PREORDERED GROUPS AND VALUED FIELDS

JULIE DECAUP AND GUILLAUME ROND

ABSTRACT. We study algebraic, combinatorial and topological properties of the set of preorders on a group,
and the set of valuations on a field. We show strong analogies between these two kinds of sets and develop
a dictionary for these ones. Among the results we make a detailed study of the set of preorders on Z™. We
also prove that the set of valuations on a countable field of transcendence degree at least 2 is an ultrametric
Cantor set.

1. INTRODUCTION

The purpose of this paper is to investigate some algebraic, combinatorial and topological properties of
spaces of preorders on a given group, and spaces of valuations on a given field. In particular we show that
these spaces share very strong similarities, and we develop a dictionary between preorders on groups and
valuations on fields.

Historically, the study of orderable groups has been developed since the end of the nineteen century for
their importance in algebraic topology. But the first study of the topological properties of the set of orders
on a group is due to Kuroda in the case G = Z" [Ku02], and to Sikora in the general case [Si04]. Here,
an order means a total order that is left-invariant. In his paper, Sikora introduced a topology on the set of
orders on a group, and showed that this topology is a metric topology in the case of countable groups. For
a countable group G, Sikora proved that the space of left-invariant orders (denoted by Ord;(G)) on G is a
compact metric space, and shows that this is even a Cantor set when G = Z™. Subsequently, several authors
proved that Ord;(G) is a Cantor set for several examples of groups G.

The first study (to our knowledge) of the space of preorders on a group G is due to Ewald and Ishida [EI06]
for G = Z™. Let us mention that a preorder satisfies all the properties of an order except that it may not be
antisymmetric. In their paper, they introduce a topology of the set of preorders on Z" (extending the one
of Kuroda), and show the compacity of this set.

On the other hand, Zariski introduced a topology on the set of valuations of a field (called the Zariski-
Riemann space), proved its compacity and used this in order to deduce the resolution of singularities in
dimension two from the local uniformization theorem (see [Za40] and [Za44]). The study of valuation theory
has been revived in the last twenty years for its applications in commutative algebra and algebraic geometry
(see [Va06] or [HS06] for example).

In this paper we begin by studying preorders on groups. First, we show that the set of left-invariant
preorders on a group G (denoted by ZR,;(G)) is equipped with a natural order that makes ZR;(G) a join-
semilattice (see Theorem and even a rooted graph under some assumptions on G (see Proposition m
and Corollary . Then we introduce and investigate three topologies on ZR;(G): the Zariski topology,
the Inverse topology and the Patch topology. These correspond to the topologies having the same name on
the set of valuations on a given field and introduced by Zariski (see [SZ60] or [Ho6G9]). Moreover the Patch
topology coincides with the Chabauty topology on the sets of submonoids of G, where G is endowed with
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the cofinite topology. We prove that ZR;(G) is compact for these three topologies (using the same argument
as Zariski for the case of spaces of valuations), see Theorem m The first two topologies are not metric,
but we show, following Sikora, that the last one is ultrametric when G is countable (see Proposition .
Let us mention that these three topologies coincide on the subset of orders and, therefore, correspond to the
topology introduced by Sikora. Then we study in more details the case of abelian groups, and we make a
detailed study of ZR(Z™): we show that this is not a Cantor set in general, but that it contains infinitely
many explicit Cantor subsets when n > 2, generalizing the result of Sikora (see Theorem . In fact
the set ZR(Z™) can be seen as a rooted graph on which acts Aut(Q™). More precisely ZR(Z™) can be seen
as follows: we consider the rooted graph T that has one root <y and a set of vertices in bijection with
the sphere of dimension n — 1, and the edges are the pairs (<g, <) where =< runs over the other vertices.
Then ZR(Z") is obtained by gluing Ty with infinitely many copies of the ZR(Z?) for d < n. From this we
deduce an effective version of Hausdorff-Alexandroff Theorem for the spheres of any dimension (Proposition
3.19)). The case of non-commutative groups is much more difficult in general. We provide two examples:
the description of ZR(G) when G is the fundamental group of the Klein bottle, and we give an example of
a torsion free group G for which ZR(G) is trivial.

Then we develop the analogy with the set of valuations on a field K. We denote by ZR(K/k) the set of
valuations on K that are trivial on the subfield k. Here again, ZR(K/k) is a join-semilattice (Proposition
4.31). When K is a countable field, we show in an explicit way that the Patch topology is an ultrametric
topology (see Theorem . The main difference with ZR;(G) for a group G, is that the subfield k plays
the role of the trivial subgroup {1}, but k is not finite in general. Therefore several difficulties appear. For
example, the Zariski, Inverse and Patch topologies do not coincide in general on the set of rational valuations,
but they do when k is a finite field (see Proposition . Then, by analogy with the case of orders and
preorders on Z", we investigate when ZR(K/k) (or some subsets of it) are Cantor sets. First we prove an
analogue of the result of Sikora: the set of rational valuations on k(x1,...,z,) vanishing on k (when k is
a finite field), is a Cantor set for the Zariski topology (see Theorem . When k is not finite, this set is
unfortunately not closed, therefore not compact. But we prove that ZR(K/k) is a Cantor set for the Patch
topology when k — K is a finitely generated field extension of transcendence degree at least 2 and k is at
most countable (Theorem .

The dictionary between preorders on a group G and valuations on a field K can be summarized in the
following table (the corresponding objects will be introduced all along the paper):

Group G Field K
monoid S Ring R
Preorder < Valuation v
Preorder monoid V< Valuation ring V,
maximal ideal m< maximal ideal m,,
rank(=) rank(v)
Residue group G< Residue field k,,
deg(2) fr. deg, (,)
Oy O(x)
U, U(x)

Let us mention that this analogy has been emphasized in the case of preorders on Z™ and valuations on
k(z1,...,2,) in [EIO6], where the authors extend the Zariski topology to the set of preorders on Z™ and
show its compacity, and in [TeI8] where the author provides a new proof of the fact that the set of orders
on Z™ is a Cantor set. This work has been motivated by our previous work where we used in an essential
way the compacity of ZR(Z™) [ADR].

Acknowledgments. We would like to thank Andrés Navas for stimulating discussions related to this
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work. The second author is deeply grateful to the UMI LASOL of CNRS where this project has been carried
out.

2. THE ZARISKI-RIEMANN SPACE OF PREORDERS

2.1. Generalities.
Definition 2.1. Let G be a group. We denote by ZR;(G) the set of left-invariant (total) preorders on G,
i.e. the set of binary relations < on G such that

i) Yu,v € G, u < vorv =3 u,

il) Yu,v,w € G, u 2 v and v < w implies u < w,

iit) (left invariance) Yu,v,w € G, u < v implies wu < wwv.
In the same way, we define right-invariant preorders whose set is denoted by ZR,.(G). The set of preorders
that are bi-invariant, that is, left and right-invariant, is denoted by ZR(G). The subset of orders of ZR.(G)
is denoted by Ord.(G) for * =1, r or .
The trivial preorder, i.e. the unique preorder < such that u < v for every u, v € G is denoted by <.

Remark 2.2. Sometimes in the literature, the terminology preorder refers to binary relations satisfying only
Properties ii) and iii) given in Definition In this case, the binary relations satisfying Definition are
called total preorders in these ones. Both conventions exist and the one we choose is the one given in [EI06].
These are also very strongly related to the notion of relative order - see Remark for more details about
this notion.

Remark 2.3. If G is an abelian group, then ZR(G) = ZR;(G) = ZR..(G).

Remark 2.4. There is a bijection between ZR;(G) and ZR,(G) defined as follows:
For =€ ZR,;(G) we define the right-invariant preorder <’ by
Vu,v e G, u='v<e= vt <u"h
So from now on, we will no longer consider right-invariant preorders.
Definition 2.5. Let G be a group. For <€ ZR,(G) and u, v € G, we write u < v if
u=<vand ~(v X u).

Lemma 2.6. Let G be a group. Let a, b, ¢, d € G witha <b and ¢ < d.

(1) If <€ ZR(G) then ac < bd.

(2) If <€ ZR(S), then b tad 1c < 1.
If we assume moreover that a < b or ¢ < d, then we obtain strict inequalities in both cases.

Proof. For the first inequality just remark that ac < be < bd.

Now if <€ ZR;(G) we have b~'a < 1 and d~'c < 1. Therefore we have b=tad~'c < b~ la < 1.

Let us remark that if a < b, <€ ZR;(G), then ca < ¢b for every ¢ € G. Thus the cases of strict inequalities
are proved as the previous cases. O

Definition 2.7. Let G be a group. Let <€ ZR.(G). We define a congruence relation ~~< as follows:
u~<vifu=<vandvu.

This congruence relation is compatible with the group law if < is bi-invariant. In this case the quotient
G/ ~< is a group denoted by G= and < induces in an obvious way an order on G= still denoted by <.

Remark 2.8. Let G be a group. If Tor(G) # {1}, then Ord.(G) = 0. Indeed let u € Tor(G) be of order
n > 1 and let <€ Ord,(G). Assume 1 < u. Thus

I2u=u? = 2" =1

Since < is an order, we have w = 1. The same is true if we assume u < 1. Therefore Tor(G) = {1}.
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2.2. Preorder monoid. Let G be a group and <€ ZR;(G). We set
Vi={ueG|u~=1l},

m<={ueG|ux 1}

It is straightforward to check that V< is a monoid, and m< a two-sided ideal of V< (by Lemma. Moreover
V< is a preorder monoid:

Definition 2.9. Let G be a group and V be a sub monoid of G. We say that V is a preorder monoid if
(2.1) YueG, ueVorul!eV

Moreover, if V' is a preorder monoid, then V' = Vx where <€ ZR;(G) is defined as follows: for every wu,
v € G, we set u = v if and only if v=!u € V. Since V satisfies (2.1]), Definition i) is satisfied. Since V is
a monoid, Definition ii) is satisfied, and Definition iii) is automatically satisfied.
Moreover = is bi-invariant if and only if V< is a normal sub monoid of G, that is

Yu € Vv eG, v iuw e Va.

We remark that mx is the unique maximal two-sided ideal of V< since the inverse of every element of V<\ m<
is in Vx.

Definition 2.10. Let G be a group and <€ ZR;(G). The monoid Vx is called the preorder monoid associated
to X, and mx is its mazimal ideal.

2.3. Ordering of the set of orders.

Definition 2.11. Given two preorders =1, <o2€ ZR;(G) where G is a group, we say that <5 refines =<y if
Yu,v € G,u X9 v = u =1 V.
Remark 2.12. Let <y, =o€ ZRy(G). If <X refines <5 and <5 refines <; then <;==<s.
Remark 2.13. By contraposition, <5 refines =< if and only if
Yu,v € G,u <1 v = u <3 .
Definition 2.14. Let G be a group. We define an order < on ZR,(G) as follows: for every preorders <,
=9€ ZR(G) we have
=1 <=
if <5 is a refinement of <;. By Remark it is straightforward to check that < is an order.

Lemma 2.15. Let G be a group. Given <, <'€ ZR,(G), the following properties are equivalent:
i) =<
ii) Vi C Vg
iii) m< C m<

Proof. Assume i) holds, and let u € V<, that is u >’ 1. Then u > 1 and u € V<. Thus ii) holds.

Now assume that ii) holds, and let u € m<, that is u > 1. Therefore u™! <1, that is u™! ¢ V<. Thus
u™! ¢ V< and u € m<. Thus iii) holds.

Finally, assume iii) holds. Let u, v € G with u < v, that is w~'v = 1. Thus, u~'v € mg C mx/. Therefore
u<"v,and x <<’ O
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Lemma 2.16. Let G be a group and let E C ZRi(G) be non empty. The set

Ag =< S sub monoid of G | U Ve cCS
SYD)

is non empty and contains a minimal element. This minimal element is a preorder monoid, and its associated
preorder is denoted by <int g. It is the infimum of E.
Moreover, if E C ZR(G), then =it g 18 bi-invariant.

Proof. We have that G € Ag, therefore this set is not empty. We set V:= (| S. We have |J V< CV,
SeAp <EE

and for every u € G, u € V or u~! € V since the V are preorder monoids. Moreover V is a monoid since
the S are monoids. This proves the existence of <j,¢ g. By Lemma [2.15] <i.¢ g is the infimum of E.
Now, if all the V< are normal monoids, then V' is a normal monoid, and =<in¢ g is bi-invariant. O

Let G be a group and let <€ ZR.(G). We set
Raf;, (%) := {='€ ZR.(G) such that =<' <<},
Raf} (=) := {='€ ZR.(G) such that << =<'}.
Lemma 2.17. Let G be a group and E C ZR.(G). We have
() Raf (%) = Raf, (Zints) -

=€k
Proof. Indeed, we have

<< Sinfpe= Vx

Dinf E

CVie=V=eE ViCVu]<= V=€ E, =<

Remark 2.18. If E := {=<, =<2}, then <,s g is denoted by <1 A =<,.

Lemma 2.19. Let G be a group. Let <1, =o€ ZRi(G), none of them refining the other one. Then there is
u € G such that
u <11 and 1 <5 u.

Proof. Because <5 is not refining <; there are a, b € G such that a <5 b and b <; a. By symmetry there
are ¢, d € G such that ¢ <1 d and d <3 ¢. Set u = a~'bd~'c. Then u <; 1 by Lemma[2.6 By symmetry we
have 1 <9 u. O

Therefore we have:

Theorem 2.20. Let G be a group. Then ZR.(G) is a join-semilattice, that is, a partially ordered set in
which all subsets have an infimum.
Moreover, for every <€ ZR.(G), (Raf, (%), <) is a totally ordered set.

Proof. We have that ZR.(G) is a join-semilattice by Lemma [2.17]

Now let <€ ZR.(G). Let =1, =o€ Raf, (X), X1#=5. Assume, aiming for contradiction, that <;¢ Raf_ (=<5)
and <o¢ Raf_ (=1). Then by Lemma there exists w € G such that v <; 1 and © =2 1. Since < refines
=; and =5 then v < 1 and uw > 1 which is a contradiction. O

Proposition 2.21. Assume the following:

i) for every <€ ZR.(QG), there is a mazimal element <" < <.
il) for every =<1, =2€ ZR.(G) with <1 < =<4, there is a minimal ='€ ZR.(G) such that

<1<='<=s.
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In this case, ZR.(G) has a rooted tree structure: the vertices of ZR.(G) are the elements of ZR.(G), and
there is an edge between two vertices <1, =9 if 31 < X9 or 29 < =Xy and there is no preorder between =1
and =a. The root is the trivial preorder.

Proof. We only have to prove that, for every <1, <o€ ZR.(G), there is a unique path connecting <; to <s.
By replacing <3 by <1 A =<, we may assume that <5 < <;. Since Raf, (=<7) is totally ordered, we only need
to prove that there is a path between <5 and <;. We consider the set
E := {<€ Raf, (=1) NRaf(=Z3) |= is connected to =1}.

We claim that < s g€ FE. First we have <, g€ Raf_ (jl)ﬁRafj' (=2) since it is the infimum of E. Moreover,
by ii), if < g#=1, then there is a minimal <€ ZR.(G) such that <, s g < X< =3 . Therefore <X g is
connected by an edge to < and <€ E.

Now, if <9#=inf g, then by i) there is <€ ZR, (G) such that <9 < < < <Xyt g, and < and <j,¢ g are connected
by an edge. This contradicts the definition of E. Therefore <;,s p==2. This proves the result. O

2.4. Topologies.
2.4.1. The Zariski topology.

Definition 2.22. Let G be a group. The Zariski topology on ZR.(G) (or Z-topology for short) is the
topology for which the sets
Oy :={R€ZR.(G) | u = 1},
where u runs over the elements of G, form a basis of open sets.
Proposition 2.23. Let G be a group. The order < is the specialization order of the topological set ZR.(G),

that is . i
V 21, 22€ ZR.(G), 21 <2 = {Z2} C{=1}

where B is the closure of E C ZR.(G) for the Zariski topology.

Proof. Let X1 <=5, If Z5€ Oy, then u =5 1 and u =1 1 since =5 refines <;. Thus <;€ O,. Hence every
open set containing <o contains <;. Hence <5 belongs to the Z-closure of {=<;}.

-7 —z
On the other hand assume {<5}  C {1} . Let u, v € G such that u > v, that is <o€ O,-1,,. Since O -1,
is open we have <€ O,-1,,. Therefore u > v and <1 < <s. O
-z
In particular this implies that for a given preorder <€ ZR,(G) we have Raf (%) = {<} .
2.4.2. The Inverse topology.

Definition 2.24. Let G be a group. The set ZR.(G) is endowed with a topology for which the sets
Uy, = {=€ ZR.(GQ) | u > 1},
where u runs over the elements of GG, form a basis of open sets. This topology is called the Inverse topology
or I-topology.
Remark 2.25. For every u € G, O, is the complement of U, -1.
Proposition 2.26. Let G be a group. The order < is the specialization inverse order of the topological set
ZR.(G), that is
—T  —T

V =21, %€ ZR4(G), 21 <20 = {1} C{=X2} .
Proof. Let <1 < <5, If <1€ U, then u =1 1. Therefore u =5 1 since <5 refines <;. Thus <,€ U,,. Hence
every open set containing <; contains <o. Hence <; belongs to the I-closure of {<2}.

— 1 —
On the other hand assume {<1} C {=<2} . Let u, v € G such that u =1 v, that is <1€ U,-1,,. Since U,-1,,
is open we have =o€ U,-1,,. Therefore u >=2 v and <7 < <s. O
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—
Therefore for a given preorder <€ ZR.(G) we have Raf, (=) = {=<} .
2.4.3. The Patch topology.

Definition 2.27. The Patch topology on ZR.(G) (or P-topology for short) is the topology for which the
sets U, and O,, where u runs over G, form a basis of open sets. This is the coarsest topology finer than the
Zariski and the Inverse topologies.

2.4.4. Remarks about these topologies. From now on, for a set E C ZR.(G) where G is a group, we say that
that E is x-open if E is open in the x-topology for x = Z, I, or P. In the same way we define x-continuous
maps and x-homeomorphisms.

Proposition 2.28. Let G be a group. The space ZR.(G) endowed with the Zariski or the Inverse topology is
To, but it is not T1 when ZR.(G) # {<o}. In particular ZR.(G) is not metrizable for these two topologies.

Proof. Let us prove the statement for the Zariski topology.

Let =1<=5. Then =5 belongs to the closure of {=<1} by Proposition and ZR.(G) is not T;.

Now let <y and <5 two distinct preorders on G. In particular one of them does not refine the other. Assume
for instance that <o does not refine <;. Thus there exist u, v € Z" such that © <o v and v <; uw. Thus
<9€ Oy-1, but <1¢ O,-1,. Hence ZR.(G) is Ty.

The proof is similar for the Inverse topology. |

Lemma 2.29. The I-topology and the Z-topology agree on Ord,(G).
Proof. Indeed, for u € G, u # 1 we have U, N Ord.(G) = O, N Ord.(G). O
2.5. Compactness of the space of preorders.

Theorem 2.30. Let G be a group. Then ZR.(G) is compact for the P-topology. Therefore it is compact for
the Z-topology and the I-topology.

Remark 2.31. Let us mention that this result has been proved when G is a countable group in [AR20] (see

Remark [2.54]).

Proof. We follow the method of Samuel and Zariski [SZ60, Theorem 40].
We do the proof for the space of left-invariant preorders. The case of bi-invariant preorders is similar.
For every <€ ZR;(G), we define the map v<: G — {—1,0,1} as follows:

-1 ifu<1
v<(u) = 0 ifu~xl
1 ifu>1.

This defines an inclusion

ZR)(G) C {~1,0,1}¢.
We consider the discrete topology on {—1,0,1}, and we consider the product topology on {—1,0,1}¢. The
induced topology on ZR;(G) is the P-topology.
We have that {—1,0,1} is compact, and the product {—1,0,1}% is compact by Tychonoff’s Theorem. In
the corresponding product topology, we claim that ZR;(G) is a closed set, so compact. That is, ZR;(G) is
compact in the P-topology.

Thus let us prove that ZR;(G) is closed in {—1,0,1}¢. For any map v € {—1,0,1}“, we have that v € ZR;(G)
if and only if:

i) For all u,v € G, either v(u) = —1 or v(v) = —1 or v(uwv) € {0,1}

ii) For all u € G, v(u™t) = —v(u).
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Clearly, if v = v< for some <€ ZR.(G), then these properties are satisfied. On the other hand, if v satisfies
these properties, then let us show that v = v< for some <. In this case, necessarily < is defined as follows:
Vu,v € G, u <vif v(utv) =1, u = v if v(u=tv) = —1; u ~< v if v(v" u) = 0. We only need to prove that
=< is a preorder in the sense of Definition [2.1

Clearly, for every u, v € G we have u < v or u > v. By ii), we have u ~< u for every u € G. Then let u, v,
w be elements of G, and assume u < v and v < w. It means that v(u~'v) and v(v~lw) are in {0,1}. By i),
we have v(u~!w) € {0,1}, hence u < w.

Now let u, v, w € G with v < w, that is, v(v" u"tuw) = v(v~1w) € {0,1}. Thus, uv < uw.

For every u € G, we denote by ®,: {—1,0,1} — {-1,0,1} the map sending v onto v(u). This map is
continuous for the discrete topology.

For every u, v € G, we set

Fup =0, ({-1hue, ({-1})ue,, ({0,1})
and
Fp:=9, ({opu (e, ({1hnet ({-11)
Since ®,, is continuous for the discrete topology, the sets F,, and F, are closed sets for all u, v € G.

Moreover, we have that ZR;(G) = [\ Fu. N [\ F). Therefore ZR;(G) is a closed set. This completes the
u,veG ueG
proof. O

Lemma 2.32. Let G be a group. Then Ord.(G) is a closed set of ZR.(G) in the Z-topology and the
P-topology.

Proof. We have Ord,(G) = (] (O, NOu-1)°. O
uweG,u#l

Remark 2.33. As a closed subset of a compact set, Ord,(G) is compact for the Z-topology. Since the
Z-topology and the I-topology coincide on the set of orders, Ord,(G) is compact for the I-topology.

Proposition 2.34. Let G be a group. Then ZR(G) is a closed subset of ZR;(G) for the I-topology and the
P-topology.
Proof. Let <€ ZR;(G). We have that < is bi-invariant if and only if it is right invariant, that is

Vu,v,w € G, u=v<<= uw =X vw.

Therefore ZR(G) = ZRi(G) N (Nuee (Nwee Cw-1uw YU Nwea Ow-1u-11)) is closed for these two topologies.
([l

2.6. Residue group of a preorder.

Definition 2.35. Let G be a group and <€ ZR;(G). Let H be a subset of G. We say that H is <-isolated
(or <-convex) if, for every uy, us € H, v € G,
u v uy = v € H.
Lemma 2.36. Let G be a group and let <€ ZR;(G). The set
Gz ={ueGlu~<1}
is a =<-isolated subgroup of G called the residue group of <.

Moreover, if = is bi-invariant, then G< is normal.

Proof. It is straightforward to check that G< is a subgroup. Let us prove that G'< is =-isolated. Let u,
v € G< and w € G such that u < w <X v. Then 1 < u <X w =X v =1, hence w € G<. Thus G< is =<-isolated.
Let us prove that G< is normal when = is bi-invariant. Let v € G and v € G<. Then wv ~< u, thus
wvu™t ~< 1. Thus uG<u™! C G< for every u € G. Hence G< is normal. O
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Remark 2.37. Equivalently, we have G5 = V< \ m<.

Lemma 2.38. Let << =’ be two elements of ZR.(G) where G is a group. Then
Gj/ C Gj
with equality if and only if <==<'.

Proof. Let w € Gxv, that is, v =’ 1 and 1 =’ u. Since <’ refines < we have v < 1 and 1 < u, that is,
u e G-_<. O

Corollary 2.39. If G is a Noetherian and Artinian group, then ZR;(G) is a rooted tree.
If G is a group satisfying the ascending and descending chain conditions on normal subgroups, then ZR(G)
is a rooted tree.

Proof. This is a direct consequence of Proposition and Lemmas and O
Proposition 2.40. Let G be a group and H be a normal subgroup of G. Then
Ord.(G/H) # 0 <= 3 <€ ZR.(G) such that H = G<.
Proof. Let =’€ Ord.(G/H). This induces a preorder on G by defining for every u, v € G:
u=v<e=u= v,
where @ = uH. It is straightforward to check that H = G<. O

It is a difficult problem to determine in general if a given subgroup H of a group G is the residue
subgroup of a preorder of G. Let us mention that [ADSI8| Theorem 5] provides a criterion to insure that
such a subgroup H is the residue subgroup of a preorder of G (see Remark to compare the terminology
used in [ADSI8] and ours).

Ezample 2.41. If G is a torsion-free abelian group, then Ord(G) # () (see Example 1.3.8 [GI99)]).

Proposition 2.42. Let G be a group. Let <€ ZR.(G). Then we have:

i) There is an order-preserving bijection between ZR.(G<) and Raff(=). This bijection is a Z-
homeomorphism and an I-homeomorphism.
il) If < is bi-invariant, there is an injective order-preserving Z-continuous and I-continuous map

s s Raf (<) — ZR.(G/G).
Its image is Raf, (¢<(=X)). Moreover the inverse

2" Raf (4<(<)) — Raf; (<)
18 order-preserving, Z-continuous, and I-continuous.

Proof. Let us prove i). First we show that the inclusion G< C G induces a bijection ¢< between ZR.(G<)
and Raf (<). Let <’€ ZR.(G<). This preorder defines in a unique way a preorder

p<(=') :=="€ Raf} (=)

as follows:

Let u, v € G. If u < v then we set u <" v.

If u ~< v then v~ 'u € G5 and we set u <" v (vesp. u =" v) if v" u =" 1 (resp. v™lu =" 1).

It is straightforward to check that <”€ ZR.(G) refines < (that is <"¢€ Rafj(j)), and that the restriction
of <" to G< is =’. Thus @< is a injecttion and the restriction map is its inverse:

<""€ Raf (=) —={g_€ ZR.(G=),
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thus it is a bijection For u € G<, we have
(2" 710w NZRA(G<)) = Oy NRaf ().

Hence ¢='(0, NRaf"(=x)) = O, N ZR.(G<), Therefore p< and pZ' are Z-continuous and I-continuous.
Moreover these two maps are order-preserving maps from their construction.

Now let us prove ii). Let =<’€ ZR.(G) such that = < <. Then G<x C G</. Therefore <’ induces a
preorder =" on G/G< by defining

u="1l<=u=x'1
for every u € G, where u denotes the image of u in G/G<. Then <" is well defined because, if v € G is such
that @ = v, we have v~'u € Gz C G< and v <’ 1 when u <’ 1. Thus we can define a map

< : Raf, (%) — ZR.(G/G<)

such that ¥<(=’) ==", and this map is clearly injective and order-preserving. The image of < by 1< is an
order on G/G< and the image of 1< is included in Raf™ (1)< (=)).
The inverse of 1)< is defined by

w2 ve=a <"
for every u, v € G.
Now let u € G. We have

¥<'(Oz NRaf; ($2(X))) = Ou N Raf, (=)
and
(217" (OuNRaf; (X)) = Oz N Raf; (¥<()).

Therefore )< is Z-continuous and I-continuous and ¥ %" also. g

Proposition 2.43. Let G be a group and H be a normal subgroup of G. Then there is a bijection, which is
an order-preserving Z-homeomorphism and a I-homeomorphism:

ZR.(G/H) ~ {=€ ZR.(G) | H C G<}.
Proof. Let <€ ZR.(G) such that H C G<. Therefore < induces a preorder <’ on G/H by defining
u='l=u=<1

for every u € G, where T denotes the image of a in G/H. Then <’ is clearly well defined. Thus we can
define a map

Yy {2€ ZR.(G) | H C Gz} — ZR.(G/H)
such that ¥y (<) ==’, and this map is clearly injective and increasing.
The inverse of ¥y is defined by

upg (XN ve=u=x'v

for every u, v € G. As in the proof of Theoremii)7 it is straightforward to check that vy is Z-continuous
and I-continuous and wﬁl also. (|

Definition 2.44. Let G be a group, and H be a subset of G. The relative Zariski-Riemann space ZR..(G/H)
is defined to be the set of <€ ZR.(G) such that u ~< 1 for every u € H. Equivalently,

ZR.(G/H) = {=X€ ZR.(G) | H C G<}.
Remark 2.45. When H is a normal subgroup of G, Proposition [2.43] allows us this abuse of notation.

Lemma 2.46. Let G be a group and H be a subset of G. Then
i) ZRy(G/H) =ZR;(G/{H)) where (H) is the subgroup of G generated by H.
i) ZR(G/H) = ZR(G/{H%)) where (HY) is the normal subgroup of G generated by H.
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Proof. This is a direct consequence of Lemma [2.36[ and Definition [2.44] (]

Example 2.47. Let G be a group. The abelianization G of G is the quotient of G by its commutator
subgroup: G* = G/[G, G]. By the previous proposition ZR(G%) embeds in ZR(G). For instance if G = F,,
the free group generated by n elements, then we have that ZR(Z™) embeds in ZR(F,).

Definition 2.48. Let G be group and H a subgroup of G. We denote by G/H the set of left cosets {uH },cq-
We consider the set of left invariants preorders on G/H:

X :={=X preorder on G/H | Vu,v,w € G, uH X vH = wuH < wuH}.
For <€ X, we can define <’€ ZR;(G) by
Yu,v € G, u="vif ull < vH.

Clearly, for every w € H, w ~</ 1, thus <'€ ZR;(G/H).
On the other hand, for ='€ ZR;(G/H), we define <€ X as

Yu,v € G, uH < vH if u <" v.
Then < is well defined, because for u, v € G with u <’ v, we have, for w, wo € H:
wy ~< Liwy ~v< 1= wy <X Liwy = 1 = uwy <" u <" v < vws.

Therefore we can identify X with ZR;(G/H), and we denote X by ZR;(G/H). The set of orders of ZR;(G/H)
is denoted by Ord,(G/H).

Definition 2.49. Let G be a group and H a subgroup of G. Let <1€ Ord;(G/H) and =o€ ZR;(H). We
define <€ ZR,(G) as follows:

uH <, vH

Dy
Vu,v € G, usvif { or uH ~<, vH (ie. vlu € H) and v™lu <5 1

We denote < by <7 o <5 and it is called the composite preorder of <1 and =<5. It is straightforward to see
that H is <-isolated and <; < <.

Lemma 2.50. Let =, ='€ ZR;(G), X' < <. Then G< is =<-isolated.
Proof. Let w € G, v € G< satisfy v = u > 1. Thenv =" u>"1. Sou~< 1 and u € G=. O

Proposition 2.51. Let G be a group and H a subgroup of G. Let <€ ZRy(G) such that H is <-isolated.
We define <1 by
v iue H
< )
Vu,v € G, uH =y vH if { or v-lu < 1

Then = is well defined and belongs to Ord;(G/H). If we set =p==|,, then we have
X==10=s.

Proof. If v='u € H, then w;lv’luwl € H, for every wy, wy € H. Therefore uH <y vH is well defined in
this case.

1

Assume now that v=1u ¢ H and v~y < 1. Since H is <-isolated, we have v~y < wa, thus v~ vwy = 1.

Lywsy > w1, thus vws = vw;. This proves that < is well defined.

Again, because H is <-isolated, we have u~
It is straightforward to see that < is a preorder and that =)y 18 trivial. Moreover, by definition, <1 is left
invariant. Finally, if v=!'u ~< 1, then v"'u € H since H is =-isolated. Therefore <;€ Ord,(G/H).

Now let u, v € G with v < v. In particular, uH <y vH. If ulH ~<, vH, then v lu € H, and v™lu <5 1.

This shows that <==<4 o <s. O

Corollary 2.52. Let G be a group and let =<', <€ ZRy(G). Then
< <<= T e ZR(G<), x=="0=,
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Proof. Let H := G</. It is straightforward to check that <’ is equal to the preorder <; defined in Proposition
2.51L Therefore there is =o€ ZR;(G=/) such that ===’ o <, (just take jgiij‘c</ ). O

The following corollary is an analogue of |[Gh01, Theorem 6.8] and Proposition [AR20, Proposition 2.2]
for non necessarily countable groups:

Corollary 2.53. Let G be a group. Then ZRi(G) # {<o} if and only if it there is a totally ordered set
(Q,<) on which G acts (non-trivially) by order-preserving bijections.

Proof. If ZR;(G) # {<o}, then pick a non-trivial preorder <€ ZR;(G) and set Q@ = G/G<. By applying
Proposition with H = G< (which is allowed by Lemma we have the existence of an order on )
which is G-invariant.

On the other hand, assume that there is a totally ordered set (2, <) on which G acts (non-trivially) by
order preserving bijections and let us denote by * the action of G on 2. Let w be an element of {2 such that
g*w # hxw for some g, h € G. Such a w exists because the action of G on € is not trivial. We define =<,
by:

Vg,he G, ¢g3,h<—=gxw<hxw.

Then the relation =<, is a non-trivial preorder on G. O

Let us mention that in the case where G is countable, then (€2, <) can be changed by (R, <) in the previous
corollary (see [AR20, Proposition 2.2]).

Remark 2.54. Let us mention that some authors also call relative order (with respect to H ) a binary relation
satisfying Definition [2.48] (see [AR20] for example). Therefore, using Lemma and Proposition we
see that the set of preorders on a group G coincides with the set of relative orders on G. In particular, this
shows that the topology on the set of relative orders on a group G introduced in [AR20] coincides with the
Patch Topology on the set of preorders on GG. In particular Theorem has been proven in [AR20] for
countable groups equipped with the Patch Topology.

2.7. Extension and restriction of preorders.

Lemma 2.55. Let G be a group. Then there is a bijection between ZR.(G) and ZR.(G/Tor(G)). This
bijection is an order-preserving Z-homeomorphism and a I-homeomorphism.

Proof. Let u € Tor(G) be an element of order n. Let <€ ZR.(G). Then, if 1 < u, we have
I=u=<u? < <" =1
Thus Tor(G) C G< for every <€ ZR,(G). Therefore this lemma is a particular case of Proposition [2.43]
since where H = Tor(G). |
Lemma 2.56. Let G be an abelian group. Then the restriction map
ZR(Q ® G) — ZR(G)
is an order-preserving Z-homeomorphism and I-homeomorphism.

Proof. By the previous lemma we may assume that G is torsion-free. Thus G can be seen as a subgroup of
Q ® G through the mapu e G— 1u € QR G.
We define the map
¢:ZR(G) — ZR(Q® G)

by

n p 2 n p

v (—®u,—®v) €(Q®G)",VIeZR(G), — ®@u p(X) — Qv < nu =< pv.

m m m m

It is bijective since its inverse is the restriction map

<€ ZR(Q ® G) — =€ ZR(G).
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We have ¢~ (Ongy) = Opy and (9~ 1)"HOy) = O1g4 for every u € G, m, n € Z.
It is straightforward to check that ¢ is order-preserving. O

2.8. Rank and degree of a preorder.

Definition 2.57. Let G be a group and <€ ZR.(G). We denote by # Raf, (<) the cardinal of Raf_ (<)
(as an initial ordinal). We define the rank of < in ZR.(G) to be

#Raf, (%) —1  if this cardinal is finite
<) =
rank. (=) { # Raf, (X) if this cardinal is infinite

The subset of ZR.(G) of preorders of rank equal to 7 (resp. greater than or equal to r) is denoted by ZR}(G)
(resp. ZRZ"(@)).

Definition 2.58. Let G be a group and <€ ZR.(G). The degree of < in ZR.(G) is

sup # (Raf, (=) \Raf; (%)) —1 if this supremum is finite
deg, (<) = =/€0rd.(G))NRaf (X)
B2 sup # (Raf, (=') \ Raf; (X)) if this supremum is infinite

=</€0rd. (G))NRaff ()
The subset of ZR.(G) of preorders of degree equal to d (resp. less than or equal to d) is denoted by ZR..(G)
(resp. SZR.(G)).
Remark 2.59. By Definition and Proposition [2.51) Raf; (<) is in bijection with the set of <-isolated
subgroups of G. By Lemma [2.38] this bijection is an increasing map. In particular the set
{H C G| H < -isolated subgroup}

is totally ordered under inclusion.
2.9. Action on the set of preorders.

Definition 2.60. Let G be a group and let Aut(G) be the group of automorphisms of G. Then there is a
left action of Aut(G) on ZR.(G) defined as follows:

a:(p, %) € Aut(G) X ZRy(G) — ==t ap(X)
with
Yu,v € G, u =, v if p(u) < p(v).
Remark 2.61. Let G be a group. In fact the action of Inn(G) on ZR(G) is trivial. Therefore, if we consider
only bi-invariants preorders, then the previous action induces an action of the outer automorphisms group
Out(G) on ZR(G).
Lemma 2.62. For every ¢ € Aut(G), the map
a, : ZR.(G) — ZR.(G)
2=

is an order-preserving continuous map for the Z-topology, the I-topology, and the P-topology. In particular
the rank and the degree are preserved by the action of Aut(G) on ZR.(G).

Proof. Indeed, for every <, =’€ ZR.(G) we have
RS S Vo C Ve (V) C (V) =2 <50
]

Ezample 2.63. The action of Aut(G) on ZR.(G) is not faithful in general. For instance let us consider G = Q
and ¢ € Aut(Q) be defined by p(x) = 2z. Then <,== for every <€ ZR(G).
This also shows that the action is not free.
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Lemma 2.64. We denote the stabilizer of <€ ZR.(G) by Aut(G)<. We have
1) Vo € Aut(G)<, o(G<) = G<,
ii) If G< is normal, then

Aut(@)< = {p € Aut(G) | ¢(G<) = G< and Plaja, € Aut(G/G<)<}.

Proof. Let ¢ € Aut(G)< and u € G<. We have
1 <vwand u=<1.

Since <,== we have
1 =2 p(u) and p(u) <1

! we prove i).

that is, ¢(u) € G<. By replacing ¢ by ¢~
Now let ¢ € Aut(G) be such that ¢(G<) = Gz and ¢, € Aut(G/G<)<. Let u € G such that
u =< 1.

If 1 < u, then u € G<. Since ¢(G<) = G< we have p(u) < 1.

If 1 < u, then the class of w in G/G<, denoted by %, is not trivial. The preorder < induces a preorder on
G< by Proposition that we still denote by <. Therefore we have 1 <. Since ¢|g/c. € Aut(G/G<)=<,

we have 1 < ¢|g/q_ (@) = ¢(u). Hence 1 <, u. Therefore <,== and ¢ € Aut(G)<.
The reverse inclusion is straightforward to check.
(|

2.10. A metric: the case of countable groups. In the case of a countable group G, Sikora [Si04] proved
that the Zariski topology on Ord,(G) is a metric topology. We extend here this result to ZR.(G) endowed
with the Patch topology.

Definition 2.65. Let G be a countable group. Let

G1CGC--CGyC-ee

be a chain of finite subsets of G such that |J G, = G. We denote this chain by G. For a given u € G, we
n>1
define the height of u with respect to G as

htg(u) = min{n € N* |u € G, }.

Definition 2.66. Let <1, <o€ ZR.(G) where G is a countable group. Let us fix a chain G as in Definition
If <1#=5, then we set

1
dg(=1,=2) = -

where n is the only integer such that =g, =22, but <1, #=2, - And we set dg(=1,=1) =0.

Proposition 2.67. Let G be a countable group and G be a chain as in Definition [2.65. Then we have:

i) The function dg is an ultrametric.
ii) The topology defined on ZR.(G) by dg is the Patch topology. In particular, it does not depend on
the choice of G.

Proof. Clearly dg is non negative, reflexive and symmetric. The ultrametric inequality is straightforward to
check. Therefore we only need to prove ii).

Now let n € N* and <€ ZR.(G). We denote by B (j, %) the open ball centered at < of radius % for
the metric dg. Then <€ B (=<, }L) if and only if
u=v=u="v

Yu, v
'V € Gn, {u%v:>u<’v
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Therefore we have .
B(x—-]= U, N Oy

( ”> uegOu>l uegoutl
is open for the topology generated by the U, and the O,. Indeed this intersection is finite since the G,, are
finite.
On the other hand, let u € G. For <€ U,, we have B (j, m) Cc U,. For <€ O, we have B (j, m) -
O,. Thus the U,, and the O, are open for the topology induced by dg.

|

Remark 2.68. Let G be a countable group and {Gy}; be a chain as in Definition Let (=,)nen be a
sequence of preorders on G that converges to <€ ZR.(G) for the Patch topology. Then

VkeN, IN €N, Vn> N, Gjnﬂgk:Gjﬁgk.

2.11. Cantor sets. Assume that G is a countable group. Then ZR.(G), endowed with the Patch topology,
is a metrizable compact space. Moreover it is totally disconnected:

Lemma 2.69. Any subspace E C ZR.(G) is totally disconnected for the Patch topology.

Proof. Indeed, if <1, <2€ F, =1#=5, then there is u € G such that u =; 1 and 1 > u (eventually after
permutation of <; and <s). Therefore <€ O, and %3€ U,-1. But O, NU,-1 = @ and O, UU,-1 = ZR.(G).
O

Moreover any closed subset of ZR..(G) is a also a metrizable totally disconnected compact space. Therefore,
a closed subset of ZR. (@) is a Cantor set if and only if it is a perfect space, that is, it does not have isolated
points.

There are several cases for which Ord,(G) is known to be a Cantor set. Here is a non complete list of
some examples:

e The space Ord(Q") for n > 2 is a Cantor set [Si04].

e The space Ord;(F,) for n > 2 is a Cantor set, where F,, is the free group generated by n elements
[MC85], [Nal0].

e The space Ord, (G), where G is a countable, torsion-free, nilpotent group which is not rank-1 abelian,
is a Cantor set [MW12] and [DNR].

e The space Ord;(G

In we will see that ZR

), where G is a compact hyperbolic surface group, is a Cantor set [ABRIT].
(

Q™), for > 2, contains infinitely many Cantor subsets.

3. EXAMPLES

3.1. The Q-vector spaces. By Lemma in order to study ZR(G) for an abelian group, we only need
to study ZR(Q ® G). Therefore we may assume that G is a Q-vector space. We begin with the following
lemma:

Lemma 3.1. Let H be a subgroup of a Q-vector space G such that Tor(G/H) = {0}. Then H is a Q-subspace
of G.

Proof. Since H is a subgroup, H is stable by addition and by multiplication by integers. Therefore, we only
have to prove that for every h € H and n € N*, %h € H.

Indeed, for such a h and such a n, the image g of %h in G/H is a torsion element since ng = 0 modulo H.
Hence 1h € H since Tor(G/H) = {0}. O

On the other hand, every Q-subspace of G is a normal subgroup of G with Tor(G/H) = {0}. Therefore,
by Example the residue groups G< of preorders <€ ZR(G) are exactly the Q-subspaces of G.
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Proposition 3.2. Let G be a Q-vector space and <€ ZR(G). Then
deg(=) = dimg(G<).

Proof. By Lemma [3.1] and Example 2:41] the residue groups of preorders on G are the subvector spaces of
G. Therefore, by Lemma and Proposition [2.40] we have that dimg(G<) is the supremum of the lengths
of increasing sequences of sub-Q-vector spaces of G (minus 1 in the finite dimensional case), so it is equal to

sup # (Raf, (=') \ Raf; (X)) (1 in the finite dimensional case)
=<'€0r1d. (G))NRaff ()

which is deg(=). O

We have the following inequality relating the rank and the degree of a preorder (this can be seen as the
counterpart of the inequality concerning valuations given in Remark |4.33]):

Corollary 3.3. Let G be a Q-vector space and <€ ZR(G). Then
rank(=<) + deg(=x) < dimg(G).

Proof. By definition, the rank of =< is the supremum of the length of chains of preorders {=<;}ies (i.e. I is
totally ordered and =<; < <; for every i < j) such that <; < < for every i € I. By Lemma and Lemma
2.50] it is also bounded by the supremum of the lengths of chains {H;};er of subvector spaces such that
G< € H, for every i € I. This proves the claim, since deg(=) = dimg(G<). O

Corollary 3.4. Let G be a countable Q-vector space, <€ ZR(G) and let (Z,)nen be a sequence of preorders
on G that converges to = for the Patch topology. If dimg(G<) < oo, then, for n large enough,

Gj C Gﬁn'
In any case we have

lim inf deg(=,,) > deg(=).

Proof. Let {Gk}ren be a chain as in Definition Let (u1)ier be a Q-basis of G<.
Assume that L is finite, and let k be large enough to insure that u; € Gy for every [ € L. By Remark
and since G'<,, is a Q-vector space for every n, we have G< C G<, for n large enough.

o0
Now assume that L is infinite. For every integer k, we set Wy, := Vectg(G<NGy). Therefore Gz = |J Wy, =
k=1
sup Wp. Thus
k

deg(=) = liin dimg(Wy,) = sup dimg (W)
k

by Lemma [3.2} But, still by Remark [2.68} for any fixed k, we have W} C G<, for n large enough. Thus
lim inf deg(=,,) > deg(=). O

Ezample 3.5. For a vector u € R™ we define <,,€ ZR(Q") as
Vo,weQ", v<, w<=v-u<w-u.

Let (u,) € (Q*)N be a sequence of vectors of norm 1 that converges to a vector u with an irrational slope.
We set <,,:=<,,, and <:=<, € ZR(Z?). Then deg(=,) = 1 for every n and deg(=<) = 0.
On the other hand, if we set Gx = {—k,...,k}?, with k& € N, then we have the following property:

VkeN, INEN, Vn > N, =, ==, -

n‘gk

Thus (=,) converges to < for the Patch topology. This shows that the inequality in Corollary may be
strict.
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Now we consider a totally ordered set I and we denote by G; a Q-vector space with a basis {e;};c;.
A subset A of I is called a upper set (or just an upset) if it satisfies the following property:

Vie A, Vjel, i<j—j€A.

For a given upset A we define the preorder <, as follows:

For u= Y uger and v = 3 vrep € Gy, we define
kel kel

U<pg4v

if and only if there is ig ¢ A, such that u; = v; for all j < g, and u;, < v;,. Then <4 is well defined because
all but finitely many uj and vy are zero. Moreover the residue group of <,4 is the Q-vector space generated
by the e; for j € A.

Lemma 3.6. Let A C B be two upsets of I. Then

<p<<a.

Proof. Let u, v € Gy such that u <g v. Then there is jo ¢ B such that uj = vy, for all k& < jo and uj, < vj,.
Since A C B, jo ¢ A and u <4 v. Therefore we have u <4 v. Thus, <p < <4. O

Therefore the subset E := {<4| A upset of I} is a totally ordered subset of ZR(Gy). The set E' :=
{<{jernj=iy| i € I} is a subset of E, which is totally ordered, order isomorphic to I.

Ezample 3.7. If I = R, then we obtain a totally ordered subset E’ of ZR(Gy), such that for every =<,
=o€ E’, there exists <'€ E’ with
<2<

The upsets of R have the form

|z, +o0[ or [z, +oo[ for some z € R.
Therefore E is order isomorphic to the union of two copies of R, denoted by R; and Rs. The elements of Ry
are the open right segments of R, and the elements of Ry are the closed right segments of R. The order on
R; UR5 is the inclusion.

Lemma 3.8. The chain E = {<a} A upset of 1 5 a mazimal chain.

Proof. Let =€ ZR(G) such that, for every upset A, we have << <4 or <4 <= . For a upset A we set
H, := Vect{e; | i € A}. Therefore, by Lemma we have Hy C Gy< or Gr< C Hy. By Lemma Gr=
is a Q-subspace of G;. We set

BZ:{i€I|€i€G15}.
We claim that B is an upset of I. Indeed, if it is not the case, then there exist ¢, j € I with ¢ < j and ¢ € B,
j ¢ B. Set

C:={kellk>j}

Then e; € He and e; ¢ He. By hypothesis we have Gr< C Ho or Ho C Gr<. But this contradicts the fact
that e; € Gr< and e; ¢ Gr<. Hence B is an upset.

Now we claim that Hg = Gy<. Indeed, assume that this is not the case. Then there exist u € Gr< \ Hp
n

such that u is of the form u = Z u;, €5, where none of the 7 is in B and n > 1 since otherwise, by definition
k=1
of B, u € Hp. Assume that i1 < iy < --- <1, and u;; # 0. Set

A={iel|i>i}.
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Then A is the smallest upset containing B and u. We have Hg C H4 or Hy C Hp by Lemma 2 But
we have Gyj<x C Hs or Hy C Gy<. By definition of B we do not have H4 C G<. Therefore we have
Hp C Gr< € Hy. Since u is not a multiple of some e;, there is an upset D with B C D C A. Therefore
we do not have Gy< C Hp, neither Hp C Gr<. This contradicts the hypothesis. Therefore G;< = Hp and
==<p. 0

Remark 3.9. In particular if I is not finite, then I contains a countable subset I’. But, for a well chosen
order I’ can be identified with Q. Therefore, the chain {<4} 4 upset of 17 is a totally ordered set of preorders
on ZR(Gy) that is not well ordered. Therefore ZR(G) is not a graph.

3.2. Description of ZR(Q™). We have the following result:

Theorem 3.10. [Ro86, Theorem 4] Let <€ ZR(Q™). Then there exist an integer s > 0 and vectors uy,. . .,
us € R™ such that

Vu,v €Q", u v <= (U-uUp, .., U Us) <jeg (V- UL, ...,V  Ug).
Then we write I=<(y,,....u,)-

Proposition 3.11. For a given non trivial preorder <€ Qm, let s be the smallest integer s satisfying Theorem
[510. Then the rank of < is s.

Proof. We have # Raf™ (=) = s + 1. Indeed Raf™ (2) = {=p, vy, S(uryus)s o> S(unyeeous) }- a
Proposition 3.12. For a given non trivial preorder <€ Q" let uy,..., us be vectors in R™ such that
2=<(u1,....u.)- We assume s to be minimal for this property. For k =0, ..., s, let ¥} be the Q-linear map
Ue: Q" — R
q — (q'ula"'aQ'uk)

where Wq is the zero map. Then Ker(¥,) = G< and the following subgroups are the only <-isolated subgroups
of Q™:
G< =Ker(¥,) C Ker(¥y_1) € --- € Ker(¥;) € Ker(¥g) =Q".

Definition 3.13. For such a preorder, we set dj := dimg(Ker(¥j_1)/ Ker(¥y)). In particular we have

(3.1) idk + deg(x) =

Here, the integer Z dj, is the analogue of the rational rank of a valuation (see Definition [4.32)), and (3.1))

is the analogue of the second inequality in Remark - The sequence (d1,...,ds) is called the type of the
preorder.
The set of preorders of type (di,...,d) is denoted by ZR (@) (Qm).

Proof of Proposition[3.12. We denote by Vj, the space Ker(¥y). It is straightforward to see that Ker(¥,) =
G<.
Moreover if Vi, 11 = V4, then we have

=(u1,..., un)ZS(ul7~~»vuk717uk+1’v---,un) .

Therefore, since s is assumed to be minimal, we have Vi1, C Vj for every k.
Let & > 1, and let V' be a subspace of Vi, such that Vi1 € V. Assume that V is =-isolated. There is v € V
such that v € Vj, \ Vi41. Let u € V. Since v ¢ Viy1, v - ugy1 # 0. Thus there is m € Z such that

—MV - U1 S U Ukl < TV - Upt 1

Thus, —mv < u < mwv. Therefore u € V, since V is <-isolated. Thus V = V}. This proves the result. O
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Remark 3.14. Assume given uy, ..., us as in Proposition [3.10] Then we can replace ug, for £ > 1, by the
orthogonal projection of uy onto R ® Ker(¥;). By induction, we may assume that u; € R ® Ker(¥y_1) for
every k.

In this case, if we define e, = dimg(Vectg(uk,1,--.,Ukn)), then we have dimg Ker(¥;) = n — e; and
R ® Ker(¥;) ~ R"°t. In particular e; = d;. Moreover Ker(¥5) = Ker(¥’) where ¥’ is the Q-linear map
v Ker(¥,) — Rs~1
q — (q-ug,...,q- ug)

Hence, by induction, we have e = dj. for every k.
Then we have the following description of the topological set ZR(Q"):

Theorem 3.15. We fizn > 2 and consider ZR(Q™) endowed with the Patch topology. We have the following
properties:
i) Every <€ ZR(Q") is an isolated point if and only if deg(=X) > n — 1. If deg(=X) < n — 2, then every
open neighborhood of < contains infinitely many preorders of same rank and same degree as <.
ii) Forn >d >0, S¥ZR(Q") is a metric compact totally disconnected space. Therefore, for d <n — 2,
it is a Cantor set.
iii) For <€ ZR(Q"), the set Raft(=X) is homeomorphic to ZR(Qde(2)).
iv) Let <€ ZR(Q") and d < deg(=) — 1. Then Raf™ (<) N <9ZR(Q") is a Cantor set.
v) The only elements of Aut(Q™) whose action on ZR(Q™) is the identity, is the set of Q-linear maps
x — Ax with A € Q.
vi) Let <€ ZR(Q™). Then the stabilizer of < under the action of Aut(Q™) is

Aut(Q")< = {p € Aut(Q") | p(G<) = Gx, and ¢, = AL, with A> 0}.

vii) Foreverys, d and (d1,...,ds) € Z%, with ) dp+d = n, Aut(Q") acts transitively on ZR(d1de) ().

n

Proof. Let us prove i). Take a basis of Q™, uy, ..., u,. Then {<o} = ) (O, N O_,,). Therefore <g is an

=1
isolated point. Now let u € Q", u # 0. Let va, ..., v, € Q™ be such that (u,vs,...,v,) is an orthogonal
basis of Q™. Then we have

(<} =t (ﬂ O, N o_w> .

Therefore <, is an isolated point of ZR*(Q™).

On the other hand, assume that < is not the trivial preorder nor a preorder of the form <, for some u
multiple of a vector in Q™. We set s = rank(=) and d = deg(=x). If s = 1, then <=<,, for some u € R™ that
is not a multiple of a vector of Q™. Therefore, by Proposition [3.12] d < n — 2. If s > 2, then we have that
deg(=) = dimg(G<) < s — 2 < n — 2 by Corollary [3.3] Thus we always have d < n — 2.

Assume that < is an isolated point and write =<, ... 4,)- Therefore we may assume that there are vectors
v;, w; € Q" such that

(ﬁ o> o (A ] =120

We may assume that v; ~< 0 for every ¢ and write

E = (ﬁ O,, movi> N ﬁuw]. = {<}.

i=1 j=1
We may also assume that none of the v; and w; are collinear.
Moreover v; € G< for every i. Therefore we will show how to construct infinitely many preorders of rank s
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and degree d belonging to F, and contradicting the assumption on <. For this we consider the set

C:={zeR" |z w; >0 for every j < s}.
This is a non-empty open set (since <€ ﬂ Uy, ). Therefore we may choose uy, ..., u, € C'N GL Q-linearly

independent (because dlmQ(Gl) =n— d > s by Corollary |3 Moreover we may choose the u} in such a
way that the kernel of the linear map ¥ defined in Proposmon 2|is d. Indeed, by Remark [3.14 - in order
to do this, we choose u} such that

dy = dim@(VectQ(u’M, . ,u’ln)) = dimg(Vectg(u1,1, .-, u115)),
and by induction, we choose

U,; ceR® (Vect(ul, e ,Ui_l)l N (@n)

with

d; := dimg(Vectg(uj ;. .., u; ,)) = dimg(Vectq(ui,1, .., Uin))-
By Remark >, di = deg(=), thus we may choose such u). And again by Remark the preorder
<(u},...,u;) has degree d. Moreover it has rank s since we have
Moreover the residue group of <(y; . .) contains G<, because the u} belong to Gé. Since the u} are in C

we have

.....

S(uhnn) € B
Because there are infinitely many ways of choosing the vector u} of norm 1 (and therefore of choosing the

unique preorder of rank 1 refined by <, u/)), FE contains infinitely many preorders of rank s and degree
d. This proves i).

The set <9ZR(Q") is closed by Corollary therefore it is compact. This set is a metric space. Moreover
it is totally disconnected, by Lemma Therefore, by i), it is a Cantor set for d <n — 2.

Clearly iii) holds by Proposition and Proposition m

We have that Raf™ (<) N <?ZR(Q") is homeomorphic to <?ZR(Q4°8(2)) by Proposition Therefore
iv) follows from ii) and iii).

Let ¢ be defined by ¢(z) = Az, for every x € Q", where A > 0. Then, for <€ ZR(Q"), and for every
u, v € Q", we have u =< v if and only if Au < Av. That is, <==,. On the other hand, assume that ¢ is
not of this form. Then there is € Q™ such that x # Ap(z) for all A > 0. Thus, there is u € Q™, such that
xz-u>0and ¢(z) -u < 0. Set <:=<,. Then we have 0 < z but 0 > ¢(x). Therefore <#=,,. This proves v).

Therefore, by Lemma ii), we have vi).

If <e ZR@4)(Q") and ¢ € Aut(Qm), then we have =,€ ZR(41d9) (Qn) by Proposition
Let <, <X'e ZR (10 ds)(@"). We denote by
Vs :ng_v‘;—lg_g‘/lg%:(@n
(vesp. V] =G C V., G- CV{ CVy =Q")
the <-isolated (resp. =<’-isolated) subvector spaces of Q™. Therefore dimg(Vi—1/Vix) = dimg(V}_,/V{) = di
for every k. If <=<(y, . u,) and 2'=<(y . u,), thenwe have V} = (u1)* N Q™ and V{ = (u}) N Q™.
After a Q-linear change of coordinates, we may assume that V; = V{/ = {0} x Q¥ in particular u; =
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(U115 u1,n—dy50,...,0) and w) = (v} 1,...,u}, 4,,0,...,0).
We have dimg(}_ Quy ;) = dimg (3 Qu) ;) = n — di, therefore there exists a (n — di) x (n — di)-matrix A
/
ui,1 Uy1

with entries in Q such that A

. Now we apply an induction on s, and assume the
Ul,n—d; ullnf,dl
result is true for s — 1, that is, there is a linear ¢’ : Q% — Q% , whose matrix is denoted by B, such that

<

Sz tts) oy = S (uyeul)

0 g}, and we have <,=='. This proves
vii). |

Therefore we consider the Q-linear map ¢ whose matrix is {

Ezample 3.16. In general ZR*(Q™) = ZR*(Z"™) is not a closed subset for the Patch topology. For instance
let us consider the sequence of rank one orders (<,)nen+ in ZR(Z?) defined by

jn:Sun,

where u, = (1, ﬁ)

Let <=<(y,) where u = (1,0) and v = (0, 1).

If we consider the filtration of Z? given by {Gi}ren where Gy is the set of vectors whose coordinates are
in {—k,...,k}, then we see that <,, and < agrees on G,,. Therefore (=,,), converges to = in the Patch
topology. But rank(=<) = 2.

Ezample 3.17. Let (u,) € (Q?)Y be a sequence of vectors of norm 1 that converges to a vector u with an
irrational slope, and let v, € (Q%)Y be a sequence of non zero vectors with v,, - u,, = 0. Then, as in Example
the sequence of orders S0 =S (un,v,) CONVerges to <. But we have

Vn rank(=,) =2 and rank(<,) = 1.

This shows that ZRSS(Z”) is not closed. This also shows (along with the previous example), that there is
no relation between lim sup rank(=,,) or liminf rank(=<,,), and rank(lim,, <,).

Ezample 3.18. Example shows that 9ZR(Q") is not closed in general.
Again Example shows that ZR(Q") is not open neither. Indeed for every n we have deg(=,) = 1, but
deg(lim =<,,) = 0. Therefore the complement of ® ZR(Z?) is not closed.

Hausdorfl-Alexandroff Theorem asserts that any compact metric set is the image under a continuous map
of a Cantor set. The following result provides an example of such a map in the case of the spheres S" 1.
This generalizes [Si04, Proposition 3.1] where such a result is given for n = 2.

Proposition 3.19. The set of rank one preorders ZRl(Q"), endowed with the Inverse topology, is homeo-
morphic to the euclidean sphere S*~1.

Moreover the map m : Ord(Q") — ZR'(Q"), where n(=) is the unique preorder of rank one such that
m(=) <= for every <€ Ord(Q"), is a continuous surjective map (for the Inverse topology) between an
ultrametric Cantor set and the (n — 1)-dimensional sphere.

Proof. The set ZR'(Q") is the set of preorders of the form <, for some non zero u € R”™. In fact we can
choose u to be of norm 1, hence ZR'(Q™") is in bijection with S?~'. The Inverse topology on ZR'(Q") is
generated by the U, where v runs over the vectors in Q". But the bijection between ZR' (Q") and S™~!
induces a bijection between U, and the open half sphere {u € S"™! | u-v > 0}. Since Q is dense in R, the
sets {u € S"' | u-v > 0} where v runs over Q", generate the euclidean topology. Therefore, ZR'(Q") is
homeomorphic to the (n — 1)-dimensional sphere.

In order to prove that 7 is continuous, it is enough to prove that 7=1(l4,,) is open in Ord(Q"), for every
u € Q™. Then, let us fix such a u € Q", u # 0. Let <€ 7~ 1(U,). Since 7(=X) € U, we have ==<(u1,us)
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where u - u; > 0. Let vy, ..., v, € Q™ be a basis of Q", such that u; - (u & v;) > 0 for every i. Then
<€ Mie; Uutv; NUy—y,. Moreover, we have

(\Uutw, VU, € 7 (Un).

i=1

Indeed, let <'€ ;L Uytv, N Uy—v,, and write ='=<(y ). Then ) - (u + v;) > 0 for every i. Then
uwy -u>0. If uf -u =0, then we have u} - v; = 0 for every i. This is not possible, because u} # 1 and the v;
form a Q-basis of Q™. Therefore u} -u > 0 and ='€ 7~ (U,,). This shows that 7=1(U4,) is open in Ord(Q").
Finally Ord(Q") is an ultrametric Cantor set by Theorem O

Now we can represent ZR(Q™) as a tree by Proposition and Corollary Every preorder corre-
sponds to a vertex of the graph. For a preorder <#<, we consider the largest preorder =<’ such that <’ < <.
Every such a pair (=, =) corresponds to an edge between < and =’. Moreover ZR(Q") is a rooted tree by
designing <, to be the root.

Ezample 3.20. For n = 1, ZR(Q) consists of three elements: the trivial preorder <, for which u <y v for
every u, v € R>0, and the orders <; and <_;. Since <; and <_; are the two refinements of <y, ZR(Q) is
a rooted tree with two vertices:

* s ?

FIGURE 1. The tree ZR(Q)

Il/\

Ezample 3.21. For n = 2, ZR(Q?) can be described as follows:

Every order < on R>(" has the form <,, ,, where u; and us are nonzero orthonormal vectors. Since < is
a preorder on R>¢", we have that u; is in the dual of R>(", so u1 € R>¢™. Now if u; = (§) has Q-linearly
independent coordinates, then <, is already an order and has no refinement, and the data of ug is super-
fluous. If the coordinates of u; are linearly dependent on @Q, then we can choose freely us in (u;)*. Since
|luz|] = 1 there are two possible choices:
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<(0,1),(1,0)

<(0,1)

FIGURE 2. The tree ZR(Q?). The green zone is the set O(y o) (if we include the boundary),
or U1y (if we remove the boundary). The red zone is O(_; 1, and the intersection of both
is 0(1,0) N O(—l,l)-

Ezxample 3.22. In dimension 3, we have the following picture:

FIGURE 3. The tree ZR(Q?)

3.3. Some non commutative groups.

3.3.1. The Klein Bottle group. Let G = {x,y | zyx~! = y~1). This is the fundamental group of the Klein
Bottle. It is well known that there is 4 orders on G and that these orders are not bi-invariants. The following
lemma is well known for orders (see [CR16, Problem 9.1] for example):
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Lemma 3.23. Let <€ ZR;(G) with x #< 1. Then the subgroup generated by y is a =-isolated normal
subgroup of G.

Proof. Clearly (y) is a normal subgroup of G. Let us prove that it is <-isolated.
We remark that every element of G can be written as y™a", with m, n € Z. Assume that y ~< 1. If for
some k, I, m, n € Z we have

y" =yt <y,
then 2" ~< 1, and n = 0 since = o< 1. Thus in this case, (y) is =-isolated. Therefore we may assume that
y#< land x o< 1.
Assume that y > 1 and = > 1. Then, for every k € N, zy* > 1. But zy* = y~*z = 1. Therefore z >~ 3* for
every k € N. In the same way, 2~ 'y =% = y*2~! <1, and 27! <y~ for every k € N.
Now let n, m € N. If n > 0 and m € Z, then

Yy - yF V.
In the same way, for every k € N, n € N, m € Z, y"™2~" < y~*. This proves that (y) is =<-isolated.
Now if y < 1 and z < 1, then we replace 2 and y by 2! and y !, and, since the relation zyz~*

be rewritten as 'y 'z = y, the result follows from the previous case.
If x <1 and y > 1, then we remark that every element of G can be written as z™y", with m, n € Z. Since

=y~ ! can

y~*x=t = 27%* = 1, we have 7' > ¢* for every k € N. In the same way = < y* for every k € N.
Therefore the same reasoning applies. The case y = 1 and = < 1 is obtained by replacing x and y by 2~}
and y~'. O

Therefore for every preorder <, we have G< = (1), (y), or G.
If G = G, then == is bi-invariant.
Now, let <€ ZR;(G) and assume x ~< 1. Since zy =y~
and = is the only preorder for which x is equivalent to 1.
If Gz = (y), then = is the composite preorder of an order on G/(y) ~ Z with the trivial preorder on (y),
which is completely determined by the sign of . We denote by <41 (resp. =<_1) the preorder such that x
is positive (resp. negative). Therefore there are two such preorders, and these are bi-invariant.
Finally, if G< = (1), then, because (y) is =-isolated, the order < is lexicographically defined by the following
short exact sequence (see Proposition :

(3.2) 1—{yy —G—G/{ly) ~Z —1

1 1

x, we have y~! < zy < y~'. Therefore y ~=< 1,

But, since (y) ~ Z, the only possible orders are determined by their (positive or negative) signs on z and y.
We denote by <., ., the order for which the sign of x (resp. of y) is €1 (resp. €2), where €; = £1. Moreover
we have

21 <241 Veg,

1< =21 Vea

1 1

Finally, these orders are not bi-invariant since zyzr=" =y~ .

FIGURE 4. The tree ZR;(G) where G is the Klein Bottle group. The bi-invariant preorders
are in blue, the other ones in red.
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The facts that there are 4 left-orders on the Klein bottle and what are the isolated subgroups in each case
are known (see for exemple Example 2.2.14 of [DNR]).

3.3.2. Some groups with no non-trivial preorders. If G is a torsion group, then we have that ZR,(G) = {<y}.
But there are also torsion free groups for which ZR;(G) = {<o}. One example is given as follows (this
example is the group G’ of [CRI6, Example 1.64] for which it is shown that Ord;(G’) = 0).

We consider the Klein bottle group G given in the previous example. If we set

a=xyand b=y txy,

then we obtain the presentation G' = (a,b | a®> = b?). We remark that the subgroup H generated by a? and
ab, is isomorphic to Z2.
Now we consider the group given in [CRI16, Example 1.64]: we consider two copies of G, denoted by G,
G2, whose generators are aq, by and as, by respectively. We denote by H; and Hs the respective subgroups
isomorphic to H. We denote by G’ the amalgamated free product Gy * G along H; ~ Hs, where the
isomorphism between H; and Hj is given by
a? = (a2)?(azby)? and a1b; = (as)" (aghy)®
where p, g, r, s € Z and ps — rq = 1. We have the presentation
G' = (a1, as,b1,by | a2 = b2, a3 = b3, a3 = (a3)P(azb)? and a1by = (az)" (asbhs)®).
Now assume that p, ¢ > 0 and r, s < 0 and let <€ ZR;(G’). Then the first relation in G’ implies that a;
and b; are both non-negative or both non-positive for <. In the same way as and by are both non-negative
or both non-positive for <.
The third relation implies that if as, by = 1 (resp. ag, by < 1), then a; = 1 (resp a; = 1). But the last
relation implies that
as,bs = 1 (resp. ag,bs < 1) = a1b1 < 1 (resp. a1b; = 1)
Therefore we have ai, b1 ~< 1. This implies that ag, by ~< 1. Therefore <=<j.
Moreover G is torsion free, since it is the amalgamated product of two torsion free groups.

Now, if we set G" = G’ X Z, then G" is a torsion free group, G’ is a normal subgroup of G, and G' C G, for

every =€ ZR; (G’ xZ) by the previous reasoning. Therefore ZR;(G’ xZ) is homeomorphic to ZR,(Z) = ZR(Z).
Thus Ord;(G”) = 0, and ZR;(G") = ZR(G") # {<o}-

4. THE ZARISKI-RIEMANN SPACE OF VALUATIONS

4.1. From preorders to (monomial) valuations.

Definition 4.1. [Sc45] A pair (G, <) is called a simply ordered £-group if G is a group, <€ Ord(G) (in
particular it is bi-invariant), and G is lattice with respect to the order <.

Definition 4.2. [Sc45] Let K be a division ring and (G, <) be a simply ordered ¢-group. A wvaluation on K
with values in G is a surjective function v : K — G U {c0} such that
i) ¥(0) = 0o = u for all u € G, and v~1(c0) = {0},
il) v(uw) = v(u)r(v) for all u, v € K,
iil) v(u+v) = min{v(u),v(v)} for all u, v € K.
In this case, the group G is the value group of v and is denoted by T',.

Remark 4.3. Let v be a valuation on K and u,v € K. If v(u) # v(v), then v(u + v) = min{v(u),v(v)}. In
fact we can replace iii) in Definition by the stronger statement

iv) v(u+v) = min{v(u),v(v)} for all u, v € K, with equality if v(z) # v(y).

Remark 4.4. The set V,, := {x € K| v(z) > 1} is a ring with the two following properties:
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a) VaeV,,VbeK* bab~t €V,.

b) Va e K* ;a€V,ora ! eV,.
The ring V, is a local ring and its maximal ideal is m, := {x € K | v(z) > 1}.
On the other hand, every subring V' C K satisfying a) and b) is called a valuation ring and there is a simply
ordered ¢-group G and a valuation v : K — G U {oo} such that V' = V,,. See [Sc45] for the details.

Definition 4.5. Let G be a group and k be a field. Let us denote by k[G] the k-algebra of non commutative
polynomials with exponents in G and coefficients in k:

k[G] = Z agr? | ag €k
geG
where the addition is defined term by term and the multiplication is defined by 2929 = 299, It has a

multiplicative identity which is 2.
This k-algebra may have nonzero divisors, for instance when Tor(G) # {1}. When k[G] has no nonzero
divisors, if k[G] satisfies the Ore condition, we can consider its fraction field that is denoted by K“é.

Proposition 4.6. Let G be a group and let <€ ZR(G) such that (G/G<,=) is a simply ordered {-group,
k[G] has no nmonzero divisors and satisfies Ore condition. Then = defines a valuation v< on K% in the
following way:

Vﬁ(z agr?) :=min{g | ay # 0} € G/G<

geG

where g denotes the equivalence class of g under ~<.

Proof. Let P =3 agz? and Q@ =} byaz? € k[G]. Assume that v<(P) = g, and v<(Q) = go. Then

PQ = Z Z agbgs z.

heG \g,9'€G,99’=h

Since k[G] has no nonzero divisors, we have

Z agz? Z bg/:cg'7é0,

9,9=90 9',9'=9q
therefore v<(PQ) = g7, and ii) of Definition is satisfies for every P, @ € k[G]. Thus it is satisfied for
any P, Q € ]K“é. The remaining properties i) and iii) are straightforward. O

Definition 4.7. Such a valuation is called a monomial valuation.

Definition 4.8. [Sc45] Let V be a valuation ring and let p be a two-sided prime ideal. Then the localization
V, is the set of equivalence classes (v,s) € V x (V\p) under the equivalence

(v,8) ~ (v/,8') if vs’ ='s.

The equivalent class of (v, s) is denoted by 2. The quotient set is a ring because for every (v,s) € V x (V\p)
there exists (v',s") € V x (V\p) such that

vs' = sv'.
This comes from the fact that p is a two-sided ideal (see [Sc45, Lemma 7] for the details).

Theorem 4.9. [Sc45, Theorem 2][Va06l Proposition 4.1] Let G be a simply ordered ¢-group and H be an
isolated normal proper subgroup of G. Let V be a valuation ring of value group G and let v : V. — G be
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the associated valuation. Let p be the two-sided prime ideal of V' corresponding to H, that is p = v=1(G\H).
Then V,, is a valuation ring of value group G/H, whose valuation is denoted by v' and is defined by

V'(v/s) = v(v) mod. H.
On the other hand V/p is a valuation ring of value group H, whose valuation is denoted by U, and is defined
by

Va & p, 7(a+p) =v(a).
Definition 4.10. Under the situation of Theorem [1.9] we say that v is the composite valuation with the
valuations v’ and 7 and denote

The following proposition shows that the composition of preorders corresponds to the composition of
valuations:

Proposition 4.11. Let G be a group and k be a field. Let <1€ Ord(G) and <2€ ZR(G) with <5 < <1, such
that G=, is a normal subgroup of G and for which the following three monomial valuations are well defined
(according to Definition @)
V<, ot Kuév — G,
U<, :Kﬂé — G’/G‘j27
V=<, :Kﬂé52 — G<,
where =3 1is the restriction of =1 to G<,, that is 21==9 0 =3. Then
V<) = V=, 0V<;.
Proof. Let V' be the valuation ring of v;. The set

pi= {f ev | Vﬁl(f) € G\sz}
is a two-sided prime ideal of V' by Lemma m The ring V}, is a valuation ring with value group G/G<, by
Definition Its valuation v/ is the valuation sending an element 2, for s € V\\p and v € V, to the class
vofveGin G/G<,. Thus VI/KEE; =v<,.
Now the ring V/p is a valuation ring with value group G<,. We denote by 7 its valuation. For an element
v e V\p, (v +p) = v<, (v). By construction we have

Hence, by Definition [£.7] we have that 7 = v, . O

4.2. The Zariski-Riemann space. From now on we will consider the commutative case, which is the most
important from the point of view of the algebraic geometry, that is, we only consider valuations defined on
a field. Therefore we will use the additive notation for the group of values G: we will denote by + the law
group and by 0 its identity element. In particular Definition ii) becomes

v(uv) = v(u) + v(v) for all u,v € G.

Definition 4.12. [SZ60, VI § 8] Let K be a field. Let v be a valuation on K, that is, a function v : K —
G U {oo}, where G is a totally ordered abelian group, satisfying Definition For such a valuation, we
denote by V,, its valuation ring, by m, := {z | v(x) > 0} its unique mazimal ideal and by k, := V, /m, its
residue field.

We define an equivalence relation on the set of such valuations: two valuations v and u are equivalent if
V, =V, or, equivalently, if there exists an order-preserving group isomorphism A: p(K) — v(K) such that
v=Aou.

The set of such valuations modulo this equivalence relation is called the Zariski-Riemann space of K and
denoted by ZR(K).
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In some cases, it is useful to assume that the valuations are trivial on some base field. Therefore we have
the following relative version of the Zariski-Riemann space:

Definition 4.13. Let K be a field and k be a subfield of K. The Zariski-Riemann space of K modulo k is
the subset of ZR(K) of the valuations v such that v|, = 0. It is denoted by ZR(K/k).

4.3. Topologies on the Zariski-Riemann space.
Definition 4.14. [SZ60] We define the Zariski topology on ZR(K) to be the topology generated by the sets
O(z) :={v € ZR(K) | v(z) > 0}
where x runs over K.
Theorem 4.15. [SZ60, Theorem 38][Va06, Théoreme 7.1] For every v € ZR(K) we have
mz ={p € ZR(K) | pu is composite with v}.
Definition 4.16. [SZ60] Let = € K. We define
U(z) :={v € ZR(K) | v(z) > 0}.
The Inverse topology on ZR(K) is the topology generated by the U(x) where z runs over the elements of K.

Definition 4.17. [SZ60] We call Patch Topology on ZR(K) the topology generated by the sets O(z) and
U(z) where z runs over K.

Definition 4.18. Let K be a field and k be a subfield of K. For x € K we set

V(z) ={v € ZR(K/k) | Ja € k, v(z + a) > 0}.
The Weak Inverse topology on ZR(K/k) is the topology generated by the V(z) where x runs over K.
Remark 4.19. For every = € K we have U(z) C V(z) C O(z).

Proposition 4.20. The Inverse Topology on ZR(K/Kk) is finer than the Weak Inverse topology. Both coincide
when k is a finite field.

Proof. We have
V(z)={v € ZR(K/k) | Ja € k, v(z+a) >0} = UU(:L‘ +a).
ack
This shows that the Inverse Topology is finer than the Weak Inverse topology.
Then we claim that
(4.1) U(z) =V()n [ V((z+a)™).
ack*
Indeed, let v € U(z), that is, v(x) > 0. Thus, for a € k*, we have v(z + a) = min{v(z),v(a)} = 0 and

(F-0) ()

v —— | =v > 0.
T+ a a T+ a

This proves that U(z) C V() Nyeps V(@ +a)™t).

On the other hand, assume

veV@n ) V(e+a™),

ack*
Let a € k*. Since v € V(z), v(xz +a) > 0, thus v((x +a)~!) = 0. In particular v(z +a) = 0 for every a € k*.
But, because v € V(x), we have v(z) > 0. This proves (4.1) and the second claim. O

Definition 4.21. Let k C K be two fields. Let L be a field. We denote by ZR(K)" the subset of valuations
of ZR(KK) whose residue field is .. When k C L, we denote by ZR(K/k)" the subset of valuations of ZR(K/k)
whose residue field is L. The valuations of ZR(K/k)* are called rational valuations.
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Proposition 4.22. The Zariski and the Weak Inverse topologies coincide on ZR(K/k)¥.
Ifk is a finite field, then the Zariski and the Inverse topologies coincide on ZR(K/k)¥.

Proof. Let z € K. Let v € O(x) N ZR(K/k)¥, that is, v(z) > 0. Since the residue field of v is k, there is
a € k such that v(z + a) > 0. Therefore v € V(z). On the other hand, if v € V(z), then there is a € k such
that v(x +a) > 0. We have that v(a) = 0 or oo, hence v(z) > min{v(z + a),v(a)} > 0, and v € O(z). This
proves that

O(z) N ZR(K/k)* = V(z) N ZR(K/k)*¥.
This proves the first claim. The second claim comes from Proposition O

Lemma 4.23. Let k C K be two fields. Then ZR(K/K) is closed in ZR(K) for the Inverse and the Patch
topologies.
Proof. Indeed

ZR(K/k) = () (O(x) N O(z™1)).

zek*

]

4.4. Compacity of the Zariski-Riemann space. We mention here the following analogue of Theorem
[2:30] Its proof is completely similar to the proof of Theorem [2.30} Indeed the proof of Theorem [2:30]is based
on the original proof of the following result:

Theorem 4.24. [SZ60, Theorem 40][Ho69, Theorem 1] The spaces ZR(K) and ZR(K/k) are compact for
the Zariski, the Inverse and the Patch topologies.

4.5. Order on the Zariski-Riemann space. Therefore we can do exactly as for ZR(G):

Definition 4.25. Let v; : K — G; and v2 : K — G2 be two valuations of ZR(K). We say that
v < vy
if there is a valuation v3 such that
Vo = 11 O U3,
In analogy with the case of preorders, we also say that v is a refinement of v;.

Given two valuations v and p € ZR(K) we say that v and p are comparable if v < por p < v. Otherwise
we say that they are incomparable.

The following result is well known:

Lemma 4.26. Given v, u € ZR(K), the following are equivalent:
)p<v,
i) V, CV,,
ili) m, C m,.

Proof. By the construction given in Definition we have y < v if and only if V,, is a localization of V,,
at a prime ideal of V,,. In particular we have V,, C V.

On the other hand, if V,, C V,,, then the maximal ideal of V},, denoted by m,, is a prime ideal of V,,, and V,,
is the localization of V,, at m,, (see [Va06 Proposition 3.3]). This proves the equivalence of i) and ii).

Now if V,, C V,, then m;, C m,. On the other hand, if m, C m,, then (m,\ {0})~' C (m, \ {0})~!. Thus
V, C V,,. This proves the equivalence of ii) and iii). O

Ezample 4.27. Let k be a field and K = k(x1,...,x,) where the z; are algebraically independent over k.
The map
<€ ZR(Z") — v< ZR(K/k)
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as defined in Proposition [4.6| is an injective map and its image is the set of monomial valuations in the
coordinates x1, ..., T,. It is straightforward to check that this map is continuous for the Zariski, Inverse or
Patch topology (when the same topology is considered on both sides), and that this is an order-preserving
map (by Proposition . Therefore, any choice of generators zi, ..., x, of K over k defines such an
embedding.

Lemma 4.28. Let v, u € ZR(K) be incomparable. Then there exists f € K such that v(f) < 0 and 0 < u(f).

Proof. By Lemma v and p are incomparable if and only if there is w € V, \ 'V, and v € V,, \ V.
Therefore we set f = u/v and the claim is proved. O

Remark 4.29. If ;1 < vy, then we have that G is the quotient of G5 by a subgroup that is v-isolated by
Definition {101

Lemma 4.30. Let E C ZR(K) be non empty. The set

Rg = {R subring of K | U V, C R}

vek

is non empty and contains a minimal element. This minimal element is a valuation ring, and its associated
valuation is denoted by vins g. If E C ZR(K/K), then vins g € ZR(K/K).

Proof. The set R is non empty since K € Rg. We set V := (] R. Then V is a valuation ring since, for

ReRE
at least one v € E, we have V,, C V C K : the property a) of Remark is trivial since K is commutative,
and b) is clear since it is satisfied for V. This proves the lemma. O

Proposition 4.31. Let E C ZR(K) be non empty, and let v € ZR(K). We have
[VMEEa v S /J’] Vv S Vinf E-

In particular ZR(K) is a join-semilattice, i.e. a partially ordered set in which all subsets have an infimum.
Moreover, for every v € ZR(K), the set {u € ZR(K) | p < v} is totally ordered.
The same remains valid if we replace ZR(K) by ZR(K/k).

Proof. Indeed, by Lemmas and we have

v < vpp <=V, CVy<=NVuekE V,CV]<=[VueE, v < pul.

inf B

This proves the first claim. The second claim comes from Lemma [4.28| exactly as in the proof of Theorem
2.20) (Il

Definition 4.32. Let K be a field and v € ZR(K). The rank of v is the rank of its value group (that is, the
ordinal type of the totally ordered set of its proper isolated subgroups). It is denoted by rank(v).

The (transcendence) degree of v is the transcendence degree of k,, = V,,/m,, over its prime field ko. We recall
that kg is the smallest field included in k,, .

When k is a subfield of K, the (transcendence) degree of v is the transcendence degree of k — k,,, and is
denoted by tr. deg v.

The rational rank of v is the rational rank of its value group G,,, that is the dimension of the Q-vector space
G, ®z Q. Tt is denoted by rat. rank(v).

Remark 4.33. Let k — K be a field extension of finite transcendental degree. Let v € ZR(K/k) with value
group G. Then we have

rank(v) + tr. degy, v < rat.rank(v) + tr. degy v < tr. degy (K)
by [Va06l, Corollary to Theorem 1.20]. In particular G' can be embedded in Q*de8x(¥),
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Remark 4.34. Let v € ZR(K/k). Then rank(r) > 1 if and only if there exists a non trivial valuation
V' € ZR(K/k) such that v/ < v. Therefore the rank one valuations are the minimal valuations v such that
vy < v, where vy denotes the trivial valuation, that is, defined by vy(z) = 0 for every = € K.

More generally, rank(v) corresponds to the ordinal type of the maximal chain of valuations between the
trivial valuation and v. Therefore this is the natural analogue of the rank of a preorder.

Remark 4.35. Let v € ZR(K/k). For any 7 € ZR(k, /k), the composite valuation v o 7 is well defined. If 7
is the trivial valuation, then v = v ov.

On the other hand, if v = v o7, then 7 is the trivial valuation. Therefore v € ZR(K/k) is a maximal element
if and only if ZR(k, /k) contains only the trivial valuation. And this is the case only if k — k, is algebraic
by [Va06l § 1.3].

Therefore the maximal elements of ZR(K/k) are the valuations v such that k — k,, is algebraic, that is the
valuations of degree 0.

More generally, tr.deg, v corresponds to the ordinal type of the maximal chain of valuations between v and
a valuation v/ with tr.degy v/ = 0. Therefore tr.deg, v is the natural analogue of the degree of a preorder.

Corollary 4.36. Letk — K be a field extension of finite transcendental degree. Then ZR(K/k) is a rooted
graph where the vertices are the valuations on ZR(K/k), the root is the trivial valuation, and for every pair of
valuations (v, 1), there is an edge between v and p if v and p are comparable and there is no other valuation
between them (with respect to the order on ZR(K/k)).

Proof. This comes directly from the last three remarks and Proposition following the same proof as
the one of Proposition [2.21 O

Remark 4.37. We can make the similar reasoning for ZR(K). A valuation v € ZR(K) has no refinement if
and only if ZR(k,) contains only the trivial valuation. But any characteristic zero field contains non trivial
valuations (any p-adic valuation on @, and any extension of it on a characteristic zero field). For p > 0,
ZR(F,) contains only the trivial valuation, and this remains true for ZR(K) when F, — K is algebraic.
Therefore, the maximal elements v of ZR(K) are the valuations for which k, is an algebraic extension of F,,.

Now we can prove the analogue of Theorem for the Inverse topology and the Weak Inverse topology
(this is certainly well known but we could find a precise reference):

Theorem 4.38. Let K be a field and k a subfield of K. We have:
o € ZR(K/K), ) =) ={ue ZREK/K) |p < v},
W € ZR(K), (] ={u€ZR(K) | u < v}.

Proof. Let p < v, thatisV,, C V,. Let z € Ksuch that g € V(x). Then there is a € k such that p(z+a) > 0.
Therefore v(z 4+ a) > 0 since m,, C m,, and v € V(x). Therefore { € ZR(K/k) | p < v} C mwj.

Now, if y and v are incomparable, then there is « € K such that p(z) > 0 and v(z) < 0 by Lemma [4.28]
Therefore p € V(x) and v ¢ V(z). Hence p ¢ @WI.

Finally, let v < p, that is m, C m,. Let x € m,, i.e. p(x) > 0. Then p € V(z). If p € mWI, then
v € V(z), and there is a € k such that v(z 4+ a) > 0. Therefore, by hypothesis, u(x + a) > 0 and necessarily
a = 0. This shows that m, C m,, hence m, = m, and p = v. This proves the result for the Weak Inverse
topology.

For the Inverse topology, the proof is similar. (|

Remark 4.39. Let k — K be a field extension. The analogue of the action of Aut(G) over ZR.(G), is the
left action of Gal(K/k) over ZR(K/k) defined as follows:

Vo € Gal(K/k),Vv € ZR(K,k),Vz € K, (0-v)(x) := v(o ™ (z)).
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For instance, if K = k(z1,...,z,) where the z; are algebraically independent over k, then Gal(K/k) is the
Cremona group Cr, (k) of P*(k). This group contains the subgroup of monomial bijections of the form

Q1n
n

where the matrix (a;;) € Mat,(Z) is invertible in Mat,,(Z). Therefore Aut(Z™) C Cry(k). Moreover the
action of Aut(Z"™) on ZR(Z™) is induced by the action of Aut(Z™) on ZR(K/k) via the embedding introduced

in Example

4.6. Metric on the Zariski space in the countable case.

B St AN e

(1, ) — (x{M@g*? ..z -

Definition 4.40. Let K be a countable field, and let {F),},en be a filtration of K by finite sets. That is,
the F,, C K are finite, F,, C F,11 for every n, and |JF,, = K. Moreover we assume that, for all z € F,,
n

x # 0, we have 7! € F,.
For z € K we set ht(z) ;= min{n e N |z € F,}.

Definition 4.41. Let K be a countable field and {F,,} be a filtration of K as in Definition
For v, u € ZR(K), v # u, we set
1
d =—
() = —
if for every z € K with ht(z) < n, we have
v(z) >0= p(z) >0
v(w) = 0 = u(x) =0,
and there is z € K, with ht(z) = n, such that one of these implications is not satisfied.

If v = pu, then we set
d(v, p) = 0.

Remark 4.42. Since the filtration is stable by taking inverses, we have d(v, u) = % if for eevry x € K with
ht(x) < n, we have
v(z) >0 < p(z) >0,
and this equivalence is not satisfied for at least one x with ht(z) = n.
Theorem 4.43. Let K be a countable field. We have

i) The function d is an ultrametric on ZR(K).
ii) The topology induced by d coincides with the Patch topology on ZR(K). In particular it does not
depend on the choice of the filtration {F,}nen-

Proof. Clearly d is non negative, reflexive (since the filtration is stable by taking inverses) and symmetric.
The ultrametric inequality is straightforward to check. Therefore we only need to prove ii).

Now let n € N* and v, € ZR(K).
For all x € K, let v € U(z). Then

B (1/, ht}x)) C U(x).

Indeed, if p € B (V ), then we have
v(z) > 0= p(z) > 0.

1
? ht(x)

Hence the U(z) are open for the topology induced by d, and the topology induced by d is finer than the
I-topology on ZR(K).
Now let x € K, v € O(z), and p € B (1/, ﬁ) Then we have

v(z) > 0= p(x) > 0.
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Therefore

B (u, h&@) c O(x),

and the topology induced by d is finer than the Z-topology on X. Hence, the topology induced by d is finer
than the Patch topology.

On the other hand, we have that u € B(v, %) if and only if, for every x € K with ht(x) < n,
v(z) > 0= p(x) >0,
v(z) =0= p(z) =0.
Therefore we have
1 -1
? <V7 n> - m,ht(r)Q,u(m)>0u<x) " m,ht(m)g,u(x)_o (0N 0E)
And this ball is open in the Patch topology because this intersection is finite. Therefore both topologies

coincide. 0

Corollary 4.44. Let k — K be a field extension where k is a finite field and K is countable. Then the
Zariski topology on ZR(K/Kk)* is a metric topology.

Proof. This comes from Theorem and Proposition O
4.7. Cantor sets. We have the following lemma:
Lemma 4.45. Let E C ZR(K/k). Then E is totally disconnected for the Patch topology.

Proof. Let v, p € ZR(K/k), v # p. Therefore V,, # V,,; for instance V,, € V,,. Thus there is 2 € K such that
v(z) <0 and p(z) > 0. Thus, v € U(z~!) and p € O(x). But

Uz U O(x) = ZR(K/k) and U(z~) N O(z) = 0.
This proves the claim. |

Therefore, when K is a countable field, ZR(K/k) is a metric compact totally disconnected space for the
Patch topology. A natural question is to investigate when this is a Cantor space, or when a closed subset
of ZR(K/k) is a Cantor space. This happens if and only if ZR(K/k) (or E) is a perfect space.

Ezample 4.46. When z is a single indeterminate and k is algebraically closed, ZR(k(x)/k) is not a perfect
space. Indeed, for every v € ZR(k(x)/k), v being non trivial, we have that rank(r) = 1 by the inequality
given in Remark [£.33] Therefore, there is a y € K such that K = k(y) and v(y) > 0 by [Va06, Remark 1.15].
Since tr. degy () = 0 by inequality given in Remark and k is algebraically closed, we have k = k,,. Thus,
either v(z + a) > 0 for some a € k, either v(z) < 0. Therefore, we see that y can be chosen as 27! or z + a
for some a € k. Moreover, for such a y, there is a unique valuation v € ZR(K/k) such that v(y) > 0, since k
is algebraically closed. We denote by v, the unique valuation such that v(x + a) > 0, and by v_ the unique
valuation such that v_(x) < 0. Therefore we have

ZR(k(z)/k) = {vo} U {v-} [ {va}-
ack
Moreover, {v_} = U(x~!) and, for every a € k, {v,} = U(x + a) are open sets.

Ezample 4.47. Let k be a finite or countable field, and K = k(z, y) where x and y are algebraically indepen-
dent over k. Let v be the monomial valuation defined by

v(z) =1and v(y) = 1.
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We have tr. degy, v = 1 since the image of x/y in k,, is transcendental over k (this is a particular case of the
valuations presented in [Va06, Example 7]). Then we claim that v is a limit of valuations of degree 0. In
particular the inequality about the degree in Corollary does not hold for valuations. To show this, we
consider two cases (depending on whether k is finite or not):

e If k is countable, then we consider a filtration of k by finite sets k,,, and we set

Fo:={P/Q| P,Q € kn[z,y], deg(P), deg(Q) < n}.

Since the k,, are finite, we may choose, for every integer n, a, € k such that = + a,y does not divide any
nonzero homogeneous form of any polynomial P € k,, [z, y] of degree < n. We denote by v, the monomial
valuation defined by

Vn(y) =1 and vy, (z + any) = V2.

We have deg(v,,) = 0 (see [Va06, Example 11]). Then, for P € k, [z, y] of degree < n, we write
P = Py(z,y) + Pet1(2,y) + -
where P; is a homogeneous polynomial of degree j, and Py # 0. Then v(P) = k.
Now, the Euclidean division of P; by x + a,y (with respect to the indeterminate x) yields:
Pj(z,y) = cjy" + Pja(z,y)(z + any)

with ¢; € k. Since « + a,y does not divide any nonzero homogeneous form of any polynomial in k,, [z, y] of
degree < n, we have that ¢; # 0 as soon as P; # 0. Since P; 1(z,y) is a homogeneous polynomial of degree
j — 1, we have v, (P;) = j when P; # 0, and v, (P) = k. Therefore

vn(R) =v(R), VREF,.
This shows that the sequence (v,,) converges to v for the Patch topology. We remark that the v, are rational
valuations and v is not (the transcendence degree of v is 1). This shows that ZR(k(x,y)/k)¥ is not closed
when k is infinite. Even more, this shows that the set of valuations of transcendence degree equal to 0 is not

closed for the Patch topology.
e If k is finite, then we consider a filtration of k by finite sets k,, as before, and we set

F,:={P/Q | P,Q € ky[z,y],deg(P),deg(Q) < n}.

For every integer n, we consider an irreducible polynomial P,(T) € k[T] of degree > n. The polynomial
pn(z,y) = yi8P) P, (x/y) is an irreducible homogenous polynomial of degree deg(P,) > n. For every
f € k[z,y], we consider the p,-expansion of f (with respect to the indeterminate y):

k
F=>_ i,
i=0
where deg, (f;) < deg, (p,) for every i. Then we define the valuation p, by
,un(f) = min{(oa V(f%)) + (ia 0)}

where the minimum on Z? is considered with respect to the lexicographic order. Then pu, # v and the
sequence (i), converges to v for the Patch topology. Moreover we have rank(u,) = rank(Z?) = 2. Thus
tr.degy v, = 0 by the inequality of Remark But tr.degy, v = 1, therefore, the set of valuations of
transcendence degree equal to 0 is not closed for the Patch topology.

Let us remark that this example can be easily extended to k(zy,...,x,) where the x; are algebraically
independent over k, by considering the monomial valuation v defined by

v(zy) =v(xze) =1

and choosing the v(x;), i > 3, such that 1,v(x3),...,v(z,) are Q-linearly independent.
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Remark 4.48. In the previous example we have rank(v,) = 2 while rank(r) = 1. Then the inequality about
the rank in Corollary does not hold for valuations.

We have the following lemma:

Lemma 4.49. Let k be a finite field and K be any field extension of k. Then ZR(K/k)¥ is a compact subset
of ZR(K,Kk) for the Zariski Topology.

Proof. We remark that
v ¢ IR(K/k)* <= Fy € K, Ya €k, v(y+a)=0.

Then .
REK/K" = [ |J OW+a)nO((y+a)™))
yeK ack
is closed if k is finite for the Zariski Topology by Proposition In particular it is compact. O

Then we can formulate the following conjecture.

Conjecture A. Let k be a field, and let K be a countable field extension of k of transcendence degree at
least 2. Then ZR(K/k)¥ is a perfect set for the Patch Topology. In particular, when k is finite, it is a Cantor
set for the Patch and the Zariski Topologies.

We give a proof of this conjecture in the following case:

Theorem 4.50. Let n > 2 and k be a countable field. Then the set ZR(k(x1,...,2,)/k)¥ is a totally
disconnected perfect metric set for the Patch topology. Moreover, if k is finite, then it is a Cantor set for the
Patch and the Zariski topologies.

Proof. By Lemma ZR(k(z1,...,2,)/k)¥ is totally disconnected. Since k is countable, the Patch topol-
ogy is a metric topology by Theorem In particular, we only need to prove that ZR(k(x,...,z,)/k)¥
is a perfect space.

Now assume that ZR(k(z1, ..., x,)/k)* is not perfect. Thus, there exist a1, ..., as,b1,...,bm € k(21,...,2y)

such that the set
EfﬂOm ﬂ(ﬁ

Jj=1
is finite and non empty. Even if it means to add some points a; or b;, we may assume that E has exactly
one element, that we denote by v.
Since v is rational, for all 4, there exists \; € k such that v(A; + a;) > 0. Then

m

yeﬁuw+A ﬂu )C A= ﬂo% () U(®;).

i=1 i=1
Hence, we may assume that
E={v}={\U,)
j=1
Let T be a key polynomial associated to v with respect to the variable x,, (see [Va07, the definition before
Lemme 1.1]). For every polynomial P € k(z1,...,%n—1)[xs], we consider the T-expansion of P:

d
P = ZplTl
=0
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with deg, (p1) < deg, (T') for all [. Let G be an ordered group strictly containing I', ®z Q, and let
d € G\T, ®z Q be such that § > v(T"). We set vs5(P) = o%igd{y(pl) + 15},

Since T is a key polynomial, by [Va07, Lemme 1.1], for such a P € k(z1,...,2,—1)[xs], we have

v(P) = Oéligd{u(pl) +w(T)}.

Let r be the least integer such that v(P) = v(p,) + rv(T'). Then, for 6 — v(T) > 0 small enough, we still
have vs(P) = v(p,) + r0.

Let Q € k(z1,...,Z,_1)[zs], whose T-expansion is @ = Y ;_, ¢/T", and let s be the least integer such that
v(Q) = v(gs) + sv(T). Assume that v(P/Q) > 0. Then for § — v(T) > 0 small enough, we have

vs(P/Q) = v5(P) — v5(Q) = v(pr) — v(gs) + (r — 5)5 > 0.

If r —s > 0, then we have vs(P/Q) > v(P/Q) > 0. If r —s < 0, then we have v(P/Q) > 0, hence
%_:(qs) > v(T). Therefore, for 6 < M_:(qs) we have v5(P/Q) > 0.

We write b; = C% for every j, where P;, Q; € k(x1,...,2p—1)[zs]. Then, for § — v(T) > 0 small enough, we
have v5(P;/Q;) > 0. Moreover, since 6 ¢ I', ®7Q, the valuation vs is a rational valuation by [Va07, Théoreme
1.12, Proposition 1.13] (see also [McL36, Theorem 12.1]), hence vs € E. Finally, since § > v(T'), vs # v. This
contradicts the fact that E contains only one element in ZR(k(z1,...,z,)/k)%. Thus ZR(k(z1,...,x,)/k)*
is a perfect space.

Hence it is a Cantor set, when k is finite by Lemma (for both topologies by Proposition . O

For ZR(K/k) we have the following conjecture.

Conjecture B. Assume that k is a finite or countable field and K a countable field extension of k of tran-
scendence degree at least 2. Then ZR(K/k) is a Cantor set for the Patch topology.

We prove here an important case of this conjecture:

Theorem 4.51. Assume that k is a finite or countable field and K a finitely generated field extension of k
of transcendence degree at least 2. Then ZR(K/k) is a Cantor set for the Patch topology.

Proof. As for Theorem [4.50] we only have to show that ZR(K/k) is a perfect space. Assume, aiming for
contradiction, that this space is not perfect. Then there exist aq,...,as,a},...,a,, € K such that

E = m O(ai) N m Ul(as)

is non empty and contains a unique element v. Let x1, ..., 24 be elements of K such that K = k(z1,...,z4).
By replacing xj by x;l, we may assume that v(x) > 0 for every k. We denote by A the k-algebra generated
by the x, the a; and the ag-. Then A is an integral domain whose field of fractions is K. We have that, for
every a € A, v(a) > 0. We set

I:={a€ A|v(a) > 0}.

This is a prime ideal of A containing the a;-. We denote by B the normalization of A. Then B is Noetherian
since A is finitely generated over k (see [HS06, Theorem 4.6.3] for instance). Moreover the ideal p := {b €
B | v(b) > 0} is a prime ideal of B lying over I.

We have that dim(By) = dim(A) = tr.degy(K) = n > 2. Then B, is not a valuation ring since B, is
Noetherian, therefore there exists y € K such that y ¢ B, and y~' ¢ By,.

We claim that yBy[y] + pByly] # Byly]. Indeed, if

L=y(bo+bry+ - +bny™) +po+p1y+ - +pmy™



PREORDERED GROUPS AND VALUED FIELDS 37

for some b, € By, and p; € p, then we would have

(L=po)y ™ ' = (bo+p)y ™+ — (b1 +Pm)y " —bpy =0

and y~! would be integral over By, since 1 — py ¢ p is invertible in B,. But this is not possible since B, is

integrally closed and y=' & By.

In the same way, y~ " Bply~'| +pByly '] # Bply~'].

Now let g1 (resp. qz2) be a prime ideal of By[y| (resp. Bply~']) containing yBy[y]+pByply] (resp. y~ ' Byly 1]+
pBply~']). Then there exists a valuation ring V; in K, whose maximal ideal my, satisfies my, N Byly] = q1
(see for example [HS06, Theorem 6.3.2]). Therefore the associated valuation v; satisfies Vg € q,v1(q) > 0.
Therefore v1(a;) > 0 for every 4, and v1(a}) > 0 for every j. In the same way, there exists a valuation ring
V5 in K, whose maximal ideal my, satisfies my, N By[y~!] = g, and its associated valuation vy satisfies
vi(a;) > 0 for every i, and 14 (a;-) > 0 for every j. But vy # vy because v1(y) > 0 and vo(y~!) > 0. This
contradicts the fact that F is a singleton. Therefore ZR(K/k) is a perfect set. O
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