A PROOF OF A. GABRIELOV’S RANK THEOREM

ANDRE BELOTTO DA SILVA, OCTAVE CURMI, AND GUILLAUME ROND

ABSTRACT. This article contains a complete proof of Gabrielov’s rank Theorem,
a fundamental result in the study of analytic map germs. Inspired by the
works of Gabrielov and Tougeron, we develop formal-geometric techniques
which clarify the difficult parts of the original proof. These techniques are of
independent interest, and we illustrate this by adding a new (very short) proof
of the Abhyankar-Jung Theorem. We include, furthermore, new extensions
of the rank Theorem (concerning the Zariski main Theorem and elimination
theory) to commutative algebra.

1. INTRODUCTION

This article contains a complete and self-contained proof of Gabrielov’s rank
Theorem, a fundamental result in the study of analytic map germs. Let us briefly
present its context and the theorem.

Let ¢ : (K", 0) — (K™,0) be an analytic map germ of generic rank r over
the field K of real or complex numbers, that is, the image of ¢ is generically a
submanifold of K™ of dimension 7. When ¢ is algebraic, by a theorem of Chevalley
[Ch43] (in the complex case) and Tarski [Ta48] (in the real case), the image of ¢ is
a constructible set, that is, a set defined by polynomial equalities and inequalities.
In particular the Zariski closure of the image has dimension r. If ¢ is complex
analytic and proper, Remmert proved that the image of ¢ is always analytic [Re57].
In the case of an analytic map germ, however, the image is very far from being
analytic. For instance, Osgood gave in [Os16] an example for which the dimension
of the smallest germ of analytic set containing the image is greater than r and,
subsequently, Abhyankar generalized this example in a systematic way, see [AbG4].
In this context Grothendieck, in [Gr60], asked if the dimension of the smallest germ
of analytic set containing the image (the analytic rank) is equal to the dimension of
the smallest germ of formal set containing the image (the formal rank). Gabrielov
answered negatively to this question [Ga71], and provided a sufficient condition for
the answer to be positive [Ga73]. Roughly speaking, the result is the following (see
Theorems and for a precise formulation):

Gabrielov’s rank Theorem. For a K-analytic map ¢ : (K", 0) — (K™,0), if
the generic rank of ¢ equals its formal rank, then it also equals its analytic rank.

Gabrielov’s rank Theorem is a fundamental result because it provides a simple
criteria for regular maps, that is, maps whose three ranks coincide at every point
of their sources. On the one hand, regular analytic maps constitute an important
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2 A. BELOTTO DA SILVA, O. CURMI, AND G. ROND

subclass of analytic maps, which share basic properties with (Nash) algebraic
maps. For example, the images of regular proper real-analytic mappings form an
interesting subclass of closed subanalytic sets, whose study goes back to works of
Bierstone, Milman and Schwartz [BM82] [BS83]; see also [BM8&Tal, BM8&7h, [Pa90l
Pa92, BMO0O, [ABMO0S8]. On the other hand, non-regular analytic maps are at the
source of several pathological examples in complex and real-analytic geometry, e.g.
[Os16, [Ab64, [GaT1l, [Pa89, [BP18, BASB19].

Nevertheless, the original proof of Gabrielov is considered very difficult, c.f. [Iz89)
page 1]. For example, in the 70’s and 80’s, several authors studied analytic map
germs via more elementary techniques, avoiding Gabrielov’s rank Theorem [MT76
EHT77, Mal77, BZ79. [CM82] 1z86) 1z89], sometimes re-proving weaker versions of it.
In the application to calculus of variations [Ta81] Gabrielov’s rank Theorem is cited
but the author prefer adding further arguments in order to use a Frobenius type
result of Malgrange [Mal77] instead, and the situation is similar in an application
to foliation theory [CM82], c.f. [CCD13]. Moreover, some specialists believe that
the proof contains ideas which would lead to the development of important new
techniques concerning formal power series. In [To90], Tougeron proposed a new
proof of Gabrielov’s rank Theorem which, unfortunately, is still considered very
difficult (and contains some unclear passages to us, which we point out in the body
of the paper).

The first and main goal of this paper is to present a complete proof of Gabrielov’s
rank Theorem. We have been strongly influenced by the original papers of Gabrielov
[Ga73] and Tougeron [To90], but we do not fully understand either one of their
proofs. We provide, therefore, several new arguments. The initial part of the proof,
given in §2and [3] follows closely the same strategy as the one of [Ga73|, and we
provided extra arguments whenever we felt it was necessary (see for example §.
The second (and harder) part of the proof requires the development of several ideas
and techniques inspired from [Ga73l [To90], and our strategy deviates from theirs.
It includes a new proof structure (c.f. the induction procedure given in Proposition
, and the development of formal-geometric techniques such as projective rings, a
Newton-Puiseux-Eisenstein Theorem, formal approximation of factors, in between
others (see §4|and . Some of these techniques are of independent interest, and
we illustrate this by including a new (very short) proof of the Abhyankar-Jung
Theorem in {7}

Then, we provide new extensions of Gabrielov’s rank Theorem. The first extension,
Theorem II) and Corollary can be seen as an analogue of Zariski Main
Theorem [Zad8, [Za50] for morphisms of analytic algebras. The second, Theorem
(HI), is a result concerning elimination theory of analytic equations. These
extensions are expressed in a purely algebraic way, in contrast to Gabrielov’s rank
Theorem. Moreover they are equivalent to Gabrielov’s rank Theorem, in the sense
that Gabrielov’s rank Theorem can be easily deduced from any of these extensions.
The third extension, Theorem [I.I5 characterizes polynomials with convergent
power series coefficients in terms of the support of their solutions. We also include a
discussion on strongly injective morphisms, see Theorem and on the relationship
of Gabrielov’s rank Theorem with the Weierstrass preparation Theorem, showing
that Gabrielov’s rank Theorem is a generalization of the Weierstrass preparation
Theorem for convergent power series. Further details are given in §§1.2]
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Given the history of the rank Theorem, we have made an extra effort to make
the paper as self-contained as possible. We rely only on well-known results of
commutative algebra, complex geometry and analysis which can either be found in
books (e.g. resolution of singularities, Artin approximation) or admit simple proofs
(e.g. Abhyankar-Moh reduction theorem [AMT70]). All other necessary results have
been revisited.

1.1. Gabrielov’s rank Theorem. Let K denote the field of real or complex
numbers. We denote by x = (z1,...,2,) and u = (uq,...,un) two vectors of
indeterminates. In general single indeterminates will be denoted by normal letters
as x, y, u... and vectors of indeterminates will be denoted by bold letters as x, y,
u... The ring of convergent (resp. formal) power series in n indeterminates over
K will be denoted by K{x} (resp. K[x])). A morphism of convergent power series
rings is a ring morphism of the form

v: K{x} — K{u}
fx) = e(f) = flei(u),... on(u))
where the p;(u) € K{u} for i =1, ..., n, do not depend on f. Note that ¢ induces
an analytic map germ between smooth analytic space germs, that is:
e*: (K™ 0) — (K" 0)
u — p(u) = (p1(0),..., on(u))

where ¢ is the geometrical counter-part of ¢. We are ready to provide a precise
notion of ranks:

Definition 1.1 (Ranks: the smooth case). Let ¢ : K{x} — K{u} be a morphism
of convergent power series rings, and denote by ¢ : K[x] — K[u] its extension to
the completion. We define

the Generic rank:  r(p) := rankFraC(K{u})(JaC(tpa))7
KIx \ _ n— er(p
k) == n(ier(9).
Kix} ) _ n— er
o) = (en(o)

of ¢, where Jac(y?) denotes the Jacobian matrix associated to ¢, rankgrac(k{u}) (M)
denotes the rank of the matrix M over the field of fractions of K{u}, and dimg(A)
denotes the Krull dimension of the ring A.

the Formal rank: 17 (p) := dimg (

and the Analytic rank: 14(p) := dimg (

We can interpret geometrically the three ranks of ¢ via its geometrical counterpart
% (K™,0) — (K™,0) as follows: for every sufficiently small open set U C K™
containing the origin, the image ©®(U) is a subset of K” which contains the origin.
Then 1(¢) is exactly this dimension of (¢*(U),0) for U small enough, 17 (¢) is the
dimension of the formal Zariski closure of (¢*(U),0) in (K", 0) for U small enough,
and 1(¢) is the dimension of the analytic Zariski closure of (¢*(U),0) in (K",0)
for U small enough. This intuitively justifies the following well known inequality:

(1) r(p) <17 () <r(p)  (see c.g. [1289)).

Gabrielov’s rank Theorem provides a simple criteria to show that all of the ranks
are equal:
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Theorem 1.2 (Gabrielov’s rank Theorem: the smooth case). For a morphism of
convergent power series rings ¢ : K{x} — K{u}:

(o) =17 () = 17 () =1r(¢).

We are now interested in investigating singular spaces. Just as in [1z89], the
essential case to consider is the complex-analytic one, and we specialize our study
to K = C (see Remark [1.5(3) below for a discussion on the real-analytic case). An
analytic C-algebra A is a local ring of the form A = C{x}/I where I is an ideal
of C{x}. A morphism of C-analytic algebras is a morphism ¢ : A — B where
A =C{x}/I, B=C{u}/J, and ¢ is induced by a v morphism of convergent power
series rings C{x} — C{u}. We denote by @ : A — B the map induced by ¢
between the completions of A and B. It is called the completion morphism of p.

Note that the definitions of the formal and analytic ranks of ¢ easily extend to
a morphism of C-analytic algebras ¢ : A — B. The generic rank, nevertheless,
does not extend in a trivial way because we can not define the Jacobian in the
singular context. In order to define the generic rank, note that a morphism of
reduced C-analytic algebras ¢ : A — B also induces a morphism between (not
necessarily smooth) analytic space germs ¢® : (Y,b) — (X, a) so that A = Ox 4
and B = Oy, where Ox o and Oy, denote the local rings of analytic function
germs at a and b respectively (more precisely, if A = C{x}/I where I is a radical
ideal, we denote by a the origin of C"™ and (X, a) is the germ of the analytic set
defined by the vanishing of generators of I in a neighborhood of a). We suppose
that B is an integral domain, which is equivalent to (Y, b) being irreducible and
reduced. We define the generic rank of p® as (see [1z89]):

r(®) = inf {sup {rank(aplaM) | M C-submanifold of U} | U neigh. of b in Y} .

A

It coincides with the generic rank (given by definition of p? restricted to
Y ~ Sing(Y'). This is well defined since Y \ Sing(Y") is dense in Y.

Definition 1.3 (Ranks: the general case). Let ¢ : A — B be a morphism
of reduced C-analytic algebras where B is an integral domain, and denote by
Q: A — B its extension to the completion. We define

the Generic rank:  r(p) :=r(p?),

o~

A ~
. F T T _ ~
the Formal rank: 17 (p) := dim (Ker(g’d)) = dim(A) — ht(Ker(p)),

and the Analytic rank: 1(p) := dim ( = dim(A) — ht(Ker(p))

=)

of . We recall that dim(A) = dim(A) when A is a Noetherian local ring (cf [Mat89),
Theorem 13.9] for example).

We note that the inequalities are again valid in this context. We are ready to
formulate the general version of Gabrielov’s rank Theorem:

Theorem 1.4 (Gabrielov’s rank Theorem). Let ¢ : A — B be a C-analytic
morphism, where B is an integral domain.

() =17 (p) = 17 (p) =1
Remark 1.5 (On the hypothesis of Theorem .

7 ().
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(1) (The complex-analytic case) The Theorem holds true if B is reduced (that
is, free of nilpotent elements) instead of an integral domain. This can be
deduced from Theorem [I.4] (see, e.g. [GaT3, Proposition 5.6] or [[z36] 1.3
and 1.4]).

(2) The proof of Theorem reduces to Theorem by resolution of singu-
larities in the target and by the normalization theorem in the source (see
Lemma .

(3) (The real-analytic case) Given a real-analytic morphism ¢ : A — B
where A and B are reduced, there exists a well-defined complexification
¢ : A® — BC where A® = A ® C and B® = B ® C are reduced by [1z86],
Lemma 5.1]. Following [Iz86) § 5] or [Iz89, § 1], we can define the ranks of
¢ as the ranks of ¢C. It is now straightforward to prove that Gabrielov’s
rank Theorem holds whenever B is reduced.

This statement, nevertheless, hides a subtle point in working in the real
case which can be illustrated via the integral domain B = R{x1,z2}/(23 +
x3). Indeed, if we denote by (Y, b) the (real) geometrical counterpart of B,
note that Sing(Y) =Y. It follows that the generic rank, as defined above,
is intrinsically complex and does not coincide with the generic dimension of
the image Z = ¢®(Y'). Here, we may consider the extra hypothesis that B is
a real-closed integral domain (that is, B = R{x}/I where [ is a real-closed
prime ideal). This condition guarantees that the generic rank coincides with
the generic dimension of the image Z = ¢*(Y); in particular Sing(Y) # Y.

In the rest of the paper, we focus on the essential case K = C.
1.2. Applications and variations.

1.2.1. Strongly injective morphisms. The problem raised by Grothendieck has been
generalized to the following problem: given a morphism of C-analytic algebras
©: A —> B, when does $(A) N B = ¢(A) hold true? If the equality is verified, we
say that ¢ is strongly injective. This terminology was introduced by Abhyankar and
van der Put [AP70] who were the first ones to investigate this question. In particular
they proved that ¢ is always strongly injective when A is a ring of convergent power
series in two variables over any valued field.

Without this assumption on the dimension, the equality $(A) N B = (A) does
not hold in general (see Example and ) In this work, we provide a simple
proof of the following characterization:

Theorem 1.6 ([Ga73, Theorem 5.5],[1z89, Theorem 1] c.f. [EHT7T]). Letp: A — B
be a morphism of analytic C-algebras where B is an integral domain. Then
7 A(p) <= ¢ is strongly injective.

rp) =17 (p) =1

The direct implication of this Theorem has first been proved by Gabrielov [Ga73|
Theorem 5.5]. Eakin and Harris [EHT77] also gave a proof of this implication (avoiding
Gabrielov’s Theorem , in the case where A and B are rings of convergent power
series. They also proved the reverse implication in the same situation. Finally Izumi
[[z89] gave a proof of the equivalence (avoiding Gabrielov’s Theorem in the
general case. In §§6.1] we present a proof of this result, relying on Theorem [T.4] and
[EHTT].
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1.2.2. Variations of Gabrielov’s rank Theorem. We prove that Gabrielov’s rank
Theorem admits three alternative formulations, which are of independent interest:

Theorem 1.7 (Variations of Gabrielov’s rank Theorem). The following statements
hold true:

(I) Let ¢ : A — B be a C-analytic morphism, where B is an integral domain.

r(p) =17 (p) = 17 (p) =1(p).

(I1) Let ¢ : A — B be a strongly injective morphism of analytic C-algebras
where B is an integral domain. If f € B is integral over A then f is integral
over A.

(IIT) Let f € C{x,t}, where t is a single indeterminate. Assume that there is
a non-zero g € C[x,t], such that fg € C[x][t]. Then there is a non-zero
h € C{x,t} such that fh € C{x}[t].

(IV) Let f € C{x,z} where z is a single indeterminate and n > 2. Set
C[x, 2]
(x1 — 222)"

A:=C[x] and B:=

If the image of f in B is integral over A, then f is integral over C{x}.

The proof of the above result is given in §§6.2] Note that we actually prove that
(I) = (II) = (III) = (IV) = (I). The Theorem then immediately
follows because (I) is Gabrielov’s rank Theorem

One striking feature of Theorem is that statements (II,I11,1V) are intrin-
sically algebraic. This contrasts with the statement of Gabrielov’s rank Theorem,
which depends on the generic rank (a geometrical condition). It seems important
to clarify this relationship. We believe that the following open problem would be
helpful in this investigation:

Problem 1.8. Consider a family of local rings (A, )nen, where A, is a subring of
K[z1,...,2,]. It is natural to ask:

(1) Under which hypothesis over (A,)nen does Gabrielov’s rank Theorem hold
for morphisms A — B where A and B are reduced quotients of rings A,,7

(2) Under which hypothesis over (A,,)nen are all the four statements in Theorem
equivalent where A and B are reduced quotients of rings A,,?

Note that the problem is also well-posed when K is a field of positive character-
istic (see [Ro09] for the generalization of the geometric rank to fields of positive
characteristic). Furthermore, if we consider a morphism ¢ : A — B where A and
B are quotients of convergent power series rings by ideals generated by algebraic
power series, and if the components of ¢ are algebraic power series, then we always
have 1(p) = 17 (¢) = r4(p) (see [Ro09, Theorem 6.7] for the general case, and
[To76l, Be7T, IMi78] for partial cases).

We finish this paragraph by pointing out that the statement of Theorem I I)
above can be refined in the following way:

Corollary 1.9. Let ¢ : A — B be a morphism of analytic C-algebras where B is
an integral domain. Let us assume that ¢ is strongly injective. If f € B is algebraic
over A then f is algebraic over A.

The proof of this result is given in §§6.3]
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1.2.3. Connection with Zariski Main Theorem. We now turn our attention to Zariski
Main Theorem, a classical result in algebraic geometry (we recall that a ring is
essentially finitely generated over a field k if it is the localization of a finitely
generated extension of k):

Zariski’s main Theorem ([Zad8| [Za50]). Let A be a reduced local ring that is
essentially finitely generated over a field k. Let A denote the integral closure of A
in Frac(A) (that is, the integral closure with respect to A — Frac(A)). Then the
integral closure ofg mn Frac(;l\) coincides with the completion of A.

Note that Theorem (II) and Corollary can be seen as generalizations of
the above result, where we replace the morphism A — Frac(A) with a strongly
injective morphism ¢ : A — B.

1.2.4. Connection with elimination theory and completion. In commutative algebra
and in algebraic geometry, elimination theory is the study of elimination of variables
between polynomials. This is the main step in the resolution of polynomial equations.
For example, in the case of linear equations, elimination theory reduces to Gaussian
elimination. In general, the main tools in elimination theory are the resultant and
the Grobner basis. Note that, unfortunately, there is no analogue of the resultant
for power series, and the analogue of Grébner basis, the standard basis, is not as
powerful for the objectives of elimination theory.

The general situation is the following: Let x and y be two vectors of indeterminates
and I an ideal of C{x,y}. The problem is to determine I N C{x}. Note that, unlike
in the polynomial case, we may have I N C{x} = (0) even if ht(]) is larger than
the number of indeterminates y; [Os16]. By Remark below, we may even have
INnC{x} = (0) while IC[x,y] N C[x] # (0). Therefore, an interesting question is
to determine under which hypothesis IC[x,y] N C[x] is generated by I N C{x}.

This question has been investigated for the first time in [CPR19] where it is
related to several other properties.

In this context, given f € C{x,y} where y is a single variable, it is important
to understand under which conditions we may assume that f € C{x}[y], up to
multiplication by a convergent unit. Such a result would allow us to adapt arguments
from elimination theory to the more general context of convergent power series.
From this perspective, Theorem III) provides a formal characterization of the
above condition.

1.2.5. Connection with the Weierstrass preparation Theorem. The Weierstrass prepa-
ration Theorem is a very powerful tool in algebraic and analytic geometry. In this
subsection, we show how Gabrielov’s rank Theorem can also be seen as an extension
of the Weierstrass preparation Theorem for rings of convergent power series. Recall
that the usual form of the Weierstrass Theorem is the following one:

Theorem (Weierstrass preparation Theorem: usual formulation). Let f be a formal

(resp. convergent) power series in the indeterminates x1, ..., x, over C. Assume
that f is x,-regular of order d, that is, f(0,...,0,2,) = 2 x unit(x,). Then there
exist unique formal (resp. convergent) power series ai, ..., aq in the indeterminate
x' = (x1,...,%n_1) such that

F(x) = (25 + a1 (X" + - + aa(x')) x unit(x).
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Another classical form of the Weierstrass preparation Theorem is the following
one (see [Mal67] for instance):

Weierstrass preparation Theorem. Let A — B be a morphism of analytic
(resp. complete) C-algebras. Let m be the maximal ideal of A. Then B is finite over
A if and only if B/mB is finite over A/m = C.

As a direct Corollary, we obtain the following case of Theorem

Corollary 1.10 (Gabrielov’s rank Theorem for finite morphisms). Let ¢ : A — B
be an injective and finite morphism of analytic C-algebras where B is an integral
domain. Then @ : A — B is injective and finite.

Proof. Let m (resp. ) be the maximal ideal of A (resp. A). We have mA = .
Thus, if ¢ : A — B is finite, then A/m — B/mB is finite by the Weierstrass
preparation Theorem. But A/m = A/f and B/mB = B/mB. Hence 3 : A — B
is again finite, by the Weierstrass preparation Theorem applied to @.

Now, since ¢ is finite, we have dim(A) = dim(B) by [Mat89, Theorems 9.3.1i,
9.4.ii]. Hence dim(A\) = dim(A) = dim(B) = dim(B B). But, since A — B is
finite, the induced morphism ;1\/ Ker($) —» B is also finite, thus dlm(A/ Ker(9)) =
dim(é). Therefore dim(g/ Ker(9)) = dim(A\) and Ker(®) is a height 0 prime ideal.
But, since ¢ is injective and B is a domain, A is a domain, and A is also a domain
(c.f. [Rol8, Proposition 4.1] for example). This proves that Ker(@) = (0) and @ is
injective. (Il

Remark 1.11 (On the connection with Problem|1.8). We claim that the Weierstrass
preparation Theorem is a necessary condition for Gabrielov’s rank Theorem to hold
in a family of real or complex rings (A, )nen, as asked in Problem Indeed, let
@ : A — B be an injective morphism between rings that are quotients of rings A,
and assume that A/m — B/mB is finite. By the Weierstrass preparation Theorem
for complete local algebras, we have that @ : A— DBis ﬁmte In particular any
element f € B is integral over A. Therefore, if Theorem |1.7| (II) is satisfied for the
family (A, )n, we necessarily have that f is integral over A. Therefore it B=A,/I
for some n and some ideal I of A,, and A, is a subring of K[z1,...,z,] as in
Problem we have that the x; are integral over A, therefore B is integral over A.

1.2.6. Convergent power series with support in strongly convexr cones. In general
roots of monic polynomials with coefficients in C[[x] can be represented as Laurent
Puiseux series with support in a rational strongly convex cone by a Theorem of
MacDonald [McD95] (and its generalization due to Gonzélez Perez [Go00]). We will
reformulate Gabrielov’s rank Theorem in this setting. Before we need to give some
definitions.

Definition 1.12. Let o be a strongly convex rational cone containing R>q". This
means that ¢ has the form

o={ueR"|3I\,...; s €Rxp, u=Av1 4+ + A}

where vy, ..., v are given vectors with integer coordinates and ¢ does not contain
any non-trivial linear subspace of R”.
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For such a cone we denote by C[o] the set of formal power series with support
in o NZ", that is:

Clo] := {f_ > fax"‘faec}.

aEoNZn

More generally, if d € N*| we denote by C[o N éZ"]] the set of formal power series
with support in o N éZ". Let us mention the following result:

Theorem 1.13 (MacDonald Theorem [McD95| [Go00]). Let P(z) € C[x][z] be a
monic polynomial. Then there exists a strongly convex rational cone o containing
R, and a positive integer d such that the roots of P(z) are in Clo N L7m.

Since o is a convex rational cone, there exists indeterminates w1, ..., us and
a binomial ideal I of C[u] such that CJo] ~ C[Ju]/I. Therefore we define the
analogue of the ring of convergent power series C{o} as the subring of Co] which
is isomorphic to C{u}/I.

Remark 1.14. The original result of MacDonald is given for a (non necessarily
monic) polynomial P with coefficients in C[x]. In this case, the polynomial not
being monic, the supports of the roots of P are in the translation of a strongly
convex rational cone o.

Theorem has been proved in [Go00] in the convergent case. The general case is
a direct consequence of [PR12l Theorem 6.2]: for a given P(z) € C[x][z] monic, we
consider a vertex o € N™ of the Newton polyhedron NP(Ap) of the discriminant
Ap of P. There exists a strongly convex rational cone ¢ such that NP(Ap) C a+o.
This means that Ap = x*U(x) where the support of U(x) is in ¢ and U(0) # 0.
Then, by [PR12, Theorem 6.2], the roots of P are Puiseux series with support in o,
that is, elements of Clo N 3Z"] for some d € N*.

Theorem[L.7(II) has the following corollary about the Galois group of a polynomial
with formal power series coefficients:

Theorem 1.15. Let P(z) € C[x][z] be a monic irreducible polynomial such that
the roots of P(z) are in Clo N 3Z"], where o is a strongly convex rational cone
containing RY, and d is a positive integer. If one of the roots of P is in C{on éZ”}
then the coefficients of P(z) are in C{x}.

The proof of this result is given in §§[6.4}

1.3. Examples. In this section, we recall the classical examples of Osgood [Os16]
and Gabrielov [GaT71].

Example 1.16 (Osgood’s example [Os16]). Osgood showed the existence of a
morphism ¢ : C{x1,x9,x3} —> C{u, v} such that

(2) r(p) =2, 17 () = 3, T(p) = 3.
Indeed, consider the following morphism:
o(x1) = u, p(x2) =uv, p(rs) = uve".

We denote by @ : C[x1,x2, x3] — CJu,v] the morphism induced by ¢. Given f €
Ker(®), let us write f = >,y fa(x) where the f4(x) are homogeneous polynomials
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of degree d (when they are not zero), so that:

0=0(f) = Z fa(u,vv, uve’) = Zudf(l,v,ve”)

deN deN
Therefore f4(1,v,ve¥) =0 for every d, hence fy = 0 for every d since v and ve? are
algebraically independent over C. It follows that 17 () = r*(p) = 3, while we can
easily check that r(y) = 2. In particular the map ¢ : (C2,0) — (C3,0) defined by
©*(u,v) = (u,uv,uve’) sends a neighborhood of the origin onto a subset Z of C3
that is generically a complex manifold of dimension 2, but whose analytic or formal
Zariski closure is C3.

Example 1.17 (Gabrielov’s example [Ga71]). Gabrielov extended Osgood’s exam-
ple, and provided a morphism ¢ : C{z1, x2, 3,24} — C{u, v} such that

(3) r(v) =2, 17 () =3, 14 (y) = 4.

which is built up from the observation that Osgood’s example ¢ is not well-behaved
in terms of elimination theory, that is:

(4) ¢(C{x}) ¢ 2(Clx]) N C{u},

Indeed, we follow the heuristic that, even if x5 — zoe¥2/%1 is not a power series, its
image under ¢ should be 0. Let us consider a polynomial truncation of its formal
power series:

n .
15

fn = <x3 — X9 E ﬂ,@’) :E;l S (C[xl, X9, 3;‘3], Vn € N.
i=0 1

and note that

oo

o(fn) =u" o Z %, Vn € N.
i=n+1
It follows that (n + 1)l¢(f,) is a convergent power series whose coefficients have
module less than 1. Moreover when the coefficient of u*v' in the expansion of ¢(f,)
is nonzero, we have k = n + 1. This means that the supports of p(f,) and ¢(fm)
are disjoint whenever n # m. Therefore the power series

hi= 3 (n+ 1)l (f)
neN

is convergent since each of its coefficients has module less than 1. But ¢ being
injective, the unique element whose image is h is necessarily:

§;}jal%nvn<§:m+1ﬂwﬁ>xs+ﬂwaw%

neN neN

Now, g is a divergent power series and ¢(g(x)) = h(u,v) € C{u,v}. This shows
that holds.
Finally, consider the morphism ¢ : C{z1, z2, 23, 24} — C{u, v} defined by

Y(x1) = u, Y(x2) = uv, P(as) = uve’, P(xg) = h(u,v).

By the above considerations, we see that x4 — g(x) belongs to the kernel of zz; In

-~

fact one can show that Ker(y) = (x4 — g(x)), while Ker(y)) = (0).
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Remark 1.18. Note that Gabrielov’s example illustrates a case where the comple-
tion operation does not commute with the elimination of indeterminates. Indeed,
since Ker (1) # (0), there exist kq, ..., ks € C[x,u,v] such that

(21 — w)ky + (22 — w)ky + (x5 — uve® ks + (4 — h(u,v))ic:; € C[x] ~ {0}.
This means that IC[x,u,v] N C[x] # (0) where I denotes the ideal of C{x,u,v}
generated by

1 —u, To —uv, x3 — uve’, x4 — h(u,v).
On the other hand, since Ker(¢)) = (0), we see in a similar way that I N C{x} = (0),
as claimed.

Remark 1.19 (Pathological real-analytic examples). Variations of Osgood example
have been used to provide the following list of pathological examples:

e In [Pa89], Pawlucki provides an example of a subanalytic set (given by a non
regular morphism) which is neither formally nor analytically semi-coherent.
In particular, this contradicted a result previously announced by Hironaka
[Hi86].

e In [BPI§|, Bierstone and Parusinski show the existence of a proper real-
analytic (non regular) mapping which can not be transformed into a mapping
with locally equidimensional fibers by global blowing ups (contrasting with
the complex case where the result holds true, as proved by Hironaka [Hi75]).

e In [BASB19], the first author and Bierstone show the existence of a proper
real-analytic (non-regular) mapping which can not be monomialized via
global blowing ups in the source and target.

2. RANKS AND TRANSFORMATIONS

2.1. General properties. We follow the notations introduced in §§ We start
by stating basic properties of the ranks introduced in Definition [[.3]

Proposition 2.1 (Basic properties). Let ¢ : A — B be a morphism of reduced
C-analytic algebras.
(1) We have 1(9) < () < 14(p)
(2) If r*(p) = dim(A) (resp. 17 (p) = dim(A)), ¢ is injective (resp. @ is
injective).
(3) Assume that B is an integral domain. Then

o~

17 (ip) = 1(p) == Ker (@) = Ker(p)A.
Proof. A rigorous proof of (1) is given in Lemma (1.5) [Iz89).

Now assume that 1(p) = dim(A) and A is reduced. This means that Ker (i)
is an ideal of height 0. Since A has no non trivial nilpotents, Ker(¢) = (0). The
same proof works in the same way when r”(¢) = dim(4). Indeed, by Artin
approximation Theorem, A is reduced when A is (sec e.g. [Rol8, Proposition 4.1]),
and dim(A) = dim(A) (see [Mat89, Theorem 13.9] for example). This proves (2).

For (3), let us remark that Ker(p)A C Ker($). If B is an integral domain, B is
also an integral domain by Artin approximation Theorem, therefore Ker(y) and
Ker(p) are prime ideals. By Artin approximation Theorem, Ker(tp)g is a prime

ideal of A of the same height as Ker(y). Therefore we have
Ker($) = Ker(p)A <= ht(Ker(3)) = ht(Ker(p)).
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This proves (3). O

It is straightforward that the three ranks are invariant under isomorphisms.
They are also invariant under some more general transformations, as shown in the
following proposition:

Proposition 2.2. Let ¢ : A — B be a morphism of reduced C-analytic algebras
corresponding to a morphism of germs of analytic sets @ : (Y,b) — (X, a).

(1) Assume that B is an integral domain. Let o : B — By be such that
r(o) = dim(B), and By is an integral domain. Then all of the ranks of
¢ and o o ¢ coincide, that is, 1(p) = (0 0 @), 17 (p) = 17 (0 0 ¢) and
(p) =1(0 0 ).

(2) Let 7 : Ay — A be an injective finite morphism where A; is an integral
domain, and assume that B is an integral domain. Then all of the ranks of
@ and p o T coincide.

Proof. For (1), by Proposition (1) we have that ¢ and & are injective, because
B is an integral domain. Therefore Ker(c o ) = Ker(p) and Ker(o o ) = Ker(y),
and 17 (0 0 ) = 17 (¢) and 14(0 0 ) = 14(p).

Let us denote by (Z,¢) the germ of analytic set associated to Bj. Since
r(o) = dim(B), the map o® is an analytic diffecomorphism at a generic point
in a neighborhood of ¢. It follows that r(¢) = (o o ).

Finally, for (2), assume that 7 is an injective finite morphism where A; is an
integral domain. We have Ker(p o 7) = Ker(¢) N A;. Since B is an integral domain,
Ker(y) and Ker(¢ o 7) are prime ideals. Thus, by the Going-Down theorem for
integral extensions [Mat89, Theorem 9.4ii], we have that ht(Ker(po7)) < ht(Ker(p)),
thus r4(¢) < r(p o 7). On the other hand, we have the equality r4(¢) = r(p o 7)
because ht(Ker(p o 7)) = ht(Ker(y)) by [Mat89, Theorem 9.3ii]. Now, since 7 is
finite and injective, T is also finite and injective by Corollary Moreover, we
have R R R

dim(4;) — ht(Ker7) = dim(4) = dim(A4) = dim(A4;) = dim(4;)
since finite morphisms preserve the dimension and 7 is injective. But ht(Ker(7)) =0
if and only if Ker(7) = (0) because A4; is an integral domain. Thus, 7 is injective
and 17 (po71) =17 (p).

Eventually, if we denote by (Z, ¢) the germ of analytic set defined by A;, we have
7% : (X,a) — (Z,¢) is a finite map. Therefore r(po7) =1r(p). O

We now use the above Proposition to prove the following Lemma, which implies
that Theorem [[.4] follows from Theorem [I.2

Lemma 2.3. Let ¢ : A — B be a morphism of analytic C-algebras, where B
1s an integral domain. There exists an injective analytic morphism of C-algebras
¢ : C{x} — C{u}, where x = (x1,...,Zm) and u = (uq,...,uy), such that

r(y) = 1(p), 17 () = 17 (¢) and r4(y) = 14(p).

Proof. Note that we can replace i by the morphism #&b) — B induced by %,
since the quotient by the Kernel clearly preserve all of the three ranks. Thus we may
assume that 1 is injective. By resolution of singularities there exists an injective
morphism of analytic C-algebras o : B — B’ which is a composition of quadratic
transformations and analytic isomorphisms such that B’ = C{u} is regular. Next, by
the Normalization Theorem for convergent power series (see [Na62, Theorem 45.5] or
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[dJPf00, Corollary 3.3.19]), there exists an injective finite morphism 7 : C{z} — A.
We now set ¢ := o o o7 and we conclude by Proposition O

2.2. Monomial maps. Thanks to Lemma we can now focus on the regular
case, that is, when A = C{x} and B = C{u}. Apart form the isomorphisms, the
typical morphisms between smooth spaces that we use are those of the following

form (see Lemma or Section :

i) Power substitutions:

(C{ul,...,um} — (C{ﬂl,,ﬂm}
Ul — H‘lh
Um — ugm

where a; € N*.
ii) Quadratic transformations:

(C{ul,...,um} — C{ﬂl,...,ﬂm}
Ul — ﬁlﬂg
U2 — ﬂg
U, — U,

Remark 2.4. The quadratic transformations do not correspond to blowing ups
because they are not bimeromorphic maps. They correspond to the blowing up of a
codimension 2 linear space in some affine chart followed by taking the "analytification"
at a closed point. The blowing up corresponds to the injective morphism

(C{’u,l, ey um} — C{ula e 7um}[ﬂ1]/(u1 — ﬂlu2)
and the "analytification" corresponds to the morphism
C{uq,. .., um}[ﬂl]/(ul — Uyug) — Clua, ... ,um7171}/(ul — Tqup) = Clun, ug, . um b

Let ¢ : A — B be a morphism of C-algebras, where A = C{x} and B = C{u}.
It follows from Proposition 2:2] that: composition with a power substitution or
a quadratic transformation in the target 0 : B — Bj preserves all ranks; and
composition with power substitutions in the source 7 : Ay — A preserves all ranks.
Unfortunately, quadratic transformations in the source may not preserve the ranks:

Remark 2.5 (On quadratic transformations in the source). Let us consider the
morphism ¢ : C{z,y, 2} — C{u, v} defined by p(z) = u, p(y) = v and p(z) = uve?,
and a quadratic transformation 7 : C{z1, y1, 21} — C{x,y, 2z} defined by 7(z1) = =,
7(y1) = 2y and 7(21) = z. Then we have

pot(x1) =u, pot(y1) =uv, por(z1)=wuve’.

which is Osgood’s map (see Example[1.16). Thus we have 17 (po71) =14(po7) =3
while 17 () = r4(p) = 2 (because Ker(p) and Ker($) are generated by z — xye¥)
and r(p) =r(poT) = 2.

Power substitutions and quadratic transformations are monomial morphisms. A
basic but important property of these morphisms is the following one:
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Lemma 2.6. Consider an n x n square matrizc M = (u;;) of natural numbers such
that det(M) # 0, and the monomial map 7: C[x] — C[u] defined by:
T(x;) =ut =k =1, n.

If f € C[x] is such that 7(f) € C{u}, then f € C{x}.

Proof. Consider the formal expansions

f=Y fox*and 7(f) = > fau* =" ggu’.

a€ENn a€ENn BENT

By hypothesis, there exist two constants A, B > 1 such that |gg| < ABI8! for every
B € N". Let poo = || M||ooc = max py, ;. Since det(M) # 0, we conclude that

[fal = lgy.] < ABMT < AB 1)l
for every a € N, proving that f is convergent. O

The following result shows how we can use power substitutions and quadratic
transformations in order to transform a given morphism of convergent power series
rings into a morphism with a simpler form, but without changing the ranks:

Lemma 2.7 (Preparation of ¢). Let ¢ : C{z1,...,2,} — C{uy,...,u,} be a
morphism of convergent power series rings. There is a commutative diagram

C{x} —2= C{u}

Pk
C{x} —C{u}

where

i) o is a composition of quadratic transformations, power substitutions and
isomorphisms;
ii) 7 is a composition of power substitutions and isomorphisms;
iii) Ifr(p) =1, then ¢'(z1) = w1 and ¢'(z;) =0 for j =2,...,n.
iv) If 1(p) = n = 2, then ¢'(x1) = u1 and ¢'(x2) = ufub with a > 0 and
b€ Zsg.
v) Ifr(p) > 1 and ¢ is injective, then

(5) ‘pl(x1> =us, ‘pl(mj) :utlljgj(u)7j =2,...,n
where aj € Z>o, g;(0) =0 and g;(0,us,...,u,) #0 for j =2,...,n.
In these conditions, we have 1(¢’) = 1(¢), 7 (¢') = 17 () and rA(¢’) = 14(0).

In particular, condition (¢i¢) combined with Lemma immediately implies the
following very particular case of Gabrielov’s rank Theorem:

Corollary 2.8 (Generic rank 1). Let ¢ : A — B be a morphism of reduced analytic
C-algebras. If r(p) = 1, then 17 (¢) = r4(p) = 1.

Proof of Lemma[2.7. We will prove the lemma by transforming step by step the
morphism ¢ into the morphism .

Up to a linear change of coordinates in C{u} we may assume that the initial
form of ¢(x1) evaluated at (uq,0,...,0) is equal to Cu§ for some e > 0 and C' € C*.
Let o1 : C{u} — C{u} be the quadratic transform defined by o1 (u;) = uy and
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o1(uj) = wu; for j =2,...,n. Then o1 o p(z1) = ufU(u) where U(u) € C{u} is a
unit. Let us replace ¢ by o1 o . Up to replacing x1 by ﬁxl we may assume that
U(0) = 1. Now, let V(u) € C{u} be a convergent power series whose e-th power is
equal to U(u). Let 71 : C{x} — C{x} be the finite morphism (power substitution)
given by 7 (x1) = «f, mi(z;) = z; for j =2,...,n. Replacing ¢ by ¢ o7, we may
assume that ¢(z1) = w1V (u) where V(u) is a unit. Moreover by composing ¢ with
the inverse of the isomorphism of C{u} sending u; onto u1V (u), we may assume
that p(z1) = uy.

Let ¢(z;) = ¢;(u) € C{u} the image of z; under ¢ and consider the analytic
isomorphism:

T — 21, ¢ — x; —i(21,0), j=2,...,n
If r(¢) = 1, we conclude that ¢;(u) = 0 as we wanted to prove. Let us assume,
therefore, that r(p) > 1 and ¢ is injective. We easily conclude that ¢;(u) ¢ C{uq}
for all j = 2,...,n. Furthermore, because of the change of variables, we know that
¢;(u1,0,...,0) = 0, which implies that ¢;(u) = uy’ g;(u) for some a; > 0, g;(0) =0
and g;(0,usg,...,un) # 0, proving (v).

Finally, assume that n = 2. After composing ¢ with k quadratic transformations
of the form (u1,u2) — (u1, ujus), for a sufficiently large k, we can suppose that
g2(u) = ubW(u), where b > 0 and W(0) # 0. After composing ¢ with the
isomorphism whose inverse is defined by u; — w1 and us — uQW(u)l/ b we have
the desired result.

The last statement follows from Proposition [2.2] a

3. GABRIELOV’S RANK THEOREM

3.1. Low dimensional Gabrielov’s rank Theorem. Somehow surprisingly, the
most difficult case in the proof of Gabrielov’s rank Theorem is the following:

Theorem 3.1 (Low-dimension Gabrielov I). Let ¢ : C{z1, 22,25} — C{ui,us}
be a C-analytic morphism of convergent power series. Then
i

r(p) =17 (p) =2 = r(p) =2.

Indeed, we deduce the Theorem from Theorem in the next subsection,
following the same strategy as the one originally used by Gabrielov. Later, sections
[ and [f] will be entirely dedicated to proving Theorem where we deviate from
Gabrielov’s original approach. This last part will involve a geometric setting and
the use of transcendental tools.

There exists a particular case of Theorem which admits a simple algebraic
proof, namely when the generator of Ker(p) is a quasi-ordinary polynomial, that is
when its discriminant is a monomial times a unit. This particular case turns out to
be crucial later on in the proof of Theorem [3.1] We finish this section by proving
this result:

Proposition 3.2 (Quasi-ordinary case). Let P € Clxz1,x2][y] be a reduced monic
non-constant polynomial and let Ap denote tis discriminant. Assume the following:
i) Ap =x]'x5? X unit(x) for some formal unit unit(x),

ii) there exists a morphism ¢ : C{x,y} — C{uq,us} with r(p) = 2 such that
P € Ker(9).

Then P admits a non trivial monic divisor in C{x1, x2}[y].



16 A. BELOTTO DA SILVA, O. CURMI, AND G. ROND

Proof. The proof combines the Abhyankar-Jung Theorem, recalled in §[7]at the end
of this paper, with Lemma [2.7]

By assumption, we have r(¢) = 2 and 17 (p) = 2 since P € Ker(p). Because
17 (¢) = 2, Ker(p) is a height one prime ideal, thus a principal ideal, by [Mat89,
Theorem 20.1]. Therefore any generator of Ker( p) divides P. If 14(p) = 2,
then Ker(p) is a height one prime ideal of C{x,y}, and Ker(p)C[x,y] = Ker(p).
Thus any generator f(x,y) of Ker(yp) divides P. Since P is a monic polynomial,
we must have f (0 y) # 0. Therefore, by the Weierstrass Preparation Theorem,
f(x,y) = unit x P(x,y) where P(x,y) € C{x}[y] is a monic polynomial. Thus P
divides P, and the proposition is proved in this case.

Let us now prove that r4(p) = 2. We denote by ¢;(u), @2(u) and ¢3(u) the
respective images of x1, o and y under ¢. By the Abhyankar-Jung Theorem, we
can expand P(y) as

P= ﬁ (f‘/ - é(m”ﬂxﬁ)
i=1

where d = deg, (P) and e = d!. Furthermore, by Lemma (iv) we may suppose
that ¢ (u) = u; and po(u) = uéuf with b > 0. Therefore we may extend ¢ as a
morphism ¢’ from C{z\/%, z}/° y} to C{u}’®, u3’*} by defining

)= @) = gl
By Proposition (2) we have r4(¢') = r(p). Therefore, if one of the EZ is
convergent, Ker(y') # (0), thus r(p) = r(¢’) = 2.
By the above reduction, we may assume that e = 1 by replacing ¢ by the
morphism:
rK Ul
Ty +—> u‘fug
y > pa(uf,us)
and P by P(x§,z5,y). Replacing in the original equation, we have, since P € Ker(p),
d

11 (‘F’( ) - fz(u1,u1u2)) =0.

i=1

Hence, there is an index i such that 7(&;)(uy, uub) € C{u}. Thus, by Lemma

&i(x) € C{x} and r4(p) = 2, as we wanted to prove.
(]

3.2. Reduction of Theorem to Theorem The proof of Theorem [1.4] is
done by contradiction, following closely the ideas of Gabrielov [Ga73, Theorem 4.8].
We note that we do not use in this section, at any point, a quadratic transformation
7: A1 — A in the source, c.f. Remark 2.5 We assume:

(*) There exists a morphism ¢ : A — B of analytic C-algebras, where B is an
integral domain, such that r(¢) = 17 (¢) but 7 (¢) < r4(¢).

1st Reduction. Suppose that () holds true. Then, there exists an injective
morphism ¢ : C{x} — C{u}, where x = (z1,...,2%,,) and u = (uy, ..., u,), such
that r(¢) = 17 (p) = m —1 > 1, r(p) = m and Ker(p) is a principal (nonzero)
ideal.
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Indeed, by Lemma there exists an injective morphism ¢ : C{x} — C{u},
where x = (21,...,2,,) and u = (uy,...,u,), such that r(¢) = r7(¢) > 1, but
7 (p) < (). Since 17 (p) < r(p) = m, we know that Ker($) # (0). Now,
suppose that Ker(@) is not principal or, equivalently, that its height is at least 2.
By the Normalization Theorem for formal power series, after a linear change of
coordinates, the canonical morphism

Clx]
:C ey Ty — =
T [[.’El, X (99)]] Ker((p)
is finite and injective. Therefore the ideal p := Ker(p) N Clz1,..., 2y p)4+1] is a
nonzero height one prime ideal. Since C[x1,. ..,y (,)4+1] is a unique factorization

domain, p is a principal ideal (see [Mat89, Theorem 20.1] for example).

Now, denote by ¢’ the restriction of ¢ to C{x1,...,2(,)41}. By definition
Ker(@') = p, thus 17 (¢') = 1(p) + 1 — 1 =1(p) = 17 (). Since ¢ is injective, ¢’ is
injective and (') = r(¢) + 1. Moreover, since 7 is finite, by Proposition we
have:

o) = 1) = 1(@) = 1(9).
Therefore we replace ¢ by ¢’ and we assume that r(p) = r
1 (p) = m, as we wanted to prove.

F(p) = m —1 and

2nd Reduction. Suppose that (*) holds true. Then, we claim that there exists
an injective morphism ¢ : C{x} — C{u}, where x = (z1,...,2,41) and u =
(u1,...,u,) (that is, m = n + 1), such that r(p) = 1’ (p) = n and Ker(p) is a
principal (nonzero) ideal (in particular, 1’ (p) =n < n + 1 = r4(p)).

We consider the morphism given in the 1st Reduction. Up to a linear change
of coordinates in u, we can suppose that the rank of the Jacobian matrix of ¢
evaluated in (uq,...,u.,0,...,0) is still equal to r :=r(p). Let us denote by g the
composition of ¢ with the quotient map C{u} — C{uq,...,u,}, which satisfies
(o) = r(¢). Now, by Proposition [2.1| we have:

1= m —1(¢0) > m — (o) = hi(Ker(@o) > hi(Ker(@)) = 1.

The last inequality comes from the fact that Ker(p) C Ker(@p). This shows that
ht(Ker(g)) = 1. Therefore Ker(py) = Ker(®) since both are prime ideals of height
one. We note, furthermore, that ¢g is injective. Indeed, if Ker(pg) # (0), take a
nonzero f € Ker(ypg), and note that f € Ker() by the previous equality, which
implies that f € Ker(p), a contradiction. We can assume that n =r and m = n+1,
as was required.

3rd Reduction. Suppose that (*) holds true. Then, we claim that there exists
an injective morphism ¢ : C{x} — C{u}, where x = (21,22, z3) and u = (u,us)
(that is, m = 3 and n = 2), such that r(¢) = 17 () = 2 and Ker(p) is a principal
(nonzero) ideal.

(Note that the 3rd Reduction contradicts Theorem providing the desired
contradiction, and proving Theorem [1.4])

We consider the morphism given in the 2nd Reduction. Let P be a generator of
Ker(®). After a linear change of coordinates we may assume that P is a Weierstrass
polynomial with respect to z,+1 =: y and that ©(z;) is not constant for i = 1,...,n.
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Our goal is to reduce the dimension n by restriction to hyperplanes in the coordinates
x. More precisely, we rely in two results about generic sections:

Theorem 3.3 (Abhyankar-Moh Reduction Theorem, [AMT70, pp. 31]). Let F €
C[x] be a divergent power series, and denote by A the subset of C of all constants
A € C such that F(Axg,x9,...,x,) € C{ag,...,x,} is convergent. Then A has
measure zero.

Theorem 3.4 (Formal Bertini Theorem, [Ch58]). Let k be an uncountable field,
n >3 andx = (x1,...,2,). Let P(y) € k[x][y] be irreducible. Then there is
an at most countable subset A C k, such that P(cxq + dxs,za,...,Ty,Yy) remains
irreducible in K[za, ..., x,][y] for every ¢ € k" A and every d € k transcendental
over kp. where kp . denotes the field extension of the prime field of k generated by
the coefficients of P(x,y) and ¢ (in particular kp . is a countable field).

In order to be self-contained we give a complete proof of Theorem in §§

We will say that a hyperplane xy — Y1, A\;z; = 0 is generic if A € C"~! can be
chosen outside a subset of measure zero. Note that both theorems demand a generic
hyperplane section in the variable x. Our task now is to modify the morphism
(without changing its ranks) in order to guarantee that it can be restricted to a
generic hyperplane section.

Indeed, by Lemma we may assume that r(p) > 1 and that the ¢(z;) with
j =1, ..., n satisfy the normal form given in Lemma (v). The image of ¢,
nevertheless, does not yet necessarily include generic hyperplanes in . In order
to deal with this issue we use a trick of Gabrielov (whose idea we illustrate in the
concrete example below).

Let us perform the trick. Up to composing ¢ with a quadratic transformation

up — uy and u; — wyu; for j = 2,...,n, we may suppose that a; € Z~( in the
normal forms of Lemma (v). Furthermore, up to making power substitutions
of the form z; — xj” with a; = [],,; ax for every j = 2,...,n, we can suppose

that a; = a > 0 is independent of j. Finally, we consider the power substitution
x1 — 971 All these operations preserve the ranks of the morphism by Proposition
[2:2 We therefore have obtained the following normal form:

p(z1) =uf™, olz;) =ulgi(n), j=2,...,n

where ¢;(0) = 0 and g;(0,u2,...,u,) # 0. Now, let us consider a linear function
ha(x) =21 — 2?22 Ajz; with A; € C for j = 2,...,n. Note that:

© <z1 — Z /\izi> =uf <u1 — Z )\jgj(u)> =:ugy(u).

We claim that for a generic choice of A € C"~!, the hypersurface V) := (ga(u) = 0) is
not contained in the set of critical points of the morphism 2 : (C*,0) — (C"*+1,0)
(where we recall that ¢** = ), which we denote by W.

Indeed, on the one hand, outside of a proper analytic subset I' C C*!, we
know that g»(0) = 0, gx(0,ua,...,u,) # 0 and 9,,9,(0) # 0. Therefore, by the
implicit function Theorem, the equation g)(u) = 0 admits a nonzero solution
Uy = E,\(Ug, ey un)

On the other hand, assume by contradiction that Vy C W for A € A c C*1,
where A is of positive measure. Since W is a proper analytic subset of C", W
contains only finitely many hypersurfaces. Therefore, when A runs over A, V) runs
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over finitely many hypersurfaces. We define an equivalence relation on A by A ~ A
if Vy\ = VX‘ Then A is the disjoint union of the (finitely many) equivalence classes.
Therefore, at least one of these equivalence classes is not included in an affine
hyperplane. We denote it by Ag. Then

6 3= gl = (W) —g5(W) [, =0, VA X € A,
j=2
Since Ag is not included in an affine hyperplane, we may choose A, X(l), cee A(n=1)
such that the vectors A\ — X(l), ey A— A1) are linearly independent. Therefore,
@ applied to the A — ) implies that g;(u)|v, =0, so that u;|y, = 0. In other
words, (ga(u) = 0) C (u; = 0), so that &y (ua,...,u,) =0, which is a contradiction.
Therefore, for a generic choice of A € C"~!, the induced morphism:
C Clay, ..., z,][y] Cluqy - .., un]
P S ) (i S Ay ()

is such that r(¢,) = n — 1. Finally, let us assume that n > 3. By Theorems and
the polynomial P remains irreducible and divergent in Clz1,...,z,][y]/(z1 —
Yoo Aiw;) for a generic choice of A = (A, ..., \,) € C"1. We conclude, therefore,
that 17 (1) = n — 1 and r(¥y) = n. By repeating this process, we obtain the
desired morphism with n = 2.

Example 3.5 (On Gabrielov’s trick).
(1) Consider the morphism ¢ : C{z1, 22, z3,y} — C{uy,us,us} given by

pla1) = w1, p(r2) =ufuz, @(r3) =ujuz and p(y) = f(u).
Consider a hyperplane Hy = (21 — Aaxzg — Agz3) where (A2, A3) # (0,0),
and note that o(z1 — Aaza — Azx3) = u1U(u) where U(0) # 0. It follows
that the restriction of ¢ to H) induces a morphism:

D : Cl{z1, 22, 23,9} N Clu, us, us}
(71 — A2y — Azx3) (u1)

= C{uz,us}

which is constant equal to zero, so that r(¢) = 0.

(2) (Gabrielov’s trick). In order to solve the above issue, we perform a power
substitution in the source (which preserves all ranks by Proposition .
More precisely, we consider z1 = 23, so that we now have p(x1) = ug. It
now follows that:

Qﬁ(l’l — )\21’2 — )\31’3) = u% (u1 — )\2’&2 — )\3’&3)
and the restriction of ¢ to H) induces a morphism:

- C{wy, 20,73, y} Cluy, uz,us}
Py

(CUl — )\2.’E2 — )\3%3) (U1 — )\211,2 — >\3U3)
and we can easily verify that r(¢¥y) =2 =r(p) — 1.

3.3. Proof of the Formal Bertini Theorem. Before giving the proof of the
theorem we make the following remarks:

Remark 3.6 (On the Formal Bertini Theorem).

(1) A stronger version of the above result was originally stated in [Ch58| (where
A is assumed to be finite), but we were not able to verify the proof. We
follow the same strategy as Chow to prove the above result.
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(2) Tougeron proposes an alternative proof of the Formal Bertini Theorem in
[To72, page 349] via a “Lefschetz type" Theorem. The proof is geometric
and does not adapt in a trivial way to the formal case.

(3) (Counterexample of formal Bertini for n = 2). Consider the irreducible
polynomial P(x,y) = y? — (22 + 23). For every A € C, we have that:

Pz, x,y) =92 — (1+X)2% = (y — 2V 1+ A2 (y + 2V 1+ \2)

is a reducible polynomial. Therefore, there is no Formal Bertini Theorem
for n = 2.

For ¢ € k we set

R(e) :=

k[x][=] — K[x] [m + Casg]
(zz3 — (21 + cx2)) T3 '
The ideal generated by the x; is a prime ideal of R(c), denoted by p(c), and the
completion of R(c)p(y is k(z)[z2, ..., 2x].

We begin by giving the proof of the following Proposition, given as a lemma in
[Ch58]:

Proposition 3.7. Let k be an uncountable field and n > 3. Let P(y) € k[x][y] be
an irreducible monic polynomial. Then there is a countable subset A C k such that,
for all c e k. A, P(y) is irreducible in R(c)yc[y]-

Proof. More generally, for ¢1, ..., c¢s € k, s distinct elements with s > 2, we set
R(ci,...,cs) :==Kk[x][z1,. .-, 2s]/(z123 — (1 + c122), . . ., 2523 — (1 + C522)).

The ideal generated by the z; is a prime ideal of R(cy,...,cs), denoted by p, and the

completion of R(cq,...,¢cs), is isomorphic to k(z1,. .., zs)[xs, ..., xs], where the z;

satisfy the following relations over k (for every 4, j, k, £ with ¢ # j and k # £):
Cizj — Cjz; Cpzp — CpZk . Zi — Zj Zp — Zk

(7) = ’ =

¢ —¢j Cr — Co G—¢j  Cco—ck

Therefore the completion of R(c1, ..., ¢s)p is isomorphic to k(z1, 22)[zs, ..., 4], and
z1 and z9 are algebraically independent over k (we may replace z; and z2 by any
other z;, z;). Let us fix s = 2. We have, in R(c1,c2)y:

C221 — C122 22 — 21

21T3 = T1 + C1T2, 223 = X1 + C2Z2, T1 = e ol T3, Tg = B p
2 — C1 2 —C1

Therefore, for an element f € E(cl, ¢2)p, we have f € R if and only if

(8) f= Z faz{t 25225 - a0, where o > @z or ag > ag = fo = 0]
aeNm

Let P(y) € k[x][y] be irreducible and assume that there exist an uncountable
set I and distinct elements ¢; € k, ¢ € I, such that P(y) is reducible in ]T%(c,;)p(ci)[y].
We fix two such ¢; that we denote by ¢; and ¢;. By the previous discussion, we
may assume that the R\(ci)p(ci) are all embedded in k(z1, 22)[xs,...,2,]. Since
there is only finitely many ways of splitting a monic polynomial into the product
of two monic polynomials, we may assume that we have the same factorization
P(y) = P1(y) Pa(y) in all the R(ci)p(c,) [y]-
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Let f be a coefficient of Pi(y) or Pa(y) in }A%(cl, 2)p(c;), that we write
=Y feug®-oapy

BeNn—2

where the fg € k(z1, 22). Since f € E(cl)p(cl) and
ﬁ(cl)p(cl) ~k(z1)[xa, ..., 2n] = k(21)[2223, 23, . . ., Tn]
we have that fg € k(z1)[22] for all #, and deg_,(fs) < 3 for all 3 such that fz # 0.
By symmetry, we have that fg € k[21, 23] and deg, (fg) < B3 for all § such that
fs # 0. Now let us choose one more c;, that we denote by c3. By , we have
3 —C2 C1 —C2

z9 = 21 + z3.
€3 — (1 €1 —C3

By replacing zo by 2:2 z1 + 2:2 zg in the fg, we obtain the coefficients gz of the
expansion
= Y g s
BeNn—2
as an element of k(z1, z3)[s, ..., ,]. In particular, we have that gg € k[z1, 23] and
deg, (gp) < B3 for i = 1 or 3, for all 3 such that gg # 0. For a given 3, we have

degzl (gﬂ) < degzl,zz (fﬁ)

where deg,, .. denotes the total degree in 21, 22. This inequality may be strict,
as some cancellations may occur. But, for a given [, there is a finite set Ag C k
(possibly empty) such that

C3 — C2

¢ AB = degzl (g,B) = degzl,ZQ (fﬁ)'
C3 —C1

We remark that the map H : cs € k — £2=22 is injective. Therefore the set
A= | H'(4p)
,BEN"_2

is at most countable. Since I is uncountable, we may choose c3 ¢ A. Therefore for
such a c3, we have
VB, deg,, (9p) = deg,, ., (f3)-

Now, by the previous discussion done for the fz, we also have deg, (g9s) < f3.
Therefore, for every 3, we have deg,, ., (fs) < B3. Thus, by , we see that f € R.
This argument applies to any coefficient of P;(y) or P(y). Hence, we have that
Pi(y), P2(y) € R[y]. This contradicts the assumption that P(y) is irreducible in
RJy]. O

Now we can give the proof of Theorem [3.4}

Proof of Theorem[3.]] We apply Proposition to P(y). Let ¢ ¢ A. By construc-
tion, the image of P(y) in S(c)[y] is

Pexy + 223,29, .« Tn, Y)
where S(c)[y] is identified with k(z)[z2,...,z,][y]- In fact, we have
P(CI‘Q + ZI3, T2y« - a-rrmy) € ]kP,c(Z)[[an e axnﬂ[y]

Therefore, if we replace z by any element of k that is transcendental over kp, ., we
have that P(cxe + zx3,xa,...,T,,y) is irreducible. a
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4. PROOF OF THE LOW-DIMENSIONAL GABRIELOV THEOREM

4.1. Geometrical framework. In order to prove Theorem we will use geo-
metric arguments involving transcendental tools. In particular, the article changes
pace and we use essentially geometric language instead of algebraic. We start by
fixing the notation.

Given a point a € C™, when n is clear from the context we write O, for the ring of
analytic germs O(C"),, and @a for its completion. Given an analytic germ f € O,
we denote by fu the Taylor series associated to f at the point a. In particular, the
Taylor mapping is the morphism of local rings:

T,: O, — @a

~

[ — Ja
A coordinate system centered at a is a collection of functions x = (x4, ..., z,) which
generate the maximal ideal m, of O, in which case we recall that O, is isomorphic
to C{x}. We define, similarly, coordinate systems X = (Z1,...,Z,) of O, and we

note that O, is isomorphic to C[X]. We say that a coordinate system X of O, is
convergent if there exists a coordinate system x of Q4 such that z; = T4(x;) for
t=1,...,n. Whenever X is a convergent coordinate system, we abuse notation and
we identify it with x.

Let ® : Y — X be a complex analytic map between two smooth analytic spaces.
Given b € Y and a € X where a = ®(b), we will denote by ®, the associated
analytic map germ ®p : (Y,b) — (X,a). We denote by &} : Oy — Oy the
morphism of local rings defined by

Vi€ O Py(f):=foPyp.

Then we denote by ffﬁ : @a — 613 the completion morphism of ®}. Following the
notation given in the introduction, we note that (®;)* is the localization of the
morphism ® to b, that is, (®;)* : (Y,b) — (X, a).

When ¢ : A — B is a morphism of local rings, and P € A[y| is a polynomial
with coefficients in A, P = py + p1y + - - - + pay?, we will use the following abuse of
notation:

@(P) = ¢(po) + ¢(p1)y + - + ¢(pa)y” € Blyl.
Concretely, we will use this notation with A = Oy or O, and B = Oy or Oy.

4.2. Geometrical formulation of low-dimension results. We now re-phrase
Theorem [3.1] and Proposition [3.2]in the geometrical context. Instead of a morphism
¢ : C{xy, 22, y} — C{uy,uz} such that r(p) = 2 and 17 (p) = 2, we work with a
morphism of germs ® : (C? a) — (C3, ®(a)) such that ®* = ¢, r(®*) = 2 and
17 (®*) = 2. In order to simplify the notation, we always assume that ®(a) € a x C
(which is always possible up to a translation in the target) and that there exists a
formal polynomial P € O,y] such that ®*(P) = 0, that is, Ker(®*) = (P) (which
we can always suppose by Weierstrass preparation).
We introduce the following definition:

Definition 4.1 (Convergent factor). Let P € O,[y] be a non-constant monic
polynomial. We say that P admits a convergent factor (at a) if there exists an
analytic non-constant monic polynomial ¢ € O4[y] such that Ty(q) = g, divides P.

We are ready to reformulate Theorem [3.1}
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Theorem 4.2 (Low-dimension Gabrielov IT). Let P € Oa [y] be a monic polynomial,
where a € C?. Suppose that there exists an analytic morphism ® : (C?,a) —
(C3,®(a)), generically of rank 2, such that ®(a) € {a} x C and

(/I\)*

a

(P) = 0.

Then P admits a convergent factor. In particular, if P is a formally irreducible
polynomial, then P is an analytic polynomial.

The condition ®(a) € {a} x C is only stated for convenience. In practise we can
always assume that this condition holds by a translation in the range of ®. Note
that Theorem immediately implies Theorem (3.1

It is easy to see that, in Theorem we can always suppose that the polynomial
P € O4y] is reduced. In particular, the discriminant of P (with respect to the
projection (x,y) — (x)) is a nonzero formal power series which we denote by
Ap € C[x]. As said before, in what follows, quasi-ordinary singularities (that is,
when Ap is monomial) will play an important role. We start by distinguishing two
cases of quasi-ordinary singularities:

Definition 4.3 (Monomial discriminant). Let P € Oqly] be a reduced monic
non-constant polynomial. We say that the discriminant Ap is formally monomial if
there exists a coordinate system x = (z1, z2) of Oy such that:

Ap =x% - W(x) =2 - 23? - W(x)

where W (x) € 5a is a unit. We say that the discriminant Ap is analytically
monomial if x = (x1,x2) is a coordinate system of O,.

Example 4.4 (Formally vs analytically monomial). Suppose that:

(oo}
Ap =z - IQ—ZR!'JS? .
n=1

On the one hand, there is no (formal) unit U(zy,x2) such that U(xy,z2)(z2 —
oo nl-af) is convergent. Indeed, by the unicity of the preparation given by the
Weierstrass preparation Theorem, this would imply that U and o — Y .- n!-af
are convergent power series, which is not the case. Therefore Ap is not analytically
monomial. On the other hand, after the formal change of coordinates:

o0

T = 11, 32:;102—5 nl-zf.
n=1

we conclude that Ap(X) = & - T, which is formally monomial.

We are ready to reformulate Proposition [3.2

Proposition 4.5 (Final case). Let P € O4ly] be a reduced monic polynomial, where
a € C2, whose discriminant Ap is analytically monomial. Suppose that there exists
an analytic morphism ® : (C% a) — (C3, ®(a)), generically of rank 2, such that
®(a) € {a} x C and

then P admits a convergent factor.
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Note that Proposition [3.2] immediately implies Proposition [£.5]

We remark that Proposition [£.5]is a particular case of Theorem [£.2} The proof
of Theorem [£.2] consists in reducing to the quasi-ordinary case via blowing ups in
the target of ®. As we have remarked in a blowing up does not preserve the
formal and analytic ranks of the analytic germ. We must make global arguments
over the blown-up space, as we discuss in the next section.

4.3. Blowing ups and the inductive scheme. We consider an analytic manifold
N (which is eventually assumed of dimension 2) and a simple normal crossing divisor
F over N. An admissible blowing up (for the couple (N, F')) is a blowing up:

o:(N,F) — (N, F)
whose center C is connected and has normal crossings with F', that is, at every
point a € C, there exists a coordinate system z of O, and ¢ € {1,...,n} such that
C=(x1=---=ux¢=0) and F is locally given as a finite union of hypersurfaces

(z; = 0). In particular, note that if C is a point, then the blowing up is admissible.
A sequence of admissible blowing ups is a finite sequence of morphisms:

((C2va) = (NOaa)%(NlaFl)'ﬁ""ﬁ(NmFr)

o1

and we fix the convention that o : (N, F,.) — (Np, Fp) denotes the composition of
the sequence.

The proof of Theorem demands an argument in terms of the history of the
exceptional divisors, so it is convenient to introduce notation to keep track of the
history explicitly. More precisely, consider a sequence of admissible blowing ups
(01,...,0,). Note that, for every j € {1,...,r}, the exceptional divisor F} is a
simple normal crossing divisor which can be decomposed as follows:

Fj=FYUFMu---UF?, vj=1,..r

where FJ»(O) is the strict transform of Fy, and for every k € {1,...,j}, the divisor
Fj(k) is an irreducible and connected component of F; which is uniquely defined via
the following recursive convention:

o If k=7, then F j(j ) stands for the exceptional divisor introduced by o;;

o If k£ < j, the divisor Fj(k) is the strict transform of F](k)1 by ;.

The proof of Theorem will follow from combining Proposition with the
following result, as we show in §§4.4] below:

Proposition 4.6 (Inductive scheme). Let a € C? and consider a non-constant
reduced monic polynomial P € Oq4ly]. Consider a sequence of admissible blowing ups

(C?,a) = (No,a) =<— (N1, [1) =+ =—— (N, F},)

o1
we set 0 := 01 0---00,., and we assume that:
i) Vb € 07 (a), we have that 5 (Ap) is formally monomial,
i) ke {l,...,r}, b e F) such that P, = o4 (P) has a convergent factor.
Then P admits a convergent factor.
Remark 4.7. In Example [{:4] we have illustrated that the discriminant of P is

not analytically monomial in general. In fact, even after a sequence of blowing ups,
Ap is not analytically monomial in general. Indeed, let us choose the polynomial
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P given in Example [£.4] which is formally monomial. If we consider the quadratic
transformation (x1,x2) = (21, 2122) we get

5" (Ap) =27 [ (2 —1) =) nlap™!

n>1

Therefore, 7*(Ap) is formally monomial at the point of coordinates (z1, 2z2) = (0,1)
but it is not analytically monomial at this point as shown in Example [£.4 A
straightforward induction shows that this is again the case after finitely many
blowing ups. Therefore we need to be careful when we reduce the proof of Theorem

to Propositions and (c.f. Case IT in §§4.4)).

The proof of Proposition [£.0] is given in §§4.5 below. The crucial technical point
to prove it, is the following extension result:

Proposition 4.8 (Semi-Global extension). Let a € C? and consider a non-constant
reduced monic polynomial P € Oq4ly]. Consider a sequence of admissible blowing ups

(C%a) = (No,a) <—— (N1, Fi) =—— - =<—— (N, F}.)

o1

we set 0 := 0y 0---00,., and we assume that:

i) Vb € 07 (a), 5 (Ap) is formally monomial,

ii) 36 € FY such that Py = o4 (P) has a convergent factor.
Then, there exists an open neighbourhood Ur(l) of Fr(l), and a convergent non-constant
polynomial q € OUﬁ” [y] such that, at every point ¢ € Fﬁl), the polynomial @, divides
P, :=0%(P) and either P. = q. or the quotient P./q. does not admit a convergent
factor.

In Corollary [5.19 below, we prove a more precise version of the above Proposition.
Indeed, §5|is entirely dedicated to the proof of Proposition and it includes three
Theorems which are of independent interest.

Finally, we need one more ingredient before proving Proposition [£.6] First, note
that if P € Oq4[y] is convergent, then it is clear that a convergent factor ¢ at a point
a, is also a convergent factor of P on a neighborhood of a. When P € @a [y] is
divergent, then this property still holds over “fibers", that is:

Proposition 4.9 (Convergent factor along fibers). Leta € C™ and ® : M — C™ be
an analytic map, generically of maximal rank, where M is smooth. Let P € @u [y] be
a mon-constant monic polynomial and suppose that there exists b € ®~1(a) such that
Py = O} (P) admits a convergent factor g at b. Then, there exists a neighbourhood
U of b such that, for every point ¢ € U N®1(a), the polynomial q is a convergent
factor of P..

We prove Proposition [£.9]in §§ [£.6] below.

4.4. Proof of Gabrielov’s low dimension Theorem (Reduction of Theorem
to Proposition . The discriminant Ap is a formal curve in (C?,a), so
it admits a resolution of singularities via blowing ups of points which are always
convergent centres. In other words, there exists a sequence of (analytic) point
blowing ups:

(C?,a) = (No,a) <5 (N1, F1) =—— - =—5— (N, F)
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such that for every b € 0~ (a) (here o := 01 0---00y), the pulled-back discriminant
o4 (Ap) is formally monomial (but not necessarily analytically monomial). Note
that any further sequence of point blowing ups preserve this property, and we may
compose this sequence with further blowing ups of points if necessary. Now, let
2 _ .
((C ,ﬂ)XC—(MO,aXC)m(Ml,El)m m(MS,ES)
be the associated sequence of admissible blowing ups over C3. We can now show
that there exists a sequence of point blowing ups in the source of the morphism &:

(C?,a) = (Lo, a) 5 Ly D1) <= <~ (Ls, Ds)
where \; denotes a finite sequence of blowing ups, including length zero (so, the

identity); and mappings ®; : (L;, D;) — (M;, E;) for i = 1,...,s, such that the
following diagram commutes:

L L L, 1<~———1L
0 Y 1 o o1 s—1 . s
l‘bo i‘lh l@s1 \Lés
My My Mg 1 <—— M,
o1 xId oo x1d os—1xId osx1d

where @y = ®. Indeed, this result follows from usual resolution of indeterminacy of
maps: let Zy be the reduced ideal sheaf whose support is the first center of blowing
up Cp in My, and consider its pullback Jy = ®§(Zy). Let Ay : L1 — Lo denote the
sequence of point blowing ups that principalizes Jy; we conclude by the universal
property of blowing ups the existence of the morphism ®; : Ly — M. It is enough
to repeat this argument for the entire sequence.

Now, since ® is generically of maximal rank and the \; are sequences of point
blowing ups, we conclude that ®; is generically of maximal rank. We denote by A
the composition of the A;. Let ¢ € A~1(a) and denote by ®4(c) = (b,b) its image.
Note that: R ~ L

B2 (Py) = B1, 054(P) = AL 0 By o(P)
by hypothesis.

We now consider the two following cases:

Case I: Suppose that Ap, is analytically monomial. In this case we do not need
to make any other subsequent blowing ups (and r = s when we apply Proposition
. Indeed, all hypothesis of Proposition are satisfied, so we conclude that Py
admits a convergent factor. This implies that all hypothesis of Proposition [£.6] are
satisfied, so we conclude that P admits a convergent factor, as we wanted to prove.

Case II: Suppose that Ap, is not analytically monomial, but only formally monomial.
In this case, we make further blowing ups in order to reduce to Case I (and r > s
when we apply Proposition .

Let X C L be the analytic subset of Ly where @, is not of maximal rank (note
that this set is the support of the ideal generated by the determinant of the two-
by-two minors of the Jacobian of ®,). Since ¥ is an analytic curve, there exists an
analytic curve 7 : (C,0) — (Ls, ¢) which intersects X U ®~1(E;) only at ¢. We set
II: My — N, the canonical projection. Then, taking v = Il o ®, 0 5, we obtain
an analytic curve on (Ng, b) which intersects the exceptional divisor Fy only at b.
We claim that v and (Ap, = 0) can not have flat contact. Indeed, if they had flat
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FIiGURE 1. Proof of Theorem case II.

contact, then (Ap, = 0) would have a convergent factor h that is coprime with u
where Fy = (u = 0). Thus Ap, = h%® x unit and (Ap, = 0) would be convergent
which contradicts the assumption. This implies that by a sequence of point blowing
ups we can separate the strict transform of v and (Ap, = 0). We are now in Case I
when we center at the point b’ given by the strict transform of . Indeed, at b’, the
germ defined by Ap,, is equal to the germ defined by one irreducible component of
the exceptional divisor.

4.5. The induction Scheme (Reduction of Proposition to Proposition
and . The proof of Proposition follows by induction on the lexico-
graphical order of (r,k). Note that the first step of the induction, that is when
r =k =0, is tautological. We now fix (r, k) and we assume that the Proposition is
true whenever (1, k') < (r, k). We divide the proof in two parts, depending if k =1
or k> 1:

Case I: £k =1. By Proposition there exists an open neighbourhood Ur(l) of Fr(l),

and a convergent polynomial ¢ € O, 1)[y] such that, at every point ¢ € Fr(l)7 the

ufv
polynomial g, divides P, = ¢7(P) and, furthermore, either P, = g, or the quotient
P./q. does not admit a convergent factor. Note that, since F,. is connected and Ur(l)

is open, by Proposition at each connected component of Fj. \ Fr(l)7 there exists
a point in this component, say ¢;, where o (P) admits a convergent factor.

We now consider the geometrical picture after only the first blowing up o1, which
has exceptional divisor F; = Fl(l). Let {ay,...,a;} be all the points in F} which are
centres of subsequent blowing ups. Note that o9 0--- 00, : (N, F.) — (N, Fy) is
an isomorphism at every point of F} \ {ai,...,q}. There exists, therefore, an open
neighbourhood V; of Fy \ {ai,..., 0}, and an analytic polynomial p € Oy, [y] such
that:

op0---003(p) =4
Now, let us denote by P; := (81):j (P) for j = 1,...,1, which is a non-constant monic
polynomial in @uj [y]. We consider the sequence of blowing ups o(s) := 02 0---00,.
Note that the pull-back of the discriminant Ap, is everywhere formally monomial,
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FIGURE 2. Proof of Proposition case L

since it coincides with the pull-back of Ap by the entire sequence o. Furthermore,
since P admits a convergent factor at a point in every connected component of
F. \Fygl), we conclude that P; admits a convergent factor (at some point, say ¢;) after
its composition with o(y). It follows that P; satisfies all conditions of Proposition
with (r’, k") such that 7" < r — 1. By induction, P; admits a convergent factor
of maximal degree p;, defined in a neighborhood W; of a;. Furthermore, the degree
of p; must be the same as the degree of p, since they coincide after pull-back by
0(2) at a point of F;. \ Fr(l), by the inductive assumption.

Finally, since p; is convergent in a neighborhood W, there exists a point b; €
W; N Fl(l) where p; and p are well-defined. Since these polynomials are convergent,
have the same degree, and p is the convergent factor of maximal degree of 5 (P),
we conclude that p = p; at b;. It follows that p extends in a neighbourhood
U=V Ué-:l W; of Fy, and it formally divides o7 (P) everywhere in F;. We claim
that p = o7 (p) for some p € Oq4[y]. Indeed, we can define the coefficients of p
on an open punctured disc of C? centered at the origin by p = o} (p), since oy is
biholomorphic outside the origin. Then we conclude with the Riemann extension
theorem (see e.g. [dJPf00, Theorem 4.1.24]). Since p formally divides o5 (P), we
have that p formally divides P, as we wanted to prove.

Case II: k£ > 1. Let a;_1 denote the center of the blowing up oy, and consider:

o —

Pk—l = (0'1 O--- oak—l)*ak_l(P)’

and note that P;_; is a non-constant monic polynomial which belongs to (5%71 [y].
We consider the sequence of blowing ups o) := o) 0---00,.. Note that the pull-back
of the discriminant Ap, , is everywhere formally monomial, since it coincides with
the pull-back of Ap by the entire sequence o. Furthermore, since P admits a
convergent factor over the exceptional divisor created by the blowing up oy, we
conclude that Py admits a convergent factor after its composition with o) at some
point ¢ € Fr(k). It follows that Pj satisfies all hypothesis of Proposition with
(r', k') such that " < 7 — k < r — 1. By induction, we conclude that Py_; admits
a convergent factor py_1 € Oq,_, [y], defined in some neighborhood Wj,_1 of a;_1.
Therefore, by Proposition there exists a point b € F,ij_)p for some j < k — 1,
where o (P) admits a convergent factor. We conclude by induction.
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FIGURE 3. Proof of Proposition case II.

4.6. Convergence of factors along fibers (Proof of Proposition |[4.9). The
proof is divided in two steps, depending on the nature of ®~*(a):

Step I: Suppose that ®~!(a) = F is a SNC divisor. Let (v,w) = (v, wa,...,w,) be
a coordinate system centered at b such that (v =0) C E. We can write:

x; =vY0;(v,w), i=1,...,n

where ¥ = (Uy,...,¥,) is an analytic morphism defined in some open neighborhood
U of b, and ¥;(0,w) # 0 for all i = 1,...,n. Without loss of generality, we can
suppose that there exists a disc D C C such that U = D™ and that the coefficients
of the polynomial ¢ are convergent over U. Next, we set o = (aq,...,q,), and
let A € @u be a fixed function. We consider the expansion of A in terms of
a-homogeneous polynomials:

A= Z A;(x) where A;(x) is an homogenous polynomial of degree i
i=0

This implies that:

(o) o0 oo (o) o
Dy (A) = Zvlz/)(Ai) = Zvi Zvjaij(w) = ka Z a;j(w) = kabk(w)

i=0 i=0  j=0 k=0  i+j=k k=0
where, since A; are polynomials and W is convergent in U = D", we conclude that
a;;(w) are analytic functions defined on D"~!'. Moreover, since for every k, the
function by (w) is a finite sum of functions a,;(w), we conclude that by(w) are
also analytic functions defined over D"~!. Denoting by Op~-1 the ring of analytic
functions defined over D"~ we conclude that by (w) € Opn-1 for every k € N, so
that ®%(A) € Opn-1[v]. Since the choice of A € Oy was arbitrary, we conclude
that P, € Opn-1[v][y]. In particular, for every ¢ € (v = 0) N D™, we get that
P. = Py as elements of Opn-1[v][y]. Furthermore, the factor ¢ also belongs to
Opn-1[v][y], and it follows from the Euclidean division that P, = ¢ - Q + R, where
R € Opn-1]v][y] has an identically zero formal expansion at b. Since the ring
Opn-1 is of convergent series, this implies that R = 0. It follows that ¢ divides P,
at every point ¢ € (v = 0) N U. We conclude the Proposition by remarking that £
is a SNC divisor and the choice of the hypersurface (v = 0) C E was arbitrary.
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Step II: Let ¥ := ®~1(a); since the morphism ® is generically of maximal rank,
we conclude that ¥ is a proper analytic subvariety of M. Consider a resolution
of singularities of X, that is, an analytic morphism o : (M’,E') — (M,X) of
maximal rank such that o=1(X) = E’ is a SNC divisor. From Step I, at every point
b’ € 071(b), there exists a neighbourhood Uy where oy (q) is a convergent factor of
Py:. Since ¥ is an analytic subvariety of M, there exists an open neighbourhood U
of b where U N X is connected. Since ¢ is proper, furthermore, up to shrinking U
we can suppose that

(9) Uﬁl(U)C U Up.
b)

b'eo—1(

Now given a point ¢ € X N U, suppose by contradiction that g is not a factor of
P,, that is, the formal division P, = ¢, - Q + R has a nonzero remainder R € @c [y].
It follows that, at every point ¢ € o~ 1(c) we have that o/ (R) := R # 0, which
implies that q.» does not divide P.. But ¢/ € ENo~1(U), leading to a contradiction
with @ It follows that ¢ formally divides P, at every point ¢ € XNU, as we wanted
to prove.

5. SEMI-GLOBAL EXTENSION OF CONVERGENT FACTORS

5.1. Semi-global extension overview (Proof of Proposition [4.8]). This sub-
section contains the full strategy to prove Proposition [£.8] In order to motivate each
object, we leave the proofs and development of the necessary supporting techniques,
namely Theorems [5.8] [5.16] [5.18 and Proposition [5.13] to subsections [5.2] 5.3} [(.4]
and 5.5

We start by providing the adequate algebraic setting for the discussion. More
precisely, following Tougeron [T090], we build up a subring of the algebraic closure
of C(x) (See Definition [5.5] and Theorem which captures geometrical properties
necessary to address Proposition Our presentation is at first general (that is,
n € N), and we specialize it to the case n = 2 when it becomes convenient for the
presentation.

5.1.1. Preliminaries on valuation rings. We consider the ring of power series C[x]
where x = (z1,...,x,) and we denote by C((x)) its field of fractions. We denote by
v the (x)-adic valuation on C[x]. The valuation v extends to C((x)) by defining
v(f/g9) =v(f) —v(g) for every f, g € C[x], g # 0. We consider the valuation ring
V,, associated to it, that is

Vo i={f/g1f,9€Clx], v(f) 2v(g)} = {F € C(%) [ »(F) = 0}.

We denote by ‘7y its completion. Classically elements of ‘A/,, can be represented as
formal series A = )7, .y Ax where the Ay are in V,, and, if Ay # 0, v(Ax) = k.
For B € V,, we have B = f/g where f, g € C[x]. We expand f = >, fi,
g= Zk> %, 9k where the fy and gj are homogeneous polynomials of degree k and
fr1,> g, # 0. Therefore we have

—1
_Jm S 9k
B_gk2 <1+ Z fk1> <1+ Z gk2>

k>k1 k>ko
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Therefore the elements A € V,, are of the form:

e ak(x)
A= Z br(x)’

keN

where aj, and by, are homogeneous polynomials such that deg(ay) — deg(by) = k.

Definition 5.1 (Weighted-homogenous polynomial). Let zq, ..., 2, be indetermi-
nates, and let wy, ..., w, € Qx9. We say that a polynomial I'(x,z) € C[x, z] is
(w1, ...,wy)-weighted homogeneous if T'(x, 27, ..., 247) is homogeneous.

Definition 5.2 (Homogeneous elements). A homogeneous element «y is an element
of an algebraic closure of C(x), satisfying a relation of the form I'(x,7) = 0 for
some w-weighted homogeneous polynomial I'(x, z), where w € Qx¢. Furthermore,
if T'(x, z) is monic in z, we say that v is an integral homogeneous element. In this
case, w is called the degree of . This degree is well-defined. Indeed, the minimal
polynomial of «y is w-weighted as a factor of an w-weighted homogeneous polynomial,
and conversely any polynomial which is weighted homogeneous and a multiple of a
w-weighted homogeneous polynomial is w-weighted homogeneous.

Remark 5.3. In order to give a general overview of the strategy of the proof
we postpone the presentation of the main properties of homogeneous elements (cf.

Lemma Corollary and Lemma [5.23)).

Given an integral homogeneous element «y of degree w, there exists an extension
of the valuation v, still denoted by v, to the field C(x)[y], defined by

d—1
v <Z ak(x)’yk> = min{v(ay) + kw}.
k=0

where d is the degree of the field extension C(x) — C(x)[y]. In particular, the
above property justifies our use of the valuation v (instead of naively using the
notion of order, which would not extend to integral homogeneous elements).
More generally, given homogeneous elements v = (71, ..., 7) of degrees w = (w1,
, wy), there exists an extension of the valuation v, still denoted by v, to the field
C(x)[v], defined by

v Z ax(x)7* | = min{v(ax) + kiw + - - + kyw,}
N

where the indices k; run over {0,...,d; — 1}, where d; is the degree of the field
extension

CE)Ms -1 7i-1] — CE) s -3
We denote by V, , the valuation ring of v defined on C((x))[y]. We note that V,, ~
is a local ring, and we denote by 17,,,7 its completion. We remark that the image
of V,, 4 or of ‘A/W, under the valuation v is the subgroup I', 4 of Q generated by 1,
w1, ..., wy. This group being a finitely generated Z-module, it is a discrete group,
therefore V, , and \A/l,ﬁ are discrete valuation rings.
Note that all elements of IA/M are written as finite sums:

Z ax(x)¥%,  where ax(x) € Frac(‘A/l,) and v(ay(x)¥*¥) > 0.
K yeeshir
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Definition 5.4 (Initial term). For a nonzero element £ € IA/W,, we can write

&= Z &:,  where &, € C((x))[v] are v~-homogenous terms of degree k
kEQggﬁl—‘u,v

The initial term of &, denoted by in, (£), is defined as &, where
ko = min{k € QxonTly 4 | & # 0,
which is well-defined because I', 4 is a finitely generated subgroup of Q.

5.1.2. Projective rings and a Newton-Puiseuz-FEisenstein Theorem. We are now
ready to define the rings of functions which we are interested in:

Definition 5.5 (Projective rings). Let h be a homogeneous polynomial. We
denote by P, ((x)) the subring of Frac(V,) characterized by the following property:

A € Pp((x)) if there exists ko € Z, o, § € N and aj(x) homogeneous polynomials
for k > ko so that:

A= Z haw, where v(ag) — (ak + B)v(h) =k, Vk > ko
k>ko
We denote by P,[x] the subring of P, ((x)) of elements A whose initial term kg
belongs to Z>o. When ~ is an integral homogeneous element, we denote by Pp,[x, 7]
the subring of V,, -, whose elements & are of the form:

§= Ap(x)y*,  where Aj, € Py((x)) and v(Ax(x)7*) 20, k=0,...,d—1.

Remark 5.6. Let us remark that the family (P, [x])s is a directed set, since, for
two homogeneous polynomials h; and ho, we have

]P)hi HX]] C ]P)hth [X]] fori=1,2.

Remark 5.7 (Geometrical properties of projective rings).

(1) (Invariance by linear coordinate changes). Let h be a homogenous polyno-
mial, v be an homogenous integral element and @ : (C™,0) — (C™,0) be a
linear coordinate change. Note that h:=ho® is an homogenous polynomial
and that P,[x] (respectively Pp((x)) and Px[x,7]) is isomorphic to P+[x]
(respectively Pr((x)) and P+[x,~]).

(2) (Blowing ups) We specialize to the case n = 2. Let o : (N, F) = (N,., F}.) —
(C2,0) be a sequence of point blowing ups and let b € FY be a point. We
can find two different normal forms, depending on the nature of b:

(a) Suppose that b does not belong to the intersection of two exceptional
divisors. Then, up to a linear change of coordinates in z, there exists a
system of local coordinates (v, w) centered at b such that:

r1 =0, To9 = VW
and, if A € P,[x], we obtain:
ar(1,w) ok,

h(1,w) 0"“‘5
k>0

Ab =0
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so that &} : P,[x] — C(w)[v] is a well-defined morphism. In par-
ticular, if b does not belong to the strict transform of (h = 0) (so
h(1,0) # 0) then A, € Oy and oy Prx]ly] — Oy is well-defined.

(b) Suppose that b belongs to the intersection of two components of the
exceptional divisor. Then, up to a linear change of coordinates in x,
there exists local coordinate system (v, w) centered at b and ¢ € Z~q
such that:

1 = ow®, x9 = vwtt,

and, if A € P,[x], we obtain:

ar (1, w)

h(1,w) O‘k+5
k>0

Ap = (wev)k.

Our interest in these rings is justified by the following version of the Newton-
Puiseux-Eisenstein Theorem, proved in subsection

Theorem 5.8 (Newton-Puiseux-Eisenstein). Let P(x,y) € C[x][y] be a monic
polynomial. There exists an integral homogeneous element v, and a homogeneous
polynomial h(x), such that P(x,y) factors as a product of degree 1 monic polynomials
in y with coefficients in Ppx,~].

The following result is an easy, but convenient, reformulation of Theorem

Corollary 5.9 (Newton-Puiseux-Eisenstein factorization). Let P € C[x][y] be a
monic polynomial. Then, there is a homogenous polynomsial h and integral homoge-
nous elements ; ;, such that P can be written as
s Ti
(10) Pxy)=[]Qi and Qi=]](-&x 7))
i=1 j=1
where

(i) the Q; € Pu[x][y] are irreducible in V,[y],
(ii) for every i, there are A; (x) € Pp((x)), for 0 < k < k; such that

X lyz,j ZAZ k 71,]

(ili) for every i, the v, ; are distinct conjugates of an homogeneous element ~;,
that is, Toots of its minimal polynomial T'; over C(x).

Proof. The first equality is a direct consequence of Theorem[5.8] Fix @ an irreducible
factor of P in Pp[x][y] and let Frac(P,[x]) < K be a normal field extension
containing all the roots of Q. Because @ is irreducible, for every j, there is
7; € Aut (K/ Frac(Py[x])) such that 7;(&) = §;. Now, seeing &; as an element of
Frac(PP,[x])[v], this gives 7;(&1(x,7)) = & (%, 75(7)). But since C(x) C Frac(Pp[x]),
7j(7y) is also a root of the minimal polynomial of v over C(x). O

5.1.3. Projective Convergent rings. In order to prove Proposition we will show
that if P admits a convergent factor after a sequence of blowing ups, then a certain
number of the polynomials Q; in equation are “convergent”. We start by making
the latter notion precise, that is, we introduce a subring P,{x} of P,[x] which
formalizes the notion of convergence in P, [x]. More precisely:
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Definition 5.10 (Projective convergent rings). Let h be a homogeneous polynomial.
We denote by Pp,{x}, the subring of Pj[x] characterized by elements A € P, [x]
such that

(11) Y an(x) € C{x}, where A=Y Zj,gf;

k>0 k>0

Note that it is not clear that P, {x} is well-defined, since the characterization of
its elements seems to depend on the choice of the representation of A € Pp,[x] in
power series, which is not unique. Proposition [5.13] whose proof we postpone to
subsection addresses this point and shows that P, {x} is well-defined.

Remark 5.11. We recall that a power series f = > _yn foX®, is convergent, if
and only if there exists A, B > 0 such that the following inequalities hold:

Vo e N*,  |fal <A- Bl

f=)Y " frx)

keN

Moreover, if we expand f as

where f;(x) are homogeneous polynomials of degree k, then f € C{x} if, and only
if, there exists a compact neighbourhood K of the origin and constants A, B > 0
such that:

sup | fr(z)| < AB¥ vk e N.
zc K

Definition 5.12. For f analytic on some compact set K C C", we set
[flx := sup | f(z)].
zeK

Proposition 5.13 (Independence of the representative). Let hy, ho be homo-

geneous polynomials and consider elements Ay = 37, ha(jl”;i’;)l € Py, [x] and
1

Az = 30 f;;z'k% € Pp,[x] such that Ay = As when they are considered as

elements of V,,. Then > k>0 01,k(x) € C{x} if and only if 374 azk(x) € C{x}. In
particular:

Pp{x} N C[x] = C{x}.

The algebraic definition of P, {x} captures a crucial geometrical property for this
work, namely the “generic” convergence of elements of A € P,{x} after a point
blowing up. More precisely:

Lemma 5.14 (Geometrical characterization of Pr{x}). Let A € P),[x] and consider
a sequence of point blowing ups o : (N, F) — (C™,0). Let b be a point of FY
which is not on the strict transform of (h = 0), nor on any other component of F.
Then A € Pr{x}, if and only if Ay := 0 (A) is a convergent power series.

Proof. We start by noting that the definition of Py, {x} is invariant by linear changes

of coordinates in x, c.f. Remark (1) Therefore, since b is only on Fr(l), as in
Remark 2.a), there exists a system of local coordinates (v, ws, ..., w,) centered
at b such that:

r1=v, x;=vw; fori>1.
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and, if A € P,[x], we obtain:

Ap ==

In particular, as b does not belong to the strict transform of (h = 0), Ay € Op.

Assume that A € P,{x} as in (TI). The degree of aj(x) is linear in k, say ak + b
with a, b € N. Since Y ax(x) € C{x}, there exists a compact neighbourhood K of
b and a constant C' > 0 such that |lay(1,w)|x < C*. Since b is not on the strict
transform of (h = 0), h(1,w) # 0, and, up to shrinking K, we can suppose that

inf(, wyek [[R(1, W)| = ho > 0, yielding:
L)
< - -—
Kk hg \h§

ar(1,w)
h(1, w)ek+h
and we easily conclude that Ay is a convergent power series.
Next, suppose that Ay is convergent and let us prove that the formal power series
G:= Ek>k ax(x) € C[x] is convergent. Indeed, we note that:

Zak (1,w)2" = hP(1,w) - Ag(h*(1,w) - 2z, w) € C{z, w}.
k>0

Now, by definition, the degree of the polynomials ax(x) is an affine function in
k, say ak + b where a, b € N. It therefore follows that 77 (G) = z° - B(z2%, w) is
a convergent power series. It now follows from Lemma that G is convergent,
finishing the proof. t

5.1.4. Formal extensions. We now turn our attention to the study of the behaviour
after blowing up of A € P, {x} at a point b in the strict transform of (h = 0). We
start by studying it formally:

Definition 5.15 (Formal extension). Let A € P,[x] and consider a sequence of
point blowing ups o : (N, F) — (C™,0). Given a point b € ngl), we say that A
extends formally at b if the composition Ay := o} (A) belongs to Oyp. Moreover, we
say that A extends analytically at b if A, belongs to Oy.

Given A € P, [x], we know by Lemma that A extends to every point b € FY
which does not belong to the strict transform of (h = 0) or to the intersection of
two divisors. But, under the hypothesis of Proposition [£.8] the results hold true

over every point b € Fr(l)7 that is:

Theorem 5.16 (Semi-global formal extension). Let P(x,y) € C[x][y] be a monic
reduced polynomial, and let P =[] _, Q; be the factorization of P as a product of
irreducible monic polynomials of P, [x][y] given by Theorem[5.8 Suppose that n = 2
and let o : (N, F) — (C?,0) be a sequence of point blowing ups so that, at every

point b € F,El), the pulled-back discriminant 6} (Ap) is formally monomial. Then,

for every point b € Fﬁl), the polynomials Q; extend formally at b to a polynomial
which we denote by 7;(Q;). Furthermore, the extension is compatible with the
factorization of P, that is [[;_, 03(Q:) = o5(P).

The proof of Theorem is postponed to Section
The formal extension property can be combined with analytic continuation type
arguments in order to obtain:
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Lemma 5.17 (Analytic continuation of formal extensions). Let A € Pp{x} and
o:(N,F) — (C2,0) be a sequence of point blowing ups. Suppose that A formally

extends at b € Fr(l). Then A extends analytically at b.

Proof. The result easily follows from Lemma [5.14 whenever b is not in the strict
transform of (h = 0) or in the intersection of more than one exceptional divisor. In
the general case, using the normal forms of Remark (2), we can suppose that
there exists a coordinate system (v, w) centered at b and ¢ € Zx¢ such that:

x1=v-w’, x9=uv- wtl

It follows from the hypothesis that there exist power series by (w) for k > ko such

that (0
ak w k
Ap = vtuf (L, w)ak+s =D v bew) = B, w)
k>ko k>ko
that is, by - h(1,w)** % = w . q;,(1,w). We claim that B is a convergent power
series. Indeed, let us denote by h(1,w) = w¥u(w), where u(0) # 0, and consider a
closed ball B(b,r) of radius r such that 1 > r > 0 where inf,,ep () [u(w)| > C for
some positive C'.
For every power series b(w), by the maximum principle, we have

1 1
16(w) | Bo,r) = [b(2)] = ﬁlb(Z)Zdl < ﬁllb(w)wdllB(b,r)

for some z € C, |z| = 7.
Therefore, for every power series b(w), we get that:

1B 5o,y < 116~ ullBomllu™ B < d||b AL w) o, llu™ 5o,

< Wllb “h(1,w) | Beo,r

We apply this inequality ak + 3 times and we combine it with Remark [5.11} there
is a constant D > 0 such that [lag(1,w)||p(s,») < D* for every k. This shows that

bkl B(o,ry < (CrH)~@FFADF vk > 0.
O

5.1.5. Local-to-Semi-global convergence of factors. As a consequence of the previous
discussion, if P € C[x][y] is a monic polynomial and Q € P, {x}[y] is a factor of P
then, under the conditions of Proposition Qo = 0(Q) is a convergent factor of

Py := 0} (P) at every point b € FY. Tt remains to show that there exists such a
factor (). This is the subject of the next result:

Theorem 5.18 (Local-to-Semi-global convergence of factors). Let P € C[x][y] be
a monic reduced polynomial, and h be a homogeneous polynomial as in Theorem[5.8
Suppose that n = 2 and let o : (N, F) — (C2,0) be a sequence of point blowing

ups. Suppose that at every point b € FT(»1

) the pulled-back discriminant o (Ap) is
formally monomial. Suppose that there exists a point b € FY such that Py =0} (P)
admits a convergent factor. Then P admits a non-constant factor Q € Pp{x}[y]
such that either P/Q is constant, or 6;(P/Q) admits no convergent factor at every

point b € F,(l).

The proof of Theorem [5.18]is postponed to Section [5.5}
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5.1.6. Proof of Proposition[].8 We have now collected all necessary ingredients in
order to prove the following result, which immediately yields Proposition [£.8}

Corollary 5.19 (Semi-global extension of convergent factors). Let P(x,y) € C[x][y]
be a monic reduced polynomial, and let P = H,le Q; be the factorization of P as
a product of irreducible monic polynomials of Py [x][y] given in Theorem . Let
o:(N,F)— (C?,0) be a sequence of point blowing ups, and suppose that:

(i) At every point b € FY | the pulled-back discriminant ou(Ap) is formally

monomial.

(ii) There exists by € FY where Py, =0y (P) admits a convergent factor.
Then, up to re-indexing the polynomials Q;, there exists an index t > 1, a neigh-
bourhood UT(l) of F,(-l) and analytic polynomials q; € O ) [y] for 5 =1,...,t such

that, for every point b € Fr(l), we have that
Ty (q;) = 05(Q;)-

Finally, denote by q = H§=1Q~i' Then, at every point b € Fr(l), the quotient
polynomial Py /Ty (q) is either constant, or does not admit a convergent factor.

Proof. Consider the factorization given by Corollary
P(Xa y) = HQi(va)v where Qi(xv y) € Ph[[x]] [y]7 i= 1a -y S
i=1

From Theorem we know that @); extends formally to every point b of Fﬁl) for
every i = 1,...,s. It follows from Theorem [5.18] that there exists ¢ < s such that
Q; € Pp{x}y] for every 1 < i < t. Now, by Lemma Q; extends analytically at
every point b € Fr(l) for every ¢ < t. This implies that there exists a polynomial g;
defined in a neighbourhood Ut of FY which formally coincides with ¢ (Q;) at
every point b € Fﬁl). Finally, it is immediate from the above construction that ¢ is
constant along Fﬁl), which implies that P/ szl Q; admits no further convergent
factors, finishing the proof. O

5.2. Newton-Puiseux-Eisenstein Theorem. The proof of Theorem is done
via an induction argument in terms of the degree of P. Note that the case of
deg(P) = 1 is trivial (with A = 1 and v = 1), while degree(P) = 2 still admits an
elementary proof:

Remark 5.20 (Elementary proof when deg(P) = 2). If deg(P) = 2, then we can
write P(x,y) = Py(x) + P1(x)y + y* and obtain an explicit formula for their roots.
More precisely, the discriminant Ap € C[x], and can be written as:

Ap:i= > dr(x)
k>ko

where 0, = in(Ap) and Jx(x) are homogeneous elements for every k > ko. It
follows that the roots of P(x,y) = 0 are given by:

_ bk VAP P Ok (%)
R T e T
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and we can easily verify that {1 € Ph[x,7], where h := in(Ap) = i, (x) and

= \/in(Ap) = \/6k0(x).
In general, it is not possible to choose h = in(Ap) as claimed (but not proved )
in [To90].

As we will see, a proof by induction on the degree of P demands manipulations
of several integral elements at the same time. We start by a couple of useful results
about homogeneous elements:

Lemma 5.21 (Degree compatibility under extensions). Let P(x,z1,...,25+1) €
Clx,21,--,2k4+1]) be a (w1,...,wky1)-weighted homogeneous polynomial. Let ~; be
homogeneous elements of degree w;, for i <k, such that

degzk+1 (P(X7 Y155 Vks Zk)-‘rl)) > L

Then any element yi+1 of an algebraic closure of C(x) such that

P71 Yk Ye+1) = 0
is a homogeneous element of degree wyy1.

Proof. The proof is made by induction on k. For k = 0, the result follows directly
from the definition. Let now k > 1, and assume that the result is proved for & — 1.
Let Py(x,zx) be a nonzero irreducible wy-weighted homogeneous polynomial such
that Py(x,v,) = 0. We set

P(x,21,...,26—1, 2k+1) ‘= Res,, (Pr(x, 21), P(X, 21, .- ., 2k+1))
where Res,, denotes the resultant of two polynomials seen as polynomials in the
indeterminate zx. Then P(x,z21,...,2k—1,2k+1) 1S & (W1, ..., Wk—1,Wk+1)-weighted
homogeneous polynomial, and we have P(x,71,...,7k—1,7+1) = 0. Because
Py(x, zx) is irreducible, ged(Py(x%, 2zx), P(X, Y1, .-+ Yk—1, 2k, 2k+1)) is either 1 or
Pr(x, z1), but
degzk+1 (P(X’ Y155 Vks Zk-‘rl)) 2 17

thus Py (x, z;) does not divide P(x,71,...,Vk—1, 2k, 2k+1), implying that Py (x, zx)
and P(X,71,. ., Vk—1, 2k, 2k+1) are coprime and P(X,71,...,Vk—1, Zk+1) IS nonzero.
We conclude by induction. O

Corollary 5.22 (Compatibility between homogenous elements). If v; and vo are
homogeneous elements, respectively of degrees wy and ws, then

i) for every q € Qso, 7} is homogeneous of degree qun,
ii) y1v2 is homogeneous of degree wy + wa,
iii) if w1 = wa, 71 + Y2 is homogeneous of degree wy.

Proof. Fori =1 and 2, let us denote by P;(x, z;) a nonzero w;-weighted homogeneous
polynomial with P;(x,v;) = 0. In order to prove the corollary, we apply Lemma
to P(x,21,22) = 2§ — 28 if ¢ = a/b in case i), P(x, 21, 29,23) = 23 — 2122 in
case ii), and P(x, 21, 22, 23) = 23 — 21 — 22 in case iii). O

We now turn to the proof of a key result in order to reduce the study from
multiple homogeneous elements to a single one:
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Lemma 5.23 (Existence of a primitive integral homogeneous element). Let v = (1,
..., Yr) be homogeneous elements. Then there exists an integral homogeneous
element vo such that

Viy € Vi

Proof. For simplicity we assume r = 2. The general case is proved in a similar way.
Let us denote by w; the degree of v;, and write w; = 3= where a;, b; € N. We set

v o= ’y% /ab2 and vy = 'y;/ 201 Therefore ~1 and ~4 are homogeneous elements of
the same degree w = ﬁ. By the Primitive Element Theorem, there exists ¢ € C
such that

C(x)(71,72) = C(x)(71 + e73).
Therefore Vi, = Vol ter,- Since Vi 4y, 4. C Vi~; 4+ this proves the existence of
a homogeneous element g such that

VV;’Y1 s7V2 C VVWO .

Thus, we only need to prove that 7y may be chosen to be an integral homogeneous
element. Let us assume that

(12) co(x)¥G + er(x)96 " + -+ ca(x) =0
where the ¢, (x) are homogeneous polynomials of degree wk + p, where w € Qx¢
and p € N. Let 7{, := ¢o(x)vo. Then, by multiplying by co(x)?~!, we have

d d— _ d—k _
W e T 4 ()0 (x) T 4 4 co(%) T ea(x) = 0.

This shows that 7{ is a integral homogeneous element of degree p + w. This proves

the lemma since V, , = O

’
Y% *

Finally, we are ready to prove Theorem [5.8] We divide the proof in two main
steps (which combined immediately yield Theorem , which are interesting on
their own. The first step shows that we can concentrate our discussion to the rings
IA/W, instead of P, [x,~]. The proof of this first step follows from arguments in the
spirit of Tougeron’s implicit Function theorem [To72, Chapter 3, Theorem 3.2]:

Proposition 5.24 (Newton-Puiseux-Eisenstein: Step I). Let P(x,y) € C[x][y] be
a monic polynomial. Suppose that there exists an integral homogeneous element
such that P(x,y) factors as a product of degree 1 polynomials in y with coefficients
m 17,,,7. Then there exists an homogeneous polynomial h such that P(x,y) factors
as a product of degree 1 polynomials in y with coefficients in Pp[x,~].

Proof. Let € be a root of the polynomial P(x,y); by hypothesis £ € 17,,)7, so it has
the following form:

d
&= ZAi’yi, where A; € Frac (‘71,) and I/(Afyi) > 0.
i=1
Let us denote by v =: 71, ..., 74 the conjugates of  over C(x). Then d is the degree

of the minimal polynomial of v over C(x). We denote by M the Vandermonde
matrix whose coefficients are the vf , for 1 < 4,5 < d. Note that:

d
3 ::ZAW;, j=1,....d
i=1
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are also roots of P(x,y). We now have that:

Ay &1 Ay &1
M-|:|=]:], therefore | : | =M -1 :
Ad €d Ad €a

Because the entries of M are algebraic over C(x), the entries of M1 are also
algebraic over C(x). Thus the A; are algebraic over C((x)). Now, we claim that
if A€V, is algebraic over C((x)), then there exists h (depending on A) such that
A € Pp((x)). The Proposition easily follows from the Claim, by using the fact that:

Pp, [x,7] U P, [x,7] C Pr[x,~] where h = lem(hq, ha),

and noting that there are a finite number of roots £ of P, each one of them with a
finite number of coefficients A;. We now turn to the proof of the Claim.

Let A € Frac (IA/V) be algebraic over C((x)). Note that if 1A € Py ((x)), then
A € Py n((x)) and, if A is algebraic, then x1 A is algebraic too. So, up to multiplying
A by a large power of z1, we may assume that v(A) > 0. We write A =3, Z((;‘;,
where a;,b; are homogeneous polynomials such that v(a;) — v(b;) = i, and we
denote by P(x,z) the minimal polynomial of A. Now, we replace z; by tz; for
every i. Therefore, Q(z) := P(tx,z) (where we leave the dependency in x and ¢
implicit) is separable and Q(B) = 0, where B := )", , A;(x)t". Note that Q may
not be irreducible over C((¢,x))[z] but it is separable because P is, as an irreducible

polynomial over a field of characteristic zero. We set e := ord; (%(B)) > 0,

where ord;(-) denotes the order of a series with respect to the variable ¢. Note that
%—Cj(B) # 0, since () is separable. V\E set B := Di<oett A;(x)t" and y = t*t1o. By
Taylor expansions in z centered at B and B, we have

e+1 n) 5} aﬂ
Q(t“"'v+ B) = Q(B) + 3

(B)t“tto + @;(t, x, 0)t2 202,

and
e+1 oQ e+l - 2e+2, 2
Q(t v—’_B):ai(B)t U+Q2(t7x,v)t e
z
where Q1, Qs € C((x,t)[v]. Writing B = B + t¢+! i>§+1 %ti*e’l, this gives

ot (220)) < or (223 -

and ord,(Q(B)) > 2e + 1.

Now, note that every term of B is of the form ‘g—:ti, where a;(x),b;(x) are
homogeneous polynomials and v(a;) — v(b;) = i. Furthermore, since Q € C((tx))[z],
every term of Q(B) is the form %ti, where, again, f;(x),g;(x) are homogeneous
polynomials and v(f;) —v(g;) = 4. Finally, since B is a finite sum with homogeneous
denominators and @ € C((xt))[z], there exists an homogeneous polynomial b(x) such
that b(x)Q(t*1v + B) € C[x, t][v]. Therefore, dividing the equation b(x)Q(t** v +
B) =0 by t?¢*! we obtain

13 Ro(t,x) + Ry(t,x v+ R t,x,v)v? =0,
(13) (t,x) (t,x) ( )
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with ord¢(R;) = 0, so we can write Ry(t,x) = g(x) + tRy(t,x) where g(x) is a
nonzero homogeneous polynomial of degree > 2e¢ + 1. Moreover

v = Z Ay(x)ti—e !

i>2e+1
is a solution of and, thus, ¢ divides Ro(t,x), that is Ro(t,x) = tRo(t,x). We
set
t = g(x)*s and v = g(x)w.
Then, dividing by g(x)? we get
(14) sBolg(a0)%s.) + [1+ 93051 (9(30)%8. %) w + Flg(x)%s5, %, gx)w)? = 0.

By the implicit function Theorem, has a unique solution w(s,x) € C[s,x],
w(s,X) = >,y wi(x)s'. Therefore

Zi (%) = Zi(x) fo4 Z wi(x)gz(ix) pitetl

ieN i(x) i<2e+1 i(x) €N 9(x)

Hence, if h denotes the product of ¢g? with the b; for i < 2e + 1, we have that
A(x) € Py[x]. This finishes the proof. O

We now turn to the second step of the proof of Theorem which is actually a
more general statement than Theorem [5.8] and easier to prove by induction:

Proposition 5.25 (Newton-Puiseux-Eisenstein: Step II). Let v be an integral
homogeneous element and P(x,y) € YA/,,ﬂ[y] be a monic polynomial. Then there
exists an integral homogeneous element ' such that P(x,y) factors as a product of
degree 1 polynomials in y with coefficients in ‘A/Wy/.

Proof. We prove the Proposition by induction on the degree degy(P) = d. Fixed
v, note that the result is trivial when d = 1, and suppose that the Proposition
is proved for every homogeneous element v and every polynomial in ‘A/,,ﬁ[y] with
degree d' < d. We fix an homogeneous element ~, and let P(x,y) € ‘71/,7[?/] be a
monic polynomial of degree d. Let us write

Py) =y +ay?t +-Faq, a; eﬁymz’:l,...,d.

Up to replacing y by y — a1 /d, we can assume that a; = 0. Let ko € {2,...,d} be
such that

vlaky)  viax)
ko k
Let 41 be such that 4% — in, (az,) = 0. By Corollary ~1 is a homogeneous

element. By , we can write aj, = by for every k € {2,...,d}, where by, € V,, ., ..
We remark that

(15) Vk e {2,...,d}.

P(my) =21 (y" + b2y + - + ba).
We set Q(y) = y? + bay?=2+-- -+ by. We denote by m, the maximal ideal of ‘A/lwm,
i.e. the set of elements a such that v(a) > 0, and we denote by Q(y) the image
of Q(y) in YA/,Wm /mly] ~ Cly]. Then Q(y) is not of the form (y — ¢)? since b; = 0
and by, ¢ m. Therefore we may factor Q(y) as a product Ri(y)Ra(y), where the
R;(y) are monic polynomials with complex coefficients, and R;(y) and Rz (y) are
coprime. By Hensel’s Lemma, this factorization of Q(y) lifts as a factorization of
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Qy): Qy) = Q1(y)Q2(y) where Q;(y) mod m = R;(y) for i = 1, 2. Now, by
Lemma we know that there exists an homogeneous element v’ such that Q1(y)
and @Q2(y) are polynomials with coefficients in ‘A/l,,,yz, and each one of them has
degree d; < d for i = 1,2. We conclude by induction and by Lemma [5.23| once
again. [

Remark 5.26. The classical Newton-Puiseux Theorem asserts that a monic poly-
nomial P(y) with coeflicients in k[x], where z is a single indeterminate and k is a
characteristic zero field, has its roots in k'[x'/¢] for some d € N* and k — k' a
finite field extension.

Fix i € {1,...,n} and let a(x), b(x) be nonzero homogeneous polynomials. We
have
0 gestr-aen (B0 52)
= . _—
b(x) " b(ﬂ—“.xn)

This proves that V, is isomorphic to K[z;] where K ~ C (i—l, B
Moreover, if 7 is an integral homogeneous element, we can consider the coefficients

of its minimal polynomial as elements of K[x1] by the previous remark. In this

case, it is straightforward to check that v is identified with c;vi/ du(acl) where c is
algebraic over K, d € N* and U(x;) is a unit of K[z1]. Therefore, Proposition
is an extension of the classical Newton-Puiseux Theorem for univariate power series
since P, [x] C V.

On the other hand, the classical Eisenstein Theorem [Ei52] is the following
statement:

Theorem (Eisenstein’s Theorem [Ei52]). Given a univariate power series f(x) =
Sren [xx* € Q[x] that is algebraic over Z[x], there exists a nonzero integer b such
that

Vk e N, bEtlf, e Z.

This shows that the fj can be written as 3t where ay are integers. Therefore,
Proposition [5.25] is a natural extension of the Eisenstein Theorem to the situation
where Z is replaced by C[x].

5.3. On convergent projective rings. In this subsection we prove Proposition
For this we need a complementary inequality to the following inequality:

Vp,q € C[x], |pq| < |pllal

where |p| is a well chosen norm. The investigation for such complementary inequal-
ities is an old problem that goes back to K. Mahler [Ma62]. The complementary
inequality that we need is given in Corollary given below. Such an inequality
follows from results proved in this field. But for the sake of completeness we chose
to include a proof of this inequality. Moreover our proof seems to be new and may
be of independent interest. It is based on the Weierstrass division Theorem that is
well known in local analytic geometry. Therefore we begin by defining the needed
norms:



GABRIELOV’S RANK THEOREM 43

Definition 5.27. Let p > 0. We denote by C{x}, the subring of C{x} of series
f(x) =" enn fax® such that

[flp = Z |fa|P‘a| < 0.
aeN?
The map f € C{x}, — |f]|, is an absolute value that makes C{x}, a Banach
algebra.

Proposition 5.28. Let h(x) € C{x}. Then there is p > 0 and C > 0 such that for
every a(x) € C{x},

a(x) a(x)
h(x) h(x)

Proof. The proof is essentially the proof given in [To72] of the Weierstrass division
Theorem. First we fix p > 0 small enough to ensure that h(x) € C{x},. If h(x) is a
unit, up to shrinking p, the result is straightforward.

If ord(h(x)) = 1, there is an analytic diffecomorphism ¢ : C{x} — C{x} sending
h(x) onto x;. For every p, such a diffeomorphism sends C{x}, onto C{x}, for
some p’ > 0. Therefore we may assume that h(x) = x1, and in this case the result
easily follows, with C' = p~!.

Therefore, we assume that ord(h(x)) > 2. Up to a linear change of coordinates,
we may assume that h(x) is z,-regular of order d > 2, that is, h(0,z,) = z%u(z,)
with u(0) # 0. Note that we may identify the C-vector space of polynomials
r(x) € C{x'},[z,] of degree at most d in z,, with (C{x'},)¢. We now define the
following C-linear maps:

Ly, Ly : C{x}, x (C{x'},)" — C{x},

a(x) € h(x)C[x] = € C{x}, and

< Cla(X)lp]

p

by
Li(q,r) = gh+r and La(q,7) = qa:fll + 7.

Set Ly = Lo — L;. We remark that Lo is a linear isomorphism (every series a(x) can

be written in a unique way as a(x) = z%a;(x) + a2(x) where as(x) € C{x'},[z,]

has degree < d in x,). We claim that Ly and Ly U are continuous. Indeed, since
gz and r formal expansion have disjoint support, we have

|La(a,7)lp = lazy, + 71, = lalop™ + Il < C1(p) max{laly 7o},

Iqxi +rlp = |Q|ppd +|rlp = min{p, 1} max{|q|,, [7[,}
for some positive constant Cy(p) depending on p.
Now, we claim that LzL;"' is a continuous linear map of norm < 1 for p chosen
small enough. Indeed, we have that Lz(q,r) = q(z? — h) and, therefore

‘LB(%T)‘/J < |xg - h|p|Q|p7
hence, for every a(x) € C{x}, we have
|zt — hl,
min{p, 1}

But for p small enough, we have |z¢ — h|, < cp® since ord(zd — h(x)) > 2, for some
constant ¢ > 0. Therefore, the linear map

1 — LyLy' : C{x}, — C{x},

|LsLy " (a(x))], < |a(x)],-
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is an isomorphism of Banach algebras. Thus
Ly = (1 — L3L; %)Ly
is an isomorphism of Banach algebra if p is chosen small enough. Therefore,
there is a constant C, such that for every a(x) € C{x},, there is a unique couple
(q,7) € C{x}, x (C{x'},)?, such that
a(x) = ¢(x)h(x) + r(x) and max{|ql,, [r[,} < Cla(x)],-

Now, the fact that a(x) € h(x)C[x] is equivalent to r = 0, and then a/h = ¢, whose
norm is bounded by Cla(x)],. O

Corollary 5.29. Let h(x) € C[x] be a homogeneous polynomial. Then, there is a
constant K > 0 such that, for every homogeneous polynomial b(x) € C[x]:

|hl1]bly < K[Rb]1.

Proof. Let p satisfy the previous proposition for h(x). Then, with a(x) = b(x)h(x),
we get

b(x)], < Clh(x)b(x)],

Since h and b are homogeneous, this gives
p1e® b(x)[, < Cptee® e n(x)b(x)|1,

and

|A(x)]1 1b(x)]; < ClR(x)|1p™ ™ [h(x)b(x)]1.

We are ready to complete the goal of this section:

Proof of Proposition[5.13, First, let us remark that ), .\ ax € C{x}, where the ay
are homogeneous polynomials of degree k, if and only if )", a € C{x},,, for some
p >0, that is, >, -\ |ax], < oo.

Let hi and hy be two homogeneous elements such that

aik a2,k
A= Z a1k+51 Z h042k+,32
keN keN 772
and assume that ), a1 € C{x}. We have
Z a1k B Z aLkh;élk-i-Bl
- hflllkJrﬁl - (hth)alkJrﬁl
Let p > 0. We have

|a11kh§¥1k+31 |p ark+p1 deg(aq,,)+deg(ha)(a1k+pB1)

|0 = Jay g |y |hal] p

< lavklplhalp
But deg(ay 1) < ak + f for some «, § € N. Thus we have
|a kha1k+ﬂ1 |p |a1 k| ( a+deg(ha)ag |h2|(111)kp,6’0

for some constant C' > 0. Assume that ), a; r € C{x}, for p’ > 0. Then, for
p > 0 such that petdee(h)er < |py| =21/ we have

Z|a1 alk+’81|p<ﬁ’ﬁ02‘a1k|1ﬂ —pﬁczml’f"’ < oo

keN keN
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In the same way, since
ay khg1k+ﬁ1 ay khgl k+pB1 (hth)max{O,ag—al}k—i—max{O,BQ—Bl}
(hth)a1k+ﬁ1 = (hlhz)max{al,az}kerax{Bl,,82}

we may assume that

a1,k as j
A=Y =T
k+ ck+

keN (h1ha)ok+s ren ho 7

and ), a1, € C{x}. Hence for every k € N, we have

_ ak+8
a1,k = ag_’khl .

Thus, by Corollary [5.29] there is a constant K > 0 such that

_ K

Vk € N, |a27kh?k+ﬁ " < m|a1,k|1,

and, by induction,
K ok+B
Vk €N, [az x| < Wkﬂ,kh.
1

Therefore, if >, a1, € C{x}, for p’ > 0, we have that ), as € C{x}, for every

h o ./
p > 0 such that p < % O

Remark 5.30. In [Ma62], Mahler proved the following inequality:
Vh,b € C[x], |hb|, < 2dcem+dee®)|p| p|;.

Such an inequality has been first proved by Gel’fond for polynomials in one indeter-
minate [Ge52]. We could have used this inequality in order to prove Proposition
0. 1ol

The inequality of Mahler has the advantage of being effective and uniform in
both h and b. On the other hand, the inequality given in Corollary shows that
the factor K can be chosen to be independent of b when h is fixed.

5.4. Semi-global formal extension. The proof of Theorem [5.16]is done in two
steps. First, assuming that P € C{x}[y] is a convergent polynomial, we can
provide an elementary proof based on analytic continuation and on the classical
Abhyankar-Jung Theorem. More precisely:

Proposition 5.31 (Semi-global formal extension: the analytic case). Let P(x,y) €
C{x}[y] be a monic reduced polynomial, and let P = [[:_, Q; be the factorization
of P given in Corollary . Suppose that n = 2 and let o : (N, F) — (C2,0) be
a sequence of point blowing ups such that, at every point b € Fr(l), the pulled-back
discriminant o, (Ap) is analytically monomial. Then, for every point b € Fﬁl), each

polynomial Q; extends formally at b. Furthermore, the extension is compatible with
the factorization of P, that is [],_, 0 (Q;) = of(P).

Proof. Given a point b € FY which is not in the strict transform of (h = 0), nor
the intersection of exceptional divisors, then each ¢ (Q;) is a monic formal factor
of the convergent monic polynomial o (P). We conclude therefore that each Q; is
convergent. In particular, note that Q; € P,{x}[y] by Lemma We now study
the points b € F\" which are either in the strict transform of (h = 0), or in an
intersection of exceptional divisors.
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By combining the normal forms given in Remark [5.7(2), up to a linear change of
coordinates, there exists a coordinate system (v, w) centered at b and ¢ € Z>¢ such
that:

1 =v-w, xo=uv-wt!

Now, by hypothesis, we know that Ap, := o(Ap) is a analytically monomial
(adapted to the exceptional divisor). More precisely, up to an analytic change of
coordinates adapted to the exceptional divisor, that is:

v, w=p,0)

v

we can assume that Ap, = 0Fw'U(v,w), where U(9,w) is a unit (note that this
is always the case if b is in the intersection of two exceptional divisors, when we
necessarily have w = w). Then, by the Abhyankar-Jung Theorem, we may write

z%zﬂw—aﬁmﬁ»

where the & (var, wa) € C{o#, @ }. Now, there exists a connected punctured disc
D C Fr(l) centred at b (in particular, b ¢ D) such that every point ¢ € D does
not belong to the strict tranform of (h = 0), nor to the intersection of exceptional
divisors. It follows that ¢ (Q);) is a well-defined analytic function. Furthermore, up
to shrinking D, for every ¢ = 1,...,r, there exists a subset J;(c) C {1,...,d} such
that:
o!@)= I v-&E" (@ —wo)™)),
J€Ji(c)

where b = (0, wp). Since D is a connected set, we conclude that J;(c) is independent
of the point ¢ € D, and we denote it by J;. There exists, therefore, an element
q€ C{ﬁﬁ,@%}[y] which is equal to o} (Q;) at every point ¢ € D. On the one hand,
it follows, from analytic continuation, that of(Q;) is equal to ¢ as a power series in
C{o@), w7 }[y]. Now, on the other hand, if A € P},[x] is a coefficient of Q; then:

" ax(Lo(W, W) o~ ek
A = A = ~ ~ 9 ¢ ’
b :=0p(A4) 1;;0 h(l,w(v,w))ak%v (v, w)
and Ay is invariant by the action of the (d!)-th roots of unity ((1, (o) — (GO, Cwdr),

which implies that ¢ is also invariant by these actions. We conclude that ¢ =: o (Q;)
is a power series in C{v, w}[y], finishing the proof. O

Unfortunately, there is no notion of analytic continuation in the case of formal
power series, so the proof does not extend in a trivial way to the formal case.
Following Gabrielov’s original idea [GaT3], we address this extra technical issue via
the Artin Approximation Theorem:

Theorem 5.32 (Artin Approximation Theorem [Ar68]). Let G(x,y) be a nonzero
function in C{x}[y], where x = (z1,...,z,) andy = (y1,...,Ym), and consider
the equation G(x,y) = 0. Suppose that there exists formal power series §(x) =
(91(x), ..., Gm(x)) € (C[x])™ such that:
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Then there exist convergent power series y*)(x) = (ygb)(x), oy (x)) € (C{x}H)™
for every v € N, such that:

G(x,y(b) (x)) =0 and for every k, gr(x) — y,(;) (x) € (x)*.

Before turning to the proof of Theorem we need to study conditions under
which a well-chosen approximation of a polynomial yields an approximation of
their roots and factors. We start by setting, once and for all, the extension of the
valuation v which we are interested in working with:

Definition 5.33. Let V be a ring equipped with a valuation v : V \ {0} — R.
Let P(y) € V]y], P(y) = ZZ=0 a;y’, a; € V for every i. We define

v(P(y)) = min{w(ap), ..., v(aq)}.
aﬁéO
We now turn to the proof of two preliminary results:

Lemma 5.34 (Root-approximation). Let K be an algebraically closed field equipped
with a valuation v : K~ {0} — R. We denote by V its valuation ring. Let
P(y) € V]y] be a reduced monic polynomial of degree d in y, and &1, ..., & be its
roots in K. Let Q(y) € V]y] be a monic polynomial such that

2v(P—Q) >d-v(Ap).
Then, for everyi=1,...,d, Q(y) has a unique root &, in K such that

/ V(PfQ)
v(&i — fz) P a4

Note that the unicity implies that, in these conditions, @) is necessarily reduced.

Proof. We start by remarking that, if the degree deg, (Q) is different from d, then
v(P — Q) = 0 since these are monic polynomials, and the hypothesis of the Lemma
are not satisfied. We therefore have that deg, (Q) = d, and we denote by &j, ..., &
the roots of Q(y) counted with multiplicity (hence we may have {; = £} for some
i # j). Since P and @) are monic polynomials, we have v/(&;), v(§}) > 0 for all i and
j. We write

P(y) =y" +ay™ +- +aa, Qy) =y* + by 4+ ba.

Let us fix i € {1,...,d}. We have
d

d
[T -¢) =) =) = bk —an)€l ",

j=1 k=1

and, since v(&;) > 0, we get:

d
d
H mm{u(a;c —bp)} =v(P-Q).
Therefore, there is (at least) one integer j(7) such that

(16) vl €)= 1(P) — QW) > v(Ar) > max{v( — &)}

Now let m € {1,...,d}, m # i. Then, by (16]), we get
V(fm - 5;(1)) = V(gm - fz + gz - 5;(1)) = V(gm fz) m<ax{l/(£k - gl)}
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Therefore j(m) # j(i) whenever i # m. This gives the unicity of £, and concludes
the proof. ([

Proposition 5.35 (Factor-approximation). Let P(y) € V,[y] be a reduced monic
polynomial of degree d in y. We write

P(y) = Pi(y) - Ps(y)

where the P;(y) are irreducible monic polynomials of vV, [y]. Let Q(y) € YA/V[y] be a
monic polynomial such that

2v(P(y) — Qy)) > dv(Ap).
Then Q(y) can be written as a product of irreducible monic polynomials Q;ly] € Vv, [y]:

Qy) = Q1(y) - Qs(y),

such that
pP—
p—Qyx o
Proof. Again, if the degree deg, (Q) is different from d, then v(P — @) = 0 since
these are monic polynomials, and the hypothesis of the Proposition are not satisfied.

We therefore have deg, (Q) = d. We denote by &1, ..., & the distinct roots of P(y),

belonging to v, [v] for some homogeneous element v, and by &i, ..., & the roots of
Q(y) counted with multiplicity (hence we may have £ = &) for some i # j).
By Lemma for every i € {1,...,d}, there is a unique j(¢) such that

v(P—-Q
v(& =&y = ¥,
and, up to renumbering, we can suppose that j(i) = i. Now, fix i € {1,...,d}.
There exists p € N (where p depends on i) and oy = Id, o9, ..., g, Frac(V,)-
automorphisms of K,,, such that & = 01(&;), ..., 0p(§) are the distinct conjugates

of & over V,. Then [Th—,(y — 0k(&)) is an irreducible factor of P(y) in V,ly).
Now let o be any Frac(V,,)-automorphism of K,. Because o(¢;) is a conjugate of
&i, there is an integer [ such that o(§;) = 0;(&;). Moreover we have

o€~ o(e) = vl — &) > Y.
Therefore
W () — (&) = (o (&) — o(6)) =1(El &) =
— vlor(€) - (e > LY.

K2

and we conclude that o(§)) = oy(¢]). This proves that o1()), ..., 0p(&) are

exactly the (distinct) conjugates of &, over Frac(V, ). In particular the polynomial
!

b _1(y—ok(&)) is an irreducible monic factor of Q(y) in v, [y] such that

v <H<y— on(€) - H<y—ak<s;>>> > Q)

k=1 k=1

as we wanted to prove. U

We are now ready to prove the main result of this section:
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Proof of Theorem[5.16 The proof is done by approximating the formal polynomial
P(x,y) by a suitable sequence of analytic polynomials (P®)),cy satisfying all
hypothesis of Proposition [5.31} and arguing via Proposition [5.35} Indeed, we start
writing:
P:PO(X)+"'+PCZ—1(X)yd71+yd7 AP:A’F'“AS&’

where the A; are distinct irreducible formal polynomials and k; > Oforalli =1... e.
We consider the universal discriminant polynomial A of degree d := deg, (P), that
is, Ag(Py, ..., Py_1) is the discriminant of the polynomial Py + - -+ Py_1y?~! +y2.
We apply the Artin Approximation Theorem to the equation:

Ad(Yo, - Yda1) = 240 2k

with respect to the formal solution y; = P;(x) and z; = A;(x). Therefore, for every
¢t € N, there exist Pé") (%), .., PCEL_)l(x) € C{x} such that
PY(x) ~ Pj(x) € (x)', j=0,....d—1
and we consider the polynomial with analytic coefficients
PO y) = B0 + o+ P 0y
which has a discriminant, by construction, of the form
Apw = (AP (ADYR . where AV —Aj € (x)'j=1,..

., €.

()
Note that, by Theorem these polynomials admit a factorization P*) = Hle ng)
in P, [x][y] € V,[y]. By Proposition [5.35| for ¢ big enough, the number of factors
s() is constant equal to s and P is a reduced in V,[y].

In order to apply Proposition [5.31] it remains to verify that there exists (o € N
such that, for every ¢ > 19 and for every b € Fﬁl), the discriminant of(Apw)) is
analytically monomial. Indeed, fix a point b € Fﬁl). By Remark 2), there exists
a coordinate system (v, w) centered at b and adapted to F' given by:

r1 = vwS, xo=ovwt!
with ¢ € Z3¢. In particular, we note that:
(17) ap(AY) —G(A)) € (vu), j=1,... e

We now divide in three cases in order to prove that o (AEL)) is analytically monomial
(for ¢ big enough) depending on the nature of b:

Case I: Suppose that b is in the intersection of two exceptional divisors. In this case,
c¢>0and 7 (A;) = v whit;, where o, 8; > 0 and 1;(0) # 0, for every j = 1,... e.
It follows from that if © > max{c;, 8;}, then o} (Ag")) is analytically monomial.
We easily conclude that op(Ap()) is analytically monomial for ¢ > max§_,{a;, 3;}.
Case II: Suppose that b is not in the intersection of two exceptional divisors, nor in
the strict transform of Ap. In this case, c =0 and A; = v*u;, where o; > 0 and
u;(0) # 0, for every j =1,...,e. It follows from that if ¢ > «;, then O’Z(A;L)) is
analytically monomial. We easily conclude that of(Ap«)) is analytically monomial
for + > max§_; {ay}.

Case III: Suppose that b is in the strict transform of Ap. In this case, ¢ = 0. We
note that, since o (Ap) is formally monomial (adapted to the exceptional divisor),
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then o (Ap) = v - ¢4, where a > 0, 1(0) # 0 and g is a formal series with initial
term av+bw, with b # 0. Since each term A is irreducible and distinct, we conclude
that g can only divide one term A, say A;. Therefore, we can write A; = v g -
and A; = v*u;, where a; > 0 and @;(0) # 0, for every j =1,...,e, and ©;(0) = 1.
Now, it follows from that if « > «;, then ag(AS»L)) is analytically monomial
for j = 2,...,e. Next, it follows from that if © > aq, then O’;(Ay)) = pgl),
where 0y, g(L)(O) = b # 0. It follows from the implicit function Theorem, therefore,
that UZ(AgL)) is analytically monomial and adapted to the exceptional divisor. We
easily conclude that oy (Ap)) is analytically monomial for ¢ > a.

Therefore, since Fr(l) is compact and A;") are convergent power series for every ¢
and j = 1,...,e, we conclude that there exists g € N such that, for every ¢ > ¢
and for every b € Fygl), the discriminant oy (Ap)) is analytically monomial. By
Proposition the factors QEL) admits a formal extension to every point b € Fﬁl)
(which are compatible with the factorization of PéL)). Next, by Proposition
the sequence (ng))b converges to (); with respect to the usual v-adic topology in

V,, for every j=1,...,s.
Now, let j € {1,...,s} be fixed, A be a coefficient of @; and A® be the

corresponding coefficient of Q;L). Then we have

op(AW) = Z _ak(Lw) (wev)*

k>0 heE (1, 0)

and, since A®) extends analytically at b, there exist polynomials bi,,(w) such that
ar, (1, w) = by, (w)h, (1, w)**+P for every k > 0. Since A — AW € (x)*, we have
op(A) — 0p(AW) € (vw®)*. Therefore, if we write

Ap = Z hak(l,w) (wcv)k

(1, w)ok+s

we have ax(1,w) = by, (w)h(1,w)**+8 for k < 1. Since this is true for every ¢,
we have that Ay extends formally to b, and so does @;. Finally, this extension
is compatible with the factorization of P because, as it is pointed out in Remark
B.7(2), o5 : Pu[x][y] — C(w)[v] is a well-defined morphism. O

5.5. Local-to-Semi-global convergence of factors. The goal of this section is
to prove Theorem Roughly speaking, one needs to prove that if, for some root
£ = Zztol Ay of P, where the A; are in P,[x] and v is a homogeneous element,

og(€) is convergent, then o (Zf:_ol A l) is again convergent for every conjugate
/

v of 4 over C(x). The main difficulty here, is that, if I'(x, z) denotes the minimal

polynomial of v over C(x), the transform o (I'(x, z)) may not be locally irreducible
anymore. For instance let I'(x, z) := 2* — (22 + 23) and ¢ is given by o(71) = u

and o (x2) = wv. Then in this case we have locally at the origin:

op(D(x,2) = (2% —uV1+02)(22 + u/1 +v2).

Therefore one needs to argue globally along the exceptional divisor, since the
transform of I'(x, z) remains globally irreducible.
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Our proof follows the strategy inspired from Tougeron’s [To90, §3.1], which relies
on the following Lemma (stated in [To90, Lemme 3.3]):

Lemma 5.36. Let C C C™ be an irreducible algebraic curve, and D1, Dy be two
compact subsets of C, such that the interior of Dy is nonempty. Then

M > 0,YP € Clz1,...,zn), ||P|lp, < M%) P|p,,

where ||P||p denotes mal>)<|P(z)|.
ze

The proof given by Tougeron in [To90, Lemme 3.3] is only valid if the compactifi-
cation C C CP" of the curve C is isomorphic to P'. In order to treat the general
case, we incorporate the idea of the proof of [Iz89, Theorem 3.1], involving Green’s
functions.

Proof. Let C be the smooth compact curve obtained as the normalization of the
closure of C in CP". Note that the irreducibility of C is equivalent to that of C.
Then the coordinate functions z; and P lift canonically to meromorphic functions
Z;, P on C. Furthermore, each of these functions has its poles outside of K U K,
where K; denotes the preimage of D; by the normalization.

Denote by q1, ..., qx the distinct poles of the functions Z;, let qg be a point in
the interior of K1, and for i =1,...,n, let

m; = ]irllaxk multg, z;,
where mult;Z = m means that q is a pole of multiplicity m of Z. With these
notations, if q; is a pole of P, it is of multiplicity at most m; - deg(P). Furthermore,
the only possible poles of P are {q1, -+ ,qx}.

Now, set U := C ~ {qo,9q1,---,qx}. Then, following [La88, Chapter II, §1], for
every i € {0, ..., k}, there exists a Green’s function for g;, that is, a smooth function
G;: C~q; — R such that, for every i, j, AG; = AG; on U and, on a neighbourhood
of q;, the function G; +log |z — q;| can be extended to ¢; as a smooth function. Note

that, since Zli_)m log |z — q;] = —oo, this last condition implies that G; is positive on
a neigbourhoo?iz of q;. Finally, such functions are uniquely determined up to additive
constants. We can therefore pick the functions G; so that, for every ¢ € {1,...,k},
G; — Go 2 0 on U \ Ky, by compacity of C. Set
k
G .= Zmz(Gl — Go),
i=1

which is harmonic on U, because every function G; — G is harmonic on U, and set
h = exp(G). The function |P/h%e(")|? is subharmonic on U because at every point
of U, it can locally be seen as the square of the module of a holomorphic function.
Indeed, since G is harmonic on U, for every point p of U, there is a neighbourhood
V of p and a harmonic function H on V which is conjugate to G, that is, H is such
that G + iH is holomorphic on V', and we have

P P

‘ hdee(P) | | exp(G 4 iH)des(P) |’

where exp(G + iH)%¢(") is holomorphic. For 1 < i < k, the function G; can be
written near the point q; as G; = a; — log|z — q;| for some smooth function «;.
Furthemore, because of the bound on its multiplicity, P can be written near q; as
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Bi/(z —q;)™, for some analytic function §;.Therefore, the function |P/h°8(P)|2 can

be extended to a smooth function on C \ K. Moreover, by continuity of the partial
derivatives, the non negativity of the Laplacian of |P/h4°8(")|2 extends to every
point q;, for 1 < i < k, therefore |P/hd¢(P)|? extends to a subharmonic function

on C ~ K;. Then, the maximum principle applied to this function yields
1P/hE | ey < |[P/RED) |z = < IP/AY5 ok, < |[Plloxe, < [Pl

where the last but one inequality comes from the fact that h > 1 on K;. Finally,
denoting M = max h(z), we get ||P| x, < M) || P, . O
zEK2

We are now ready to turn to the proof of Theorem [5.18

Proof of Theorem[5.18 Let P € C[x][y] be a monic, reduced polynomial, and let
o: (N,F) — (C2,0) be a sequence of point blowing ups, such that the pulled-back
discriminant & (A p) is formally monomial at every point b of FY. We consider the
factorization of P into irreducible polynomials of Py, [x][y] given by Corollary

i=1

By hypothesis, there exists by € Fr(l) such that 8;0 (P) =: Pg, has a convergent
factor. By Proposition we can assume that bg is in no other component of the
exceptional divisor nor on the strict transform of {h = 0}. Therefore, by Theorem

[6-16] we can write
Ha’bo ), where Ty (Qi) € Oy, [yl

Now, by hypothesis, there is an index ¢ such that 8;0 (Q;) admits a convergent
factor. The problem is now to prove that the polynomial Qp, := o} (Q;) itself is
convergent. For simplicity, in the sequel we denote @; by Q. We now use the second
equality given by Corollary Let v be a homogeneous integral element of degree
w = p/e and set

(18) Q=]1]1W—-£&x)), where ¢&ePpfx, 2],

&,:15

=1

where ; are distinct roots of the minimal polynomial of :

d
(19) Dlx,2) = =/ + 3 fi(x)2"~

which is a w-weighted irreducible homogeneous polynomial. In particular, f;(x)
is homogeneous of degree w -4, f; = 0 if e does not divide 4, and e divides d
(because fq # 0; otherwise z would divide I" which is irreducible). We conclude that
I' € C[x, z¢]. Now, note that by the definition of P, [x,~;], we can write:

j _ ar,j (x)
(20) & = E(x,v) ZA -],  where A; = P Rk (x)
=zhy

with k; +wj > 0.
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Denote by T the strict transform of I' by the weighted blowing up given by
x1 = v¢, 29 = v°w, z = vPz in the chart v # 0:

d
T(w,2) =24+ Z fi(1,w)z47"
i=1
Since T is irreducible in C[x, 2], the compact algebraic curve C corresponding to I in
the weighted projective space (CIP’?G’QJ)) is irreducible. In a more algebraic language,
this means that one has the following;:
Claim: The polynomial T is irreducible as an element of C[w, 2¢].

Proof of the claim. Indeed, assume that I = GH where G, H are non trivial
polynomials of C[x, z¢], monic in z. Let us write

dy
G = Zgl‘(U})Zdlii + Zdl
i=1
where g;(w) = 0 if e does not divide i, and e divides dy. Then
dy
WwPh G = vagi(w)(vz’z)dl_i + (vPz)h,
i=1

Let i be a multiple of e. Then a monomial of vP*g;(w) has the form

VPiwk = Pk = v(péfk)e(vew)k = xf%_kmg.
Thus G = G'(x, z) with G'(x, z) € C(x)[2¢]. The same being true for H we have that
I factors as a product of two monic polynomials in C(x)[z¢]. Since I is irreducible
and C[x] is a unique factorization domain, by Gauss’s Lemma I factors as a product
of two monic polynomials of C[x, 2¢], which is not possible by assumption. This
shows that T is irreducible in Clw, 2°]. O

Therefore I' may not be irreducible in C[w, z], but its irreducible factors can be
obtained from one another by multiplying the second variable by a e-th root of
unity. Denote C :={I' =0} c C3, ..

This implies that:

T(w,z) = Hfi(w, z),

where C; := (T';(w, z) = 0) are irreducible curves and each of the irreducible factors
I'; of T'(w, ) can be obtained from one another by multiplying the second variable
by a e-th root of unity.

Now, let (v, w) be coordinates at by such that oy, is locally given by (z1,x2) =
(v,vw), as in Remark [5.7((2a). It follows from equation that:

m

Qbo = H (y - f(’U?’Uw):Yi))

i=1
where, by equation , the 4; are roots of the polynomial:

d
f(v, w,z) = 2%+ vafi(l, w)z4,

i=1
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By comparing the expressions of I' and T, we conclude that 7 is a root of I'(v, w, 2)
if and only if 4 = v*%, where 7 is a root of I'(w, 2).

We use again Proposition in order to assume that bg is not a zero of the
discriminant of T'(w, z) with respect to the projection 7 on the w-axis. With this
condition, the implicit function Theorem implies that there is a compact disc
D’ C {z = 0} centered at the origin of (C%yw such that, on each one of the connected
components Df, ..., D/, of 7=1(D’) C C, z can be written as an analytic function in
w. From now on, 7; € C{w} denotes the solution of T'(w, z) = 0 on D\.

Note that for every j, v*JA;(v,ow) € C[v'/¢ w], therefore each T4, (&) is in
C[v'/¢,w]. Up to renumbering, since Qy, has a convergent factor, we can assume
that oy (1) € C{v'/¢,w}. By equation (20]), we can write (c.f. the normal form
given in Remark [5.7] -(2a

ak,; (1, w)
To, (& Z%O VI = va% > h(l, ju o k+B;

k>k;

l/e

The coefficient of v*/¢, for ¢ € N, in the previous sum is

d
—j al/e—jw,j(lvw)
2.7 R, w)os (E/e=5)+B;

Jj=1

(where ag/c_jg, ;(1,w) = 0if £/e — jw ¢ N). Therefore we have

Uho Z h aﬁi),

LeN

where §; € N is bounded by an affine function in ¢, and the degree of Py € Clw, 2] is
bounded by an affine function in £.

Now, note that if 77 is a primitive e-th root of unity, then the set {n'7,0 <1 < e—1}
contains a root of each irreducible factor of I'. Furthermore, since ged(p,e) = 1,
given an integer [, ¢ € C such that e? = n and €° = 1. This implies that

d
D Tug (AT (') =55, (€1) (20 w) € TV, w)
j=1

which shows that o (§;) is convergent whenever ¥, is conjugated to 7; by a root of
unity.

Now fix an arbitrary &. By the previous argument, up to renumbering, we
may assume that 7, and 7, belong to the same irreducible component of C, where
75, (&1) € C{v'/¢,w} is convergent, and let D} and D) be the discs corresponding
to the roots 7, and 7;.

The fact that o (£1) € C{v,w} is equivalent to the existence of A, B > 0 and a
compact disc D in the w-axis, containing the origin in its interior, such that

Pl(wvil)
h(1,w)o@ ||,

Since h(1,0) # 0, we can assume that D is such that

< AB'.

(21) 3C > IVwEDC < |h(1,w)| < C.
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In particular we have
1o, Dl < AB'C.

Even if it means shrinking D, we may suppose furthermore that D C D’. Denote
by Dy C Dj,...,D4 C D/, the connected components of 7=1(D). Let D; be the
connected component of 77(D) such that (w,¥;) € D;. Then || P(w,¥,)|lp =
| Po(w, 2)||p,. Since Dy and D; are in the same irreducible component of C, Lemma
[5:36] states the existence of a constant M > 1 such that

1P (w, 2) [ p; < MAEPI|| P, (w, 2) | p,
Finally, we conclude that

1P, 7)o = [P, 2)l|p, < M5 ABLCHO),

and, by ,

Py(w, ;) < Mee(P) ABEC2(0)

h(1,w)@ ||,
Therefore, because deg(P;) and §(¢) are bounded by affine functions, we conclude
that o(&;) € C{v,w}, for any i. Since the choice of §; was arbitrary, we conclude that
Qu, € C{v,w}[y]. Thanks to the assumption that by is not on the strict transform
of {h = 0}, Lemma implies that @Q; € Pr{x}[y].

Therefore, we can identify convergent factors of P and of P, for every b outside

of a discrete subset of Fr(l). In other words, if Q) is the maximal convergent factor
of P, then Q) is the maximal convergent factor of Py, for everib € Fr(l) outside of

a discrete subset of Fr(l). We conclude easily via Proposition O

6. APPLICATIONS AND VARIATIONS

In this section we prove the results announced in §§1.2

6.1. Proof of Theorem Let us assume that r(p) = () = r4(p). By

replacing A by #@) we may assume that ¢ is injective. Thus r(p) = 17 (p) =

r4(p) = dim(A). Let f € @(A\) N B. We may assume that f(0) = 0 by replacing f
by f — f(0). We define a new morphism 1 : ;?c{{):zz}} — B, where A = % and z
is a new indeterminate, by

C{x, z}
IC{x,z}
Since 1|, = @, we have r(¢) > r(yp). Since f € P(A), there exist h € A such that

~

p(h) = f. Thus z — h € Ker(¢). In fact, by the Weierstrass division Theorem,
every element of Ker(t)) is equal to an element of A modulo (z — h). But, because
Ker(y) N A = Ker(p) = (0), we have that Ker(¢) = (2 — h). In particular the

injection A —» — Clxz]
IC[x,z]+Ker(¢)

Finally, since 17 (v)) > 1(¢), we get 7 (¥)) = 1(¢), hence v (1)) = (), by
Theorem Therefore, by Proposition we have that Ker(w).a = Ker(vZ).
Thus, if f € C{x,z} is a generator of Ker(¢), there is a unit U(x, z) such that
f=U(x,2)(z —h). But, by the unicity in the Weierstrass preparation Theorem, we
have that u and z — h are convergent, hence h € A. This proves that ¢ is strongly
injective.

¢(g(x, Z)) = g(@(xl)’ R Lp(xn)’ f)) for any g €

is an isomorphism, thus r7 (v) = 7 (¢) = ().
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On the other hand, assume that ¢ strongly injective. There exists a finite injective
morphism C{x} — A (by the Noether normalization Lemma) and an injective
morphism of maximal rank B — C{y} (by resolution of singularities). Hence, if we
denote by 9 the induced morphism C{x} — C{y}, by Proposition r(¢) =r(p)
and 17 (1)) = r” () and ¥ is strongly injective. Therefore we are exactly in the
situation of [EH77, Theorem 1.2] that asserts that r(z) = % (1) = r ().

6.2. Proof of Theorem In what follows, we prove that (I) = (I[I) =
(III) = (IV) = (I). The Theorem immediately follows because (I) is
Gabrielov’s rank Theorem [L.4l
(I) = (II) By replacing A by ﬁ(@@) we may assume that ¢ is injective, thus
r(¢) = dim(A) = n by Theorem By Lemma there exists a finite injective
morphism C{x} — A and an injective morphism of maximal rank B — C{y}.
The induced morphism C{x} — C{y} is strongly injective, since ¢ is strongly
injective, and f is integral over C[x]. Thus we may assume that A = C{x} and
B =C{y}.

Let P(x, z) € C[x][z] be the minimal polynomial of f over C[x]. By replacing
f by f— f(0) we may assume that f € (y)C{y}. Consider the morphism ¢ :
C{x,z} — C{y} defined by

PY(h(x,2)) = h(e(x1), -, o(xn), f) for any h € C{x, z}.

Then 17 (1) = 17 () = n since P(z) € Ker(¢). Hence, because 17 (1) > r(¢) > (),
we have r(¢)) = n. Thus, by (I), r*(x)) = n so Ker (1) is a height one prime ideal,
thus a principal ideal by [Mat89 Theorem 20.1]. Let Q € C{x, z} be a generator
of Ker(®). Then @ is a generator of Ker() and Q divides P in C[x, z]]. Moreover
P(0,z) # 0 since P(x,z) is a monic polynomial in z. Thus Q(0, z) # 0 and, by the
Weierstrass preparation Theorem, there exists a unit U(x, z) € C{x, z} such that
UQ@ is a monic polynomial in z. But UQ € Ker(¢), i.e. (UQ)(v(x),f) =0, thus f

is integral over C{x}.

(II) = (III) First of all, we may assume that f is irreducible. Then we apply
the result to each irreducible divisor of f. Let A = C{x} and B = C{x,t}/(f).
We have fg = ag(x) + a1 (x)t + - - - + aq(x)t? where the a; are in C[x]. There is a
sequence of quadratic transformations 7 = o 0 -+ 0 01 : C{x} — C{x} such that
T(aq(x)) = x*U(x) for some unit U(x) € C[x]. Thus
7(£)7(9) = T(ap(x)) + 7(a1 (X))t + - - - + x*U (x)t?.

Therefore
(22) x DU (f)r(g) =

yd + U—lT(ad_l)yd—l + U—lxaT<ad_1)yd—2 NI U_ll‘(d_l)aT(ao)

where y := x*t. Let k € C{x,t} be a prime divisor of 7(f). Then y € C{x,t}/(k)
is integral over C[x] by . But the composed morphism
C{x} —C{x,t}/(f) — C{x, t}(k)

has maximal rank, thus y is integral over C{x} by (II), and ¢ is algebraic over

C{x}.
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(III) = (IV) Let P(x,t) € C[x][t] be a nonzero polynomial in ¢ such that
P(x, f) =0 mod. (x; — z22). This means that there exists a formal power series
g € C[x, z] such that

P(x, f(x,2)) + (1 — z22)g(x,2) = 0.

We remark that, because f is algebraic over A, f + Az is algebraic over A for any
A € C and, if deg,(P) = d, the polynomial

T(x,t) := 23 P(x,t — A1 /x2) € C[x][t]
is a vanishing polynomial of f + Az. Let us choose A € C such that if
h:=f+ Xz
then (0, ) is a nonzero power series of order 1. We define I := (t —h(x, 2), z1 —x22)
as an ideal of C{x,t, z}. The ideal I is prime since C{x,t,2}/I ~ C{za,...,zy,, 2},

and ht(I) = 2 since it is generated by two coprime elements.
By the Weierstrass division Theorem

t—h(x,z) =U(x,zt)(z + 1(x,t))
for some unit U(x, z,t) € C{x, z,t} and h'(x,t) € C{x,¢}. Thus
I=(z+h(xt),z1 — 122).
Since z 4+ h/(x,t) and x1 — x93z are coprime polynomials, I := I N C{x,t} # (0).
Moreover I; is a height one prime ideal so it is principal since C{x,t} is a unique

factorization domain. Let Q(x,t) denote a generator of I, Q(x,t) = x1 + x2h/(x, t).
By the Weierstrass preparation Theorem we may assume that

Q=uz1+k(za,...,z,,1t)

for some k € C{zs,...,z,,t}. Moreover we can do the change of variables zy —
x1 + k(za,...,2,,0) and assume that ¢ divides k(xa, ..., 2y, 1).

On the other hand 1 N C[x,] is also a height one prime ideal as for I;, and
I, ¢ INC[x,]. But since I is prime, I, is also prime and I; = I N C[x, ¢] because
both have the same height. Hence @ is a generator of n C[x,t]-

Since T'(x, h) = 0 modulo (z; — x22), T(x,t) € INC[x, ¢]. Thus there is a formal
power series R(x,t) such that

R(x,t)Q(x,t) = T(x,t) € C[x][t]

But (I11) allows us to assume that R(x,t) € C{z,t} and T(x,t) = R(x,1)Q(x,t) €
C{x}[t]. Therefore, T(x, f+Ax1/x2) =0, and f is algebraic over C{x}. This proves
(V).

(IV) = (I) We follow the beginning of the proof of Theorem we argue
by contradiction and assume that ¢ : C{z1, 22, x5} — C{uy, us} satisfies r(p) =
17 (p) = 2 and () = 3. We will replace, step by step, the morphism ¢ by
another morphism ¢’ such that r(¢’) = 2 and Ker(¢’) is generated by a Weierstrass
polynomial in x3 and such that ¢’ has a particularly simple form.

First, we use Lemmato assume that (1) = uy and @(z9) = ufus U (u) where
U(u) is a unit in C{u}. Now let ¢/ : C{u} — C{u} be defined by ¢’ (u;) = u? and

o' (ug) = uyuy™t. Then, we have

oo p(x1) = Uf and o’ o o(xg) = (u1u2)ﬁ(a+1)v(u)
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for some unit V(u). Therefore, up to ramification, we may assume that
p(z1) = ur and p(z2) = urus.
Let P be a generator of Ker(). If we denote by f(u1,uz2) the image of x3 by ¢, we
have
P(ui,uyuz, f(uy,uz)) =0
or
Ay, ug) + ay(ur, urug) f47H(ur, ug) + - - - + ag(ur, ugus) =0

or
fd(ajl, x3) + al(xl,xg)fd_l(arl,xg) + -+ ag(r1,T2) = 0 modulo (z3 — z173).

Therefore, by (IV), we may assume that the a; are in C{x1,x2}. But this implies
that Ker(¢) # (0) and r(¢) < 3 which is a contradiction. This proves (I).

6.3. Proof of Corollary As in the proof of (I) = (II) in Theorem [L.7} we
can assume that ¢ is injective, and ¢: C{x} — C{y}. Since f is algebraic, there is
a nonzero polynomial P(x,z) € C[x][z] in the kernel of 4, where % is given by

v C{x,z} — C{y}
h(x,z) — hp(x), )
Once again as in the proof of (I) = (II) in Theorem Ker(v) is a nonzero
principal ideal. Let @ € Ker(t)). Since Q € Ker(zZ), there is a formal power series g
such that g@Q = P € C[x][z]. Then, by Theorem [L.7(III) there is h € C{x, z} such
that h@Q € C{x}[z]. Moreover h@ € Ker(¢)), which proves that f is integral over
C{x}.

6.4. Proof of Theorem If f(x%, . ;r,%) € C{o N1z} is aroot of P(x,2),
then f(x) is a root of P(x?, z). Let Q(z) be the monic irreducible factor of P(x?, 2)
in C[x][z] having f(x) as a root. Since o is strongly convex, there exists an invertible
linear map L : Z" — Z" with positive coefficients such that L(c) C R%,. Let
(13,7)i,; be the matrix of L. Then, since L is the product of elementary matrices,
the morphism 7 : C{x} — C{x} defined by 7(z;) := xlll"i it for 1< i < nis
a composition of the map 7 defined by n(z1) = z129, 7(x;) = x; for i > 2, and of
the maps permuting the variables 1, ..., ,. Since f(x) is a root of Q(z) then
7(f(x)) = f(7(x)) is integral over 7 (C[x]). Thus, by Theorem [L.7(II), f((x)) is
integral over 7(C{x}) and the coefficients of Q(z) are convergent power series.

Then the factors of P(x?, z) are the polynomials Q(&121,...,&,2,, 2) for any
d-th roots of the unity &, ..., &, and they are in C{x}[z]. Thus the coefficients of
P(x%, z) are convergent power series and the coefficients of P(x, z) also.

7. THE ABHYANKAR-JUNG THEOREM

Abhyankar-Jung Theorem ([JuO8| [Ab55]). Let K be an algebraically closed field
of characteristic zero. Let P(y) € K[x][y] be a monic polynomial in y of degree d
such that Ap = x“u(x) where u(0) # 0. Then the roots of P(y) are in K[x'/4].

In the case of holomorphic polynomials, the Theorem admits a very simple proof
based on the local monodromy of solutions of the polynomial P (this is in fact
the original proof of Jung [Ju0§|, even if he stated the theorem only for the ring
of convergent power series in 2 indeterminates). The formal case is much more
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involved, since the same geometrical arguments are unavailable. The first proof of
the general case is due to Abhyankar [Ab55]. Kiyek and Vicente gave a modern
proof of this result [KV04] and, recently, Parusiniski and the third author have
provided a more direct proof reducing the general case to the complex case, via the
Lefschetz Principle [PR12]. In this section, we provide a new and very short proof
of the Abhyankar-Jung Theorem, in all of its generality, following the techniques
developed in § (and based on the Lefschetz Principle).

Proof of the Abhyankar-Jung Theorem. We will prove this result in three steps: first
the case where P(y) € C{x}[y], then the case where P(y) € C[x][y], and finally the
general case.

Step I: Assume that P(y) € C{x}[y]. Let € > 0 be such that the coefficients of P(y)
are analytic on an open neighbourhood of the closure of DI := {x € C" | |z;| <
g, Vi}. The projection map ¢ : V := {(x,y) € C"* | P(x,y) = 0} — C" x {0}
is a branched covering, and its restriction over U := D?\{x; - - - x,, = 0} is a finite
covering of degree d.

Let a € U. We have m1 (U, a) = Z™. Therefore

(dZ)" C pu(m(V N (U),b)).

But the map

p:x€ (D) — x%
satisfies p*(7((DZ,a)")) = (d'Z)". Thus by pulling back the covering by p, the
cover has no monodromy, thus P(z%,y) factors into linear factors. The polynomial
P(x%,%) being monic, its roots &;(x) are bounded near the origin. Therefore, by
the Riemann Removable Singularity Theorem, they extend to analytic functions in
a neighborhood of the origin.

Step II: Now suppose that P(y) € C[x][y], and Ap = x“u(x). We denote by K an
algebraic closure of the field C((x)). The valuation ord on C((x)) extends on K, and
this extension is again denoted by ord. Denote by &1,. .., &, the roots of P(y) in K.
If P(y) = y¢+ a1 (x)y?! + -+ + aq(x), there is a universal polynomial A =
A(Aq, ..., Aq) € Q[Ay,..., Ay], such that Ap = A(ay,...,aq).
Now we apply Artin approximation Theorem: for every integer ¢, there are

ac1(X), .., aca(X), uc(x) € C{x} such that

Alac, ..., 0cd) =X Uc(X)
and a; — aci, u — u. € (x)° In particular, for ¢ > 1, we have u.(0) # 0. We set
P.(y) = y? + Z?Zl aci(x)y?=". By Step I, there exist &1, ..., Ecd € C{x'/%} such
that ;

Poy) = [J(v — &e.)-
i=1
By Lemma after renumbering the &, ; we may assume that ord(&.; — &) goes
to infinity. Therefore . € C[x'/%], and the result is proved.

Step III: Finally, in the general case, we denote by K, the subfield of K generated
by all the coefficients of the series defining P(y). Such a field Ky can be embedded
in C, because Q — Ky is a field extension of finite or countable degree, while the
degree of Q@ — C is uncountable and C is algebraically closed. We denote by ¢
this embedding. Then, by the previous case, the roots of P(y) are in C[x'/%]. Let
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K; be the subfield of C generated by ¢(Ky) and the coefficients of the roots of P(y)
in C[x!/']. Then, there is an embedding of K; in K whose restriction to ¢(Kp) is
t=1, because the degree of +(Kg) — Kj is 0 (by Lemma [7.1] given below), and K is
algebraically closed. O

Lemma 7.1. Let K C L be two fields. Let f € L[x] be algebraic over K[x]. Let
K1 be the field extension of K generated by the coefficients of f. Then K — K is
an algebraic field extension.

Proof. This result is well-known (see for instance [Gi69]). The proof goes as follows:
we fix a monomial order on L[x] such that every subset of N has a minimal element.
For f:= 3} cyn faXx® € L[x], we set

exp(f) := min{a € N" | f, # 0} and in(f) := fexp(f)xe"p(f).

Assume that P(x, f(x)) = 0 where P(x,y) € K[x][y] is nonzero. From this relation
we obtain that in(f) is algebraic over K[x], therefore fox,(s) is integral over K.
Then we replace f by f —in(f) and we replace K by K(fexp(s)). The result follows
by induction. ([l

REFERENCES

[Ab55] S. Abhyankar, On the ramification of algebraic functions, Amer. J. Math., 77, (1955),
575-592.

[Ab64] S. S. Abhyankar, Local analytic geometry, (Pure and Applied Mathematics. 14.) New
York-London: Academic Press, (1964).

[AM70] S. S. Abhyankar, T. T. Moh, A reduction theorem for divergent power series, J. Reine
Angew. Math., 241, (1970), 27-33.

[AP70] S. S. Abhyankar, M. van der Put, Homomorphisms of analytic local rings, J. Reine Angew.
Maith., 242, (1970), 26-60.

[ABMO08] J. Adamus, E. Bierstone, and P. D. Milman, Uniform Linear Bound in Chevalley’s
Lemma, Canad. J. Math., Vol. 60 (4), (2008), 721-733.

[Ar04] F. Aroca, Puiseux parametric equations of analytic sets, Proc. Amer. Math. Soc., 132,
(2004), no. 10, 3035-3045.

[Ar68] M. Artin, On the solutions of analytic equations, Invent. Math., 5, (1968), 277-291.

[Ar71] M. Artin, Algebraic spaces, Yale Mathematical Monographs, 3. Yale University Press, New
Haven, Conn.-London, 1971.

[Be77] J. Becker, Exposé on a conjecture of Tougeron, Annales de ’Institut Fourier, 27, no. 4,
(1977), 9-27.

[BZ79] J. Becker and W. R. Zame, Applications of functional analysis to the solution of power
series equations, Math. Ann., 243, (1979), 37-54.

[BASB19] A. Belotto da Silva and E. Bierstone, Monomialization of a quasianalytic morphism,
arXiv 1907.09502 [math.AG], 2019.

[BM87a] E. Bierstone and P. D. Milman, Relations among analytic functions I, Ann. Inst. Fourier,
37:1, (1987), 187-239.

[BM87b] E. Bierstone and P. D. Milman, Relations among analytic functions II, Ann. Inst. Fourier,
37:2, (1987), 49-77.

[BM82] E. Bierstone and P. D. Milman, Composite differentiable functions, Ann. Math., 116,
(1982), 541-558.

[BMOO] E. Bierstone and P. Milman, Subanalytic Geometry, Model Theory, Algebra, and Geometry.
MSRI Publications. Volume 39, (2000).

[BP18] E. Bierstone and A. Parusinski, Global smoothing of a subanalytic set, Duke Math. J.,
167, Number 16 (2018), 3115-3128.

[BS83] E. Bierstone and G. Schwarz, Continuous linear division and extension of C°° functions,
Duke Math. J., 50, (1983), no. 1, 233-271.

[Br86] M. D. Bronshtein, Division theorems in spaces of functions of finite smoothness and in
Gevrey spaces, Dokl. Akad. Nauk SSSR, 289, (1986), no. 5, 1039-1042.



GABRIELOV’S RANK THEOREM 61

[CCD13] F. Cano, D, Cerveau and J. Déserti, Théorie élémentaire des feuilletages holomorphes
singuliers, Collection Echelles, Belin, 2013.

[CPR19] F.-J. Castro-Jiménez, D. Popescu, G. Rond, Linear nested Artin approximation Theorem
for algebraic power series, Manuscripta Math., 158, 1-2, (2019), 55-73.

[CM82] D. Cerveau, J.-F. Mattei, Formes intégrables holomorphes singuli¢res, Astérisque, 97,
Société Mathématique de France, Paris, (1982).

[Ch43] C. Chevalley, On the theory of local rings, Ann. of Math., 44, (1943), 690-708.

[Ch58] W. L. Chow, On the theorem of Bertini for local domains, Proc. Nat. Acad. Sci. U.S.A.,
44, (1958), 580-584.

[DL80] J. Denef, L. Lipshitz, Ultraproducts and Approximation in Local Rings II, Math. Ann.,
253, (1980), 1-28.

[EH77] P. M. Eakin, G. A. Harris, When ®(f) convergent implies f convergent, Math. Ann., 229,
(1977), 201-210.

[Ei52] G. Eisenstein, Uber eine allgemeine Eigenschaft der Reihen-Entwicklungen aller Algebrais-
chen Funktionen, Bericht Kéonigl. Preuss. Akad. d. Wiss. Zu Berlin, 441-443, (1852).

[Ga71] A. M. Gabrielov, The formal relations between analytic functions, Funkcional. Anal. ©
Prilovzen, 5, (1971), 64-65.

[Ga73] A. M. Gabrielov, Formal relations among analytic functions, Izv. Akad. Naut. SSSR, 37,
(1973), 1056-1088.

[Ge52] A. O. Gel’fond, Transcendental and algebraic numbers, Dover Publications, Inc., New York,
1960.

[Gi69] R. Gilmer, Integral dependence in power series rings, J. Algebra, 11, (1969), 488-502.

[Go00] P. D. Gonzalez Pérez, Singularités quasi-ordinaires toriques et polyédre de Newton du
discriminant, Canad. J. Math., 52, (2000), no. 2, 348-368.

[Gr60] A. Grothendieck, Techniques de construction en géométrie analytique VI, Séminaire Henri
Cartan, 13, no. 1, (1960-61).

[Hi75] H. Hironaka, Flattening theorem in complex-analytic geometry, Amer. J. Math. 97 (1975),
503-547.

[Hi86] H. Hironaka, Local analytic dimensions of a subanalytic set, Proc. Japan Acad. Ser. A
Math. Sci. 62 (1986), 73-75.

[1z86] S. Izumi, Gabrielov’s rank condition is equivalent to an inequality of reduced orders, Math.
Ann., 276, (1986), 81-89.

[1z89] S. Izumi, The rank condition and convergence of formal functions, Duke Math. J., 59,
(1989), 241-264.

[dJPf00] T. de Jong, G. Pfister, Local Analytic Geometry, Vieweg 2000.

[Ju08] H. E. W. Jung, Darstellung der Funktionen eines algebraischen Kérpers zweier unabhéngiger
Varanderlichen z, y in der Umbebung einer Stelle x = a, y = b. J. Reine Angew. Math., 133,
(1908), 289-314.

[KV04] K. Kiyek, J. L. Vicente, On the Jung-Abhyankar theorem, Arch. Math. (Basel), 83, (2004),
no. 2, 123-134.

[La88] S. Lang, Introduction to Arakelov theory, Springer-Verlag, New York, (1988)

[McD95] J. McDonald, Fiber polytopes and fractional power series, Journal of Pure and Applied
Algebra, 104, (1995), 213-233.

[Ma62] K. Mahler, On some inequalities for polynomials in several variables, J. Lond. Math. Soc.,
37, Issue 1, (1962), 341-344.

[Mal67] B. Malgrange, Ideals of differentiable functions, vol. 3, Oxford University Press, Tata
Institute of Fundamental Research Studies in Mathematics, (1967).

[Mal77] B. Malgrange, Frobenius avec singularités, 2. Le cas général, Invent. Math., 39, (1977),
67-89.

[Mat89] H. Matsumura, Commutative Ring Theory, Cambridge studies in advanced mathematics,
(1989).

[Mi78] P. Milman, Analytic and polynomial homomorphisms of analytic rings, Math. Ann., 232,
(1978), no. 3, 247-253.

[MT76] R. Moussu, J.-CL. Tougeron, Fonctions composées analytiques et différentiables, C. R.
Acad. Sci. Paris, 282, (1976), 1237-1240.

[Na62] M. Nagata, Local rings, Interscience Tracts in Pure and Applied Mathematics, 13, New
York, (1962).



62 A. BELOTTO DA SILVA, O. CURMI, AND G. ROND

[0Os16] W. F. Osgood, On functions of several complex variables, Trans. Amer. Math. Soc., 17,
(1916), 1-8.

[PRol13] A. Parusiniski and J. P. Rolin, Note on the Weierstrass preparation theorem in quasiana-
lytic local rings, Canad. Math. Bull. Online (2013).

[PR12] A. Parusiniski, G. Rond, The Abhyankar-Jung theorem, J. Algebra, 365, (2012), 29-41.

[Pa90] W. Pawtucki, Points de Nash Des Ensembles Sous-analytiques. Memoires of the American
Mathematical Society, Volume 84, Number 425, 1990, 76 pages.

[Pa92] W. Pawlucki, On Gabrielov’s regularity condition for analytic mappings, Duke Math. J.,
65, No. 2, (1992), 299-311.

[Pa89] W. Pawlucki, On relations among analytic functions and geometry of subanalytic sets, Bull.
Polish Acad. Sci. Math. 37 (1989), 117 — 125.

[Re57] R. Remmert, Holomorphe und meromorphe Abbildungen komplexer Rdume, Math. Ann.,
133, (1957), 328-370.

[Ro08] G. Rond, Propriétés de régularité des morphismes d’algébres analytiques, Rev. Semin.
Iberoam. Mat., vol. 3 fasc. V-VI (2008), 125-145.

[Ro09] G. Rond, Homomorphisms of local algebras in positive characteristic, J. Algebra, 322, no.
12, (2009), 4382-4407.

[Rol7] G. Rond, About the algebraic closure of the field of power series in several variables in
characteristic zero, J. Singul., 16, (2017), 1-51.

[Ro18] G. Rond, Artin Approximation, J. Singul., 17, (2018), 108-192.

[Ta81] M. Tamm, Subanalytic sets in the calculus of variation, Acta Math., 146, (1981), 167-199.

[Ta48] A. Tarski, A Decision Method for Elementary Algebra and Geometry, RAND Corporation,
Santa Monica, Calif., 1948.

[To72] J.-Cl. Tougeron, Idéaux de fonctions différentiables, Ergebnisse der Mathematik und ihrer
Grenzgebiete, Band 71, Springer-Verlag, (1972).

[To76] J.-Cl. Tougeron, Courbes analytiques sur un germe d’espace analytique et applications,
Annales de I’Institut Fourier, 26, no. 2, (1976), 117-131.

[To90] J.-Cl. Tougeron, Sur les racines d’un polyndéme & coefficients séries formelles, Real analytic
and algebraic geometry (Trento 1988), 325-363, Lectures Notes in Math., 1420, (1990).
[Za48] O. Zariski, Analytical irreducibility of normal varieties, Ann. of Math., 49, (1948), 352-361.
[Za50] O. Zariski, Sur la normalité analytique des variétés normales, Ann. Inst. Fourier, 2, (1950),

161-164.

(A. Belotto da Silva, O. Curmi, G. Rond) UNIVERSITE AIX-MARSEILLE, INSTITUT DE MATHEMA-
TIQUES DE MARSEILLE (UMR CNRS 7373), CENTRE DE MATHEMATIQUES ET INFORMATIQUE, 39
RUE F. JoLioT CURIE, 13013 MARSEILLE, FRANCE

Email address, A. Belotto da Silva: andre-ricardo.belotto-da-silva@univ-amu.fr

Email address, O. Curmi: octave.curmi@univ-amu.fr

Email address, G. Rond: guillaume.rond@univ-amu.fr



	1. Introduction
	1.1. Gabrielov's rank Theorem
	1.2. Applications and variations
	1.3. Examples

	2. Ranks and transformations
	2.1. General properties
	2.2. Monomial maps

	3. Gabrielov's rank Theorem
	3.1. Low dimensional Gabrielov's rank Theorem
	3.2. Reduction of Theorem 1.4 to Theorem 3.1
	3.3. Proof of the Formal Bertini Theorem

	4. Proof of the low-dimensional Gabrielov Theorem
	4.1. Geometrical framework
	4.2. Geometrical formulation of low-dimension results
	4.3. Blowing ups and the inductive scheme
	4.4. Proof of Gabrielov's low dimension Theorem (Reduction of Theorem 4.2 to Proposition 4.6)
	4.5. The induction Scheme (Reduction of Proposition 4.6 to Proposition 4.8 and 4.9)
	4.6. Convergence of factors along fibers (Proof of Proposition 4.9)

	5. Semi-Global extension of convergent factors
	5.1. Semi-global extension overview (Proof of Proposition 4.8)
	5.2. Newton-Puiseux-Eisenstein Theorem
	5.3. On convergent projective rings
	5.4. Semi-global formal extension
	5.5. Local-to-Semi-global convergence of factors

	6. Applications and variations
	6.1. Proof of Theorem 1.6
	6.2. Proof of Theorem 1.7
	6.3. Proof of Corollary 1.9
	6.4. Proof of Theorem 1.15

	7. The Abhyankar-Jung Theorem
	References

