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Abstract. This paper is concerned with the numerical simulation of two-dimensional flame balls.
We describe a Galerkin-type discretization in an adaptive basis of orthogonal wavelets. The solution
is represented by means of a reduced basis being adapted in each time step. This algorithm is applied
to compute the evolution of circular and elliptic thermodiffusive flames. In particular, we study
the influence of the Lewis number, the strength of radiative losses and of the initial radius. The
results show different scenarios. We find repeated splitting of the flame ball which is studied in
some detail, extinction after excessive growth and also obtain quasi-steady flame balls.

1. Introduction

The design of efficient, low-pollution combustion engines and the assessment of fire and
explosion hazards in chemical plants, mine shafts, etc requires a profound knowledge of
the behaviour of premixed gas flames near extinction or stability limits. Since under these
conditions the flames are very sensitive—micro-gravity constitutes a suitable environment for
the investigation of such phenomena. Due to the absence of buoyant convection, which on Earth
generates convection, strongly influencing the reaction zone, other transport mechanisms, such
as Lewis number effects or radiation can be investigated in detail. To elucidate these questions
several micro-gravity (µg) experiments in drop towers, aircraft and even in the space shuttle
have been carried out and are still planned for the future¶. Typically these experiments are
performed in a combustion chamber containing a quiescent, premixed lean gas mixture with a
reactant of small Lewis number. A point ignition leads to a flame that rapidly breaks up into
cells, a phenomenon caused by cellular instability at small Lewis numbers. In some cases,
however, steady spherical flame balls form which are not supported by any source of reactants
or sink of products in their centre [32]. The conceptual importance of such a configuration
resides in the possibility of investigating flammability limits. In general, these limits depend
to a very large extent on the actual device which is used for an experiment. Flame balls exist
far from any boundary. They are related to near-quenching conditions and can exist for a
relatively long time. Hence, they might allow the determination of flammability limits which
only depend on the reaction mechanism, not on a particular set-up, which would then in a
certain way be ‘absolute’.

‖ Present address: Institut für Hydrodynamik, Universiẗat Karlsruhe, Kaiserstraße 12, D-76128 Karlsruhe, Germany.
¶ Information about ongoing research at NASA is available at http://cpl.usc.edu/sofball/
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Important experimental work on flame balls has been done by Ronney, who investigated
stable flame balls in lean H2–air mixtures inµg [32]. This was the starting point for further
theoretical and experimental studies reviewed in [2, 33]. The theoretical analysis has mainly
been carried out by asymptotic methods and matched expansions. Historically, Zeldovich
[40] already considered flame balls without heat loss and proved the existence of a stationary
solution for a certain radius of the flame, the so-called Zeldovich radius. However, it has
later been shown that this solution is always unstable [7, 16]. With additional heat loss due to
radiation, however, spherical flames can be stabilized. In [3, 4, 34] the stability with respect
to one-dimensional perturbations, i.e. uniform growth or decrease of the radius, has been
considered. In [5] the stability with respect to three-dimensional perturbations was investigated
distinguishing also between far-field and near-field heat losses. A more sophisticated model
for radiation based on a partial differential equation (PDE) for the heat loss has later been
employed in [28] for a similar stability analysis.

Numerical simulations of flame balls are relatively rare. In [5] a one-dimensional equation
governing the flame ball radius is solved numerically. Later, Buckmasteret al [6] simulated
flame balls with imposed spherical symmetry (one-dimensional problem) using realistic H2

kinetics and obtained good agreement with the experiments. In [39] numerical simulations of
this configuration were also undertaken with complex chemistry. A relatively similar problem,
the one of an inward burning spherical flame with radiation, has recently been investigated
numerically in [25], also with imposed spherical symmetry. In [26] the influence of radiation
on the formation of cellular structures has been studied for planar premixed flames by two-
dimensional numerical simulation. This local extinction of premixed flames at low Lewis
number was first observed by Denet and Haldenwang in [14] for the adiabatic case. In all the
direct simulations cited above, the thermodiffusive model has been used ‘in order to reduce the
computations while apparently preserving the major aspects of the relevant phenomenology’
[26]. In the present paper we also employ this classical framework with a one-step irreversible
exothermic reaction and Arrhenius kinetics.

A well known fact for the numerical simulation of combustion problems with full
resolution of the flame front is that adaptive methods are highly recommended to cope with
the different spatial length scales that have to be resolved, see e.g. [15]. Recently, multiscale
methods (and wavelet methods fall into this category) have become of increasing interest
in solving a large class of integral and differential equations. This is motivated by their
efficient, i.e. sparse and/or well conditioned, representation of the involved operators and
the solution itself. Essentially, the existing approaches rely on the simultaneous localization
of wavelets and wavelet-like functions in space and frequency. Different algorithms have
been devised which exploit this feature such as the method of Liandrat and Tchamitchian
[27] or the collocation procedure in [9]. A detailed review of the literature on this subject
is beyond the scope of this paper but has been undertaken in [12, 23] to which the reader is
referred.

In the past, we have developed a one-dimensional adaptive wavelet discretization
procedure in space for parabolic PDEs [20], which was used together with an additional Fourier
discretization to compute cellular flames. Later the algorithm was substantially improved and
extended for two dimensions [22]; this reference, however, contains very little information on
the two-dimensional case so that part of the present text is concerned with filling this gap. The
developed method is based on a Petrov–Galerkin scheme with the trial functions constituting
a lacunary two-dimensional wavelet basis. The test functions are constructed in order to
diagonalize the stiffness matrix resulting from a certain class of operators. In [21] the method
has been extended to solve the Navier–Stokes equations for two-dimensional turbulence; see
also [19] for a recent overview on wavelets in turbulence.



Two-dimensional wavelet–vaguelette algorithm 3

The aim of the present paper is the investigation of flame balls by the numerical
simulation of the governing PDEs. After presenting the physical model in section 2 we
describe the complete two-dimensional form of the adaptive wavelet algorithm (section 3).
Different aspects such as the employed functions and the two-dimensional adaption strategy
are illustrated. Section 4 reports original results on the simulation of flame balls. We
start with the computation of an elliptic flame at unitary Lewis number which relaxes to a
circular flame. Subsequently, the influence of radiation on the self-fragmentation of elliptical
flames at low Lewis number is analysed. Interesting pattern formation is observed and its
dependency on the radiative cooling is studied. We then address the question of stable flame
structures in the considered setting. Indeed, quasi-steady flame balls could be obtained and
constitute a substantial achievement of the present paper. The paper ends with a conclusive
discussion of the employed method and the computed results as well as perspectives on future
work.

2. Considered problem

In figure 1 a flame ball is represented schematically together with the physical mechanisms
involved. For adiabatic conditions the flame would propagate outwards with its own
deflagration speed. Heat losses due to radiation, however, slow down the propagation as they
reduce the reaction rate and decrease the pre-heating ahead of the flame. For lean mixtures with
low Lewis number this can yield a stationary or very slowly propagating flame which is then
supplied with reactant only by diffusion of species towards the flame. If the propagation of
the flame is slow the convection generated by the expansion of the gas remains small. Hence
it is justified to neglect convection in the considered equations. A further approximation
step is to assume the density and other thermodynamic properties of the gas to be constant.
First, it should be observed that the actual temperature rise in the considered flames is indeed
rather low compared to other practical flames. Second, note that for a steady flame in a
quiescent atmosphere no gas is convected across the flame. This suppresses the Darrieus–
Landau mechanism even for large density ratios across the flame. Hence, although the density
is not constant all over the domain in the experiment this does not alter the mechanism of
the thermodiffusive instability. The constant-density approximation is therefore a valid model
for steady and slowly propagating flame balls. These so-called thermodiffusive equations
have been used in a number of papers concerned with the theoretical stability analysis of

Figure 1. Schematic view of a flame ball and the involved mechanisms.
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flame balls such as [4, 5, 28, 34]. We employ them here in dimensionless form with one-step
kinetics [8]

∂t T − ∇2T = ω − s (1)

∂tY − 1

Le
∇2Y = −ω (2)

ω = β2

2Le
Y exp

(
β(T − 1)

1 +α(T − 1)

)
. (3)

Therein, Le is the Lewis number,T denotes the dimensionless reduced temperature
T = (T̄ − T̄u)/(T̄b − T̄u), and Y the species concentration nondimensionalized with the
concentration of the fresh mixture. The reference length is the (thermal) flame thickness and
the reference velocity is the adiabatic propagation rate. The overbar designates dimensional
quantities, the indicesu andb refer to the unburnt and to the burnt state without heat loss,
respectively. Hence, both variablesT andY range between zero and one withY = 1, T = 0
for the unburnt andY = 0, T = 1 for the (adiabatically) burnt limit. The Arrhenius term
for the reaction rateω incorporates the dimensionless activation energyβ (Zeldovich number)
and the temperature ratioα = (T̄b − T̄u)/T̄b. The heat loss due to radiation is modelled by a
functions= s(T) with

s= c
T̄4 − T̄4

u

(T̄b − T̄u)4
(4)

wherec depends on the Stefan Boltzmann constant and the Planck length. This is a relatively
simple model which only accounts for the far-field losses in the optically thin limit. On the
other hand, no further approximation by linearization is applied. Different approaches for the
modelling of radiation can also be found in the literature, see e.g. [28]. However, up to now
their impact on the resulting solution has not been totally clear. For the time being we therefore
restrict ourselves to the expression in (4) as was also done in [26].

3. Adaptive wavelet algorithm

This section presents the essential features of the two-dimensional wavelet algorithm for
parabolic PDEs in a concise way. Its mathematical properties have been investigated in [22],
where accompanying numerical tests can be found as well. Concerning an introduction to
the theory of wavelets we refer to textbooks such as [10, 13, 30]. In [22] the one-dimensional
algorithm has been fully detailed and its mathematical properties have been investigated. The
two-dimensional case could, however, only be sketched briefly, but the algorithm was tested
with a two-dimensional Helmholtz-type equation and the initial phase of a laminar flame.

3.1. Time discretization of the evolution equations

The thermodiffusive equations (1) and (2) can be written in the general form of a nonlinear
evolution equation

∂tU + K (U )− F(U ) = 0 (5)

whereK denotes a linear differential operator in space and where the nonlinear functionF
constitutes the only coupling between the components of the vector of unknownsU . This
equation is discretized in time by a semi-implicit finite-difference scheme of second order,

(γ I + K )Un+1 = 4
3γUn − 1

3γUn−1 + F(2Un −Un−1) (6)

with time step1t , γ = 2/(31t), andI representing the identity.
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For the spatial discretization we use a Petrov–Galerkin scheme (method of weighted
residuals). Each component of the solutionU is developed into a set of trial functions. The
minimization of the weighted residual of (6) requires that the projection of the equation onto
a space of test functions vanishes. The proposed algorithm is based on a particular choice of
test and trial functions in terms of wavelets and their operator–orthogonal vaguelettes which
will be described below.

Equation (6) can be solved component-wise for a given right-hand side. Hence, the method
is presented here considering the scalar equation

Lu = f (7)

with L = γ I − C(∂xx + ∂yy). The constantC includes length scaling and the diffusion
coefficient (1 or 1/Le, respectively). The operatorL has constant coefficients and is related
to the symbolσ(ξx, ξy) = γ I + 4π2C(ξ2

x + ξ2
y ). Observe thatγ > 0 yieldsσ > 0 which is

another way to say thatL is an elliptic operator with an inhomogeneous symbol.

3.2. Periodic two-dimensional wavelets

Let us briefly recall the required notation. A periodic multiresolution (MRA) ofL2(T) is a
sequence of embedded subspacesVj ⊂ Vj +1, j ∈ N0 of L2(T), where the latter denotes the
space of real-valued square-integrable 1-periodic functions living on the torusT = R/Z. This
space is equipped with the inner product〈 f, g〉 = ∫T f (x) g(x)dx and the corresponding norm
‖ f ‖22 = 〈 f, f 〉. A refinable functionbR(x) ∈ L2(R) generating an MRA ofL2(R) through
bRj i (x) = 2 j/2bR(2 j x − i ) can be used to obtain a periodic MRA via [30, 31]

bji (x) =
∑
n∈Z

bRj i (x + n) x ∈ T or b̂(k) = b̂R(k) k ∈ Z (8)

with

b̂(k) =
∫ 1

0
b(x)e−2π ikx dx b̂R(ω) =

∫ ∞
−∞

bR(x)e−2π iωx dx. (9)

These relations permit one to deduce scaling functionsφ j,i , waveletsψ j,i and the required
filters from the non-periodic case. The cardinal Lagrange function inVj is given by

Ŝj i (k) = 2− j b̂ j i (k)∑
n∈Z b̂j i (k + 2j n)

k ∈ Z (10)

provided that the denominator is different from zero. By definition

Sj,0

(
i

2 j

)
= δi,0 Vj = span{Sj,i }i=0,...,2 j−1. (11)

The functionSallows an easy connection between sampled values in physical space and
coefficients. This is relevant in order to evaluate nonlinear terms of PDEs in physical space.
A collocation projection then is well suited for returning to the wavelet coefficient space.
In the classical case the scaling functionsφ jk constitute an orthonormal basis ofVj , so that
〈φ j,i , φ j,k〉 = δi,k. The orthogonal complement spaceWj = Vj +1 ª Vj is spanned by the
orthonormal waveletsψ j i (x) = ψ j 0(x − i /2 j ), i = 0,2 j − 1.

A two-dimensional MRA, i.e. an MRA ofL2(T2) can be obtained through the tensor
product of two one-dimensional MRAs ofL2(T) definingV j = Vj ⊗ Vj [30]. The related
bivariate orthogonal scaling functions are

φ j,i x,i y(x, y) = φ j,i x (x) φ j,i y(y). (12)
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Hence, the scale parameterj simultaneously controls the dilation inx and y. The
orthogonal complementW j = V j ª V j +1 is then generated by three different wavelets

ψε
j,i x,i y

(x, y) =


ψ j,i x (x) φ j,i y(y) ε = 1

φ j,i x (x) ψ j,i y(y) ε = 2

ψ j,i x (x) ψ j,i y(y) ε = 3

(13)

for j > 0 andi x, i y = 0, . . . ,2 j − 1.
This allows one to decomposeL2(T2) into mutually orthogonal hierarchical subspaces

L2(T2) = V0⊕ j>0 W j . (14)

Correspondingly, any functionu ∈ L2(T2) which is at least continuous† can be projected
ontoVJ by collocation

uJ(x, y) =
2J−1∑
i x=0

2J−1∑
i y=0

u

(
i x

2J
,

i y

2J

)
SJ,i x,i y(x, y) (15)

using the two-dimensional cardinal Lagrange function

Sj,i x,i y(x, y) = Sj,i x (x) Sj,i y(y). (16)

It can then be expressed as

uJ(x, y) = c0,0,0 φ0,0,0(x, y) +
J−1∑
j=0

2 j−1∑
i x=0

2 j−1∑
i y=0

3∑
ε=1

dεj,i x,i y
ψε

j,i x,i y
(x, y) (17)

with coefficients

dεj,i x,i y
= 〈u, ψε

j,i x,i y
〉 c0,0,0 =

∫
T2

u(x, y)dx dy (18)

using the fact thatφ0,0,0 = 1.
Representing a function in terms of wavelet coefficients has the following advantages.

Smooth functions yield rapid decay of the coefficients in scale (depending on the number
of vanishing moments ofψ j i ). At locations whereu develops a singularity or an ‘almost
singularity’ only local coefficients have to be retained (depending on the decay ofψ j i in
space). Second, all employed basis functions are mutually orthogonal, a property which is the
keystone of the algorithm below.

3.3. Adaptive discretization

The approximation properties of wavelets furnish decay rates and estimations of the truncation
error for given regularity of the functionu in (17). The asymptotic behaviour of linear and
in particular nonlinear approximation using wavelets is treated in [17, 18, 30]. However, in
practical computations the truncation error is estimated from the decay of the computed wavelet
coefficients so that we need not go into details of the theory here. If the smoothness ofu varies
strongly in space it is appropriate to use an adaptive discretization. For a wavelet discretization
such as (17) this is accomplished by restricting the full index set

3J = {( j, i x, i y, ε)| j = 0, . . . , J − 1, i x = 0, . . . ,2 j − 1, i x = 0, . . . ,2 j − 1, ε = 1,2,3}
(19)

† This is required to give a value off at a point a meaning, which is of course a prerequisite for collocation. To avoid
technical details here we refer the reader to [1].
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Figure 2. Scheme of the wavelet coefficients for a two-dimensional MRA and illustration of the
applied neighbouring relation (see text).

to some subset3d ⊂ 3J , depending on the required toleranceε. The elements designated
by 3d are termed the ‘lacunary basis’. One is then interested in, roughly, retaining only
coefficients with|dεj,i x,i y

| > ε. Orthogonality of the basis and decay immediately relate this to

theL2 approximation error.
For an evolutionary problem discretized by a two-dimensional MRA this set can be

estimated with a similar procedure as for a one-dimensional MRA used in [20, 27, 29]: from
the previous time step the indices with coefficients larger than the toleranceε are determined.
These are then supplemented with the set of their neighbours in coefficient space. The easy
definition of such a neighbouring set is an advantage of employing wavelets instead of wavelet
packets [24]. The employed set is illustrated in figure 2. A coefficientdεj,i x,i y

is placed at

x = 2 j (1− δε,1) + i x, y = 2 j (1− δε,2) + i y with the origin in the upper left-hand corner and
they-coordinate directed downwards. In each squarej andε are constant. We then define the
nearest neighbours of the coefficientd3

j,i x,i y
marked by a full dot as indicated by the crosses.

The coefficientsd1
j,i x,i y

andd2
j,i x,i y

have the same neighbours apart from the hull around them.
Of course, different definitions of a set of neighbours can be thought of. However,

increasing this region generally results with the above adaption strategy in the computation of
further coefficients smaller thanε. Since their values are still used in the right-hand side of the
equation solved in each time step this just amounts to computing with an effective tolerance
smaller than the nominal one.

3.4. Operator-adapted two-dimensional vaguelettes

In the present method the trial functions foru are chosen to be the orthogonal periodic wavelets
described in section 3.2. In order to determine the coefficients in (17) designated by3d a
suitable weighted residuals projection has to be defined. Such a projection yields, in general,
a matrix which has to be set up and inverted, i.e. a linear system has to be solved. For different
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bases this matrix can have a special structure such as a block diagonal [11], e.g. applied
in [38], or diagonal [27]. The latter strategy is used here when employing the functionsθ

defined below as test functions and avoids any linear system being assembled or solved. The
particular advantage of using wavelets is that these, together with the resulting test functions,
are well localized in space and frequency. This allows one to devise hierarchical decomposition
algorithms through the application of appropriate filters as described in the following section.

For a sufficiently regular MRA the following functions can be defined:

θεj,i x,i y
= (L∗)−1ψε

j,i x,i y
µεj,i x,i y

= Lψε
j,i x,i y

(20)

η j,i x,i y = (L∗)−1φ j,i x,i y ν j,i x,i y = Lφ j,i x,i y . (21)

The superscript∗ denotes the adjoint but may be omitted here becauseL is self-adjoint (σ is
real). By construction these functions fulfil the bi-orthogonality relations

〈θεj,i x,i y
, µε

′
k,mx,my

〉 = δ jkδi xmxδi ymyδεε′ 〈η j,i x,i y, ν j,kx,ky〉 = δi xkxδi yky . (22)

The functionsθεj,i x,i y
, µεj,i x,i y

are called vaguelettes and have similar properties to wavelets
concerning localization and vanishing moments. The latter results from the fact thatσ is
strictly positive at the origin. Sinceσ(ξx, ξy) 6= σx(ξx) σy(ξy), the functions in (20) and (21)
are not separable as the two-dimensional scaling function and wavelets.

In the present case it is possible to determine the above functions in Fourier space by
means of a symbol, for example,

̂(θεj,i x,i y
)
kx,ky
= 1

σ(kx, ky)
̂(ψε

j,i x,i y
)
kx,ky

kx, ky ∈ Z j > 0 i x, i y = 0, . . . ,2 j − 1.

(23)

Since by construction〈Lψε
j,i x,i y

, θεj,kx,ky
〉 = δi xkxδi yky the functionsθεj,i x,i y

are used as test
functions in a Petrov–Galerkin method for (7). This is equivalent to developing the right-hand
side f of this equation into the bi-orthogonal operator-adapted basis as follows:

fL;J(x, y) = 〈 f, η0,0,0〉ν0,0,0(x, y) +
J−1∑
j=0

2 j−1∑
i x=0

2 j−1∑
i y=0

3∑
ε=1

〈 f, θεj,i x,i y
〉µεj,i x,i y

(x, y). (24)

Hence, we define the spaces

VL;J = span{LbJ,i x,i y}i x,i y = span{νJ,i x,i y}i x,i y . (25)

A cardinal functionSL;J,i x,i y in VL;J can be defined analogously to (10) by

̂(SL;J,i x,i y)(kx, ky) =
2−2Jσ(kx, ky) b̂J,i x,i y(kx, ky)∑

nx,ny∈Z σ(kx + 2Jnx, ky + 2Jny) b̂J,i x,i y(kx + 2Jnx, ky + 2Jny)
(26)

provided the denominator is different from zero. With these functions a collocation projection
ontoVL;J can be defined similarly to (15). Observe thatSL can only be decomposed in the
same way asS in (16) if σ can be factorized accordingly. This is generally not the case.
Properties of the vaguelettes and the other operator-adapted basis functions are reported in
[22].

Solving (7) by means of the described method is equivalent to calculating a decomposition
of f into the bi-orthogonal vaguelette basis and a reconstruction ofu in the orthonormal wavelet
basis. In other words, one determines

dεj,i x,i y
= 〈 fL;J, θεj,i x,i y

〉 = 〈LuJ, θ
ε
j,i x,i y
〉 (27)

and then uses (17) to computeuJ .
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In all calculations we used Battle–Lemarié spline wavelets since analytic expressions of
the Fourier transforms of the basis functions are available. The cardinal Lagrange function
of the spline MRA spaces is well known [35], analytic expressions of the Fourier transforms
of the scaling function and wavelets are available [31], and the operator-adapted interpolating
functions may be calculated using derivatives of the cotangent function [36]. Furthermore, in
the case of a Battle–Lemarié spline MRA all of the above basis functions, even the operator-
adapted ones, have exponential decay (cf [36] for a proof). Hence, for a given precision they
can be suitably truncated to a finite length. Figure 3 shows iso-lines of wavelets and vaguelettes;
(a)–(c) demonstrate the good localization in physical space of the cardinal Lagrange function
(16) and the wavelets (13); (d)–(f ) are concerned with the operator-adapted functions. They
illustrate that the operators do not alter the fast decay of the modified basis functions (21) and
(26).

3.5. Transforms for lacunary bases

Using the above results we devise the following algorithm to compute the coefficientsdεj,i x,i y

according to (27) in the present two-dimensional periodic setting. It is based on the filters

D j,ε
L;mx,my

= 〈SL; j,mx,my, θ
ε
j−1,0,0〉 (28)

and uses the grids

xj,i x,i y =
(

i x

2 j
,

i y

2 j

)
06 i x, i y < 2 j (29)

which are hierarchically nested for increasingj .

Operator-adapted vaguelette decomposition

given index set3d ⊂ 3J = for the amplitudesdεj,i x,i y
of a lacunary wavelet basis inVJ with

someJ ∈ N.
0. step ComputeD j,ε

L , µεj−1,0,0, j = 1, . . . , J.
Truncate these in space according to a given precision.

1. step Determine the index set3x of pointsxj,i x,i y required in the subsequent quadratures.
For ( j, i x, i y) ∈ 3x require the right-hand side at the pointsxj,i x,i y and set

f J(xj,i x,i y) = f (xj,i x,i y). (30)

Set j = J.
2. step For ( j−1, kx, ky, ε) ∈ 3d

dεj−1,kx,ky
=

∑
( j,i x,i y)∈3x

f j (xj,i x,i y)D
j,ε
L;i x−2kx,i y−2ky

. (31)

3. step For ( j−1, i x, i y) ∈ 3x

f j−1(xj−1,i x,i y) = f j (xj,2i x,2i y)−
∑

( j−1,kx,ky,ε)∈3d

dj−1,kx,kyµ
ε
j−1,kx,ky

(xj−1,i x,i y). (32)

iterate steps 2 and 3, replacingj with j − 1 down to j = 0.
final step computec0,0,0 by the filter I j

L;nx,ny
= 〈SL; j,nx,ny, η j,0,0〉 with j = 0.

Remarks. In the present caseη0,0,0 = 1/γ so thatI 0
L;0,0 = 1/γ . Stopping the decomposition

at somej > 0 is also possible as discussed in [20]. An adaptive hierarchical wavelet transform
is obtained as a special case of the above algorithm settingL = I .
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Figure 3. Lines of constant value for different functionsf (x, y) intervening in the algorithm: (a)
Sj,i x ,i y , (b) ψ1

j,i x ,i y
, (c) ψ3

j,i x ,i y
, (d) SL; j,i x ,i y , (e) µ3

j,i x ,i y
, (f ) θ3

j,i x ,i y
, with j = 5, i x = i y = 15

andγ = 150.
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As the nonlinear termf (u) in (27) is evaluated pointwise in physical space with
equation (30), the functionu given by its wavelet coefficients has to be determined pointwise
on a locally refined grid. This requires an inverse wavelet transform for lacunary coefficients
to reconstructu on an adaptive gridxj,i x,i y which allows one to applyf to these values.

Inverse wavelet transform

given coefficients{c0,0,0}i , {dεj,kx,ky
}( j,kx,ky,ε)∈3d .

0. step Set j = 0 and

f0(x0,0,0) = c0,0,0φ0,0,0(x0,0,0). (33)

1. step Computef j +1 at even grid points, i.e. for( j, i x, i y) ∈ 3x, i x andi y even

f j +1(xj +1,2i x,2i y) = f j (xj,i x,i y) +
∑

( j,kx,ky,ε)∈3d

dεj,kx,ky
ψε

j,kx,ky
(xj,i x,i y). (34)

2. step Computef j +1 at the remaining odd grid points, i.e. for( j, i x, i y) ∈ 3x, i x or i y odd

f j +1(xj +1,i x,i y) =
∑
kx,ky

f j (xj +1,kx,ky)Sj,kx,ky(xj +1,i x,i y) +
∑

( j,kx,ky,ε)∈3d

dεj,kx,ky
ψε

j,kx,ky
(xj +1,i x,i y).

(35)

iterate steps 1 and 2 forj = 1, . . . , J − 1, whereJ − 1 is the finest scale in3d.

Step 2 is implemented in three parts using the fact that the first sum in (35) contains only
one sum onnx if i y is even and one sum onny if i x is even due to (16) and (11).

The filters used in the operator-adapted vaguelette decomposition (30) and (31) and the
inverse wavelet transform (34) and (35) are closely related to the functions depicted in Figure 3
and hence exhibit exponential decay. Therefore they can be truncated up to some prescribed
tolerance. Such a truncation leads for both algorithms to an O(N) operation count, whereN
denotes the number of active basis functions. Hence the total complexity of the operations in
one time step is O(N).

4. Numerical results

4.1. Computational set-up

In both, experiments and computations of flame balls, the boundaries have to be sufficiently
far from the flame to avoid any disturbance. If this is accomplished, the precise nature of
these boundaries is of no importance. Hence, it is possible to choose a periodic approximation
in the computations. We consider the domain(x, y) ∈ [−X/2, X/2] × [−X/2, X/2] with
X sufficiently large. With given equations the solution is then only determined by the initial
conditionT(x, y,0) = T0(x, y),Y(x, y,0) = Y0(x, y) which has to be chosen in accordance
with the periodic approximation. Here, we introduce an initial flame front by means of the
analytic solution for a steady plane flame in the high activation energy limitβ →∞ [37]

T0(x, y) =
{

exp(r0 − r ) r > r0

1 r < r0

Y0(x, y) =
{

1− exp(Le(r0 − r )) r > r0

0 r < r0

(36)
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wherer = r (x, y) is a radial coordinate. In some computations we employed a circular initial
condition, whereas in others a local stretching is used to generate an elliptic front. In all
computations the derivatives ofT0 andY0 at the boundaries were below machine precision.

Note that the above initialization is well suited for the present two-dimensional case. In
three dimensions the asymptotic decay of temperature and concentration is proportional to
1/r . This is readily obtained from the fundamental solution of a Laplace equation which
results from neglecting reaction and radiation in the far field. For the two-dimensional case,
however, this approximation is not successful. An approximation of the temperature equation
far from the flame of the next higher order by linearizing the radiation term, while neglecting
reaction yields a modified Bessel equation. The modified Bessel functions of the second kind
solving this equation decay proportional to exp(−r )/

√
r which is very close to the employed

initial condition. The reasoning for the temperature equation alone suggests the existence of
a steady solution with this decay rate at infinity. The concentration equation, however, does
not contain a radiation term. It rather raises the question of how the reaction rate is modelled
in the limit of ambient temperature, the so-called ‘cold boundary difficulty’. If zero reaction
is assumed—which is common but contradictory to equation (3)—no truly steady solution
exists. On the other hand, the behaviour in the very limit of infinite time and distance is rather
of a mathematical nature. The above reasoning certainly holds for large though not necessarily
infinite times and distances and is furthermore backed by the results below. For these reasons
we use the term quasi-steady to designate the limiting state without technical difficulties.

4.2. Circular flame for unitary Lewis number

As a reference case we start with a computation forLe= 1 ands= 0 in (1)–(3). Under these
conditions plane flames are stable, i.e. they do not exhibit the thermodiffusive instability. This
carries over directly to the case of a circular flame if the radius is large. In our computations
we also observe this stability for a small radius of the flame starting from an elliptic flame
(stretching 1:4). From the initial perturbation the flame soon relaxes to a circle, as shown
in figure 4. The ellipticity of the flame decreases from 4 att = 0 to 1.3 att = 9. Further
parameters of this computation areα = 0.8, X = 30,1t = 10−2, J = 7. Note that the initial
deformation can be quite large since, for example, in the case of uniform propagation of the
front the ellipticity of the front diminishes for geometrical reasons with increasing diameter.

Figure 4. Relaxation of an elliptical flame to a circle forLe= 1, solution att = 9. (a) Lines of
constant temperature (T = 0.1, . . . , 0.9). (b) Adaptive wavelet basis in the scale-space diagram
according to figure 2. A logarithmic scale is used for the absolute value of the retained coefficients.
(c) Centres of the wavelets used to represent the solution (see text).
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Before concentrating in the following sections on the investigation of the physical
mechanisms we take this case to illustrate the adaptive wavelet discretization described above.
Figure 4(b) represents the adaptively selected active wavelets in coefficient space according
to the scheme of figure 2. The third part, figure 4(c), shows the centres(xc, yc) of the
active wavelet functions in physical space. Recall that the functionψε

j,i x,i y
is centred around

xc = (1− δε,3)/2 j +1 + i x/2 j and yc = (1− δε,1)/2 j +1 + i y/2 j . At t = 9 the index set3d

comprises 2305 coefficients (out of 16 384 forJ = 7). The initial ellipse has been inclined
by 30◦ with respect to the coordinate system in order to demonstrate that the wavelet scheme
together with the applied adaption strategy does not generate artefacts due to a preferred
direction. This is indeed verified by inspection of figure 4.

To validate the adaptive wavelet method for the present combustion problem we compared
the solution with a classical Fourier pseudo-spectral method using 1282 Fourier modes and
the same time discretization as in section 3.1. Both solutions att = 9 are identical up to a
difference of 0.1% in the total reaction rate and less than 10−4 in the temperature. Hence the
method is well suited to calculate the evolution of flame balls. We observe that att = 9 only
14% of the basis functions with respect to a regular discretization are needed. Consequently,
with dynamic allocation the memory requirement can be substantially reduced. At present,
however, the implementation is still crude. It also yields a CPU time larger than necessary
with a simulation performed on an IBM AIX RS6000 workstation taking about 1 day. The
optimization of the implementation is the subject of current work.

4.3. Splitting of flame balls for small Lewis number

In the following computations the conditions have been chosen to be similar to the experiments
in [32] for a 6.5% H2–air flame although an exact reproduction cannot of course be achieved
due to the diverse approximations. We setLe= 0.3, T̄u = 300 K andT̄b = 830 K, yielding
α = 0.64 andβ = 10. The extent of the computational domain isX = 100 and the maximal
resolution ofJ = 8 corresponds to 2562 degrees of freedom if the entire wavelet basis is
retained. The time step is1t = 5× 10−4 in all computations.

In [32] the experiments have been conducted with additional CF3Br in the mixture. This
component does not modify the principal reaction but essentially increases the radiation
heat loss due to soot production. The experiments in this reference show that with a low
concentration of CF3Br, the flame balls exhibit cellular instability. Increased heat loss due
to an increased concentration of CF3Br yields stable flame balls. Similarly to adjusting heat
loss by the tracer concentration in the experiments, we use different values ofc in (4), here
c = 0,0.002,0.01,0.05,0.1. To investigate the instability of the flame balls the initial
condition of section 4.2 is applied, accounting for the different Lewis number. Figures 5 and
6 show the results of two such computations with different values of the heat loss parameterc.
Starting from the initial perturbation an instability develops in figure 5 which results in local
quenching of the flame. This is visible from the plots of the reaction rate. The corresponding
iso-thermals illustrate the temperature decay in the middle of the flame ball and at the locations
of quenching. In figure 6 the instability of the flame leads to a splitting of the initial elliptic flame
into two separate smaller flames. After a while these separate again and continue propagating.
Since att = 30 the four small flames again have an elliptic shape, one suspects that these
might split again. Indeed, this takes place at subsequent times (not shown here).

Together with figure 4 of the previous section, figure 5 illustrates the influence of the
Lewis number. The result is in accordance with the theoretical analysis of [4] which predicts
(three-dimensional) instability for small Lewis number and low heat loss. Forc < 10−2 the
solution is qualitatively similar to that reported in figure 5. Even with vanishing heat loss
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Figure 5. Flame ball withLe= 0.3,c = 0.01: (a), (c) and (e) reaction rate at timest = 10,20,30,
(b), (d) and (f ) corresponding iso-thermalsT = 0.1,0.2, . . . ,1.
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Figure 6. Flame ball withLe= 0.3,c = 0.05: (a), (c) and (e) reaction rate at timest = 10,20,30,
(b), (d) and (f ) corresponding iso-thermalsT = 0.1,0.2, . . . ,1.
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Figure 7. Horizontal cuts at y = 0 through the temperature field at t = 30 for different amounts
of heat loss: c = 0,0.002,0.01,0.05 (top to bottom at x = 0).

Table 1. Influence of heat loss on diameter, maximal temperature and maximal reaction rate at
t = 30 (see text).

Heat loss c Tmax ωmax Wx |T=0.8 v f

0 1.11 5.65 80.4 2.42
0.002 1.10 5.34 78.5 2.36
0.01 1.06 4.27 68.9 2.04
0.05 0.89 1.51 35.6 0.93

similar undulations and local quenching of the reaction front are observed. This behaviour has
also been obtained by Denet and Haldenwang [14] in their computations of an adiabatic flame
in a planar channel with Le = 0.2, α = 0.8, β = 10.

The influence of radiation can be assessed by comparing figures 5 and 6. The only
difference in these two computations is an increase of c by a factor of 5, from 0.01 to 0.05.
For c = 0.1 the flame is extinguished. Figure 7 displays a horizontal cut in the middle of the
domain through the temperature fields of figures 5 and 6 at t = 30, and two further cases not
represented in other figures. The influence of the radiation heat loss is nicely visible: in the
interior of the flame ball the temperature is reduced, heat flows from the flame front inwards
to balance the loss. Second, the distance which the flames have travelled is reduced leading to
different locations of the front at t = 30. In that respect it is also instructive to superpose the
plots of figures 5 and 6 at corresponding times. The reaction zones of the latter lie exactly in the
centres of the undulations in figure 5. More quantitative information is given in table 1 where
the maxima of temperature and reaction rate over the whole domain are displayed. Observe that
for low radiation, locally the temperature exceeds the adiabatic flame temperature. This is due
to the high diffusivity of species related to the present Lewis number. Hence, additional species
are transported to the flame where they induce additional heating which is not compensated
by diffusive heat loss. The values of Tmax > 1 reported in the table typically occur in the tips
of the flames near the zones of local extinction. A similar behaviour can also be observed in
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Figure 8. Integral of the reaction rateR versus time for different amounts of heat loss:
c = 0,0.002,0.01,0.05,0.1 (top to bottom).

Figure 9. Different scenarios for the evolution of the computed flame balls withc = 0.05. Left,
evolution of the total reaction rate with different initial radii. Att = 5 the curves can be labelled
from above withr0 = 1,1.25,1.5,1.8,2,2.5,4,5, respectively. Right, fields of the reaction rate
at typical points indicated in the evolution diagram.
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the temperature plots of [14]. The quantityWx|T=0.8 is the maximal extent in thex-direction
of theT = 0.8 temperature level line att = 30. Comparison to its initial value 7.7 yields an
average propagation rate of the flamev f reported in the last column of the table.

The overall reaction rateR(t) = ∫
ω(x, y, t)dx dy in figure 8 gives a complementary

report on the dynamics. In a first phase, up to aroundt = 1, the inner structure of the flame
adjusts to the finite value ofβ. Subsequently, the flame propagates outward, more or less
rapidly according to the strength of the radiation. Due to the undulations of the flame front
the increase of the total reaction rate is not linear as it would be in the case of a steadily
expanding circular flame. Finally, we note that in a parallel work Kagan and Sivashinsky [26]
have examined the influence of radiation on a straight flame described by the same combustion
model. Their observations agree very well with the present results.

4.4. Quasi-steady flame balls

After studying the influence of the amount of radiation in the previous section we now fix
the prefactor toc = 0.05 and report on the computation of quasi-steady flame balls. Hence,
a circular initial condition was employed and a large number of computations with different
initial radii have been performed. These are summarized in figure 9, showing the evolution of
the total reaction rateR(t) as well as selected typical fields.

During the initial phase of the computations the inner structure of the flame adjusts to the
employed parameters so that its physical significance is low. After a very short time, however, a
physically meaningful solution is computed. The figure then reveals an interesting bifurcation.
For certain initial conditions withr0 around 2, indeed a quasi-steady flame ball develops. In a
transient phase a temporarily smaller or larger circular flame forms, but the quasi-steady state

Figure 10. Cuts through the temperature field fory = 0, t = 50,c = 0.05 computed with normal
domain sizeX = 100 and doubled size. The decay is compared toT1(r ) = exp(−r ) and
T2(r ) = 4 exp(−r )/

√
r .
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is the same for all initial conditions within a certain range of attraction (figure 9C). This flame
has a diameter of about 3 in dimensionless units and persists for a long time (left-hand picture
of figure 9). In this stage the total reaction rate is very slowly decreasing so that the flame
ball is not absolutely steady. The limit of infinite time cannot be computed due to periodicity
and the discussion in section 4.1. For verification we have also repeated the computation with
r0 = 2, doubling the domain size in each direction and obtained the same steady solution.
Figure 10 displays cuts through the temperature field of these computations. It also contains
two curves proportional to exp(−r ) and exp(−r )/

√
r , respectively, which justify the choice

of the initial condition and the arguments in section 4.1.
Figure 9 shows that a certain perturbation of the flame can be attenuated, driving it back

to the stable state. If, however, this perturbation is too strong the solution becomes unstable.
This can take place in several ways. If the flame is too large by initialization it extinguishes
merely without changing its radius as encountered forr0 = 4 and 5. A similar behaviour

Figure 11. Flame balls withLe= 0.3,c = 0.05 and circular initial condition withr0 = 1. Pictures
(a), (b), (c) and (d) show the temperature field at timest = 0,10,20,30, respectively.
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is observed if the flame increases too much during the transient phase, while still remaining
circular as withr0 = 1.5 (figure 9B). A third type of evolution is related to a splitting of the
flame in smaller and smaller cells (figure 9A). The observed dissociation is extremely similar
to the one of figure 6 obtained with an elliptic initial front and is depicted in figure 11. It
shows that, unlike in the previous section, the flame directly splits up into four cells. Their
orientation is determined by the tiniest details or noise in the computation and is no indication
of a biased method. This is proven by the results of the previous section. In later stages of the
computation the eight cells continue propagating slowly outward. Att = 50 they again exhibit
a half-elliptic shape which is an indication of the advent of further splitting. Nevertheless, the
computation was stopped due to increasing, though still only slight, influence of the periodic
boundary conditions.

This computation suggests that the splitting of flame balls in the considered parameter
regime may continuead infinitum. On the other hand, it might be proposed that the observed
dissociation is just a transition to an ensemble of circular quasi-steady flame balls all having
the stable radius obtained above. At present we cannot decide on the asymptotic state for large
times. In any case the existence of an inner region within the ring of cells containing partially
burnt gas and an outer region with unburnt gas introduces a considerable asymmetry which
rules out the second possibility. Whether for some values of the parameters a quasi-steady
solution in the form of a ring of (non-circular) cells exists remains an open question.

The presented results demonstrate that quasi-steady flame balls can be obtained in two
dimensions. This is qualitatively the same as in the spherical case. As far as we know a
complete stability analysis for the two-dimensional configuration has not been reported up to
now. It can certainly be accomplished with similar techniques, as employed in [3–5], but is
beyond the scope of the present paper.

5. Conclusion

The present paper describes a two-dimensional adaptive wavelet algorithm for elliptic PDEs.
It makes use of local hierarchical wavelet collocation and employs a truly two-dimensional
operator-orthogonal multiresolution analysis. We show that the developed adaptive method is a
useful method for the computation of two-dimensional flames. The employed basis functions
are selected dynamically, which induces local refinement only in the propagating reaction
zone. Hence, the number of degrees of freedom can be reduced significantly without losing
numerical accuracy. Although the method is fully developed its coding is still experimental.
It inhibits a realistic assessment of the method’s cost (theoretically O(N)) as the computing
time, in particular with adaptive methods, depends highly on aspects of the implementation.
This is the subject of our current work.

The paper reports on various computations of thermodiffusive flames. In particular, we
have studied the influence of the Lewis number, the strength of radiative losses and the initial
form and radius on such flames. Part of the simulations were concerned with splitting flame
balls. Although the physical mechanisms involved are somewhat different, as discussed in the
text, the calculated patterns, such as shown in figure 11, are strikingly similar to photographs
taken in experiments (see, e.g., figure 1 in [32]). Furthermore, we have succeeded in obtaining
quasi-steady flame balls. Computations with different initial radii give additional information
on the range of attraction of such flames.

Using direct simulations it is possible to investigate the full nonlinear behaviour of flame
balls even in the case of large deformations and splitting. This will be further exploited. Future
computations could also employ different models for radiation. In [28] a PDE for the heat
loss, the linearized Eddington equation, is the basis for an asymptotic analysis. Since it has a
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similar form to the equations presently solved for temperature and species in each time step
the proposed wavelet method can be extended to solve such an equation together with (1)–(3).
This gives the possibility to compare the influence of different radiation models. By direct
simulation it can be done for both large and small activation energy. The computation of flame
balls in three dimensions is the subject of current research. Preliminary results show a similar
pattern formation and will be presented in a forthcoming paper.
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[31] Perrier V and Basdevant C 1989 Ladécomposition en ondelettespériodiques, un outil pour l’analysedechamps
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