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Support of Laurent series algebraic over the field
of formal power series

Fuensanta Aroca and Guillaume Rond

ABSTRACT

This work is devoted to the study of the support of a Laurent series in several variables which
is algebraic over the ring of power series over a characteristic zero field. Our first result is the
existence of a kind of maximal dual cone of the support of such a Laurent series. As an application
of this result we provide a gap theorem for Laurent series which are algebraic over the field of
formal power series. We also relate these results to Diophantine properties of the fields of Laurent
series.
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1. Introduction

From the perspective of determining the algebraic closure of the field of power series in several
variables, this paper investigates conditions for a power series with support in a strongly convex
cone to be algebraic over the ring of power series. We also develop the analogy between the
classical Diophantine approximation theory and its counterpart for power series fields in several
variables. Let us explain in more details the problem.

Let us denote by K((z)) the field of fractions of the ring of formal power series in n variables
x = (x1,...,2,) with coefficients in a characteristic zero field K. For simplicity we assume that
K is algebraically closed. This field K((z)) is not algebraically closed. When n =1 it is well
known that the algebraic closure of K((x)) is the field of Puiseux series J;.c;_, K((z'/*)).

When n > 2 there are several descriptions of algebraically closed fields containing K((x)) [2, 8,
15, 26]. The elements of these fields are Puiseux series whose support is included in a translated
strongly convex rational cone containing R>(". Here a rational cone means a polyhedral cone
of R™ whose vertices are generated by integer coefficients vectors. More precisely, one of these
descriptions is the following one: for any given vector w € R+ with Q-linearly independent
coordinates and for every polynomial P with coefficients in K((z)) there exist a strongly convex
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cone o containing R>", such that u - w > 0 for every u € o\{0}, a vector v € R” and a Laurent
Puiseux series £ which is a root of P such that

Supp(§) C v+ 0.
Let us recall that for a Laurent power series £ = ) {2 we define the support of £ as:

Supp(§) :={a € Q" | &, # 0},

and a Laurent Puiseux series is a series & whose support is in %Z” for some integer k € Z~.
For instance if P(T) = T? — (21 + x2) then the roots of P are

2 k
1 T X X
+z7 <1+a12+a2 (2) +---tag (2> +) if wy <wy
A X1 1

and have support in the cone generated by (0,1), (1,0) and (-1, 1), or

2 k
1 X X X
+x3 <1+a11+a2(1) +"'+ak(1) +> if wy > ws
T X9 T2

and have support in the cone generated by (0,1), (1,0) and (1,—1), where the a; are the
coefficients of the following Taylor expansion:

VI+U=14+aU+aU+ - +a U+ -

But unlike the case n = 1 these latter fields of Puiseux series (each of them depending on a
given vector w) are strictly larger than the algebraic closure of K((x)). So a natural question
is to find conditions for a Laurent Puiseux series with coefficients in a strongly convex cone
containing R>(" to be algebraic over K((z)).

Let us remark that it is straightforward to see that a Laurent Puiseux series £ =
> aczn Eax®/* is algebraic over K((z)) if and only if the Laurent series & = > aczn §ax® is
algebraic over K((x)). Indeed if P(x,T) is a non-zero vanishing polynomial of ¢ then P(z*,T)
is a non-zero vanishing polynomial of ¢, and if € is algebraic over K((x)) then & is algebraic
over K((z'/*)) which is a finite extension of K((x)). So we can restrict the question to the
problem of algebraicity of a Laurent series with support in a strongly convex cone. The
aim of this work is to provide necessary conditions for such Laurent series to be algebraic
over K((x)).

The conditions we are investigating are defined in terms of the support of the given Laurent
series.

Let us mention that the problem of determining the support of a series algebraic over K|[x] or
K[[z]] is an important problem related to several fields as tropical geometry (cf. for instance [4]
where the support of a rational power series is studied) or combinatorics (cf. [10] for instance)
and number theory (cf. for instance [1] for a characterization of the support of a power series
algebraic over K[z] where K is a field of positive characteristic in terms of p-automata, while it
is still an open problem to prove that the set of vanishing coefficients of a univariate algebraic
power series over a characteristic zero field is a periodic set).

On the other hand it is probably not possible to characterize completely the Laurent series
which are algebraic over K[[z]] just in term of their support. A complete characterization of
the algebraicity of Laurent series would probably involve conditions on the coefficients as it is
the case for univariate algebraic power series in positive characteristic (see [12]).

Our first main result, that will be very useful in the sequel, is a general construction of
algebraically closed fields containing the field K((«)). In particular it generalizes and unifies the
previous constructions given in [2, 8, 15, 26]. This result is the following one (see Section 3
for the definition of a continuous positive order — but essentially this is a total order on R™
compatible with the addition and such that the elements of R>(" are non-negative):
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THEOREM 4.5. Let K be a characteristic zero field and let < be a continuous positive order
on R™. Then the set, denoted by /%, of series & for which there exist k € Z~q, v € Z" and a
rational cone o whose elements are non-negative for < and such that

1
Supp(§) C (v +o) N 2"
is an algebraically closed field containing K((x)).

Let us mention that the proof of this theorem is a direct consequence of a very nice result
of Rayner [20] that has been proven twenty years before the works [2, 8, 15, 26].

Our second result, and the most difficult one, concerning the support conditions we were
discussing before, can be summarized as follows:

THEOREM 5.13. Let £ be a Laurent power series which is algebraic over K((«)) and which
is not in the localization K[[z]]s,...5, . Then there exists a hyperplane H C R™ such that

(i) Supp(&) N H is infinite,
(ii) one of the half-spaces delimitated by H contains only a finite number of elements of

Supp(§).

In fact Theorem 5.13 is more precise (see the complete statement in the core of the paper),
but technical, and asserts the existence of a kind of maximal dual cone of the support of £. Its
proof is essentially based on the identification of the elements of the algebraic closure of K((z))
in the fields Y§ when =< runs over all the continuous positive orders on R™. This is the main
tool to obtain our last main result which is the following one:

THEOREM 6.4 (Gap Theorem). Let & be a Laurent series with support iny + o wherey € Z"
and o is a strongly convex cone containing the first orthant such that £ does not belong to the
localization K([[z]]+, ..., - Let us assume that & is algebraic over K|[z]]. Let w = (w1, . ..,w,) be
in the interior of the dual of 0. We expand £ as

€= &
iEZ)o
where
(i) for every k(i) € I' = Zwy + - - - + Zwy, &) Is a (finite) sum of monomials of the form
cx® with w -« = k(17),

(ii) the sequence k(i) is a strictly increasing sequence of elements of T',
(iii) for every integer i, §i(;) # 0.

Then there exists a constant C' > 0 such that
k(i +1)<k(i)) +C Vi€ Zso.

This statement is similar to the following well-known fact (see [6] or [3] for a modern
presentation of this): let f be a formal power series algebraic over K[z] where K is a
characteristic zero field. For every integer k let fi denote the homogeneous part of degree
k in the Taylor expansion of f. We can number these non-zero homogeneous parts by writing

[ = Z Tre)

iGZ;O
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where f(;) is the homogeneous part of degree k(i) of f, (k(i))icz., is strictly increasing and
fr@i) # 0 for every i. Then there exists an integer C' > 0 such that

This comes from the fact that a power series algebraic over K[z| is D-finite when K is of
characteristic zero. In some sense the proof of Theorem 6.4 consists to reduce Theorem 6.4 to
this fact by using Theorem 5.13.

The paper is organized as follows. The first two sections are devoted to give basic definitions
and results concerning cones and preorders on R™. In Section 4 we construct a family of
algebraically closed fields containing K((x)) (see Theorem 4.5), each of them depending on
a total order on R™. Then in Section 5, for a given Laurent series £ algebraic over K((z)),
we introduce two subsets of Rso", m0(§) and 71(§), whose definitions involve the preceding
algebraically closed fields and we prove that 75(§) plays the role of a maximal dual cone of
Supp(€) (see Theorem 5.13). Section 6 is devoted to the proof of Theorem 6.4, which is based
on Theorem 5.13 and D-finite power series. Finally in the last part we express some of the
results in term of Diophantine approximation properties for the fields of Laurent power series
(see Theorem 7.4).

2. Polyhedral cones

In this section we introduce some basic concepts of convex geometry. These concepts may be
found in several books (see for example [7]).
A (polyhedral) cone is a set of the form

o= <u(1),...,u(k)> = {A1u<1> +oo - au®; A € R, i = 1k} CR"

for some vectors u(), ..., u®) € R™. The vectors u(”) are called the generators of the polyhedral
cone. A polyhedral cone is said to be rational when it has a set of generators in Z". A cone
o C R" is rational if and only if 0 NZ" is a finitely generated semigroup.

We will denote by e, ..., e(™) the vectors of the canonical basis of R”. With this notation
the first orthant is the polyhedral cone Rx¢" = (eM ... ey,

A subset o of R" is a cone if for every s € o and A € R5( we have that As € ¢. In the whole
paper every cone will be polyhedral unless stated otherwise.

A cone is said to be strongly convex when it does not contain any non-trivial linear subspace.
For a strongly convex polyhedral cone o a vertex of ¢ is a one-dimensional face of o or a vector
generating such a one-dimensional face. For a strongly convex cone o C R™ we denote by P(o)
its image in P(R") = P~ 1(R).

The dimension of a cone o is the dimension of the minimal linear subspace L£(o) containing
o and is denoted by dim(o).

The dual ¢V of a cone ¢ is the cone given by

oV ={weR"|v-u>0,Yuco}

where u - v stands for the dot product (uy,...,up) - (V1,...,0,) = wgvy + -+ - + UpV,.

LEMMA 2.1 (see [7, 1.2(13), p. 14]). The dual of a polyhedral cone o has full dimension if
and only if o is strongly convex.

The relative interior of a cone o is the interior of o as a subset of L(o). That is, if
o= (u®, ... u®) is a polyhedral cone:

Int,q <u(1), e ,u(s)> = {Alu(l) 4 Au) N € R>0} .
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A cone o is open if its interior, denoted by Int(c), is equal to o\{0}. A polyhedral cone different
from {0} is never open.
Let S C R™ be any subset. We will denote

Sti={veR"|u-v=0VuecS}.

LEMMA 2.2. Let 0 C R" be a polyhedral strongly convex cone. Given w € R",

Y and o Nwt = {0}.

w € Intye(0) & 0 C (w)

Proof. Clearly if w € Intye(0¥) then w € 0¥ s0 o C (w)".

Since o is strongly convex its dual cone ¢ has full dimension. So the interior of oV is its
interior as a subset of R".

Then if w - u = 0 for some u € o, for any € > 0 there exists w’ € R™ such that [|w —«'|| < €
and w’ - u < 0, hence w is not in Int,e (V).

On the other hand if w-u >0 for every u € o, then w-u® >0 for every i where

{u® ... u®} is a set of generators of o. Then for € > 0 small enough we have w’ - u(*) > 0 for
every ¢ when w’ € R" satisfies ||w’ — wl|| < &, hence the open ball B(w,¢) is in ¢”. This shows
that w € Intyei (V). O

LEMMA 2.3. Let o be a full-dimensional cone in R"™ and -1, v2 € R™. Then
(m+o)N(r2+o)#0.

Proof. Let v, ..., u®) € R" be generators of . Since o is full-dimensional the vector
space spanned by the u(?) is R”. Thus there exist scalars \; € R such that

k
M2 = Z)\iu(i)~
i=1
After a permutation of the u(”) we may assume that there exists an integer | < k such that
N <0fori<land \; >0 for ¢ > 1.
Thus we have

l k
N+ (Al =y 4+ Y NuD € (i +0) N (12 + o), -
i=1 j=l+1

LEMMA 2.4. Let o1 and oy be two cones and 7, and -2 be vectors of R™. Let us assume
that o1 N o is full-dimensional. Then there exists a vector v € R™ such that

(y1 4+ 01) N (Y2 + 02) C v+ 01 Nos.

Proof. By Lemma 2.3 there exists v € (y1 — 01 No2) N (y2 — 01 No2). In particular we have
that

M, Y2 €7+ o1 Noa.
Thus
Y1+ 01 Cy+opand y2 + 02 C ¥+ 02.
But
(vto)N(y+o2)=v+o1Noe.

This proves the lemma. O
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3. Preorders

DEFINITION 3.1 ([5]; see also [9]). A preorder on R" is a relation < satisfying the following
conditions.

(i) For every u, v € R™ we have u < v or v < u.
(ii) For every u, v, w € R™ we have u < v, v S w = u < w.
(iii) For every u, v, w € R", if u < v then v +w < v+ w.

By (ii) and (iii) a preorder < is compatible with the group structure, that is, @ < 8 and
v = § implies o + v < f 49 for every a, 3, v and § € R".

REMARK 3.2. An order is a preorder if and only if it is a total order compatible with the
group structure.

Given a preorder = in R™ the set of non-negative elements will be denoted by (R™)wo;
that is,

(Rn)to = {Oé e R" | 0= G{}.
A set S C R" is called <-non-negative when S C (R")x¢.

We will say that a preorder is positive when the first orthant is non-negative for that preorder.

REMARK 3.3. When a preorder = is a total order on R”, a <-non-negative set does not
contain any non-trivial linear subspace. In particular a <-non-negative cone is strongly convex.

LEMMA 3.4. Given a preorder = on R", let 01 and o2 be =-non-negative rational cones.
There exists a <-non-negative rational cone o3 such that

o1 Uoy C o3.

Proof. Take o3 to be the cone generated by o1 U os. The elements of o3 are of the form
v1 + v with v; € 0. Since v; > 0 then v; + vy = 0. O

LEMMA 3.5. Given a positive total order < on R"™ compatible with the group structure, let
o1 and oo be =-non-negative rational cones. For any two points 1 and ~s in R™ there exist
v3 € R™ and a <-non-negative rational cone o3 such that

(’}/1 + 01) U (’)/2 + 0’2) C v3 + 03.

Proof. Let o3 denote a non-negative rational cone containing o7, oo and the first orthant
(such a cone exists by Lemma 3.4). Since o3 contains the first orthant it is full-dimensional.
By Lemma 2.3 we can pick an element 73 in (v — 03) N (72 — 03).

In particular y; — 3 € o3. Since 07 C o3 we have that

Y1 +0o1 =7+ (11 —73) +01 C 3 +os.
By symmetry we also have
Y2 + 02 C y3 + 03.

This proves the lemma. O

A vector w € R™ induces a preorder in R” denoted by <, and defined as follows:
ay, <= w-asw-f

where w - a denotes the dot product.
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An s-tuple (u1,...,us) € R™ induces a preorder in R™ denoted by <(y, . . ..) and defined
as follows:

« g(ul,...,us) B — Puy,.us (a) Slex Put,ius (5) (1)

where p, ., (u) := (u-u1,...,u-us) and <jex is the lexicographical order.
The following result is given in [22, Theorem 2.5]:

THEOREM 3.6. Let < be a preorder on Q™. Then there exist uq,...,us vectors in R", for
some integer 1 < s < n, such that the map

p?l,17...,?l,q : (@n’ j) - (Rsa glex)

is an injective morphism of ordered groups.
Moreover we may always assume that the u; are orthogonal and, when the preorder is a total
order, s = n.

In the light of Theorem 3.6, when interested in restrictions to the rational numbers, we may
consider only preorders of type (1). These preorders are called continuous preorders. An order
which is a continuous preorder is called a continuous order.

The following lemma can be deduced from Theorem 3.4 given in [18] but for the convenience
of the reader we provide a direct proof of it:

LEMMA 3.7. Given a total order < in R™ compatible with the group structure, let o be a
=-non-negative rational cone. The set o N Z" is well ordered.

Proof. Let {v™M) ... v(®)} C Z" be a system of generators of the semigroup o NZ" and
consider the mapping

V< [, 0} Klyi,...,ys] — (cnNZ" X)U{cc}
fy1,---,ys) +— min< Supp(f(:v'“(l)7 . ,:1:’“(5)))
where & = (21,...,1,) denotes a vector of new indeterminates. Since {v(*), ..., v(*)} generates
o NZ", the map v ,0) .,y is surjective.

Consider the ring R := M where [ is the following ideal:

e o)

I={f €Ky, ..,ys] [ f" ,...,2" ) =0}
Suppose that the set (o NZ", <) is not well ordered. Then there exists a sequence
(Y Niczoy CoNZ™ with 40 <4 and 4+ 3£ 4 Consider the ideals J; := {f € R |
1/57{,”(1>,_“ﬂ,m}f(x”(l) b ,x“m) = v}, The chain (Ji)iez-, is an increasing sequence of ideals.

Since any element of V—_<7{U(1)7,,,,1;(5)}71(7(i+1>) is not in J; we have that J; # J;;1 which
contradicts the Noetherianity of R. g

A preorder < refines <’ when o < 8 implies a X’ 8 for every «, 8 € R". For instance the
preorder <(y, ... 4, refines <y, .. u,) for every s > k and every vectors uy, ..., us.

LEMMA 3.8. Let be given w € R™"\{0} and a strongly convex cone ¢ C R" witho C < w >".
There exists a continuous order = in R™ that refines <,, such that ¢ is a <-non-negative set.

Proof. The proof is made by induction on n. For n =1, <, is a continuous order in R,
o =Ry o hence o is <,-non-negative.
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Let us assume that the lemma is proven in dimension n — 1 and let us consider w and o
as in the statement of the lemma. After a linear change of coordinates we may assume that
w=(0,...,0,1). Then 0/ = o N (w)* is a strongly convex cone of (w)+ ~ R"~1,

Let w’ € (w)* be a non-zero vector such that o’ C (w’)¥. Such a vector w’ exists since o’ is
strongly convex and it is included in a half-space. By the inductive hypothesis there exists a
continuous order <’ in R"~! ~ (w)~ that refines the restriction of <, to (w)* and such that o’
is <"-non-negative. Such an order <’ is equal to <(y, ,.....,) for some vectors uy, ..., us of (w)t.
Then < u,,....u,) is a continuous order that refines <, and o is <(u 4, ,...,u,)-NON-negative. 0

LEMMA 3.9. Let uy,us,...,u, be a basis of R™ and let S be a subset of R". Then
S c ﬂ (R™)> (0, coun.enum)0
€2,En€{—1,1}

holds if and only if S C < u; >Y and S Nu;* C {0}.

Proof. Let s € R™ be written as
S = )\1’(1,1 + -+ /\nun

where the \; are real numbers.
If

ERS ﬂ (Rn)>(u1.52u2 ..... anun)o
€2,..,en€{—1,1}
then we have that s-u; > 0so s € (u;)". Moreover if s-u; = 0 then
(s eouny...,8 Eplin) Z1x 0 V(ea,...,e,) € {—1, 1}"_1.

Thus s-us > 0 and s- (—uz2) = 0, so s-us = 0. By induction we have s-uy = 0 for every k,
hence s = 0 since (uq,...,u,) is a basis of R™.

On the other hand if s €5, S C <wu; >Y and SNu;+ C {0}, then s-u; > 0. If s-uy >
0 then s € (R") y0 for every ;. If s-u; =0 then s =0 by assumption, hence

Z(uy,eun,.. . enun

$ € (R™)> (. cyus crunyo for every g;. This proves the equivalence. D
COROLLARY 3.10. Letw # 0 be a vector in R™ and let 0 C R™ be a cone. Let us, ..., u, € R"
be such that w, us,...,u, form a basis of R™. Then the following properties are equivalent:
Do [ R cruno
ce{—1,1}n"1

(ii) o C N (R™)so

= continuous preorder refining <.,

(ili) w € Intyer(a").

Proof. Since > (4, cyus,....c,u,) 1S @ preorder that refines >, we have that (ii) = ().
Let us assume that

n
o C ﬂ (R )2(@0,5211.2,...75,111.71)0'
€2,...,en€{—1,1}

Thus by Lemmas 2.2 and 3.9 we have that w € Int,e(c¥). This shows that (i) = (741).

On the other hand if w € Int,e (o¥) then for every s € o\{0} we have w - s > 0 by Lemma 2.2,
that is, 0 <, s. Let < be a preorder refining <,,. Then s < 0 would imply that s <, 0 which
is not possible. So necessarily we have that s > 0. This shows (ii3) = (ii). O
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4. Algebraically closed fields containing the field of formal power series

Let K be an algebraically closed characteristic zero field. A generalized Laurent series in n
variables & with rational exponents is a formal sum

§= Z §az”

aeQn

whose coeflicients £, € K. The support of such a generalized Laurent series £ is the subset of
R™ given by

Supp(§) :={a € Q" | £, # 0}

Given a total order = on Q" which is compatible with the group structure the set of
generalized Laurent series with <-well-ordered support is an algebraically closed field (see for
instance [21]). In this section we will describe a subfield of this field that is also algebraically
closed.

A series € is said to be a Laurent Puiseux series when

n

Supp(§) C %Z

for some natural number k. When k& = 1 one simply says that the series is a Laurent series.
Let o be a strongly convex rational cone. The set of Laurent series whose support is contained
in 0 NZ™ is a ring that will be denoted by K[[o]].
When o contains the first orthant, the ring K[[o]] localized by the set of powers of x; - - - x,,
may be described in terms of support sets by

K[[o]]z, -z, = {&| 3y € Z" such that Supp(§) C (y+0)NZ"}.

Given a continuous positive order < in R”, the union

K== U K{lo]]

o =<-non-negative rational cone

is a ring by Remark 3.3 and Lemma 3.4.

We can also describe the localization K[[<]]4,...z,, in terms of support as

1

K{[Xlzy-z, ={6 | Iy €Z", 0 C (R")~0 rational cone, Supp(§) C (y+o)NZ"}.
DEFINITION 4.1. Let K be a field and let T be a totally ordered Abelian group. A collection
of subsets F C P(T") is a field family with respect to I' when the following properties hold.

(1) The set J,cr A generates I' as an Abelian group.
(2) The elements of F are well ordered.

(3) Ae F,B € F implies AUB € F.

(4) Ae F,B C Aimplies B € F.

(5) Ae F,veTl impliesy+ AeF.

(6) Ae F, ACTy implies (A) € F.

The concept of field family was introduced by Rayner in 1968 [19]. This concept is used
in [25] to extend McDonald’s theorem [15] to positive characteristic. The main use of field
families is the following theorem:

THEOREM 4.2 [20, Theorem 2]. Let K be an algebraically closed field of characteristic zero,
let T' be an ordered group and let A be the divisible envelope of T'. Let F(A) be any field
family with respect to A. The set of power series with coefficients in K whose support is an
element of F(A) is an algebraically closed field.
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Given a continuous positive order < in R", consider the family F<(Z"™) C P(Z™) given by
F<(Z"):={ACZ"|FIyeZ", o C (R")~g rational cone, with A Cy+o0}.
With this notation we can write

K[[=]lz; -z, = {£ | Supp(§) € F< (Z")}.

PROPOSITION 4.3. Given a continuous positive order < in R", the family F<(Z"™) is a field
family with respect to Z".

Proof. We have to check that the properties of Definition 4.1 are satisfied.

Property (1) follows from the fact that Z>," is an element of F<(Z™). Property (2) has been
shown in Lemma 3.7. Property (3) is direct consequence of Lemma 3.5. Properties (4) and (5)
follow from the definition of F<(Z™). Property (6) follows from the definition of a polyhedral
cone and the fact that continuous orders respect the R-vector space structure. O

Now consider the family F<(Q") C P(Q") given by

F<(Q"):={ACQ" |3k eZ-o with kA € F<(Z")}

where kA = {ka | a € A}.

PROPOSITION 4.4. Given a continuous positive order < in R"™, the family F<(Q") is a field
family with respect to Q™.

Proof. Property (1) of Definition 4.1 follows from the fact that, for all k € Z~, %Zgo is an

element of 7<(Q"), and the set U, 5, +22, generates Q.
The remaining properties follow directly from Proposition 4.3. O

Let 7% be the set of Laurent Puiseux series with coefficients in K whose support is an
element of F<(Q™), that is,

1
5@( = {f | 3k € Z~o,y € Z",0 C (R")~( rational cone, Supp(§) C (y+o)N kZ"} i
Then we can state the main result of this part:

THEOREM 4.5. Let K be an algebraically closed field of characteristic zero. Given a
continuous positive order < in R"™, the set YE is an algebraically closed field.

Proof. This is a direct consequence of Theorem 4.2 and Proposition 4.4. O

COROLLARY 4.6. Let P(T) € K[[z]][T] be a polynomial in T, let < be a continuous positive
order in Q™ and let £ be a root of P(T') in the field of Laurent Puiseux series with <-well-ordered
support. Then & is an element of 5@(

Proof. This is a direct consequence of Theorem 4.5 and the inclusion
K[lz]] ¢ &< ¢ WE(Q", %) (2)

where W¥(Q", <) denotes field of Laurent Puiseux series with <-well-ordered support. O

REMARK 4.7. Taking for < the order <, with w a vector with rationally independent
coordinates, we recover the main theorems of [2, 8, 15] as corollaries of Theorem 4.5. If we
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take for < the order <(y, . .. u,) Where uy,...,u, € Q" are Q-linearly independent, the main
result in [26] is a particular case of Theorem 4.5.

REMARK 4.8. Let < be a continuous positive order in R"™. Inclusion (2) implies that the
map

Vj:YE%R”U{oo}

defined by v<(¢) = min Supp ¢ and v<(0) = oo is a valuation.

REMARK 4.9. Let < be a continuous positive order in R". By Theorem 3.6 there exist s
vectors in R", with s < n, such that <=<(y, ... 4,)- Then the map

V(ug,oous) - f? — R°U {OO}

defined by vy, u,)(p) =min{p, ., (a)]as#0} for =3 0nar®#0 and
V(uy,...,u,)(0) = 00 is a valuation.

If 2=<(u,,....v,) for some vectors vi,...,v; then v, . .
valuations.

Since /< is an algebraically closed field then (<, v(y, . .. ..)) is a Henselian valued field and

its value group is an ordered subgroup of (R®, >}x).

,,,,,

y and v, ..,) are equivalent

s

5. The maximal dual cone

In this part o will denote a strongly convex cone containing the first orthant, £ € K[[o]]z,...z,,
will be algebraic over K[[z]] where K is a characteristic zero field. We denote by P € K[[z]][T]
the minimal polynomial of £ and, for any continuous positive order =, let 515, . ,55 denote
the roots of P(T) in .7%X. We set

T0(€) := {w € R.o" | for all < that refines <,, 3i such that & = 5;}

7€) = {w ERS"|E# 5;, for all < that refines <., Vi=1,... 7d} .

The aim of this part is to prove the second main result of this work. This one states that
70(&) is the ‘maximal dual cone’ of Supp(€) in the following sense (see also Lemma 5.1): when
¢ ¢ K[[z]]z.-a,, for every w € R5o"™ belonging to the boundary of 74(€) there exists k& € R such
that all but a finite number of elements of Supp(§) will be in the set {a € Z" | - w > k} and
the set {o € Z" | @ - w = k} contains an infinite number of elements of Supp(§). The strategy
of the proof is based on the fact that 79(§) and 71 (£) are disjoint open subsets of R<¢" and on
the characterizations of 79(§) and 7 (§) given in Lemmas 5.8 and 5.11.

LEMMA 5.1. Let o be a strongly convex cone containing the first orthant and let
¢ € K([o]]zy---z, be algebraic over K[[z]]s, ..., - Then we have that

Int(c") C 10(&).

Proof. By Lemma 2.1 we have that Int(c") = Int,e(0"). Given w € Int,e(0), by Corol-
lary 3.10 we have that o C (2 | a0s <, (R")so- Hence § € < is a root of P for any order <
that refines <. B B O

LEMMA 5.2. Let £ be a Laurent series and let w be a non-zero vector in R". Suppose that
£ € S for any continuous positive order X refining <. Then there exists a cone oy and
Yo € Z™ such that w € Int,e(00") and Supp(€) C v + 0.
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Proof. Let us,...,u, € R" be a basis of w". For any ¢ = (g2,...,6,) € {—1,1}""! the series
¢ is an element of YQW,EQ“Z ‘‘‘‘‘ cuny- That is there exist 7. € Z" and a <(w eyus,....c,u,) ROD-
negative cone o. with

Supp(§) C e + oe.
Let ¢’ be the cone generated by the following 2(n — 1) vectors:
wHu;, w—u; fori=2... n.
This cone is full-dimensional since the vectors w, us, ..., u, form a basis of R"™. Moreover, for
every i, we have
Porun....u, (wtu) = (w-w,Fug - wj,. .., Uy - U;) >lex P s, (0) = (0,...,0)

since u; is orthogonal to w for all 7 and w - w > 0, thus ¢’ is L(w,ezus,...,enuy,)-ON-NEgative. By
replacing o, by o. + ¢’ we may assume that o. contains the cone o’.

Set 00 :=[).e{_1,1}n-1 0= Since the intersection of the o. contains o' which is full-
dimensional, by Lemma 2.4 there exists vy € Z" such that

Supp(&) C o + 0o. O

LEMMA 5.3. Let o be a strongly convex cone containing the first orthant and let
¢ € K[[o]]zy- -z, be algebraic over K[[x]]s, ..., Then the set 10(&) is open.

Proof. If w e m(§) then & € .#< for all continuous positive order < that refines <,. By
Lemma 5.2 there exists a cone o¢ and g € Z" such that w € Int,e(00") and

Supp(§) C o + 0.

Since 00 is & <(w cpus,...,c,u,)-NON-NEgative cone for every € € {—1, 1}7~1 by Corollary 3.10,
w € Int(oy ). But Int(ay) C 79(§) by Lemma 5.1 hence 79(€) is open. O

LEMMA 5.4. Let 0 <1 < n be an integer and wuq,...,u; be non-zero orthogonal vectors of
R™ such that <y, ....,) is a continuous positive preorder. Then there exists a finite set T of
strongly convex rational cones of R™ such that for any positive continuous order < refining
<(us,...,u,) there exists a <-non-negative cone 7 € T such that the roots of P(T') in % are in
K[[7])¢y---a,, (by convention when ! = 0 any continuous positive order is refining <p).

Moreover if T is minimal with the previous property, then for any uj close enough to w
and such that <(u, .. u,_,u) 1 positive, the set T satisfies the same property for the sequence
(U1, ... w1, u)).

Proof. The proof is made by a decreasing induction on [. For [ = n the lemma is a direct
consequence of Theorem 4.5 since <(y, ... 4, ) is the only continuous order refining itself.

Let [ < n and let us assume that the theorem is proven for the integer I 4+ 1. Let uq,...,y
be orthogonal vectors of R” such that <y, .. .,) is positive and let v € {(uy,...,u)*" such
that <(u,,...,u;,v) 18 positive. By the inductive assumption there exists a finite set of strongly
convex rational cones 7T, such that for every positive continuous order =< refining <., ... )
there exists a cone 7 € T, such that 7 is <-non-negative and the roots of P(T) in .%X are in
K[z, -

Let < be a positive continuous order refining <(,, .. 4,0 and let 7€ 7T, such that 7 is
=-non-negative and the roots of P(T) in .#%X are in K[[7]],,..., - By Theorem 3.6 there exist
orthogonal vectors wy, ..., wy—j—1 € (u1,...,u, v)L such that

<=<

X (UL yeey U,V W ey Wy —[—1) *
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Since this order does not change if we replace wy by pw; where p is a positive real number,
we may assume that |Jwi|| = 1.

Set 7/ :=7nN(uy,...,u;)" and let ti,...,t; be vectors generating the semigroup 7’ (we
assume that none of these vectors is zero). We consider two cases.

(1) If ¢; - v > 0 for every i then ¢; - v' > 0 for every v' € R™ with ||[v —v’|| < 1. Thus 7 is <'-
non-negative for every positive continuous order =’ that refines <(,,, . ., for every v’ € R"
with [jv —¢/|| < 1.

(2) Let us assume that ¢; - v = 0 for some index 4. In this case for every index ¢ such that
t; - v = 0 we denote by r(i) < n — 1 — 1 the smallest integer satisfying

t; S Wr(q) > 0.

Such an integer r(¢) exists since 7 is <-non-negative, and =< is a total order.
First we claim there exists Ay > 0 such that 7 is <’-non-negative for every positive continuous
order =’ refining

<(U.1,...,’U.l,’L)Jr)\wl,wz,...,wn—l—l)
for any positive real number A < .
We first prove that <(u, .. u, v+rwi,wa,..,wn__1) 1S @ continuous positive preorder for A small
enough: we only have to prove that e?) Z (w1, 04 Aws s, ) O fOr every j if A is small

enough where the e\/) are the vectors of the canonical basis of R™. The only problem may
occur when e) - u; = 0 for every i, e) - v > 0 and e\) - w; < 0. But in this case we have e(/) -

(v -+ Aw;) > 0 as soon as A < el) - v since ||w;|| = ||| = 1. Thus for every positive number
A< A= minj{e(J) -v}, where j runs over the indices such that e) - v > 0, the continuous
preorder <y, ... .u; vt Awi,wa,...,wn_;_1) 1S POSitive.

Then let A be a positive real number satisfying

ti-v

0< A< Ay 7 1= min{ } € Rog U {+o0}

[ti - wil

where the minimum is taken over all the indices ¢ such that ¢; - v > 0. This is an abuse of
notation since A, » may depend on the generators ¢; of the semigroup 7’.

Then if ¢; - v > 0 for some integer ¢ we have that ¢; - (v + Awy) > 0 by definition of A\, . If
t; - v = 0 for some integer i then we have

ti-(v-i—)\wl) =t - Awy =--- =t Wr(i)—1 :Oandti~wr(i) > 0.
This shows that the cone 7 is <’-positive for every positive continuous order =<’ refining

<

X (U1 ,ee U, VFAWL W, Wy — 1 —1)

as soon as A < Ag := min{\, Ay, r} and the claim is proven.
Now let us set

)\2 = inf~ )\wl’;—

wy,T
where w; runs over all unit vectors of (uy,...,u;,v)* and all 7 € T,.. As mentioned before A, »
depends on the choice of generators t; of the semigroup 7N (uy,...,u;)", so we assume that
for each cone 7 € T, we have chosen a set of generators ¢; of the semigroup 7N (uy,...,u;)"

that allows us to define A, 7. Then Ay > 0 since for every unit vector w; we have that
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hence
ti-v
A2 > min {Z} >0
mi U [Jl]
where 7 runs over 7, and 4 runs over the indices such that ¢; - v > 0 where t~1, . ,t~5 are non-zero
generators of 7 N (uy,...,u)".
This shows that for every w; € (u1,...,u;,v)" small enough (that is, with |[w}| < A3 :=

min{A1, A2} - here w} = Aw; with A < A3) and every positive continuous order =< refining
S(ui,.oourotw)) there is a cone 7 € T), such that 7 is <-non-negative.

These two cases show that for any vector v’ € (uy,...,u;)", with ||[v — v/|| small enough and
such that <(,, .. 4, ) is positive, we can choose T,y = T,.

The existence of continuous orders refining <(,, ... ,,) Which are not positive is equivalent to
say that the set J of indices j such that

) B ) OV

is not empty. So for a vector v € (uy,...,u;)" the order <(uy,....ur,0) 18 positive if and only if
e v >0 forall j € J, that is, if v € (e9),j € J)V. But P({eV), j € J)V) is compact. Thus we
can find a finite set V of vectors of (ui,...,u;)" such that for every v’ € (uy,...,u;)*, such
that <(y,,. u,) is positive, there exists a v € V such that 7,, = T,.

Then the set 7 :=J, ¢y, T suits for the sequence (ui,...,u;). This proves the lemma by
induction. O

COROLLARY 5.5. Let o be a strongly convex cone containing the first orthant and let
¢ € K[[o]]x,...z, be algebraic over K][x]]. Then the set 11(§) is open.

Proof. Let w € 71(£). Then £ # 5; for every continuous positive order < refining <, and
for every i. Let T be a set of strongly convex cones for the sequence w satisfying Lemma 5.4
(here we apply this lemma with [ = 1). Then for every w’ in a small neighborhood of w the
set T is also a set of strongly convex cones satisfying the previous lemma for the sequence w’.
This implies that for every continuous positive order =<’ refining <., there exists a continuous
order =< refining <, such that f;/ = 5; for every 4. In particular for every continuous positive

order =’ refining <. and for every i we have £ # 5,?/. Thus w’ € 71(£) and 71 (§) is open. O

LEMMA 5.6. Let § € K[[0]]4;...a,, (n0t necessarily algebraic over K[[z]]) where o is a strongly
convex rational cone and w € o”. Then the set

{a-w]|a e Supp(é)}

has a minimum.

Proof. By Lemma 3.8, there is a continuous positive order < refining <, such that o is
=<-non-negative. Thus, by Lemma 3.7, o N Z" is well ordered for <. Since Supp(§) C v+ o it
has <-minimum. Let 8 be the <-minimum of Supp(§). Then w - 8 is the minimum of the set

{a-w|a € Supp(§)}. O

DEFINITION 5.7. Let &€ € K[[0]]4y.-.z, (n0t necessarily algebraic over K[[z]]) where o is a
strongly convex rational cone and w € o¥. We write { = Y {nx®. The w-order of £ is defined
as

V(&)= min {a-w}
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and the w-initial part of £ is defined by

I, (&)= > &a”

ala-w=r. ()

LEMMA 5.8. Let o be a strongly convex cone containing the first orthant and let
¢ € K[[0]],..., be algebraic over K|[[z]]. Then we have that

70(§) = {w € Ruo™ | # (Supp(§) N{u € R" | u-w < k}) < oo, Vk € R},

Proof. Let w € 70(£). This means that £ € % for all continuous positive order < that
refines <,,. By Lemma 5.2, there exists a cone o¢ and g € Z" such that w € Int,(00") and

Supp(&) € 70 +70-
In particular we have that

Supp(§ ) N {ueR" |u-w<k}Cy+{uco|uv-w<k—y-winNZ"

But such a set {u € o | u-w < I} NZ" is a finite set for any [ since 0 C (w)" and o Nw = {0}.
This proves that

70(§) C {w € Ruo™ [ # (Supp(§) N{u € R" [u-w < k}) < oo,Vk € R}.
On the other hand, let w € R5(™ be such that
# (Supp(§) N{u e R" |u-w < k}) <oo, VE€R (3)

and let us consider an order < that refines <,,.
By (3) we have that Supp(§) is =-well-ordered, then, by Corollary 4.6, £ is an element of
5@? This shows that w € 7(§). O

COROLLARY 5.9. The set 19(§) is a (non-polyhedral) full-dimensional convex cone.

Proof. If w € 19(&) then clearly Aw € 79(&) for every A > 0 so 19(€) is a cone. Moreover if
w, W € 19(&) we have that

{weR" |u- (w+w)<k+l}C{ueR" |u-w<kU{ueR" |u-w <1}

hence w + w’ € 79(§) by Lemma 5.8. Hence 79(€) is a convex cone.
Since o is strongly convex we have that oV is full-dimensional by Lemma 2.1. Hence by
Lemma 5.1 74(¢) is full-dimensional. O

COROLLARY 5.10. We have that 19(§) = Rs¢" if and only if Supp(§) C v+ Rx¢" for some
vector v € R".

Proof. 'We remark that if Supp(¢) C v+ R(" then any w € Ro(" will satisfy
#Supp@)N{ueR" Ju-w<k}) <o VkeR

50 Ro" = 19(§) by Lemma 5.8.

On the other hand let us assume that 79(¢) = R-o". Let el) be a vector of the canonical
basis of R"”. By Lemma 5.4 there exists a finite set 7; of strongly convex cones of R" such
that for any continuous positive order =< refining <, there exists a =<-non-negative cone
7 € T; such that the roots of P in % are in K[[7]];,...,,. Let w € R-¢" be a vector such that

|w — ()| is small enough in order to ensure that 7; is also a set satisfying Lemma 5.4 for w
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(that is, we apply it with [ =1 and u; = w). Since w € 79(§) there exists a cone 7; € 7; such
that Supp(§) C ; + 7; for some vector ;. This being true for j =1,...,n we have

Supp(§ m'7j+77 C7+m7_7
=1 j=1

for some v € R™ by Lemma 2.4. But ﬂ;-lzl 7 is a < () -non-negative cone for every j =1,...,n,
thus (), 7j C R>o". Hence Supp(§) C v+ Rxo". O

LeEmMMA 5.11. Let o be a strongly convex cone containing the first orthant and let
¢ € Kl[o]]s,...z, be algebraic over K|[[z]]. Then
71(§) = {w € Ruo™ [ # (Supp(§) N{u € R" |u-w < k}) = 00, Vk € R}

Proof. Let wg ¢ 71(§), that is, there exist an integer ¢ and a continuous positive order =<
that refines <,,, such that £ = ff. Thus there exist v € Z™ and a =<-positive cone ¢’ such that
Supp(§) C v+ o’. Set ko := 7 - wp. Then for every k < ko we have that

Supp(§) N{u € R" [u-wo <k} =0,

hence
wo & {w € Rug™ | # (Supp(§) N{u € R" | u-w < k}) = 00, Vk € R}.
This proves that
R1(€) 2 {w € Rog™ | # (Supp(€) N {u € R | w-w < k}) = 00,k € R}.
Now let w € R-(™ be such that for some k € R
# (Supp(§) N{u e R" | u-w < k}) < o0.

Then for some real number k; we have that

Supp(§) N{u e R" |u-w < ko} = 0.

Let 7o € R™ be such that g - w < kg. Thus Supp(§) C 7o + (w)".
By assumption Supp(§) C v + o for some vector v and the strongly convex cone o given in
the assumptions. By Lemma 2.4 there is a vector " such that

(v+o) N+ W) Cy +on(w.

Thus we may assume that o C (w)" and by Lemma 3.8 there exists a continuous positive order
=< in R"™ that refines <, such that o is a <-non-negative cone. This proves that £ € f§ hence

€ =& for some i and w ¢ 7 (£). Hence the reverse inclusion is proven. O

LEMMA 5.12. Let & be a Laurent series algebraic over K((z)) and take w € Ryo". If

VA<0 #Supp)N{zeR" |w-z<A}) <o
then
# Supp(§)N{z eR" |w -z <0}) <0

Proof. Let L be the linear subspace of H,, := {x € R" | w -z = 0} generated by the vectors

with rational coordinates, and let us set L2 = £LN Q" . We have
LN H,NQ" = {0}. (4)
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Let 7 denote the orthogonal projection onto £+ and whose kernel is £. Since £ @ £+ = R",
for every z € R"” we can write in a unique way

r=y+zwithy € £ and z € L.

Then 7(x) := z.

Since £ is generated by vectors with rational coordinates, £ is generated by £% and we have
that £+ is generated by the orthogonal of £Y in Q™. Thus for every vector u of Q" we have that
m(u) € Q™. Thus, if we denote by e, ..., e, the vectors of the canonical basis of Z", 7(e;) € Q™
for every i. Let k € Z~o be an integer such that kw(e;) € Z™ for every 4. Since 7 is linear we
have that

m(Z") C %Z”.

Since #(Supp(é) N{z e R" |w -z < —¢}) < oo for any >0, Lemma 5.11 shows that
w ¢ 71(§). Therefore there is a continuous positive order < refining <,, a =<-non-negative
strongly convex rational cone ¢ and v € Z" such that

Supp(§) C v +o.
Because 7 is a rational cone, 7(c) is a rational cone which is <,-non-negative since
Vu e R" w-u=w-7m(u).
Since (o) is rational and contained in £+, by (4) we have that
m(o)N{z eR" | w-z=0}={0}.
Therefore for every A € R
# ((m) + (o)) N %Z” Nz |w < A}) < .

In particular

# (w(Supp(§)) N{z |w -z < A}) < oo

Set
p=max{w- B | B € n(Supp(§)) N{z |w-z < 0}}.
Then
n _ n 1
Supp(§) N{z e R |w-x<0}—Supp(§)ﬂ{x€R |w-x < 5}
which is finite by hypothesis. O

The next result is the main theorem of this part. It means that 7o(§) is a kind of maximal
dual cone of Supp(§). This result may seem to be a bit technical but it will be very useful in
the sequel.

THEOREM 5.13. Let o be a strongly convex cone containing the first orthant, let
¢ e K[[o]]zy- -z, \ K[[#]],....,, be algebraic over K[[z]]. Then R~¢"\(70(§) U1 (£)) # 0 and, for
every w € Roo™"\(70(&) UT1(§)), there exists a Laurent polynomial p(x) € Klz|y,...,, such that

# (Supp(Iny, (€ + p))) = oc.

Proof. Since & ¢ K[[z]]4,...z,, we have that 79(§) € Rso™ by Corollary 5.10. On the other
hand since £ € K][[0]]4,...z, for every w € Int(c") we have that w € 79(§) by Lemma 5.1. Thus
R<0"\70(&) is closed and different from @ or R+o". Since R+(" is connected then R+ ™\ (€)
is not open so R~o"\(70(£) UT(€)) # 0.
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By definition, for every w € R<o™\(70(£) U 71(&)) the following set is non-empty and bounded
from above by Lemmas 5.8 and 5.11:

Ay ={NeR|#Supp) N{v e R" | u-w < A}) < c0}.
We fix a vector w € R-o"™\(70(§) U71(§)) and we set
Ao :=sup Ag.

By applying a translation (that is, by multiplying £ by a monomial) we may assume that
Ao = 0.
By Lemma 5.12

# (Supp(§)N{x e R" | w-2 <0}) < 0.
Therefore there exists a Laurent polynomial p such that
Supp((+p) C{u €R" |u-w > 0}.
Let us set £ := &+ p. Since w ¢ 71(§) = 71(¢') there exists a continuous positive order =<
refining <,, such that & = ¢'5* for some i, where the £/~ are the roots of the minimal polynomial
of ¢ in yf. In particular there exists a rational strongly convex cone 7 which is <-non-negative
and such that ¢ € K[[7]]4,...z,,- By Lemma 5.6, t = v,(£) is well defined.
If t >0 then Supp(¢’) C {u € R" |u-w >t} which contradicts the fact that 0 = sup A,,.
Thus t = 0. If
# (Supp(¢') N{u €R" [u-w =0}) < o0
there exists a Laurent polynomial p’ such that Supp(¢’ +p') C {u € R" | u-w > 0}. As before
t':=v,(& +p') is well defined and ¢’ > 0. Thus
# (Supp()N{ueR" |u-w < t'}) <o
which contradicts again the fact that 0 = sup(A,).
Hence we have
Supp(§+p) C{ueR" |u-w >0}
and
# (Supp(§ +p) N{u € R" [ u-w = 0}) = oo.
This proves that

# (Supp(Iny, (£ +p))) = . O

REMARK 5.14. If w = (w1,...,wp) € Ruo"\(70(§) U (€)) then dimg(Qw; + -+ Qw,,) <
n — 1. Indeed if the w; were Q-linearly independent any two different monomials 2 and z”
would have different valuations: v, (z) # v, (2”). In particular we would not have

# (Supp(Inw, (£ +p))) = oo.

COROLLARY 5.15. Let o be a strongly convex cone containing the first orthant, let & €
K[[o])z, .z, \ K[[Z]]2,...., be algebraic over K[[z]]. There exists w € R~™\(79(&) UTi(€), a Lau-
rent polynomial p € K[z],....., , @ point v € Z™ and a vector v € Z™ such that #(Supp(In,, (£ +
p))) is not finite and

Supp(Ing(§ +p)) € {y+kv [k € Zzo}-
Proof. Since & ¢ K[[x]]z, ..., the cone 79(§) is not equal to R~ " by Corollary 5.10, and it has

full dimension by Lemma 2.1 since it contains Int(c") (see Lemma 5.1). So let a = (a1, ..., an,)
be a point of the boundary of 7(§) in R<¢".
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Since both 79(£) and 71(£) are open, a is in Rso" \ 70(§) U7 (§). By Theorem 5.13 there
exists a Laurent polynomial p(z) € K[z]s, ..., such that

n

# (Supp(In, (§ + p))) = oo.

We are going to find w € R5o™ \ 79(&) U 71 (§) such that the set Supp(In, (€ + p)) is contained
in a line.

Let B be the open ball centered in a of radius r := min{a;}/2 > 0. Then C := 79(§) N B is an
open relatively compact convex subset of R+o". Let SS;I be the sphere of radius 2r centered
in a.

We claim that the projection 7 of S5 ' from its center onto the boundary of C' is continuous:

Indeed let (un)nez., be a sequence of S5 " that converges to u € S5 ". Since C is relatively
compact its closure is compact and its boundary OC' is also compact and there exists a
subsequence (7(tug(n)))nezs, that converges to a vector v € JC. Since u, — u, the half-lines
L,, ending at a and passing through u,, converge to the half-line L, passing v and ending at
a. Since 7(ug(n)) € Ly, for every n we have that v € L, N 9C. But L, N 9C = {m(u)} since C
is convex so v = 7(u). Thus the only limit point of (7(u,))nez., is 7(u) and JC being compact
the sequence (7(un))nez., converges to m(u).

In particular, since the set of lines generated by vectors with Q-linearly independent
coordinates is dense in P(R"), there exists a half-line L, generated by a vector whose coordinates
are linearly independent over Q, that intersects the boundary of C' in a point w = (w1, ...,wy,)
such that |ja — w|| < r. Thus w will not be on the boundary of B so it is on the boundary of
70(&). Since 11 (§) is open and disjoint from 74(§) then w € R o™\ (70(&) U T1(E)).

Since L is generated by a vector with Q-linearly independent coordinates we have that

dimg(Qwi + -+ + Quy) =2 n—1 (5)

and this inequality is in fact an equality by Remark 5.14. By Theorem 5.13 there exists a
Laurent polynomial p(x) € K[z]y,...s,, such that

# (Supp(In, (§ + p))) = oo.
But the set of exponents o € Z™ such that
a-w=1v,E+p)

is included in a line by (5.14). Such line has the form v + Rv for some v € Z™ and v € Z". If
the coordinates of v are assumed to be coprime then

(y+Ro)NZ" =~ + Zv.
This proves the corollary. O
REMARK 5.16. Note that, in the proof of Corollary 5.15, the vector v € Z" is in w® where

w € Roo". Then v has at least one coordinate that is negative and one coordinate that is
positive.

6. Gap theorem
DEFINITION 6.1. An algebraic power series is a power series f(x) € K[[z]], such that
Pz, f(x)) =0

for some non-zero polynomial P(xz,y) € K[z, y] where y is a single indeterminate. The set of
algebraic power series is a local subring of K[[z]] denoted by K(x).
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PROPOSITION 6.2. Let £ =) &a® € K[[o]]a)a, \K[[2]]2, -0 be algebraic over K[[z]]
where o is a strongly convex cone containing the first orthant and K is a characteristic zero
field. Then there exist v € Z™, a strongly convex cone ¢’ C o containing the first orthant, a
half-line L C ¢’ and v € Z™ such that

(i) L =Rsgv is a vertex of o’;
(ii) if we set &1 = D ey i Eax® then & = 27 F(z") where F(T) € K(T)\K[T] and T
is a single variable;
(ili) € € K[[o"]]ay-a,,;

(iv) the vector v has at least one positive and one negative coordinates.

Proof. By Corollary 5.15 there exist w € R+ \(70(£) Ut (§)), a Laurent polynomial p and
a vector vy € Z" such that Supp(¢ +p) C v+ (w)" and Supp(§ +p)N(y+ (w)Y) Cy+ L is
infinite where L is a half-line ending at the origin. Moreover we may assume that

dimg(Quwy + -+ + Qw,) =n —1

as shown in the proof of Corollary 5.15 (see (5)). We can also assume that none of the monomials
of p lie on v+ L.

We have that w ¢ 71(§) = 71(£ + p) by Lemma 5.11. Thus by Theorem 4.5 the support of
&+ p is included in ' 4+ o’ where +' is a vector of Z" and ¢’ is a rational strongly convex
cone included in (w)". Since dimg(Qwy + -+ 4+ Qw,) =n — 1, o' N (w)¥ = L and L is a vertex
of ¢’. Thus by Lemma 2.4 the support of £ is included in 7" + ¢’ for some ~” € Z™, hence
¢ € K[[0'])xy-z,- Lemma 2.4 allows us to replace ¢’ by ¢’ No, thus we may assume that
o Co.

By Lemma 3.5 we have that £ € K[[0"]],...s, if and only if £ + p € K[[0"]]4,...z, - Moreover £
is algebraic over K[[z]] if and only if £ 4 p is algebraic over K[[z]]. This allows us to replace £
by & + p in the rest of the proof.

Let v = (v1,...,v,) € Z" be such that R>ov = L. We may assume that the v; are globally
coprime. Moreover by Remark 5.16 we may assume that v has at least one positive and one
negative coordinates. In this case we have the following lemma:

LEMMA 6.3. Let g be a non-zero Laurent polynomial (respectively, power series) whose
support is included in 9 + L for some 7o € Z", and let v = (vy,...,v,) € Z"™ be such that
R>ov = L and such that the v; are globally coprime. Then there exists a one variable polynomial
(respectively, power series) G(T') such that

g(x) =27 G(x").
Proof of Lemma 6.3. By assumption the support of g/27 is included in L. Now if cz® is a

non-zero monomial of g/z7 then oo = kv for some real number & > 0. Since the «; are integers
and the v; are globally coprime then k € Z>,. Hence we have

cx® = G(z")
with G(T) = cT*. O
Since ¢ is algebraic over K[[z]] there exist an integer d and formal power series ag, ..., aq €
K[[z]] such that
ag€l+ -+ a1 +ay=0.
Thus
> Ing(ai) In, (§)' =0 (6)

icE
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where
E={ic{0,...,n} [ v,(a;&") = mjln v (a;&)}.
By Lemma 6.3 for every ¢ € E there exist +; € Z" and a polynomial P;(T) € K[T] such that
In,(a;) = 2V P;(x?)
and (since Supp(In, (§)) C v+ L) there exists a power series F(T") € K[[T]] such that
In, (&) = 2" F(z").
Thus equation (6) yields the relation
> @ TIP(a")F(z") = 0. (7)
icE
But for any monomial (z%)* we have v, ((z")*) = k(w - v) = 0 thus we have
vo(@ M) =w (it =w- ( +7) =rve(@? ) VijEE
0
V,(z77) =0 Vi,j € E.

Henceforalli,j € E,v; —v; € Ruv = LU (—L). Let iy be an element of E such that ; —v;, € L
for all i € E and for every i € E let k; be the integer such that ~; — v;, = k;v. Thus equation
(7) gives the relation

Y TP (at)F(at) = ) (") Pi(at)F(a")' =0,
i€E icE
or
> THP(T)F(T) = 0.
i€E
This shows that F'(T) is an algebraic power series. But F'(T) is not a polynomial since v + L
contains an infinite number of monomials of ¢ so F(T') is the sum of an infinite number of

monomials. O
We can now state the second main result of this work:

THEOREM 6.4. Let & € K[[0]]s, . a, \K[[#]]2,...z,, be algebraic over K[[z]] where o is a
strongly convex cone containing the first orthant and K is a characteristic zero field. Let
w=(wi,...,wy) € Int(c¥). We expand ¢ as

= Z ki)
iEZ;o
where

(i) for every k € I’ = Zwy + - -+ + Zwy, & is a (finite) sum of monomials of the form cx®
with w-a =k,
(ii) the sequence k(i) Is a strictly increasing sequence of elements of T,
(iii) for every integer i, §y(;) # 0.
Then there exists a constant C > 0 such that

Proof. Let us consider the half-line L and the algebraic power series F(T') of Proposition 6.2.
Since K is a characteristic zero field the algebraic power series F'(T) is a D-finite power series
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(see [27, Theorem 2.1]). Then again because char(K) =0, if we set F(T) =Y "~_ a,T™,
there exist an integer N and polynomials Qo(m),...,Qn(m) € K[m] such that (see [27,
Theorem 1.5])

Qo(m)am + Q1(m~+ Dams1 + -+ Qn(m+ N)ayen =0 ¥Ym > 0.
In particular since F/(T') is not a polynomial, if we set
r = max{|z| /Qi(z) = 0 for some i},
we cannot have
Amt1 = =ameN =0

for some integer m > r. Otherwise, by induction on m, we see that all the coefficients a,,, would
be zero for m > r. In particular for every integer m the set

{m,m+1,....m+2(N+r)}
contains at least two different elements ¢ and j such that a; # 0 and a; # 0.

We have &4 =27, ap(2¥)™ and v, (27 (am(2¥)™)) = w -y 4+ mw - v for every m with
am # 0. Then we have that

E(t+1)— k(i) <2(N+r)w-v Vi€ Zso.
This proves the theorem with C' := 2(N + r)w - v. O

REMARK 6.5. Let & € K[[o]]4,...2,, \K[[%]]z,..-2,, b€ algebraic over K[z] where o is a strongly
convex cone containing the first orthant and K is a characteristic zero field. One may prove
more easily Theorem 6.4 in this case.

Indeed one may find a bijective linear map ¢ : R™ — R" with integer coefficients such
that ¢(0) C Rx". Then one can show that this map induces a monomial morphism
¢ K[[0)]ey -z, — K[[#])2y...0,- Thus € := ¢(€) € K[[2]]s,..,, is algebraic over K[z] and it is
not very difficult to check that the conclusion of Theorem 6.4 is satisfied by £ if and only if it
is satisfied by £. But here, since ¢ is algebraic over K[z], £ is D-finite (see [14]) and it is not
too difficult to prove that the conclusion of Theorem 6.4 is satisfied by a D-finite power series.

EXAMPLE 6.6. Let & := ) 7 (%2 )i2 and let us choose w; = 1 and wy = 2. Using the notations

i=0\xz,
= Z IS90)

of Theorem 6.4 we have that
Z‘EZ;(J

where k(i) = i% and &> = (%)ZZ Thus £ is not algebraic by Theorem 6.4.

7. Diophantine approximation for Laurent series

Theorem 6.4 have some implications in term of Diophantine approximation. Before giving this
implications we need to introduce some background.

Every vector w € RZ, defines a monomial valuation on K((z)) as follows: for a non-zero
formal power series f written as f = Eaezg . faz® where f, € K for every a we set

vo(f) = minfw - a | fo # 0}

and for any non-zero formal power series f and g we set

v (1) =) - nto)
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This valuation defines a non-Archimedean norm, which makes K((z)) a topological field, as
follows:

f

9

for every non-zero power series f and g. But for n > 2 this topological field is not a complete
field. Tt is possible to describe quite easily the completion of K((z)) for such a topology. Its
elements are the Laurent series ), fi such that f, € K((«)) for every integer k and v, (fr) —
400 when k goes to infinity. In particular a Laurent power series with support in v + ¢ for some
strongly convex cone will be an element of the completion of K((z)) for the topology induced
by v, as soon as w-u > 0 for every u € o\{0}. Then the following theorem on Diophantine
approximation provides a condition on the algebraicity of such element of the completion:

— e_(l’w(f)_yu (9))

w

THEOREM 7.1 [11, 23, 24]. Let K be a field of any characteristic. Let £ be in the completion
of K((z)) for the topology induced by v,,. If £ ¢ K((z)) is algebraic over K((«)) then there exist
two constants C' > 0 and a > 1 such that

-
g

= Clgli, Vf,g € K[[z]]. (8)

We can rewrite Inequality (8) using the valuation v, as follows: there exist two constants
a>1and b>0 (here C = e~?) such that

” (5 _ ;) <ava(g) +b Vf.g € Kla]).

This result allows to show that some Laurent series with support in a strongly convex cone
are not algebraic over K((x)) as in the following example:

EXAMPLE 7.2. Here n = 2. We set
o:=(=1,1)Rx0 + (1,0)R5o C R%
This is a strongly convex cone of R?. Let us consider the following Laurent series with support
in o:
00 4!
— T2
=X ()

Then ¢ is an element of the completion of K((z)) for the topology induced by v, for any
w = (wi,ws) € R-(? such that ws > w;. Moreover

w1

g—i(@)“ = (N +Dlws —w1) = 2—YN+ 1), (a)) VYNeZ
Vg, 2\ = Nwg —wy) = (N + Dy (21) € Z>o.

Thus there do not exist constants a and b such that

N il
auw(x]l\’!) +b >y, ({ — Z (?) > VN € Zxo.
i=0 N1

Hence ¢ is not algebraic over K((z)) by Theorem 7.1.

Here the key argument is that Theorem 7.1 implies that the ratio of the valuations of two
non-zero consecutive terms in the expansion of a given algebraic Laurent series is bounded. So
we remark that Theorem 6.4 provides a stronger criterion of algebraicity in characteristic zero.
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We can give an analogy with the problem of transcendence of real numbers. Here the analogue
of K[[z]] (respectively, K((x)), respectively, its completion for the topology induced by v,,) is Z
(respectively Q, respectively the completion of Q for the usual topology induced by the absolute
value, that is, R). The analogue of Theorem 7.1 is the classical Liouville’s theorem which allows
to prove exactly as done in Example 7.2 that a real number as >~ % is transcendental (see
[13] for Liouville’s theorem).

Let us stress the fact that this analogy has some limits. Indeed in Theorem 7.1 one cannot
take a = [K((«))[¢] : K((x))] as in Liouville’s theorem as seen in [23], while Roth’s theorem allows
us to replace a by any constant ¢’ > 2 in the classical case. In fact the main difference between
the two situations is that Z* is in the complement of the unit open ball of R while K[[z]] is
included in a unit open ball in the completion of K((x)). In particular the proof of Theorem 7.1
is completely different from the proof of Liouville’s theorem. Indeed the key fact of the proof
of Liouville’s theorem is that Z* is in the complement of the unit open ball of R. The fact that
the Diophantine approximation Liouville’s theorem holds in the setting of power series in spite
of this main difference is a striking fact and a strong motivation for a deeper investigation of
this mysterious analogy.

REMARK 7.3. One can push further this analogy and remark that it is well known that
Liouville’s theorem cannot be used to prove that some numbers as Y.~ =& are transcendental
since they are not well enough approximated by rationals. In fact the transcendence of this real
number has been proven relatively recently by Nesterenko (see [16, 17]) while it has been an
open problem for more than one century. In fact the original Nesterenko theorem concerns the
algebraic independence of 4 modular functions when they are evaluated at points in the open
unit disc. One corollary of this fact is that the series Y, = is transcendental over the rational
numbers for every algebraic complex number ¢ in the open unit disc. This is an example of a
transcendental real number whose sequence of truncations in basis ¢ for some integer g does
not converge too quickly.

So Theorem 6.4 can be seen as a kind of non-Archimedean analogue of Nesterenko’s theorem.
In fact it is more general than this Nesterenko’s theorem since it applies to any £ whose sequence
of truncations does not converge too quickly to &.

Let us remark that in Theorem 7.1 the inequality remains true if we replace a by a greater
constant. But the smaller is a, worse £ is approximated by elements of K((x)).

Using Theorem 6.4 we can prove the following Diophantine approximation type result
asserting that for a given algebraic element &, there exists a well-chosen norm | - |,_, such that
the constant a of Theorem 7.1 can be chosen equal to 1 (in the case where £ is approximated
by elements of the form % with g € K[[z]] and 8 € Z>(") with this norm. This means that &
is very badly approximated by elements of the form % for this particular norm.

THEOREM 7.4. Let & € K[[0]]s, -z, \K[[2]]z,.w,, be algebraic over K|[[z]] where o is a
strongly convex cone containing the first orthant and K is a characteristic zero field. Then
there exist a strongly convex cone o’ C o containing the first orthant with & € K[[o']]4;...a, ,
w € Int(0”") and a constant b € R such that for all g € K[[z]] and all B € Z>," we have that

9
z/w< xﬁ><w~ﬂ+b (9)
or equivalently

_ 9 8
6= 5| =0kl (10)

where C = e~ 0,
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Proof. Let &, & € K[[o]]4,...z,, be such that Supp(£1) N Supp(&2) = 0. Then we have for
every 8 € Z>o"

sup v, (51 + &5 — :c%) = min{ sup v, ({1 — i—;) , sup v, (52 — iz)} . (11)

geK([z]] g1 €K[[z]] g2€K][z]]

Thus if there exists a constant b such that for all g; € K[[z]] and all 8 € Z>(" we have
Ve (51—%) Sw-B+Db
x
then
vo(6+&- ) <w-B+b VoeK[al], V5 e Zso"

Hence in order to prove Inequality (9) we are allowed to replace £ by a power series
& € K[|o]]ay--z, such that there exists & € K[[o]]z,...z,, with Supp(&1) N Supp(&) =0 and
&1 + & = & In particular, using the notations of Proposition 6.2, since £ = &4 + &2 where
Supp(§2) N (v + L) = 0, we can assume that £ = &, . Moreover ¢’ will denote the cone given
in Proposition 6.2, so L is a vertex of o’.

So from now on we assume that Supp(§) C v+ L. Thus, by Lemma 6.3 we can write
E=a"F(z¥) for some algebraic power series F(T) that is not a polynomial and, by
Remark 5.16, v € Z™ is a direction vector of L whose coordinates are coprime and it has
at least one positive and one negative coordinate.

Let us write

F(T)= > anT™.
meZxo

As discussed in the proof of Theorem 6.4, there exist natural numbers C' and M such that, for
every m > M, we have that

{ila; #0,ie {m,m+1,....,m+C}} #0. (12)
Take 5 € Z>¢" and let w € Z~(" be such that w - v > 0. Then

sup v, (§xﬁ —g)= sup v, (Z A ™0 T — g) = U@,z (13)
g€K][=]] g€K([z]] m
where
mo =min{m € Z>o / ap, # 0 and mv+ B+ ¢ Z>o"}.
By permuting the coordinates of v, denoted by vy, ..., v,, we may assume that there exists an

integer k such that v; < 0 for i < k, v; > 0 for ¢« > k and v,, > 0.
In this case mv + S+~ ¢ Z>o" if and only if at least one of the following three situations
arises:

(i) for some i > k, v; > 0 and muv; + 5; + v < 0,
(ii) for some i >k, v; =0 and 5; +v; <0,
(iii) for some i < k, mu; + B; +v; < 0.

In Case (i) we have that m < —ﬁvi < —2, since §; > 0, and 3; < —v;. In Case (ii) we
have that 8; < —v;.
Case (iii) is equivalent to

m > min {ﬂ2+%}

1<i<k —;
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Thus we have that
mo < max{ My, My, M3} < My + My + M3
where My = max{—1* | v; > 0 and 7; < 0}, M2 = ordr(F(T)) and

1<i<k —V;

M, :min{meZ>o / am #£ 0 and m > {min {M}J —|—1}

1<i<k|Bi+7i >0 —v;

gmin{meZ%)/am;AOande { min {M}J—&—l}

where |c] denotes the integer part of a real number c¢. Exactly as shown in the proof of
Theorem 6.4, by (12) we have that

M < [A(B)|+1+2C+M

A= (B

1<i<k|Bi+v: >0 —V;

where

Then by (13) we have that

sup U, (E:cﬁ —9) <([AB)] +14+2C+ M+ My + My)w-v+w- (B +7).
g€K[[z]]

Let iy < k be such that

min
1<i<k|Bi+v:>0

{ﬂi+’yi}_ﬁio+’yio.

—Y; — Vi,

From now on let us choose w € Int(c’") satisfying the conclusion of Lemma 7.5 given below
(with 7 = ¢’). In particular we have that

LA(ﬁ)Jw AN %w AN wio(ﬂio Jr%'0)

since B;, + i, > 0. But since w € ¢’V and R>(" C ¢’ then w; > 0 for all i. Thus we have that

Wio (Bio + Yie) S w - B+ WigVig-
Hence we obtain

sup Vw(facﬁfg) 2w -4+ (142C+ M+ M+ My)w-v+w- v+ wiy Vi,

geK][z]]
or
sup Vw( - %) Sw-f+142C+ M+ M+ M)w- v+ w- v+ Wiy Vi, -
g€K{[=]] z
This proves the corollary with b:= (14 2C + M + M; + Ma)w - v + w - ¥ + Wiy Vi - O

n

LEMMA 7.5. Let T be a strongly convex rational cone containing R>o" and let v € T be a
vertex of 7. Let us assume that there exists k < n with v; < 0 for i < k and v; > 0 for i > k.
Then there exists w € 7V such that

O<W'U<—w]"l)j V]ék

Proof. For 1 < i <k let us denote

i) .
0@ = (01,0 01, 204, Vig 1y U)
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and let 7/ be the cone generated by vV, ... v(*) We claim that
N7’ ={0}.

Indeed let v € 7 N 7’. Then we can write

k
V= Z )\ﬂ}(i)
i=1

for some \; > 0. Thus we easily check that

k
v = ()\1’01,)\2’02,...7>\kvk,0...,0)—‘r <Z)\l> V.

If -7 | \i # 0 this implies that

1 1
v = v+

Zf:l Ai E§:1 Ai
is not a vertex of 7 since v € 7 and the v; are negative for 1 < i < k. Thus Zle A; = 0 and
A; = 0 for all 1 <4 < k. This proves that v = 0.

Let w € R™ such that w € Intye(—7"Y) and w € Int,e(7), that is, the hyperplane defined by
w separates 7 and 7. Then w-v > 0 for all v € 7\{0} and w - v < 0 for all 1 < i < k. This
proves the lemma. O

(7)\1’[)1, —AV2, ..., —ApUE, 0, ... ,0) €T

EXAMPLE 7.6. Set P(T) = 23T? — (22 + 23). If the a, € Q" are the coefficients of the
following Taylor expansion:

\/1—|-U=1+a1U—|—a2U—|—--~—|—akUk+--~

then the element

x x2 xk
55:1+0171+(12%+"'+ak7,1€+"'GKHUH
T2 x5 x5

is a root of P(T') where o is the cone generated by (1,0), (0,1) and (1,—1). Let w € o¥. Let
N € Z~. Then we have

Nk
Vi <§ - (1 —&—Zakxi)) = (N 4+ 1)(w1 —wa).
k=1 2

On the other hand we can write
N k

z fn

L+ anp =%
=1 T2

for some polynomial fy € K[z, z5]. Thus

N k
Tt N+1w —wy Wy — Wy
Vi (5— <1+Zak,1c>> /Vw(xév) =~ " - "
1 Ty 2 o 2

and this last term is equal to 1 if and only if w; = 2ws. This shows that there exists only one
w € ¢¥ (up to multiplication by a positive scalar) satisfying Theorem 7.4.

Now let us pick such a w, for instance w = (2,1). We have that & € K[[7]] for any strongly
convex cone 7T containing o. For instance we can consider the cone 7 generated by o and (-2, 3).
It is straightforward to check that 7 is strongly convex but w ¢ 7V since w - (—2,3) = —1. This
shows that, in Theorem 7.4, we may need to replace o by a smaller cone o”.
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ExXAMPLE 7.7. Let K be a field of characteristic p > 0. We define

k k
£:= Z ozt

k€Z>0

This is a power series whose support is in o = {(i,7) € R / i > 0,i + j > 0}. This power series
is obviously a root of

P(T):=TF —T + L.
T2

Thus £ € K[[0])ay-a, \K[[#]]2, -z, 18 algebraic over K[[x]] but it is straightforward to check
that Theorem 6.4 is not satisfied.

On the other hand for w = (w,ws) € Int(c¥) (that is, w satisfies w; > wy > 0) and
(B1, B2) € Z>0> we have

swp v (€nat —g) =w- (0 + B, + )
g€eK][z]]

where ko = min{k € Z>¢ / — p* + B2 < 0}. In particular we have that
P+ B > 0.
Thus we have

e (fxllxgz —9> =w- (P, —p") +w B = (w1 —w)p"+w B
geK][[z

< (w1 —w2)pPa +w - B.
Hence for w = (p + 1, p) we see that

9

sup vy f—m <pPe = wafle < w- B.
Ty Lo

g€K[[=]]

This proves that Theorem 7.4 remains valid for £. So it is a natural open question to know if
Theorem 7.4 remains valid in general in positive characteristic.
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