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Abstract. This paper deals with the derivation of compressible two-phase5

flow models. We use a thin domain approximation of a two-layer configuration6

governed by the Navier-Stokes equations, following the works of Ransom and7

Hicks or Stewart and Wendroff in the 1980s. In order to recover source terms8

and two-velocity models directly from this asymptotic analysis, we remove the9

continuity of the tangential component of the velocity at the interface, and10

properly scale friction and viscosity coefficients. We are then able to derive11

two-velocity one-pressure models, first in the barotropic case and then in the12

full Navier-Stokes-Fourier case.13

1 Introduction14

In this paper, we present a derivation of averaged models for compressible15

two-phase flows. The usual process consists in applying averaging operators16

on a complete local description of the flow, see for instance the classical text-17

books [DP99] and [IH11]. The application of this process to bifluid formulations18

of stratified compressible two-phase flows led to a variety of different averaged19

models in the 1980s, see for instance [SW84, RH84, RH88]. The averaging20

process being incomplete, the previous papers provide additional heuristic ar-21

guments to close the models. They also discuss the influence of the closure22

arguments on the resulting models, in particular when focusing on interaction23

terms between phases. The ad hoc closure conditions introduced in these papers24

— especially at the interface — make the derivation of two-velocity models pos-25

sible. Such approaches have been followed in [DH17] to include gravity effects26

as well as mass and momentum transfers.27

Recent applications of mathematical homogenization to multiphase com-28

pressible Navier-Stokes equations provided the first complete, and rigorous,29

derivation of one-dimensional averaged models including the mechanical interac-30

tion source terms [BH11, BH15, BH19, Hil19, BBL22, HMS23]. Indeed, provided31

that the velocity field is smooth enough — especially through the interfaces be-32

tween fluids —, this method enables the extraction of averaged variables and33

equations by letting the frequency of density oscillations tend to infinity. Since34
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this procedure has yet only been carried in one space dimension, the inherent35

smoothness of the velocity field causes the averaged model to be described by a36

unique velocity field, making it difficult to obtain two-velocity models.37

In this paper, we propose an asymptotic derivation of two-velocity, one-38

pressure averaged models. They are composed of two equations for phasic mass39

conservation, two nonconservative equations for phasic momentum, and two40

nonconservative equations for phasic energies:41

∂t(αkρk) +∇ · (αkρkuk) = 0,

∂t(αkρkuk) +∇ · (αkρkuk ⊗ uk) +∇(αkpk)− pi∇αk = Sm
k ,

∂t(αkρkEk) +∇ · (αk(ρkEk + pk)uk) + pi∂tαk = Se
k,

(1.1)42

where αk is the volume fraction of phase k ∈ {1, 2}, ρk is its density, uk its43

velocity, pk its pressure and Ek its energy. The source terms in the momentum44

and energy equations include the contribution of external forces, drag forces and45

heat exchanges. These models are closed by the definitions of total energies,46

Ek =
1

2
|uk|2 + ek, (1.2)47

where ek is the specific internal energy of phase k, the equations of state48

pk = pk(ρk, ρkek),

θk = θk(ρk, ρkek)
(1.3)49

where θk is the temperature of phase k (which may appear in Se
k), and the50

equality of pressures51

p1(ρ1, ρ1e1) = p2(ρ2, ρ2e2) (1.4)52

which permits to deduce the void fractions since α1 + α2 = 1.53

It is well-known that this model is not well-posed in the sense of Hadamard,54

since the convective part entails complex eigenvalues [RT78, Ste79]. Several55

directions have been explored to stabilize this model, like the addition of vis-56

cous phenomena, surface tension [RT78], virtual mass [Bes90, Ndj07] or in-57

ternal capillary forces [BDGG10]. It is also possible to consider two-velocity58

and two-pressure models [BN86, RH84], which are well-posed for smooth solu-59

tions [CHSS14].60

This paper carries a derivation of model (1.1)-(1.4). We start from a thin61

three-dimensional domain: the vertical length is assumed to be much smaller62

than the horizontal lengths, the ratio being described by the thickness param-63

eter ε = D/L ≪ 1 (see figure 1). The usual averaging processes [DP99, IH11]64

are replaced by an integration with respect to the vertical variable, resulting65

in a two-dimensional averaged model. The standard two-phase framework pre-66

scribes the continuity of the velocity field through the interface, resulting in67

a single smooth velocity field to describe the flow. In order to obtain a two-68

velocity model, our derivation circumvents the smoothness of the velocity field69

by making two complementary choices on the three-dimensional model. First,70

instead of imposing the continuity of the velocity field through the interface71

between phases, we prescribe a slip condition between the fluids tangentially to72

the interface. Second, in order to concentrate the efforts on the interaction of73

this interface condition with the averaging process, we study a simplifed con-74

figuration: we assume an initial and persistent stratified configuration, in the75
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Figure 1: Flow configuration

sense that one fluid remains below the other, and the position of the interface76

can be parametrized by a function which only depends on time and the hor-77

izontal space variables (x, y). We finally set walls at the bottom and at the78

top. After rescaling the equations, we perform an asymptotic expansion of the79

microscopic model with respect to ε and average the equations to obtain the80

two-dimensional model (1.1)-(1.4) at the principal order. Thanks to this partic-81

ular setting, it is possible to understand the influence of the different parameters82

of the initial model on the averaged equations, with respect to the thickness pa-83

rameter. Compared to the works of Stewart and Wendroff and Ransom and84

Hicks [SW84, RH84], the introduction of Navier conditions and the asymptotic85

analysis enable the deduction of a two-velocity averaged model without addi-86

tional heuristic arguments. Moreover, we are able to derive momentum and87

heat exchange terms. In order to achieve this formal derivation, we will only88

manipulate strong solutions to the considered Navier-Stokes systems.89

This paper is divided into three parts. Section 2 introduces the configuration90

of the flow and the three-dimensional microscopic model in the barotropic case.91

Section 3 presents the averaged two-velocity, one-pressure model derived from92

the equations of the first section and develops the proof of this result. Section 493

is dedicated to the extension to the non-barotropic case, therefore adding two94

energy equations in the three-dimensional model. The resulting averaged model95

is described by two velocities, one pressure and two temperatures.96

2 Barotropic two-phase stratified flows97

This section presents the configuration of the flow, with a particular care for the98

description of the stratification. Then, it introduces the compressible barotropic99

Navier-Stokes systems which describe the flow. These systems are completed by100

Navier boundary conditions, which model the friction of the fluids on the top101

and bottom of the domain. Navier conditions are also prescribed on the relative102

velocity of the fluids at the interface. They depict the friction between both103

fluids tangentially to the interface. Finally, the different scalings taking place in104

our configuration are presented, which enables the deduction of a dimensionless105

version of the three-dimensional viscous model.106
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2.1 Stratified configuration and definition of the interface107

Consider a stratified two-phase flow in a thin domain108

ΩD = {(x, z) = (x, y, z) ∈ T2
L × (0, D)}, L, D > 0109

where T2
L denotes the two-dimensional torus of period L.110

T2
L

ΩD

nΓD

ΓD

characteristic period L ≫ D

D

L

x

z

y

Phase 2

Phase 1

v2 = (v2,h, w2) = (u2, v2, w2)

v1 = (v1,h, w1) = (u1, v1, w1)

Dα2

Dα1

Figure 2: Flow configuration

The model studied in this work represents a compressible two-phase flow111

where the fluids are supposed immiscible and stratified (see figure 2). The112

domain filled by each fluid is defined thanks to the top and bottom boundary113

and the interface between each fluid. We assume that the interface ΓD can114

be described by the use of continuous function α1 : R+ × T2
L → (0, 1) in the115

following way:116

∀ t ∈ R+, ΓD(t) = { (x, Dα1(t,x)), x ∈ T2
L}.117

The domain ΩD,1(t) filled by the first phase is described by the characteristic118

function119

∀ t ∈ R+, ∀x ∈ T2
L, χD,1(t,x, z) =

{
1 for 0 < z < Dα1(t,x),
0 otherwise.120

Therefore, the function Dα1 describes the height of the domain filled by the121

first phase, which means that α1 can also be interpreted as the volume fraction122

of the first phase.123

Similarly, the domain ΩD,2(t) filled by the second phase is described by the124

characteristic function χD,2 = 1 − χD,1. Denote Dα2 = D − Dα1 the height125

of the domain filled by the second phase. The function α2 thus also describes126

the volume fraction of the second phase. The domain ΩD is assumed to be127

saturated, which means128

α1 + α2 = 1. (2.1)129

2.2 The compressible barotropic stratified model130

Let k ∈ {1, 2}. Fluid k is described by its density ρk : R+ × ΩD,k → R+, its131

velocity vk = (uk, vk, wk) : R+ ×ΩD,k → R3 and its pressure pk : R+ ×ΩD,k →132
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R. The flows being viscous, we introduce µk and λk the shear and bulk viscosity133

of the fluid. This section describes the microscopic Navier-Stokes model, which134

is the starting point of the derivation. In addition to the fluid equations and135

boundary conditions, particular care will be given to the presciption of interface136

conditions.137

2.2.1 Fluid equations138

This flow is described by two compressible, barotropic and viscous Navier-Stokes139

systems — one for each fluid. Let h0 = 0, h1 = α1 and h2 = 1. Consider the140

following system for141

k ∈ {1, 2}, t > 0, (x, z) ∈ ΩD,k(t) = T2
L × (Dhk−1(t,x), Dhk(t,x)) :142

∂tρk +∇ · (ρkvk) = 0, (2.2)143

∂t(ρkvk) +∇ · (ρkvk ⊗ vk) +∇pk = ∇ · Sk, (2.3)144

pk = pk(ρk) (2.4)145

where the viscous tensor Sk : R+ ×ΩD,k → M3(R) associated with fluid k is of146

the form147

Sk = 2µk
(∇⊗ vk + (∇⊗ vk)

T
)

2︸ ︷︷ ︸
Dk

+ λk(∇ · vk)I148

and the equations of state (2.4) are regular and increasing. Equation (2.2)149

illustrates the conservation of mass. The next one is the momentum equation,150

which is obtained thanks to Newton’s second principle.151

2.2.2 Boundary conditions152

Denote vk,h the horizontal component of vk for k ∈ {1, 2} and153

Sk =

(
Sk,h
Sk,z

)
=

(
Sk,hh Sk,hz
Sk,zh Sk,zz

)
, where Sk,hh ∈ M2(R).154

Navier boundary conditions are prescribed on the top and bottom of the do-155

main. These boundary conditions for compressible flows have received limited156

attention in the literature, yet they appear in a handful of publications, includ-157

ing [Ers16, FJN12, Sue14]. They read158

{
w1|z=0 = 0, (2.5a)
(−S1,hz + κ1v1,h)|z=0 = 0. (2.5b)

{
w2|z=D = 0, (2.6a)
(S2,hz + κ2v2,h)|z=D = 0. (2.6b)

159

The first equation of each boundary condition depicts the impermeability of160

the domain. The second one describes the horizontal friction of the fluid on161

the boundary. The quantities κ1 and κ2 are constant friction coefficients at the162

bottom and top boundary respectively.163
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2.2.3 Interface conditions164

To complete the system description, interface conditions are required. Denote165

[f ]z=Dα1
the jump of a quantity f across the interface:166

[f ]z=Dα1 = f2|z=Dα1 − f1|z=Dα1 .167

We start by prescribing the immiscibility of the fluids, or in other words the168

fact that the interface is and remains a material interface through time. This is169

expressed by the continuity of the normal component of the velocity field and170

the normal stress across the interface. Defining the total stress tensor171

σk = −pkI+ Sk = (−pk + λk(∇ · vk))I+ 2µkDk,172

173

the conditions read [σnΓD
]z=Dα1

= 0 (2.7)174

175

and [v · nΓD
]z=Dα1

= 0, (2.8)176

177

where nΓD
=

1√
∥∇h(Dα1)∥2 + 1

(
−∇h(Dα1) 1

)T (2.9)178

is the unitary normal vector to the interface pointing upwards (see figure 2) and179

∇h is the horizontal gradient operator
(
∂x ∂y

)T .180

The dynamics of the interface is described thanks to the volume fraction181

equation182

∂t(Dα1) + v1,h(Dα1) · ∇h(Dα1) = w1(Dα1). (2.10)183

This equation means that Dα1 is transported by the velocity field at the inter-184

face. Note that thanks to the continuity condition (2.8), the same equation is185

obtained if the velocity of the second phase is considered. The following lemma186

provides a physical interpretation of equation (2.10).187

Lemma 1. The domain occupied by each fluid being advected by the flow, the188

characteristic functions χD,1 and χD,2 satisfy the following equations:189

∀ k ∈ {1, 2}, ∂tχD,k + vk · ∇χD,k = 0. (2.11)190

This equation is compatible with the volume fraction equation (2.10), meaning191

that the evolution of the interface and of the domains occupied by each fluid are192

consistent with each other.193

Proof. Integrating equation (2.11) for the first fluid over ΩD yields194

ˆ
ΩD

(∂tχD,1 + v1 · ∇χD,1)dxdydz = 0.195

On the one hand,196

ˆ
ΩD

∂tχD,1dxdydz =

ˆ
T2
L

∂t

(ˆ
(0,D)

χD,1dz

)
dxdy,=

ˆ
T2
L

∂t(Dα1)dxdy.197
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On the other hand,198

ˆ
ΩD

v1 · ∇χD,1dxdydz =

ˆ
ΩD

∇ · (v1χD,1)dxdydz −
ˆ
ΩD,1

∇ · v1dxdydz.199

Thanks to the divergence theorem and the impermeability condition (2.5a),200

ˆ
ΩD

v1 · ∇χD,1dxdydz = −
ˆ
ΓD

v1 · nΓD
dS,201

where nΓD
is defined by (2.9). Since the surface ΓD is parametrized by the202

function φ(x, y) = (x, y,Dα1(x, y)), a change of variables gives203

ˆ
ΓD

v1 · nΓD
dS = −

ˆ
T2
L

(v1,h(Dα1) · ∇h(Dα1)− w1(Dα1))(x, y)dxdy = 0.204

Putting everything together,205

ˆ
ΩD

(∂tχD,1 + v1 · ∇χD,1)dxdydz206

=

ˆ
T2
L

(∂t(Dα1) + v1,h(Dα1) · ∇h(Dα1)− w1(Dα1))dxdy.207

Hence the compatibility between the advection of the domain (2.11) and the208

volume fraction equation (2.10). The reasoning is the same for the second209

fluid.210

There remains to prescribe the behaviour of the tangential component of211

the velocity fields at the interface. In order to obtain a wide range of two-phase212

flow models at the thin-layer limit, we allow for possible slip at the interface213

between the two fluids. To this end, we first consider fluid 2 as a moving rigid214

body and impose a Navier-slip condition on fluid 1 at interface ΓD, in the same215

manner as [NRRS22] — derivations of slip conditions for compressible flows can216

be found in [ABH+17, JW25]. We then proceed symmetrically to impose a217

Navier-slip condition on fluid 2 at interface ΓD. In practice, since nΓD
is the218

outward-pointing normal vector to the domain ΩD,1(t), the slip condition on219

fluid 1 at interface ΓD reads220

v1 · nΓD
|z=Dα1

= vi · nΓD
|z=Dα1

, (2.12a)221

(S1nΓD
+ κi,1(v1 − vi))tan|z=Dα1

= 0. (2.12b)222

where Xtan|z=Dα1 denotes the component of the vector X which is tangential223

to the interface and κi,1 is the friction coefficient of the first fluid at the in-224

terface. Similarly, the outward-pointing normal vector to the domain ΩD,2(t)225

being −nΓD
, the Navier condition for the second fluid at the interface reads226

v2 · nΓD
|z=Dα1

= vi · nΓD
|z=Dα1

, (2.13a)227

(−S2nΓD
+ κi,2(v2 − vi))tan|z=Dα1

= 0. (2.13b)228

Firstly, combining the normal components of the Navier conditions at the inter-229

face (2.12a) and (2.13a) recovers the continuity of the normal component of the230
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velocity field at the interface (2.8). Secondly, combining the tangential compo-231

nents of the Navier conditions at the interface (2.12b) and (2.13b) enables to232

obtain a single condition on the relative velocity of the fluids at the interface.233

Indeed, multiplying (2.12b) by κi,2 and (2.13b) by κi,1 and substracting the two234

equations,235

((κi,2S1 + κi,1S2)nΓD
− κi1κi2 [v])tan|z=Dα1

= 0. (2.14)236

Looking at the tangential component of equation (2.7),237

[(SnΓD
)tan]z=Dα1 = 0. (2.15)238

Then, denoting κi =
κi,1κi,2

κi,1+κi,2
the harmonic average of the friction coefficients239

at the interface, equation (2.14) can be rewritten as240

(S1nΓD
− κi[v])tan|z=Dα1

= 0. (2.16)241

Remark 1 (About the choice of interface conditions). The choice of the Navier242

condition at the interface is motivated by the fact that it allows a jump in the243

tangential component of the velocity field across the interface, which as we will244

see is necessary to obtain a two-velocity averaged model. In complement, the245

full continuity of the velocity field through the interface ΓD is also investigated.246

This corresponds to imposing Dirichlet conditions for each fluid at the interface,247

which results in a one-velocity averaged model at the thin-layer limit. Note that248

this model can also be recovered by letting κi tend to 0.249

2.3 Rescaling the equations in the thin domain assump-250

tion251

Let ε = D/L be a small parameter corresponding to the thin domain as-252

sumption. Let us introduce dimensionless variables x̃ = x/L, ỹ = y/L and253

z̃ = z/D = z/(εL). Denoting T the characteristic time of the flow allows the254

introduction of the dimensionless time t̃ = t/T . Denoting T2 = T2
1, switching255

the variables allows to study the flow on the rescaled domain256

Ω = T2 × (0, 1).257

In the same spirit, characteristic dimensions are introduced for every unknown258

in the system: U = L/T for the horizontal velocity, W = εU for the vertical259

velocity, R for the density, P = RU2 for the pressure, M = RUL for the260

viscosity, and K = RU for the friction coefficients. Denote the dimensionless261

unknowns ũ = u/U , w̃ = w/W , ρ̃ = ρ/R, p̃ = p/P . Denote µ̃ = µ/M the262

inverse of the Reynolds number, λ̃ = λ/M and κ̃ = κ/K. The dimensionless263

viscosity and friction coefficients are constant parameters which may depend on264

ε. Moreover, the scalings of the different coefficients are assumed to be similar265

for both fluids.266

Denote χk the rescaled version of χD,k for k ∈ {1, 2}, Ωk the rescaled version267

of ΩD,k and Γ the rescaled version of ΓD. Removing the ·̃ notation for the sake of268

clarity, and denoting ∆h = ∇h · ∇h, equations (2.1)-(2.11), (2.16) are rewritten269

as follows:270

Lemma 2. The rescaling of model (2.1)-(2.11), (2.16) results in the following271

set of equations on the rescaled domain Ω.272
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• Dimensionless saturation condition.273

α1 + α2 = 1. (2.17)274

• Dimensionless advection of the domain. For all k ∈ {1, 2},275

∂tχk + vk · ∇χk = 0. (2.18)276

• Dimensionless volume fraction equation.277

∂tα1 + v1,h(α1) · ∇hα1 = w1(α1). (2.19)278

• Dimensionless mass conservation equations. For all k ∈ {1, 2},279

∂tρk +∇h · (ρkvk,h) + ∂z(ρkwk) = 0. (2.20)280

• Dimensionless horizontal momentum equations. For all k ∈ {1, 2},281

∂t(ρkvk,h) +∇h · (ρkvk,h ⊗ vk,h) + ∂z(ρkwkvk,h) +∇hpk282

= (λk + µk)∇h(∇ · vk) + µk∆hvk,h +
µk

ε2
∂zzvk,h. (2.21)283

• Dimensionless vertical momentum equations. For all k ∈ {1, 2},284

ε(∂t(ρkwk) +∇h · (ρkvk,hwk) + ∂z(ρk(wk)
2
)) +

1

ε
∂zpk285

=
1

ε
((λk + µk)∂z(∇ · vk) + µk∂zzwk) + µkε∆hwk. (2.22)286

• Dimensionless Navier boundary conditions.{
w1|z=0 = 0, (2.23a)(
−µ1

ε
∂zv1,h + κ1v1,h

)
z=0

= 0. (2.23b)

{
w2|z=1 = 0, (2.24a)(µ2

ε
∂zv2,h + κ2v2,h

)
z=1

= 0. (2.24b)

287

• Dimensionless continuity of the normal stress at the interface.288 [
∂xα1(p− λ∇ · v − 2µ∂xu)− µ∂yα1(∂yu+ ∂xv)

+µ∂xw +
µ

ε2
∂zu
]
z=α1 = 0,

(2.25)289

[
∂yα1(p− λ∇ · v − 2µ∂yv)− µ∂xα1(∂yu+ ∂xv)

+µ∂yw +
µ

ε2
∂zv
]
z=α1 = 0,

(2.26)290

[
− p+ λ∇ · v + 2µ∂zw − µ∂xα1(∂zu+ ε2∂xw)

−µ∂yα1(∂zv + ε2∂yw)
]
z=α1

= 0.
(2.27)291
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• Dimensionless normal Navier interface condition.292 [
− u∂xα1 − v∂yα1 + w

]
z=α1

= 0. (2.28)293

• Dimensionless tangential Navier interface condition.294

µ1ε
( 1

ε2
∂zu1 + ∂xw1 − 2∂xα1(∂xu1 − ∂zw1)− ∂yα1(∂yu1 + ∂xv1)

−∂xα1∂yα1(∂zv1 + ε2∂yw1)− (∂xα1)
2
(∂zu1 + ε2∂xw1)

)
z=α1

−κi[u+ ε2w∂xα1]z=α1 = 0,

(2.29)

295

µ1ε
( 1

ε2
∂zv1 + ∂yw1 − 2∂yα1(∂yv1 − ∂zw1)− ∂xα1(∂xv1 + ∂yu1)

−∂yα1∂xα1(∂zu1 + ε2∂xw1)− (∂yα1)
2
(∂zv1 + ε2∂yw1)

)
z=α1

−κi[v + ε2w∂yα1]z=α1
= 0.

(2.30)

296

Remark 2. Note that the tangential Navier conditions (2.29)-(2.30) are written297

differently than the other interface conditions. Indeed, it is the sum of a trace298

and a jump term, whereas the other can all be written as a jump condition.299

Proof. The introduction of the dimensionless variables and unknowns in the var-300

ious equations, boundary conditions and interface conditions is performed using301

the chain rule. The characteristic function χk is advected by the dimension-302

less velocity, hence equation (2.18). The rescaling procedure immediately yields303

the volume fraction equation (2.19), the mass conservation equation (2.20) and304

the momentum equation, which is split into two components — the horizontal305

component (2.21) and the vertical component (2.22).306

Rescaling the boundary conditions yields equations (2.23) and (2.24). Since307

the normal vector to the interface is now308

nΓ =
1√

1 + ε2|∇hα1|2

(
−ε∇hα1

1

)
, (2.31)309

the rescaling of equation (2.7) detailed into every component gives (2.25), (2.26)310

and (2.27).311

Now, the Navier interface conditions must be rescaled. Using (2.31), the312

continuity of the normal component of the velocity at the interface (2.8) is313

rescaled to obtain (2.28). The tangential condition requires more computations.314

First, let us introduce two tangential vectors to the interface:315

txΓD
=

 1
0

∂x(Dα1)

 and tyΓD
=

 0
1

∂y(Dα1)

316

Those two are rescaled as317

txΓ =

 1
0

ε∂xα1

 and tyΓ =

 0
1

ε∂yα1

 .318
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Then, the tangential component of the Navier condition (2.16) is equivalent to319

the system320 {
(S1nΓD

− κi[v])z=Dα1
· txΓD

(Dα1) = 0,

(S1nΓD
− κi[v])z=Dα1 · t

y
ΓD

(Dα1) = 0.
321

which is rescaled as (2.29)-(2.30).322

3 The asymptotic system in the barotropic case323

This section presents the asymptotic model derived from the rescaled compress-324

ible barotropic double Navier-Stokes system (2.17)-(2.30). The first subsection325

introduces the fundamental notion of average that will be used later, and states326

the theorem presenting the asymptotic model. The second subsection develops327

the derivation process.328

3.1 Presentation of the averaged model329

This section introduces some notations and presents the asymptotic barotropic330

model derived from the rescaled Navier-Stokes system. As explained earlier,331

integrating the Navier-Stokes equations causes the appearance of averaged un-332

knowns. Since the majority of the terms in the Navier-Stokes equations are333

nonlinear in the compressible setting and since the multiplication and the inte-334

gration do not commute, it is necessary to define different types of averages.335

Definition 1 (Averages). Let fk be a function defined on the domain filled by336

fluid k ∈ {1, 2}. The average of fk, denoted fk, is defined for all (t,x) ∈ R+×T2
337

by338

fk(t,x) =
1

αk(t,x)

ˆ hk(t,x)

hk−1(t,x)

fk(t,x, z)dz.339

The Favre average of fk with respect to ρk, denoted ⟨fk⟩, is defined for all340

(t,x) ∈ R+ × T2 by341

⟨fk⟩(t,x) =
ρkfk(t,x)

ρk(t,x)
=

1

αk(t,x)ρk(t,x)

ˆ hk(t,x)

hk−1(t,x)

(ρkfk)(t,x, z)dz.342

Let us state the first result on the thin-domain asymptotics of two-layer343

models. The following theorem shows that under some scaling conditions on344

the viscosity and friction coefficients, the averages of solutions to the Navier-345

Stokes system with Navier boundary and interface conditions asymptotically346

satisfy the barotropic version of model (1.1)-(1.4) given in the introdution. In347

the theorem below, the differences between the averaged Navier-Stokes system348

and the limit model in terms of the small parameter ε are provided. This allows349

to understand the necessary conditions for the model to be valid when ε goes350

to 0 and to quantify the approximation errors. In the rest of the paper, the351

approximation errors will be denoted thanks to the Landau notation, which is352

defined as follows.353

Definition 2. Let f be a function valued in Rd, d ∈ N∗ and let g : R+ → R+354

be a nonnegative function. We say that f = O(g(ε)) if there exists a positive355
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constant C independent of ε such that356

∥f∥ ⩽ Cg(ε)357

for all ε small enough, uniformly on the domain of definition of f .358

Let us now state the first result of this paper.359

Theorem 1. Assume the following scalings for viscosity and friction coeffi-360

cients:361

∀ k ∈ {1, 2},
{

µk = µ̂kε
τ , λk = λ̂kε

τ , 0 < τ < 2;
κi = κ̂iε, κk = κ̂kε

ξ, ξ ⩾ 1,
(3.1)362

where the coefficients µ̂k, λ̂k, κ̂i and κ̂k are positive constants independent of ε,363

and the exponents τ and ξ are independent.364

Define δξ =

{
1 if ξ = 1,
0 if ξ > 1.

365

Let (χ1, α1, ρ1,v1, p1, χ2, α2, ρ2,v2, p2) be a strong solution to the Navier-Stokes366

system (2.17)-(2.22) with Navier boundary conditions (2.23)-(2.24) and interface367

conditions (2.25)-(2.30).368

The functions (α1, ρ1, ⟨v1,h⟩, p1, α2, ρ2, ⟨v2,h⟩, p2) satisfy the following system:369

• Averaged mass conservation equations. For all k ∈ {1, 2},370

∂t(αkρk) +∇h · (αkρk⟨vk,h⟩) = 0. (3.2)371

• Averaged momentum equations. For all k ∈ {1, 2},372

∂t(αkρk⟨vk,h⟩) +∇h · (αkρk⟨vk,h⟩ ⊗ ⟨vk,h⟩) +∇h(αkpk)− pi∇hαk373

= −δξκ̂k⟨vk,h⟩+ (−1)
k
κ̂i(⟨v1,h⟩ − ⟨v2,h⟩)374

+O(ετ + ε2−τ + (1− δξ)ε
ξ−1). (3.3)375

• Averaged equations of state. For all k ∈ {1, 2},376

pk = pk(ρk) +O(ετ ). (3.4)377

• Equality of the pressures.378

p1 = p2 = pi up to an error O(ετ ). (3.5)379

• Saturation of the domain.380

α1 + α2 = 1. (3.6)381

Remark 3. This work keeps track of the approximation errors. They will en-382

able the deduction of the necessary and sufficient conditions for the asymptotic383

model to be valid (see section 3.2.3), which are equivalent to the scaling pre-384

scription (3.1). Our derivation process then results in an averaged model that385

is compressible and inviscid. In other words, our asymptotic limit corresponds386

to moderate Mach numbers and high Reynolds numbers.387
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3.2 Proof of theorem 1: derivation of the asymptotic model388

The proof of theorem 1 is divided into several steps. Starting from the rescaled389

equations (2.17)-(2.30), we first simplify the vertical momentum equation and390

the interface conditions by neglecting terms of high order in ε. Then, we inte-391

grate the mass conservation equation and the horizontal momentum equation392

in the vertical direction. This procedure causes boundary terms to appear in393

the equations, which must be closed using the rescaled boundary and interface394

conditions. Finally, we prescribe specific profiles for the viscosity and friction395

coefficients for the asymptotic model to be valid.396

3.2.1 Simplification of the vertical momentum equation and inter-397

face conditions398

Some of the rescaled equations and conditions listed in lemma 2 are very com-399

plex. However, some terms are of high order in ε, and therefore become very400

small in our setting (ε ≪ 1). Dropping these terms allows a first simplification401

of the system. To make sure that the derived system is really an approximation402

of the initial double Navier-Stokes system, the computations keep trace of the403

errors caused along the way thanks to Landau notations. Since the scaling of404

the viscosity and friction coefficients are assumed to be independent of the fluid,405

the subscript k is dropped in the Landau notations.406

Performing the asymptotic analysis impacts the vertical momentum equa-407

tion (2.22) and interface conditions (2.27), (2.29) and (2.30) in the following408

way.409

• Asymptotic vertical momentum equation. For all k ∈ {1, 2},410

∂zpk = (λk + µk)∂z(∇ · vk) + µk∂zzwk +O(ε2). (3.7)411

• Asymptotic continuity of the vertical component of the normal412

stress at the interface.413 [
− p+ λ∇ · v + 2µ∂zw − µ∇hα1 · ∂zvh

]
z=α1

= O(µε2). (3.8)414

• Asymptotic tangential Navier interface condition.415 (µ1

ε
∂zv1,h

)
z=α1

− κi[vh]z=α1
= O(µε+ κiε

2) (3.9)416

Remark 4. In the previous paragraph, we did not simplify the horizontal mo-417

mentum equation (2.21) since the terms of order ε2 are not negligible. Indeed,418

multiplying (2.21) by ε2 and neglecting the quadratic terms in ε yields419

µk∂zzvk,h = O(ε2). (3.10)420

The term µk∂zzvk,h/ε
2 is thus of order 1 and cannot be neglected in the equa-421

tion.422
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3.2.2 Averaging the equations423

Now, the averaging of the mass conservation equation and momentum equations424

is performed for each fluid in the vertical direction, therefore obtaining a two-425

dimensional system. The boundary terms which appear during the integration426

are approximated by terms which only depend on the averaged unknowns in427

order to close the system. The approximation errors are written explicitly during428

the whole averaging process. The averaging is performed for the first fluid, the429

second fluid being treated in the same way.430

First, let us average the rescaled mass conservation equations (2.20). Multi-431

ply equation (2.20) by χ1 and integrate it with respect to z ∈ (0, 1) — which is432

the same as integrating the equation with respect to z ∈ (0, α1):433

ˆ 1

0

χ1 (∂tρ1 +∇h · (ρ1v1,h) + ∂z(ρ1w1)) (z)dz = 0.434

Since χ1∂tρ1 = ∂t(χ1ρ1)− ρ1∂tχ1 with ∂tχ1(t,x, z) = ∂tα1(t,x)δα1(t,x)(z),435

ˆ 1

0

χ1∂tρ1(z)dz = ∂t

ˆ α1

0

ρ1(z)dz − ρ1(α1)∂tα1 = ∂t(α1ρ1)− ρ1(α1)∂tα1.436

Proceeding similarly for the second term of the equation,437

∂t(α1ρ1)− ρ1(α1)∂tα1 +∇h · (α1ρ1v1,h)− ρ1v1,h(α1) · ∇h(α1)438

+ ρ1w1(α1)− ρ1w1(0) = 0.439

Using the volume fraction equation (2.19), the bottom impermeability condi-440

tion (2.23a) and the relation ρ1v1,h = ρ1⟨v1,h⟩ finally gives the averaged mass441

conservation equation (3.2) for the first fluid. The reasoning is the same for442

the second fluid, the equation being multiplied this time by χ2 and using the443

Navier condition (2.24a). Note that the averaged mass conservation equations444

are exact as no approximation is needed in the averaging process.445

Let us now prove the pressure equilibrium (3.5). A Taylor expansion and446

the asymptotic rescaled vertical momentum equation (3.7) give that447 {
∀ z ∈ (0, α1), p1(z) = p1(α1) +O(µ),
∀ z ∈ (α1, 1), p2(z) = p2(α1) +O(µ).

448

Taking the average of these relation gives that for all k ∈ {1, 2},449

pk = pk(α1) +O(µ). (3.11)450

The continuity of the normal stress at the interface (3.8) implies the relation451

p1(α1) = p2(α1) +O(µ). Combining these equations together yields452

p1 = p2 +O(µ).453

In order to be consistent with the literature on two-phase flows [DP99, IH11],454

we introduce the so-called interfacial pressure pi, which is an approximation of455

the pressure at the interface. The previous equation along with (3.11) justify456

that we set457

pi = pk +O(µ), ∀ k ∈ {1, 2}.458

The pressure equilibrium (3.5) stated in the theorem is thus proven.459
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Proposition 1. For all k ∈ {1, 2}, the averaged horizontal momentum equation460

reads461

∂t(αkρk⟨vk,h⟩) +∇h · (αkρk⟨vk,h⟩ ⊗ ⟨vk,h⟩) +∇h(αkpk)− pi∇hαk462

= −κk

ε
⟨vk,h⟩+ (−1)

k κi

ε
(⟨v1,h⟩ − ⟨v2,h⟩) +R, (3.12)463

464

where R = O
(
µ+ κiε+

κi(κ+ ε) + κ(κ+ ε)

µ
+

(εκ+ ε2)
2

µ2

)
.465

Proof. The proof is performed for k = 1. Multiply the horizontal momentum466

equation (2.21) by χ1 and integrate it with respect to z ∈ (0, 1). Using the467

volume fraction equation (2.19) and the impermeability condition (2.23a) yields468

∂t(α1ρ1⟨v1,h⟩) +∇h · (α1ρ1⟨v1,h ⊗ v1,h⟩) +∇h(α1p1)− p1(α1)∇hα1469

=
µ1

ε2
∂zv1,h(α1)−

µ1

ε2
∂zv1,h(0)470

+

ˆ α1

0

(
(λ1 + µ1)∇h(∇ · v1) + µ1∆hv1,h

)
(z)dz.471

Thanks to the horizontal Navier condition on the bottom boundary (2.23b), the472

equation reads473

∂t(α1ρ1⟨v1,h⟩) +∇h · (α1ρ1⟨v1,h ⊗ v1,h⟩) +∇h(α1p1)− p1(α1)∇hα1474

= −κ1

ε
v1,h(0) +

µ1

ε2
∂zv1,h(α1)475

+

ˆ α1

0

(
(λ1 + µ1)∇h(∇ · v1) + µ1∆hv1,h

)
(z)dz. (3.13)476

The asymptotic Navier condition (3.9) then gives477

µ1

ε2
∂zv1,h(α1) =

κi

ε
(v2,h(α1)− v1,h(α1)) +O(µ+ κiε).478

Injecting this new term into (3.13) causes an approximation of order µ. The479

integral term of the equation being of the same order as the approximation480

error,481

∂t(α1ρ1⟨v1,h⟩) +∇h · (α1ρ1⟨v1,h ⊗ v1,h⟩) +∇h(α1p1)− p1(α1)∇hα1482

= −κ1

ε
v1,h(0) +

κi

ε
(v2,h(α1)− v1,h(α1)) +O(µ+ κiε). (3.14)483

To close this equation, the pointwise values of the velocity and the pres-484

sure must be expressed thanks to their averaged values. Using estimate (3.11)485

and the pressure equilibrium (3.5), we approximate p1(α1) by pi, causing an486

approximation of order µ.487

The pointwise values of the velocity is detailed in the following lemma.488

Lemma 3. The pointwise values of the velocity v1,h can be approximated as489

follows:490

∀ z ∈ (0, α1), v1,h(z) = ⟨v1,h⟩+O
(
εκ+ ε2

µ

)
. (3.15)491

The same approximation remain valid for v2,h.492
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Proof. Recall that remark 4 justifies that493

∀ z ∈ (0, α1), µ1∂zzv1,h(z) = O(ε2).494

Moreover, the horizontal component of the bottom Navier boundary condi-495

tion (2.23b) gives496

µ1∂zv1,h(0) = O(κε).497

Thanks to a Taylor-Lagrange expansion,498

∀ z ∈ (0, α1), µ1∂zv1,h(z) = O(κε+ ε2). (3.16)499

Another Taylor-Lagrange expansion gives500

∀(z, z′) ∈ (0, α1)
2
, v1,h(z) = v1,h(z

′) + (z − z′)∂zv1,h(z
′) +O(ε2/µ),501

= v1,h(z
′) +O

(
εκ+ ε2

µ

)
.502

Equation (3.15) is then obtained by taking the Favre average of the previous503

equation with respect to z′. The reasoning is the same for v2,h with z ∈ (α1, 1),504

using the top Navier condition (2.24b) to get the estimate.505

Applying the different approximations for the interfacial pressure and bound-506

ary and interfacial velocity yields507

∂t(α1ρ1⟨v1,h⟩) +∇h · (α1ρ1⟨v1,h ⊗ v1,h⟩) +∇h(α1p1)− pi∇hα1508

= −κ1

ε
⟨v1,h⟩+

κi

ε
(⟨v2,h⟩ − ⟨v1,h⟩)509

+O
(
µ+ κiε+

κi(κ+ ε) + κ(κ+ ε)

µ

)
. (3.17)510

Finally, the Favre average ⟨v1,h ⊗v1,h⟩ is going to be expressed with respect to511

the tensor product of the Favre averages. This way, the resulting system will512

only depend on the averages of the density, the velocity and the pressure.513

Lemma 4. The Favre average of the tensor product of the velocity v1,h with514

itself is approximated by the tensor product of its Favre averages.515

⟨v1,h ⊗ v1,h⟩ = ⟨v1,h⟩ ⊗ ⟨v1,h⟩+O
( (εκ+ ε2)

2

µ2

)
. (3.18)516

Proof. As shown in lemma 3,517

∀ z ∈ (0, α1), v1,h(z) = ⟨v1,h⟩+ f(z),518

519

where f = O
(εκ+ ε2

µ

)
and ⟨f⟩ = 0.520

The tensor product v1,h ⊗ v1,h is thus developed as521

v1,h ⊗ v1,h = ⟨v1,h⟩ ⊗ ⟨v1,h⟩+ 2⟨v1,h⟩ ⊗ f + f ⊗ f.522

Since f ⊗f = O((κε+ ε2)
2
/µ2), taking the Favre average of the equation above523

yields (3.18).524

Using approximation (3.18) in equation (3.17) yields the averaged momen-525

tum equation (3.12). For the second fluid, the reasoning is the same once the526

tangential Navier condition is rewritten with S2 instead of S1 — which is made527

possible by (2.15).528

16



3.2.3 Closing the system529

To get the set of equations that is presented in theorem 1, it is necessary that530

the momentum equations (3.12) remain valid when ε becomes very small. Three531

conditions arise:532

1. R −−−→
ε→0

0, which means that the approximation error vanishes when ε tends533

to 0;534

2. ⟨v1,h⟩ − ⟨v2,h⟩ must be well defined (i.e finite) when ε tends to 0;535

3. the friction terms in the momentum equations must be independent of ε at536

the thin-layer limit.537

These conditions are the reason for the particular scaling requirements for the538

viscosity and friction coefficients presented in (3.1). Indeed, let us prescribe539

viscosity and friction scalings as follows:540

∀ k ∈ {1, 2}, µk = µ̂kε
τ , κk = κ̂kε

ξ, κi = κ̂iε
ζ ,541

where τ, ξ, ζ ∈ R+. Rewriting the approximation error R with the previous542

scalings yields543

R = O(ετ+ε1+ζ+εξ+ζ−τ+ε1+ζ−τ+ε2ξ−τ+ε1+ξ−τ+ε2+2ξ−2τ+ε3+ξ−2τ+ε4−2τ ).
544

Satisfying the first condition adds the following constraints on the viscosity and545

friction scalings:546

ζ + ξ > τ, 1 + ζ > τ, 1 + ξ > τ, 2ξ > τ and 2 > τ > 0.547

In addition to the remainder R going to 0 at the limit, the difference between548

the averaged velocities must remain finite when ε becomes very small for the549

model to be valid. Rearrange the Navier interface condition (3.9) as550

vh,1(α1)− vh,2(α1) = − µ1

εκi
∂zv1,h(α1) +O

(
µε

κi
+ ε2

)
.551

Replacing the pointwise values of the velocities by their Favre average and us-552

ing (3.16) yields553

⟨v1,h⟩ − ⟨v2,h⟩ = O
(
κ+ ε+ µε

κi
+

κε+ ε2

µ
+ ε2

)
.554

Replace the viscosities and friction coefficients by their scalings to obtain555

⟨v1,h⟩ − ⟨v2,h⟩ = O(εξ−ζ + ε1−ζ + ε1+τ−ζ + ε1+ξ−τ + ε2−τ + ε2). (3.19)556

The second condition is thus satisfied if and only if557

ξ ⩾ ζ, 1 ⩾ ζ and 1 + τ ⩾ ζ.558

Finally, the model must be independent of ε at the main order. Namely, the559

friction terms κi

ε (⟨v2,h⟩−⟨v1,h⟩) and κk

ε ⟨vk,h⟩ for k ∈ {1, 2} must be well defined560

17



at the limit ε → 0. Since ⟨v1,h⟩ − ⟨v2,h⟩ is finite, this condition is satisfied if561

and only if562

ξ ⩾ 1 and ζ ⩾ 1.563

Taking into account all the different constraints results in the scalings (3.1):564

∀ k ∈ {1, 2}, µk = µ̂kε
τ , 0 < τ < 2, κk = κ̂kε

ξ, ξ ⩾ 1 and κi = κ̂iε.565

Applying the scalings above yields equations (3.2), (3.3) and (3.5). Equa-566

tion (3.6) is given as (2.19) still holds.567

At this stage, this system is underdetermined as it includes eight unknowns568

but only six equations. It remains to adapt the barotropy laws to the new set569

of equations to get equations (3.4). Let us prove this result in the case k = 1.570

Using the rescaled vertical momentum equation (3.7), ∂z(p1(ρ1)) = O(µ). Let571

z∗ ∈ (0, α1) such that ρ1(z
∗) = ρ1. Thanks to a Taylor-Lagrange expansion,572

∀ z ∈ (0, α1), p1(ρ1(z)) = p1(ρ1(z
∗)) +O(µ).573

Averaging the previous equation with respect to z and expliciting the scaling of574

the viscosity yields (3.4).575

Remark 5. Compared to the Navier-Stokes system of section 2, the limit of the576

volume fraction equation (2.10) is not considered. Indeed, the volume fractions577

α1 and α2 are deduced from the equality of the averaged pressures (3.5) and578

the saturation condition (3.6).579

3.3 Recovering the one-velocity one-pressure model580

The prescription of a Navier friction condition at the interface between the581

fluids is motivated by the desire to derive a two-velocity model. As mentioned582

in remark 1, other choices for the interface conditions are possible. If the friction583

coefficient κi decreases slower than ε (i.e κi = κ̂iε
ζ with ζ < 1), then the584

difference between the averaged velocities (3.19) tends to zero when ε becomes585

small, resulting in the model which would have stemmed from the derivation586

with Dirichlet interface conditions with respect to the relative velocity:587

[v]z=Dα1
= 0. (3.20)588

This condition imposes the continuity of the velocity at the interface and leads589

to a one-velocity, one-pressure model, which reads:590

Theorem 2. Assume the same scalings for the viscosity and friction coefficients591

as in theorem 1 (conditions (3.1)). Let (χ1, α1, ρ1,v1, p1, χ2, α2, ρ2,v2, p2) be a592

strong solution to the Navier-Stokes system (2.17)-(2.22) with Navier boundary593

conditions (2.23)-(2.24) and interface conditions (2.25)-(2.27), (3.20).594

Then the averaged velocities satisfy595

⟨v1,h⟩ = ⟨v2,h⟩+O(ε2−τ ).596

Denoting ⟨vh⟩ this velocity, the functions (α1, α2, ρ1, ρ2, ⟨vh⟩, p1, p2) satisfy the597
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following system:598

∂t(αkρk) +∇h · (αkρk⟨vh⟩) = 0, (3.21)599

∂t(ρ⟨vh⟩) +∇h · (ρ⟨vh⟩ ⊗ ⟨vh⟩) +∇h(α1p1 + α2p2) = −δξ(κ̂1 + κ̂2)⟨vh⟩,
(3.22)

600

pk = pk(ρk), (3.23)601

p1 = p2, (3.24)602

α1 + α2 = 1 (3.25)603

where k ∈ {1, 2} and ρ = α1ρ1+α2ρ2. Same as before, the momentum equation604

is satified up to an error of order ετ +ε2−τ +(1−δξ)ε
ξ−1 and the equality of the605

pressures is satisfied up to an error of order ετ . This system is symmetrizable606

and therefore hyperbolic.607

Remark 6. The equality of the velocities up to an error of order ε2−τ stems from608

the Dirichlet condition associated with the estimate (3.15). Indeed, since the609

velocities are equal at the interface, and since they don’t vary much vertically,610 {
v1,h(α1) = v2,h(α1),

∀ k ∈ {1, 2}, vk,h(α1) = ⟨vk,h⟩+O
(

κε+ε2

µ

)
.

611

Once combined, and developing every coefficient with respect to its scaling,612

⟨v1,h⟩ = ⟨v2,h⟩+O(ε1+ξ−τ + ε2−τ ).613

Since ξ ⩾ 1, the equation is satisfied up to an error of order ε2−τ .614

4 The Navier-Stokes-Fourier case615

This final part extends the results of the previous section to the non-barotropic616

case. The microscopic model must therefore be completed with two energy617

equations, and the equations of state must now include the specific internal618

energies. We reproduce the averaging process on these two energy equations and619

pay special attention to the heat transfer between the fluids. This will enable the620

derivation of a two-velocity, one-pressure and two-temperature averaged model.621

4.1 The Navier-Stokes-Fourier system622

Let k ∈ {1, 2}. First, recall the equations describing the evolution of the do-623

main, namely the advection of χD,k, the fraction equation and the saturation624

condition:625

∂tχD,k + vk · ∇χD,k = 0, (4.1)626

∂t(Dα1) + v1,h(Dα1) · ∇h(Dα1) = w1(Dα1), (4.2)627

α1 + α2 = 1. (4.3)628

Now, let us introduce the Navier-Stokes-Fourier equations. Let θk : R+×ΩD,k →629

R be the temperature of fluid k, ek : R+×Ω → R its specific internal energy and630

Ek = (1/2) |vk|2+ek its specific total energy. Let βk be the thermal conductivity631
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of fluid k. It is a constant parameter of the flow that might depend on ε,632

similarly to the viscosity and friction coefficients. The flow is now described by633

two compressible Navier-Stokes-Fourier systems and two equations of state:634

∂tρk +∇ · (ρkvk) = 0, (4.4)635

∂t(ρkvk) +∇ · (ρkvk ⊗ vk) +∇pk = ∇ · Sk, (4.5)636

∂t(ρkEk) +∇ · ((ρkEk + pk)vk) = ∇ · (Skvk) +∇ · (βk∇θk), (4.6)637

pk = pk(ρk, ρkek), (4.7)638

θk = θk(ρk, ρkek). (4.8)639

The pressure pk and the temperature θk are defined thanks to a complete equa-640

tion of state which assumes the existence of a specific entropy sk such that641

642

θkdsk = pkd

(
1

ρk

)
+ dek. (4.9)643

Navier boundary conditions are kept on the top and bottom of the domain.644

In addition, the domain is thermically isolated. The boundary conditions thus645

read646


w1|z=0 = 0, (4.10a)
(−S1,hz + κ1v1,h)|z=0 = 0, (4.10b)
β1∂zθ1|z=0 = 0. (4.10c)


w2|z=D = 0, (4.11a)
(S2,hz + κ2v2,h)|z=D = 0, (4.11b)
β2∂zθ2|z=D = 0, (4.11c)

647

The interface conditions are completed with a Robin-type condition for the648

heat transfer, see for instance [HO12]. The interface conditions thus read649

[σnΓD
]z=Dα1 = 0, (4.12a)650

[v · nΓD
]z=Dα1 = 0, (4.12b)651

(S1nΓD
− κi[v])tan|z=Dα1 = 0, (4.12c)652

β1∇θ1 · nΓD
|z=Dα1 = hc[θ]z=Dα1 , (4.12d)653

β2∇θ2 · nΓD
|z=Dα1 = hc[θ]z=Dα1 , (4.12e)654

where hc is the contact conductance for the interface. Note that the heat flux655

at the interface is continuous and is expressed thanks to (4.12d) and (4.12e).656

4.2 The averaged model657

In what follows, we apply the same approach as in sections 2 and 3. Starting658

from a rescaled version of the two-layer Navier-Stokes-Fourier equations, an659

asymptotic analysis is performed in order to obtain a system of equations for660

the section-averaged variables which is independent of the vertical variable. By661

using the relevant regimes relative to the domain thickness, we may obtain the662

well-known six-equation model (1.1)-(1.4), which has been extensively studied663

in the literature and industry [DP99, IH11, Bes90, Ndj07].664
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Theorem 3. Assume the following scalings for the viscosity, friction and heat665

transfer coefficients:666

∀ k ∈ {1, 2},

 µk = µ̂kε
τ , λk = λ̂kε

τ , 0 < τ < 2;
κi = κ̂iε, κk = κ̂kε

ξ, ξ ⩾ 1;

βk = β̂kε
γ , 0 ⩽ γ < 2.

(4.13)667

Define δξ =

{
1 if ξ = 1,
0 if ξ > 1,

and δγ =

{
1 if γ = 0,
0 if γ > 0.

668

Let (χ1, α1, ρ1,v1, p1, E1, θ1, χ2, α2, ρ2,v2, p2, E2, θ2) be a strong solution to the669

rescaled version of the Navier-Stokes model (4.1)-(4.9) with boundary condi-670

tions (4.10)-(4.11) and interface conditions (4.12). Assume that671

∂z∇hθk = O(ε2/β). (4.14)672

The functions (α1, ρ1, ⟨v1,h⟩, p1, ⟨E1⟩, θ1, α2, ρ2, ⟨v2,h⟩, p2, ⟨E2⟩, θ2) then satisfy673

the following system at the main order in ε:674

∂t(αkρk) +∇h · (αkρk⟨vk,h⟩) = 0, (4.15)675

∂t(αkρk⟨vk,h⟩) +∇h · (αkρk⟨vk,h⟩ ⊗ ⟨vk,h⟩) +∇h(αkpk)− pi∇hαk

= −δξκ̂k⟨vk,h⟩+ (−1)
k
κ̂i(⟨v1,h⟩ − ⟨v2,h⟩),

(4.16)676

∂t(αkρk⟨Ek,h⟩) +∇h · (αk(ρk⟨Ek,h⟩+ pk)⟨vk,h⟩) + pi∂tαk

= −δξκ̂k |⟨vk,h⟩|2 + (−1)
k
κ̂i(⟨v1,h⟩ − ⟨v2,h⟩) · ⟨vk,h⟩

+ δγ(β̂k∇h · (αk∇hθk)) + (−1)
k
ĥc(θ1 − θ2),

(4.17)677

pk = pk(ρk, ρk⟨ek⟩) (4.18)678

θk = θk(ρk, ρk⟨ek⟩), (4.19)679

p1 = p2 = pi, (4.20)680

α1 + α2 = 1, (4.21)681

where k ∈ {1, 2} and ĥc = hc/ε.682

As in the barotropic case, the averaged momentum equation (4.16) is sat-683

isfied up to an error of order ετ + ε2−τ + (1 − δξ)ε
ξ−1. The averaged energy684

equation (4.17) is satisfied up to an error of order ετ +ε2−τ +ε2−γ +(1− δγ)ε
γ .685

The equation of state for the pressure (4.18) and the pressure equality (4.20) are686

satisfied up to an error of order ετ . The equation of state for the temperature-687

(4.19) is satisfied up to an error of order ε2−γ .688

Remark 7. Replacing the equations of state (2.4) by the energy equations (4.6)689

and the equations of state (4.7)-(4.8) does not change the fact that the asymp-690

totic averaged system has only one pressure.691

Remark 8. The scaling of the thermal conductivity can be expressed in terms692

of the Péclet number Pe = RePr, where Pr = cpµ/β is the Prandtl number,693

cp is the specific heat and Re is the Reynolds number. The scalings prescribed694

in (4.13) mean that the Reynolds number is of order ε−τ and is therefore very695

large. Similarly, the Péclet number is of order ε−γ , which is consistent with696

engineering applications where it is often much larger than one. Finally, the697

Prandtl number is of order ετ−γ . The profiles (4.13) thus do not prescribe any698

constraint on the value of the Prandtl number.699
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4.3 Proof of theorem 3700

The proof of theorem 3 is similar to the one in the barotropic case. In particular,701

the averaging of the mass conservation and momentum equations is the same.702

This proof only details the specificities of the Navier-Stokes-Fourier case: rescal-703

ing the new unknowns and the energy equations and averaging of the energy704

equations and of the new equations of state.705

4.3.1 Rescaling the energy equations and the thermal flux conditions706

Following the procedure of the barotropic case, it is now necessary to rescale and707

simplify (by neglecting some terms, as in section 3.2.1) the energy equation (4.6).708

We introduce the following characteristic dimensions: E = U2 for the specific709

energy, Θ for the temperature, B = RU3L/Θ for the thermal conductivity710

and H = RU3/Θ for the contact conductance. Consider the following rescaled711

variables: Ẽ = E/E , θ̃ = θ/Θ, β̃ = β/B and h̃c = hc/H. In the following, the ·̃712

notation is removed for the sake of clarity.713

The rescaling procedure can be done term by term. Let us start with the714

left-hand side of the energy equation (4.6). Denoting Ek,h = (1/2) |vk,h|2 + ek715

for k ∈ {1, 2}, the rescaled left-hand side of the energy equation reads716

∂t(ρkEk,h) +∇ · ((ρkEk,h + pk)vk) + ε2(∂t(ρkw
2
k/2) +∇ · ((ρkw2

k/2))vk).717

The terms of order ε2 are neglected in the rest of the derivation.718

Rescaling the thermal diffusion term is straightforward. The rescaled version719

reads720

βk∆hθk +
βk

ε2
∂zzθk.721

The viscous term is the most technical one.722

Lemma 5. After simplification, the rescaled viscous term in the energy equa-723

tion (4.6) reads724

µk

ε2
∂z(vk,h · ∂zvk,h) +O(µ). (4.22)725

Proof. Developping the viscous term of the energy equation (4.6) yields726

∇ · (Skvk) = ∇ · (λk(∇ · vk)vk) + µk∇ · (2Dkvk)727

The bulk term does not need to be detailed as the rescaling does not affect its728

expression. Since729

2Dkvk =

2u∂xu+ v(∂yu+ ∂xv) + w(∂zu+ ∂xw)
u(∂xv + ∂yu) + 2v∂yv + w(∂zv + ∂yw)
u(∂xw + ∂zu) + v(∂yw + ∂zv) + 2w∂zw

 ,730

the rescaled version of its divergence reads731  ∂x
∂y
1
ε∂z

 · 2Dkvk = ∇h · ((∇h ⊗ vk,h + (∇h ⊗ vk,h)
T
)vk,h) +∇h · (wk∂zvk,h)732

+∇h · (ε2wk∇hwk) + ∂z(vk,h · ∇hwk) +
1

ε2
∂z(vk,h · ∂zvk,h) + 2wk∂zwk.733
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Multiplying the previous term by µk and adding the bulk term yields the fol-734

lowing expression for the rescaled viscous term:735

λk∇ · ((∇ · vk)vk) + µk∇h · ((∇h ⊗ vk,h + (∇h ⊗ vk,h)
T
)vk,h)736

+ µk∇h · (wk∂zvk,h + ε2wk∇hwk) + µk∂z(vk,h · ∇hwk)737

+ µk
1

ε2
∂z(vk,h · ∂zvk,h) + 2µkwk∂zwk.738

The prevailing term in the previous expression is of order µ/ε2. The rest of739

the terms are of order µ. Knowing that the use of Navier interface conditions740

causes an approximation error of order µ, those terms are neglected right away741

to ensure simpler equations. Hence (4.22).742

Finally, the rescaled version of the energy equation reads743

∂t(ρkEk,h) +∇ · ((ρkEk,h + pk)vk) =
µk

ε2
∂z(vk,h · ∂zvk,h)744

+ βk∆hθk +
βk

ε2
∂zzθk +O(µ+ ε2). (4.23)745

The rescaled adiabatic boundary conditions (4.10c) (4.11c) and the rescaled746

heat transfer interface conditions (4.12d)-(4.12e) are747

β1∂zθ1|z=0 = 0, (4.24)748

β2∂zθ2|z=1 = 0, (4.25)749 (
− εβ1∇hα1 · ∇hθ1 +

β1

ε
∂zθ1

)∣∣
z=α1

= hc[θ]z=α1 , (4.26)750 (
− εβ2∇hα1 · ∇hθ2 +

β2

ε
∂zθ2

)∣∣
z=α1

= hc[θ]z=α1 . (4.27)751

Remark 9. Multiply equation (4.23) by ε2, to get that for k ∈ {1, 2},752

βk∂zzθk(z) = −µk∂z(vk,h · ∂zvk,h) +O(ε2 + µε2 + ε4).753

Since µk∂z(vk,h · ∂zvk,h) = µk |∂zvk,h|2 + µkvk,h · ∂zzvk,h, the estimates (3.10)754

and (3.16) and the scalings for the friction and the viscosity coefficients (4.13)755

enable the obtention of the following estimate for k ∈ {1, 2}:756

βk∂zzθk(z) = O(ε2) in Ωk. (4.28)757

Using the adiabatic boundary conditions (4.24) and (4.25) gives that for k ∈758

{1, 2},759

βk∂zθk(z) = O(ε2) in Ωk. (4.29)760

Therefore, for k ∈ {1, 2},761

θk(z) = θk +O(ε2/β) in Ωk. (4.30)762

These estimates along with the interface conditions (4.26) and (4.27) give763

hc[θ]z=α1
= O(ε). (4.31)764
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4.3.2 Averaging the energy equations765

Let k = 1. Since the integral is linear, the averaging of the different terms of766

the rescaled energy equation (4.23) will be detailed separately.767

First, integrate the left-hand side of the equation between z = 0 and z = α1.768

Similarly to section 3.2.2, use the rescaled volume fraction equation (2.19) and769

impermeability condition (2.23) to get770

ˆ α1

0

(
∂t(ρ1E1,h) +∇ · ((ρ1E1,h + p1)v1)

)
dz = ∂t(α1ρ1⟨E1,h⟩)771

+∇h · (α1(ρ1⟨E1,hv1,h⟩+ p1v1,h))− p1(α1)∇hα1 + p1(α1)w1(α1).772

Using once again the rescaled volume fraction equation (2.19),773

ˆ α1

0

(
∂t(ρ1E1,h) +∇ · ((ρ1E1,h + p1)v1)

)
dz = ∂t(α1ρ1⟨E1,h⟩)774

+∇h · (α1(ρ1⟨E1,hv1,h⟩+ p1v1,h)) + p1(α1)∂tα1.775

Replace the velocities by their Favre averages thanks to (3.15) to get776

ˆ α1

0

(
∂t(ρ1E1,h) +∇ · ((ρ1E1,h + p1)v1)

)
dz = ∂t(α1ρ1⟨E1,h⟩)777

+∇h · (α1(ρ1⟨E1,h⟩+ p1)⟨v1,h⟩) + p1(α1)∂tα1 +O
(εκ+ ε2

µ

)
. (4.32)778

Next is the averaging of the viscous term. Using the asymptotic Navier inter-779

face condition (3.9) and the rescaled bottom impermeability condition (2.23b)780

yields781

ˆ α1

0

µ1

ε2
∂z(v1,h · ∂zv1,h)dz =

µ1

ε2
(v1,h(α1) · ∂zv1,h(α1)− v1,h(0) · ∂zv1,h(0))782

= −κi

ε
(v1,h(α1)− v2,h(α1)) · v1,h(α1)−

κ1

ε
|v1,h(0)|2 +O(µ+ κiε).783

Replacing the pointwise values of the velocities by their Favre average using784

estimate (3.15) gives785

ˆ α1

0

µ1

ε2
∂z(v1,h · ∂zv1,h)dz = −κi

ε
(⟨v1,h⟩ − ⟨v2,h⟩) · ⟨v1,h⟩ −

κ1

ε
|⟨v1,h⟩|2786

+O
(
µ+ κiε+

(κ+ κi)(κ+ ε)

µ

)
. (4.33)787

Last, integrate the thermal diffusion term. Using the adiabatic boundary788

condition (4.24) and the interface condition (4.26) yields789

ˆ α1

0

(
β1∆hθ1 +

β1

ε2
∂zzθ1

)
dz = β1∇h · (α1∇hθ1)790

− β1∇hα1 · ∇hθ1(α1) +
β1

ε2
∂zθ1(α1),791

= β1∇h · (α1∇hθ1)−
hc

ε
(θ1(α1)− θ2(α1)).792
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Approximate the pointwise values of the temperatures by their averages793

thanks to (4.30) to get794

ˆ α1

0

(
β1∆hθ1+

β1

ε2
∂zzθ1

)
dz = β1∇h ·(α1∇hθ1)−

hc

ε
(θ1−θ2)+O(ε2/β). (4.34)795

The term ∇hθ1 is unsatisfactory since it introduces a new unknown. To solve796

this problem, two strategies are possible. The first one is to express this term797

in terms of the averaged temperature θ1 using the lemma below.798

Lemma 6. Assume that for k ∈ {1, 2}799

∂z∇hθk = O(ε2/β) in Ωk.800

Then, for k ∈ {1, 2},801

∇h · (αk∇hθk) = ∇h · (αk∇hθk) +O(ε2/β). (4.35)802

Proof. The proof is done with k = 1. Since803

α1∇hθ1 = α1∇hθ1 +∇hα1(θ1(α1)− θ1), (4.36)804

taking the horizontal divergence of the previous equation yields805

∇h · (α1∇hθ1) = ∇h · ((α1∇hθ1)) + ∆hα1(θ1(α1)− θ1)806

+∇hα1 · ((∇hθ1)(α1) + ∂zθ1(α1)∇hα1 −∇hθ1).807

Using estimates (4.28) and (4.30),808

∇h · (α1∇hθ1) = ∇h · ((α1∇hθ1)) +∇hα1 · ((∇hθ1)(α1)−∇hθ1) +O(ε2/β).809

Reusing (4.36) and estimate (4.30), ∇hθ1 = ∇hθ1 +O(ε2/β).810

Therefore,811

∇h · (α1∇hθ1) = ∇h · (α1∇hθ1) +∇hα1 · ((∇hθ1)(α1)−∇hθ1) +O(ε2/β).812

Finally, assumption (4.14) enables the obtention of equation (4.35).813

The second way to solve the introduction of the unknown ∇hθ1 is to scale814

the thermal conductivities as βk = β̂kε
γ for k ∈ {1, 2} with 0 < γ < 2. This815

allows to get rid of the heat diffusion term up to an error of order εγ . Note that816

in this case, no assumption about the vertical variation of ∇hθk is required.817

To synthesize the results, we assume that the thermal conductivities are scaled818

with 0 ⩽ γ < 2 as in (3.1) and that the hypothesis (4.14) is satisfied.819

Assembling (4.32), (4.33), (4.34) and (4.35) yields the averaged energy equa-820

tion821

∂t(α1ρ1⟨E1,h⟩) +∇h · (α1(ρ1⟨E1,h⟩+ p1)⟨v1,h⟩) + p1(α1)∂tα1 = −κ1

ε
|⟨v1,h⟩|2822

+
κi

ε
(⟨v1,h⟩ − ⟨v2,h⟩) · ⟨v1,h⟩+ β1∇h(α1∇hθ1)−

hc

ε
(⟨θ1⟩ − ⟨θ2⟩) +R,823
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824

where R = O
(
µ+ κiε+ ε2 +

(κ+ κi + ε)(κ+ ε)

µ
+

ε2

β

)
.825

Since the averaged pressures are equal up to an error of order µ, they are826

still indistiguishable in the averaged energy equation. Moreover, similarly to827

the momentum equation, the pointwise value p1(α1) is replaced by pi.828

Using the scalings (4.13), the averaged energy equation (4.17) holds up to829

an error of order ετ + ε2−τ + ε2−γ + (1− δγ)ε
γ .830

Remark 10. The scaling for the contact conductance hc has been prescribed in831

order to get a two-temperature model. Note that the only constraint on hc832

is given by (4.31). Chosing a contact conductance that decreases slower than833

ε would therefore imply that the difference of temperatures at the interface834

decreases to zero when ε becomes very small, resulting in a one-temperature835

averaged model (since the temperatures do not vary sharply in the vertical836

direction).837

4.3.3 Obtaining the averaged equations of state838

The equations of state are averaged in a similar way than in the barotropic case.839

However, now the pressures and the temperatures depend on two variables, so840

the proof needs a little adaptation. Let us prove the result for the pressure p1841

(the proof for p2 and the temperatures are similar).842

Recall that thanks to the asymptotic vertical momentum equation,843

∂zp1(ρ1, ρ1e1) = O(µ).844

Let z∗ ∈ (0, α1) such that ρ1(z∗) = ρ1. Thanks to a Taylor-Lagrange expansion,845

∀ z ∈ (0, α1), p1(ρ1(z), ρ1e1(z)) = p1(ρ1(z
∗), ρ1e1(z)) +O(µ).846

Then, consider z′ ∈ (0, α1) such that ρ1e1(z
′) = ρ1e1 = ρ1⟨e1⟩. A second847

Taylor-Lagrange expansion yields848

∀ z ∈ (0, α1), p1(ρ1(z
∗), ρ1e1(z)) = p1(ρ1(z

∗), ρ1e1(z
′)) +O(µ).849

850

Therefore, ∀ z ∈ (0, α1), p1(ρ1(z), ρ1e1(z)) = p1(ρ1, ρ1⟨e1⟩) +O(µ).851

Averaging the previous equation with respect to z and expliciting the scaling of852

the viscosity yields (4.18).853

The procedure is the same for the temperature, but using estimate (4.29),854

the approximation error is of order ε2/β.855
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