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Averaged models for compressible two-phase
stratified flows on thin domains

Pierrick Le Vourc’h! Khaled Saleh! Nicolas Seguin?
April 17, 2026

Abstract. This paper deals with the derivation of compressible two-phase
flow models. We use a thin domain approximation of a two-layer configuration
governed by the Navier-Stokes equations, following the works of Ransom and
Hicks or Stewart and Wendroff in the 1980s. In order to recover source terms
and two-velocity models directly from this asymptotic analysis, we remove the
continuity of the tangential component of the velocity at the interface, and
properly scale friction and viscosity coefficients. We are then able to derive
two-velocity one-pressure models, first in the barotropic case and then in the
full Navier-Stokes-Fourier case.

1 Introduction

In this paper, we present a derivation of averaged models for compressible
two-phase flows. The usual process consists in applying averaging operators
on a complete local description of the flow, see for instance the classical text-
books [DP99| and [IHII]. The application of this process to bifluid formulations
of stratified compressible two-phase flows led to a variety of different averaged
models in the 1980s, see for instance [SW84, RH84, [RH88|. The averaging
process being incomplete, the previous papers provide additional heuristic ar-
guments to close the models. They also discuss the influence of the closure
arguments on the resulting models, in particular when focusing on interaction
terms between phases. The ad hoc closure conditions introduced in these papers
— especially at the interface — make the derivation of two-velocity models pos-
sible. Such approaches have been followed in [DHI7] to include gravity effects
as well as mass and momentum transfers.

Recent applications of mathematical homogenization to multiphase com-
pressible Navier-Stokes equations provided the first complete, and rigorous,
derivation of one-dimensional averaged models including the mechanical interac-
tion source terms [BH11, [BHI5|[BH19, [Hil19, BBL22, [HMS23]. Indeed, provided
that the velocity field is smooth enough — especially through the interfaces be-
tween fluids —, this method enables the extraction of averaged variables and
equations by letting the frequency of density oscillations tend to infinity. Since
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this procedure has yet only been carried in one space dimension, the inherent
smoothness of the velocity field causes the averaged model to be described by a
unique velocity field, making it difficult to obtain two-velocity models.

In this paper, we propose an asymptotic derivation of two-velocity, one-
pressure averaged models. They are composed of two equations for phasic mass
conservation, two nonconservative equations for phasic momentum, and two
nonconservative equations for phasic energies:

O (agpr) + V- (agprug) = 0,
Or(agprug) + V- (arpruy @ ug) + V(agpr) — piVag = Sy, (1.1)
O(anpeEr) + V - (i (ppEr + pr)ug) + pidrou, = Si,

where «y, is the volume fraction of phase k € {1,2}, pi is its density, uy its
velocity, py its pressure and E}, its energy. The source terms in the momentum
and energy equations include the contribution of external forces, drag forces and
heat exchanges. These models are closed by the definitions of total energies,

1
Ep = B lul” + ex, (1.2)
where ey, is the specific internal energy of phase k, the equations of state

Pk = PPk, Prer),

1.3
O = 0 (pr, prer) (1:3)

where 6, is the temperature of phase k& (which may appear in S;), and the
equality of pressures

p1(p1, pre1) = p2(p2, p2e2) (1.4)

which permits to deduce the void fractions since a1 + ag = 1.

It is well-known that this model is not well-posed in the sense of Hadamard,
since the convective part entails complex eigenvalues [RT7S8, [Ste79]. Several
directions have been explored to stabilize this model, like the addition of vis-
cous phenomena, surface tension [RI78|, virtual mass [Bes90, Ndj07] or in-
ternal capillary forces [BDGGI0]. It is also possible to consider two-velocity
and two-pressure models [BN86| [RH84|, which are well-posed for smooth solu-
tions [CHSS14].

This paper carries a derivation of model (L.1)-(1.4). We start from a thin
three-dimensional domain: the vertical length is assumed to be much smaller
than the horizontal lengths, the ratio being described by the thickness param-
eter ¢ = D/L < 1 (see figure . The usual averaging processes [DP99, ITH11]
are replaced by an integration with respect to the vertical variable, resulting
in a two-dimensional averaged model. The standard two-phase framework pre-
scribes the continuity of the velocity field through the interface, resulting in
a single smooth velocity field to describe the flow. In order to obtain a two-
velocity model, our derivation circumvents the smoothness of the velocity field
by making two complementary choices on the three-dimensional model. First,
instead of imposing the continuity of the velocity field through the interface
between phases, we prescribe a slip condition between the fluids tangentially to
the interface. Second, in order to concentrate the efforts on the interaction of
this interface condition with the averaging process, we study a simplifed con-
figuration: we assume an initial and persistent stratified configuration, in the
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Figure 1: Flow configuration

sense that one fluid remains below the other, and the position of the interface
can be parametrized by a function which only depends on time and the hor-
izontal space variables (z,y). We finally set walls at the bottom and at the
top. After rescaling the equations, we perform an asymptotic expansion of the
microscopic model with respect to € and average the equations to obtain the
two-dimensional model — at the principal order. Thanks to this partic-
ular setting, it is possible to understand the influence of the different parameters
of the initial model on the averaged equations, with respect to the thickness pa-
rameter. Compared to the works of Stewart and Wendroff and Ransom and
Hicks [SW84], [RH84], the introduction of Navier conditions and the asymptotic
analysis enable the deduction of a two-velocity averaged model without addi-
tional heuristic arguments. Moreover, we are able to derive momentum and
heat exchange terms. In order to achieve this formal derivation, we will only
manipulate strong solutions to the considered Navier-Stokes systems.

This paper is divided into three parts. Section[2]introduces the configuration
of the flow and the three-dimensional microscopic model in the barotropic case.
Section [3] presents the averaged two-velocity, one-pressure model derived from
the equations of the first section and develops the proof of this result. Section []
is dedicated to the extension to the non-barotropic case, therefore adding two
energy equations in the three-dimensional model. The resulting averaged model
is described by two velocities, one pressure and two temperatures.

2 Barotropic two-phase stratified flows

This section presents the configuration of the flow, with a particular care for the
description of the stratification. Then, it introduces the compressible barotropic
Navier-Stokes systems which describe the flow. These systems are completed by
Navier boundary conditions, which model the friction of the fluids on the top
and bottom of the domain. Navier conditions are also prescribed on the relative
velocity of the fluids at the interface. They depict the friction between both
fluids tangentially to the interface. Finally, the different scalings taking place in
our configuration are presented, which enables the deduction of a dimensionless
version of the three-dimensional viscous model.



107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

2.1 Stratified configuration and definition of the interface

Consider a stratified two-phase flow in a thin domain
Qp = {(x,2) = (¢,9,2) € T7 x (0, D)}, L, D >0

where T? denotes the two-dimensional torus of period L.

Y

Phase 2 N2 = (Vo,n, w2) = (uz,v2,w2) | Day

I'p
s =
D

Phase 1 \yvl = (Vip, wi) = (ug, vy, wy) Doy

2
z T7

Figure 2: Flow configuration

characteristic period L > D

The model studied in this work represents a compressible two-phase flow
where the fluids are supposed immiscible and stratified (see figure . The
domain filled by each fluid is defined thanks to the top and bottom boundary
and the interface between each fluid. We assume that the interface I'p can
be described by the use of continuous function oy : Ry x T2 — (0,1) in the
following way:

VteRy, Dp(t)={ (x,Dai(t,x)), x € T2}.

The domain Qp ;(¢) filled by the first phase is described by the characteristic
function

1 for 0 < z < Doy (t,x),

2 _
VieRy, VxeTy, xpa(tx,z) = { 0 otherwise.

Therefore, the function Da; describes the height of the domain filled by the
first phase, which means that «; can also be interpreted as the volume fraction
of the first phase.
Similarly, the domain Qp o(¢) filled by the second phase is described by the
characteristic function xp2 = 1 — xp,1. Denote Day = D — Da; the height
of the domain filled by the second phase. The function sy thus also describes
the volume fraction of the second phase. The domain Qp is assumed to be
saturated, which means

o +as = 1. (2.1)

2.2 The compressible barotropic stratified model

Let k € {1,2}. Fluid k is described by its density pr : Ry X Qp i — Ry, its
velocity v = (ug, vk, wi) : Ry x Qp p — R3 and its pressure p : Ry X Qp p —
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R. The flows being viscous, we introduce pj and A the shear and bulk viscosity
of the fluid. This section describes the microscopic Navier-Stokes model, which
is the starting point of the derivation. In addition to the fluid equations and
boundary conditions, particular care will be given to the presciption of interface
conditions.

2.2.1 Fluid equations

This flow is described by two compressible, barotropic and viscous Navier-Stokes
systems — one for each fluid. Let hg = 0, h;y = a3 and hy = 1. Consider the
following system for

ke{1,2}, t>0, (x,2)€Qpx(t)=T3 x (Dhy_1(t,x), Dhi(t,x)) :

3tpk + V- (pkvk) = O, (22)
Ot(pwvi) + V- (ppvi @ Vi) + Vpr = V - S, (2.3)
e = Pr(pr) (2.4)

where the viscous tensor Sy, : Ry x Qp  — M3(R) associated with fluid & is of
the form
(Vovi+ (Vov)h)
2
Dy
and the equations of state are regular and increasing. Equation
illustrates the conservation of mass. The next one is the momentum equation,
which is obtained thanks to Newton’s second principle.

Sk = 24

+ Ak(V . Vk)H

2.2.2 Boundary conditions

Denote vy, j, the horizontal component of vy, for k € {1,2} and

~ (Skgn\ [ Sknh | Skhe
Sk = <Sk’z) = ( Sk72h Sk;,zz ) , where Sk,hh S MQ(R).

Navier boundary conditions are prescribed on the top and bottom of the do-
main. These boundary conditions for compressible flows have received limited
attention in the literature, yet they appear in a handful of publications, includ-
ing [Ers16, [FJN12, [Sueld]. They read

{ U}1|Z=0 = O, (25&) { w2|z=D = 0, (26&)
(_Sl,hz + Kflvl,h)lz:O =0. (25b) (Sgﬁz + /QQVQ’h)‘z:D =0. (26b)

The first equation of each boundary condition depicts the impermeability of
the domain. The second one describes the horizontal friction of the fluid on
the boundary. The quantities k1 and ko are constant friction coefficients at the
bottom and top boundary respectively.
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2.2.3 Interface conditions

To complete the system description, interface conditions are required. Denote
[f]2=Da, the jump of a quantity f across the interface:

[f]z:Dal = f2‘z=Doz1 - f1|z=Da1-

We start by prescribing the immiscibility of the fluids, or in other words the
fact that the interface is and remains a material interface through time. This is
expressed by the continuity of the normal component of the velocity field and
the normal stress across the interface. Defining the total stress tensor

ok = —pel + Sk = (=pr + M\ (V - vi)) I + 203D,

the conditions read [onr,l:=pa, =0 (2.7)

and [v-nr,l:=pe, =0, (2.8)
1 T

where n (=Vi(Day) 1) (2.9)

T'p =
VIVa(Day)|? +1

is the unitary normal vector to the interface pointing upwards (see figure|2)) and
V1, is the horizontal gradient operator (895 8y)T.

The dynamics of the interface is described thanks to the volume fraction
equation

6t(D051) + Vl,h(DOq) . Vh(Dal) = wl(Dal). (210)

This equation means that Da; is transported by the velocity field at the inter-
face. Note that thanks to the continuity condition , the same equation is
obtained if the velocity of the second phase is considered. The following lemma
provides a physical interpretation of equation (2.10).

Lemma 1. The domain occupied by each fluid being advected by the flow, the
characteristic functions xp1 and xp2 satisfy the following equations:

VEe{1,2},  Oxpk+Vi-Vxpr =0 (2.11)

This equation is compatible with the volume fraction equation (2.10]), meaning
that the evolution of the interface and of the domains occupied by each fluid are
consistent with each other.

Proof. Integrating equation ([2.11)) for the first fluid over Qp yields
/ (Oexp,1+v1 - Vxp,1)dedydz = 0.
Qp

On the one hand,

8tXD71dacdydz:/ O / Xp,1dz dmdy,:/ O¢(Da )dzdy.
T2 (0,D) T2

Qp
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On the other hand,

/ vi - Vxpdedydz = V- (vixp1)daedydz — V - vidzdydz.
Qp Qp Qp,1

Thanks to the divergence theorem and the impermeability condition ([2.5al),

/ v1 - Vxpdedydz = —/ vy -nr,dS,
Qp

I'p

where nr,, is defined by (2.9)). Since the surface I'p is parametrized by the
function ¢(z,y) = (z,y, Das(z,y)), a change of variables gives

/ vy -nr,dS = —/ (vi,n(Daq) - Vi(Dar) — wi(Day))(z, y)dzdy = 0.
I'p T

2
L

Putting everything together,

/ (3tXD,1 + vy VXD,l)dxdydz
Qp

_ / (@(Dan) + vi (Do) - V(Do) — iy (Dan))drdy.
TL
Hence the compatibility between the advection of the domain (2.11) and the

volume fraction equation (2.10). The reasoning is the same for the second
fluid. O

There remains to prescribe the behaviour of the tangential component of
the velocity fields at the interface. In order to obtain a wide range of two-phase
flow models at the thin-layer limit, we allow for possible slip at the interface
between the two fluids. To this end, we first consider fluid 2 as a moving rigid
body and impose a Navier-slip condition on fluid 1 at interface I'p, in the same
manner as [NRRS22| — derivations of slip conditions for compressible flows can
be found in |[ABH'17, [JW25]. We then proceed symmetrically to impose a
Navier-slip condition on fluid 2 at interface I'p. In practice, since nr, is the
outward-pointing normal vector to the domain Qp 1(t), the slip condition on
fluid 1 at interface I'p reads

Vi-nr, |z=Da1 =V;-nrp, |Z=Do¢17 (212&)
(SlnFD + "‘@i,l(Vl — vi))taIll‘Z:Dal =0. (2.12b)

where Xian|.=pa, denotes the component of the vector X which is tangential
to the interface and &, is the friction coeflicient of the first fluid at the in-
terface. Similarly, the outward-pointing normal vector to the domain Qp o(t)
being —nr,, the Navier condition for the second fluid at the interface reads

Vo - Nr,|:=Da; = Vi 0rp,|:=Day, (2.13a)
(—SQIIFD + Iﬁ?iyg(Vg — vi))tan|zzDO‘1 =0. (213b)

Firstly, combining the normal components of the Navier conditions at the inter-
face (2.12a]) and (2.13a)) recovers the continuity of the normal component of the
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velocity field at the interface . Secondly, combining the tangential compo-
nents of the Navier conditions at the interface and enables to
obtain a single condition on the relative velocity of the fluids at the interface.
Indeed, multiplying by ki 2 and by k1 and substracting the two
equations,

((I{i?ggl -+ m—’ng)npD — Iiillih [V])tan|z:Da1 = 0 (214)

Looking at the tangential component of equation ,

[(SHFD)tan]z:Dal =0. (215)

Then, denoting #; = ~“47-% the harmonic average of the friction coefficients
i, i

at the interface, equation (2.14]) can be rewritten as
(Sinry, = £i[V]) g lz=Day = 0. (2.16)

Remark 1 (About the choice of interface conditions). The choice of the Navier
condition at the interface is motivated by the fact that it allows a jump in the
tangential component of the velocity field across the interface, which as we will
see is necessary to obtain a two-velocity averaged model. In complement, the
full continuity of the velocity field through the interface I'p is also investigated.
This corresponds to imposing Dirichlet conditions for each fluid at the interface,
which results in a one-velocity averaged model at the thin-layer limit. Note that
this model can also be recovered by letting x; tend to 0.

2.3 Rescaling the equations in the thin domain assump-
tion

Let ¢ = D/L be a small parameter corresponding to the thin domain as-
sumption. Let us introduce dimensionless variables & = z/L, § = y/L and
zZ = 2z/D = z/(eL). Denoting T the characteristic time of the flow allows the
introduction of the dimensionless time £ = ¢/T. Denoting T? = T?, switching
the variables allows to study the flow on the rescaled domain

Q="T2 % (0,1).

In the same spirit, characteristic dimensions are introduced for every unknown
in the system: U = L/T for the horizontal velocity, W = €U for the vertical
velocity, R for the density, P = RU? for the pressure, M = RUL for the
viscosity, and K = RU for the friction coefficients. Denote the dimensionless
unknowns @ = u/U, w = w/W, p = p/R, p = p/P. Denote i = u/M the
inverse of the Reynolds number, A\ = A\/M and # = x/K. The dimensionless
viscosity and friction coefficients are constant parameters which may depend on
€. Moreover, the scalings of the different coefficients are assumed to be similar
for both fluids.

Denote xj the rescaled version of xp , for k € {1, 2}, Qy, the rescaled version
of Qp . and I the rescaled version of I'p. Removing the ~ notation for the sake of

clarity, and denoting Ay, = V}, - Vj, equations (2.1)-(2.11), (2.16) are rewritten

as follows:

Lemma 2. The rescaling of model (2.1))-(2.11)), (2.16) results in the following

set of equations on the rescaled domain €.
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e Dimenstionless saturation condition.

Oél+042:]..

e Dimensionless advection of the domain. For all k € {1,2},

Oexk + Vi - Vxr = 0.

e Dimensionless volume fraction equation.

O +vip(ar) - Vo = wi(og).

O + Vi - (PkVin) + 0z (prwr) = 0.

(2.17)

(2.18)

(2.19)

Dimensionless mass conservation equations. For all k € {1,2},

(2.20)

e Dimensionless horizontal momentum equations. For all k € {1,2},

Ot (peVin) + Vi - (peVin @ Vien) + 02 (prwieVien) + Vip

= (Mg + 16)Vi(V - vi) + pApve n + %azzvk,h-

(2.21)

o Dimensionless vertical momentum equations. For all k € {1,2},

1
(0 (prwr) + Vi - (previnwr) + 0= (px(wi)?)) + gazpk:

3

Dimensionless Navier boundary conditions.

1
(M + 1) 0=(V - vie) + k022 w) + peApwy.

w1|z:0 = 07
(—%Bzvlvh + I<C1V1’h) =0.

z=0

w2|z:1 = 07
(&@Vz,h + Iizvz,h) =0.
€ 1

z=

(2.22)

(2.23a)
(2.23b)

(2.24a)
(2.24D)

e Dimensionless continuity of the normal stress at the interface.

[('995041(1) — AV v = 2u0,u) — p0yo (Oyu + 05v)

+pdw + Lodu
13

[ayal(p — AV v = 2u0yv) — pdyai (Oyu + O5v)

%
+poyw + ;28211

[ — P+ AV v+ 200w — pdpa (0.u + 20,w)

— 0y (0,0 + e20,w)

(2.25)

(2.26)

(2.27)



22 o Dimensionless normal Navier interface condition.

203 —udyaq — vﬁyal + w:| =0. (228)

zZ=awa

2a o Dimensionless tangential Navier interface condition.

1
,ula(?@zul + 0wy — 20,001 (aaul — 8Zw1) — 8y0é1(8yul + 893’01)

2% *61011(91,0[1(32111 + s2ayw1) — (8ma1)2(32u1 =+ €2azw1)) z=ay

—ki[u + 2 wdpar]—a, =0,
(2.29)

1
,uls(g—zazvl + 8wy — 20,01 (8,1 — Byw1) — pary (Bpvy + Dyuy)

206 —0y01 0ya1 (O,ur + e20,w1) — ([“)yozl)z(azul + 523yw1)>zza1

—ki[v + e2wdyay ], = 0.
(2.30)

201 Remark 2. Note that the tangential Navier conditions (2.29)-(2.30]) are written
2 differently than the other interface conditions. Indeed, it is the sum of a trace
200 and a jump term, whereas the other can all be written as a jump condition.

s Proof. The introduction of the dimensionless variables and unknowns in the var-
s ious equations, boundary conditions and interface conditions is performed using
s the chain rule. The characteristic function xyj is advected by the dimension-
w03 less velocity, hence equation (2.18)). The rescaling procedure immediately yields
s the volume fraction equation, the mass conservation equation and
35 the momentum equation, which is split into two components — the horizontal
36 component and the vertical component .

307 Rescaling the boundary conditions yields equations and . Since
s the normal vector to the interface is now

309 nr = ; <_€v1ha1> s (2.31)

L=
VIt e Vhall?

s the rescaling of equation (2.7)) detailed into every component gives (2.25)), (2.26)

au and (2.27)).
312 Now, the Navier interface conditions must be rescaled. Using (2.31)), the

a3 continuity of the normal component of the velocity at the interface (2.8) is
s rescaled to obtain (2.28). The tangential condition requires more computations.
as  First, let us introduce two tangential vectors to the interface:

1 0
316 t%:D = 0 and t{iD = 1
aw(DOél) 8y(Da1)
sz Those two are rescaled as
1 0
318 t%: = 0 and tly\ = 1
anal anal

10
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Then, the tangential component of the Navier condition (2.16]) is equivalent to
the system

) =0,
) =0.
which is rescaled as (2.29))-(2.30)). O

{ (Sinr,, — Ki[v]).zpa, - tE, (D

(63}
(Sinr, — Ki[V]).=Da, - tf, (Day

3 The asymptotic system in the barotropic case

This section presents the asymptotic model derived from the rescaled compress-
ible barotropic double Navier-Stokes system —. The first subsection
introduces the fundamental notion of average that will be used later, and states
the theorem presenting the asymptotic model. The second subsection develops
the derivation process.

3.1 Presentation of the averaged model

This section introduces some notations and presents the asymptotic barotropic
model derived from the rescaled Navier-Stokes system. As explained earlier,
integrating the Navier-Stokes equations causes the appearance of averaged un-
knowns. Since the majority of the terms in the Navier-Stokes equations are
nonlinear in the compressible setting and since the multiplication and the inte-
gration do not commute, it is necessary to define different types of averages.

Definition 1 (Averages). Let f; be a function defined on the domain filled by
fluid £ € {1,2}. The average of fx, denoted fy, is defined for all (t,x) € Ry x T?
by

. h (t,x)
Trltx) = —— /h foltx, 2)d.

Oék(t,X) k—1(t,%x)
The Favre average of fi with respect to py, denoted (fx), is defined for all
(t,X) S R+ X T2 by
_ pefr(tx) (1)

m(ta X) Ak (t7 X)m(ta X) /hkl(t,x)

(fi)(t,x) (prfr)(t,x, 2)dz.

Let us state the first result on the thin-domain asymptotics of two-layer
models. The following theorem shows that under some scaling conditions on
the viscosity and friction coefficients, the averages of solutions to the Navier-
Stokes system with Navier boundary and interface conditions asymptotically
satisfy the barotropic version of model — given in the introdution. In
the theorem below, the differences between the averaged Navier-Stokes system
and the limit model in terms of the small parameter ¢ are provided. This allows
to understand the necessary conditions for the model to be valid when e goes
to 0 and to quantify the approximation errors. In the rest of the paper, the
approximation errors will be denoted thanks to the Landau notation, which is
defined as follows.

Definition 2. Let f be a function valued in R?, d € N* and let g : R, — R,
be a nonnegative function. We say that f = O(g(e)) if there exists a positive

11
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constant C' independent of € such that

If[I < Cgle)
for all € small enough, uniformly on the domain of definition of f.

Let us now state the first result of this paper.

Theorem 1. Assume the following scalings for viscosity and friction coeffi-
cients:

pE =TT, A= AeT, 0<7T <2
Vke{1,2}, { wi = R mp— RS E>1, (3.1)

where the coefficients iy, X;, k; and Ky are positive constants independent of <,
and the exponents T and £ are independent.

1 ife=1,
Define 55{0 Zfé>1.

Let (x1, 01, p1,V1,P1, X2, Q2, P2, V2, P2) be a strong solution to the Navier-Stokes

system (2.17))-(2.22)) with Navier boundary conditions (2.23))-(2.24) and interface
conditions (2.25])-(2.30]).

The functions (a1, 01, (V1,h), D1, ¥2, Pz, {V2.n), P2) satisfy the following system:

e Averaged mass conservation equations. For all k € {1,2},

af(Oék,DT) + Vi - (akﬁwk,h}) =0. (32)

Averaged momentum equations. For all k € {1, 2},

(kP (Vi,n)) + Vi - (epr(Ven) @ (Vin)) + Vi(owpr) — piViou
= —0eRn(Vin) + (=D Ri((vin) = (Vo))
+ O™+ + (1 —)et Y. (3.3)
e Averaged equations of state. For all k € {1,2},

Pk = pi(Pk) + O(€7). (3-4)

Equality of the pressures.
D1 =Pz = p; up to an error O(e7). (3.5)
e Saturation of the domain.

a; +as = 1. (36)

Remark 3. This work keeps track of the approximation errors. They will en-
able the deduction of the necessary and sufficient conditions for the asymptotic
model to be valid (see section [3.2.3), which are equivalent to the scaling pre-
scription . Our derivation process then results in an averaged model that
is compressible and inviscid. In other words, our asymptotic limit corresponds
to moderate Mach numbers and high Reynolds numbers.
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3.2 Proof of theorem|(l; derivation of the asymptotic model

The proof of theorem [I]is divided into several steps. Starting from the rescaled
equations (2.17)-(2.30)), we first simplify the vertical momentum equation and
the interface conditions by neglecting terms of high order in €. Then, we inte-
grate the mass conservation equation and the horizontal momentum equation
in the vertical direction. This procedure causes boundary terms to appear in
the equations, which must be closed using the rescaled boundary and interface
conditions. Finally, we prescribe specific profiles for the viscosity and friction
coefficients for the asymptotic model to be valid.

3.2.1 Simplification of the vertical momentum equation and inter-
face conditions

Some of the rescaled equations and conditions listed in lemma [2| are very com-
plex. However, some terms are of high order in e, and therefore become very
small in our setting (¢ < 1). Dropping these terms allows a first simplification
of the system. To make sure that the derived system is really an approximation
of the initial double Navier-Stokes system, the computations keep trace of the
errors caused along the way thanks to Landau notations. Since the scaling of
the viscosity and friction coefficients are assumed to be independent of the fluid,
the subscript k is dropped in the Landau notations.

Performing the asymptotic analysis impacts the vertical momentum equa-

tion (2.22) and interface conditions (2.27), (2.29) and (2.30) in the following

way.
e Asymptotic vertical momentum equation. For all k£ € {1, 2},

D20k = (N 4 1) 0:(V - Vi) + pu0zwi + O(2). (3.7)

e Asymptotic continuity of the vertical component of the normal
stress at the interface.

[ —p+ AV v+ 2ud,w — pVyay - 8th} = O(ue?). (3.8)

=

e Asymptotic tangential Navier interface condition.

(%szl,h) — Ki[Vh]iza, = O(ue + Iﬂ?i€2) (3.9)

=

Remark 4. In the previous paragraph, we did not simplify the horizontal mo-
mentum equation (2.21)) since the terms of order £2 are not negligible. Indeed,
multiplying (2.21)) by 2 and neglecting the quadratic terms in ¢ yields

,ukﬁzzvk,h = 0(52). (3.10)

The term py0,.vg n/e? is thus of order 1 and cannot be neglected in the equa-
tion.
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3.2.2 Averaging the equations

Now, the averaging of the mass conservation equation and momentum equations
is performed for each fluid in the vertical direction, therefore obtaining a two-
dimensional system. The boundary terms which appear during the integration
are approximated by terms which only depend on the averaged unknowns in
order to close the system. The approximation errors are written explicitly during
the whole averaging process. The averaging is performed for the first fluid, the
second fluid being treated in the same way.

First, let us average the rescaled mass conservation equations . Multi-
ply equation by x1 and integrate it with respect to z € (0,1) — which is
the same as integrating the equation with respect to z € (0, aq):

1
/ X1 (8tp1 + Vi - (plvl,h) + 8Z(p1w1)) (z)dz =0.
0

Since x10ip1 = O¢(X1p1) — p10:x1 With Orx1(t, X, 2) = 01 (t,X)0q, (¢,x)(2),

1 [e51]
/ X10p1(2)dz = 3t/ p1(2)dz — p1(a1)diar = Oy(a1pr) — p1(a1)drar.
0 0
Proceeding similarly for the second term of the equation,

Ot(a1pr) — p1(a1)0rar + Vi, - (a1pivan) — prvin(ar) - Vi(ar)
+ ,01101(0[1) — plwl(O) =0.

Using the volume fraction equation (2.19)), the bottom impermeability condi-
tion and the relation p1viy = p1(vy1,,) finally gives the averaged mass
conservation equation for the first fluid. The reasoning is the same for
the second fluid, the equation being multiplied this time by x2 and using the
Navier condition . Note that the averaged mass conservation equations
are exact as no approximation is needed in the averaging process.

Let us now prove the pressure equilibrium . A Taylor expansion and
the asymptotic rescaled vertical momentum equation give that

{ Vz e (0,a1), pi(2)=pi(a1)+O(u),
Vz € (a1,1), pa(z) =p2(aa) + Op).

Taking the average of these relation gives that for all k € {1,2},
P = pr(a1) + O(p). (3.11)

The continuity of the normal stress at the interface (3.8)) implies the relation
p1(aq) = pa(a1) + O(p). Combining these equations together yields

p1 =72+ O(p).

In order to be consistent with the literature on two-phase flows [DP99, THT1],
we introduce the so-called interfacial pressure p;, which is an approximation of
the pressure at the interface. The previous equation along with justify
that we set

pi=Dr +O(n), Vke{l,2}

The pressure equilibrium (3.5)) stated in the theorem is thus proven.
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Proposition 1. For allk € {1,2}, the averaged horizontal momentum equation
reads

0 (0rpe(Vie,n)) + Vi - (pe(Vien) @ (Vie,n)) + Vi(owbr) — pi Viok
Kq

= = {vin) + (D Z(vin) = (van)) + R, (3.12)

(k+e)+k(k+e) n (Eli+€2)2>
I I '
Proof. The proof is performed for £ = 1. Multiply the horizontal momentum

equation (2.21)) by x; and integrate it with respect to z € (0,1). Using the
volume fraction equation (2.19) and the impermeability condition (2.23a]) yields

where R = O(u + ki + i

Ot(c1p1(v1i,n)) + Vi - (cap1{vin @ vin)) + Vi(a1pr) — p1(a1) Vi
= B ovinn) - 5ovin(0)

+ /a1 ((>‘1 + p1)Va(V-vy) + H1AhV17h)(z)dz.
0

Thanks to the horizontal Navier condition on the bottom boundary (2.23b|), the
equation reads

O(a1pi(vin)) + Vi - (aapi{vin ® vin)) + Vi(aabr) — p1(a1)Vias

K
= —?1V1,h(0) + gazvl,h(m)

o
+ / (()\1 + 1)V (V-vy) + ,UlAhVLh) (z)dz. (3.13)
0
The asymptotic Navier condition (3.9)) then gives
H1 K
gazvl,h(oq) = ?(Vzh(oq) —vin(o)) + O+ kKie).

Injecting this new term into (3.13) causes an approximation of order p. The
integral term of the equation being of the same order as the approximation
error,

O (apr(vin)) + Vi - (aapi(vin @ vin)) + Vi(aapr) — pi(aq) Vo
= —%vlyh(()) + %(VQ,h(Oél) = vin(ar)) + O(p+ k). (3.14)

To close this equation, the pointwise values of the velocity and the pres-
sure must be expressed thanks to their averaged values. Using estimate (3.11)
and the pressure equilibrium , we approximate pi(a1) by p;, causing an
approximation of order u.

The pointwise values of the velocity is detailed in the following lemma.

Lemma 3. The pointwise values of the velocity vi can be approzimated as
follows:

(3.15)

2
Vee (0,01),  vin(z) = (vin)+0O (5" te ) .

The same approximation remain valid for va p.
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Proof. Recall that remark [ justifies that
Vze (0,a1), 1105,V1p(2) = (9(52).

Moreover, the horizontal component of the bottom Navier boundary condi-

tion (2.23b)) gives
p10,v15(0) = O(ke).

Thanks to a Taylor-Lagrange expansion,
Vze (0,a1), p10.v1(2) = O(ke + €2). (3.16)
Another Taylor-Lagrange expansion gives

V(z,2') € (0,01)%,  vin(z) = vin(Z) + (2 = 2)8vin(2) + OE2 /),

2
:vl,h(z/)_i_o(gl’i‘i‘&— >

Equation (3.15)) is then obtained by taking the Favre average of the previous
equation with respect to z’. The reasoning is the same for vy ;, with z € (aq,1),
using the top Navier condition (2.24b|) to get the estimate. O

Applying the different approximations for the interfacial pressure and bound-
ary and interfacial velocity yields
Or(aapr(vi,n)) + Vi - (capi(vin @ vig)) + Vi(ai1pr) — piVaas
KR Rj
= v+ Z(van) — (vin)
ki(k+e)+r(k+e)

" ) . (3.17)

Finally, the Favre average (vi j ® vy ;) is going to be expressed with respect to
the tensor product of the Favre averages. This way, the resulting system will
only depend on the averages of the density, the velocity and the pressure.

+O<,u+l€i€+

Lemma 4. The Favre average of the tensor product of the velocity vy with
itself is approximated by the tensor product of its Favre averages.

(Vi @ Vi) = (Vin) © (Vi) + O(w:;j)) (3.18)

Proof. As shown in lemma [3]

Vze (0,m), vin(z) = (vin) + f(2),

ek + €2

where f:(’)( ) and (f)=0.

The tensor product vy ® vy, is thus developed as
Vip®@Vip = (Vip) @ (Vip) +2(vipn) Q@ f+ f® f.

Since f® f = O((ke + 52)2/u2), taking the Favre average of the equation above

yields (3.18). O

Using approximation (3.18) in equation (3.17) yields the averaged momen-
tum equation (3.12)). For the second fluid, the reasoning is the same once the

tangential Navier condition is rewritten with S instead of S; — which is made

possible by (2.15). O
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3.2.3 Closing the system

To get the set of equations that is presented in theorem [1} it is necessary that
the momentum equations (3.12)) remain valid when e becomes very small. Three
conditions arise:

1. R ~—0+ 0, which means that the approximation error vanishes when ¢ tends
E—r
to 0;

2. (v1,n) — (van) must be well defined (i.e finite) when € tends to 0;

3. the friction terms in the momentum equations must be independent of ¢ at
the thin-layer limit.

These conditions are the reason for the particular scaling requirements for the
viscosity and friction coefficients presented in (3.1). Indeed, let us prescribe
viscosity and friction scalings as follows:

Ve {1,2}, ik =ImeT, kKp=FRRet, ki =R,

where 7,£,( € R,. Rewriting the approximation error R with the previous
scalings yields

R = O(€T+€1+<+€§+C*T+€1+C*T+€2£7T+€1+§7T+€2+2§727‘+€3+£72’T+€472T).

Satisfying the first condition adds the following constraints on the viscosity and
friction scalings:

C+eE>71, 1+(¢>71, 1+&>7, 26>7and2>71>0.

In addition to the remainder R going to 0 at the limit, the difference between
the averaged velocities must remain finite when € becomes very small for the
model to be valid. Rearrange the Navier interface condition (3.9) as

e
vpi(ar) — vipo(on) = 7(9#1‘ 0.vip(ar) + 0O (# + 52) .

Rq Ri

Replacing the pointwise values of the velocities by their Favre average and us-

ing (3.16) yields

K—+e+4ue ke + e
— H + _’_52).
1

(vin) = vy =0
Replace the viscosities and friction coefficients by their scalings to obtain
(vin) = (van) = O(5C + e ¢ 4T 4T L 27T 422 (3.19)
The second condition is thus satisfied if and only if

£2¢ 1=2Candl+72>(

Finally, the model must be independent of € at the main order. Namely, the
friction terms = ((va,5) —(v1,n)) and “E (v ) for k € {1,2} must be well defined
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at the limit € — 0. Since (vy ) — (Vo) is finite, this condition is satisfied if
and only if
E>21land ¢ > 1.

Taking into account all the different constraints results in the scalings (3.1):
VEk e {1,2}, e =1meT, 0<7<2, k=rpet, £€=>1and k; = Re.

Applying the scalings above yields equations , and . Equa-
tion is given as still holds.

At this stage, this system is underdetermined as it includes eight unknowns
but only six equations. It remains to adapt the barotropy laws to the new set
of equations to get equations . Let us prove this result in the case k = 1.
Using the rescaled vertical momentum equation (3.7), 9.(p1(p1)) = O(n). Let
z* € (0, 1) such that p;(2*) = pr. Thanks to a Taylor-Lagrange expansion,

Vze (0,a1), p1(p1(2)) = p1(p1(27)) + O(p).

Averaging the previous equation with respect to z and expliciting the scaling of
the viscosity yields (3.4).

Remark 5. Compared to the Navier-Stokes system of section [2] the limit of the
volume fraction equation is not considered. Indeed, the volume fractions
a1 and ag are deduced from the equality of the averaged pressures and
the saturation condition .

3.3 Recovering the one-velocity one-pressure model

The prescription of a Navier friction condition at the interface between the
fluids is motivated by the desire to derive a two-velocity model. As mentioned
in remark [T} other choices for the interface conditions are possible. If the friction
coefficient r; decreases slower than e (i.e k; = R;e¢ with ¢ < 1), then the
difference between the averaged velocities tends to zero when £ becomes
small, resulting in the model which would have stemmed from the derivation
with Dirichlet interface conditions with respect to the relative velocity:

[V]:=Da, = 0. (3.20)

This condition imposes the continuity of the velocity at the interface and leads
to a one-velocity, one-pressure model, which reads:

Theorem 2. Assume the same scalings for the viscosity and friction coefficients

as in theorem[1] (conditions (3.1) ). Let (x1, a1, p1,V1,P1, X2, @2, P2, V2, P2) be a
strong solution to the Navier-Stokes system (2.17)-(2.22) with Navier boundary

conditions (2.23))-(2.24) and interface conditions (2.25)-(2.27)), (3.20).

Then the averaged velocities satisfy

(Vin) = (van) + O(E*T).

Denoting (vy) this velocity, the functions (a1, as, p1, Pz, (Vir), D1, D2) satisfy the
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following system.:

Oy(awpr) + Vi - (upr(vn)) = 0, (3.21)
9 (P(vh)) + Vi - (p(vi) ® (Vi) + Vi(oaP1 + aopz) = —0¢ (k1 + K2)(Vh),
(3.22)
pr = pr(Pr), (3.23)
D1 = Pa, (3.24)
o Fag=1 (3.25)

where k € {1,2} and p = a1p1 + asps. Same as before, the momentum equation
is satified up to an error of order €™ +&2~" + (1 —3¢)eS "1 and the equality of the
pressures is satisfied up to an error of order €7. This system is symmetrizable
and therefore hyperbolic.

Remark 6. The equality of the velocities up to an error of order €27 stems from
the Dirichlet condition associated with the estimate (3.15). Indeed, since the
velocities are equal at the interface, and since they don’t vary much vertically,

vl,h(al) = V2)h<0[1),
Veke{l,2},  vgnl) = <Vk7h>+O<MT+€2).

Once combined, and developing every coefficient with respect to its scaling,

<V1’h> = <V2’h> + 0(€1+5_T + 62_7—).

Since ¢ > 1, the equation is satisfied up to an error of order £2~7.

4 The Navier-Stokes-Fourier case

This final part extends the results of the previous section to the non-barotropic
case. The microscopic model must therefore be completed with two energy
equations, and the equations of state must now include the specific internal
energies. We reproduce the averaging process on these two energy equations and
pay special attention to the heat transfer between the fluids. This will enable the
derivation of a two-velocity, one-pressure and two-temperature averaged model.

4.1 The Navier-Stokes-Fourier system

Let k € {1,2}. First, recall the equations describing the evolution of the do-
main, namely the advection of xp , the fraction equation and the saturation
condition:

Oixp.k + Vi - Vxpr =0, (4.1)
6t(Da1)+v1,h(Da1)-Vh(Dal) :wl(Dozl), .
a; +as = 1. (4.3)

Now, let us introduce the Navier-Stokes-Fourier equations. Let 0 : Ry xQp  —
R be the temperature of fluid &, ey : Ry x Q — R its specific internal energy and
By = (1/2) |vi|>+ey its specific total energy. Let 85 be the thermal conductivity
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62 of fluid k. It is a constant parameter of the flow that might depend on ¢,
633 similarly to the viscosity and friction coefficients. The flow is now described by
6 two compressible Navier-Stokes-Fourier systems and two equations of state:

635 Opr + V- (prve) =0, (4.4)
636 O(prvi) + V- (pve @ vi) + Vpp, =V - Sy, (4.5)
637 O(puBr) +V - ((pxBr + pr)vi) = V- (Spvi) + V- (BrVOy), (4.6)
638 Pr = Pk Pk Prek), (4.7)
639 Or = Ok (pr, prex)- (4.8)

o0 The pressure pi and the temperature 8 are defined thanks to a complete equa-
e tion of state which assumes the existence of a specific entropy s; such that

642

1
643 0rdsy = prd (> + deg. (49)
Pk

644 Navier boundary conditions are kept on the top and bottom of the domain.
es In addition, the domain is thermically isolated. The boundary conditions thus
e read

647

’11}1‘22() = O, (4.10&) w2|Z:D = O, (4.11&)

(_Sl,hz + H1V17h)|220 =0, (410b) (SQ,hz + H2V27h)|z:D =0, (411b)

B10,601].=0 = 0. (4.10c¢) B20.603|.=p = 0, (4.11c¢)
648 The interface conditions are completed with a Robin-type condition for the

s0 heat transfer, see for instance [HO12|. The interface conditions thus read

650 [onr,l:=pa, =0, (4.12a)
651 [v-nr,l:=pa; =0, (4.12b)
652 (Sinr, — &i[v])tanlz=Day =0, (4.12¢)
653 81V -nr, |Z=Da1 = hc[a]zzpal, (4.12d)
654 B2V0s -nr, |,=pa; = Pelb]:=Day (4.12e)

ess  where h, is the contact conductance for the interface. Note that the heat flux
oo at the interface is continuous and is expressed thanks to (4.12d)) and (4.12€]).

e 4.2 The averaged model

es In what follows, we apply the same approach as in sections [2| and Starting
60 from a rescaled version of the two-layer Navier-Stokes-Fourier equations, an
60 asymptotic analysis is performed in order to obtain a system of equations for
e1  the section-averaged variables which is independent of the vertical variable. By
62 using the relevant regimes relative to the domain thickness, we may obtain the
663 well-known six-equation model -, which has been extensively studied
s« in the literature and industry [DP99, TH11l Bes90l [Ndj07].

20



666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

Theorem 3. Assume the following scalings for the viscosity, friction and heat
transfer coefficients:

iy = e, )\k:ﬁsﬂ 0<7<2

Vke{1,2}, Ki = Rie, Kk = Rpet, &> 1; (4.13)
Br = Bre?, 0<y<2.
1 dfe=1, (1 ify=0,
Define 55{0 ifE>1, a”d57{0 if v > 0.

Let (x1,01, p1, V1,01, E1, 01, X2, 02, p2, Va, P2, Ea, 02) be a strong solution to the
rescaled version of the Navier-Stokes model (4.1)-(4.9) with boundary condi-

tions (4.10)-(4.11) and interface conditions (4.12)). Assume that
2. Vib, = O(2/B). (4.14)

The funCtionS (ala p717 <V1,h>7ITla <E1>5E7 QQ,E, <V2,h>7p727 <E2>7 g) then satz'sfy
the following system at the main order in &:

Ot(crpr) + Vi - (arpr(V,n)) =0, (4.15)
O¢(arpr(Vi,h)) + Vi - (pe(Vin) @ (Vien)) + Vi(awDr) — piViak

- . (4.16)
= —0¢kr(Vin) + (=1 Ei((vin) — (van)),
Ot (rpr(Er,n)) + Vi - (ar(Pr(Er,n) + Pk)(Vi,n)) + piOraug
= 0 [(view) [ + (=) B ((vin) = (Vo)) - (Vi) (4.17)
+0,(BVin - (akViBr) + (—1)*he(01 — 02),
Pk = Pk (P, Pr(ex)) (4.18)
O = 0k (P, Prlex)), (4.19)
pi =2 =i, (4.20)
ar +ap =1, (4.21)

where k € {1,2} and he = he/e.

As in the barotropic case, the averaged momentum equation s sat-
isfied up to an error of order €™ + &> + (1 — 55)55_1. The averaged energy
equation is satisfied up to an error of order €™ +&27T 4277 4+ (1—-4,)e7.
The equation of state for the pressure and the pressure equality are
satisfied up to an error of order €7. The equation of state for the temperature-

[@.19) is satisfied up to an error of order e2=7.

Remark 7. Replacing the equations of state (2.4]) by the energy equations (4.6)
and the equations of state (4.7)-(4.8)) does not change the fact that the asymp-
totic averaged system has only one pressure.

Remark 8. The scaling of the thermal conductivity can be expressed in terms
of the Péclet number Pe = RePr, where Pr = ¢,u/f is the Prandtl number,
cp is the specific heat and Re is the Reynolds number. The scalings prescribed
in mean that the Reynolds number is of order e~ and is therefore very
large. Similarly, the Péclet number is of order €~7, which is consistent with
engineering applications where it is often much larger than one. Finally, the
Prandtl number is of order €7 7. The profiles thus do not prescribe any
constraint on the value of the Prandtl number.
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4.3 Proof of theorem [3

The proof of theorem [3]is similar to the one in the barotropic case. In particular,
the averaging of the mass conservation and momentum equations is the same.
This proof only details the specificities of the Navier-Stokes-Fourier case: rescal-
ing the new unknowns and the energy equations and averaging of the energy
equations and of the new equations of state.

4.3.1 Rescaling the energy equations and the thermal flux conditions

Following the procedure of the barotropic case, it is now necessary to rescale and

simplify (by neglecting some terms, as in section|3.2.1)) the energy equation (4.6)).
We introduce the following characteristic dimensions: £ = U? for the specific

energy, © for the temperature, B = RU®L/© for the thermal conductivity
and H = RU?/© for the contact conductance. Consider the following rescaled
variables: F = E/E, 0= 6/0, B = B/B and he = he/H. In the following, the ~
notation is removed for the sake of clarity.

The rescaling procedure can be done term by term. Let us start with the
left-hand side of the energy equation (4.6). Denoting Ej , = (1/2) |vk7h|2 + ex
for k € {1,2}, the rescaled left-hand side of the energy equation reads

O (pkErn) + V- ((pkErn + pr)vi) + €20 (prwi /2) + V - ((pkwi /2)) Vi)

The terms of order £? are neglected in the rest of the derivation.
Rescaling the thermal diffusion term is straightforward. The rescaled version
reads

Br
BreAnbi + E—Qazzek-
The viscous term is the most technical one.

Lemma 5. After simplification, the rescaled viscous term in the energy equa-

tion (4.6) reads
g@z(vml . ﬁzvk,h) + O(M) (4.22)

Proof. Developping the viscous term of the energy equation (4.6)) yields
V- (Skvk) =V- (Ak(V . Vk)Vk) + uipV - (ZDkvk)

The bulk term does not need to be detailed as the rescaling does not affect its
expression. Since

2u0u + v(Oyu + 0v) + w(0,u + dyw)
Dy = | w(0zv + Oyu) + 200yv + w(d,v + yw) |,
w(Ozw + 0,u) + v(Oyw + 0,v) + 2w, w

the rescaled version of its divergence reads

Oz
18y 2DV = Vi - (Vi @ Vien + (Vi @ Vi) )WVien) + Vi - (wrdovin)
0=

1
+ Vi - (2wp Viwy) + 0. (Vi - Viwy) + gaz(vk,h - 0:Vin) + 2w 0wy,
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Multiplying the previous term by p; and adding the bulk term yields the fol-
lowing expression for the rescaled viscous term:

MV (V- vi)Ve) + Vi - (Vi @ Vin + (Vi @ Vi) Vi)
+ e Vi - (W0 Vi + e2wp Viywg) + px0. (Vi - Viwy)

1
+ Nk?az(vk,h < 0.Vi,n) + 2up w0, Wy
The prevailing term in the previous expression is of order pu/e2. The rest of
the terms are of order . Knowing that the use of Navier interface conditions

causes an approximation error of order u, those terms are neglected right away
to ensure simpler equations. Hence (4.22)). O

Finally, the rescaled version of the energy equation reads
O(prErn) +V - ((prEr,n + pr)Ve) = %@(Vk,h < 0;VEn)
+ BrAnbi + %@ﬁk +O(u+e%). (4.23)

The rescaled adiabatic boundary conditions (4.10c|) (4.11c|) and the rescaled
heat transfer interface conditions (4.12d))-(4.12¢) are

ﬁ18z01|z:0 = 07 (424)
B20.02|.=1 = 0, (4.25)
( —ef1Vpay - Vit + %6,391) |z:a1 = he[0]:=a, (4.26)
(—efaVhar - Vil + %5292) |Z:oé1 = hel0]=a, - (4.27)

Remark 9. Multiply equation (4.23) by &2, to get that for k € {1,2},

ﬁk(‘)zzek(z) = —,ukaz(vk,h . 8zvk,h) + O(EQ + /1,52 =+ 64).

Since pr0; (Vi - Ox Vi n) = Mk |8zvk’h|2 + [V - 022V p, the estimates (3.10
and (3.16)) and the scalings for the friction and the viscosity coefficients (4.13
enable the obtention of the following estimate for k € {1,2}:

Br0.0k(2) = 0(52) in Q. (4.28)
Using the adiabatic boundary conditions (4.24]) and (4.25) gives that for k €

{1’2}7
Br0.0k(2) = 0(62) in Q. (4.29)

Therefore, for k € {1,2},
0 (2) = 0 + O(2/B) in Q. (4.30)
These estimates along with the interface conditions (4.26)) and (4.27) give

helf]z=a, = O(e). (4.31)
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4.3.2 Averaging the energy equations

Let £ = 1. Since the integral is linear, the averaging of the different terms of
the rescaled energy equation (4.23) will be detailed separately.

First, integrate the left-hand side of the equation between z = 0 and z = a;.
Similarly to section use the rescaled volume fraction equation (2.19) and
impermeability condition (2.23) to get

o
| @uorBr) + 9 (B pr)vad)ds = dienpi(Er)
0
+ Vi - (@1 (pi(E1nvin) +P1vin)) — pi(on)Vior + pr(on)wy (o).

Using once again the rescaled volume fraction equation (2.19)),

| @ulorBr) + 9 (B + p)vid)ds = Bianpi(Ern)
0
+ Vi - (a1 (p1(Erv,nvin) +DP1vie)) + pi(an)0eo.

Replace the velocities by their Favre averages thanks to (3.15)) to get

/Oa1 (0e(prE1n) + V- ((p1Evn 4 p1)v1))dz = Oy (arpr(Ern))

ek + €2

+ Vi - (1 (P1(E1,p) +P1) (Vi) + pi(er)Oren + O( ) (4.32)

Next is the averaging of the viscous term. Using the asymptotic Navier inter-
face condition (3.9) and the rescaled bottom impermeability condition (2.23b)
yields

/ K01 0w )z = B (v (en) - evan(en) v (0) - v (0)
0

=~ vialan) = vau()) - viaen) = L viaO)F + Ou + rie).

Replacing the pointwise values of the velocities by their Favre average using

estimate ([3.15)) gives

K; K

/ lizlaz("l,h Ovin)dz = == ((vin) — (V) - (Via) — = (Vi)
0 g 13 13

(k+ ki) (k+e)

+(9(u+/<aie+
I

). (4.33)

Last, integrate the thermal diffusion term. Using the adiabatic boundary

condition (4.24) and the interface condition (4.26)) yields
oy
/ (B1ARO: + %3zz91)d2 = 51V - (1 Vith)
0
— B1Vpar - Vipbi(on) + %azﬂl(al),

= 90 (@) — (0 (a1) — fafan)).
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Approximate the pointwise values of the temperatures by their averages

thanks to (4.30) to get

| o+ Bo.0)ds = 51V (ai¥a) - 220 -82) + 0(2/9). (139
0

The term Vj60; is unsatisfactory since it introduces a new unknown. To solve
this problem, two strategies are possible. The first one is to express this term
in terms of the averaged temperature 6; using the lemma below.

Lemma 6. Assume that for k € {1,2}
0, V1,0, = (’)(52/5) m Q.
Then, for k € {1,2},
Vi (Vi) = Vi - (i Vibi) + O(e2/B). (4.35)
Proof. The proof is done with &k = 1. Since
a1Vp01 = a1 Vi + Vi (01(an) — 01), (4.36)
taking the horizontal divergence of the previous equation yields
Vi - (1 Vibh) = Vi - (1 Vb)) + Apay (01 (o) — 6;)
+ Viar - ((Vabh)(ar) + 0.01 (1) Viay — Viby).

Using estimates (4.28]) and (4.30)),
Vi (Vi) = Vi - (a1 Vi01)) + Vs - (Vib1)(ar) — Vi) + O(e? /).

Reusing and estimate (£.30)), Vil = V01 + O(£2/5).
Therefore,

Vi - (@1 Vi) = Vi, - (a1VR01) + Vioy - (Vi61)(cn) — Vi61) + O(€?/).
Finally, assumption enables the obtention of equation . O

The second way to solve the introduction of the unknown V01 is to scale
the thermal conductivities as 35 = B;e“f for k € {1,2} with 0 < v < 2. This
allows to get rid of the heat diffusion term up to an error of order 7. Note that
in this case, no assumption about the vertical variation of V0 is required.
To synthesize the results, we assume that the thermal conductivities are scaled
with 0 < v < 2 as in (3.1)) and that the hypothesis (4.14)) is satisfied.

Assembling (4.32)), (4.33), (4.34) and (4.35) yields the averaged energy equa-
tion

Or(a1pi(Ern)) + Vi - (a1 (pr{E1n) +P1)(Vin) +p1(a1)0rar = —% [(vin)l®

+ %(<V1,h> —(van)) - (vin) + B1Vi(aa Viby) — h

<
e

((01) — (02)) + R,
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2
where R:O(u—i—ma—l—az—l—(H+M+€)(K+E)+E—).
Iz B

Since the averaged pressures are equal up to an error of order u, they are
still indistiguishable in the averaged energy equation. Moreover, similarly to
the momentum equation, the pointwise value py (1) is replaced by p;.

Using the scalings , the averaged energy equation holds up to
an error of order €™ + %77 + 277 4+ (1 — §,)e".

Remark 10. The scaling for the contact conductance h. has been prescribed in
order to get a two-temperature model. Note that the only constraint on A,
is given by . Chosing a contact conductance that decreases slower than
e would therefore imply that the difference of temperatures at the interface
decreases to zero when € becomes very small, resulting in a one-temperature
averaged model (since the temperatures do not vary sharply in the vertical
direction).

4.3.3 Obtaining the averaged equations of state

The equations of state are averaged in a similar way than in the barotropic case.
However, now the pressures and the temperatures depend on two variables, so
the proof needs a little adaptation. Let us prove the result for the pressure pq
(the proof for py and the temperatures are similar).

Recall that thanks to the asymptotic vertical momentum equation,

9.p1(p1, pre1) = O(p).
Let z* € (0, 1) such that p;(2*) = p1. Thanks to a Taylor-Lagrange expansion,

Vz e (0,0&1), pl(pl(z)aplel(z)) = pl(pl(Z*)aplel(z)) + O(,u)

Then, consider z’ € (0,a1) such that piei(2’) = prer = pi{e1). A second
Taylor-Lagrange expansion yields

Vz€(0,01),  pi(pr(27), prei(2)) = pi(pa(2"), prer(2’)) + O(n).

Therefore, Vze (0,a1), p1(p1(2), prei(z)) = p1(p1, piler)) + O(p).

Averaging the previous equation with respect to z and expliciting the scaling of
the viscosity yields .

The procedure is the same for the temperature, but using estimate ,
the approximation error is of order 2/3.
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