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ABSTRACT
We examine anisotropy and spatial intermittency at small scales in drift-wave turbulence with zonal flows. We use a two-dimensional direc
tional continuous wavelet transform, which allows simultaneous localization in scale, position, and direction. This wavelet analysis is 
applied to vorticity fields obtained from numerical simulations of the modified Hasegawa–Wakatani model, a reduced model of resistive 
drift-wave turbulence in magnetized plasmas with zonal flows. Directional wavelet statistics characterize the anisotropy of the turbulence. 
The second-order moment is enhanced around directions perpendicular to the zonal flow. Spatial intermittency, characterized by scale- 
dependent flatness, is more pronounced around directions along the zonal flow.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0343309

I. INTRODUCTION
Turbulent dynamics in magnetically confined plasmas are 

strongly influenced by drift-wave turbulence and zonal flows. Drift- 
wave turbulence has a wide range of scales and exhibits intermittency 
in space and time. Zonal flows can regulate the turbulence intensity 
and reduce transport. In magnetic-confinement fusion, turbulent 
transport degrades plasma confinement. For reviews of drift-wave 
turbulence and zonal flows, see Refs. 1 and 2.

Hasegawa and Wakatani3 introduced a reduced two-dimensional 
(2D) model for resistive drift-wave turbulence in magnetized plasmas, 
in which density and electrostatic-potential fluctuations are resistively 
coupled in the presence of a background density gradient. This model 
is called the Hasegawa–Wakatani (HW) model. Numata et al.4 later 
modified the HW model by removing the zonal component from the 
resistive coupling term. Numerical simulations of the modified HW 
(MHW) model show structures elongated along the zonal flow; see, 
e.g., Refs. 4–8. Kadoch et al.6 reported distinct turbulent flow regions 
with pronounced zonal flows in the MHW model.

Wavelet analysis provides a useful methodology for turbulent 
fields. A wavelet is a function localized in physical space and scale and 
can also be directional in multiple dimensions. The coefficients of the 
continuous wavelet transform (CWT) depend continuously on 

position and scale, and may also depend on direction in multiple 
dimensions. Orthogonal wavelet transforms have efficient fast algo
rithms, while their positions, scales, and directions are discrete and 
constrained by the multiresolution construction. By contrast, Fourier 
analysis represents turbulent fields by modes localized in wavenumber 
space but not in physical space. Reviews of wavelet applications to tur
bulence, including plasma turbulence, are given in, e.g., Refs. 9–12. 
Continuous wavelet analysis has also been applied to experimental 
plasma data; see, e.g., Ref. 2. An early application introduced the 
wavelet bicoherence to detect short-lived intermittent nonlinear cou
pling.13 Continuous wavelet analysis has also been applied to observa
tional and numerical simulation data of astrophysical plasma 
turbulence to examine relationships among large-amplitude struc
tures, background fluctuations, and kinetic Alfv�en wave features.14 

Orthogonal wavelet analysis has been used to extract coherent struc
tures.11 For example, coherent bursts were extracted from turbulent 
edge plasmas in magnetic fusion devices.15

Spatial intermittency implies that, at a given time, the intensity 
of turbulent activity varies strongly, with intense activity occurring 
irregularly. In hydrodynamic turbulence, the scale-dependence of the 
spatial localization of intense fluctuations has been studied (e.g., Refs. 
16 and 17). Temporal intermittency was reported in experimental 
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studies dating back to the late 1940s,18,19 and examined at different 
scales using bandpass-filtered signals.20

In this work, we examine the anisotropy and spatial intermit
tency at small scales in drift-wave turbulence with zonal flows. We 
analyze vorticity fields obtained from numerical simulations using 
wavelet statistics based on the CWT. A 2D complex-valued direc
tional Morlet wavelet is used.

The remainder of this manuscript is organized as follows. In Sec. 
II, we present the MHW model and the simulation data. Section III 
briefly reviews the 2D CWT and introduces the scale-, position-, and 
direction-dependent statistical quantities. Section IV presents the 
numerical results of wavelet statistics for the different flow cases. 
Finally, Sec. V gives the conclusions.

II. DRIFT-WAVE TURBULENCE WITH ZONAL FLOWS
We present the MHW model and describe the numerical 

simulations.

A. Modified Hasegawa–Wakatani model
We consider drift-wave turbulence in a 2D slab geometry with a 

uniform background density gradient. The MHW model4 is 
employed as a reduced fluid model. We use Cartesian coordinates 
ðx; yÞ in the slab plane, corresponding to the radial and poloidal direc
tions, respectively. We assume a uniform magnetic field directed per
pendicular to the x − y plane. Ions are treated as cold. The 
dimensionless MHW equations for the vorticity x and density fluctu
ation field n in the doubly periodic domain X ¼ ½0; L�2 are given by, 

@x

@t
þ /;x½ � ¼ cðe/ − enÞ þ �r2x; (1) 

@n
@t
þ /; n½ � ¼ cðe/ − enÞ þ Dr2n − C@y/: (2) 

Here, /ðx; y; tÞ is the electrostatic potential, x ¼ r2/, r ¼ ð@=@x;
@=@yÞ, t is time, and ½g; h� ¼ @xg @yh − @yg @xh denotes the Poisson 
bracket. Arguments such as x, y, and t are omitted for brevity, unless 
otherwise stated. The non-zonal component of a field g is defined as 
eg ¼ g − �g , where �g ¼ L−1 Ð L

0 gðx; yÞ dy is the zonal component, i.e., 
the average over y at fixed x. The resistive coupling terms in Eqs. (1) 
and (2) are constructed so that they do not act on zonal components, 
in contrast to the HW formulation.3 Details of the normalization and 
background density profile are given in Ref. 4. The term −C@y/ is 
due to the background density gradient, where C is the density- 
gradient parameter. By rescaling the variables and parameters as 
t0 ¼ Ct, /0 ¼ /=C, n0 ¼ n=C, x0 ¼ x=C, c0 ¼ c=C, �0 ¼ �=C, and 
D0 ¼ D=C, Eqs. (1) and (2) retain the same form with C ¼ 1. 
Hereafter, the primes are omitted. The parameters � and D denote 
the coefficients of the viscous and diffusive terms, respectively, while c 
is the adiabaticity parameter. As in Ref. 6, we use standard Laplacian 
viscous and diffusive terms rather than the hyperviscous and hyper
diffusive terms used in Ref. 4. The velocity is given by ðux; uyÞ

¼ ð−@/=@y; @/=@xÞ.

B. Numerical simulations
We use two datasets from numerical simulations of the MHW 

model. The turbulent fields are governed by Eqs. (1) and (2) in the 

doubly periodic domain X ¼ ½0; L�2. The domain size is set to 
L ¼ 64.

One dataset corresponds to c ¼ 4 and was obtained by Kadoch 
et al.6 The other corresponds to c ¼ 0:7 and was obtained in this 
work. These cases are labeled c4 and c07, respectively. The parameters 
� and D are set to � ¼ D ¼ 5� 10−3 for c4 and � ¼ D ¼ 2:5� 10−3 

for c07. The c07 case is chosen as a representative state that retains 
zonal-flow structures and exhibits stronger small-scale activity than 
the c4 case. Both datasets were computed with the numerical method 
used in Ref. 6. The equations are solved using a Fourier pseudo- 
spectral method and a fourth-order Runge–Kutta method. The two- 
thirds rule is used for dealiasing. The number of grid points is 10242, 
and the time increment is Dt ¼ 5� 10−4. The initial fields at t ¼ 0 
are Gaussian random fields. The spatial averages of x and n are zero 
throughout the simulations.

Figure 1 shows the time series of the spatially averaged kinetic 
energy EðtÞ and enstrophy ZðtÞ over the period used for averaging. 
For both c4 and c07, EðtÞ and ZðtÞ remain quasi-stationary over this 
period. Table I summarizes several statistical quantities. These statis
tics are obtained from 75 snapshots sampled every 2 time units. The 
averaging period is denoted by td, with td ¼ 148. The eddy turnover 
time tk is defined as ð2ZrmsÞ

−1=2, where Zrms denotes the root mean 
square of ZðtÞ over this period.

Figure 2 shows visualizations of the vorticity field x at time ts 
within this period for c4 and c07. The zonal-flow velocity Uy, defined 
by Uyðx; tÞ ¼ L−1 Ð L

0 uyðx; y; tÞ dy, is superimposed on each visualiza
tion. In both cases, turbulent stripe-like structures are seen, suggesting 
the coexistence of zonal flows and turbulence. It can be seen that, 

FIG. 1. Time series of the spatially averaged kinetic energy EðtÞ and enstrophy 
ZðtÞ over the period used for averaging. Solid and dashed curves represent EðtÞ
and ZðtÞ, respectively; black and blue curves denote the cases c4 and c07, 
respectively. Here, ZðtÞ is the spatial average of x2=2.

TABLE I. Statistical quantities of the flow. The Reynolds number is defined by 
Rk ¼ kE1=2

rms=�, where k ¼ ðErms=ZrmsÞ
1=2. Here, Erms is defined in the same way 

as Zrms, with EðtÞ replacing ZðtÞ. 

Runs c � Rk td=tk

c4 4.0 5:0� 10−3 343 37.3
c07 0.7 2:5� 10−3 602 136
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for c4, the region with Uy > 0 is turbulent, whereas the region with 
Uy < 0 is much less turbulent. For c07, the flow appears more turbu
lent than for c4 throughout the domain. Related flow visualizations 
were also reported, e.g., in Refs. 5–8.

III. 2D CONTINUOUS WAVELET ANALYSIS
We briefly summarize the 2D CWT with a directional wavelet, 

which provides simultaneous localization in scale, position, and direc
tion. Readers interested in details of the CWT may refer to textbooks, 
e.g., Refs. 21 and 22. We then introduce wavelet statistics that charac
terize the scale-dependence of anisotropy and spatial intermittency.

A. 2D complex continuous wavelet transform
The CWT is constructed from a mother wavelet wðxÞ 2 L2ðR2

Þ, 
where x ¼ ðx; yÞ 2 R2. The mother wavelet satisfies the zero-mean 
condition, 

ð

R2
wðxÞ dx ¼ 0; (3) 

and the admissibility condition 
Ð

R2 k−2 jŵðkÞj2 dk <1, where ŵðkÞ
is the Fourier transform of wðxÞ defined by ŵðkÞ ¼ ð2pÞ

−2Ð
R2wðxÞ

�expð−ik � xÞdx: Here, k is the wave vector and k ¼ jkj.
We consider a complex-valued directional wavelet. By dilation, 

translation, and rotation, we obtain a family of wavelets at scale a, 
position X, and direction H 

wa;X;HðxÞ ¼
1
a
w R−1ðHÞ

x − X
a

� �

: (4) 

Here, a 2 Rþ, X 2 R2, and RðHÞ is a 2D rotation matrix, 

RðHÞ ¼
cos H −sin H

sin H cos H

 !

; (5) 

where the angle H is measured counterclockwise from the positive x- 
axis. The functions wa;X;HðxÞ are well-localized in scale and position, 
and are associated with direction H. They also satisfy the zero-mean 
condition. For a scalar field f 2 L2ðR2

Þ, the 2D CWT is defined by, 

W f½ �ða;X;HÞ ¼
ð

R2
f ðxÞw�a;X;HðxÞ dx; (6) 

where the superscript � denotes the complex conjugate.

In this study, we work in a doubly periodic domain X ¼ ½0; L�2. 
The field f ðxÞ is assumed to be L-periodic in both x and y. The perio
dized form of wa;X;HðxÞ is defined by 

w
per
a;X;HðxÞ ¼

X

‘2Z2

wa;X;Hðxþ L‘Þ: (7) 

Then, if we identify f with its periodic extension to R2, the CWT can 
be written equivalently as 

ð

R2
f ðxÞw�a;X;HðxÞ dx ¼

ð

X

f ðxÞwper;�
a;X;HðxÞ dx: (8) 

We define the normalized wavelet coefficient by 

Wper f½ �ða;X;HÞ ¼
1
L2

ð

X

f ðxÞwper;�
a;X;HðxÞ dx: (9) 

We use a 2D complex directional Morlet wavelet, whose basic 
form is expðikw � x − jxj2=2Þ. We take kw ¼ ðkw; 0Þ without loss of 
generality. Here, kw denotes the dimensionless central wavenumber. 
We chose kw ¼ 6 following the standard choice in, e.g., Ref. 9. The 
scale a is approximately related to the wavenumber k by 

ak ’ kw: (10) 

See, e.g., Ref. 23. For a given wavenumber k, the scale a is adjusted 
according to Eq. (10) when kw is varied. At fixed k, a larger kw corre
sponds to a larger a. The wavelet is then broader in physical space, 
while its bandwidths with respect to wavenumber magnitude and 
angle are narrower. A smaller kw has the opposite effect.

Wavelet coefficients at each scale and direction can be computed 
efficiently for doubly periodic data by an inverse fast Fourier transform 
(see, e.g., Refs. 9 and 23). For the periodized Morlet wavelet used here, 
the zero Fourier mode is set to zero in the numerical implementation. 
FFTE24 was used to compute the Fourier transforms in the CWT analy
sis. The angle H corresponds to the direction of the rotated central 
wave vector RðHÞkw. With this wavelet, the coefficient of a real-valued 
field f satisfies Wper½f �ða;X;HÞ ¼Wper;�½f �ða;X;Hþ pÞ. Therefore, 
for the modulus of the wavelet coefficient and its powers, it is sufficient 
to consider 0 � H < p. Hereafter, we omit the superscript “per” and 
write W½f �ða;X;HÞ.

B. Wavelet statistics
We focus on the vorticity x, since it exhibits pronounced small- 

scale fluctuations. We define the second- and fourth-order moments 
of the wavelet coefficient magnitude as, 

M‘ðk;HÞ ¼ hjW x½ �ðk;X;HÞj‘i; ‘ ¼ 2; 4; (11) 

where h�i denotes the average over space (X 2 X) and time. Using Eq. 
(10), we express the scale a in terms of the wavenumber k. The angu
lar averages are defined by, 

MH
‘ ðkÞ ¼ hM‘ðk;HÞiH; ‘ ¼ 2; 4; (12) 

where h�iH denotes the average over H. The quantity 
jW½x�ðk;X;HÞj2=a2 denotes the local wavelet spectrum at a given 
time.9 Farge et al.16 introduced the local intermittency measure 
(LIM). Here, we extend it to a direction-dependent form, 

FIG. 2. Visualization of the vorticity field x at t ¼ ts ¼ 3076. The solid curves rep
resent the zonal-flow velocity Uy.
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Iðk;X;HÞ ¼
jW x½ �ðk;X;HÞj2

M2ðk;HÞ
; (13) 

which characterizes the spatial distribution of the local wavelet spec
trum for each wavenumber and direction. If the local wavelet spec
trum is spatially uniform and nonzero at fixed k and H, 
Iðk;X;HÞ ¼ 1 for all X.

We next define the global wavelet spectrum, the wavelet flatness, 
and the anisotropy measure. Following Ref. 9, we introduce the global 
wavelet spectrum by 

Zðk;HÞ ¼
M2ðk;HÞ

a2 : (14) 

This quantity is related to the Fourier spectrum through the Fourier 
transform of the wavelet.9

The scale-dependent anisotropy measure is defined as, 

AZðk;HÞ ¼
Zðk;HÞ
ZHðkÞ

; (15) 

where 

ZHðkÞ ¼ hZðk;HÞiH: (16) 

Under the assumption of statistical isotropy, AZðk;HÞ ¼ 1 for all H.9
Wavelet flatness has been used to characterize scale-dependent 

spatial intermittency (see, e.g., Refs. 17 and 25). Here, we define the 
wavelet flatness at each angle H as 

Fðk;HÞ ¼
M4ðk;HÞ
M2ðk;HÞ½ �

2 : (17) 

For comparison, if a complex wavelet coefficient is a zero-mean 
Gaussian random variable, the Gaussian fourth-moment relations 
for the real and imaginary parts of the wavelet coefficient give 
2 � Fðk;HÞ � 3. If these two parts have equal variances and are 
uncorrelated, then Fðk;HÞ ¼ 2. From Eq. (13), this flatness is the sec
ond moment of the LIM 

Fðk;HÞ ¼ h Iðk;X;HÞ½ �
2
i: (18) 

The anisotropy measure for wavelet flatness is then defined by, 

AFðk;HÞ ¼
Fðk;HÞ
FHðkÞ

; (19) 

where 

FHðkÞ ¼
MH

4 ðkÞ
MH

2 ðkÞ
� �2 : (20) 

The measure AFðk;HÞ quantifies the scale-dependent anisotropy of 
spatial intermittency. Under the assumption of statistical isotropy, 
AFðk;HÞ ¼ 1 for all H.

IV. WAVELET-BASED NUMERICAL RESULTS
We consider the two cases c4 and c07, whose vorticity fields x 

have distinct spatial structures. Each field is analyzed in terms of scale, 
position, and direction using the wavelet transform. Local wavelet 
spectra and the LIM are presented first. Wavelet statistics of x are 

then examined. The 2D directional Morlet wavelet is used with the 
central wavenumber kw ¼ 6. The angle H is measured counterclock
wise from the positive x-axis and specifies the direction of the rotated 
central wave vector RðHÞkw. Thus, the wavelet directions at H ¼ 0 
and p=2 are parallel to the mean density gradient and the zonal flow, 
respectively. Since the statistics below are based on the modulus of the 
wavelet coefficient, it is sufficient to consider 0 � H < p.

A. Visualization in wavelet space
The CWT is applied to the vorticity field x at time ts. The field 

is shown in Fig. 2. We consider the local wavelet spectrum 
jW½x�ðk;X;HÞj2=a2. Here, X ¼ ðX;YÞ denotes the position, and k 
denotes the wavenumber corresponding to the wavelet scale a, with a 
and k approximately related through Eq. (10). Since this wavelet is not 
compactly supported in wave vector space, all resolved Fourier compo
nents of x contribute, with different weights, to W½x�ðk;X;HÞ. For 
visualization, we average the local wavelet spectrum over Y and denote 
the Y-averaged quantity by hjW½x�ðk;X;HÞj2iY=a2. This averaging 
reduces the influence of local fluctuations in the y-direction and gives 
an ðX; kÞ representation without choosing a particular value of Y. 
Figure 3 shows the scalograms for c4 and c07 at two representative 
angles, H ¼ 0 and p=2. It can be seen that, for c4 at H ¼ 0, high- 
and low-intensity regions at wavenumbers k � 2, corresponding to 
small scales, are associated with more turbulent and much less tur
bulent regions in Fig. 2, respectively. By contrast, for c07 at H ¼ 0, 
high-intensity regions are seen over the whole domain, together 
with a stripe-like pattern at wavenumbers k � 2. This pattern is in 
accordance with the spatial structure shown in Fig. 2. For both c4 
and c07, the intensity appears stronger for H ¼ 0 than for 
H ¼ p=2, and the high-intensity regions at small scales look more 
localized for H ¼ p=2 than for H ¼ 0. This suggests that spatial 

FIG. 3. Scalograms of x at t ¼ ts, obtained from the Y-averaged local wavelet 
spectrum hjW½x�ðk;X;HÞj2iY=a2.
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intermittency is stronger for H ¼ p=2 than for H ¼ 0. Here, we 
consider the range 0:79 � k � 15:7, which corresponds to 0:006 
� a=L � 0:12. Thus, the scales considered here are much smaller 
than Lð¼ 64Þ. The upper end of this k range lies sufficiently below 
the maximum wavenumber retained after dealiasing.

Figure 4 presents the square root of the LIM, ½Iðk;X;HÞ�1=2, in 
the ðX;YÞ plane for H ¼ 0 and p=2 at a wavenumber k � 3:9. Here, 
k � 3:9 is selected because the spatial features described above are vis
ible in the scalograms in Fig. 3 at this wavenumber. The LIM I is 
defined by Eq. (13). For c4, regions of large I1=2 are associated with 
more turbulent regions in Fig. 2. Within these regions, the distribu
tion for H ¼ p=2 looks sparser than that for H ¼ 0. For c07 at 
H ¼ 0, regions of intermediate values, 0:5 � I1=2 � 1:5, are seen over 
much of the domain, whereas regions of larger values are sparsely dis
tributed. For H ¼ p=2, the regions of larger values appear more spa
tially localized than those for H ¼ 0.

B. Wavelet statistics
We next examine the statistical properties of the wavelet coeffi

cients. The wavelet statistics are obtained from 75 snapshots sampled 
every 2 time units, as described in Sec. II B.

Figure 5 shows the probability density functions (PDFs) of 
½Iðk;X;HÞ�1=2 for H ¼ 0 and p=2 at the two wavenumbers k � 3:9 
and 7.9. The second wavenumber, k � 7:9, is approximately twice 
k � 3:9 and is used to examine the statistics at a smaller scale. In the 
following discussion, the comparisons refer to the range shown in 
Fig. 5. In c4, at k � 3:9, the PDFs for both H ¼ 0 and p=2 take high 
values near I1=2 ¼ 0. At k � 7:9, this near-zero part of the PDFs 
becomes more pronounced. For each wavenumber, the tail for H ¼ 0 
lies above the tail for H ¼ p=2. For each angle, the PDF at large I1=2 

is higher for k � 3:9 than for k � 7:9. In c07, at each wavenumber, 

the PDF for H ¼ 0 exceeds the PDF for H ¼ p=2 over an intermedi
ate range of I1=2. By contrast, the PDF for H ¼ p=2 is larger than that 
for H ¼ 0 near I1=2 ¼ 0 and at large I1=2. For each angle, the PDF at 
k � 3:9 exceeds the PDF at k � 7:9 over an intermediate range of 
I1=2, whereas the PDF at k � 7:9 is larger near I1=2 ¼ 0 and at large 
I1=2. The features of the PDFs at k � 3:9 are in accordance with the 
spatial distributions of ½Iðk;X;HÞ�1=2 shown in Fig. 4, as discussed in 
Sec. IV A.

The following global statistics are used to characterize small- 
scale tendencies of the flow in the presence of zonal flows. Figure 6 
shows the global wavelet spectra of vorticity x, Zðk;HÞ, defined by 
Eq. (14). These spectra characterize the directional anisotropy of x. 
For c4 and c07, Zðk;HÞ decreases with increasing k for k � 2. At a 
fixed kð� 2Þ, Zðk; 0Þ is larger than Zðk;HÞ at the other angles 
shown, whereas Zðk;p=2Þ is smaller. The angle-averaged spectrum 
ZHðkÞ defined by Eq. (16) is also shown for reference. The range 
0 � H < p is discretized into 12 equally spaced angles with spacing 
p=6, as in Ref. 14, in which a 2D Morlet wavelet was also used.

Figure 7 shows the scale-dependent anisotropy measure 
AZðk;HÞ defined by Eq. (15) at k � 3:9 and 7.9. Since the statistics 
are based on the modulus of the wavelet coefficient, H ¼ 0 and 
H ¼ p are equivalent. For both c4 and c07, AZðk;HÞ takes large val
ues around H ¼ 0 and small values around H ¼ p=2 at the two 
wavenumbers. The profiles of AZðk;HÞ appear nearly symmetric 
about H ¼ p=2, particularly for c07. Thus, the global wavelet spectra FIG. 4. Square root of the LIM, ½Iðk;X;HÞ�1=2, at k � 3:9 for H ¼ 0 and p=2. 

FIG. 5. PDFs of ½Iðk;X;HÞ�1=2 for H ¼ 0 and p=2 at k � 3:9 and 7.9: (a) c4 
and (b) c07. Solid and dashed curves represent H ¼ 0 and p=2, respectively; 
black and blue curves represent k � 3:9 and 7.9, respectively.
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are enhanced around directions perpendicular to the zonal flow. 
The enhancement around H ¼ 0 is consistent with the stripe-like 
structures seen in physical space, because H ¼ 0 corresponds to local 
wave vectors perpendicular to the zonal-flow direction.

In the MHW model defined by Eqs. (1) and (2), the mean density 
gradient and the zonal flow define distinguished directions along the x- 
and y-axes, respectively. In this work, we consider wavelet statistics for 
0 � H < p, owing to the p-periodicity of the modulus of the wavelet 
coefficient. This makes symmetry about H ¼ p=2 a natural reference 
for interpreting the directional statistics. In numerical simulations, 
however, the small-scale statistics may be influenced by organized flow 
structures, which can lead to deviations from this symmetry.

Figure 8 shows the wavelet flatness of x, Fðk;HÞ, defined by Eq. 
(17). For c4 and c07, Fðk;HÞ increases with increasing k for k � 2, 
which is characteristic of spatial intermittency. In this range, the flat
ness values are larger for c4 than for c07. At a fixed k � 2, among the 
angles shown, Fðk; p=2Þ tends to take larger values, whereas Fðk; 0Þ
tends to take smaller values. This enhancement reflects larger contri
butions of high LIM values in Eq. (18). Figure 8 also shows FHðkÞ, 
defined by Eq. (20) from the angle-averaged second- and fourth- 
order moments, for reference. Figure 9 presents the scale-dependent 
anisotropy measure AFðk;HÞ defined by Eq. (19) at k � 3:9 and 7.9. 
The values of AFðk;HÞ tend to be larger around H ¼ p=2 than 
around H ¼ 0, suggesting that directional intermittency is generally 
stronger around directions along the zonal flow. The profiles of 

AFðk;HÞ appear less symmetric about H ¼ p=2 than those of 
AZðk;HÞ. In most cases, the maxima of AFðk;HÞ are not located at 
H ¼ p=2. This may also reflect the influence of organized flow struc
tures. The resulting deviations may be more pronounced in fourth- 
order statistics than in second-order statistics. Fourth-order statistics 
are more sensitive to intense localized events. The statistics shown 
here are obtained from the 75 snapshots described above.

The angular dependence observed here may be compared with 
that reported for three-dimensional homogeneous turbulence with 
uniform stable density stratification. The Fourier energy spectra are 
larger along the mean density-gradient direction than in the perpen
dicular plane (see, e.g., Refs. 26 and 27). The flatness based on orthog
onal wavelet coefficients is much larger in directions perpendicular to 
the mean density gradient than in those parallel to it.28

Wavelet spectra can also be conditioned on spatial regions. The 
corresponding spectra are shown in Appendix.

V. CONCLUSIONS
We have applied a 2D directional continuous wavelet trans

form to vorticity fields of drift-wave turbulence with zonal flows. 
The fields were obtained from numerical simulations of the modi
fied Hasegawa–Wakatani model. The CWT with a Morlet wavelet 
has been used to characterize the turbulence in terms of scale, 
position, and direction. We have examined small-scale anisotropy 
and spatial intermittency by wavelet statistics based on the 

FIG. 6. The global wavelet spectra Zðk;HÞ vs k for (a) c4 and (b) c07. The black, 
blue, red, and magenta curves denote Zðk;HÞ at H ¼ 0, p=4, p=2, and 3p=4, 
respectively. The gray curves denote the angle-averaged spectrum ZHðkÞ.

FIG. 7. Scale-dependent anisotropy measure AZðk;HÞ vs H at k � 3:9 and 7.9 
for (a) c4 and (b) c07.
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second- and fourth-order moments. It has been shown that the 
wavelet spectra are anisotropic and take larger values around 
directions perpendicular to the zonal flow. The wavelet flatness is 
larger at smaller scales. This increase toward smaller scales reflects 
stronger spatial localization of intense fluctuations. Its angular 
dependence shows that spatial intermittency is generally stronger 
around directions along the zonal flow.

This analysis is also applicable to other fields, such as the density 
fluctuation n and electrostatic potential /. For fields with weaker 
small-scale fluctuations, however, the wavenumber range that can be 
examined numerically may not extend as far toward high wavenum
bers as for vorticity. In the present study, the CWT has been applied 
only in space, and the resulting wavelet statistics have been examined 
over the statistically quasi-stationary period. A direct analysis of fea
tures such as temporal intermittency and burst-like events is therefore 
outside the scope of this work. A localized spatiotemporal description 
of plasma turbulence remains to be developed by extending the pre
sent framework. Such an extension would provide deeper insight into 
transport and energy transfer in the presence of coupling between 
drift waves and zonal flows. Ensemble averaging over multiple realiza
tions will also be important for developing such a description in a 
more systematic way. It would be useful to decompose the flow into 
zonal and non-zonal components prior to such spatiotemporal 
analysis.
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FIG. 8. Wavelet flatness Fðk;HÞ vs k for (a) c4 and (b) c07. The black, blue, red, 
and magenta curves denote Fðk;HÞ at H ¼ 0, p=4, p=2, and 3p=4, respec
tively. The gray curves denote the angle-averaged flatness FHðkÞ.

FIG. 9. Scale-dependent anisotropy measure AFðk;HÞ vs H at k � 3:9 and 7.9 
for (a) c4 and (b) c07.
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APPENDIX: CONDITIONED WAVELET SPECTRA

We briefly define the conditioned wavelet spectra and present 
the corresponding results for c4. The conditioning is imposed accord
ing to the sign of the zonal-flow velocity UyðX; tÞ at each time. We 
define the subdomains X6ðtÞ by X6ðtÞ ¼ X jUyðX; tÞ00

� �
: We 

focus on the conditioned second-order statistics given by M2;6ðk;HÞ

¼ hjW½x�ðk;X;HÞj2i6, where h�i6 denotes the average over X6ðtÞ
and over time. As an example, we present the conditioned angle- 
averaged wavelet spectrum defined by ZH

6ðkÞ ¼ hM2;6ðk;HÞiH=a2. 
At the time shown for c4 in Fig. 2, Xþ and X− correspond to the 
more turbulent and much less turbulent regions, respectively. Figure 
10 shows that ZH

þðkÞ is larger than ZH
− ðkÞ, while ZH

− ðkÞ still exhibits 
multiscale features, suggesting that fluctuations remain over a range 
of scales even in the weakly fluctuating region.
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