~ 0
has a width that is uniformly bounded in time, and is located at the distance (3/2A*)log t behind the
location of the traveling wave with minimal speed ¢*. Bramson’s proofs were based on probabilistic
techniques, and were later extended by Gértner to higher dimensions [16], and recently revisited by
Roberts [29], while a PDE proof of this result was later given in [31]. It was extended in [23] with
the additional assumption f’(s) < f/(0) on [0, 1], to initial data that decay faster than the wave with
minimal speed. These results were recently revisited in [20], which is actually a companion paper to
the present one.

1.3 Main results

The goal of this paper is to understand whether we can generalize Bramson’s results to the periodic
case (1). While there is, as we just saw, a rather large literature concerning the homogeneous case,
nothing of that sort exists in the case of coefficients that are not space-homogeneous. We are going
to prove that there is still a logarithmic lag in the periodic case, and we will identify it precisely. As
a by-product of our analysis, we will obtain the convergence of the solution to a family of traveling
pulsating waves, in the correct reference frame.

So, let us recall the notion of a pulsating traveling wave that generalizes the notion of a traveling
wave to periodic media. A pulsating front with speed ¢ > 0 is a function U.(t, z) satisfying

U =Up + f(z,U), z€R, teR, (3)

and U(t+1/c,x) = U(t,z—1), as well as the boundary conditions U (t, —o0) = 1, U(t, +0o0) = 0. Let
us now recall some of the results about spreading speeds and pulsating traveling waves U, (t,x) [2,
4,19, 21, 32, 33] under the given assumptions on f(x,u). It is known that there is a minimal speed
c¢* > 0 such that for each ¢ > c¢*, there exists a unique up to time-shifts pulsating traveling front
U.(t, x), while no pulsating traveling front exists with a speed less than ¢*. Furthermore, all pulsating
traveling fronts are necessarily increasing in ¢. Lastly, the minimal speed ¢* may be characterized as
follows. Given A > 0, let ¢ = 1¢(x, \) > 0 be the principal eigenfunction of the 1-periodic eigenvalue
problem

Yaz = 2005 + (N + g(@) [ (0)0 = 7Ny, Y(z+1,0) =92, A), (@A) >0, zeR,  (4)

1
and () the corresponding eigenvalue. The eigenfunction is normalized so that / Y(x,\)de =1,
0

A
for all A > 0. The minimal wave speed is given by ¢* = r){lig rY()\) = ¢(\"). Here \* > 0 minimizes
>
A*
v(A)/A. In particular, we have v'(\*) = 7()\*) = ¢*. Our first main result is as follows.



Theorem 1.1 Let u(t,z) solve (1) with a nonnegative, nozero, compactly supported initial datum
uo(x). Then for any € > 0 there exist s(¢) and L(e) so that

u(t,z) > m(x) — e for allt > s(¢) and all x € [0, 't — Q—i* logt — L(e)]

and

u(t,z) < e for allt > s(¢) and all x € [¢*t — logt + L(g), +00).

2)\*
So, the front is located at distance (3/2A*)logt behind the pulsating front.

Let us explain informally, in PDE terms, how the logarithmic decay comes about. The main
observation is that solutions of the nonlinear problem (1) behave very similar to those of the linearized
problem v; = vz + g(x)v, with the Dirichlet boundary condition v(¢,c¢*t) = 0 and any rapidly
decaying initial datum. With g(z) = 1, ¢* = 2 and \* = 1, let us write v(t, z) = p(t, z — 2t)e~ (@21,
Then p(t,x) satisfies the standard heat equation p; = pyy, p(t,0) = 0. It follows that p(t,y =
1) ~ t73/2 as t — 400, or, in the original variables, v(t,z = 2t + 1) ~ t=3/2, Assuming that the
solution u(t,z) of the nonlinear problem has the same behavior as v(t,z), and has the exponential
asymptotics u(t, z) ~ e~ @=X®) we deduce that X (t) ~ 2t — (3/2)logt. For the homogeneous case

= 1, we have worked out this argument in detail in [20], yielding quite a short proof of the Bramson
shift. This is the idea that we will put to work here, at the unfortunate expense of much heavier
technicalities.

In the proof of Theorem 1.1, one shows actually more precise exponential estimates on u(t, z)
for x > ¢*t — (3/(2\*)) logt. These estimates imply that the solution w is asymptotically trapped
between two finite space-shifts of the minimal front U.+ around the position z = ¢*t — (3/(2)\*)) log t.
Equivalently, u is asymptotically trapped between two finite time-shifts of the minimal front U~
around the time ¢ — (3/(2¢*A*)) logt. Then, by passing to the limit along any level set, any limiting
solution is necessarily equal to a shift of the minimal front: this follows from a new Liouville-type
result which is similar to what had already been known in the homogeneous case. So, our result is:

Theorem 1.2 There exist a constant C > 0 and a function & : (0,+00) — R such that |(t)] < C
for allt >0 and

w(t,) — U (t — —>logt + (1), )

2 \* =0 (5)

Lo®(0,+00)

lim
t——4oc0

Furthermore, for every m € (0,inf ) and every sequence (t,, xy,) such that t, — 400 and x,—[x,] —
Too € [0,1] as n — +o0, and u(t,,x,) =m for all n € N, there holds

u(t + tn, x + [25)) e Ues (t + T, ) locally uniformly in (t,z) € R?, (6)

where [x,] denotes the integer part of x, and T € R denotes the unique real number such that
Uer (T, 2o0) = M.

This shows in particular the convergence to the family of minimal fronts along the level sets of u.

1.4 Discussion

To the best of our knowledge, Theorem 1.1 is the first of this type for models with periodic coefficients.
As is well-known, most of the information is retrieved through the analysis of the linearized equation
vy — Ve = g(x)v. The bulk of the proof is in getting the decay estimates for the heat kernel in a



half space for this equation, with a Dirichlet condition at a boundary moving with speed c¢* to
the right. Heat kernel estimates for second-order linear parabolic equations in the whole space are
well known, starting from the pioneering work of Nash [26] for operators under divergence form -
a different viewpoint being provided by Fabes-Stroock [12] - and extended to general operators by
Norris [28]. However we are not aware of such results in a half space for periodic coefficients. In fact,
although the papers [12] and [28] were crucial to us, we had to introduce a new ingredient. Indeed,
the Fabes-Stroock/Norris proofs need the conservation of the total mass - a trivial but indispensable

property. Nothing of that sort is available here and, as a matter of fact, it should not be expected.
+oo
What is true in the homogeneous case is the conservations of xp(t, x)dz if p(t,x) solves the

0
heat equation on Ry with Dirichlet boundary conditions. However, we are dealing in the periodic

case with an equation with variable coefficients, so trying to compute the integral of xp does not lead
very far. One of our contributions in this paper is to have identified a family of multipliers which,
integrated against a solution, yield a conserved - or controlled from above and below - quantity.

Turn to theorem 1.2. This is a result of the type ”convergence along level sets”, i.e. it identifies
a limiting profile for the solutions, in the (a priori unknown) reference frame of X (¢). The first - and
most famous - one is the KPP theorem [24] for homogeneous equations. For equations with periodic
coefficients, results of this type have been obtained recently in Ducrot-Giletti-Matano [11] for more
general nonlinearities f and Heaviside initial conditions ug and in Giletti [18] for asymptotically
periodic KPP functions f and compactly supported initial conditions ug. See also Ducrot [10], that
adapts our ideas in [20] to an equation that becomes asymptotical homogeneous in 2. The proofs
in [11, 18] are based on the time-decay property of the number of intersections of any two solutions
and on the fact that the minimal fronts are the steepest ones. In particular, they do not identify
whether or not the level sets of the solutions travel at the same speed as those of the travelling waves
or, as opposed to that, if they travel with a time-lag.

When f(u) = u(l —u), there is a well-known connection between solutions of (1) and branching
Brownian motion [8, 25]. Consider a branching Brownian motion with constant branching rate
g > 0. Initially, there is one Brownian particle, X;(0) = 0. At a random time T3, which is an
independent exponential random variable with rate g, this particle gives birth to two independent
Brownian motions and then dies immediately itself. The two new particles start their motions from
the final location of the parent particle. The process continues in this way, each living particle
reproducing and dying at an independent random time, leaving two new Brownian particles as
offspring. As shown by McKean [25], the function u(t,x) = P (maxkeL(t) Xpi(t) > x| X1(0) = 0)
satisfies uy = 1/2uzy + gu(l — u) and u(0,z) is the Heaviside function. The set L(t) in denotes
the set of indices corresponding to particles that are alive at time ¢. The zero Dirichlet boundary
condition corresponds to Gértner’s [16] strategy of killing the branching Brownian motion at a
moving boundary. If f(x,u) has the form g(x)u(1—u), there is a similar interpretation of the solution
w in terms of branching Brownian motion with spatially-variable branching rate g(z). However, our
general assumptions on f also include cases where the solution u seems not to have such a simple
representation.

In a slightly different vein, let us mention the contribution of Fang-Zeitouni [13], where the
medium is taken to be time-dependent, with the diffusion coefficient o(t) slowly and monotonically
varying between two different values o1 and o3. The authors prove, by probabilistic techniques, that
the lag behind X (¢) and the traveling front position depends strongly on the respective positions of
o1 and o9. In particular, it is shown that it can be of the order /3. In [27], we identify the lag to
be ~ —kt'/3 + O(logt), the constant k being explicitely computed.

We end this section by a discussion of some issues that we are not treating here; they range from
easy generalizations to truly difficult questions. The first one concerns equation (1) with a spatially



periodic diffusion. We have chosen not to treat it, because it would only make the notations heavier.
The results would be exactly the same. A more interesting question concerns what happens for
equations of the type (1) in cylindrical geometries, or even in cylinders with oscillating boundaries.
Dirichlet or Neumann conditions should be imposed. More than likely the results would not change
too much, but one might expect nontrivial technical issues in the study of the linearized equation. In
the same (we believe) order of difficulty, one may ask about convergence to a single wave, rather than
a family of waves. This is true in the homogeneous case. Moreover some of our intermediate results
- the first moment conservation being one of them - would point towards this. We are not, however,
in a position to be more conclusive. Finally, quite an interesting question is the multi-dimensional
case, i.e. what is the shift in every direction, if the initial datum is compactly supported? There
is at the background a free boundary problem that is less than obvious, and so it is not a mere
adaptation of Theorem 1.1. These last three questions are left for future research.

1.5 Organization of the paper

The proof of Theorem 1.1 is long and technical, so we will try to present it in a way that is the most
reader-friendly as possible. As said before, the main effort is to be concentrated on the linearized
equation vy — vy, = g(x)v: so, in Section 2, we state the main estimates that we would like to prove,
%logt + O(1).
Section 3 is an important part of the paper. We put the linearized equation in an almost self-adjoint
form (as is done in Norris [28]), and we construct multipliers which, integrated against a solution,
will produce conserved (or approximately conserved) quantities. In Section 4, we prove the estimate
on the linearized equation that will entail the lower bound on X (t). In Section 5 we prove the
estimates that will imply the upper bound. Finally, in Section 6, we prove Theorem 1.2.

and explain how these estimates entail the sought for time shift: X (¢) — ¢*t =
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2 Computing the time shift from the linearized equation

This section is divided into two sub-sections, the first one dealing with the lower bound on the
front location, the second with the upper bound. Both are organized in the same fashion: in the
first paragraph, we state the linear estimates that we will prove in the sequel. In the subsequent
paragraphs, we explain how these bounds turn into a lower estimate for the front location.

2.1 The lower bound
2.1.1 Estimates on the linearized Dirichlet problem

The proof of the lower bound in Theorem 1.1 is based on the analysis of the linearized equation

Wy = Wey + g(x)w (x > '),  w(0,2) =up(x) (x>0), w(t,ct)=0, t=>0, (7)



It is convenient to represent w(t, z) in the form w(t, z) = e~ @="Dyp(z, X*)p(t, ), where ¢(z, \*) is
A*
the normalised eigenfunction of (4), with A = \* satisfying 7/ (\*) = ()\* ) = ¢*, and p(t, x) satisfies

2

Pt = Pzx + — Pz, X Z C*tv (8)
p(t,c't) =0, t>0
p(ovx) = po({L’) = UO(x)e)\*x(w(xa A*))ila r > 07
with ¢(t,z) = e " @=¢"e)(2, A*). The initial data po(z) is nonnegative and compactly supported
on [0,400). For convenience, we define the function

2 A*

= 20n _ gye g pPe®@ A

¢ ¥(x, A%)

which is the drift term in (8). This function k(z) is 1-periodic in x, and is independent of .
We will need two ingredients. The first one is an upper estimate on the solution p(¢,x) of (8).

K(x) 9)

Lemma 2.1 There exists a constant C > 0 such that

(t4fﬁ33ﬂzjéaaypo(y)dy (10)

p(t,z+ )| <
for allt >0 and x > 0.

For the homogeneous heat equation p; = p,, on R (g is constant), with Dirichlet conditions, this is

t
quite a classical result which can be seen inspection of the solution p(t, z) = (4mt)/? / (e_(x_y)Q/ a_
0

e*(z+y)2/4t)p(0, y)dy. The second ingredient is a lower bound when z — ¢*t is of order v/%.

Proposition 2.2 There exist constants Ty > 0, o > 0, and Cy > 0 such that
« Co
p(t,c*t + U\/i) > - for all t > Tp.

Lemma 2.1 will be proved in Section 3, and Proposition 2.2 will be proved in Section 4. For the
homogeneous heat equation, both are once again quite simple results.
2.1.2 From the linearized problem to a subsolution for the nonlinear problem

Given the lower bound of Proposition 2.2, the next step is to construct a subsolution for (1) using
the solution of (7). If w(t,z) = a(t)w(t,x), then w(t,z) is a subsolution for (1), that is, w; <
Wez + g(x)W0 — q(x, ), with ¢(z,w) = g(x)w — f(z,w) = O(w?), provided that

adt)w(t,z) < —q(x,alt)w(t,x)). (11)

So, (11) holds provided that
& (1) wlt,) < —Ma(t)*w(t, o) (12)

with a large enough constant M. From Lemma 2.1, there exists Cy > 0, depending on ug, such that

(13)



for all t > 0 and z € R (we may define w(t,z) = 0 for x < ¢*t). So, given (13), (12) holds provided
a(0)

that o/(t) < ——————a(t)?, and take a(t) = . a(0) > 0,
at d(t) < —gpyaalt)’s and we may take alt) = s rrera =G sy 40)
which satisfies 1—}-02L(]\04)a(0) < a(t) < a(0) for all t > 0. If a(0) < 1, then w(0,z) < wup(x) for all

x € R. Therefore, the comparison principle implies u(t,x) > w(t, z) = a(t)w(t,z) > Cw(t,x) for all
t > 0 and x > ¢*t. In particular, Proposition 2.2 implies that

ult,ct + ovt) > Ctle N oVE (14)

for t > Ty.

2.1.3 From a lower bound on the far right to the bound at the front

Now we show that (14) implies the lower bound in Theorem 1.1. Let m(x) be the positive steady
solution of (1). Let ¢ > 0. We want to show that there is a constant L(e) € R such that, for large ¢:

u(t,z) > m(x) — 26, ¥ ze [0, — % logt — L(e)]. (15)
The idea is to put a certain translate of the pulsating front U.+ below u. However u(t, ) might be a
little below 7(z) even in the areas where it should be close to 7, we have to slightly deform U.+. For
every A > 1, consider f(\, z,u) = g(z)u + A\g(x,u); we have f(1,z,u) = f(x,u) and 9y f < 0 due to
the assumptions on f. The function f(A,z,.) is still concave. And we still have 9, f(A, x,0) = g(x).
Let 7y be the unique bounded positive solution of —7” = f(\, z, 7), it is still 1-periodic in z. From
the linear stability [6] of m) with respect to (1), and the strong maximum principle, we have O\m < 0.
Thus, if € > 0 is small, let A\. > 1 be the largest A such that m)(x) > 7(x) — ¢ for all . By the
Harnack inequality, there is . > 0 such that m(x) — mx(z) > .. We fix such a \., that we denote
by A for commodity. Because 9, f(\, x,0) = g(z), ¢* is still the minimal speed for the pulsating
traveling front problem, with f(x,u) replaced by f(A,z,u). Let Ug‘* be such a traveling front, it
connects monotonically 7y to the left, to 0 to the right.
To show (15), we will bound u from below by the function U(t, z) = UA(t — r(t), z), 7(t) = o(t)
to be chosen. Since O,U2 (t,z) > 0 we have, provided that ' > 0:

Up — Upe — f(2,U0) U = Uy — f(N,2,U) = =1 ()0, UL < 0.

Since the first periodic eigenvalue of —0,, — g(x) is negative, it is known from [7] that u(t, z) — 7(z)
as t — 400 locally uniformly in « € R. Therefore, there exists 17 > 0, depending on ug and ¢, such
that u(t,0) > 7(0) — 0./2 for all t > T}. Therefore, U(t,0) < 7(0) — e < u(t,0), for all t > T1. By
taking T} larger, if necessary, we may assume 77 > Ty so that (14) holds for all ¢ > T3. Therefore,
the maximum principle and (14) imply that the bound

U(t,l’) <wu(t,x) forall ze€l0,ct+ a\/ﬂ, t > 1Ty, (16)

will hold, if the following two equations are satisfied:

U(Ty, z) < u(Ty,z), € l0,¢Ty + o\/Ti] (17)

Cef)\*a\/f

Ult,c*t + oVt) < - , t>T) (18)

2 *c*
For (17), because of the monotonicity of U2, one just has to take Lg large enough. As for (18),

We now claim that (17) and (18) hold with r(¢) = < ) logt + Lo, if Lg is sufficiently large.



* * C * * Lk
recall [19] that UA(t,z) satisfies UX(t,z) < C(z — c*t)e M@= < ?e_’\ oVig=Ne Lo for all
t > Ty. So, provided that Lo is sufficiently large, we have (18). With this choice of r, the lower
bound of Theorem 1.1 follows from ((16)). O

2.2 The upper bound

As we have seen, the idea behind the (3/2A*)log(t) delay is that the evolution is driven by the
behavior of solutions to the Dirichlet problem (7), which is z; — 232 — g(x)z = 0, = > ¢*t, with
z(t,c¢*t) = 0. The problem is that such solutions that are initially compactly supported will decay in
time like ¢3/2, hence they can not serve as super-solutions to the non-linear problem. The correction
to this inconvenience is to devise a reference frame in which the Dirichlet problem will have solutions
that remain bounded both from above and below by positive constants for finite x, and this is exactly
what the 3/(2A*) logt shift achieves.

2.2.1 The linearized problem in the logarithmically shifted reference frame

We expect the front to be at x(t) = ¢*t — rlogt, with » = 3/(2)\*). For the moment, let us assume
that the constant r is still general, and we will choose r appropriately later. Accordingly, we consider
the Dirichlet problem

2t — 2g — 9(x)2 =0, t >0, z>c't—rlog(t+T)+rlog(T),
2(t,c*t —rlog(t +T) + rlog(T)) =0,

with a given nonnegative continuous compactly supported initial condition z(0,-) Z 0 in (0, +00).

Define the new time variable 7 by ¢*1 = ¢*t—rlog(t+71)+rlog T, and set Z(1,z) = 2(t,x). Let us
also denote t = h(7), and choose T' > 0 sufficiently large so that the function h(7) is well defined and
monotonic. Then, set Z(7, ) = e~ @~y (z, \*)a(7)p(7, 2), with an increasing function a(r) > 0
to be determined. Here, as before, 1(z, A*) is the eigenfunction of (4). The function p(7,x) must
satisfy

1 ~ o~ ¢I~ 1 O/(T) * ok 1 ~ *
h’(T)pT_pm+2¢px+<_h/(7—) o(7) + X <1_h’(7-)>)p_0’ T7>0, 2>c'T, (19)

where 2¢, /¢ is as in (9). We first compute h/'(7):

1 T T T
(1) =1- c*(h(r)+T) =1- cH(t+T)+rlog((t+T)/T) =1- m +B8(),
with
r r r?lo
sy - ) : (¢ + 7)/7)

Hr+T) c(r+T)+rlog((t+T)/T) c(t+T)(c(t+T)+rlog((t+T)/T))

Observe that |f(7)| < C|7=3/2|, and if r > 0, then h/(7) > 1 for all 7 > 0.
To eliminate the low-order term in (19), we now choose «(7) so that

o (1 s rA* 1
():c)\(h(T)—l):M+O<(T+T)3/2>,

hence
a(r) = exp[rA*In(r +T) + 0(7_1/2)} =(r+ T)M*(l + 0(7_1/2)). (20)



The function p(7, z) then satisfies

1 o %

h/(’i')p pxw+2¢px7 T>0, z>c'T, (21)
with the Dirichlet condition p(7,c*7) = 0. Observe that if » = 0 (taking no logarithmic shift), and
R’ =1, this is identical to equation (8) which is satisfied by p(¢, z) that was used in the construction
of a sub-solution. However, we can not take r = 0 and use p(¢, z) for a super-solution since p(t,x)
decays as t73/2 as t — +oo while for a super-solution we need p(t,x) to stay bounded from above
and below for finite values of x.

To bound the function z(t,z) = 2(1,z) = e @2, \*)a(7)p(T, x), we need an estimate
on p(7,z) from above and below. The main technical step in the proof of the upper bound in

Theorem 1.1 is the following estimate on p(7,z), which implies that p has the same leading order

1
behavior as p, even though h/(7) # 1 in (21). Let us set w(r)=1— e = C*(TT—I- T~ B(T).
Observe that w(7) ~ r/c*T as T — oo, and |w(7)| < C/7, |'(7)| < C/7? for 7 > 19. The linear

estimate that we shall need is the

Proposition 2.3 Let p(t,z) satisfy

(1= (D) Br = Fas + 2%, w2 (22)
with the Dirichlet boundary condition p(T,c*1) = 0. Then there exist constants k, K, 79 > 0 so that
k(z —c*1) _ _ K(z —c*1)

32 <p(r,r) < — 32

for all x € (¢*1,c¢*1 4+ k/T) and all T > T9.

2.2.2 Proof of the upper bound in Theorem 1.1, knowing Proposition 2.3

In terms of the function Z(7,x), Proposition 2.3 says that

a\T * M\ (x—c*T ~ o\T * —A*(x—c*T
T:S/Q)k:(xc e M )SZ(T,x)ST:S/Z)K(mC r)e M )

holds for all x € (¢*7,c*T + ky/7) and all 7 > 79, even if it means changing the positive constants

k and K. Expression (20) for a(7) shows that the choice of r = 3/(2)\*) gives K; < % < Ko,
T

for 7 > 79, and therefore we have k(z — ¢*7)e N (=" < 3(1,2) < K(z — ¢*1)e N @=¢"7) for all
x € (¢*1,¢*T + ky/7) and all 7 > 7.

Now, we go back to the ¢ variable. Since ¢*7 = ¢*t — rlog(t + 1) + rlog T, we get the lower and
upper bounds

Z( ) > k(:c — M+ rlog(t + T) —rlog T)e—)\*(x—c*t—i-r log(t+T)—rlogT)’
2(t,x) < K(x — ¢t +rlog(t + T) — rlog T)e N (z—ct4rlog(t+T)—rlogT) (23)
for all t > h(ry), in the interval ¢*t — rlog(t +T) +rlogT < x < ¢*t —rlog(t + T) 4+ rlog T + kt'/?,
even if it means decreasing the positive constant k.

Let 7(z) the steady solution of (1). It follows from (23) that there exist 1 > 0 and z2 > 0,
both independent of ¢ > h(7y) so that if we choose M > |||« large enough, then (i) we have



Mz(t,c*t—rlog(t+T)+rlog T+x1) > 2||p|le and (ii) M z(¢t, c*t—rlog(t+T)+rlog T+x) < 1/21ﬁf7r,

for all & > ¢*t — rlog(t +T) + rlogT + z2. Then we set
alt,z) = m(z), x<ct—rlog(t+T)+rlogT + x; (24)
" min(w(x), Mz(t,x)), x>t —rlog(t+T)+rlogT + 7.

for ¢ > h(7p). Note that u(t,z) = Mz(t,z) for all x > ¢*t — rlog(t +T) + rlogT + x2. Moreover,
u(0,2) < u(h(m),z) for all x € R, even if it means increasing the constant M. Therefore, since
u(t,x) is a supersolution because of the KPP assumption, the maximum principle implies that
u(t,x) < a(t + h(m),x) forallt > 0 and x € R. Therefore, for any v > 0, we may choose T
sufficiently large so that

5 log(t)) <

5 log(t)) < Mz(t+ h(m),xz + ¢t — I

2)\*
holds for all t > 0 and x > z. I

u(t,x +c't —

3 Almost self-adjoint form and special solutions for the linearized
equation

The first part of this section is standard, and simply consists in putting (8) under a form that is as
close as possible to self-adjoint, as is done in [28]. This form is the best suited for studying moments
of the solution. In the second part, we generalize to (8) the observation that, for the Dirichlet heat

+00
equation p; = py; on Ry, there is a first moment conservation: / xp(t, z)dz is time-constant.
(o.9]

We are going to show that integrals of the form I(¢) = / v(z)f(t, z)p(t, x)dx, where f(t,x) solves

c*t
an adjoint equation, are preserved. A more flexible version of this principle will also be presented,
and will turn out to be useful in the more technical estimates of the solution of the linear equation.
As an application, we will prove the ¢t=3/2 upper bound on the solutions p(t, x).

3.1 The almost self-adjoint form

We summarize everything in the

Lemma 3.1 Let k(x) = 2¢,/¢ be defined by (9). There is a unique positive, periodic function v(z)
with mass 1 over a period, such that for any function p(x),

1 0 c*

Paz + K(T)pz = m% (v(2)pz) — y(x)p‘”' (25)

Proof. The identity (25) means that
V(x) = r(z)v(z) — b, (26)

with b = —c*, and hence vy, — (k(7)V) , = 0. This equation has a positive periodic solution: indeed,
v(x) = 1 satisfies the adjoint problem Uz, + k()0 = 0, and the Krein-Rutman theorem applies.
1 dy(x, \Y)

Y I satisfies

To find the constant b, observe that the periodic function x(x) =—

Xza + K(T) X2 = —K(z) — . (27)

10



Indeed, differentiating (4) in \ gives the following equation for ¥y = di/d\:

(Ux)az — 22 W0x)z + N2y — 20 + 200 + g()hy = ~' (M) + yiha.

A*
Then, using the identity v'(\*) = 7()\* ) = c*, we obtain at A = \*, with ¥} (z) = ¢¥x(z, A*):

(UR)ae = 2N (UR)x + (A1) + g(@)¥} — 207 + 20" = ¢ + "Xy,

Writing now ¢y = —x(x)¥(x, A*) and using the definition of x(x) gives (27). Multiplying (27) by

1
v(z) and integrating over the period gives / (k(z) 4+ ¢*) vdx = 0. Therefore, we have, since v is of
0

1 1
mass 1: —c* = / r(z)v(z) dz. It follows from (26) that b = / k(z)v(z)de = —c*. O
0 0

The periodic function x(z) which satisfies (27) will be useful later. For this reason, let us remark

Q;xxg = —2@ —cin R,

)
1
and / x’(x) dz = 0, which is obtained by adding a suitable constant to y. To end this paragraph,

that there is a unique periodic function x°(x) which satisfies both x9, + 2

0
let us write the system satisfied by p(t, z), the form on which we shall work from now on:

l/(.%')pt = (V(x>pm)m — 'y, Ct<x (28)
p(t,c't) =0, t>0
p(0,2) = po(x) = uo(z)e* “((x, A) ™", x>0,

3.2 Multipliers and approximate multipliers

Let us consider the linear boundary value problem

v(@)fe+ (v(@)fa), + " fo=0, x>ct, tER, (29)
ft,ct)=0, teR

and its adjoint form
v(z)G — (W(2)¢), —c* G =0, x>c*t, teR, (30)
C(t,c't)=0, teR

Lemma 3.2 There is are two functions f(t,z) and ((t,z), and a constant m > 0 such that f; <
0, <0, and

m(x — c't) < f(t,z),((t,x) <m ™ (x —c*t), for allx > c*t, t € R. (31)

Proof. We only provide it for f. Observe that (29) has a solution of the form Y (¢,z) = (v — ¢*t) +
y(x), where y(x) is periodic and satisfies —c*v(x) + (v(2)(1 + yz)), + ¢ (1 +yz) =0, or

W (@)ye)y + Yo = " (v(2) = 1) =/ (2). (32)

Equation (32) has a periodic solution because the integral of the right side over the period vanishes,
because v is of mass 1. By subtracting a constant from y, we may assume Y (¢,c*t) < 0. Although
Y (t, ) grows linearly in (z — ¢*t) and is a solution of (29) for all ¢ € R and = € R, it may not satisfy

11



the desired Dirichlet boundary condition at x = ¢*t. On the other hand, if 5(¢) is the largest zero
of Y then
B(t) = c"t] < M, (33)

with a constant M that does not depend on t.
A function f(t,z) having the desired properties may be constructed as the limit of the sequence
of functions f(™(t,2) which satisfy

m), 1 (n) ) _ ot <
It +V(a:) (V(x)fx >m+l/($)fx 0, >c't, t<n

fW(t ) =0 t<n,
F™(n,z) = max(0,Y (n,z)), x> cn.

It follows from the maximum principle and (33) that there exists a constant C, independent of n,
such that
Y(t,z)—C < fM(t,2) <Y(t,x)+C, Va>c't t<n. (34)

Using (34), we can find positive constants L, M, m, independent of n, so that
f@(t, et + L) > My, for all t < n,

and, in addition, m(z — ¢*t) < f(t,2) < m~*(z — ¢*t) holds for & > ¢*t + L and t < n/2. Then
the strong maximum principle and parabolic regularity imply that ng”) (t,c*t) > ¢o for all t < n/2,
for some positive constant ¢y that does not depend on n or t. By parabolic regularity, we may then
extract a subsequence converging to a limit f(¢,z) satisfying (29), (31) and the boundary condition
f(t,c*t) = 0 for all t € R. Note that ft(n) < 0 — this follows from the maximum principle since
f@™(t,z) > 0and f™(t,z) > Y(t,z) for all t <n, and = > ¢*t. It follows that in the limit we also
have fi(t,z) <0. O

Then, we need a more flexible quantity, that we call n,(t,z), whose role will be to measure
how much the solution p(t,z) of (28) is concentrated in intervals of the form [c*t,c*t + ov/t] (the
parameter o will, as is often the case, play the role of t—1/ 2).

Lemma 3.3 There is a constant C' > 0 such that for each o sufficiently small there is a constant
w(a) and a function 0y (t, x) satisfying

0 0 0
l/(l’)% + (V(z)anxa)m + c*% =pl@)v(r)n, teR, x>c"t, tekR, (35)
0T _ p—ax 0T _ p—Ox
Na(t,c*t) =0 fort € R, and C———— < nu(t,x+c*t) < C ' — forallz >0 and t € R.
« e
In addition, there exists po > 0 such that
pla) = poa? + 0(a®) for all a > 0 sufficiently small. (36)

ea(:(:—c*t) _ e—a(x—c*t)
For the homogeneous medium, v(z) = 1, and the function n,(t,x) = ,
a
satisfies (35) with p(a) = o?. In the general case, the function 7, has exponential asymptotics as

a(z=¢", (x)as £ — +00, where 7j, () is a positive periodic solution of

x — 400t na(t, ) ~ e

I
—
=
—~

Q
~—
|
Q

()
~—
<
—~~
8
~—
=
g

(V(:L’)%Z;) + a(v(z)ia). + (¢ + av(a:))ég? + cfa(l —v(x))ia

12



and p(a) is the corresponding eigenvalue.

Proof of Lemma 3.3. The proof is broken into three steps, each of them corresponding to an item
of the lemma.

1. The eigenvalue asymptotics for a < 1. Consider the periodic eigenvalue problem

(r@52) +alvtane +( +avlo) T2 +call = vie)n = (@) (a)n

n(z+1) =n(z) >0,

1
with v(a) = pu(a) — o? and the normalization / v(z)n(x)dx = 1. Observe that v(0) = 0 and

0
n(x,a = 0) = 1. Moreover, as 7(0) = 0 is a simple eigenvalue, y(«) is an analytic function of «, for
« sufficiently small. The function ' = 9n/0« satisfies

on’ ! * o' . o ' @ x(q _ .
v(x) +aw(z)n) e+ (" +av(x)) =—+ca(l—v(x))n'+ (wn)e+v—+c(1—v)n = yvn'++'vn.
or ), ox Oox
Setting o = 0 we obtain:
on’ Lo ] o
<V(x)8a?>x+c %—l—uw—i—c (1-v)=~r (37)

Integrating (37), we conclude that +/(0) = 0. Next, n” solves
a /" 8 i a /

(M5 )+t + @+ avte) G+ ctalt = v+ 20m)s 4 25 4 201w
or ), Ox Ox

=" +29'vn’ ++"vn.

So, at & = 0 we have

/

877// 87’]

Lon” , o'
v(x) 5 +c o +2(vn )y +2v e

7

+2c¢" (1 —v)y =+"v.

Integrating this equation, we obtain

1 877/
1/ — 2 - * 1 _ / .
y /O <u Lo u)n> do (38)

/ /
Since 7/(0) = 0, (37) implies that ¢*(1 —v) = —v, — c*gn - <1/gn> . Plugging this into (38), we
x x
1 877’ 1 an/ 2 ’
obtain 7" (0) = 4/ Vo dr + 2/ v (0) dz. Since 4y + 2y?> > —2 for all y € R, we conclude
0 T 0 x
1
that 7”(0) > —2/ v(xz)dr = —2, with equality if and only if %—"x = —1. Since 7’ is periodic,
0

97" — _1 cannot hold at all z, so we must have 7”(0) > —2. Finally, since u(a) = o2 + y(a), we

oz
have p”(0) = 2+ +"(0) > 0, proving (36).
Let us now denote the eigenfunction of (37) by 7, to indicate its dependence on a.
2. Construction of the function 7,(t,z). We first claim that there is a constant C' such that

for all a > 0 sufficiently small, there is () > 0 with u(—f5) = pu(a) and such that b _ 1| < Ca,
o'

and sup,, [7.(z) — 1| < Ca, sup, |7g(x) — 1| < Ca. Indeed, the existence of such a 3 follows from

13



the fact that u(a) ~ Ca? for a small. The bounds on 7, and 7jg follow from elliptic regularity and
the fact that for a =0, o(z) = 1.
So, choose 8 = (a) > 0 accordingly, and consider the terminal value problem

Ong One, + O N
v(z) nat’T + (V(x) ngT) +c gx’T = pla)v(z)ner t<T, z>c't (39)

with the terminal condition 74,7 (7, z) > 0 to be determined. The function 7,(¢,z) of Lemma 3.3
will be defined as limy_,o 10,7(¢, ). Observe that for any constant C, the function

o™ty (2) — O e P ()

satisfies (39), since pu(—p3) = p(a). If we choose the constant C, = émin 7za(a:)

a @ sz

> 0, then the

function
hu(t, x) _ a—lea(aﬁ—c*t)ﬁa (.T}) - Cuﬁ—le—ﬁ(:c—c*t)ﬁﬁ(x)
satisfies hy,(t, ¢*t) > 0 for all ¢ € R. Similarly, if we choose C; = s max 72a Elg
a = fg(x

h(t,z) = o te®@= D (x) — O e PE= (1) (40)

> 0, then the function

satisfies hy(t,c*t) < 0 for all t € R. Now, if we choose the terminal condition 7,7 (T,z) =
max (0, he(T, z)) , the maximum principle implies that

hi(t,x) < na(t,z) < hy(t, ) (41)

holds for all t < T and z > ¢*t. Although the constants C, and C; depend on «, we have C, =
1+ 0(a) and Cr=140(a) as a — 0.
Now, we claim there are constants L > 0 and M > 0, independent of T, such that

et _ g—ox ar _ p—ox

M—— <nar(t,z+c't) < M_lei, (42)
e e
for all z > L and ¢t < T, and all « sufficiently small. Given this claim, parabolic regularity and the

Mo
ToT (¢ ¢*t) < b1 holds for

maximum principle imply that there is b > 0 universal such that b <

—e

d ax — QT
all t <T —1 and « > 0 sufficiently small. Since T <€a> ‘ = 2, it follows, by parabolic

regularity, that (42) also holds for all x > 0 and ¢t < T — 1, with a géo?lstant C that is independent
of T. Then letting ' — 400 we may take a subsequence of functions 7, 7, (x,t) such that T, — oo
and 7, 1, converges locally uniformly to a function 7,(t, z) satisfying all the criteria of Lemma 3.3.
3. The proof of (42). Let us derive the upper bound in (42). Because of (41), it suffices to show
that

ax —ax
— €

hult,z + c*t) < M—leT (43)

holds for all t € R and « > L, with L > 0 and M being independent of . Let us write hy (¢, z) as
c, 2@t el e—ﬁx> .
B Na(x + c*t)

Therefore, since 7j, is uniformly bounded in z, independently of a € (0, 1), the upper bound (43)
holds if

hu(t,z + c*t) = a Lo (x + ¢*t) (e’“ -

<e°‘z — Cug%(x e t)eﬂx) < My (e** — e %)
n



for some constant Ms, which is equivalent to

20z o (@ +¢") _(s-aje

Since Cy, Na, 73 are positive, this inequality certainly holds if e 2% My < Moy—1. So, if we set My = 2,
then (44) holds for all z > In(2)/(2a). Now consider (44) for z < In(2)/(2«). By the beginning of

t

step 2, Cy am =1+ O(a) as a — 0, uniformly in z and t. Moreover, 3 — a = O(a?), so
Y B Mo (z + c*t)

a 77,8(53 t+c t) 7(Bfa)z ;
that f <In(2)/(2 h e Y = (1 . Theref th My = 2
at for z < In(2)/(2a), we have C, 577a($+0*t) (1+0(w)) erefore, wi 9
My —1
and z < In(2)/(2a), inequality (44) becomes e 2% < m =1— O(a). Hence there is a

constant L such that (44) holds for all x > L and t € R, and all « sufficiently small. This establishes
the upper bounds in (43) and (42).
In a similar manner, we now we prove the lower bound in (42). It suffices to show that

ax —ax
— €

h(t,z) > M% (45)

holds for all ¢t € R and x > L. Let us write h(¢,x) as

t
hi(t, o + c*t) = a ' (x + c't) (e -C aﬁﬁ(xﬂ)e’“) .

"Bz + ct)

Therefore, since 7,(z) is uniformly bounded away from zero, independently of « € (0, 1), the lower

bound (45) holds if
“t
M3 <€ C CW?B(@”+ c )eﬁx) > T _ ooz
"B (x4 *t)

for some constant M3, which is equivalent to

a nﬁ(fU +c t) 7(6+a)z —2ax
1> P — .
My —12 MyCig 22 e e (46)

This bound certainly holds if

afg(@+ct) _(gray

Mz — 1> MsC
’ "Bl +ct)

a gz + c*t)
"B iz + *1)
sufficiently small. So, if we set M3 = 2, then (46) holds for all z > In(2)/a.

Now consider (46) for < In(2)/a. Recall that, 8+ o = 2a + O(a?), so that for x < In(2)/a,
we have

By construction of 7, we know that C;— =14 O(a) < 2 uniformly in x and ¢, if « is

2N gy _ 2021 4 O(a)).

"B a(z + c*t)
Therefore, with M3 = 2 and = < In(2) /a, inequality (46) becomes Mz—1 > (M3(1 + O(a)) — 1) e~29%,
which is e72%% < =1 — O(«). Hence there is a constant L such that (46) holds for

21+0(o)) — 1
all z > L and t € R, and all « sufficiently small. This proves the lower bound in (45) and in (42).
This completes the proof of Lemma 3.3. J
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Lemma 3.4 (i). There is a constant C' > 0 such that |0:((1,x)| < C for all x > c*r.
(i3). There is a consant C such that |0:na (T, )| < C for all x € (c*1,¢*1 +a™ ).
(i1i). There is a constant C' such that |0 (7, x)| < Cane(1,x) for all x > c*r.

Proof. Part (i) just comes from parabolic regularity. As for Part (ii), we come back to the notations
of Lemma 3.3. Consider T' > 0, at 7 =T we have, just using the equation for 7,:

0o (T, x) = O™~ 4 =) 4 dpy (2)

where i, is a measure carried by the (compact) zero set of the function h;, which was defined at
(40), and whose mass is uniformly bounded with respect to «. So, applying the equation for 9,7, -
recall that it solves the same equation as 7,:

aq—na(T — 1737) — O(ea(fl'*c*T) + efa(xfc*T)) + O(]_) — O(ea(mic*T))
Running the equation for 7 < T — 1 yields
a7, )| < Ce™@ i (a),

and s0 910 (7, ) = O(e®=¢"7)) which is sufficient to prove the claim. [J

3.3 Application: the %2> bound

In other words, we are going to give the
Proof of Lemma 2.1. We are working on the almost self-adjoint form of (8), which is (28). We
use a duality argument, and the main step in the argument is to derive the L? bound

%) 1/2 C )
</ pQ(t7x)dx> < 753/4/0 xpo(x)dx, Vt>0. (47)

*t

It follows from (28) that

33 | vata)s = = [ viapita)dn (48)

The right side of (48) may be bounded from above by using a Nash-type inequality: there is a

constant C' such that
2 2
/0 18(2)[2dz < C ( /0 Bxdac> ( /0 xﬂ(:n)dx) (49)

for all functions 8 € L'([0,00)) N H'([0,00)) satisfying B(0) = 0 and B(x) > 0 for # > 0. This
inequality can be verified in the usual manner: if £(z) is an odd extension of 3(x) to all of R, then

/ T k@ =c / k), (50)

. . d - o0
where £(k) is the Fourier transform of {(z). Note that £(0) = 0, and 'dkg(k:)’ < C/ xf(x)dz,
0
whence [£(k)| < C|k|||zB||1. It follows from (50) that for any R > 0 we have

0o R k12 . C
[eepasc [ wpae [ Bodwp < R+ gleg
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: /5 .
Choosing R = (|8.]3 / [|lz813)"/° gives (49).
Going back to (48), since v(z)~! > 0 is bounded, we conclude that

%% o: v(@)p*(t, z)de < —C ( / j(p(t, z))> dx) " < / j:(a: — ' tp(t, ) dx) e (51)

Next, we work toward an estimate of the right side of (51). Let us multiply (28) by a function
v(z)f(t,z), with f(¢,c*t) = 0 and integrate:

d oo
% C*t

o0 o0

v(z)f(t,z)p(t,z) de = /

c*t

V@) flt,2)p(t,a) do— |

c*t

v(2) fo(t, 2)pe(t, o) do—c* /O: fpeda.

We choose f to be a solution of the backward equation, as in Lemma 3.2. Recall that the integral

o0
I(t) = / v(z)f(t,x)p(t, z)dx is preserved: I(t) = I(0) for all ¢ > 0. Moreover, (31) implies that
c*t

( /Coo(x — c't)p(t, x) d:c) o >C ( /COO v(z)f(t, z)p(t, x) dm> o — C(I(O))*4/57

*t *t

00 5/3
for all ¢ > 0. So, if I1(t) = /c*t v(z)p*(t, z)dz, we conclude from (51) dlflt(t) < —CW.
follows that (Iy(t))~%/3 > Ct(I1(0))~*?3 for all t > 0, which implies the L? bound (47).

The standard duality argument can be now applied. If S; is the solution operator mapping po(-)
to p(t,-), then the adjoint operator S; is of the same form as S; except for ¢* replaced by (—c*)
and changing the direction of time. Hence, the L' — L? bound (47) for S; implies also the dual
L? — L™ bound: |p(t, )| < C(:Etg_/ft)
obtain the conclusion of Lemma 2.1. [J

It

Ipoll2, = >c't, t> 0. Finally, writing S; = S}/905;/, we

4 Estimate from below for the linearized equation

Recall that we are dealing with the almost self-adjoint form (28), and that we wish to prove Propo-
sition 2.2, namely: p(t,x) is larger than O(t~!) if & — ¢*t is of order v/t. We will take three steps:
in the first one, we will show that the estimate is true for a lot of points in the range = — c¢*t ~ v/t;
this will be an integral estimate. This is not good enough to propagate the estimate inside, and
so another step will be to prove a Harnack-type inequality (section 5.2), which will retrieve all the
points of the real line. The last item is proved in section 5.3.

4.1 Proposition 2.2 is true in the integral sense

Proposition 4.1 There exist a time Ty > 0 and constants cg > 0, B > 0, and N > 0 that depend
only on the initial data so that for any t > Ty there exists a set Iy C [c*t + /N, c*t + N+/t] such
that |I;| > B\t and

pltx) > . (52)
holds for all x € I.

Proof. We define the second exponential moment by

Val(t) = /OO v(z)n2a(t, z)p(t, x)q(t, x) dz = /00 v(x)noa(t, 2)C(t, ) g2 (t, x) d.

*1 *t
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Then

[oe) o
= / v(0¢n2q)pq dx + / Un2aPrq dx + / UN2apq: dx.
C

*t c*t

H(20)Valt) - / (L e )pada + /

*t c*t

o0 o0

Un2aPrq dx + / Un2apq: dz,

c*t
where £*n = v~ (vng), + v te*n,. Since p; = Lp, ¢ = Lq + Z%qx we have

o0 o0

UN20Pede AT + 2 / Vnzapéiqz d. (53)

Valt) = u(2a)Va(t) — 2 | [

c*t

As p = (q, we have p, = (,q + (g and so pggqx = qCxQz = P2z — C(qx)Q. Therefore, the last two

terms in (53) reduce to

o0

Volz(t) = M(Qa)voa (t) - 2/ V772aC(Qz)2 dx = /~L(2O‘)Va(t) — 2D, (t)a (54)

c*t

oo

where D, (t) = / vpal(qe)? dz

5

The quantitcha(t) is the one we need to estimate — we do this by bounding the right side of
Va (1)
[Ta (t)[*/3
for all ¢ > 1 and « > 0 sufficiently small. Since v > 0 is periodic, this is equivalent to the statement
that for any a > 0,

o) 5/3 0o 4/3 %)
WCi2d _C( o d) ( o $2d>. 55
(/mm Cq x) < /C*tnéq T /c*tnz ((qe)" da (55)

By Lemma 3.3 we may compare the function ((¢,x) to the linear function = — ¢*¢, and 7,(¢, x) to
the function (e —e™*")/a. That is, for o > 0 sufficiently small

(54). We claim that there is a constant C' > 0 such that the inequality D, (t) > C holds

00 o] 62cxr o e—2am .
/ Malq® dz < C) / Pt a+ ) da = iV,
c*t 0 2c

00 00 LT _ o0 R
/ naCqdx > Cg/ ————aq(t,x + c't) dx = Cal,,
c 0 &

"t
and

00 9 o] ean _ 672051 9 9 9 .
/ 120C(qe)” dx > 03/ Tw(qgg(t,x + c*t)* — atq(t,x + c't)?) dx := C5D,.
c*t 0

The Nash inequality in R? ([30], Lemma I.1.1.) gives Vet < iy ?De, and (55) follows for all ¢ > 1.
Returning to (54) we now have

\0)
Ia (t)4/3

VA() < pn(20)Va(t) = C

where I’ (t) = p(a)I,(t). For V(t) = et Z,(t), this implies the bound

—tu(2a) t5p(20) /3 5/3 5/3
, eth(2a) (Za®)P _(Zal) .
Zo) = —C—mmnn s - Lops ¢ (56)

18



2 4 1
for t > 1, where R, = g,u(Za) — —ula) = gu(2a) 4+ 0O(a®). We used (36) in the last step above. We

3
deduce from (56) that

3/2 32
I,(0)Y3R, 1,(0)2 [ tRy— R,
Zelt =€ <€tRa — efta - C(t —1)3/2 \ etfla — efia ' (57)
Note that, since e” is a convex function, we have — — aa < e ®for all b > a. Moreover, R, > 0 for
et —e

« sufficiently small, so R,t > R, for t > 1. Hence, (57) implies

1,(0)* 3 C1,(0)?
7. (1) < O—)__=3Ra/2 o ZTal)
()< O 1me =t —1)3

)t Ia(0)2

Therefore, we have V,(t) < Cet2e m7

which is

00 1/2 e,u(2cu)t ()
(/ Maa(t, z)v(2)C(t, ) g dx) Sc(t—l):%/‘*/o N (0, 2)v(2)C(0, z)po () dz.

*t

By Lemma 3.3 and the definition of ¢(¢, x), this implies

®© 20z _ 2oz . 1/2 eu(2a)t © pax _ Loz
_ * < .
</0 S (t,c t—i—x)dw) _C(t—1)3/4/0 - zpo(x) dz

From now on, we take o = 1/+/t. If Ty is sufficiently large, and ¢ > Tp, for any = € supp po we have

ax —axr

i < 4z. So, for all t > Ty we have
o
1/2
00 621/\/;5 _ 6—23:/\/2 , C 00
< —
</0 2‘%/\/% p (t7x)d$ = t3/4/0 l’po(l‘)d.’ﬂ, (58)
or 1/2
oo 2x/Vt _ —2x/\t )
(/ e me pQ(t,x)daz> < f/ xpo(x)dx. (59)
0 0

Let us take N > 1 sufficiently large (but independent of t), then for 2 > N/t we have e>*/ Vi

(3] 6233/\/2 ) 1/2 C [
267233/\/5’ thus (59) implies / p*(t, z)dx < / xpo(z)dx. Moreover, we have
NV T t Jo

IN

0o oo ea:/\/f
xp(t, x)dx / p(t,x e~ /Vig3/2 4y
/.t i)

oo 2x//t 1/2 00 1/2
/ ¢ p2(t,x)dx </ e_zx/‘/ix?’dx)
Nvt T NVt

C ooxpo(z)dx Ooy?’e*ydy v
(] i) ([ )

2N3€_N/2/ xpo(z)dr = LO),

IN

IN

IN



as long as N > Nj is large enough (but independent of ¢). Recall now the conservation of
[e.e]
I(t) = / v(z)f(t,z)p(t, z) dx, together with the fact that m(z — c¢*t) < f(t,z) < m™1(z — c*t)
*t
) Nve 31
for some m > 0, and all > ¢*t. It follows that / xp(t,x)dx > = From Lemma 2.1 have
0
Vt/N NVt
/ zp(t, z)dz < CN3Iy. Therefore, by taking N larger, if necessary, we have / xp(t, z)dr >
0 Vi/N

I
50. For ¢y > 0 to be chosen, let HtjE be the sets Ht+ ={z € [\/7E/N7 N\/ﬂ | p(t,z) > co/t}, and
H ={z € [Vt/N, NVt | p(t,x) < co/t}. We have

Iy
— <
5 _/Hr:np(t,m)d:p—k/H

I
so that by choosing cy < Ip/(2N?), we have ZO < /

xp(t,z)dr < / xp(t, z)dx + QO N2,
oy 2

t

xp(t, z)dz. Now, apply Lemma 2.1 again, this
+

Ht
I I I
yields ZO < /+93p(t,:c)dx < g/g/+x2daz < g/g|Ht+|N2t. It follows that |H;"| > /t/(4N2C).
H H,

t
This proves Proposition 4.1 [I.

4.2 A Harnack type estimate
For R > 0 and ¢ € R fixed, let ['(t,z,s,y) = [(t,z,s,y; R,¢) denote the heat kernel for vp; —
(Vpg)z) + ¢ pz = 0 in the tilted cylinder

TR, s)={(t,z) eR* : |z—¢—Cc"t <R, t> s}

with the Dirichlet boundary conditions on the lateral boundary of the cylinder. That is, if s € R and

\_y — & —cs| < R, I'(t,x, s,y) satisfies the PDE for (t,z) € T({,R,f), with the boundary condition

I'(t,z,s,y) = 0if |z — £ — ¢*t| = R, and the initial condition li\I“nF(t,az,s,y) = (v(y)) '0,(z). The
tN\(s

following lemma gives a lower bound on I'(¢,, s,y), provided that = and y are sufficiently far from
the boundary of T'(&, R, s). It is directly inspired from Fabes-Stroock [12] (see Lemma 5.1 therein).

Lemma 4.2 For all 0 € (0,1), there are some constants o > 0 and K > 0 such that

_ % . (6%
F(t,{L‘,S,y—C (t_5)7R’§) = W@

holds if R > 0, t € (5,5 + R?], and x,y € (c*t + & — 6R, c*t + & + 6R).

Proof. Let I'(t,z, s,y) denote the free-space heat kernel, and p(t,z) = / L(t,z,s,y)p(s,y)v(y) dy.

R
for t > s. We have the following estimates of Norris [28], Theorem 1.1: there is a constant K > 0

such that Klz—y|?/(t—s) |z—y[?/ K (t—s)
—Klz—y t—s Ke lT—y t—s
: <T(t,a,s,y—c'(t—s)) < —

——— 60
Kt —s|t/2 — = It — s[1/2 (60)

holds for all z,z € R, t > s. Obviously, (60) implies the upper bound

f(t,l‘, S, Y — C*(t - 5); R,f) g F(t,l‘, S, Y — C*(t - S)) g K|t - 8’—1/26—|1’—y\2/K(t—8)‘
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It suffices to assume s = 0 and & = 0. The first step is the identity

t
C(t,2,0,y) =T(t,z,0,y) — / (Tt @, r,c*r+ R)h* (r) + D(t,z,r,c¢*r — R)h™(r)) dr (61)
0

t
where h*(r) > 0 depends on y and R, but where / (RT(r) + h~(r))dr < 1 always holds. This is

0
analogous to a statement on p. 335 of [12], obtained by integrating the equation for p against a test
function. By combining (61) with the estimate (60) for I, we obtain a lower bound on I':

_ e~ Kly—al?/t e~ R?(1-6)*/(KT)
Ttz 0y—ct)>— " K ,
( x y—=c ) Ktl/g O§L71'I§)t 7_1/2

(62)

for all x € [-0R,0R], y € [-R,R], t > 0. The unique maximum of the function 7 > 0 — S(7) =

—R2(1-6)?/(KT)

61—/2 occurs at the point 7% = 2R?(1 — §)2/K. So, if 2 < 2(1 — §)?/K and t < e2R?, we
-

have ¢ < 7*. In this case, (62) gives us the bound

—K|y—=|?/t —R%2(1-6)%/(KT) —K|y—=|?/t 2,1 \2 2
— % e e _e€ 9 _R7(1-9) +K\I yl
F(t,x,(),y—c t) Z W—Koiligt 7_1/2 = Ktl/Q <1 — e Kt t > .

If 2 € [-0R,0R] and |z — y| < eR also hold, and €2 < (1 — §)?/(2K?) is small enough we have

2.0 2 R L R2(1_62 B 02
|- K2 T S D g2t R s 1 - K2 ) S 1),
_ 1 71\2
This implies that for any § € (0,1) and R > 0, I'(t,z,0,y — ¢*t) > We* L if x € [-0R,R]

and |z — y| < eR, t < £2R?, and ¢ is sufficiently small, depending only on § and K. A chaining
argument, as in [12], now shows that for any ¢ € (0,1), there must be a constant «, depending only
on d and K, such that

D(t, 2,0,y — c't) > o _Kly-q?
holds if x,y € [-0R,JR], t < R? (i.e. rather than just t < e2R?). Although I' depends on R, o and
K are independent of R. This finishes the proof of Lemma 4.2. [J

4.3 Proof of Proposition 2.2.

By Proposition 4.1 we have p(s, z) > D for all s > Ty and x € I, where I, C [c*s + N71\/s,c*s +
s _

Ny and [I,] = By/5. Let s = Ty, R = v/5(N“14+N)/2, € = c*s+ R, and T = D(t,z, 5, y; R, €) be the

heat kernel in the tilted cylinder T'(¢, R, s) with Dirichlet boundary conditions. For x € [¢*t, c*t+2R],

t > s, we have

cs+2R
p(t,z) > / T(t, 2, 5, 9)p(s, v)(y) dy. (63)

S

N-N—1
Set 6 = NInN T € (0,1). and t = s + R?. Observe that I, C [c*s + N~!\/s,c*s + Ny/s] =

[¢*s+ (1 —0)R,c*s + (1 4+ 0)R]. By Lemma 4.2, we have

— o _ Klz—y|? « _ Klz—y|?

> o« — 2
F(t,$787y) = 2(t _ 8)1/26 2KR€ R
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for all

z€[c*t+(1—-0)R,c*t+ (1+ )R] = [c't + N 1\/s,c"t + N/s],
and

yelcts+ (1 —6)R,c*s+ (1+0)R] = [c*s+ N"'/s,c*s + N/s|.

Therefore, by combining p(s,z) > 0 and (63) we obtain
s

» | Q

)

_ o c .
p(t,z) > / L(t,x,s,9)p(s,y)v(y) dy > |L;| min (¢, z, s, y)p(s, y)v(y) > |Is|—=minp(s,y) >
Is yels \/g yElg

for all z € [¢*t+ (1 —6)R,c*t+ (1 +6)R]. Since R = /s(N~'+ N)/2 and t = s + R? we have shown
c C
that for 0 = 1+ (N~' + N)?/4, there is C' > 0 such that p(t, c*t + oV/t) > = Ta’ fort > oTp. O

5 The perturbed linearized equation in the diffusive range

Recall that the upper bound in Theorem 1.1 was reduced in Section 2.2 to the proof of Proposition 2.3
that we present in this section. Let p(7,x) be as in this proposition, that is

(1 - W(T))]aﬂ' = Doz + Q(Zj;ﬁm, x> C*T, (64>

with the Dirichlet boundary condition p(7,c*7) = 0. The coefficient w(7) satisfies w(7) ~ 3/(2¢*T)
as 7 — oo, and |w(7)| < C/71, |'(7)] € C/72 for 7 > 79. The general philosophy is that the
correction w(7) does not play a role in most of the decay estimates, and the function p(¢, z) behaves
essentially as p(t,z), which is the solution of (64) with w(7) = 0, and which we have studied in
detail in the preceding sections. We could think of re-using the arguments already displayed in the
preceding section and, in particular, trying to adapt the proof of Lemma 2.1. However, as far as the
perturbed equation is concerned, we do not have exact linear solutions anymore. As a consequence
the computations of Proposition 2.2 and Lemma 2.1 would yield big errors, which would in the end
yield not sufficiently precise estimates. So, we have chosen a different way, which in turn allows us
to gain a little more insight in the heat kernel.

C
Proposition 5.1 For any Ly > 0, € > 0, there is C: > 0 so that =
-

for all T > 1.

1
<p(r,c*1+ Lo +evT) <
C.r

This is a direct generalization of Proposition 2.2 and Lemma 2.1 to the case w(7) # 0. We will
also need a more or less explicit solution of the approximate equation that we will need to compare
to p(t,x). It is described in the next proposition.

1 dip(x, )
(x, A*)  dA

Proposition 5.2 Let Y € R and let x(x) = — There is a function 0%PP(7,x)

such that for any o > 0, 0°PP(1, ) satisfies

1w 2"

— 07" — 2%‘9;@ =0(r7%), dr<az<c 4oV, T>1,
—

and there is a constant C' (depending on o and m) such that

* \V z—c*7)2

Lmerex) s
73/2

OPP (T, x)

< Or 3/ <"“" :;*T>2 +O(r2) (65)

T

holds for all x € [¢*1,c*T 4+ 0+/T] and T > 1. The constant k in the exponential factor is defined by
formula (74) below and satisfies 1 + Kk > 0.

22



Observe that the approximate solution °PP satisfies the conclusion of Proposition 2.3. So, the
last step is to transfer these estimates onto the true solution.

Proposition 5.3 Let 0 > 0 be fized, and let 6*PP(7,x) be defined as in Proposition 5.2 for some
X € R. Let &(7,x) solve

(1-— w(T))gf_ =& + 2(1;:@, r € (c*r,c' T +oyVT), T>1 (66)
with the boundary conditions
§(r,c'r) = 0(r,c'7),
E(r,c*T+oVT) = 0PP(1,c*1 + 0\/T). (67)

There is 19 > 0 such that |£(T,z) — 09P(1,2)| < CT3/2, for ¢*1 < x < ¢* 1 + o\/T, T > 7.

5.1 Proof of Proposition 2.3, admitting Propositions 5.1, 5.2 and 5.3

Observe that by choosing x > ||x|/~ in Proposition 5.2, we may arrange that §°°P(r,c*r) > 0 for 7
suffiently large. Similarly, with ¥ < —||x||co, We have 09PP(1,c*T) < 0 for 7 sufficiently large. Let
us define 0" to be a solution with X = 2||x||es and 6577 (7, ¢*7) > 0; let 07" to be a solution with
m = —2|x||le and PP (7,c*7) < 0. To prove Proposition 2.3, we wish to compare p(7,x) with the

02 . Combining

C
functions 05”7, We know from Proposition 5.2 that |09 (7,c*1 + o\/T) — 7 < =7
T T

this with Proposition 5.1, we see that there must be C; > 0 such that
B(r,c*r + 0T) < O (1, T+ 0y/T), B, ET+ ovT) > P (1, ¢ T + ov/7),

for all 7 > 1. Now if &4 (7, ) solve (66) for 7 > 1 with the boundary conditions (67) using PP = 0P,
we have

(. T) = 0P (r, 1) > 0 = T '(r, '), &4 (7, rboy/T) = 097 (1, ¢ r4o/7) 2 O p(r, 7).

E (1, 1) = 0"P(1,c"1) < 0= C1p(r,c*1), & (1,1 +0ovT) =0 (1, c* 1+ o/T) < C1p(T, ¢*7).

The maximum principle implies C7'¢_(7,2) < p(r,2) < C1&1 (7, ), for all 7 sufficiently large
and x € [c*T,c¢*T + 04/7]. Proposition 5.3 implies that for any 6 > 0 there exists x5 so that
€4 (T, ) — 0PP (1,2)| < 6057 (7, 2) for ¢*T + 25 < < ¢*1 +ey/T, if T > 79. It follows that

C*l
#Ga_pp(r,a:) < p(r,x) < 20107 (1,x), for ¢*1 + x5 < © < "7 + e/7, and for all 7 > 7.

Proposition 2.3 follows from (65) and parabolic regularity. O

5.2 The proof of Proposition 5.1

The proof of Proposition 5.1 is as in the case w(7) = 0 (i.e. Proposition 2.2 and Lemma 2.1) but
a little more technical — we focus only on the differences. The first ingredient needed is a quantity
that is bounded from above and below.

Lemma 5.4 Let p(1,z) be as in Proposition 2.53. There is C > 0 such that

+oo
cl< / (x —c'm)p(r,x)de < C, V7>0.

T
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+oo

Proof. It suffices to bound the integral I(7) = / (1 —w(7))f(r,2)p(T, z) dx, where f(T,x)

v(x)
is the function defined in Lemma 3.2, with m(z — ¢*7) < f < m™1(z — ¢*7). In the case w = 0, I(7)
is conserved. We compute:

dI +o00 +o00 +00
e w'/ vfpdr — w/ vipde = O(r™H)I(1) — w/ vipdz. (68)
T C C

*T *T c*T
—+00
For an upper bound on I(7), we treat the spurious term / vf;pdzx as follows:

1/4 +oo

“+o0o c*T+T
/ l/f.rﬁda::/ Vf.rﬁd:c—{—/ vipdr = II + III.
c*T c*T crr4rl/4
By parabolic regularity, there is a constant C' > 0 such that |0, f(7,z)| < C, hence

+o0 —+o00
11| < 714 / spdz < Cr-1/4 / u(2) f(r, 2)p(r, 7) da.

Recall that equation (22) for p is equivalent to
(1= )Br =~ (@) — —osrs @ > ¢ (69)
—w\T))Pr = Z)p — Pz, T >CT
v(z) v(z)

with p(7,¢*7) = 0. The time change d7’ = (1 — w(7)) 'd7 shows the heat kernel bounds of [28] in
the whole space hold (with the time change) for the perturbed equation
1 c*

(1—-w(r)) Pr= @(V(I‘)Px)x - mPgm z e R.

In particular, we have |P(7,z)| < 071/2/ |P(0,y)|dy. So, because p(7,x) is less than the solution
R
of (69) in the whole space with the same initial data p(0,-), we have:

T o0
|1 < CT1/2/ / 1p(0,y)|dyde = C7~ 1/4/ (0, ) dz.
c* 0

Gathering these estimates we conclude I'(1) < O(72)I 4+ O(7=5/*)I + O(r—>/*), which implies the
existence of C' > 0 such that I(7) < C(1+ 1(0)).

1/4

+oo
For a lower bound, note that f. < 0, while v,p > 0. Therefore, the term —w / vfi;pdr in
c*T
(68) is non-negative. This implies I’(7) > O(772)I, so that I(t) > CI(0) > 0, with some universal
constant C' > 0. [

+oo
We are going to estimate Vo (7) = (1 — w(T))/ v(2)n2a (7, x)p(T, x)q(T, x)dx, which is the
main step in the proof of Proposition 5.1. Here ¢(7,z) = ?Eﬂxi and ((7,x) is defined by Lemma
T, X

3.2. The function n,(7,x) is defined by Lemma 3.3.

Proof of Proposition 5.1. A straightforward computation shows that
dVy +o0 )
dT ( (20{) —Ww )V +w (V7720¢C’rq - V(aTTIQa)pQ) dx —2D,,.

c*T
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Here, as in the case w = 0, we have defined D, (1) = / Vngagqua:. We now use the following fact:
c*r

for all M > 0, there is a constant xjs > 0 such that, for all nonnegative functions u(z) € C1([0,1])

1
such that |u/(z)| < M/ x)dx we have: / u(z)dr < HM/ zu(z)dz. If not, there is a sequence

uy, of such functions with unit mass and uniformly bounded derivatives whose first moments tend
+o00o

to 0, an impossibility. Now, from this remark we have w / V|<7-772a|q de < Cr~'V,, and from

Lemma 3.4 we have o

“+00 —+00
w/ v|0rn2q|pg dz < Cw/ vaapqdz < CT71V,.
C

T c*T

Because of Lemma 5.4, we have (following the lines of the proof of Proposition 4.1):

v, Vo3

g < W2e) + O )Valr) - Oy = 07

e + (u(20) + O(r7))Val(7).

Let us choose T > 0 and examine the above differential inequality with a = 7! and 7 < T. For
A > 0 large enough, the function A7—%/2 is a super-solution for 7 < T, showing that V,(T) =
O(T—3/2). So, for all 7 > 0, we have V,,(7) < Ct~3/2, and the rest of the proof of this proposition
follows as in Proposition 4.1.0J

5.3 The proof of Proposition 5.2

The proof is by a multiple-scale expansion. We will construct a function PP having the form
0°PP (7, z) = a(7)v(T, (x — ¢*7)/R(7), ). which satisfies 8PP (7, ¢*7) = 0, with R(r) = 7!/2. Plugging

this ansatz into (1 — w(7))0; = O + QQ; 0, we see that v(7, z, ) should satisfy

a’ zR' c* 1 2 2
(1 - w) EU +vr — fvz - Evz = ﬁvzz + Evzx + Vgz + QQZ;EUQ& + RQ:ZUZ

We will construct an approximate solution given by the expansion

1

ﬁfu:;(za .’E),

1
=t (z,2) +

_ _.0
v=uv(r,z,x) =v"(2) + =

503 (z,0) +

where v!(z,2) and v%(z,z) are uniformly bounded in each compact set in z, and x, and are both
periodic in x. Therefore, the desired equality is

R R? R3 R R?

ZR/ 1 1 1, c* 1 1 1 .

_(1_ ) R (’U +§vz+ﬁvz+ﬁvz) ( )R(v +Evz+ﬁvz+ﬁvz

S R SR TR R

R2 zZ R3 zZZ R4 zZz R2 zZx R3 zZT R4 zT

1 1 1 o 20 1 2 ¢r 5 2 ¢y 3

+sz1‘ + R2 Z’Z‘ + R3 Z‘LL‘ R ¢ U R2 ¢ vx R3 (ZS ,Ux
2 ¢x [) 2 ¢m 1 2 ¢a: 2 2 (bac 3

Rt g R g o

! 1 1 / 2
(1*&1)& (v° +*U + =02+ =v%) - (1—&))E <v +—=v +3v3)
a

)
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Let us set a(7) = 77™, so that a//a = —m7~! = O(R™2). Now we choose v;, i € {0, ...,3} so that
terms of order O(R™1), O(R™2) and O(R™3) will cancel. Recall that w(r) ~ 3/(2c*\*7), so w will
not play a role until we equate terms of order O(R™3), and even then the only term to contribute is
we*v?/R. All other terms involving w(7) are smaller than O(773/2).

If we equate the leading order terms (of order O(R™1)), we obtain an equation for v! in terms

of v°: 5 bo(2)
x

m+2¢x vl =— (2 (;(x) +c> v(2). (71)

Let us re-introduce the solution y(x) of xzz + 2?)@ = —2(?; — ¢, we see that (71) has a solution

of the form vl(z,z) = v2(2)x%(z) — p°(2) with x°(z) = x(x) + ¥ being periodic in z, and y any
constant. For any choice of ¥ and p°(2), (71) holds and the O(R™!) terms in (70) cancel.
Let us now equate the terms of O(R™2) in (70) to obtain which is:

v§x+2@v2+mv + 209 400, + vl +2vm+2¢Z !

; ! = 0. (72)

Consider the operator p,, + 2%3(%) pe = ¢~ 2(H2p,)s acting on 1-periodic functions, where ¢ =
e Hh(x). We claim that the adjoint operator has one-dimensional kernel. A function 7 is in the
kernel of the adjoint operator if and only if (¢*(¢~27)z). = 0, which holds if and only if n(z) =

klgbz / qS s)ds + k‘ng (x) for some constants k1 and ko. If k; = 0, the function 7 cannot be
periodic, since ¢2( ) = e~ 2142 (z) is not periodic. So, we may assume k1 = 1. However, the function
N z L. - . - ng(l) ! 21—2
n(z) = ¢2(ZE)/ $2(s) ds + ko¢?(x) will be periodic only for ky = ————=—— [ ¢ %(s)ds > 0.
0 ¢?(0) — ¢*(1) Jo

Any other solution of the equation for qg must be a multiple of this function n. Observe that n > 0
for all x.
If n(z) is 1- periodic and spans the kernel of (¢?(¢21).)z, then equation (72) is solvable if and

only if the sum mu® + 2112 + 09, +cvl 4201, + Qﬁjvi is orthogonal to n(x), for each z € R. Using
vt = v2(2)x(x) — p°(2), we write the sum as
mo® + zvz + 02, + e 0 + 209\ 0 + Q(fgjvgzx - <c + 2(1();) D, (73)

So, the solvability condition is

1 1
(mv + vz + v, ) / n(x)de = —/ <cvi + 20l + 2%v;> n(x) dx
2 0 0 ¢

1
¢
= - / (cvgzxo + 200, X5 + 2ng2z>< n(x) dz.
0

Here we have used the fact that fol(c + 2%”“‘)17(38) dx = 0, so that the terms involving p! cancel after

integration against 1. Hence, v°(2) should solve mv° + gvg + (1 + k)02, = 0 where

—(/ ) dx)_l / 1 (30 + 20200) +2%0) ) ) (74)
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L1+ x2)?

[ ndx
normalization of x°(x) (the choice of ). Thus, we choose v°(z) > 0 to be the principal eigenfunction
2

It is not difficult to show that 1 + xk =

> 0. In particular, x is independent of the

of mv® + gvg + (14 £)v?, =0,z > 0, v°(0) = 0, which forces m = 1, and v°(z) = ze TR

The function p°(z) is undetermlned so far. With v%(z) chosen in this way, there exists a function
v%(z,x) which is periodic in x and satisfies (72). Thus, the O(R~?2) terms cancel. In consideration
of (73) and the definition of v°, we see that (72) is equivalent to

Vg +2¢x 2= Y (2) (cx + 2y +2¢x><0 —m> — <c+2¢x> Y.
¢ ° ¢ ¢
Therefore, v?(z, ) must have the form v?(z,z) = v, (2)0%(z) — p2(2)x°(x) + p*(2), where 9%(x) is
a periodic solution of © Um + 2?; b2 = (cx + 2)(m + 2q; /@> . Finally, equating the R™3 terms
suggests choosing v3(z, 2) to satisfy
b 3 z « L o9

a::c + 2 g;v 5)3 INF US - (m + 1)U - 52}; - Ul ( + 2%)”3 - 21}2&:' (75)
The right hand side is:

3020202002000 2% 2 0.0 D _9 (0 42 0.0
2)\*Uz_ v +2p —5 V22X +§pz_vzzzx +pzz (C + E)( 222U T D22 X +pz)_ (vzzzvx _pszx)
Therefore, the solvability condition implies that p°(z) should satisfy

0, %0 0 0 .0 3 0
2p” + §pz + (1 + Ii)pzz = /Blvzzz + ﬁQ*Uzz + (2)\* - 2162)Uz

where

b= ([ wtwra ) (s vy vat ) e, o= ([ ) ar)
ep
)

o

/ x'n dz,
0

= 0. The p' term does not appear in the solvability condition.

and we would like to have ) =
0. We let p°(2) be the unique solution of the initial value problem

Therefore, we may take p'(z

z 3
71)2 + (1 + H)pgz = B zzz + 622 2z ( - 2/82)1)27 z2>0

2 2%

with the initial data initial p®(z) = 0 and p2(0) = 0.
Having chosen p° in this way, we take v® to be a solution of (75), which is unique up to addition
of a function p3(z). So, the O(R™3) = O(773/?) terms have canceled. Our approximate solution is:

OPP(t, ) = Tﬁlvo(z) + 7'73/2111(,2, x) + 7'721)2(27 x) + 7'75/2113(2', x),

2pO +

with 2 2 2 0( ) 2
0(2) = ze~T0Fm g = O(z)e 10 — ZX W) —amem _0(2).
W(2) = 2¢ T, vl(z,2) = (e T P°(2)

Now, fix a constant ¢ > 0. Having chosen p°(0) = 0 and p%(0) = 0, we may choose C; > 0 so

that [p°(z)| < C122 for all z € [0,0]. Consequently, there is a constant Cy > 0 such that for all
x € [¢*T,c*T + o4/T] and T > 1 we have

r—c* 7+ x%(z) _@en?

eapp(t’ x) _ 3/2 e 4(14+k)T
T

N
< 02773/2 < \/; T) + 0(7'72)
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The last term O(772) comes from v? and v3 and the fact that v? and v? are uniformly bounded over
(z,2) € [0,0] x R.

Since the periodic function x°(z) = x(x) + X is unique up to addition of a constant, we may
choose x < 0 so that max, x’(x) < —1. Then, at the point = c¢*7 we have

0P (¢, c¢*1) < 77320 (') + O(772) < =132 L O(r72),

which is negative for all 7 > 1 sufficiently large. Alternatively, we could choose x¥ > 0 so that
min, x"(z) > 0. Then we would have 0%P(7, c*7) > 0 for all T sufficiently large. [J

5.4 The proof of Proposition 5.3
Using Lemma 3.1 we bring this problem into the form
1 9 c*
1- = 9 P
(1= () = s (o)) = 7

Let ®(7,z) = £(1,2) — 0°PP(1, x) so that ®(7,c¢*1) =0 and ®(7,c*T + Lo + ey/7) = 0. We have

& (76)

(1 —wm)) ()@, = (v(2)Py)s — Py + O(T73).

Multiplying by ®(7, z) and integrating by parts over the interval I = [¢*7, ¢*T+ Lo +¢£+/7T], we obtain

1d v(z)(1 — w(r))®dz m v(x)®%dr = — | v(z)®3dx 73 m
53 [ —smnetis+ 50 [v@atis - - [v@etic+or?) [od.

C
Note that, since (7, c*7) = 0, we have |w/(7)| [, v®?dz < 252T/V<I>ida: and
T I

Ce 1 C

-3 2 2 2

O(r )/cbdxy < 9/2+/<I> dr < — + Ce /V‘dew-
I T I T 1

T

If now ¢ is small enough so that the constant Ce? is less than 1/4 it follows that, for 7 > 7y large
enough, we have

1d 1 C 1 C
- 1— 2dr < —= o2 R 1— o> =,
53 [ - < 5 [ v+ 5 < - [uw-uln)eta+
: 9 Ce Ce
We conclude that, for ¢ sufficiently small, we have [ v(x)®“dz < ~ + . Now,
I 1+t (147)8

parabolic regularity implies that |®(7,z)| < C/(1+7)3/2 for 7 > 7y sufficiently large. This completes
the proof of Proposition 5.3. [J

6 Convergence to a family of waves

This section is devoted to the proof of the convergence of the solution u to the family of shifted
minimal fronts U.. We first remember that u is bounded away from 0 or 7(z) around the position
c*t — (3/(2X*))Int for large t. To the right of this position, the solution u has the same type of
decay as the critical front U.~, as it follows from the estimates of Sections 2 and 3. Therefore, u is
almost trapped between two finite shifts of the profile of the front U.«. From a Liouville-type result,
similar to that in [3] and based on the sliding method, the convergence to the shifted approximated
minimal fronts will follow. First, we derive from Sections 2 and 3 some exponential bounds of u to
the right of the position ¢*t — (3/(2A*)) log t.
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Lemma 6.1 Let o > 0 be as in Proposition 2.2. There are two constants 0 < k < p such that

3
2)0*

kye MY < u(t,c*t - logt + y) forallt>1 and 0 <y <oVt (77)

and

3 .
logt—I—y)Spye_’\y forallt >1 and y > 1. (78)

u(t,c t— N

Proof. The lower bound (77) is a simple consequence of (16). On the other hand, it follows
from (23), (24) and the fact that u(t,z) is below one of its translates in time, that there exist some
positive constants T, 5 and p such that u(t,c*t — (3/(2A\*))logt +y) < pye ¥ for all t > T and
y > 7, hence the inequality (78) for a possibly different p. O

The main ingredient of the proof of Theorem 1.2 is a Liouville type lemma, whose proof is
postponed at the end of the section.

Lemma 6.2 For any solution 0 < us(t,7) < 7(x) of (83) in R? satisfying (84) and (85) for some
positive constants k and p, there is & € R such that us(t,z) = U (t + &, ) for all (t,x) € R2.

Proof of Theorem 1.2. First, let ¢ > 0 and 0 < k < p be given as in the previous lemma. Write
the pulsating front U, as

Ues(t, ) = dex(x — 't x), (79)
where 0 < ¢ (s, ) < m(z) is continuous in R X R, 1-periodic in z, and ¢+ (—00, ) = 7, e (+00, ) =
0. From [19], there is a constant B > 0 such that

ber(s,2) ~ Bp(z,\*) se™** as s — +oo, uniformly in z € R. (80)

Choose now any real number C > 0 so that

B max (-, \¥) g0 <k <per < Bmini(-, \) e N, (81)

Let us prove that (5) holds with the choice of C' = C + 1/¢*. Assume not. There are then & > 0
and a sequence of positive times (t,)nen such that ¢, — +o0o0 as n — 400 and

min
€|<C+1/ex

>e€
L>(0,+00)

u(tn, ) — Ue (tn —

for all n € N. Since ¢ex(—00, ) = 7, ¢ex (400, ) = 0 uniformly in R and ¢(s, x) is 1-periodic in z, it
follows from (79) and Theorem 1.1 that there exists a constant # > 0 such that

min (s ot + 6 = 5o tn]) = U )] ) 2 ®

for all n € N, where [c*t,, — 3/(2)\*) logt,] denotes the integer part of ¢*t, — 3/(2\*) logty,.
For each n € N, set u,(t,z) = u(t—i—tn, x4+ [c*tn — % log tn] ) Up to extraction of a subsequence,
the functions u,, converge locally uniformly in R? to a solution ue, of

(uoo)t = (Uoo)az + f(@,Uss) in R? (83)

such that 0 < ue(t,2) < 7(x) in R2. Furthermore, Theorem 1.1 implies that

lim ( sup uoo(t,x)) =0and lim ( sup (m(z) — uoo(t,:zi))) =0. (84)
A—+o00 (t,x)ER2, z>c*t+A A——o0 (t,x)ER2, z<c*t+A
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On the other hand, for each fixed t € R and y > 2, and n large enough, write
3
un(t,ct+y) = u(t+ty, c*(t+t,) — o Lot +tn) +y + Vn);

where v, = [¢*t,—(3/(2X%))log tn| — (¢*tn—(3/(2A*)) log(t+t,)). There holds t+t, > 1 and 1 < y+
Yn < o/t F L, for n large enough, whence & (y+7,) e W) <, (¢, " t+y) < p (y+7n) e @Hm)
for n large enough, from Lemma 6.1. Since —1 < liminf,,_, v, < limsup,, ,, . 7» < 0, it follows
that

ky—1)e Y <us(t, 't +y) < pye D forallt e Rand y > 2. (85)

Now, it follows from Lemma 6.2, from (79), from (85) and from the exponential decay (80) of
ber, that k£ < Bmax (-, A*) e 2% and Bminy(-, \*) e ¢ < per’| whence || < C from (81).
But since (at least for a subsequence) u, — Uy locally uniformly in R?, it follows in particular that
un (0, ) — Uex (&0, ) — 0 uniformly in [—6, 0], that is

3
max ‘u(tn,y + [c*tn - — logtn}) — UC*(fO,y)‘ — 0 asn — 4o0.
ly|<6 20*

Since |€9| < C, one gets a contradiction with (82). Therefore, (5) is proved.

Let us now turn to the proof of (6). Let m € (0, ming 7) be fixed and let (¢,)nen and (2, )nen
be two sequences of positive real numbers such that ¢, — +o00 as n — 400 and u(ty,x,) = m for
all n € N. Set X,, = [z, — [c¢*t;, — (3/(2)*))logty,]. Theorem 1.1 implies that the sequence of
integers (X, )nen is bounded, and may then be assumed to be equal to a constant integer X, up
to extraction of a subsequence. Under the notations of the previous paragraphs, the functions

3
vn(t, ) = u(t + tn, @ + [2,]) = u(t +tn, T+ Xoo + [c*tn — ﬁlogtn]) =up(t,z + X)

converge locally uniformly in R2, up to extraction of another subsequence, to the function
Xoo
Voo(t, @) = Ueo (t, 7 + Xoo) = Uer (t + &, 0 + Xoo) = Uer (t +&— ot x)

for some real number . Since v, (0, 2, —[zy,]) = m for all n € N and z,, — [x,] — T as n — +00, one
gets that Ue (£ — Xoo /", o) = m, that is £ — X /c* =T, where T is the unique real number such
that Ugs (T, xoo) = m. Finally, the limit vy, is uniquely determined and the whole sequence (vy,)nen
therefore converges to the pulsating front Ue(t + T, x). The proof of Theorem 1.2 is thereby com-
plete. OJ

Proof of Lemma 6.2. In the homogeneous case, the function u, is assumed to be trapped between
two shifts of the minimal traveling front, then the conclusion follows directly from Theorem 3.5 of [3].
In our periodic case, the comparisons (85) and the exponential behavior (80) of the minimal front Ue-
imply that us is actually trapped between two finite time-shifts of U in the region {x —c*t > 0}.
In the region where z — ¢*t is very negative, u(t, x) is close to m(z) and the maximum principle can
be applied since f(x,s)/s is decreasing with respect to s > 0, at least when s is close to 7(z). The
solution u, can then be compared to some of its shifts in this region. We finally complete the proof
of the lemma by using a sliding method: we shift the function ue (¢, + 1) in time, we compare it
with the function us, and we show that us(t + 1/c*, 2 + 1) = uco(t, ) in R%. Together with (84)
and (85), this will mean that u, is a pulsating front. From the uniqueness of the pulsating fronts
up to time-shifts [21], the conclusion of the lemma will follow. More precisely, for all £ € R and
(t,z) € R2, we set v5(t,2) = uso(t + &, + 1). We shall compare v¢ to us and prove that v& > s
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in R? for all ¢ large enough. We will then prove that v§ = us, in R? for the smallest such &, and
finally that this critical shift is equal to 1/c*.
To do so, we first notice that, for all a < b € R, there holds

(t,x)€R2,i¢I7,l£1’—c*t§b Uso(t,z) >0 and (t,x)€R2,i¢I7,1£;t—c*t§b(7r(x) — Uso(t,z)) > 0. (86)
This a consequence of the strong maximum principle, parabolic regularity, and the fact the solution
0 < uso(t, z) < m(z) converges to two different limits (0 and w(x)) as x — ¢*t — +oo. Now, if f(z,s)
is of the type f(z,s) = g(z) f(s) with, for instance, f concave and f(1) = 0, there is § € (0,1) such
that f(s)/s is decreasing in [1 — 6,1]; by defining f(z,s) = 0 for all (z,s) € R x (1,+00), it follows
that s — f(z,s)/s is nonincreasing on [1 — §, +00) for every x € R. Whether f(xz,s) be of the type
g(z) f (s) or not, one then gets from the general assumptions of Section 1 and from the definition of
m(x) that s — f(x,s)/s is nonincreasing on [(1 — §) w(x),+00) for every x € R. From (84) and the
fact that ming m > 0, there is A > 0 such that

Uoo(t, ) > (1 — &) w(z) for all (t,z) € R? such that z — c¢*t < —A. (87)
As far as the region {x —c*t > —A} is concerned, we claim that there is £ € R such that
V8 (t, ) = Uso (t+ &, 2 + 1) > uso(t,z) for all z — ¢*t > —A and € > €. (88)

Assume not. Then there exist some sequences (&, )nen in [0, +00) and (t,, Zn)nen in R? such that
lim,, 4 o0 &, = +00, while z,, — c¢*tp, > —A and ueo (t, + &, Tn +1) = 05 (tn, ) < Uoo(tn, x,) for all
n € N. Because of (84), (85) and (86), the sequence (z,, — ¢*t,, — ¢*&,)nen is bounded from below by
a constant M. Thus, (85) and (86) provide the existence of some positive constants x and p such
that

K (:En - C*tn — C*fn - M + 1) 6_)‘*(z”_c*t”_c*5")

S Uoo(tn +&nyn + 1) < Uoo(tn, ) < p(xy — 'ty + A+ 1) e~ A ([@n—c"tn) (89)

for all n € N. On the other hand,
Tpn—Ctn+A+1 = (zp—cty—c"&—M+1)+("E+M+A) <2 (zp,—cty—c*E—M+1) (FE+M+A)

for n large enough. Putting this into (89) and passing to the limit as n — +oo (with &, — +oo as
n — +0o0) leads to a contradiction. Thus, the claim (88) is proved.
Without loss of generality, one can assume that £ > 1/c¢*. In this paragraph, we fix £ in the

interval [£, +00). Set
€* = min {5 >0, (1+¢)v5(t, ) > uso(t, z) for all (t,x) € R? such that z — ¢*t < —A}.

Notice first that v¢ is bounded from below by a positive constant in the region {z — c*t < —A}
by (84) and (86), while us is bounded from above, whence £* is a nonnegative real number. Let
us prove that €* = 0. Assume that €* > 0. Since uo, is globally Lipschitz continuous and since
v¢ > uy on {z — ¢*t = —A} by (88) and both functions v*(t,z) and uc(t, ) converge to () as
x — c*t — —o0, there are a sequence (&,,)nen of positive real numbers, a sequence (t,, Ty )nen in R?
and a real number y,, < —A such that

En =5, Ty — 'ty = Yoo as 1 — F00 and (1 +¢y,) vg(tn,:vn) < Uoo (tp, Tp) for all n € N.
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Without loss of generality, one can also assume that =, —[z,] — Z« and t,—[z,]/c" — T asn — +o0,
With Yoo = Zoo — ¢*7. Up to extraction of a subsequence, the functions Uy, (¢, ) = ueo(t+ [xn]/c*, 2+
[£,]) converge locally uniformly in R? to a solution 0 < U, < 7 of (83) satisfying (84) and (85). Set
VE(t,z) = U (t+&,2+1) for all (¢,z) € R2 Therefore, (14+¢*) VE(t,2) > Uso(t, ) for all (¢, z) € R?
such that = — ¢*t < —A, with equality at the point (7, ) such that zo — ¢*7 = yoo < —A. On
the other hand, for all (t,z) € R? such that 2 — c¢*t < —A, there holds (1 +¢&*) V&(t,z) > VE(t, z) >
(1 — §) w(z) from (87), the definition of the functions V¢ and U,, and the assumption & > 1/c*.
Consequently,

(L+e) Vi) — (14 ) Vi (ta) = (L+e%) f(a, Vet @) > [z, (1+£7) VE(t, 7))

for all (t,z) € R? such that x — ¢*t < —A, since s — f(z, s)/s is nonincreasing on [(1 —d) 7(x), +00)
for every & € R. Since Uy, solves (83), it follows from the strong parabolic maximum principle that
(14 ") VE(t,2) = Uso(t,z) for all (t,x) € R? such that x — ¢t < —A and ¢t < 7. The positivity
of €* is in contradiction with the fact that V¢(t,z) and Us (¢, ) converge to m(x) > 0 uniformly as
x — ¢t — —oo. Therefore, e* = 0, whence

v8(t, ) > uso(t, ) for all (t,x) € R? such that x — ¢t < —A. (90)

Together with (88), one gets finally that v¢ > uy in R? for all £ > &,

Set now &, = min {§ e R, v¢ > u in R2 for all & > 5}, which is a well defined real number

such that &, < € (notice that v¢(t, x) — 0 as & — —oo for each fixed (¢, 2) € R?, while us, > 0 in R?).
Our goal is to prove that &, < 1/¢*, which will then yield v'/¢" > u,, and a symmetric argument will
then give the desired conclusion. Assume then by way of contradiction that &, > 1/c¢*. Remember
that v&* > us in R? by definition of &,. We first claim that, for any a < b in R,

e o ) i) >0 o
Otherwise, by a usual limiting argument, there would exist a solution 0 < Uy, < 7 of (83) satis-
fying (84) and (85), and such that Usx(t + &, + 1) > Us(t,z) for all (t,z) € R? with equality
somewhere. From the strong maximum principle and the uniqueness of the solutions of the Cauchy
problem associated with (83), it would then follow that Uy, (t+&,, 24+1) = Us(t, x) for all (¢, z) € R?
and then Us(t + k&, z + k) = Uso(t, ) in R? for all k € N. Since one has assumed that & > 1/c*
and since U, satisfies (84), the limit as k — +oo implies that Ux(t,z) = w(z) for all (¢,z) € R?
which is clearly impossible, because of property (85) satisfied by Us.

Therefore, (91) holds. In particular, since us is Lipschitz, there is § € (1/c*, &) such that

vE(t, ) > uso(t, ) for all (t,x) € R? such that = — ¢*t = —A and for all £ € [€,&,].

Furthermore, v¢(t, 2) > (1—6) 7(x) for all (¢,z) € R? such that  —c*t < —A and for all £ € [£,&,] C

[1/c*,400), from (87) and the definition of v¢. As done in the proof of (90), it follows then that
Ve (t, ) > uso(t, ) for all (t,x) € R? such that = — ¢*t < —A and for all £ € [€,&,]. (92)

On the other hand, the definition of &, implies that there exist a sequence (&,)nen in (& —1,&,)
and a sequence (t,, Tn)nen in R? such that

& — & as n — 400 and v&" (tn, Tn) < Uso(tn,xy,) for all n € N. (93)
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Property (92) yields z, — ¢*t, > —A for all n large enough and (91) and (93) imply then that
Xy — "ty — 400 as n — +00. Up to extraction of a subsequence, one can assume that x,, — [z,] —
ZToo € [0,1] as n — +o0.
Uoo (t + tn, © + [20]) V& (t+ ty, T + [20])
Uoo (tn, [Tn]) Uoo (t + tn, T + [T1])
and n € N. From (85) and lim,_, . x, — c*t, = 400, it follows that the sequences (Up)nen and
(Vi)nen are bounded in Lf° (R?). From standard parabolic estimates and the fact that o (tn, [zn]) —
0 as n — +oo, the functions U, converge locally uniformly in R?, up to extraction of a subse-
quence, to a nonnegative classical solution Us, of (Uso)t = (Uso)ze + 9(2)Us in R2. Furthermore,
(Upn)z — (Uso)z locally in R? as n — 400 and Uy (0,0) = 1, whence Uy, > 0 in R? from the
(Uoo)a(t + tn, T + [xn]) _ (Un)z(t, )

Define now U, (t,z) = and V,(t,z) = for all (t,x) € R?

maximum principle. In particular, the functions are locally

Uso(t +tn, x4+ [zn]) Un(t,x)
bounded. As far as the functions V,, are concerned, they obey
Un)a(t,x
Vrltw) = Vaaslto) +2020200 () 2

U,(t,x)
+f(x>u00(t + tn, @ + [20]) Vi (¢, 7)) . [ (@ uso(t + tn, @ + [24]))
Uoo (t + tn, T + [2]) Uoo (t + tn, z + [24])

Vu(t, x)

in R2. Since (Uy)z/Un — (Uso)z/Uso and ueo (t+tp, 2+ [7,]) — 0 locally uniformly in R? as n — +oo,
and since the functions V,, are locally bounded, it follows from standard parabolic estimates that,
up to extraction of a subsequence, the functions V;, converge locally uniformly in R? to a classical

solution V., of
(Uso)
Uso

Owing to the definitions of Vj, and &,, one has V;, > 1 whence V4, > 1 in R?. On the other hand,

UE" (tna fEn) « Un(o’ Tn — [xn]) < Un(o7 Ln — [xn])
Uoo (tns Tn)  Un(&n — & Tn — [2n]) = Un(&n — &x, Tn — [74])

from (93). By passing to the limit as n — +00, one infers that Vo (0, o) < 1. Finally, Voo (0, 25) =
1. Therefore, Vo, = 1 in R? from the strong parabolic maximum principle and the uniqueness of the
Cauchy problem associated with (94).

One has then proved that

Viln — &y on — [20]) =

Uso(t+ b + &y x + [Tn) + 1) 05 (E+ by, 2 + [2])
Uso(t+tn, @+ [T0])  Uso(t + tn, @ + [2])

— 1 locally uniformly in R? as n — +oo.

It follows by immediate induction that, for each p € N, there holds

Uoo (t + ty + P&s, x + [x0] + p)

— 1 locally uniformly in R? as n — +oco.
oo (t+ by @ + [2]) Y Y

Fix p € N. Property (85) and the limit lim,_, . x, — ¢*t,, = 400 imply that, for n large enough,

uoo(tn + pg*, [Jln] =+ p) > K ([l‘n] —+ p— C*tn _ pc*é-* o 1) 6—A*([$n}+p—c*tn—pc*§*)
Uso (tn, [Tn]) - p ([xn] — c*ty) e X ([En]=c"ta=1) :

By passing to the limit as n — 400, one gets that 1 > (k/p) ePA"(¢"&=D=A" " GQince this inequality

holds for all p € N and since one had assumed that & > 1/¢*, one is led to a contradiction. One
concludes that &, < 1/c¢*, whence w1/ >y in R2.
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By sliding uso(t,z + 1) in the other t-direction, one can prove similarly that v¢ < wus, in R?
for all £ < ¢_ for some real number £_, and that the largest such & cannot be smaller than 1/c¢*.
Therefore, v'/¢" < uq in R2.

Finally, v//¢" = us in R?, that is ueo(t + 1/¢*, 2 + 1) = uso(t, z) for all (t,z) € R2. In other
words, us is a pulsating front with speed ¢*, connecting 0 and 7 (z). The conclusion follows from
the uniqueness up to time-shifts of the pulsating fronts, for a given speed (see [21]). The proof of
Lemma 6.2 is thereby complete. O
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