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Abstract

We study the algebraic closure of K((x)), the field of power series in several inde-
terminates over a field K. In characteristic zero we show that the elements algebraic
over K((x)) can be expressed as Puiseux series such that the convex hull of its support
is essentially a polyhedral rational cone, strengthening the known results. In positive
characteristic we construct algebraic closed fields containing the field of power series
and we give examples showing that the results proved in characteristic zero are no
longer valid in positive characteristic.
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1 Introduction

When K is a field and x = (xq, ..., x,) is a vector of n indeterminates, we denote
by K((x)) the field of formal power series in n indeterminates. The problem we are
studying here concerns the determination of an algebraic closure of K((x)) when K is
an algebraically closed field of any characteristic.

Let us begin with the characteristic zero case. When n = 1, the Newton—Puiseux
Theorem asserts that the elements that are algebraic over K((x)) are the Puiseux series,
i.e. the formal sums of the form Z,fiko akxk/ 9 for some positive integer g (cf. [26]
and [27]).

When n > 2 there is no known description of the algebraic closure of K((x)).
The Abhyankar—Jung Theorem asserts that the roots of a monic polynomial with
coefficients in K[[x]] whose discriminant is a monomial times a unit are Puiseux
series (cf. [1,18,21] or [25]). But, in general, polynomials with coefficients in K[[x]]
may not have Puiseux series as roots, as the polynomial 72 — (x; 4 x3). Nevertheless,
a result of MacDonald asserts that we may express the elements algebraic over K((x))
as Laurent Puiseux series [22]. In order to explain this result let us introduce some
terminology.

A (generalized) series & (with support in Q" and coefficients in a field K) is a
formal sum & = 3", o £ox®, Where x* := x}" ... x;", and the & € K. Its support
is the set

Supp(é) := {a € Q"|&, # 0}.

Such a series is called a Laurent series (resp. Laurent Puiseux series) if Supp(§) C Z"
(resp. Supp(&) C %Z" for some k € N*).

The set of generalized series is a commutative group as we can define the sum
of two power series in the usual way. But in general the product of two such series
is not well defined. To insure the existence of the product of two generalized series,
one has to impose that their support is well-ordered for a total order on Q" (see [29]
for example). This is the case for example when we consider Laurent series whose
supports are included in the translation of a given common strongly convex cone (for
example see [3] or [6, Lemma 3.8]). Here, a strongly convex cone is a cone that does
not contain non-trivial linear subspaces. In particular, for a series & whose support is
included in a strongly convex cone containing R>¢", and for P(x, T) € K[[x]][T],
P(x, &) is well defined.

We also recall that a rational cone is a finitely generated submonoid of R” that is
generated by vectors with integer coordinates. Then, MacDonald’s Theorem (cf [22,
Theorem 3.6]—see also [5]) asserts that the elements that are algebraic over K((x))
can be expressed as Puiseux series with support in the translation of a strongly convex
rational cone o. Moreover MacDonald showed that, for any given @ € R.o" whose
coordinates are Q-linearly independent, o can be chosen in such a way that

Vs eo \ {0}, s -w>0. (D
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The minimal cone of an algebraic Laurent series

Letusremark that, forq € N*, aLaurentseries £(x1, ..., x,) isalgebraic over K((x)) if
and only if & (xl1 / T ..., x,% / 7y is algebraic over K((x)). Therefore, in order to determine

an algebraic closure of K((x)) one only needs to determine which are the Laurent series
& whose support is included in the translation of a rational strongly convex cone o
that are algebraic over K((x)). And by the result of MacDonald, if we fix @ € R.¢"
whose coordinates are Q-linearly independent, we may even assume that o satisfies
(1).

For such a w we define the monomial valuation v,, in the following way: for f =
Y wenn fax®, we set v, (f) := min{e - w|f, # 0}. This valuation defines a norm
Il on K((x)) by

Nlf/gllew = e Vo) Hrulg)

We denote by IL® the completion of K((x)) with respect to || - ||,. Then, we remark that
a Laurent series whose support is included in the translation of a cone o satisfying (1),
is necessarily in L. Therefore in order to determine an algebraic closure of K((x))
one only needs to determine the algebraic closure of K((x)) in L, its completion for
the norm || - ||,,. Passing through the completion of a field k in order to understand its
algebraic closure is a classical process that appears at least in two important situations:

(1) When we want to understand the algebraic closure of QQ, we equip Q with the
usual absolute value, and study the algebraic elements of R, its completion, over
Q. Indeed the field extension of R into its algebraic closure R — C is the most

simple one.
(2) When we want to understand the algebraic closure of C(x), the field of rational
functions in one variable, we equip C(x1) with the norm || - || defined by

Vp,q € Clxil, lp/ql = e ord(p)tord@

and we study the algebraic closure of C(x;) into its completion C((x)). Indeed,
by the Newton—Puiseux Theorem, the field extension of C((x)) into its algebraic
closure, the field of Puiseux series, is well described.

It is fascinating that there are similar results between these situations in spite of the
fact that the technics used to prove them are quite different. For instance, there is
an analogue of the Liouville diophantine approximation Theorem for the elements
of L that are algebraic over K((x)) (see [16,17,31]). There is also an analogue of
Eisenstein’s Theorem [13] for the elements of L.* that are algebraic over K((x)) (see
[32, Theorem 5.12]) and an analogue of Fabry’s Theorem for the elements of L that
are algebraic over K((x)) (see [6, Theorem 6.4]).

In this paper we investigate necessary conditions for a Laurent series with support
in a rational strongly convex cone to be algebraic over K((x)) in any characteristic. We
provide conditions in terms of the support of the series. Indeed in the case of the study
of the algebraic closure of C(x1) into C((x1)), or the algebraic closure of K(x1) into
K((x1)) for a general field K, such conditions have been given, and some questions
remain open (as the Dynamical Mordell-Lang Conjecture—cf. [8] or [7]).

In order to explain this we introduce the following definition:
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Definition 1.1 Let & be a series with support in Q" and coefficients in a field K. We
set

7(§) := [w € Rog |3k € R, Supp(§) N {u € R"ju - < k} = 0} .

For example, if Supp(&) is equal to a cone o and every unbounded face of o contains
infinitely many elements of Supp (&), then 7(§)" = o (see Definition 2.1 for the dual
of a cone). Let us mention that we restrict to vectors w € Rx¢ since, for a series &
algebraic over K((x)), & + f(x) is algebraic over K(x)) for any f(x) € K[[x]].

Remark 1.2 1t is straightforward to check that t(£) is a (non necessarily polyhedral)
convex cone (see Lemma 3.1).

Our first main result is that t(£) is rational when & is algebraic over K((x)):

Theorem 1.3 Let & be a Laurent Puiseux series whose support is included in a transla-
tion of a strongly convex cone containing R=o" and with coefficients in a characteristic
zero field K. Assume that & is algebraic over K(x)). Then the set T(§) is a strongly
convex rational cone.

From the rationality of 7 (&) we can deduce easily the following result:

Corollary 1.4 Let & be a Laurent Puiseux series whose support is included in a transla-
tion of a strongly convex cone containing R>o" and with coefficients in a characteristic
zero field K. Assume that & is algebraic over K(x)). Then there is y € 7" such that

Supp(E) Cy +1(§)".

Moreover T (€)Y is the smallest (non necessarily polyhedral) cone having this property.

Now the question is to determine how far is the support of £ of being equal to a set
of the form y + t(&)". The following result provides an answer to this question:

Theorem 1.5 Let & be a Laurent Puiseux series whose support is included in a transla-
tion of a strongly convex cone containing R=o" and with coefficients in a characteristic
zero field K. Assume that & is algebraic over K(x)). Then there exist a finite set C C 7",
a Laurent polynomial p(x), and a power series f(x) € K[[x]] such that

Supp(§ + p(x) + f(x)) C C+1(§)"
and for every unbounded facet F of Conv(C + 1(£)"), we have
#{Supp(& + p(x) + f(x)) N F} = +o0.

We will see in Example 5.4 that, in general, the set C cannot be chosen to be one
single point. We will also see in Example 5.3 that there is no minimal, maximal or
canonical C satisfying Theorem 1.5.

We do not know if this statement can be extended to faces of t(£)Y of smaller
dimension. But we have the following result:
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The minimal cone of an algebraic Laurent series

Theorem 1.6 Let & be a Laurent Puiseux series whose support is included in a trans-
lation of a strongly convex cone containing Rx" and with coefficients in a field K of
characteristic zero. Assume that & is algebraic over K((x)). Then, for everyu € R, in
the boundary of t (&) there exists a Laurent polynomial p(x) such that, if F, denotes
the face defined by u of the convex hull of Supp(§ + p(x)), then

#(F, 0 Supp(€)) = +oo.

Let us mention that the cone 7(§) was already considered in [6] where we were
not able to prove its rationality and where we gave a very much weaker version of
Theorem 1.6.

We will begin by the proof of Theorem 1.3. This proof is not very difficult once
we have the right setting, and is essentially based on two tools: the compacity of
the space of orders on R>¢", and the construction, for every order < on Q", of an
algebraically closed field S¥ containing K((x)). This result of compacity is due to
Ewald and Ishida [14] (see also [34]) and is a purely topological result. It will allow
us to have a decomposition of R>¢" into a union of finitely many rational strongly
convex cones having the following property: for each order <, the roots of the minimal
polynomial of & in SX have support in the dual of one of these cones.

The construction of the algebraically closed fields SX has been given in [6] and is
based on systematic constructions of algebraically closed valued fields due to Rayner
[28].

The proofs of Theorems 1.5 and 1.6 are much more involved. First they require the
introduction of intermediate cones that we have to describe and compare with 7 (£).
Then we need to prove an extension of Dickson’s Lemma for general rational cones
(see Proposition 4.14) that will help us to show the existence of the finite set C of
Theorem 1.6.

Finally we investigate the positive characteristic case. We begin by constructing
algebraically closed fields containing K((x)). Each of these fields depends on an order
=< on Q", and their definition extends the definition of Sflf to the case of a positive
characteristic field K. Then we provide several examples showing that Theorems 1.5
and 1.6 as long as Proposition 3.4, that is the key tool to prove Theorem 1.3, are no
longer true in the positive characteristic case.

The authors are very grateful to the referee, who made a great work helping the
authors to clarify the paper. They also thank Diane MacLagan who brought to their
attention a mistake in a previous version of this work.

2 Orders and algebraically closed fields containing K ((x))

In this section we introduce the tools needed for the proof of Theorem 1.3.
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2.1 The space of orders on R>q"

Definition 2.1 Let us recall that a cone T C R” is a subset of R” such that for every
tetand A >0, At € 7. A cone T C R” is polyhedral if it has the form

T ={Auy + -+ Aguglhy, ..., Ay = 0}

for some given vectors uy, ..., uy; € R". A cone is said to be a rational cone if it is
polyhedral, and the #; can be chosen in Z".

A cone is strongly convex if it does not contain any non trivial linear subspace.

In practice, as almost all the cones that we consider in this paper are polyhedral
cones, the term cone will always refer to polyhedral cones (unless stated otherwise).

The dual o of a cone o is the cone given by

oV =weR"w-u>0, forallu € o}

where u - v stands for the dot product (u1, ..., u,) - (v1, ..., V) ;= uiv1+- - -+ unvy.

Remark 2.2 Let & be a series and w € 7(&¢). Then Supp(§) C y + (w)" for some
y € Z".Indeed itis enough to choose y such that Supp(§)N{u € R"|u-w < y-w} = 0.

Definition 2.3 A preorder on an abelian group G is a binary relation < such that

(i) Yu,ve G,u <vorv =<u,
(i) Yu,v,w € G,u < vand v < w implies u < w,
(iii)) Yu,v,w € G,u < vimpliesu +w < v+ w,

The set of preorders on G is denoted by ZR(G). The set of orders on G is a subset of
ZR(G) denoted by Ord(G).

Theorem-Definition 2.4 By [30, Theorem 2.5] for every <€ ZR(Q") there exist an
integer s > 0 and orthogonal vectors uy, ..., uy; € R" such that

Vu,veQ", u<ve (- -up,...,u ity) <jex (V-uy,..., 0" Ug).

For such a preorder we set < := <(y,,....u,). Such a preorder extends in an obvious way
to a preorder on R” and the preorders of this form are called continuous preorders.

We remark that the orthogonality condition is not essential as, if U; denotes the
linear subspace generated by uq, ..., u;_1, and v; is chosen in u; + U; for every
Jj = 2, then SWteetts) ==(U1,02,...,05) "

Definition 2.5 Let A C R” and < be a continuous preorder on R”. We say that A is
<-positive if

VYae A, a>0.

Definition 2.6 Let < be a continuous preorder on R” and A C R”. We say that A is
<-well-ordered if A is well-ordered with respect to <.
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The minimal cone of an algebraic Laurent series

Definition 2.7 The set of continuous orders < such that R>(" is <-positive is denoted
by Ord,,.

Definition 2.8 Given two preorders <1 and <7, one says that <, refines <1 if

Yu,v e R", u <0 v =u < v.

Remark 2.9 Let (uy, ..., uy) be nonzero vectors of R”. Using Theorem-Definition 2.4
it is easy to check that for a preorder <, < refines <(y, ... 4,) if and only if there exist
VECHOrS U1, ..., Usii SUch that <==<(,; w0

Lemma 2.10 Let w € R" and o be a strongly convex cone with w € Int(c). Then o
is <-positive for every order < refining <.

Proof If w € Int(c), we have that s - w > 0 for every s € o \ {0}. By Theorem-
Definition 2.9, every < refining <, is equal to <y v,,...,v,) for some vectors v;. Thus
o is <-positive. O

The next easy lemma will be used several times:

Lemma 2.11 [6, Lemma 2.4]. Let o1 and o3 be two cones and y) and y» be vectors of
R". Let us assume that o1 N o7 is full dimensional. Then there exists a vector y € 7"
such that

(Y1 +o)N(r+o02) Cy+oNoy.

Finally we give the following result, which will be used in the proof of Theorem 1.6
(this is a generalization of [6, Corollary 3.10]):

Lemma 2.12 Let oy, ..., oy be strongly convex cones and let v € R™ \ {0}. The
following properties are equivalent:

(i) We have w € Int (UIN=1 al.v>.
(ii) For every order <€ Ord(Q") refining <., there is an index i such that o; is
=<-positive.

Proof Let us prove that (i) implies (ii). Let w € Int (UlN: 1 al.v>. We are going to

show that for all nonzero vectors vy, ..., v, € (a))L, withv; € (o, v, ..., vj_l)L
for every j, there is an integer i such that o; is <(g,y,,...,v,_;)-POsitive. Indeed, by
Remark 2.9 every preorder refining <,, is of the form S(@,01,.,0)) forl<j<n-—1.
Therefore ii) is satisfied. So from now on, we fix such vectors v, ..., v,_1.

By Lemma 2.10, if ® € Int(al.v) for some i, then o; is <-positive for every <-
refining <,,. In particular itis <(4,y,,....s,_;)-positive. Otherwise, let E; denote the set
of indices i such that w € oiv. If w were in the boundary of UiE E oiv, then w would

belong to some o; fori ¢ E| because w € Int (U,NZI ol.v). Thus @ € Int (U, 0;)-

Since @ € Int (U, g, 0,). there is 41 > 0 such that @ 4+ A1v; € Int (U; e, 0,)-
Then two cases may occur:
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(1) Assume w +Ajv; € Int(aiv) forsomei € E.Becausei € Eq, fors € o; \ {0},
eitherw-s > 0,or w-s = 0. In this last case we have vy -s > 0 since (w+Ajvy)-s > 0
and A1 > 0. Therefore o; is <-positive for every order < refining <, ., (In particular
itis <(e,vy,...,v,_1)-POSItIVE).

Q) Ifw+ v ¢ Int(oiv) for every i € E1, we denote by E> the set of i € E|
such that w + 11 v; € 0;”. As before we necessarily have w + Ajv; € Int (UiGE2 o;’).
Therefore there is A» > 0 such that w + Ajv; +Arvy € Int (Ui€E2 o’l_\/). Once again, if
w+Av1+Avy € Int(oiv) forsomei € E3, 0; is <X-positive for every order < refining
<(w,v1,17)- Otherwise we repeat the same process until one of the two situations occurs:

(a) thereis j <n — 1suchthatw +Ajv; +---+Ajv; € Int(al.v) for some i. Then,
we can prove in the same way as (1) that o; is <-positive for every < refining
S(@,01,.,0)) (hence it is <(y,y;,...,v,_;)-POSItIvE).

(b) there is no such an index j. Thus we end with w + Aqvy + - -+ + A,—1v,—1 that
belongs to (at least) one Jiv. Therefore the cone o; is <(4,v,...,v,_;)-POSItive,
because w € 0, w + A1 €07, ..., 0+ Avi + -+ AyUp—1 € 0,7,

This proves that (i) implies (ii).

Now we prove the converse. Assume that for every order <€ Ord(Q") refining <,
there is an index i such that o; is <-positive.

Let v be a vector with |[v|| = 1. By assumption, there is an index i such that o; is
<(w,v)-positive. Let 51, ..., s; be generators of o; that we assume to be of norm equal
to 1. Reordering the s, there is an integer k > O such that s - @ > 0 for every j <k,
and 5; - @ = 0 for every j > k, because o0; is <(y,y)-positive. Take A > 0. When

ming < {s¢ - 0}

k > 1 assume moreover that > A. Then we claim that w + Av € al.v.

Indeed, if j < k we have

ming<{s¢ - w}
2

(W+r)-sj=w-sj+r-5; =w-s5; —Alvllls;l| = > 0.

If j > k we have
(w+Av)-s; =Av-5; >0

since 0} is <(4,)-positive. This implies that w 4+ Av € 0,”. Since this is true for every

v, we have w € Int (UlNzl al.v). O

Corollary 2.13 Ler w € R>¢"\{0} and let oy, ..., oy be strongly convex cones which
are <,-positive. Assume that for every order <€ Ord,, refining <, there is an index
i such that o; is <-positive. Then there is a neighborhood V of w such that, for every
' € V and every <’ € Ord,, refining <y, there is an index i such that o; is <'-positive.

Proof We have w € Int (vazl oiv) by the previous lemma. Therefore, the previous

lemma shows that we can choose V = Int (UZN=1 al.v>. O

The following lemma will be used several times:
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Lemma 2.14 Let & be a Laurent series with coefficients in a field K. Assume that
Supp(§) C vy + o where y € 7" and o is a rational cone. Let o € o”. Then, for
everyt € R, the set

{u - wlu € Supp(€)} ﬂ] — 00, t]
is finite.

Proof We can make a translation and assume that y = 0. Since o is a rational cone,
by Gordan’s Lemma, there exist vectors vy, ..., vy € 0 N Z" generating 0 N Z" as a
monoid. Since w € o, we have v; - w > 0 for every i.

By assumption we have 0 = {Z,N=1 njviln; € N]. Therefore the set {u - w|u €
Supp(&)} is included in the monoid generated by vy - o, ..., vy - . Since this monoid
is finitely generated, the sets {u - w|u € Supp(£)} N ] — 00, t] are finite. O

2.2 The space Ord, as a compact topological space

One important tool for the proof of Theorem 1.3 is the fact that the set of orders Ord,,
is a topological compact space for a well chosen topology. This topology has been
introduced by Ewald and Ishida [14] (see also [12] for a generalization of this to the
sets of preorders on a given group).

Definition 2.15 [14,34]. The set ZR(Q") is endowed with a topology for which the
sets

Uy = {56 ZR(Q") such that o is < -positive}

form a basis of open sets where o runs over the full dimensional strongly convex
rational cones.

Remark 2.16 With this definition we have Ord, = Ur_,» N Ord(Q").
We have the following result:

Theorem 2.17 [14]. The space ZR(Q") is compact and Ord(Q") is closed in ZR (Q").
Moreover every Uy is compact. Therefore Ord,, is compact.

The following lemma will be useful in the sequel:

Lemma 2.18 Let oy, ..., oy be rational cones such that Ord,, C U,Icvzl U, . Then

N

Rzon C U O'kv.
k=1

Proof Let w € R>¢". Let <€ Ord, refining <,,. Such a < exists by [6, Lemma 3.18].
Then <€ U, for some k. Since < refines <,,, we have that oy is <,-positive. This

means that w € ;. This proves that R>¢" C ;. 0, i

@ Springer



F. Aroca et al.

2.3 Algebraically closed fields containing K((x)) in characteristic zero

Definition 2.19 Let n be a positive integer and <€ Ord,.
For a field K of characteristic zero, we denote by SE the following set:

1
{é series|3k eN*, y € Z", o < -positive rational cone, Supp(§) C (y +0) N %Z”} .

We have the following theorem:

Theorem 2.20 [6, Theorem 4.5]. When K is an algebraically closed field of charac-
teristic zero, the set SE is an algebraically closed field.

Definition 2.21 For simplicity we will use the following notation: given a character-
istic zero field K, a strongly convex rational cone o containing R>¢" and k € N*, we
set

1
S(].Ek = {S series |y € Z", such that Supp(&) C (y + o) N zZ"} .

3 Proofs of Theorem 1.3 and Corollary 1.4

We begin by the following remark:

Lemma 3.1 Let& be aseries with supportinQ". Then T (§) is a convex (non necessarily
polyhedral) cone.

Proof 1t is straightforward to see that for A > 0 and w € 7(§), Aw € 7(§). Thus,
we need to prove that for w1, w2 € 1(§), w1 + wy € t(£). By Remark 2.2, there
exist y1, y» € Z", 01 C {w1)", 00 C {w2)" containing R>¢" such that Supp(¢) C
(y1+01) N (y2+02). Thus Supp(§) C y +01Noy forsome y € Z" by Lemma 2.11.
This proves the lemma. O

In order to prove Theorem 1.3 we need the following intermediate results:

Lemma 3.2 Let K be a characteristic zero field. Let & € SE,{ where o is a strongly

convex rational cone containing R>o", and k € N* (¢f. Definition 2.21). Let P €

KI[[x1]1[T] be a monic polynomial of degree d with P (&) = 0. Let us assume that there

exists og D Rx¢" a strongly convex rational cone such that P(T) splits in ng)’ e
Then

Int(oy) N T(§) # ¥ = oy C T(5).

Proof Consider a nonzero vector w € Int(crov yNt(£€).Since € € Sgk, thereare k € N,
Yo € Z", and 0 a <,,-positive rational cone, such that

1
Supp(§) C (o + o) N 27
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Since o is <, -positive and strongly convex, there exists an order <€ Ord,, refining
<w such that o is <-positive (see [6, Lemma 3.8]). Thus £ is a root of P in 85

On the other hand, w is in the interior of UOV , SO 0( 1S <-positive by Lemma 2.10.
Thus the roots of P in 85)’ ¢ are the roots of P in SE and £ is one of them. Hence there
is some y € Z" such that

Supp(§) C y + oy.

Now let ' € 0;;". We have o C («')”. Hence o’ € 7(£). This proves the lemma. O

Corollary 3.3 Let K be an algebraically closed field of characteristic zero and let
£ e S§ where <€ Ord,,. Let P € K[[x]][T] be a monic polynomial of degree d with
P(E)=0.Leto;,i =1,...,N, be strongly convex rational cones containing R>o",
and k € N*, satisfying the following properties:

N
@ (Jo' =R=0",
i=1

K

<,0i.k*

(ii) for every i, and every <€ Uy,, the roots of P(T) in SE arein S

Then, after renumbering the o;, there is an integer | < N such that

l
@) =Jo".

i=1

Proof By Lemma 3.2, we can renumber the o; such that al.v C t(¢)fori <[ and
!

Int(al.v) Nt(&) =@ foreveryi > I. So we have U al-v c t(§).
i=1
Now, suppose that this inclusion is strict: there is an element w € t(&§) such that
[

o ¢ Uiz 077

We claim that Ule O’iv is convex. Indeed, assume that it is not. Since the al.v are
convex, this implies that there is w;, € aiT, wi, € O’i\z/ for some iy, i < [, such that
wi, + i, ¢ U'_; 0. In this case, the line segment [w;,, w;, ] intersects |}, | 0,
Since oiY and O'I-Z are full dimensional, we can replace freely w;, and w;, by any
elements close to them. Thus we may assume that [w;,, wj,] intersects Int(o,,) for
some m > [. But this contradicts the fact that 7 (&) is convex (see Lemma 3.1).

Therefore, by the Hahn—Banach Theorem there is a hyperplane H separating w and
the convex closed set Ui:l o,” in the following sense: one open half space delimited

by H, denoted by O, contains @ and Ué:] o C R"\O. Since ngl o,/ is full
dimensional, the convex hull C of w and U§=1 o,” is full dimensional:

I
C:= :Aw+(1—k)v|veUGiv,1Z)\ZO .

i=1

Thus C N O contains an open ball B.
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Since (&) is convex (see Lemma 3.1), C C t(§) and B C 7(&£). Then B intersects
one o,/ for m > [ because B C O and we have assumed |/, 0¥ = Rxo". But
because B is open, B N Int(o,,) # @, and this is a contradiction because B C (&)
and 7(§)NInt(o,,) = ¥ form > I. Therefore the inclusion is not strict and Ué:l o)/ =

7(§). o
Proposition 3.4 Let K be an algebraically closed field of characteristic zero and
P e K[[x]I[T]. There is an integer N, strongly convex rational cones oy, ...,0pN

containing R>o", and k € N*, such that:

N
(i) Ord, € UL, Uy, and | o, = R=(",
i=1
(ii) for every <e Ord,, there is j € {1,..., N}, such that the roots of P(T) in 85
belong to Sgi,k'

Proof By Theorem 2.20 for every order <€ Ord, there is an element y< € Z", and a
=<-positive strongly convex rational cone o< such that the roots of P can be expanded
as series in S with support in y< + o<.

In particular we have Ord, C Up_n C U< Us.. Hence, by Theorem 2.17, we
can extract from this family of cones o<, a finite number of cones, denoted by o<,

.., O<y, such that Ord, C U,N: 1 L{gji. Therefore, by Lemma 2.18, we have that

Rso" ¢ UY, 0. Because the o<; contain R>(", we have R>¢" = U, oY

Moreover these cones satisfy the following property:

VY <€ Ord,, Jy< € Z",3i € {1, ..., N}, such that the roots of P(T) in SE have
support in y< + o<;.

i

Assume that the same integer i € {1, ..., N} satisfies the previous property for two
orders <1 and <€ Ord,,. That is, the roots of P in Sﬂé (resp. in Si) have support
in y<, + o; (resp. in y<, + o;). Then the roots of P in 852 are elements of SE] , thus
the roots of P in 852 coincide with its roots in SE. Therefore we may assume that
the element y< does depend only on i. O

Proof of Theorem 1.3 First, by replacing each of the x; by some power of x;, we may
assume that & is a Laurent series. By Proposition 3.4, there exist strongly convex ratio-
nal cones o1, ..., oy satisfying (i) and (ii) of Corollary 3.3. Therefore, by Corollary 3.3,
we have that 7 (£) is a strongly convex rational cone. This proves Theorem 1.3. O

Remark 3.5 For a formal power series f € K[[x]] we denote by NP(f) its Newton
polyhedron. Let p be a vertex of NP(f). The set of vectors v € R” such that p+ v €
NP(f) for some A € R is a rational strongly convex cone. Such a cone is called
the cone of the Newton polyhedron of f associated with the vertex p. We have the
following generalization of Abhyankar—Jung Theorem that provides in an effective
way some cones satisfying Corollary 3.3:

Theorem 3.6 (Strong form of the Abhyankar—Jung Theorem) [15, Théoréme 3] [4,
Theorem 7.1] [25, Theorem 6.2]. Let K be a characteristic zero field. Let P(Z) €
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KI[x11[Z] be a monic polynomial and let A be its discriminant. Let NP(A) denote
the Newton polyhedron of A. Then the set of cones of NP(A) satisfies the properties
of Corollary 3.3.

Therefore, if £ is integral over K[[x]], that is P(T") is a monic polynomial in 7', we
may replace the use of Corollary 3.3 (thus Proposition 3.4 and thus Theorems 2.17
and 2.20) by Theorem 3.6.

Now we are able to prove Corollary 1.4:

Proof of Corollary 1.4 By replacing K by its algebraic closure, we may assume that K
is algebraically closed. Since 7 (&) is rational, let wq, ..., w; € Z" be generators of
7(&). Thus we have 7(£)¥ = (}_; (w;)". Therefore, we have Supp(&) C y + t(§)"
for some y € Z" by Remark 2.2 and Lemma 2.11.

On the other hand if o is a cone (not necessarily finitely generated) such that
Supp(§) C v + o for some y € Z", then we have ¢V C t(&) by the definition of
7(£), thatis, T(§)Y C 0. O

4 Proof of Theorems 1.5 and 1.6
4.1 Preliminary results

Definition 4.1 For a Laurent series & we set

70(€) = {w € R=" \ {0}}# (Supp(&) N {u € R"|u - & < k}) < o0, Vk € R},
71(€) = {w € R=0" \ {0} |# (Supp(€) N {u € R"|u - w < k}) = 00, ¥k € R}.

We have the following lemma:

Lemma 4.2 Let& be a Laurent series with support in a translation of a strongly convex
cone containing R>(". We have tj(§) C t(§) C t;(£).

Proof We have 7;(§) C (&) by definition.

Let w € T(§). Then by Remark 2.2, Supp(§) C y + ()" for some y € Z".

On the other hand, by hypothesis, Supp(§) is included in ' + o where y’ € Z"
and o is a strongly convex cone such that R~o" C o. Thus, by Lemma 2.11, Supp(§)
is included in a translation of the strongly convex cone o N {w)".

We have € (w)¥" C (o N (a))v)v ,and (o N (a))v)v is full dimensional. Thus

there exists a sequence (wy )y of vectors in Int ((o N (a))v)v> that converges to w.
We have to prove that the wi belong to 1:6(&). Foru € (o N {w)V) \ {0}, we have
u-wy # 0because wy € Int ((o N (a))v)v). This shows that o N (w)" N (w)+ = {0}.

Therefore, because Supp () is included in a translation of o N (w) ", for all k we have:
wi € {0 € R"[# (Supp(§) N {u € R"|u - &' < k}) < 00, Vk € R}.

Moreover, because @ € 7(§) C R>¢" and R>¢" C o, we have R>¢" = (R>¢")" C
o N {(w)Y. Therefore the wy are in R>(", and they are nonzero for k large enough
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because (wi)x converges to @ which is nonzero. This shows that w; € 74(§) for k

large enough, therefore w € /(). ]

Corollary 4.3 Under the hypothesis of Theorem 1.6, we have
T(§) = 1)(8).

Proof By Lemma 4.2 we have 7(§) C t(£§) C t((§). Since (&) is closed (it is a
rational cone, thus a polyhedral cone, by Theorem 1.3) we have 7(§) = 7;(£). O

Definition 4.4 In the rest of this section we consider the following setting: & is a
Laurent series with support included in the translation of a strongly convex rational
cone, and £ is algebraic over K[[x]] where K is a field of characteristic zero. From
now on we enlarge K in order to assume that K is algebraic closed. We denote by
P € K[[x]][T] the minimal polynomial of £ and, for any order <€ Ord,,, & 15, .. E df
denote the roots of P(T) in 85 We set

10(€) == {w € R>¢"\{0}| forall < thatrefines <, 3i such that&§ = &7},
11(8) == {w € Roo"\{0}|& # &7, forall < thatrefines <,, Vi =1,...,d},

Remark 4.5 These sets were introduced in [6], but only for w € R.¢". In this case it
was proved that 7o(§) "R~ " = 7)(§) NR~¢" and 71(§) NR~¢" = 7{(§) NR(" (see
[6, Lemmas 5.8, 5.11]). Taking into account all the w € R>(" changes the situation.
In particular we do not have 7o(§) = 7(&) in general (see Example 4.12).

Proposition 4.6 We have t1(§) = t{(§) and t)(§) C 1o(é).

Proof The proof of the equality 71 (&) = 7] (&) is exactly the proof of [6, Lemma 5.11].
Let us prove 7(§) C 70(£). Let w € 74(£), in particular:

# (Supp(6) N {u € R"|u - o < k}) < 00, Vk € R, )

and let us consider an order < that refines <,,.

Let (u;); be a sequence of elements of Supp(§) such thatu; > u;4 forevery/ € N.
Then u; >, ujy1, thatis u; - w > uj41 - o, for every I € N. Therefore by (2), this
sequence contains only finitely many distinct terms. Therefore u;1 = u; for [ large
enough because < is an order. This shows that Supp(§) is <-well-ordered. Thus by
[6, Corollary 4.6] £ is an element of 85. This shows that w € to(§). O

Proposition 4.7 The sets t(€§) and t1(§) are open subsets of Rx¢".

Proof Let us consider the cones o; given by Proposition 3.4. In particular, for every
o € Rx¢"\{0}, the set of orders <€ Ord,, refining <, is included in UlNzl Uy, . The
set 7, = {o1, ..., on} satisfies the following property:

For any order <€ Ord,, refining <,,, there is 0 € 7, o being <-positive, such
that the roots of P in SE are in ka for some k € N*.
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Moreover, let us choose 7, to be minimal among the sets of cones having this property.
Then Corollary 2.13 implies that, for every ' € R>("\{0} close enough to w, and for
any order <’€ Ord, refining <, there is o € 7, such that the roots of P in Sﬂf, are

in ka for some k € N*. Since 7, is minimal with this property, for every o’ close
enough to w, for every order <’€ Ord, refining <., and foreveryi = 1, ..., d, there
is an order <€ Ord,, refining <,, such that Sf = Eﬁ for some j;.

If o € t9(&) then & is equal to some Sf for every order <e Ord, refining <.
Thus, for every o’ € Rx¢" close enough to @ and every order <’€ Ord,, refining <,

&= Ejﬁ, for some j. Thus o’ € 70(§). This proves that 7o(£) is open in Rx".

If w € 71(€) then & # éf for every i and for every order <€ Ord, refining <,,.
Thus, for o' € Rxo" close enough to @ and every order <’€ Ord, refining <,

£ # Ejﬁ/ for every j. Hence o’ € 71(§) and 7 (§) is open. O

Corollary 4.8 We have
&) NT(E) = 0.

Proof The sets 79(&) and 71 (£) are disjoint and open in R>¢". Thus 7o(§) N1 (§) = .
This proves the corollary because 1:(/) (&) C 9(§) and r{ (&) = 11(&) by Proposition 4.6.
O

Lemma 4.9 We have

70(8) = 10(6) NR.0" = 10(8).

Proof The set 79(&) is open. Therefore every w € t9(£) N (R>¢"\R=o") can be
approximated by elements of 79(&) N R~o". Hence

10(5) NR-o" = 10(§).

By [6, Lemma 5.8] 7)(§) NR-o" = 70(§) NR.¢". We have that 7;(£) is convex (the
proof is exactly the same as the proof of [6, Lemma 5.9]). Thus we have

70() NRoo" = 7y(§)

by [9, Prop. 16—Cor. 1; I1.2.6]. Hence

75(8) = 7(§) NR-" = 10(§) NR-o" = 10(§).

Corollary 4.10 For every f € K[[x]]* we have

0@ + f) =&, ulE+ f)=u@), 1+ ) =1,
©0(f§) D 10(8), 11(f§) D 11(§), (f§) D 7(§).
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Proof The minimal polynomial of & + f is Q(T) := P(T — f). Thus, for a given
=<e Ord,, the roots of Q(T) in Sf are éf +f,..., éf + f. This shows that

¢ + f) =), 1+ ) =1().

Lemma 4.9 and Corollary 4.3 imply that t(§ + f) = t(§).

__ Now, the polynomial R(T) := f dpr/f ) vanishes at f§. On the other hand, if

R(T) is a polynomial with R(f§) = 0, then R(fT) is a polynomial vanishing at §.

This shows that P(T') divides R(f T). Thus, the minimal polynomial of f& has degree
d

d and divides R(T), thus it is of the form éR(T) = f?P(T/f) for some g € K[[x]],

g #0.
Therefore, for a given <€ Ord,, the roots in SH§ of the minimal polynomial of f&

are féf, ...,fsf. This shows that

0(f8) D w0 ), t(f&) D 1), 7p(f§) D 75(8).

This proves the corollary. O

i>0 \ xo X2—X]
(1,0) and (1, 1). But ((x2 — x1)&) = R>¢". Therefore we do not have 7(f&) = (&)
in general.

Example 4.11 Let & = > (x' )l = —2_ Here 7(§) is the cone generated by

Example 4.12 We can see on a basic example that 7j(§ + f) # t)(§) in general:
letn = 2 and fix £ = ZkeNX{( and f = 1 — &. Then 7)(§) = R.g x Rxo but
&+ )= R=o>. This also shows that 7o(£) # 7)(§) in general.

4.2 Proof of Theorem 1.6

First, by replacing each of the x; by some power of x;, we may assume that & is a
Laurent series.
Here we denote by o the face of 7(£)" defined by u. We set

H,@)=weR'Ww-u=1}, H()" ={v e R"v-u > 1}. 3)

The vector u is in the boundary of ré (&) because t(§) = % by Corollary 4.3. Hence
by Corollary 4.8 we have u ¢ 7{(&). Thus, we have u € (&) oru € Rx>o"\(7y(§) U
7{(§)). Assume that u € 7;(£). By Proposition 4.7, 7j(§) N R.¢" is open. Thus,
because u is in the boundary of 7/(£), we have u € R-¢"\R~(", which contradicts
the hypothesis. Therefore u ¢ 7)(§). Thus we use the following lemma whose proof
is given below:

Lemma 4.13 Letu ¢ (&) Ut{(§). Then there exist a Laurent polynomial p, (x) and
a real number ts such that

Supp(§ + ps(x)) C H, (to)Jr and # (Supp(&§ + ps(x)) N Hy(t5)) = +o0o.  (4)
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Now we denote by p(x) the sum of distinct monomials that appear in all the p, (x)
(there is a finite number of faces o), and Theorem 1.6 is proved.

Proof of Lemma 4.13 Because u ¢ 7,(£) U ;(£), the following set is non empty and
bounded from above :

Ey = {t € RI# (Supp(&) N {v e R"|v-u < t}) < 00} .

Let us set #, := sup E,. By Lemma 2.14, the set {v - u|lv € Supp(§)}N] — oo, 7]
is finite for every ¢ (here u belongs to the closure of t(£)). Thus, we may order
the elements of {v - ulv € Supp(§)} as tp < #; < ---, and necessarily 7, is one
of these elements. Therefore the set Supp(&§) N {v € R*|v - u = t,} is infinite and
Supp(&) N {v e R"|v-u < ty,} is finite. So we denote by —p, (x) the sum of the
monomials of £ whose exponents belong to {v € R"|v - u < t,} and (4) is satisfied
(that is, we remove from & the monomials that are in {v € R"|v - u < 5 }). m]

4.3 Proof of Theorem 1.5

We begin by giving a strengthened version of Lemma 2.11 that we will need in the
proof of Theorem 1.5:

Proposition 4.14 (Dickson’s Lemma) Let o1, ..., or be convex rational cones such
that o := ﬂl;zl oj is a full dimensional convex rational cone. Let yy, ..., yx € Z".
Then there exists a finite set C C 7" such that

k
ﬂ(yj +o)NZ"=C+oNZ".
j=1

Proof Up to a translation we may assume that y; € o NZ" for every j because o is full
dimensional. Let uy, ..., us be vectors with integer coordinates generating o N Z".
Then the ring R, of polynomials in x1, ..., x,, with support in o N Z" is isomorphic
to K[Uy, ..., Us]/I for some binomial ideal /. This is well known and this can be
described as follows (for instance see [11, Proposition 1.1.9] for details):

for any linear relation L := {Zle Miu; = 0} with A; € Z we consider the binomial

B =[] vl =[] u™.

i1i>0 il <0

Then [ is the ideal generated by the By for L running over the Z-linear relations
between the u;. Moreover, for y € o N Z", the isomorphism R, —> K[U]/I sends
x onto U®r where &), € ZL is defined by y = Y _}_; oy iu;.

Because the y; belong to o, we have

k k
ﬂ(J/j—i-aj) C ﬂaj =o.
j=1 j=1
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Therefore the set of monomials x” for u € ﬂljzl (yj +0j) NZ", is equal to the set of
monomials of a monomial ideal of R,,. By Gordan’s Lemma, this ideal is generated by
a finite number of monomials. If C denotes the set of exponents of these generators,
Wehaveﬂ]jzl(yj—{—oj)ﬂzn=C+oﬂZn_ O

Proof of Theorem 1.5 As in the proof of Theorem 1.6 we may replace each of the x;
by some power of x;, and assume that £ is a Laurent series.

By [24, Proposition 1.3], because 7(£)" is a strongly convex rational cone, for each
nonzero face o C t(£)Y, there is a vector u, in the boundary of 7 (&) such that

o= (us)TNr(©)”.

In fact, as seen in the proof of [24, Proposition 1.3], we can freely choose u, in the
relative interior of o+ N T(£), where ot N 7(&) is a face of dimension n-dim(o) of
7(&). Thus, when o is a facet of (&)Y, o- N 7 (£) is a half-line that is generated by
one vector with integer coordinates. Therefore, when o is a facet of t(£)Y, we can
choose u, € 7.

From now on, o will always denote a facet of 7(£)". We have

®'=[) H,OF

o facetof T(&)V

where the H,, (t)T are defined in (3). The vectors u, are in the boundary of r(’)(é )
because 7(£§) = 7(&) by Corollary 4.3. Hence by Corollary 4.8 we have u, ¢ 7{(§)
for any facet o. Thus for every facet o of 7(£)Y we have u, € ré(é) or uy, €
Rzo’l\(r{)(é yu rl’ (£)). We will reduce to the situation where none of the u, are in
75(5):

’ Let o be a facet of 7(&§)" for which u, € 7(§). By Proposition 4.7, 7)(§) N R~¢"
is open. Thus, because u, is in the boundary of 7(§), we have u, € R>¢"\R~¢".
In particular at least one of the coordinates of u, is zero, hence (i, )" contains at
least one line generated by one vector with integer coordinates. Therefore there exists
f» (x) € K[[x]] with support in (1, ) N R>0" and such that

#[Supp(& + £ () 1 {ug) - N Rg" | = o0,

Moreover we can do this simultaneously for every facet o of (&) such that u, €
7)(&), hence there exists f(x) € K[[x]] such that for every such facet o:

#{Supp(& + /() N (o)t N R | = +o0. )

By Corollary 4.10 7(§) = t©(§ + f(x)). But u, ¢ 7)(§ + f(x)) by (5). Therefore,
we replace & with £ 4+ f(x). This does not change 7 (&), but this allows us to assume
that u, € Rzo”\(ré(é) U r{ (&)). Therefore we may assume that none of the u, is in

70(8).
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Fig.1 Example 5.1

Then we apply Lemma 4.13 to see, as in the proof of Theorem 1.6, that modulo a
finite number of monomials and a formal power series f(x) € K[[x]], the support of &

is included in ﬂ H,, (s Yt NZ". Moreover each H,, (t;) contains infinitely

o facetof 7(§)V
many monomials of £, i.e there is a Laurent polynomial p(x) such that

Suppé + f(X) +p) C [ Hi )t NZ

o facet of T7(§)V

and # (Supp(§ + f(x) + p(x)) N Hy, (15)) = +o0 Vo,

For every o facet of 7(£§)" we have H,, (1,)" = y5 + Hy, (0)* forany y, € Hy (5).
But, since H,, (t;) N Z" # ¥, we may fix y, € Z". Since u, € 7", the cone Hut is
rational. Thus, by Corollary 4.14 there is a finite set C C Z" such that

N Het)'nz'=c+ ()  H,0'nz'=C+c®"nz"

o facet of T(§)V o facet of T(§)V

Because the sum of two convex sets is a convex set, we have
Conv(C + 7(£)¥) = Conv(C) + t(£)"

is an unbounded convex polytope. Moreover each unbounded facet of Conv(C +
7(£)Y) is the intersection of Conv(C + 7(£)Y) with one H,_ for some facet o of
7(&)". Therefore every unbounded facet of Conv(C + 7 (£)") contains infinitely many
elements of Supp(§ + f(x) + p(x)). O

5 Some examples

Example 5.1 Let E := {(x,y) € R>0 x R]y > —x — /x} and let £ be a Laurent
series whose support is Z> N E as follows (Fig. 1):

Here t(&) is the cone generated by (1, 0) and (1, 1), but Supp(§) C o where o
is the cone {(x, y) € R>g x R|y > —x}. Since 0 C t(£)", £ is not algebraic over
K((x, y) by Corollary 1.4.
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Fig.2 Example 5.2

Moreover 1:1/ (&) is equal to the rational cone generated by (1, 0) and (1, 1) minus the
origin. So 7{(£) is not open. In this case R>o"\{0} = /(&) U t{(§).

Example 5.2 'We consider the set
E :={(x,y) € Ryo x Rly > In(x + 1)}.

We rotate it by an angle of —x /4 and denote this set by I'. We denote a Laurent series
whose support is I' N Z? by £ (see Fig. 2).

Then 7(§)Y is the cone generated by (1, —1) and (0, 1), so it is rational, but § is
not algebraic as Theorem 1.5 is not satisfied.

Moreover 7 (&) is generated by (1,0) and (1, 1). Thus the vector (1, 1) is in the
boundary of 7(£) but here (1, 1) € 7)(&). Thus 7(&) is closed.

Example 5.3 Let o be the cone generated by the vectors (1, 0), (0, 1) and (1, —1).
Then the series & := Z,fio(xy_l)k has support in ¢ and it is straightforward to see
that o = 7(§)". Let N € Z* and set py(x, y) := > p g (xy~)* (when N > 0) or
pN(x,y) = 22:1\, (xy_l)k (when N < 0). Let Cy denote the point (N, —N). Then,
we have

Cn € Supp(§ — py(x,y)) C Cn +o0.

This shows that there is no canonical choice for Cy in Theorem 1.5, neither a minimal
or maximal Cy.

Example 5.4 Let C be the set {(1,0,0), (0, 1,0), (0,0, 1)}, and let o be the cone
generated by the vectors (1, —1, 1), (—1, 1, 1), and (1, 1, —1). We can construct a
Laurent series &, algebraic over K[[x, y, z]], with support in Conv(C) + o, such that
all the unbounded faces of Conv(C) + o contain infinitely many monomials of £ as
follows:

We fix an algebraic series G(7T') not in K(7'). We remark that, for a, b, ¢ € Z, the
series G (x?ybz%) is algebraic over K(x, y, z), and it is a formal sum of monomials of
the form x* ykb k¢ with k € N. Thus its support is included in the half line generated
by the vector (a, b, c).

Then we set

§=G6G0)+G()+:6()+:G (E) +26 (E) NG <2> '
y x ¢
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Fig.3 Example 5.4

Y

Then £ is algebraic over K((x, y, z)), its support is Conv(C) + o and all the unbounded
faces of Conv(C) + o contain infinitely many monomials of & (see Fig. 3). Therefore
7(§)Y = 0. Moreover we can see that there is no y € R” such that Supp(§) C ¥y +o
and every face of y + o contains infinitely many monomials of &, even after removing
monomials of & belonging to R203. Indeed, if it were the case, the four unbounded
edges of Conv(C) + o that are not included in R203 would intersect at one point and
this is clearly not the case. Thus we cannot assume that the finite set C of Theorem 1.5
is a single point.

6 The positive characteristic case

In positive characteristic, unlike the characteristic zero case, we cannot express roots
of polynomials as Puiseux series with support in rational strongly convex cones. This
already appears in the univariate case, since it has been noticed by Chevalley [10] that
none of the roots of the polynomial 77 — x {’ 7 —xP ' canbe expressed as Puiseux
series, when p > 0 denotes the characteristic of the base field. This shows that the
Newton—Puiseux Theorem is no more valid in positive characteristic. Then Abhyankar
noticed that for such a polynomial, the roots can be expressed as generalized series
with support in Q with the additional property that their support is well-ordered [2].
1

Here such a root can be written as ) " .y« x; ” " The determination of the algebraic
closure of K((x1)) for n = 1, when K is a positive characteristic field, was finally
achieved very recently (see [19,20]).

For n > 2, this problem has recently been investigated by Saavedra [33]. He general-
ized Macdonald’s Theorem to the positive characteristic case as follows:

Theorem 6.1 [33, Theorem 5.3]. Let K be an algebraically closed field of character-
istic p > 0. Let w € R~¢" be a vector whose coordinates are Q-linearly independent.
The set
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ng = {S series |3k e N*,y € Z"", 0 a <, -positive rational cone,

1
Supp(§) C (y +0o)N EG(p) and Supp(§€) is <, -well-ordered} ,
where
1 n
Gp)=J =7,
LeN
is an algebraically closed field.

We give here a positive characteristic version of SX:

Definition 6.2 We fix an order <€ Ord,, and a field K of characteristic p > 0. We set

S¥ .= {5 series [k € N*, y € Z", 0 a < -positive rational cone containing R>(",

1
such that Supp(é) C (y + o) N EG(p), and Supp(§) is < -well-ordered } .

Then the following result, extending Theorem 6.1 is the positive characteristic
analogue of Theorem 2.20:

Theorem 6.3 Let <€ Ord, and K be an algebraically closed field of positive charac-
teristic. Then the set SE is an algebraically closed field containing K(x)).

In order to prove this theorem we will use the notion of field-family introduced by
Rayner:

Definition 6.4 [28]. A family F of subsets of an ordered abelian group (G, <) is said
to be a field-family with respect to G if we have the following.

(1) Every element of F is a well-ordered subset of G.

(2) The elements of the members of F generate G as an abelian group.

(3) Y(A,B)e F2,AUB € F.

@4 YVAeFandBC A, BeF.

6S) VA, y) e FxG,y+AecF.

(6) YA € F,if A is <-positive, the semigroup generated by A belongs to F.

Theorem 6.5 [28, Theorem 2]. If F is a field-family with respect to G then the set

Zagxg|{g|ag #0}eF
geG

is a Henselian valued field.
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For <€ Ord,, we set
F< = {A C Q"13k e N*,y € Z", 0 a < -positive rational cone containing R>¢",

1
AC(y+o)n %G(p), and A is < -well-ordered } .

Proposition 6.6 The set F< is a field-family with respect to (Q", <).

Proof It is straightforward to verify that F< satisfies the items (1), (2), (4) and (5) of
Definition 6.4. For (3), if A, B € F<, we have

1 1
AC(ya+oa)N-—G(p), BC(yp+op)N-—G(p)
kA kB

for some y4, yp € Z", 04 and o <-positive rational cones containing R>(" and k4,
kp € N*. We can replace k4 and kp by their least common multiple and assume that
k4 = kp. We can also replace o4 and o by the cone o gerenated by o4 and op. Since
o4 and op are <-positive and rational, o is also <-positive and rational. Finally we
may assume that y4 = yp by Lemma 2.11. Moreover A and B are <-well-ordered,
thus A U B is <-well-ordered. This shows that (3) is satisfied.

Therefore we only prove (6) here. The proof is done by induction on n. In fact we
will prove by induction on 7, the following claim:

Claim: For A C (y+0),wherey € Z", 0 is a a strongly convex rational cone, and
A is <-positive and <-well-ordered, there exists a <-positive rational cone ¢’ D o
such that A C o'.

This claim, along with the following theorem, proves the proposition:

Theorem 6.7 [23, Theorem 3.4, p. 206]. Let A be a well-ordered subset of an ordered
group (G, X). If A is <-positive, the semigroup generated by A is well-ordered.

Let us consider a set A as in the claim.

If n = 1, there is only two orders on Q. Both cases are symmetric, thus we may
assume that < is the usual order < on QQ and 0 = Rx(. Therefore we may assume that
y = 0as A C Qxp. In this case U, = {<}. Since A is <-positive and <-well-ordered,
(A) C Qs is also <-well-ordered by Theorem 6.7. This settles the case n = 1.

So from now on, assume that n > 1 and that the result is satisfied for n — 1.

We know that there exist nonzero vectors (uq, ..., us) € (R")% and (¢1,...,q,) €
(Q")" such that <=<(,,, .,y ando ={(q1,...,¢q,).
Assume first that y > 0. Then A C o’ = (v, q1,...,q,) and o’ is a <-positive

rational cone. Hence A is included in ¢’ N %G( p), and the claim is proved.
Now assume that y < 0. By replacing o by the cone generated by o and —y, we
may assume that 0 € y + o. We define a := min(A \ {0}) and we set

H:={ueR"suchthatu -u; =a-ui},
H' :={uecR"suchthatu -u; >a-u}.

By assumption, a > 0. Hence a - u1 > 0 because <==<(,,, .. u,)-
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Case 1: If a - u; > 0 we define ¢’ to be the closure of the cone spanned by
H N (y +0). A vector u € o’ is not in the cone spanned by H N (y + o) if and only
if R>ou is the limit of halflines of the form Rxqv, with v, € H N (y 4+ o) and (v,),
is not bounded. Therefore, we may assume that v, = y + A,v" where A, > 0 and
v' € o is orthogonal to u. Therefore o’ is generated by the vertices of H N (y + o)
and the generators o N (u1)", in particular o’ is a rational cone.

Moreover ¢’ is a <-positive cone, because u > 0 forevery u € H N (y + o), and
(y +0)N HY C o’. Finally itis clear that o’ is strongly convex: if u, —u € o’, since
o’ is <-positive, u € o’ N (u1) = o N (u1)*; but o is strongly convex, thus u = 0.

Now, ifa’ € A,wehavea’-u; > a-uj, thus thereis 1 > A > Osuch that Aa’ € H.
But we have

ra' =y +rd—-y)—yey+o

because —y € o anda’ — y € o. Therefore, Aa’ € 6’ and A C ¢’. Thus the claim is
proved in this case.

Case 2: Assume that a - u; = 0. We denote the set A N H N Q" by B, and we set
a; :=min(A \ B). Since A C {§ € Q"6 = 0} and a; ¢ H, we have aj - u; > 0. By
Case 1, there exists a strongly convex rational <-positive cone o] containing o such
that A\ B C o7.

We have that H N Q" is a (Q-vector space of dimension d < n. We set V :=
(HNQ") ®g R. We set 03 := o NV and we denote by <y the restriction of < to V.
Then o7 is a strongly convex rational <y -positive cone. If o7 is not full dimensional,
we replace o, by a strongly convex rational <y -positive cone that is full dimensional.
Therefore, by Lemma 2.11, we have that B C y» + o» for some y» € V. Therefore,
by the inductive hypothesis, there is a strongly convex rational cone <y -positive 03
such that oo C 03 and B C o3.

Now we set ¢’ := o] + o3. This cone is rational and <-positive, thus it is strongly
convex. Moreover it contains A, therefore the claim is proved. O

Proof of Theorem 6.3 By Proposition 6.6 and Theorem 6.5, the set S& is a Henselian
valued field. N

Assume that SE is not algebraically closed. Then, by [28, Lemma 4] there exists
a € S¥ such that T? — T — a is irreducible in SX[T7]. Let us write

a=a"+a"

where Supp(a™) C {b € Q"|b < 0} and Supp(a™) C {b € Q*|b > 0}. Because the
map b —> bP is an additive map, if €T is aroot of T” — T — a™ and £~ is root of
TP —T —a~,thenét £~ isarootof TP —T —a. We will prove that T” — T —a™ and
TP —T —a~ admit a root in S¥ contradicting the fact that T? — T — a is irreducible.

Since SE is a Henselian valued field,

0= | € S¥I¥b € Supp(&), b = 0}
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is a Henselian local ring with maximal ideal
m = {s e SKVb € Supp(£), b > Q} .

The polynomial 77 — T — a* € O[T] has a root modulo m since K is algebraically
closed (here O /m = K). Moreover the derivative of this polynomial is -1. Thus this
polynomial satisfies Hensel’s Lemma and admits a root £+ in S¥.

In order to prove that 7”7 — T' — a™ has a root in SEg, we follow the proofs of [28,
Theorem 3], and [33, Theorem 5.3]. We write a~ = zqe(@n aq’xq and we define

£ = quQn (i (apq)’l> X,

i=

We can verify that £~ is well defined: for a given ¢ € Supp(a ™), the sequence (p'q);
is strongly decreasing for the order < since ¢ < 0. Therefore a;q = 0 for i large

€
enough because Supp(a~) is <-well-ordered. Hence the sum Y -, (a;,-q) " is in
fact a finite sum.

Then we remark that

1
Supp(¢ ™) € | J = Supp(a™).
ieN*

thus Supp(& ™) is <-well-ordered by [33, Lemma 5.2].

Finally we claim that Supp(§ ™) is contained in the translation of a rational <-
positive cone. In order to prove this we assume that Supp(a™) C y +o where y € Z"
and o is arational <-positive cone, and we denote by yy, ..., ys € Z" some generators
of o.

First we assume that y > 0. Let a € Supp(§7), a = #a’ with o' € Supp(a™).
We have

1 1, 1
;05 +J/=F(0l—7/)+ F-f‘l Y €01

where o7 is the cone generated by the y; and y. Thus « € —y + o1, which proves the
claim because o is rational and <-positive.
Now assume that y < 0 and consider & € Supp(§ ™) written o = #a’ as before.

Then #(a’ — y) € o because &’ € y + o. Thus

1, 1, 1
Fa—J/:F(a—y)Jr 1—; (=y)eo

where o7 is the cone generated by the y; and —y. Thus @ € y + 03, which proves the
claim because o> is rational and <-positive.
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Fig.4 Example 6.8

< :

Moreover an easy computation shows that £ ~ isaroot of T? — T —a~. This proves
the theorem. O

6.1 Examples

We do not know if Theorem 1.3 remains valid for elements of SE when K is positive
characteristic field, but all the other results proved before in characteristic zero are non
longer true in positive characteristic, as shown by the following examples:

11—
Example 6.8 Let K be a field of characteristic p > 0.Set f = Y 2, ¢ #*.Theseries

f is algebraic over K(r) because f? —tP~! f —¢P~! = 0.Thus g := Y ey (%) ”k

is algebraic over K(x, y). We set £ = Y32 | (xg)*. Because £ = liig’ £ is rational

over the field extension of K(x, y) by g. Hence £ is algebraic over K(x, y).

We see that all the monomials of (xg)¥ are of the form x*~/y/ for [ € Qs0. Therefore
the support of £ is included in the cone o generated by (2, —1) and (0, 1) (see Fig. 4).
Moreover the support of (xg)* contains a sequence of points converging to (2k, —k).
But (2k, —k) does not belong to the support of & since (1, —1) does not belong to the
support of g. Hence t(§) = o is generated by (1, 0) and (1, 2).

But the conclusions of Theorem 1.5 and 1.6 do not hold in this case: there is no
hyperplane H; = {(x, y) € R?|x 4+ 2y = A} containing infinitely many elements of
Supp(é) such that H, := {(x,y) € R?|x + 2y < A} contains only finitely many
elements of Supp(§).

Here 7(§) = ¢. This shows that Lemma 4.2 is not valid in general for generalized
series with exponents in Q" that are algebraic over K((x)), for a positive characteristic
field K.

Example6.9 We seta = Y 22, x'y~! € Fa((x, y) and P(T) = T? + T + a. For
i € N* we also denote P;(T) = T? + T + x'y~!. We consider an order <€ Ord,.
The roots of P; in SEZ are

£V and £V + 1, with gD = 32 x127y2" when (=i, 1) = 0
£ and @ + 1, withg® = — Y20 %2y~ when (i, —1) > 0
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Fig.5 Example 6.9

Letip = sup{i € N*|(—i, 1) > 0} € N* U {oo}. Therefore the roots of P in SEZ are
&< and &< + 1 where

io

=360+ Y 6.

i=1 io+1

We can replace P(T) by P(T) :=T?+yT + Y2, x' e K[[x]][T] and remark
that P(yT) = sz(T), thus the roots of Py(T) are obtained from those of P(T) by
multiplication by y. This proves that Proposition 3.4 is no longer valid in positive
characteristic (Fig. 5).

Example 6.10 Let K = [F; be the field with two elements. The series

Sy 1-27%
a(x,y)=x Z (—)
k=1 y

is algebraic over F2 (x, y). Thus the roots of T2+ T +a are algebraic over [F> (x, y).
One of these roots is

where <€ Ord, is such that (1, —1) > 0. The support of £ is given on Fig. 6 below.
Thus, 7(£)" is the cone generated by (2, —1) and (0, 1). Here 70(&) is not open since
(1, 1) € 79(€): here tp(§) is equal to the cone generated by (1, 0) and (1, 1) minus the
origin. Thus Proposition 4.7 is no longer valid in positive characteristic. We remark
that 7)(§) = .

On the following picture, the small circles indicate the terms of the support of a(x, y),
while the bullets indicate the terms of the support of &:
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Fig.6 Example 6.10
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