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1. Introduction

A classical theorem by H. Cartan [6] states that if & C C¥ is a bounded domain,
H: Q — Q is a biholomorphic map fixing a point p € Q, and satisfying H'(p) = I,
then H is the identity map. Boundary versions of this remarkable theorem have been
studied intensively, and have lead to deep results for unique jet determination of (local)
CR maps. Unique jet determination of CR diffeomorphisms by jets of higher order has
been established under general assumptions involving CR, geometric properties of the
manifold; we refer the reader to the recent survey by the first two authors [18] for a
thorough discussion. The first general results without dimension restrictions appeared
only recently in [23,17].

One of the natural obstructions to finite jet determination for arbitrary CR maps
arises when the target manifold contains complex varieties. Indeed, if we look at maps
collapsing the source space into one of these varieties, they can never be recovered from
a jet of finite order at any point.

It is therefore natural to consider maps which do not collapse the source space into
the complex varieties in the target. Given a real-analytic set M’ ¢ CV /, we define its
D’Angelo infinite type points & to be the union of all positive dimensional complex
varieties contained in M’ (see [7,9]). If &y = 0, then M’ is said to be of D’Angelo finite
type (see e.g. [14] for a complete overview about various notions of types).

Definition 1.1. Let M C C¥ be a real-analytic CR submanifold and M’ as above. We
say that a CR map f: M — M’ is non-collapsing if f(M) € Enp.

The question of whether collapse, as defined above, is the only way for unique de-
termination of arbitrary maps to be violated has been open for many years. Here we
prove that this is indeed the case for minimal sources (see e.g. [3,5] for this notion) and
for real-analytic targets that are Nash, i.e. given by the zero-set of finitely many Nash
functions on a Nash submanifold of CV" (see [2]). Our main result may be stated as
follows.

Theorem 1.2. Let M C CV be a minimal real-analytic CR submanifold and M' C cN
a Nash set. Then, for every point p € M, there exists an integer k = k,, bounded on
compact subsets of M, such that for every pair of germs of non-collapsing €°°-smooth
CR maps f,g: (M,p) — M’, ifj;f = jllfg, then necessarily f = g.

In particular, we do obtain a positive answer to [18, Problem 7.4] for Nash targets
containing no nontrivial complex-analytic subvarieties.

Corollary 1.3. Let M C CV be a minimal real-analytic CR submanifold and M' ¢ CN’
a Nash set of D’Angelo finite type. Then, for every point p € M, there exists an integer
k = kp, bounded on compact subsets of M, such that for every pair of germs of €°-
smooth CR maps f,g: (M,p) — M’, z'fj;ff = j}’,fg, then necessarily f = g.
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As a consequence of known results due to Diederich—Fornaess [10], we get the following
global statement in the compact case.

Corollary 1.4. For every compact real-analytic hypersurface M C CN and every compact
Nash set M’ ¢ CN', there exists an integer € = ((M, M) such that if f,g: (M,p) — M’
are two germs of €°°-smooth CR maps at some point p € M with jﬁf = jﬁg, it follows
that f = g.

Recall from the beginning that biholomorphisms of bounded domains are uniquely
determined by their 1-jet at any interior point. In contrast, as follows from the works
of Low [19] and Forstneri¢ [12], if we consider proper holomorphic embeddings between
balls in different dimensions, such a uniqueness result does not hold in general. However,
assuming enough boundary regularity, Forstneri¢ [11] proved that any such map is ratio-
nal with a degree bound only depending on the codimension, yielding as a consequence
unique determination at any interior or boundary point. Our last corollary provides a
general result for boundary uniqueness of proper maps in any codimension.

Corollary 1.5. Let Q € CN and Q' C CN' be bounded domains with, respectively, smooth
real-analytic boundary and smooth Nash boundary. Then there exists an integer £, depend-
ing only on O and Y, such that if F,G: Q — Q' are two proper holomorphic mappings
extending smoothly up to the boundary near some point p € 02 with jﬁF = jﬁG, it follows
that F = Q.

The first general jet determination result in arbitrary dimensions appeared in [17].
In that article, the first two authors dealt with targets which are Nash manifolds under
the assumption that the maps under consideration do not possess what we called 2-
approximate deformations. This includes target manifolds for which the order of contact
with complex curves is at most 1 (such as e.g. strictly pseudoconvex targets). The tech-
niques developed in the present paper allow us to handle non-collapsing CR maps into
Nash targets, including, in particular, arbitrary maps into D’Angelo finite type targets,
where the order of contact with complex curves can be arbitrary.

Our approach to prove jet determination in arbitrary dimensions is to construct
universal families of systems of equations satisfied by the maps under consideration.
A natural construction for these systems is given by the (iterated) refined CR prolon-
gations introduced in sections 2 and 3, in which a crucial sequence of invariants (ng f)g
associated to any germ of a CR map f at p € M is studied. It turns out that vanishing
of these invariants for large ¢ allows a bound (depending on ¢) on the number of sys-
tems needed. If we are able to bound ¢ uniformly over the maps under consideration,
finite jet determination can be proven, as section 5 shows. We are able to prove such
a uniform bound for non-collapsing maps if the target is Nash. One of the properties
needed for this step relies on a subtle algebraic property of Nash functions that we call
quasi-finiteness in section 5. Such a property is a consequence of a new global strong
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approximation result a la Artin for Nash systems of equations, proven in section 6, that
may be of independent interest.

2. The refined CR prolongation of a basic system
2.1. Allowable bases of CR vectors

For a generic real-analytic submanifold M C C¥ and p € M, we shall denote by
K, (M) the quotient field of the ring of germs at p of (complex-valued) real-analytic
functions on M. We will need the following result from basic linear algebra whose proof
can essentially be found in [15]. In order to formulate it, we say that a vector subspace
S Cc K,(M))N "is CR closed if it is closed under the application of the CR vector fields,
that is, Lu € S for every u € S and every real-analytic CR vector field L of M near p.

Lemma 2.1. Let M C C¥ be a generic real-analytic submanifold, p € M, m,N' € Z
and A = (A',..., A™) be m elements of (K,(M))N'. Assume that the vector subspace
generated by Al ... A™ is of dimension r < N' and that it is CR closed. Then for every
choice of an invertible r X r submatriz (Ag£)1gk7g§,« of A, there exists a unique collection
of N' — 1 linearly independent CR vectors V', ..., VN'=" in (K,(M))N" such that

N/
VI AT=3ViA} =0, 1<j< N —r, 1<y <m,
v=1
and such that the (N' —r) x (N' —r) matriz formed by removing the i1, ..., i, rows from

the (N’ x (N’ — 1)) matriz (V',...,VN'=") equals the identity. In addition, once the
above mentioned minor is fixed, there exists a unique universal rational map R such that

(V... VN =) = R(AY,...,A™). (2.1)

The previous lemma associates to every non-zero r x r minor of A a unique collec-
tion of CR vectors in (K,(M))N" forming a basis of the annihilator of A and a unique
representation through a rational universal map R as in (2.1). Such a collection of CR
vectors will be called an allowable basis of CR vectors (associated to A). Note that since
the number of non-zero minors of A is finite, the collection of all such allowable basis
of CR vectors is also finite (and its cardinal is uniformly bounded in terms of m,r, N’
independently of M and p). Hence the collection of universal rational representations R
as above is also finite as well.

2.2. General setting and some notation

Let M C CV be a real-analytic generic submanifold. For p € M, we denote by
KSR (M) the subfield of K,(M) consisting of the CR ratios. It is well-known (see e.g.
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[3,21]) that any such ratio can be identified with the restriction to M of a germ of a
meromorphic function at p.

From now until §5, we fix pg € M and shrink M near pg in such a way that it is
equipped with a fixed basis of real-analytic CR vector fields, L = (L1,...,L,) where
n = dimgg M. For any multiindex a = (ay,...,q,) € N we write L* = L ..., L",
and Lf = (L1f,...,L,f) for any map f with components in K, (M) for some p € M.

Let p e M and € = (€',...,£") where each & € (K,(M))N', with r € Z, arbitrary.
We say that £ is admissible if £ has a fized expression of the form

£ =% ((L*B)jaj<e,¥(9,9))

for some integer ¢, some rational holomorphic map Z, some vector-valued map B whose
components belong to ]KSR(M)7 some germ of a real-analytic CR map g: (M, p) — CV’
and some germ of a real-analytic map 1 near g(p) in CY'. For an admissible ¢, we define

0
§uw

{2 (EB)jor<ew(w,9) }|

w=g

1

wr

where &, = ( &) and each &) is viewed as a N’ x N’ matrix. From the chain rule,
it follows that &, is admissible as well. Note also that if ¢ is admissible, then, again by
the chain rule, L¢ is also admissible and one has (L&), = L(&y).

Furthermore, for any polynomial map P(t) =) cn- 0,17, t € C*, whose coefficients
0, € (K,(M))™ are admissible (k,m € Z), we define P, (t) = > cn- O wt”, whose
coefficients remain admissible by the above. To every admissible £ = (¢1,...,£"), and to
every integer £ > 1, we define some associated (K, (M))" -valued homogenous holomor-

phic polynomials D*(t), t = (ti,...,t,), as follows:

DY (t):=t-¢& and for k> 1, Dk“(t):%ﬂ(tog)-Dﬁ)(t),

where t - € = 1161 4+ ... + 1,6 € (K,(M))"', and where
(t-€)-DE(t) = (t-€)1D% (t) +...+ (t-&)w DL (t) € (Kp(M))N'.

Note that each D’(t) is a homogeneous polynomial map of degree ¢ in t.
For any real-analytic function 6(w,w) defined over some open subset of CV ', for
multiindices «, 3 € NV ', we denote 0,5 for the partial derivative 6,0 .56.

2.3. The construction
Our goal in this section is to describe a certain procedure that we call the refined CR

prolongation of a basic system: given a family of CR maps on M all satisfying a specific
type of system of equations, that we will call a basic system, we construct finitely many



[ B. Lamel et al. / Advances in Mathematics 432 (2023) 109271

new basic systems, in a universal way, that the whole initial family of maps has to satisfy
and with “better rank properties”, as will be explained below.

Let M and pg be as §2.2 and Q a given open subset in CN'. For every p € M, we are
given a family of germs of real-analytic CR maps (M, p) — Q, that we denote by %,
and we set F = UpcyrFp.

We assume that there exist integers ¢, k1, k2, mi, ma, N1, a CN1-valued polynomial
map & = P(A, AT, T), a rational map 2 of its arguments, real-analytic maps
0: Q — Ck1 p: Q — C*, and maps A = (Ay,...,Ap,) and B = (By,...,By,)
with components in KSR(M ), such that for every p € M and every germ f € %, the
following system holds in K, (M):

@(A7A,0(f,f_),9(f,f)) =0,

(X) : LA =0, (2.2)

We now make the following:

Definition 2.2. Given M and a family .# of maps as above, any system of equa-
tions of type (X) satisfied by every map f € % is called a basic system (asso-
ciated to .Z) if the first set of equations in (2.2) is stable under conjugation, i.e.

any component of P(A,A,0(w,w),0(w,w)) appears as one component of the map

P (M A, 0(w, w), 0(w, )).

Let us therefore now assume that % satisfies a basic system as above. For every
f € 7, using the chain rule, we may rewrite (2.2) as follows:

z (A,[L&(ﬁ f);e(f, 7)) =0,
é((f’aé)hﬂf@rla E.fa 1/1(.][3 f)ﬂ%(f’ .f)) = Oa o ~ (23)
A =2 ((LB) ey ¥(£ ).

for some universal polynomial map 2 valued in C"™ depending only on 2. Consider

the N’ x N1 matrix given by

Ty i= (% {[‘@ (Q ((ZQB)lalgz ’w(w’f)) ,A,a(w,f),a(f,w))]} ’w: ) 7

and the N/ x myn matrix given

S = {% {[2(@B)aszers, LF vtw, ), balw, )]} \w_f} ,

whose coefficients both belong to K,(M). Let N' — k), #(X) to be the rank of the N x
(N1 +myn) matrix (LYIf|L® 7f)ja <N’ Where e := card{a € N" : |a| < N'}.
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Definition 2.3. Given a basic system as in (2.2) and any f € %, with p € M, the integers
N’ — kp #(X) and kp, #(X) are called the rank, respectively the degeneracy, of the system
(X) with respect to f.

For a fixed p € M and f € #,, let us assume that k := K, ;(X) > 0 and write, in
what follows, k¢ for x, r(X). Then by Lemma 2.1 applied to the column vectors of the
matrix (L*(Zf| 7)) lo|< 70 WE may find an allowable basis of CR vectors associated to

it, V:= (V1 ..., V") where each V/ € (KP(M))N/ such that,

V(S| ) =0. (2.4)

Furthermore, by the same lemma, we have only a finite number of choices for such
allowable bases of CR vectors, and we may write

V=R (LI 7)) 0en) (2.5)

where R belongs to a finite family of universal rational maps (independent of f and p).
The following notation will be useful.

Definition 2.4. The collection of all allowable bases of CR vectors associated to a given
map f € Z is denoted by ¥5(X), and the collection of all such bases associated to all
maps f € % is denoted by ¥ (X).

We now analyse (2.4). Firstly, note that the system *V - .y = 0 may be rewritten in
the form

t\[Aw@A'i_tvew(fa.f)'@T+tvem(f7f)<@7:07 (26)

where for ease of notation we dropped the arguments (A, A,0(f, f),0(f, f)) from the
derivatives of Z2. Conjugating (2.6), we get:

V- Ay PA+N-0u(f. ) Pr+N -05(f, f) - P =0. (2.7)
Hence (2.6) and (2.7) may be rewritten as

Z (A,V,tv.AmA,V,tV'Aw, (6,505, 0,5(F. f))hwq) =0, (28

for some universal polynomial z depending only on &.

Next, we claim that 'V - A,, is CR. Indeed, from our construction, §2.2 and the fact
that each component of V is CR, the relations "V-_#; = 0 (given by (2.4)) are equivalent
to



8 B. Lamel et al. / Advances in Mathematics 432 (2023) 109271

0="'V.(LA), ="V-LA, =L('V-A,). (2.9)
In addition, it follows from (2.5) that each V may be written in the form

V= <%’<(LQB)|Q<5+N'+17 (L )jal<Nr415 (LY A) ja)< 7

(eu’y(fa f)v 01/’7(]07 f)) ) (wV’V(fv f))|u|+|’7§N’+2)
[v[+y[SN'+1

where Z belongs to a finite family of universal rational maps (independent of f and p)
and depending only on & and 2. Similarly, it is easy to check that

"V-A, = :@((L(XB)QKHN/H, (L F)jaj<nr+1s (LY A) o)<,

(6037 . 077 1)) (il Deierrsa) (210

|+ <N7+1
where Z also belongs to a finite family of universal rational maps (independent of f and

p) and depending only on & and £. Hence, for every f € & and for every choice of an
allowable basis of CR vectors V for the basic system (X), if we set:

PHE = (P, D)
A# = (A, V,'V . A,)

O0# (w, @) = (g’vﬁ(w’@)’W)Mﬂmgl
V#(w, @) = (ew(w7@),ew(w7@))

s (Vv i (w, w))|u+|’y§N/+2)
B#* = (B, f,A)

[v[+|v[<SN'+1

(2.11)
we obtain that f satisfies the following new basic system, that we call the refined CR
prolongation of the system associated to X and V, denoted by X#(V):

7# (A#,F,9#<f,f)) =0,
(X*(V)): La# =0,

A# — oF ((LaB_#) U (f, f)) :

(2.12)
Since B¥ is CR, the system (X#(V)) is indeed a basic system, as previously defined, con-
tains the previous system (X), and satisfies the conjugation property on the polynomial
2% . In the new basic system (X#(V)), the polynomial map % depends universally
on 2, the rational map 2% belongs to a finite family (independent of any f € .%) of
universal rational maps depending only on 2. We stress here that the rational map 2%

la|<e+N/+1"
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indeed depends on a given f € .%. But every f € .# will satisfy a refined CR prolonga-
tion for some 2% from a universally determined finite family. In particular, the cardinal
of all such rational maps is uniformly bounded. To summarize, what we have done is,
given a basic system satisfied by a family of maps f € %, to construct finitely many new
basic systems (whose cardinal is uniformly bounded), containing the original one, that
depend universally on the original one, and such for each p € M, every f € .%, (with
Kp,r(X) > 0) satisfies one of this new basic systems. Furthermore, for each such f and
each associated allowable basis of CR vectors V, by construction, we have

tip.f (X#(V)) < i, 5 (X). (2.13)
3. Iterated refined CR prolongations and their properties

In this section, we shall repeatedly apply the construction done in §2 to CR maps
valued into a (fixed) real-analytic set M’ ¢ CN'. We are defining a so-called iterated
refined CR prolongation procedure, describe some of its properties, and investigate the
relationship between such a construction and the CR geometric properties of M and M’.

Throughout this section, M is a real-analytic generic submanifold of CV with pg € M
as in §2.2. We also consider a real-analytic subset M’ of CY / given by

M ={weQ:plw,w) =0} (3.1)

for some R?-valued real-analytic function p = (p1, ..., pq) on some open subset Q ¢ CV "
The family of maps .# we are considering is the family of all germs of real-analytic CR
maps (M,p) — M’ with p € M arbitrary.

3.1. Iterated refined CR prolongations
In what follows, we define for j € {1,...,2n},

L;, if1<j<n,

Xj = { = 9 (32)

Ljn, ifn+1<j<2n,
and set, for every integer 7 > 0 and for every smooth map ¢: M — cN,
XM= (X, .. X P 1 <om (3.3)
Using the construction introduced in §2, we now define the iterated refined CR pro-

longations associated to any map f € .%.
For p € M and f € %,, we have the basic identity (in K,(M))
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which we may view, since p is real-valued, as a basic system (X) associated to .%. Set

/i;f = kp, ¢ (X). (3.5)

If ”;u §=0 (which means that f is a holomorphically nondegenerate map in the sense of
[15,16]), we also set for every integer s > 2, Ky ;= 0.

If now n;’f > 0, then for every V(1) € #4(X), f satisfies the basic system (X# (V1))
which can be described as follows:

PO (VOND, (005(F, )y pyer) =0
LV =0, (3.6)

v = 20 ((EO‘JF)MSN,+1 (s (1, f))\u|+wszv'+1) ;

where (1) is a universal polynomial map, and 2() is a rational map belonging to

a finite family of universal rational maps (the family being independent of f, but the

particular choice of 2() not). Observe that in order to derive the system (3.6), we have

used (2.11)—(2.12) and the fact that p is real-valued. Note also that by our construction,

the first set of equations of (3.6) is stable under conjugation (following Definition 2.2).
We now set

K2, = min {ﬁp’f(x#(vﬂ))) v e «yf(X)} . (3.7)

If fi;f = 0, then we set r, , = 0 for s > 3. If not, we then only consider those
V) € ¥4(X) such that , ((X# (V1)) = w2 ¢ and write

PHX) = {VO e p(XF(VD)) = k2 ]

For each V(1) ¢ “//fl (X), consider now the collection #;(X# (V1)) of allowable bases of
CR vectors V(?) associated to X#(V(l)) as explained in §2. These depend a priori on
the chosen allowable basis V(. For each V(I and V(2 as above, we set:

AW = v AR = (AW vty )40y,

Then f satisfies the basic system (X#(V(l)))# (V2) = (x#(V() V(2))) given by

(2) 4(2) 2 ~ f
@ ( ,A( ), (py'y( af))|y|+|fﬂ<2> ’

AR = 9@ ((E“f, LeAD) (pun(Fs D)t i<onres )

|| <2N7+2

where 23 is a universal polynomial map and, again, 22 is a rational map belonging
to a finite family of universal rational maps (independent of f as before). We call the
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basic system given by (3.8) the second order CR refined prolongation of (X) with respect
to (V, V), Next, define

i3 = min {ry s (XF (VD VD)) - VD € w1 (3), VO € 1 (xH (V) (3.9)

If 53 o =0, we set x5 =
for which #,, ;(X#(VD) V() = K3 ¢ and write

VEX) = {(VO, VD) iy (X (VO,VE)) =il ]

For every (VD , V) ¢ “I/fQ X), applying again the construction given in §2 to
the basic system (X#(V(1) V() given in (3.8), we obtain a collection of allowable
bases of CR vectors V) ¢ #;(X# (V) V(2))) such that f satisfies a basic system
(X#(VD VN #(VE) = (X#(VD, V) V) which we call a third order iterated
refined CR prolongation of (X) with respect to (V) V() V) Setting

AB) = (AP v ty() . A2))

such a basic system (X#(V(1) V2 V©))) may be written in the form

P®) (A(?)),W, (oo (£, f))lv\+|~/\§3) —0,
LA®) =0, (3.10)
A(S) = 9(3) ((Lafa Ea@) ) (pl/’_y(f7 f))|l/+|’y|<3N/+5> ;

|| <3N'"+3

where 2() is a universal polynomial map and, again, 2®) is a rational map belonging
to a finite family of universal rational maps (the family being independent of f but the
particular choice of 2(3) not).

Now, if for some integer ¢ > 2, we assume that ﬁ;’f, .. .,H;;’f have been defined
as above and are non-zero with associated sets ”//fl X),..., ”i/fE*l(X), and that for ev-
ery (£ — 1)-tuple (VA ... VIE-1) ¢ 7/;_1(X), the associated (¢ — 1)-th order refined
CR prolongation (X#(V( .. V1)) has been defined, with associated data A¢—1),
2U=1 and 201 given as follows:

gpt=1) (A“‘”,A(f—l), (Pw(f, f))\l/|+|’y|§f—l> =0,
LAY =0,

AU-D = g(t=1) <(Laf’LaA(£_2))a|g(z_1)(zv/+1) oy (f, f))V|+'y|<(€1)(N’+2)1) .
(3.11)

Since /ﬁf)’f > 0, for every (VD .. VD) ¢ V/f_l(X), we apply the construction
given in §2 to each basic system (X# (V.. V1)) to obtain a collection of allowable
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bases of CR vectors V¥ € 7;(X# (VD ... V1)) such that f satisfies the basic
system (X#(VD . VEDN#EVO) = (x#(VD . VED V®)) which is the (-
th order refined CR prolongation of X with respect to (V(D, V) . vE=1 v(©)) Ag
a consequence of the construction done in §2, such a system is of the form

o % - - =0
9 (A 4 , 4( )7 (py,)i(f7 f))|l" |,Y|<() - Y 12
lA(é) = 0, (3 )

(Pva (s Il ivi<ecvi+2)-1 ) »

@ = 9 Lef [eAl—=1)
A 2 ((L fLeA )\a|§é(N’+1)’

where
A©) — (A(5*1)7v(4)7tv(5) .Ai(ffl)),

and 2 is a universal polynomial map and (yet again) 2 is a rational map belonging
to a finite family of universal rational maps (the family being independent of f but the
particular choice of 2() not). We also know from our construction that

A=) = g1 ((Laf,LD‘A(‘Z2))a|§(€_1)w,+1), (pvy ([ f))u|+7|<(e—1)(zv'+2)—1> ,

AW =90 ((Eaf)‘alSN,+1 (s (fs f))lu\+|7|§N’+1) :
(3.13)
Then we set:

kCHL = min {n,,,f(x#(vﬂx VO (VL VED) e v (x),

VO ey x#VD, ,V“*U))}.

If mfjfl = 0, we set r, , = 0 for s > £ + 2. Otherwise, we define the set ”I/f@(X) to
be the collection of all /-tuples allowable bases of CR. vectors (V(l)7 ..., V) such that
kot =k p(XF(VD L VO,

Hence, for M, M’ and . as above, we have attached to every p € M and every
f € Z,, a sequence of integers (/ﬁg f) ¢tez, - Such a sequence depends on our choice of
M and associated CR vector fields as well as the chosen (global) defining function p for
M'. We always assume that all of these have been fixed once and for all. However, note
that after fixing these choices, the dependence of the sequence on the base point p is,
by unique continuation, pretty straightforward. Indeed, if U is an open subset of M and
g: U — M’ is a real-analytic CR map, for every integer £, U > p — /sf;’g is constant on
any connected component of U.

We summarize (part of) the above construction in the following precise statement:
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Proposition 3.1. Let M, M’ and . be as above and £ a positive integer. Then there exists
a universal polynomial map PY, and 20 collections of sets Sq,...,Sy and §1, e ,gg,
each consisting of finitely many rational maps (of their arguments) such that the fol-
lowing holds. For every p € M and every f € %, with Hé,f > 0, there exist mappings
AWM A® with components in KSR(M), such that f satisfies the system

2O (A9, 4D, (s (£, 1) iy i<e) =0
LAY =0, j=1,...,¢

A — 9® <(Eaf, EQA“*U)‘QN(N,H) , (puy (f, f))|u+|7|§zz(1vf+2)_1)

AU=D) = gl-1) ((I_flf’ EQA(Z72))|Q|§(571)(N’+1) s (poy (f, f))|u|+|’y§(1€—1)(N/+2)—1> )

AW = 90 ((E“f)|a|gzv/+1 (pur ], f))\u|+w|gzv'+1) ,
(3.14)
for some 2U) S;, 7 =1...,£. Furthermore, the following also holds:

(i) for every j =1,...,¢, if we denote rj := j(j + 1)(N' +1)/2 and use the notation
from (3.3), there exists a rational map T € S; such that

A(]) = y(j) (er (f’ f_)7 (pV’V(fv f))|l/|+|'y\§rj) ) (315)

(ii) the rank of the (first two lines of the) system (3.14), as defined in §2.3, equals
N/ — I{Z f .

D, )
(iii) the first line of the system (3.14) is stable under conjugation and is called the SUC

part of the basic system X#(V(l)7 R V4GSR V(z)).

Proof. What remains to be proven in the proposition is the identity (3.15). Let £, p and
f be as in the proposition. We shall now prove (3.15) by induction on j, and that 7 ()
depends only on 21 ... 20 The statement for j = 1 follows immediately from the
last equation in (3.14). Hence, let us assume that (3.15) holds for j = k with 1 < k < /-1
and let us prove it for j = k 4 1. Since

A(k) = y(k) (er (.f7 jT)a (pu'?(fa f))|1/|+|'y|§7'k) )

by the chain rule, we have that there exists a rational map F®) depending only on .7 (%)
such that

(L*A®) a1 < (k1) (8741

= 9(k) (XTk+(k+1)(N(+1)(f7 f_)7 (pV"y(fa f))|V|+|W\§rk+(k+1)(N’+1)) . (316)
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Using the formula given by (3.14) for A*+1) and substituting (3.16) into it yields that

Ak+D) — g(k+1) (XT'k+(k+1)(N Jrl)(f7 J?), (Pw(f» f))\v|+|v|§m+(k+1)(N’+1)) ,

for some rational map .7+ depending only on 2tV and on 7%, Since rp41 =
rg+(k+1)(N'+1), we reach the desired result by induction. The proof of the proposition
is complete now. O

3.2. Properties of the sequence (Hf;,f)gez+

In order to make in §4 relationships between the above formal construction and the
CR geometry of the pair (M, M), we need to study the sequence (nf,’ )eez, and establish
a few of its basic properties.

The first obvious but useful property of the sequence (I’iiy f) tez.,. is the following:

Proposition 3.2. Let M, M’ and F be as above. For every p € M and f € %,, th
sequence (K p7f>gez+ is decreasing.

Proof. The fact that Hf;, P2 Iif;Jrfl follows from the construction and (2.13). O

Remark 3.3. In view of Proposition 3.2, for every f € .%,, we may define
m;f’f = limy, oo Hﬁ’f.

One of the key properties about the sequence (Iif; f) is to understand the consequences
on the map f when the sequence stagnates for a certain time. In order to do so, we need
to introduce some notation.

Let¢{>1,pe Mand f € Jp such that k := /{ ;> 0. Let (VD ..., V®) any element
in ”f/z( ) and let t = (¢1,...,t,) € C”. Since V(e) is admissible, for every integer k > 1,
we may define, as in §2.2, by induction on k, the following CN'_valued homogeneous
(holomorphic) polynomials (in t) of degree k, denoted by DF(t), with coefficients in
(K, (M)

DY(t):=t-V®  andfor k >1, D*1(t) = ——(t- V). DE (1) (3.17)

kE+1
The following result is a crucial property of our construction. It is the bridge linking
the iterated refined CR prolongations and CR geometric properties of the pair (M, M’).

Proposition 3.4. Let M, M’ and .F be as above, p € M, and f € F,. Let {,s € Ly, with
l,s > 1 and assume that lip = “}3 =: k> 0. Then for every (V... V) ¢ “//fE(X),
if we set D(t) = D(t) + ...+ D*(t), where each D*(t) is given by (3.17), the following
holds:
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() D(t) € (KSRAD[E)Y ;
(b) in the ring K,(M)[[t,t]], we have the identity

p(f+D), T+D@) = O(t+). (3.18)

Proof. Let ¢,s > 1 and p1ck (V(l) LV e ”//e( ) and assume that k := Iif;f =
f@f;}s > 0. Since & g = p f the allowable basis of CR vectors V) for the basic
system (X# (V. V1)) happens to be also an allowable basis of CR vectors for
the basic system (X#(V), . V=D v£)) since the system (X#(V1 ... V©))ig
the refined CR prolongation associated to the system (X#(V(®), ... V¢=1)) and V(®
and therefore contains the basic system (X# (V) ... V1)) by construction. Using
the fact that Kf; = Iif:rfs and proceeding inductively, we get that all the basic systems
(X#FVOL, vy v ,V(Z))) are satisfied and have the same rank N — k. We

s times
now prove by induction on k € {1,...,s} the following:

CrAaM — For 1 < k < s, the system of equations

L(D'(t)) =...=L(D*1t)) =0
k T = ka1 (3.19)
pQ+D() <+ DR, FH DI + ... DF(B)) = O(t+),
is contained in the set of equations of the basic system (X#(V(l),...,V(e_l),
v, .. ,V(Z))), the second line of (3.19) is contained in the SUC part of the latter
—_————
k times

system, and therefore (3.19) is satisfied.
o k=1:

The equations L(D'(t)) = 0 are identical to L(V®) = 0, which, by definition are
contained in the system (X#(V(1) .. 'V(®)). The identity

p(f+D0.T+D®) = O(t?)

is equivalent to the system

Mfﬂ

0,
pu(f,
pu(f

(3.20)

i h
S—

0
, 0.
Every equation appearing in (3.20) is clearly contained in the SUC part of the system
(X#(V®, . V®)). Indeed this latter is the refined CR prolongation of the system
(X#(V® . VED)) (as defined in §2.3) whose SUC part always contains the equation
p(f, f) =0.
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e Assume now that the claim holds for £ € {1,...,s — 1} and let us prove it for
k + 1. By the above, we know that the systems (X#(V(1 . . Ve v ,V(Z)))
—_———

k times
and (X#(V) v, v, . 7V(Z))) are satisfied and we know that the equations
—_———
k + 1 times

LD (1) =0, p(f+D"®)+D"t), T+ D) +-.. DF®)) = O (3.21)

are part of the first mentioned system. From our original construction of the refined CR
prolongation in §2.3 and from §2.2, we therefore obtain that the equations

VO (LD*t)), = VO . L(DE (1) =0 (3.22)

are also satisfied, as parts of the equations of the system (X(V() . . . v,
v, ,V(g))). Since V() is CR, the identity (3.22) is the same as the identity
| S —

k + 1 times
L(VY . DE (1)) =0, (3.23)

which is clearly identical to L(D*T!(t)) = 0 and therefore all equations L(D'(t)) =
... = L(D¥1(t)) = 0 are part of the system (X(VD, ... v v© v©)) What
—_———

k 4+ 1 times
remains to be shown is that the equation
p (f + DY)+ ...+ DY), f + DY(t) + ... Dk+1(t)) = O(|t|*?), (3.24)
is satisfied and is contained in the SUC part of the system (X(V), . . . v,
VO . V¥)) which we will do by using some arguments from [16]. We write
—_———
k + 1 times

p(F 4010+t DT D o) = 3 T,

i€l

where each R%J is a polynomial map in (¢,t), homogeneous of degree i in t, of degree
J in t, and with coefficients in K,(M). By the induction assumption, we know that
R%I(t,t) =0 for 0 < i+ j < k and that such equations are contained in the SUC part of
the system (X(VD), ... v{-1, v, ... ,V(Z))). Hence, by the definition of the refined

k times
CR prolongation, the equations

D(t)- Ry (t,1) =0, 0<i+j<k,
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are satisfied and are contained in the SUC part of the system (X(V(l), R VACON
VO . V®)). From the arguments of [16, Lemma 4.2], we have RV (¢, 1) = D(t) -
[ —

.k.+ ljirrles
RJ(t,t) and hence
R™TMI(t 1) = 0. (3.25)

Furthermore, since each component of p is real-valued, it follows that for all inte-

gers i,j as above, we have R%J(t,t) = RJi(t,t). Hence, since the equations (3.25)

for all 4,7 with 0 < ¢4 7 < k are contained in the SUC part of the system

(xX(vm, .. B VACS VIR VA I ,V(z))), we have R%i*1(t,t) = 0 and such equations also

belong to the SUC part of the system (X(V(1), ... V=1 v, 7V(€))). This proves
k41 times

the desired statement for (3.24).
Proposition 3.4 now follows from the claim with k =s. O

4. Behavior of the sequence (nf), f) tez, versus CR geometric properties of the triple
(M, M’, f)

In this section, we fix M, M’ and .Z as in previous sections. Recall that this means
that M is a fixed real-analytic generic submanifold of C¥ shrunk near a point py € M
as in §2.2 (so that we are using a fixed basis of real-analytic CR vector fields on M).
Furthermore M’ is a real-analytic subset M’ of C ' given by (3.1) for some fixed R%-
valued real-analytic function p = (py, ..., p4) on some open subset  C C¥ ". Recall also
that # denotes the family of all germs of real-analytic CR maps (M,p) — M’ with
p € M arbitrary.

In what follows, our goal is to show how the behaviour of the sequence (Iﬁ:f)’ f)gez N
associated to any f € %, (defined in §3) is directly connected to CR geometric properties
of the triple (M, M’, f). Recall that &y is the set of D’Angelo infinite type points of
M, i.e. the set of points in M’ through which there passes a complex-analytic subvariety
of positive dimension entirely contained in M’.

Before stating the first result along the above lines, let us introduce some terminology.
In what follows, for a positive integer s, a point ¢ € M’ and a m-dimensional complex-
submanifold T’ ¢ CV’ passing through ¢, we say that I is tangent to M’ up to order s
at ¢ if for one (and hence any) local holomorphic parametrization v: (C™,0) — (T, q),

one has p(vy(t),~(t)) = O(|t|*T!). Given an open subset M of M, a family (Ff)geﬂ of

m-dimensional complex submanifolds of CV "is CR if for every &y € M there exists a
germ of a real-analytic CR map (C™ x M, (0,£)) 3 (t,€) — 7:(t) € CN such that
(€C™,0) >t — (&, t) parametrizes I'¢ near (¢, 0) for & near &.

We have the following:
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Proposition 4.1. Let M, M' and .F be as above, p € M, f € %, and s a positive integer.
Assume that the sequence <K£7f)gez+ stagnates at some level k > 0, that is, mﬁffs =K for
some £. Then there exists a neighbourhood M, of p in M, and an open dense subset of
]T/fp of My, and a CR family (rﬁ)feﬂp of k-dimensional complex submanifolds of (CN/,

such that each T'¢ is tangent to M’ up to order s at f(§).

Proof. By assumption, there exists £ > 1 such that Hf;, = fffffs. Pick V) as in Proposi-
tion 3.4, and let D(t) be the corresponding associated polynomial. The same proposition
states that

D(t) € RS, p(f+ D). T+DD) = 04l in K, (M1, ] (4.1)

where t € C*. Now, since V() is formed by x CR vectors of (KSR(M))N/ of generic
rank k, analogously to [16, §4.2, p. 390], we may find a real-analytic CR map Ds: (M x
C*, (p,0)) — (CN',0) such that the generic rank of (8t55)|MX{0} equals k and such
that for z in some neighbourhood M, of p in M and t sufficiently small

p(f(2) + D*(2,1), f(2) + D*(2,1)) = O(|t[*+). (4.2)

Let Mp be the open dense subset of M, consisting of those points z for which the rank
of (9,D*)(z,0) is maximal and equals «. Then for z € Mp, the map t — f(z) + D*(z,1)
parametrizes a k-dimensional complex submanifold I', of CV' that is tangent to M’ up
to order s. Since f and D# are CR, the proposition follows. O

As a consequence of Proposition 4.1 and of its proof, we have the following.

Proposition 4.2. Let M, M’ and F be as above, p € M, f € F,. If kpop > 0, then
f(M) C Enr.

Proof. First, let us mention that the condition f(M) C &) means there is a sufficiently
small neighbourhood w of p in M such that f(w) C &y.

Since by Proposition 3.2, the sequence (Iﬁ:g f) ez, is decreasing, for some integer /,
large enough, we have /i;;,f = Hf:}s =Ky p=Kr>0 for every integer s € Z,. Fix s € Z..
It follows from Proposition 4.1 and, more precisely from its proof, that we may find a
real-analytic CR map D*: (M x C*,(p,0)) — (CN,0) such that the generic rank of
(&555)\M><{0} equals k and such (4.2) holds that for z € M sufficiently close to p and ¢
sufficiently small (depending a priori on s).

In what follows, we identify f with its unique holomorphic extension to a neighbour-
hood of p in CV. Writing E(z, z,w,w) = p(f(z) + w, f(2) + w), we see that F is a
real-analytic map in a neighbourhood of (p,0) in CV x CN'. Using [16, Theorem 5.2],
which is a parameter version of a result of [13], there exists a neighbourhood w,, of p in
C¥ and a positive integer ¢; such that for every z € w, (fixed) and every power series
map S(t) € (C{t})N" satisfying
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S(0)=0, E(zz58(t),5(t)) = O(jt|" )

there exists 5(¢) € (C{t})"" (depending on z) such that

S(t)=8(t) +O(|t]?), E(2728(t),5(t) = 0.

By the above, for every z € M N, for some neighbourhood w, C wp, we have

D (2,0) =0, E(zz, Db (Z,t)7m) — O(|t|€1+1)7

and, therefore, for every z € M N wy, there exists a germ at 0 € C* of a holomorphic
map t — D, (t) such that

~ =~

D.(t) = D (2,0) + O(t), p(f(2)+ D=(0), f() + D=(t)) =0.  (43)

Since the generic rank of (8,5551)\ Mx{o} is equal to k, it follows from both conditions
in (4.3) that for a generic point z € M N @, the k-dimensional complex submanifold
t— f(z)+ D, (t) is contained in M’, i.e. that for z in some dense open subset of M Ny,
f(z) € &yr. To reach the final desired conclusion, one needs to invoke the closedness of
&y in M (see [8,9]). The proof of the proposition is complete. O

As an immediate consequence we obtain:

Corollary 4.3. Let M, M’ and .7 be as above, p € M, f € F,. If kpop > 0, then the
mazximum dimension of real-analytic submanifolds contained in &y is greater or equal
to the generic rank of f.

Recall that for p € M, a map f € %, is called non-collapsing if f(M) ¢ En.
Rephrasing Proposition 4.2, we see that any non-collapsing map germ f € .%, must
satisfy ng 7 = 0 for £ large enough. Our goal now is to provide some sufficient conditions
on the defining function p of M’ that will guarantee that there exists a fized integer £
such that /{f)‘:f = 0 for all non-collapsing germs f € %, for every p € M.

To this end, we first recall the notion of regular 1-type (see e.g. [9]). We say that a
real-analytic map p: Q — R9 is of finite regular 1-type at ¢ € M’ := {p = 0} if

Tp(q) :=sup,, vo(poy) < oo

where « ranges over all germs of holomorphic maps (C,0) — Q with v(0) = ¢ and
+'(0) # 0, and where vg (poy) = inf{i + j : 8;? (pov)(0) # 0}. The number T,(q) is
called the regular 1-type of p at q. We also introduce the set

éapl ={qeQ:T,(q) = 0}
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and note that it follows from [13] and [22] that through any point ¢ € & pl there passes a
nonsingular holomorphic curve contained in M’.

Definition 4.4. Let p: Q — R? be a real-analytic map.

(1) We say that p is of finite type if T}, := sup ¢ Tp(q) < o0.
(if) We say that p is of quasi-finite type if I, := SUPye pr\ &1 T,(q) < oo.

Remark 4.5. Note that p: Q — R? is of quasi-finite if and only if there exists an integer
ko such that if v: (C,0) — C is a holomorphic map with v(0) € M’ and +/(0) # 0
satisfying vy(p o ) > ko then there exists a non-singular holomorphic curve I' C M’
passing through ~(0). Note also that the smallest of all such integers kg coincides with
1,.

It is obvious that if p is of finite type, then it is of quasi-finite type and, that in such
a situation, I, < T,. The converse is easily seen to be false by taking for example M’ to
be a complex submanifold of CV'.

If p is submersive at every point of M’ = {w € Q: p(w,w) = 0}, then M’ is a real-
analytic submanifold in 2, and hence saying that p is of finite type exactly means that
the order of contact of non-singular complex curves with M’ is uniformly bounded (see
[7,9]). It should be mentioned here that we do not assume that M’ is a submanifold and
therefore the notion we are considering here is different than the notion of 1-finite type
for real-analytic sets, as we are fixing a global real-analytic defining function.

Note that if M’ contains a complex-analytic subvariety of positive dimension, then
p is obviously not of finite type. However, the converse need not hold as the following
simple example shows.

Example 4.6. Choose, by the Weierstrass theorem, any entire function h: C — C such
that for every positive integer n, h has a zero of order n at (n,0). Then the real-analytic
hypersurface ¥ C CZ,, given by {p = 0} where p := Imw — |h(2)[?
everywhere of (D’Angelo) finite type, but p is neither of finite type nor of quasi-finite

is pseudoconvex,

type since for every integer n the order of contact of the non-singular complex curve
w = 0 with 3 at (n,0) is exactly n.

Coming back to our original problem, the usefulness of the notion of quasi-finite type
is revealed by the following observation.

Proposition 4.7. Let M, F and p be as above. If p is of quasi-finite type, then there
exists an integer eg, depending only on M’ and N’, such that, for every p € M and
every non-collapsing map f € F,, we necessarily have Ii;?f = 0. In particular, if p is of
finite type, then such a property holds true for every f € %, and every p € M.
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Proof. Since p is of quasi-finite type, the associated integer I, is finite. Let p € M and
f € %, a non-collapsing map. We claim that H;?f = 0 for g := 1+ N'I,. Assume by
contradiction that this is not the case. It implies that there exists £ > 1 and s > I, such
that /{f,’f = /if‘:fs = k > 0. By Proposition 4.1, there exist a neighbourhood M, of p in
M, and an open dense open subset of M, of M, and a family (I',)_ e, of k-dimensional

complex submanifolds of C¥ " such that each T', is tangent to M’ up to order s > I, at
f(2). By the definition of I,, it follows that M’ contains a non-singular complex curve
through each point f(z) for z € ]T/fp. Hence f(Mp) C é”pl C &pv, and therefore, by the
closedness of &y in M', we get that f(M,) C &nv, a contradiction. The proof of the
first part of the proposition is complete. The second part is an obvious consequence of
the first. O

Let us emphasize again that the key point in the above proposition lies in the unifor-
mity of the integer eg that is independent of all map germs and base points.

It is therefore natural to look for simple conditions implying that p is of (quasi-)finite
type. We shall give two instances.

Proposition 4.8. Let p: Q — R? be a real-analytic map defined on some open subset of
CN and M’ the real-analytic set given by the zero set of p. If M’ is compact, then p is

of finite type.

Proof. Let ¢ € M'. It follows from [13] or [16, Theorem 5.2], that there exists a neigh-
bourhood Vj of ¢ in CM" and an integer mg such that if v: (C,0) — € is non-singular
holomorphic curve with v(0) € V, N M’ and if vy(p o y) > my, then there exists a non-
singular holomorphic curve contained in M’ through ~(0). But, in view of [10], such an
outcome is impossible for a compact real-analytic set M’. Hence

sup,y{z/o(pow) :v(0) e M'NV,, '(0) # 0)} <myg < 0.

The desired conclusion then follows from the compactness assumption on M’ and cover-
ing M’ by finitely many open subsets V; as above with ¢ € M’. The proof is complete. O

In view of Example 4.6, one cannot replace the compactness condition in Proposi-
tion 4.8 by assuming that M’ does not contain any complex analytic disc. Interestingly,
this is however possible if M’ is a real-algebraic set, or more generally, if M’ is a Nash set.
Indeed, the following statement is a consequence of the more general result, Corollary 6.3,
provided in §6.

Proposition 4.9. Let 2 be a semi-algebraic subset of CN'. Then every Nash map p: 0 —
R? is of quasi-finite type. In particular, if the Nash set {w € Q: p(w,w) = 0} does not
contain any complex-analytic subvariety of positive dimension, then p is of finite type.
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Combining Proposition 4.7 and Proposition 4.9, we obtain the following important
property.

Proposition 4.10. Let M, F be as above, and assume that M' = {w € Q: p(w,w) = 0}
where € is semi-algebraic and p is Nash over ). Then there exists an integer ey, de-
pending only on M’ and N', such that, for every p € M and every non-collapsing map
f € F,, we necessarily have ;= 0.

5. Nash targets, mappings f with n? = 0, and finite jet determination

In this section, we let M C C¥ and pg € M, be as in previous sections and assume that
M’ is a Nash set given by M’ = {w € Q: p(w,w) = 0} for some fixed (semi-algebraic)
open subset of CV " and Nash map p: Q — R?. As before, .Z denotes the family of all
germs of real-analytic CR maps from M into M’. Our goal here is to show that if Z C .
is the subfamily of map germs for which there exists a fixed integer ey such that for every
p € M and every f € %, H;?f = 0 then, shrinking M around py if necessary, finite jet
determination holds for all maps in & (see Theorem 5.3). In order to prove this, we will
show that % satisfies property () from [17] (finite jet determination then follows). To
this end, we shall first recall some notation and notions from [17] and prove the main
result of the section given by Proposition 5.2.

5.1. Complexification

Let M C CN and py € M be as in previous sections. Denote by n its CR dimension
n and by m its codimension in C. We fix a basis of real-analytic CR vector fields
Li,...,L, on M. Shrinking M near py if necessary, we may choose some polydisc neigh-
bourhood U of pg, and a real-valued real-analytic map r = (r1,...,r,,) defined on U
such that M is given by

M={ZeU:r(Z2)=0}, (5.1)
with dr1 A ... 0rm, # 0 on U. The usual complexification of M is given by
M ={(Z,() e UxU":7(Z,¢) =0},
where U* = {Z: Z € U}, which (for small enough U) is a complex submanifold of
complex dimension 2n + d of U x U*. Furthermore, as in [26,17], we shall consider the
second order iterated complexification
M ={(Z2,0,ZY e UxU* xU: (Z,¢) € M, (Z',¢) € M}

We note that .#? is a complex submanifold of U x U* x U C C3V,
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The basis of real-analytic CR vector fields may be written in the form

N
- =, 0
Li=5S"0C,(22)-2, j=1,...,n, 5.2
122 CuslB 257 (5:2)
where each C, ; is real-analytic over U (and depending only on r) and where Z =
(Z1,...,ZN).

5.2. Property (x)
We recall property (x) introduced in [17].

Definition 5.1. Let M C C¥ be a real-analytic generic submanifold, . a subfamily of
F, and pg € M. We say that . satisfies property (x),, if there exist a sufficiently
small neighbourhood Qg of py in C¥V, a positive integer r, a finite family of CV "_valued
polynomial maps ¥, ... W) universal in the sense that they are independent of p,
M, and a holomorphic map A(Z,(, Z'), defined on Qg x Qf x Qo, depending only on
M and pg, such that for every p € My := M N Qy and every f € .7}, there exists
¢ e {1,...L} such that

\I,;/f) <A(Z,C,Zl), (auf(Zl)78uf(§))w§T,fj(Z)) =0,j=1,...,N’, and (5.3)

ow'

S (A(2.6.2). (0" F(2).0"F(Q) ey Ji(2)) #0, G =1 N (54)

for (Z,¢,Z') € .#? sufficiently close to (p,p,p), and where we write U() =
(\Ilge), ceey \IJ%),), with T" denoting its last argument.

Let eg be a fixed positive integer and consider now 7 D % = U,ec %,° where each
B0 consists of those germs f € %, satisfying Ii;?f = 0. Our main result in this section
is the following:

Proposition 5.2. Let M, M’ py, eg and Z8°° be as above. Then ZB8°° satisfies property (x)p, -

Proof. Without loss of generality, we may assume that for every p € M and every
map f € %;°, we have £’ = 0 and li;?f_l > 0. Pick such a map f and point p.
By Proposition 3.1, there exists a universal polynomial map £(¢0) and rational maps
20 . 2() cach belonging to a finite family of universal rational mappings (inde-

pendent of p and f, and depending only on eg) such that
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20 (A€ A, (95 (£, 1), 1y ) = O

LA(e0) =0,
(e0) — o)(eo) Taf TaA(ep—1) _ £ ,
A 2 ((L f,L Aleo )|a\§eo(N’+1) a(pl/'y(fa f))\u|+\’y\§eo(N +2)1)
Aleo=1) — gleo=1) ( ([af [aA(l—2) . f _ Loy
( £, )\a|g(eo—1)(zv/+1)’(p 5 (s Il eo—n(v4+2)-1)

AD =20 ((Eaf) < i1 (Pl f))lu\+|’Y|SN'+1> :

(5.5)
Furthermore, for every j = 1,..., eg, there exists a rational map .7 () also belonging to
a finite family of universal rational maps (independent of p and f, and depending only
on eg) such that for every such j =1,...,¢eq

AD = FOX(E, ), (pos(F D<) 1 =30+ DN +1)/2, (5.6)

and such that the rank of the (first two lines of the) system (5.5), as defined in §2.3, is
equal to N'. These first two lines of (5.5) may be written in the form

37(,4@0‘), (£ F, LA (pus (£, f))lwhlgeow“)) =0, (5.7

|| <eo(N’+1)

for some universal rational map P depending only on 2(¢0) and 2(¢0) satisfying

0 (~(—-— /o _
_ (eo) (e} @ A(eg—1) _ ,
Rk {27 (A 0, (Lo f, LAt >\a|geo ey (P Dot +2>) }!w:f
=N (5.8)

Since A(¢0) and A(¢0—1) have components in KgR(M), complexifying (5.7) and the vector
fields given in (5.2) yields the identity

7(B(2.0. 50, (209" T (0))

5] <eo(N'+1)

(m(f(zxf(o))V|+.7|<90<N/+2>) _o, (5.9)

for (Z,() € A near (p,p) i.e. in the field of fractions of C{Z — p,{ — p}/ 4. Here
Z is some universal polynomial map depending on Z and A is a holomorphic map
(constructed from the complexification of the coefficients of the CR vector fields) defined
on U xU* and therefore depending only on M (and pp). In the same vein, taking complex
conjugates in (5.6) and complexifying, we also have for j € {eg —1,e0} and (Z1,() € .4
near (p, p)
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AD(Q) = TD (A(Z4,€), (0" 1(2"),0"F(O) 1<, » (o (F(Z), FOD itz )
(5.10)
for some universal rational map 70 and some map A holomorphic on UxU* (depending
on M). Furthermore, differentiating (5.10) for j = eg — 1, we get that for (Z1,¢) € .#
near (p, p)

(oAt (0))
=U (A(Zl,C)v (auf(Zl)a aMf(C))HHSTeU ; (pl/:y(f(Zl)a f(C)))|u|+|7\§reo) ) (511)

[6]<eo(N’+1)

for some universal rational map % and some map A holomorphic on U x U* (depending
on M). Substituting (5.11) and (5.10) (for j = eg) into (5.9), and using the fact that p
is a polynomial map, we obtain an identity of the form

0 (A(Z,¢, 2, (9" 1(2),0"F(Q) e, 1 (2)) =0, (5.12)

for (Z,¢,Z%) € .#* near (p,p,p), for some universal ratio of complex-algebraic maps ©,
depending only p and, for some holomorphic map A on U x U* x U depending only on
M and pg. Furthermore, from our construction, we also have

90 1 L 1 ra _ /
R[5 (A(Z.6.2), (12, 0°F(O) ey ) }] oy =N (B13)
where the rank is understood as the generic rank over the manifold .#? near (p,p,p).
Proposition 5.2 now follows using the same arguments as those that can be found at the
end of the proof of [17, Theorem 3.3] relying on [17, Lemma 6.1]. O

The interest in establishing property (x)p, for the finite jet determination problem
lies in the following result proved in [17].

Theorem 5.3. Let M C CV be a real-analytic generic submanifold, po € M and . be a
subfamily of F satisfying (x)p,. If M is minimal at po, there exists a neighbourhood My,
of po in M and an integer K > 0, such that for every q € My, if f,g are two elements

of 7, satisfying jg(f = jfg, then f =g.
Combining Theorem 5.3 with Propositions 5.2 and 4.10, we therefore obtain:

Theorem 5.4. Let M C CV be a generic real-analytic submanifold, minimal at a point
po € M and M’ € CN' be a Nash set given by M’ = {w € Q : p(w, @) = 0} for some
semi-algebraic open subset ) C CN' and Nash map p: @ — RE. Then there exists a
neighbourhood My, of po in M and an integer K > 0, such that for every ¢ € M,,,
if f,9: (M,q) = M’ are two germs of non-collapsing real-analytic CR maps satisfying
jf :jfg, then f =g.
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5.8. Proof of Theorem 1.2

We first note that all germs of non-collapsing ¢ *°-smooth CR maps are automatically
real-analytic according to [20] (the main result in [20] is stated for real-algebraic targets,
but the proof applies for Nash targets as well). Next, observe that the Nash set M’ can
be written as a finite union U;cy M/ where each M/ is open in M’ and given by the zero
set of a Nash map over some semi-algebraic open subset of CN' (see [2]). Hence, when
M is generic, the desired conclusion follows after applying Theorem 5.4 to every M.
The nongeneric case may be reduced to the generic one using standard arguments (see

e.g. [17]).
6. Global strong approximation results for real-algebraic or Nash systems

For a field k and indeterminates = (x1,...,%), we denote by k[z] the ring of
formal power series in the indeterminates x; over k. We denote by k(z) the subring of
algebraic power series, that is, the formal power series that are algebraic over k[x]. The
ideal of the ring of power series k[x] generated by the x; is denoted by (z). For a power
series h(z), h(z) € (z)¢ if and only if the coefficients of all the monomials z{* - - - z%",
for aq + -+ 4 ay, < ¢, in the expansion of h(z) are zero.

The aim of this section is to prove Corollary 6.3, which is a global strong Artin
approximation theorem for Nash systems. Before that, we start by proving Theorem 6.1
which is a global version of [13, Theorem 1.3] in the case of polynomial equations. This
can be seen as a CR version of the strong Artin approximation Theorem [1, Theorem
6.1]. The proof of this result is a bit different from the one given in [13], and is based
on a reduction to Proposition 6.2, which is a global version of [13, Theorem 1.1] for
polynomial equations. This reduction is based on arguments due to [4] and involving
ultraproducts. Corollary 6.3 is completely new: its proof is based on a reduction to
Theorem 6.1 involving an induction on the height of the ideal of equations, based on the
Noetherianity of the ring of Nash functions.

Theorem 6.1. Let x = (1,...,%p), Y = (Y1,---,Yp)s ¥ = (U1,...,uN), V= (V1,...,UN)
and let f € Rz, y,u,v]?.

There is a function 8 : N — N such that for every ¢ € N, for every u(z,y),
v(z,y) € Rz, y]Y with

Vk € {L,....d}, fulz,y,ulz,y),o(z,y) € (z,9)",

and

Oou; Oy _ Ouy

S (w) = 5@ = ) + 5w =0, (61)

8£Ej

Vi, J,

there exist u(z,y), v(z,y) € R{z,y)V
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VEe{l,....d}, fu(z,y,u(z,y),v(z,y)) =0,

. ou %, o, &%; B

and

VZ') ﬂl(lﬂ,y) - U1($7y),51(1',y) - vi(x’y) € (x’y)c.

Proof. First we prove the existence of formal power series u(z,y), v(z,y) € Rz, y]
satisfying the conclusion of the theorem. The proof is done by contradiction: assume
that such a 8 does not exist, that is, there exists ¢ and, for every ¢ € N, uy(z,y),
ve(z,y) € Rz, y]™ such that

Vkv fk(x’yzue(x’y)ﬂj@(xvy)) € (I’y)é7

811“ au&i
x,Y) — T,Yy) =
(z,9) 3yj( Y) By,

8um
ij

vfi’j7

(z,y) +
but there is no u(z,y), v(z,y) € R[z,y]" such that
Vk € {L .. -am}a fk(xayvﬂ(x7y>7a<xay)) = 0’

.. Ouy ov; ouy; ov;
VZ7]7 %("L‘ﬂg)_ay($7y):@(xuy)+%(m7y):
J J J

J

and

Via Ez(x, y) - Ug’i(l', y)a 51(%,@) - ’U[’i(l',y) € (‘r?y)c‘

Let U be a non principal ultrafilter on N. (For the details concerning ultrafilters and
ultrapowers, see [4] and the references therein.) For a ring A we denote by Ul(A) the
ultrapower ([T,cn 4) /D. We denote by u and v the images of the sequences (us(,y))e
and (ve(z,9))e in UL(R[z,y])Y. We remark that Ul(R) is a real closed field (cf. [13,
2.2] for example). We identify the ring Ul(R)[z,y] with a subring of Ul(R[x,y]) by
identifying = (resp. y) with the image of the constant sequence (z); (resp. (y)¢). We
denote again by f the image of the constant sequence (f), in Ul(R[x, y, u, v]) that belongs
to UI(R) [z, y,u, v].

Because D is non principal, we have that f(z,y,u,v) € (z,y)* for every k and every
¢ € N. We denote by (z,y)> the intersection of all the powers of (x,y) in U(R[z,y]),
we define Ul(R[z, y])sep := Ul(R[z,y])/(z,y)> and we denote by 7 the quotient map
from Ul(R[z,y]) to U(R[z, y])sep. The restriction of m to Ul(R)[z,y] is injective and,
as a Ul(R)[z, y]-algebra, Ul(R[z, y])sep is isomorphic to Ul(R)[z,y] by [4, Lemma 3.4].
Thus we identify Ul(R[z,y])sep With Ul(R)[z,y] and therefore the restriction of 7 to
Ul(R)[z, y] is the identity map.
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Hence, by using Proposition 6.2 given below with R = Ul(R), there is v/, v/ €
UI(R)(z,y)" such that fx(x,y,u’,v") =0 in U(R)(z,y) for every k,

o dv; _ Oy v _

and

Vi, up — (), v; — () € (2,9)".

We remark that Ul(R[z,y]) is a Henselian local ring (cf. [4, p. 193]) and Ul(R){(x,y) is
the Henselization of Ul(R)[x,y] (see [25, Lemma 2.29] for example). Therefore there is a
unique Ul(R)[z, y]-morphism

¢ : U(R){(z,y) — UI(R[z, y])-

We have that mo ¢, (B)e.y) 18 the identity, therefore, by the unicity of the Henselization,

z,y]

O Pl yymy ey 1S also the identity. We also denote by ¢ the induced morphism of modules
UI(R)(z,y)Y — UL(R[z,y])". In particular this shows that

Vk? fk(:r,y,ga(u/),cp(v/)) =0in Ul(R[[IIZ,’y]])

and, because o p(u') = v’ equals m(u) modulo (z,y)¢ (resp. o (v') = v’ equals w(v)
modulo (z)¢), we have p(u') —u, ¢(v')—v € (z,y)°. Let us denote by (uy)¢ and (v}), two
sequences of (R[z, y]]N)N whose images in Ul(R[xz, y])™ equal ¢(u’) and ¢(v'). Since D
is non principal, we have

Uy ; — ug; € (z,y)" for every £ € E, Vi=1,...,N,
where F is an infinite subset of N. This contradicts our initial assumption and proves the
existence of u(z,y), v(x,y) € R[z,y]". Finally we apply Proposition 6.2 with R = R to

see that we can choose (z,y), v(z,y) € R{z,y)V. O

Proposition 6.2. Let R be a real closed field and let f € Rlx,y,u,v]?. Assume given a
formal solution U, v € Rz, y]|~

Vkv fk(xay7a(xay)76(xvy)) =0

with
ot I0; o, I0;
V' y —_— —_ - — = 6.
iJ g (z,y) ay; (z,v) 9; (x7y)+3xj (z,y) =0, (6.3)

and let ¢ € N. Then there ezist u', v' € R(x,y)" such that
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Vku fk((E,y,’LLI(I, y)v“/(%y)) =0

with

oul ov! !

?

o : _ Ouj o,
Vlu.ﬁ 8—13(x’y) - ayj (x,y) - ay] (xay)+ axj (LL' y) 0

and
. / ~ / ~ c
Vi, u; — i, v, — v; € (z,y)°.

Proof. The proof is similar to the proof of [13, Theorem 1.1]: the idea is to reduce the
theorem to the classical Artin Approximation Theorem for polynomial equations [1]. We
set C:= R + +/—1R and we write the fi(x,y,u,v) as px(t,%,(,¢) € C[t,,¢, (] with

t=a+V-1ly, t=2—V—-1y, (=u++v—1v, { =u—+/—1o.

We set { := 1 + v/—10. It is well known that the Cauchy-Riemann Equations (6.3) are
satisfied if and only if ¢ € C[t]"V. We define the morphisms

~x . [ -

y* —  C[t,1]

¢ ¢
(tth) —  h(t,1,(,0)

¢: Clkg — Cl]
h(t,¢) > h(t,Q)

Then, exactly as proved in [13], we have

Ker(7") = Ker(C*)Ct, 7, ¢, {] + Ker(C*)CIt, £, ¢, ] (6.4)

Then, we apply the Artin Approximation Theorem [1] to Ker(z *):

For ¢ € N, there is ¢’ € C(t)" such that ¢’ — E* € ()¢ and, for every s € Ker(E*),
s(t,¢'(t)) = 0. Therefore, by (6.4), we have py(t,¥, ('(t),zl(t)) = 0 for every k. This
proves the result by defining v/ and v’ as u/(z,y) + vV—1v'(z,y) =¢'. O

For an open subset Q C R*, we denote by N(2) the ring of Nash functions on (2, that
is, the real analytic functions on ) whose germ at every point of (2 is algebraic over the

field of rational functions.
If f=(f1,...,f1) € N(Q)? we denote by (f) the ideal of N(Q) generated by the f;.
We remark that, for ¢ € N U {oc} and u(z,y), v(z,y) € Rz, y]", we have

Vk e {l,...,d}, fr(u(z,y),v(z,y)) € (z,y)° <= Vg € (f), g(u(z,y),v(z,y)) € (z,y)".

By convention, h(x,y) € (z,y)* if h(z,y) = 0.
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So, from now on, if we set I := (f), we will write I(u(z,y),v(z,y)) € (z,y)° for:

Vk e {l,....d}, fr(u(z,y),v(z,y)) € (z,9)"

Corollary 6.3. Let Q be an open subset of CN such that, for every V.C W real algebraic
subsets of CN | the set (W \ V)N has finitely many connected components. Let p :  —
R be a real-analytic map whose components are algebraic. Then there is a function
B : N — N such that the following holds:

For every ¢ € N and every germ of a holomorphic map «y : (C?,0) — CN such that
pory(t) € (t)P(©), then there is a germ of a holomorphic algebraic map 7 : (CP,0) —s CN
such that 5 — v € (t)¢ with poy =0.

Proof. First we remark that if the statement is true for an integer ¢ + 1, then it is true
for the integer ¢ because (t)°T! C (¢)°. So we may assume that ¢ > 1. In this case if
5~ € (£)° then 3(0) = 1(0).

We write p = (p1, ..., pd), and denote by f1, ..., faq the real and imaginary parts of
the p;. We set

t=ax+V-1y, t=x—vV—-1y, (=u++vV—1v, {=u—+—1v

and we write y(t) = u(x,y) + v—1v(x,y) where u(x,y) and v(z,y) are real valued. It
is well known that v is holomorphic (that is, depends only on ¢ and not on ?) if and
only if the Cauchy-Riemann Equations (6.1) are satisfied. Therefore we need to prove
Theorem 6.1 for the f; and we set ¥ = @ + /—17.

Let I = (f) denote the ideal of N(Q2) generated by fi, ..., faq. By [24, Theorem
2.1], under the condition on 2 given in the statement of the corollary, the ring N(Q) is
Noetherian. Moreover the height of an ideal of N () is less or equal to 2N (cf. [24, Prop.
2.2, Cor. 2.12]). The proof of the corollary will be done by a decreasing induction on the
height of I. If I is a maximal ideal, then I = (u; —ay,...,uy —an,v1 —b1,...,uN —bN)
where a + /—1b € Q (cf. [24, Cor. 2.12]). In this case, the corollary is trivial.

Now let h < 2N and assume that the corollary has been proved for the ideals of height
> h. By the Noetherianity of N(Q2), we can write

I'=@:in---NQs

where the @ are primary ideals. Moreover if A denotes the height of I, the heights of
the @ are larger than or equal to h. If we set P, = \/Qp, the P are prime ideals. For
every k, let ¢, € N be such that P,f’”‘ C Qk. We may assume that ¢ = ¢ for every k by
replacing the £; by a larger integer.

Assume that the corollary has been proved for every prime ideal of height h. Then let 3
be a function satisfying the corollary for all the Py. Let ¢ and u(z,y), v(z,y) € Rz, y]V
such that
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Iu(z,y),v(z,y)) € (z,y)"*P), (6.5)

and satisfying the Cauchy-Riemann Equations (6.2). Then we claim that there is kg €
{1,...,s} such that Qp,(u(x,y),v(z,y)) € (,7)?). Indeed, if this were not the case,
for every k we may choose gi, € Qi such that gi(u(z,y),v(z,y)) ¢ (z,y)??(). Therefore
[Tiey gx(u(z,y),v(z,y)) € (2,y)%P© but [[;_, gx € I contradicting (6.5).

Thus, we have Py, (u(z,y),v(z,y)) € (x,y)?(©), and by assumption on 3, there is ,
v € N(Q) such that Py, (u,v) =0 and

Vi7 ﬂz(xvy) - ui(x7y)7:6i(xay) - 'Ui(x’y) € (mvy)c'

Since I C Py, we have I(u,v) = 0, and the corollary is proved for I. Therefore, we are
reduced to prove the corollary for prime ideals.

Assume that I is a prime ideal. We denote by I’ the prime ideal of R[u, v] defined by
I' = INR[u,v]. By Theorem 6.1, the corollary is satisfied for I’, and we denote by 3’ a
function for which this corollary is satisfied for I’.

By [24, Prop. 2.9], we can write I'N(Q) = INI, where I, is an ideal of N(Q) of height
h such that I = I, or Iy ¢ I. If I = I, then we can apply Theorem 6.1 to I’ and the
corollary is proved for I. If Is ¢ I, we set J = I + I5. Since I is prime, the height of J is
larger than or equal to A + 1 and the inductive hypothesis applies to J. We denote by
a function for which Corollary 6.3 is satisfied for J. Now let ¢ € N and assume that

I(u(z,y),v(z,y)) € (x,y)ﬁ'(B(C)HB(C)‘

We consider the following two cases:
(1) If J(u(z,y),v(z,y)) € (x,y)?, then there is u, v € N(Q) such that J(%,v) = 0,
satisfying the Cauchy-Riemann equations (6.2), and

Vi, az(x’y) - ui(xvy)v @Cﬁ,y) - Ui(l"y) € ('r?y)c'

Since I C J, we have I(u,v) = 0 and the corollary is proved.

(2) If J(u(z,y),v(z,y) ¢ (v,9)°, then L(u(z,y),v(z,y)) ¢ (z,y)? because
I(u(z,y),v(x,y)) € (x,y)?©. Since I' C T and I(u(x,y),v(z,y)) € (z,y)? PD+he)
(z,y)? () there is &, D € N () such that I'(%,7) = 0, satisfying the Cauchy-Riemann
equations (6.2), and

Vi, ﬂz(mvy) - ui<x’y)7 5i(‘%?/) - Ui(l‘,y) € (‘Tay)B(C)' (66)

Now, by (6.6), because In(u(z,y),v(z,y)) ¢ (z,4)?© we have I»(u,v) # 0. Since I I, C
I', we have I(u,v) = 0. Therefore the corollary is proved for I with respect to the
function B’ o S+ 3. O
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Examples of open subsets € satisfying the assumption of Corollary include open sub-
sets definable in a o-minimal structure, such as semi-algebraic open subsets or subanalytic
bounded open subsets (see [24]).
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