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LOCAL TOPOLOGICAL ALGEBRAICITY
OF ANALYTIC FUNCTION GERMS

MARCIN BILSKI, ADAM PARUSINSKI, AND GUILLAUME ROND

Abstract

Mostowski showed that every (real or complex) germ of an analytic
set is homeomorphic to the germ of an algebraic set. In this paper
we show that every (real or complex) analytic function germ, defined
on a possibly singular analytic space, is topologically equivalent to a
polynomial function germ defined on an affine algebraic variety.

1. Introduction and statement of results

The problem of approximation of analytic objects (sets or mappings) by
algebraic ones has attracted many mathematicians; see e.g. [2] and the bibliog-
raphy therein. Nevertheless there are very few positive results if one requires
that the approximation gives a homeomorphism between the approximated
object and the approximating one. In this paper we consider two cases of this
problem: the local algebraicity of analytic sets and the local algebraicity of
analytic functions. The problem can be considered over K =R or C.

The local topological algebraicity of analytic sets has been established in
[12] by Mostowski. More precisely, given an analytic set germ (V,0) C (K™, 0),
Mostowski shows the existence of a local homeomorphism  : (K21 0) —
(K2"*+1/0) such that, after the embedding (V,0) C (K",0) C (K?**1,0), the
image iL(V) is algebraic. It is easy to see that Mostowski’s proof together with
Theorem 2 of [2] (see Theorem 4.2 for a precise statement) gives the following
result.
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Theorem 1.1. Let K=R or C. Let (V,0) C (K", 0) be an analytic germ.
Then there is a homeomorphism h : (K", 0) — (K™, 0) such that h(V) is the
germ of an algebraic subset of K™.

Mostowski’s Theorem seems not to be widely known. Recently Fernandez
de Bobadilla showed, by a method different from that of Mostowski, the local
topological algebraicity of complex hypersurfaces with one-dimensional singu-
lar locus; see [3]. We remark that in [12] Mostowski states his results only for
K = R, but his proof works, word by word, for K = C.

The first purpose of this paper is to present a short proof of Theorem 1.1.
We follow closely Mostowski’s original approach that is based on two ideas,
Ploski’s version of Artin approximation (cf. [13]) and Varchenko’s theorem
stating that the algebraic equisingularity of Zariski implies topological equi-
singularity. Our proof is shorter, but less elementary. We use a corollary
of the Néron Desingularization that we call the Nested Artin-Ploski-Popescu
Approximation Theorem. This result is shown in Section 2, and the proof of
Theorem 1.1 is given in Section 4. In Section 3 we recall Varchenko’s results.

The second purpose of this paper is to show the local algebraicity of analytic
functions.

Theorem 1.2. Let K =R or C. Let g : (K", 0) — (K,0) be an analytic
function germ. Then there is a homeomorphism o : (K",0) — (K", 0) such
that g o o is the germ of a polynomial.

The proof of Theorem 1.2, given in Section 5, is based on the Nested Artin-
Ptoski-Popescu Approximation Theorem and a refinement of Varchenko’s
method.

We end with the following generalization of Theorems 1.1 and 1.2.

Theorem 1.3. Let K=R or C. Let (V;,0) C (K",0) be a finite family of
analytic set germs and let g : (K", 0) — (K,0) be an analytic function germ.
Then there is a homeomorphism o : (K™, 0) — (K",0) such that g o o is the
germ of a polynomial, and for each i, o= (V;) is the germ of an algebraic
subset of K".

Corollary 1.4. Let g : (V,p) — (K, 0) be an analytic function germ defined
on the germ (V,p) of an analytic space. Then there exists an algebraic affine
variety V1, a point p1 € Vi, the germ of a polynomial function g1 : (V1,p1) —
(K,0) and a homeomorphism o : (V1,p1) — (V,p) such that g1 = goo.

In Section 6 we present examples showing that Theorems 1.1, 1.2 and 1.3
are false if we replace “homeomorphism” by “diffeomorphism”. We do not

know whether these theorems hold true with “homeomorphism” replaced by
“bi-lipschitz homeomorphism”.
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Remark 1.5. We often identify the germ at the origin of a K-analytic
function f : (K",0) — K with its Taylor series, that is, with a convergent
power series. We say that a (K-)analytic function or a germ is Nash if its
graph is semi-algebraic. Thus f : (K™, 0) — K is the germ of a Nash function
if and only if its Taylor series is an algebraic power series (i.e. a power series
which is algebraic over K[z, ..., x,] - for instance the power series u(x) such
that u(0) = 1 and u(x)? = 1 + z is an algebraic power series). A Nash set is
the zero set of finitely many Nash functions.

2. Nested Artin-Ploski-Popescu Approximation Theorem

We set © = (21,...,2,) and y = (Y1,...,Ym). The ring of convergent

power series in 21,..., , is denoted by K{z}. If A is a commutative ring,
then the ring of algebraic power series with coefficients in A is denoted by
Alz).

The following result is a corollary of Theorem 11.4 in [16], which itself is a
corollary of the Néron-Popescu Desingularization (see [14], [16] or [17] for the
proof of this desingularization theorem in whole generality or [15] for a proof
in characteristic zero).

Theorem 2.1. Let f(x,y) € K(x)[y]P and let us consider a solution y(x) €
K{x}™ of

F,y(@)) = 0.
Let us assume that y;(x) depends only on (x1,...,2,(;)) wherei— o(i) is an
increasing function. Then there exist a new set of variables z = (z1,...,2s),
an increasing function T, convergent power series z;(x) € K{z} vanishing at
0 such that 21(x),. .., z;4)(x) depend only on (r1,...,% @), and an algebraic
power series vector solution y(z, z) € K(z,z)™ of

f(z,y(z,2)) =0,
such that for every i,
yi(w, 2) € K(w1,..., %50, 21, -+, 27(5)) and y(x) = y(z, 2(x)).
Remark 2.2. Theorem 2.1 remains valid if we replace “convergent power
series” by “formal power series”.
For any ¢ we set:
Ai = K<.’£1, . ,:cl->,
Bi = K{CE1, v ,J:i}.
We will need at several places the following two lemmas whose proofs are
given later (for the definition and properties of an excellent ring see 7.8 [7]
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or [11]; a henselian local ring is a local ring satisfying the Implicit Function
Theorem; see 18.5 [8]).

Lemma 2.3. Let B be an excellent henselian local subring of K[[x1, ...,
x;—1]] containing K{xy,...,2,—1) and whose maximal ideal is generated by
X1,..., Ti—1. Then the ring A; ®a,_, B is noetherian, and its henselization
is isomorphic to B{x;).

Lemma 2.4. Let B be an excellent henselian local subring of K[[x1, ...,

xi—1]] containing K{zy,...,z;—1) and whose mazimal ideal is generated by
X1,..., xi—1. Let I be an ideal of Blx;]. Then the henselization of M

s 1somorphic to @

Proof of Theorem 2.1. By replacing f(z,y) by f(z,y(0) + y) we may as-
sume that y(0) = 0.

For any i let I(i) be the largest integer such that yi(x),..., yu)(z) €
K{z1,...,2;}.

For any i let J; be the kernel of the morphism

oi : Klzr, .. zi)yr, e — Kz, 0t = Bi
defined by ¢;(g(z,y)) = g(x, y(zr)). We define:

C = K<9€17~~~,$i>[y1,~-~ayl(i)}_
Ji

Then C; is a finite type A;-algebra and C; is a sub-A;-algebra of C;11 since
J; C Jiy1. The morphism ¢; induces a morphism C; — B; such that the
following diagram is commutative:

L
b
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By Theorem 11.4 in [16] (see also [18]) this diagram may be extended to a
commutative diagram as follows:

Ay A o A,
Cq Cs Cn
D, Dy D,,
B B .. B,

where D, is a smooth A;-algebra of finite type and D; is a smooth D;_1®4,_,
A;-algebra of finite type for all ¢ > 1. We will denote by D;_, the ring
D; 1 ®a,_, A; for all i > 1 and set D] = A;.

; . D; 0,150 Ui, qy
For any 4 let us write D; = M We may make a change of

coordinates (of the form u; ; — u; ; + Lcu for some ¢; ; € K) in such a way
that the image of u; ; is in the maximal ideal of B; for any 7 and j. Thus
D; — B, factors through the localization morphism D; — (D;)m, where
m; = (Z1,...,Ti, U1, .., Uig, ). Let D! be the henselization of (D;)m,. Since
B; is a henselian local ring, the morphism D; — B; factors through D! by
the universal property of the henselization. Still by this universal property
the composition of the morphisms D;_; — D; — D! factors through DI ;.
Thus we have the following commutative diagram:

A A, . A,
e, Cy o c,
Dh Db e Dh
B B, ... B,
We will prove by induction that D! is isomorphic to K{z1, ...,z 21, . ., 20(i))

where i — A(4) is an increasing function and the z; are new indeterminates.
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: h s ot _ Kzi)uan,u1,q]
Since Dy is the henselization of (Di)m, = ————7——%

(T1,u1,1,.,u1,47)
hos s . K(zl,ul,h-n,ul,ql) .
DY is isomorphic to TR{er i ots a) by Lemma 2.4. Moreover D; is smooth

of;

Ouy

over K(z;) means that the matrix ( (0, O)) , where the f; are generators

,
of the ideal I - K(z1,u1,1,...,U1,q,), has maxinjlal rank (by the jacobian cri-
terion for smoothness; see [6, Proposition 22.6.7 (iii)]). Thus by the Implicit
Function Theorem the ring D{’ is isomorphic to K(z1, 21, ..., 2x(1)) for some
new indeterminates z1,..., 2x(1). This proves the induction property for Dh.
Now let us assume that the induction property is true for D! ;. By as-
sumption D; is smooth over D, 1 ®4, , A;. Thus Dlh is smooth over the
henselization of D;_1 ®4, , A;. By the universal property of the henseliza-
tion the morphism from D;_; to the henselization of D;_; ®4, , A; factors
through D! |; thus it factors through D! | ®4, , A;. Hence the henselization
of D;_1 ®a, , A; is isomorphic to the henselization of Dih_1 ®a,_, Ai. But

D?71 ®Ai,1 A’L = K<.’L’1, ey Li—15 Ry - ey Z)\(ifl)> ®K<zl ..... Tio1) K<(E1, oo 7xi>'

Its henselization is isomorphic to K(z1,...,2;,21,...,2\—1)) by Lemma 2.3.
This shows that D! is smooth over K{zy,...,x; 21,..., Zx(i—1)). Hence,
by the Implicit Function Theorem as we did for D}, D! is isomorphic to
K(z1,...,24,21,...,2x3)) for some new indeterminates zx;_1)41, - -, 2x(i)-
Finally the morphisms C; — D! define the yy(z, 2) satisfying f(z,y(z, 2))
= 0. The power series z;(z) are defined by the morphisms D! — B; and the
fact that C; — B; factors through D! yields y(z) = y(z, 2(x)). O

Proof of Lemma 2.3. Let 1 : A; ®,_, B — B(z;) be the morphism de-
fined by ¥(>°;a; ® bj) = >°; a;b; with a; € A; and b; € B for any j. The
morphism 1) is well defined since A; and B are subrings of the ring B(x;).
The image of ¢ is the subring of B(z;) generated by A; and B.

Let us prove that ¢ is injective: Let ), a; ®b; € Ker(¢)) with a; € A; and
bj € B for any j. This means that >~ a;b; = 0. Let us write a; = >,y ajxk
where a;; € A;_1 for any j and l. Thus we have

(2.1) > ajb; =0
J

for any [ € N, and this system of linear equations is equivalent to a fi-
nite system by noetherianity. The ring extension A;—; — B is flat since
A1 — K[[z1,...,2;-1]] and B — K][z1, ..., z;_1]] are faithfully flat (they
are completions of local noetherian rings; cf. [11, p. 46, and Theorem 8.14,
p. 62]). Thus the solution vector (b;); of (2.1) is a linear combination with
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ALGEBRAICITY OF ANALYTIC FUNCTION GERMS 183

coefficients in B of solution vectors in A;_; (cf. [11, Theorem 7.6, p. 49]).
Thus (bj); = >_ bj.(a) ;); where bj, € B and, for any k, (a},); are vectors
with entries in A;_; which are solutions of (2.1). This means that

D a;@by =Y a;@bpal = > aai @b => (O (O ajd;)z) @b, = 0.
3 ik ko d :

k l J

Thus Ker(¢) = (0).

Obviously Im(%)) contains B|x;] whose henselization is B(z;) by Lemma 2.4,
thus v induces a surjective morphism between the henselization of A;®4, , B
and B(x;). This surjective morphism is also injective since 1) is injective and
A;®4, , Bisadomain. (Indeed if y # 0 is in the henselization of A;®4, , B,
then y is a root of a non-zero polynomial with coefficients in 4;®4, , B. Since
A; ®a,_, Bis adomain and y # 0 we may assume that this polynomial has a
non-zero constant term denoted by a. If the image of y in B(x;) is zero, then
¥ (a) = 0 which is a contradiction.)

On the other hand, B(z;) is the henselization of B[z;] which is noetherian;
thus B(z;) is noetherian (cf. [8, Théoreme 18.6.6]). This proves that the
henselization of A; ® 4, , B is noetherian. Hence A; ®4, , B is noetherian
(cf. [8, Théoreme 18.6.6]). O

Proof of Lemma 2.4. The elements of the henselization of a local ring A
are algebraic over A by construction. Thus the henselization of % is a
subring of M.

On the other hand let us prove first that B(z;) is the henselization of
Blzi)(z,,....:)- f y € B(x;), then y is a root of a polynomial P(Y) with
coefficients in B[z;]. By the Artin Approximation Theorem (see [16, Theorem
11.3]), y may be approximated by elements which are in the henselization
of B[z;]. Since P(Y) has only a finite number of roots, this means that
y is in the henselization of Bz, .. ,). Thus B(z;) is the henselization

of B[Zi](a,,...c;)- Now the morphism Blz;] — B[Ig“] induces a morphism

h
Blx;) — (% ) of B[xz;]-algebras by the universal property of the

(5171w~,1’i)
henselization. It is clear that the kernel of this morphism is generated by

e . . B(z;) Blz;] h
I thus we get an injective morphism =+ — ( e @, I_)> of Blz;]-

. Blz,] he : Blz:) 1y
algebras. Since (T1 (@1, wx)) is a subring of =%, this shows that the
h
morphism B<Ig“> — (B[Imi] (@, xv)) is an isomorphism. O
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3. Algebraic equisingularity of Zariski

Notation: Let x = (1,...,2,) € C". Then we denote ' = (x1,...,3;) €
C.

3.1. Assumptions. Let V be an analytic hypersurface in a neighborhood
of the origin in C! x C" and let W = V N (C! x {0}). Suppose there are given
complex pseudopolynomials’

pi
Fi(t,a") =¥ + Zai,l’j(t,xl_l)xfﬁ], i=0,...,n,
j=1

t € C!, ' € C?, with complex analytic coefficients a;_; ;, that satisfy

(1) V =F;1(0).

(2) Fi_1(t,x"=1) = 0 if and only if F;(t,2°" 1, 2;) = 0 considered as an
equation on x; with (t,2?71) fixed, has fewer roots than for generic
(t,z'71).

(4) There are positive reals o5, >0, k=1,...,l,ande; >0,j=1,...,n,
such that F; are defined on the polydiscs U; := {|tx| < Ok, |z;| <
g k=1,....L,j=1,...,i}.

(5) All roots of Fy(t,z*~! x;) = 0, for (t,2°~1) € U;_1, lie inside the circle
of radius ¢;.

(6) Either F;(¢t,0) = 0 or F; = 1 (and in the latter case Fj, = 1 for all
k<i).

We may take as F;_; the Weierstrass polynomial associated to the reduced
discriminant of F; or a generalized discriminant (see the next section).

We shall denote V; = F; '(0) C U;. For the parameter ¢ fixed we write
Vi =V n({t} xC"), Viy =V, N ({t} x C"), and U;; = U; N ({t} x C?). We
identify W and Uj.

Theorem 3.1 (|20, Theorem 1], [21, Theorem 1]). Under the above as-
sumptions V' is topologically equisingular along W with respect to the family
of sections V; = VN ({t} x C™). This means that for all t € W there is a
homeomorphism hy : Uy g — Uyt such that hy(Vo) = Vi and hy(0) = 0.

3.2. Remarks on Varchenko’s proof of Theorem 3.1. As Varchenko
states in Remark 1 of [20] a stronger result holds, the family V4 is topologically
trivial, in the sense that the homeomorphisms h; depend continuously on t.

1A pseudopolynomial is a polynomial in x; with coefficients that are analytic in the other

variables. The pseudopolynomials F; that we construct later are moreover distinguished
j2

polynomials in z, i.e. are of the form z? + Z aj (xifl)xffj where a;(0) = 0 for all j. They
=1
depend analytically on t, which is considered as a parameter.
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The details of the proof of Theorem 3.1 (with continuous dependence of h; on
t) are published in [19].

The homeomorphisms h; are constructed in [19] inductively by lifting step
by step the homeomorphisms

hit:Uso — Uy,

so that hm(aci*l,xi) = (hi_17t($i71), hi7t7i(l‘i)), hi,t(‘/ip) = V;‘)t, hi)t(O) =0.1If
hi—1,+ depends continuously on ¢, then the number of roots of F;(h;—1+(z"71),
x;) = 0 is independent of t. Therefore, if F,, = Gy - - - Gk, then the number of
roots of each Gj(hy—1+(z" 1), z,) = 0 is independent of ¢; see Lemma 2.2 of
[19]. In particular h; preserves not only V = F,,1(0) but also each of Gj_l(()).
Thus [19] implies the following.

Theorem 3.2. The homeomorphisms hy of Theorem 3.1 can be chosen
continuous in t. If F,, = Gy -Gy, then for each s = 1,....k, hy(G1(0) N
({0} x C")) = G7H0) N ({t} x C7).

S

4. Mostowski’s Theorem

In this section we show Theorem 1.1.
4.1. Generalized discriminants. Let f(T) = TP + Zle a; TP~ =
P_ (T —T;). Then the expressions

2 I @-n7

T1yeesTj—1 k<l7k,l7ﬁ7‘1,...77‘j71

are symmetric in 71, ...,7, and hence polynomials in a = (a1, ...,a,). We
denote these polynomials by Aj(a). Thus A; is the standard discriminant
and f has exactly p — j distinct roots if and only if Ay =--- = A; =0 and
Ajy1 #0.

4.2. Construction of a normal system of equations. Let us consider
a finite set of pseudopolynomials g1, ..., g, € C{z}:

Ts
gs(@) =@ + ) ano1s (2",
j=1

The coefficients a,_1,,; can be arranged in a row vector a,_; € C{zn1}pn
where p, := Y _rs. Let f, be the product of the gs’s. The generalized
discriminants A,, ; of f,, are polynomials in a,,—1. Let j, be a positive integer
such that

(4.1) An,i(anfl) =0 1 < Jn,
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and A, j (a,—1) # 0. Then, after a linear change of coordinates z"~!, we
may write

Pn—-1
Anj,(an-1) = unfl(xn_l)(xfzn:ll + Z On—2,j (xn_2)xfzn:11ﬂ),
Jj=1

where u,—1(0) # 0 and for all j, a,—2;(0) = 0. We denote

Pn—1
fo1 =23 + Z anfz,j(QT"_Q)CUZ"_T_J
=1

and the vector of its coefficients a,—2; by an—2 € C{z"2}Pn-1. Let j, 1
be the positive integer such that the first j,_1 — 1 generalized discriminants
Apn_1, of fr,_1 are identically zero and A,,_1 ;,_, is not. Then again we define
fn—2(z""?) as the Weierstrass polynomial associated to A, _1 ;.

We continue this construction and define a sequence of pseudopolynomials
fi(x),i=1,...,n— 1, such that

Pi
fi=al + Zai_ld(xl*l)xfi_j

Jj=1

is the Weierstrass polynomial associated to the first non-identically zero gen-
eralized discriminant A1 ;.. (a;) of fiy1, where we denote in general a; =

(ai,h EERE a/i7pi+1)7
) Di ) )
(4.2) Ajy1j,.(a;) = ui(z*) (2 + Zaifl,j(xz_l)xfiﬂ), i=0,...,n—1.
j=1
Thus the vector of functions a; satisfies
(43) AiJrLk((li) =0, k <ji+17 1=0,...,n—1.
This means in particular that
A1 p(ap) =0 fork<ji and Ay (ag) = uo,

where ug is a non-zero constant.

4.3. Approximation by Nash functions. Consider (4.2) and (4.3) as
a system of polynomial equations on a;(z%), u;(x?). By construction, this
system admits convergent solutions. Therefore, by Theorem 2.1, there ex-
ist a new set of variables z = (z1,...,25), an increasing function 7, con-
vergent power series z;(r) € C{z} vanishing at 0, algebraic power series
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ui(xt, 2) € Clat, 1, .. ., 2(;)) and vectors of algebraic power series a;(z%, 2) €
Clzx®, 2, ..., Zr(#))P* such that the following hold:

z1(x), ..., zr(;)(z) depend only on (x1,...,;),
a;(x', 2), u;(2', z) are solutions of (4.2), (4.3),
and a;(z%) = a; (2%, 2(2")), ui(z?) = ui(z?, 2(x?)).

For t € C we define

Fo(t,z) = [[Gs(t,), Gult,z) =2 + > an-1.6;(z" " ta(z" )2,
s j=1
Pi
Fi(t,x) =2 + Z a1 (@ (a2 i =0,...,n— 1.
j=1
Finally we set Fy = 1. Because u;(0,0) = u;(0, 2(0)) # 0, the family F;(¢,x)
satisfies the assumptions of Theorem 3.1 with |¢| < R for any R < occ.

Corollary 4.1. Let (V,0) C (K™, 0) be an analytic germ defined by g1 =
o= g, = 0 with g; € K{z}. Then there are algebraic power series §s € K{x)
and a homeomorphism germ h : (K", 0) — (K",0) such that h(g;1(0)) =
3:5(0) for s =1,...,k. In particular, h(V') is the Nash set germ {g) = -+ =
Jgr = 0}.

Proof. For K = C we set §;(z) = G;(0,z), and then the corollary follows
from Theorem 3.2. The real case follows from the complex one, because if
the pseudopolynomials F; of Subsection 3.1 have real coefficients, then the
homeomorphisms h; constructed in [19] are conjugation invariant; cf. §6 of
[19]. O

Now Theorem 1.1 follows from Corollary 4.1 and the following result.

Theorem 4.2 ([2, Theorem 2]). Let (V,0) C (K™, 0) be a Nash set germ.
Then there is a local Nash diffeomorphism o : (K", 0) — (K",0) such that
(V) is the germ of an algebraic subset of K™.

5. Topological equivalence between analytic
and algebraic function germs

In this section we show Theorem 1.2 and Theorem 1.3.
5.1. A variant of Varchenko’s method. We replace the assumptions
(2) and (3) of Subsection 3.1 by:
(2') There are ¢; € N such that 2% F;_;(t,2~1) = 0 if and only if the
equation F;(¢,z°71, ;) = 0 has fewer roots than for generic (¢, 2'71).
(37) F1 =1.
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Then Varchenko’s method gives the following result.

Theorem 5.1. Under the above assumptions, V is topologically equisin-
gular along W with respect to the family of sections V; = V N ({t} x C™).
Moreover all the sections V N {xy = const} are also equisingular. This means
that for all t € W there is a homeomorphism hy : U, o — U, such that
hi(Vo) = V4, he(0) = 0, and hy preserves the levels of x;

(5.1) hi(zy, .. xn) = (21, he(z1, ..., ).

Indeed, recall that the homeomorphisms h; are constructed inductively
by lifting step by step the homeomorphisms h;: : U; 9 — U+, so that
hit (2 2) = (him1,0(@ 1Y), hi g i(2?)). At each stage such lifts h; ; exist and
preserve the zero set of Fj if h;_1; depends continuously on ¢ and preserves
the discriminant set of F;; see [19, sections 2 and 3].

Because F; = 1, by (2’), the discriminant set of Fy is either empty or
given by z1 = 0. Therefore we may take hj(x1) = 1. Then we show by
induction on 4 that each h;; can be lifted so that the lift h;y;, preserves
the zero set of F;1; and the values of x7. The former condition follows by
inductive assumption; h;; preserves the discriminant set of Fjy;. The latter
condition is satisfied trivially since h;;1+ is a lift of h; ;.

5.2. Equisingularity of functions. We apply Theorem 5.1 to study the
equisingularity of analytic function germs as follows. Let G(t,y) : (C! x
C"~1,0) — (C,0) be analytic, y = (y1,...,Yn_1). We consider G as an ana-
lytic family of analytic function germs G; : (C"~1,0) — (C,0) parametrized
by t € W, where W is a neighborhood of the origin in C'. We associate to G
its graph

V=A{(t,x1,22,...,2,);21 = Ge(x2,...,2n)},

thus fixing the following notation:
(5.2) x=(21,22,...,25) = (21,y).

Theorem 5.2. Suppose that V' and W satisfy the assumptions of The-
orem 5.1. Then the family of analytic function germs Gy is topologically
equisingular. This means that there is a family of local homeomorphisms
op: (C"10) = (C"1,0) such that

G() = GtOO't.

Proof. Tt follows from (5.1) by setting o¢(y) = h(Go(y),y). Indeed, since
h; preserves V we have

he(Go(y),y) = (Gi(ha(Go(y), 9)), he(Go(y), ),

and since it preserves the levels of x1,

Go(y) = Ge(he(Go(y), ). u
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5.3. Construction of a normal system of equations for a finite
family of function germs. Let g, : (C"1,0) — (C,0), m = 1,...,p, be
a finite family of analytic function germs that we assume are not identically

equal to zero. After a linear change of coordinates (xa,...,2,), we find that
10— (x1 — gm(x2,...,2,)) is equivalent to a pseudopolynomial; that is, we
may write
P Pn
I @ = gm(@a, o 20)) = wn(@) (@l + " an—1 (2" Vabr ™),
m=1 j=1

where u,,(0) # 0 and a,,—1,;(0) = 0. We denote

Pn
@) =l +) ano (@ ahe
j=1

so that
(5.3) un (@) fu(@) = [] (21 =D wrbmn(@a, ... 20))
m=1 k=2

with gm = Y4y Tkbm k. We denote by b € C{z}?("~1 the vector of the
coefficients by, , and by a,_1 € C{z""1}P» the one of the coefficients a,_ ;.

The generalized discriminants A, ; of f,, are polynomials in a,,—1. Let j,
be a positive integer such that

An,i(an,l) =0, 1< jn,

and A, j, (an—1) # 0. After a change of coordinates (x2,...,Z,—1) We may
write
Pn—-1 )
Apg, (@n-1) = -1 (@ D2l (@5 4 Y anoay (@ ey ),
j=1

where u,,—1(0) # 0 and a,,—2 ;(0) = 0. We denote

Pn—1

_ .Pn-1 i n—2\, Pn—-1—J
fac1 =2, + E an—2,j(x"" %)z,
j=1

and the vector of its coefficients an_2; by a,—o € C{z""?}Pn-1. Let j,_1
be the positive integer such that the first j,_1 — 1 generalized discriminants
Ap_1,; of fr_q are identically zero and A, _; j;, , is not. Then again we divide
Ap_1j,_, by the maximal power of z; and, after a change of coordinates
(72,...,Zn_2), denote the associated Weierstrass polynomial by f,,_2(z"~2).

We continue this construction and define a sequence of pseudopolynomials
fiz"), i =1,...,n =1, such that f; = @}" + 30", ai—1;(x" 12?77 is the
Weierstrass polynomial associated to the first non-identically zero generalized
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discriminant A; j, (a;41) of fi41, divided by the maximal power of z;, where
we denote in general a; = (a; 1, .., p;)s

(5.4)
) Pi ) )
Aig1 i (ai) = ui(at)zl (a7 + Z ai—1;(@ a7, i=0,...,n— 1
j=1

Thus the vector of functions a; satisfies

(5.5) A1 x(ai—1) =0, k< jiv1, 1=0,...,n—1.
These equations mean in particular that

(5.6) Ay p(ag) =0 fork<ji and Ay (ag) = upxi®,

where ug is a non-zero constant. Hence f; = 1.

5.4. Approximation by Nash functions. Counsider (5.3), (5.4), (5.5)
as a system of polynomial equations on a;(x?), u;(z), and b(x). By con-
struction, this system admits convergent solutions. Therefore, by Theorem
2.1, there exist a new set of variables z = (z1,...,25), an increasing func-
tion 7, convergent power series z;(x) € C{x} vanishing at 0, algebraic power
series u; (2%, 2) € C(xt, z,.. ., 2r(i)), and vectors of algebraic power series
ai(x?, 2) € Clx®, 2y, .. ., Zri))P, bz, 2) € Cz, 2)"~1 such that the following
hold:

z1(x), ..., zr(;)(x) depend only on (x1,...,z;),

a;(x', 2), ui(x, 2), b(x, ) are solutions of (5.3), (5.4), (5.5),

and a;(a) = a;(2', 2(2")), ui(a) = wi(a’, 2(2")), b(a) = b(x, z()).
For t € C we define

Pi
Fi(t,x) = 27" + Zai—1,j($2717tz(az“l))l’fﬁj.

In particular, by (5.6), F; = 1. Since
P

tn (2, t2(2)) Fu(t, ) = [] (21 =D wabm i (@, t2(2))),
k=2

m=1

by the Implicit Function Theorem there are algebraic power series
Gm € (C<t7y1 s 7yn—1>
such that

= U{(t,x);xl =Gu(t,za,...,20)}

as germs at the origin. Then g,,(y) = Gn(1,y) and G\ (0,y) € C(y). We
denote g, (y) = G (0,y).
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Because u;(0,0) = u;(0,2(0)) # 0, the family F;(t,z) satisfies the assump-
tions of Theorem 5.1 with |[t| < R for arbitrary R < co. By Theorem 5.1
there is a continuous family of homeomorphism germs h; : (C™,0) — (C™,0),
he(z) = (@1, hy(21, 22, ..., @), such that

he(gm (1), y) = (G, B (g (), 1)) e (gm (), ).

Fix one m, for instance m = 1, and set

or(y) = hi(g1(y), v)

as in the proof of Theorem 5.2 (we use here the notation (5.2)). Then g;(y) =
G1(t,04(y)) and in particular

(5.7) 91(y) = g1(o0(y))-

It is not true in general that ¢,,,(y) = Gm(o0(y)) since the homeomorphism oy
is defined by restricting h; to the graph of G;. If we define

Tmt(Y) = he(gm (), v),
then we have
gm(y) = gm(am,o (y))

Both homeomorphisms coincide on X,, = {y € (C*1,0); (g — g1)(y) = 0}.
Therefore if we define X,,, = {y € (C"71,0); (g — §1)(y) = 0}, then

(5.8) 50(Xm) = Xom.

Therefore we have the following result.

Proposition 5.3. Let (V;,0) C (K",0) be a finite family of analytic set
germs and let g : (K",0) — (K,0) be an analytic function germ. Then there
are Nash set germs (V;,0) C (K™,0), an algebraic power series j € K{(z), and
a homeomorphism germ & : (K*1,0) — (K"~1,0) such that J(Vi) =V, and
god =4g.

Proof. Let K = C. Choose a finite family g,, : (C*~1,0) — (C,0), m =
1,...,p, of analytic function such that g; = ¢ and for every i, the ideal of
V; is generated by some of the differences g,, — g1. We apply to the family
gm the procedure of Subsections 5.3 and 5.4 and set 6 = 0¢. The claim now
follows from (5.7) and (5.8).

The real case follows from the complex one because if the pseudopolyno-
mials F; of Subsection 3.1 have real coefficients, then the homeomorphisms h;
constructed in [19] are conjugation invariant; cf. §6 of [19]. O
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5.5. Proof of Theorem 1.2 and Theorem 1.3. It suffices to show
Theorem 1.3. It will follow from Proposition 5.3 and the next two results.

Theorem 5.4. Let K =R or C. Let f; : (K™, 0) — (K, 0) be a finite family
of Nash function germs. Then there are a Nash diffeomorphism h : (K™, 0) —
(K™, 0) and analytic (even Nash) units u; : (K", 0) = K, u;(0) # 0, such that
for all i, u;(x) fi(h(x)) are germs of polynomials.

Proof. For K = C Theorem 5.4 follows from Theorem 5 of [2]. Indeed, the
implication “(i) == (ii)” of this theorem gives:

If (V,0) C (K™, 0) is a Nash set germ, then there is a Nash diffeomorphism
h: (K™ 0) — (K™, 0) such that for any analytic irreducible component W of
(V,0) the ideal of functions vanishing on h(W) is generated by polynomials.

Now, if K = C, it suffices to apply the above result to (V,0) defined as the
zero set of the product of f;’s.

If K = R such a set theoretic statement is not sufficient, but in this case
Theorem 5.4 follows from the proof of Theorem 5 of [2]. We sketch this
argument below.

First we consider K = C. Choose representatives f; : U — C of the
germs f;, i = 1,...,m, and let f = (f1,...,fm) : U = C™. By the Artin-
Mazur Theorem, [1, Theorem 8.4.4], [2, Proposition 2], there is an algebraic
set X C C" x CN of dimension n, a polynomial map ® : C* x CN — C™,
and a Nash map s : U — X such that f = ®os, s: U — s(U) is a Nash
diffeomorphism and s(U) N Sing(X) = 0. (X is the normalization of the
Zariski closure of the graph of f.) We may assume that p = s(0) is the origin
in C* x CN.

Let 7 : X — C" be a generic linear projection. Then the germ h of
(m o s)~! satisfies the claim. Indeed, denote X; = X N ®;*(0). Then for
each i = 1,...,m, Z; = n(X;) is an algebraic subset of C" and, moreover, 7
induces a local isomorphism (X;,0) — (Z;,0). We fix a reduced polynomial
P; that defines Z;. Then f; o h, as a germ at the origin, vanishes exactly on
Z; and hence equals a power of P; times an analytic unit.

If K = R, then we apply the complex case to the complexifications of
the f;’s keeping the construction conjugation invariant. In particular the
linear projection can be chosen real (that is conjugation invariant). Indeed,
this projection is from the Zariski open dense subset U of the set of linear
projections L(C™ x CN,C"). Then U N L(R™ x RN R") is non-empty. (A
complex polynomial of M variables that vanishes on RM is identically equal
to zero.) This ends the proof. (]

Theorem 5.5. Let K=R or C. Let f: (K",0) — (K,0) be an analytic
function germ and let u : (K™, 0) =K be an analytic unit, uw(0)#0 (u(0)>0
if K=R). Let (V;,0) C (K™, 0) be a finite family of analytic set germs. Then
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there is a homeomorphism germ o : (K", 0) — (K™,0) such that (c(V;),0) =
(V;,0) for each i and uf = foo.

Proof. If K = C we suppose additionally that the segment that joins u(0)
and 1 does not contain (0. The general case can be reduced to this one.

Fix a small neighborhood U of the origin in K" so that the representatives
VicU, f:U — K, and u: U — K are well-defined. In the proof we often
shrink U when necessary. Let I denote a small neighborhood of [0,1] in R.
We construct a Thom stratification of the deformation ¥(z,t) = (F(x,t),1) :
U x I — K x I, where

F(z,t) = f(x)(1 =t +tu(z)) = f(z)(1 + t(u(z) = 1)), (z,t) €U x1I,

which connects f(z) = F(z,0) and u(z)f(z) = F(z,1). Then we conclude
by the second Thom-Mather Isotopy Lemma. For the Thom stratification we
refer the reader to [4, Chapter 1], and for the Thom-Mather Isotopy Lemmas
to [4, Chapter 2].

Fix a Thom stratification §' = {S}} of f : U — K such that each V;
is a union of strata. That means that &’ is a Whitney stratification of U,
compatible with f~1(0) and f~*(K\ {0}), that satisfies Thom’s a; condition.
(It is well-known that such a stratification exists; the existence of ay regular
stratifications was first proved in the complex analytic case by Hironaka in
[5], using resolution of singularities, under the assumption “sans éclatement”,
which is always satisfied for functions. In the real subanalytic case it was first
shown in [9].)

First we show that S = {S; = 57 x I} as a stratification of U x I satisfies
ar condition

(ap) for every stratum S C F~Y(K\{0}) and every sequence of points p; =
(zi,t;) € S that converges to a point py = (xg,tg) € So C F~1(0),
such that ker dy, F|t, s — T, we have T' D T, So.

By the curve selection lemma it suffices to check this condition on every real
analytic curve p(s) = (x(s),t(s)) : [0,€) = S U Sy, p(0) € Sp and p(s) € S for
s > 0. Since S’ satisfies ay, the condition ap for S follows from the following
lemma.

Lemma 5.6. Let S = S’ x I ¢ F~YK\ {0}) and Sy € F~(0) be two
strata of S and let p(s) = (z(s),t(s)) : [0,e) = U x I be a real analytic curve
such that po = p(0) € Sy and p(s) € S for s > 0. Then for s > 0 and small,
grad, F|s(p(s)) # 0 and

grad Fls(p(s)) oy (erad fls/(a(5)), 0)

(5.9) 530 | grad F|s(p(s))]| S0 | grad fls: (z(s))|
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Proof. By assumption f(z(s)) = Z;’ilo a;s', with ig > 0 and a;, # 0. By
differentiating we obtain

df

55! = [ {exad fls @'(s)) | < [lgrad fls[[|2" ()]l
Hence there exists C' > 0 such that for small s > 0,
(5.10) |f(z(s))] < sC|| grad f|s|-
Moreover

(5.11) grad Fs(p(s)) = (grad f|s (x(s)), 0)(1 + £(s) (u(x(s)) — 11))

+ f(x(5))(E(s) grad ul s (x(s)), u(z) — 1).

Now (5.9) follows easily from (5.10) and (5.11). O

Finally S as a stratification of U x I together with ((K\{0})x1,{0} xI) as
a stratification of K x I is a Thom stratification of W. Indeed, § is a Whitney
stratification as the product of a Whitney stratification of U times I. Then
for any pair of strata S = S’ x I ¢ F~1(K\ {0}) and Sy = Sj x I C F~1(0) it
satisfies ap and hence also ay condition. Therefore Theorem 5.5 follows from
the second Thom-Mather Isotopy Lemma [4, Chapter 2 (5.8)]. O

Now we may conclude the proof of Theorem 1.3. By Proposition 5.3 we
may assume that g is a Nash function germ and the V;’s are Nash set germs.
Moreover by Theorem 5.4, after composing with the Nash diffeomorphism h,
we may assume that g equals a polynomial times an analytic unit and that the
ideal of analytic function germs defining each V; is generated by polynomials.
In particular each V; is algebraic. Finally we apply Theorem 5.5 to show
that, after composing with a homeomorphism preserving each V;, g becomes
a polynomial.

6. Examples

Example 6.1. We give here an example showing that the C! analog of
Theorems 1.1 or 1.2 is false in the real case (this example is well-known; see
[2] for example). The germ (V,0) C (R3,0), defined by the vanishing of

[t xy) =zyly — o) (y — B+ H)x)(y —v(t)x)
where (t) € R{t} is transcendental and v(0) = 4, is not C'-diffeomorphic
to the germ of an algebraic set as follows from the argument of Whitney; cf.
Section 14 of [22]. Indeed V is the union of five smooth surfaces intersecting
along the t-axis and its tangent cone at the point (¢,0,0) is the union of five
planes intersecting along a line. The cross-ratio of the first four planes is
3+t, and the cross-ratio of the first three and the last plane is y(¢). Since the
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cross-ratio is preserved by linear maps, these two cross-ratios are preserved by
C'-diffeomorphisms. But these two cross-ratios are algebraically independent;
thus the image of V under a C'-diffeomorphism cannot be algebraic.

Example 6.2. The previous example also shows that the C' analogs of
Theorem 1.1 or 1.2 are false in the complex case. Define V' in a neighborhood
of 0 in C3 by the vanishing of the polynomial of Example 6.1. Modifying
Whitney’s argument (cf. [22, pp. 240, 241]) we will show that the germ of V'
at 0 is not C''-equivalent to any Nash germ in C3.

For any (¢,0,0) € C3 with [¢| small, the tangent cone to V at (¢,0,0)
is the union of five two-dimensional C-linear spaces L1 ,...,Ls;, where L;,
corresponds to the j’th factor of f. Suppose that there is a C'-diffeomorphism
@ : (C3,0) — (C3,0) such that ®(V) is a germ of a Nash set in C3. Then the
tangent cone to (V) at ®(t,0,0) is the union of d(; 9,0)®(Lj), for j =1,...,
5. In particular, every d(;,0,0)®(L;,¢) is a C-linear subspace of C3 of dimension
2.

Let us check that for every t € R with |¢| small and for every pairwise
distinct kq, ..., ks € {1,...,5}, the cross-ratio of L, 4,. .., Ly, ; is equal to the
cross-ratio of d 0,0)®(Lk, ), - -5 dt,0,0)®(Li,,t)- By areal line in C? we mean
a set of the form {a +tb: ¢t € R} where a,b € C3. For t € R, Ly, ¢,..., L, +
are defined by real equations so there is a real line [, C C? intersecting Ly, U
... U Ly, + at exactly four points, say ai,..., ass. Then the cross-ratio of
Ly, 5y Lt equals the cross-ratio of ay ..., aqs. Moreover, d o,0)®(l¢)
is also a real line and it intersects d;0,0)®(Lg,,t) U ... U d,0,0)P(L,,t) at
dt,0,0)®(a1,t),. -+, de,0,0)P(as,). The cross-ratio of the last four points equals
that of a1 4,..., a4y because d; ,0)® is R-linear and ayy,...,ass € l;. Since
the cross-ratio of d(;,0)®(a1,), .., d0,0 P(ass) equals the cross-ratio of
d(4,0,00P(Ly,t)y - - dt,0,0)P(Liy ), we obtain our claim.

Now observe that the complex t-axis is the singular locus of V' and its image
S by @ is the singular locus of ®(V). Clearly, S is a smooth complex Nash
curve. Moreover, the cross-ratios hy,ha of d(;0,0)®(L1),. .., d,0,0)P(La,)
and d;,0,0)P(L1.t), d(1,00)®(L2,t), di1,0,0)P(L3.¢), d(t,0,0P(L5,1), respectively,
depend algebraically on s = ®(¢,0,0) € S (cf. [22, p. 241]); ie. hy, hy :
S — C are complex Nash functions. On the other hand, the cross-ratios of
Li¢,...,Lay and of Ly, Loy, Lsy, Ls equal 3+t and (1), respectively.

The last two paragraphs imply that for ¢ € R with |¢| small, we have

hi(®(t,0,0) =3+t and ha(®(t,0,0)) = 7(t).

Since S is a smooth complex Nash curve, we may assume that hq, ho are
defined in some neighborhood of 0 € C and that ¥(¢t) = ®(¢,0,0) is a map
into C. We have ¥ (t) = Uy (t)+iP2(t) where ¥y, Uy are real valued continuous
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functions and hj(s) = wuy(s)+ivy(s), where uy, v; are real Nash functions, and
u1(U1(t), P2(t)) = 3+ t, and vy (¥1(t), Ua(t)) = 0 for t € R with [¢| small.
Since uq,v; satisfy the Cauchy-Riemann equations and h; is not constant,
neither of wy,v; is constant. Consequently, Uq|g, Us|g are semi-algebraic
functions, which contradicts the fact that ho(¥(¢)) = (¢) for real ¢.

Example 6.3. Theorem 1.2 cannot be extended to many functions or to
maps to K™, m > 1. For example the one variable analytic germs = and e* —1
cannot be made polynomial (or Nash) simultaneously by composing with the
same homeomorphism.

Example 6.4. The key point in the previous examples is the fact that
two one variable functions which are algebraically independent remain alge-
braically independent after composition with a homeomorphism. Theorem
1.2 also cannot be extended to many functions, even if we assume them to
be algebraically dependent. For instance, one variable Nash germs x and
y(x) = Volr) — 2, with p(z) = (v — 1)(x + 2)(z — 2), cannot be made
polynomial simultaneously since the cubic y? = ¢(z) is not rational.
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