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Abstract

In this paper, we propose a discretization of the multi-dimensional stationary compressible Navier-Stokes
equations combining finite element and finite volume techniques. As the mesh size tends to 0, the numerical
solutions are shown to converge (up to a subsequence) towards a weak solution of the continuous problem
for ideal gas pressure laws p(p) = ap”, with v > 3/2 in the three-dimensional case. It is the first convergence
result for a numerical method with adiabatic exponents « less than 3 when the space dimension is three.
The present convergence result can be seen as a discrete counterpart of the construction of weak solutions
established by P.-L. Lions and by S. Novo, A. Novotny.

Keywords: Stationary compressible Navier-Stokes equations, staggered discretization, finite volume - finite
element method, convergence analysis.
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1 Introduction

Let Q be an open bounded connected subset of R¢, with d = 2 or 3, with Lipschitz boundary. We
consider the system of stationary isentropic Navier-Stokes equations, posed for « € €

div(pu) =0, (1.1a)
divipu @ u) — uAu — (u+ AN)V(divu) +aVp? = f. (1.1b)
The quantities p > 0 and u = (uy,..,uq)” are respectively the density and velocity of the fluid,
while f is an external force. The pressure satisfies the ideal gas law with a > 0 and v > 1. Equation
(1.1a) expresses the local conservation of the mass of the fluid while equation (1.1b) expresses the
local balance between momentum and forces. The viscosity coefficients p and A are such that g > 0
and g+ A > 0. System (1.1) is complemented with homogeneous Dirichlet boundary conditions on
the velocity:

ulaq = 0. (1.2)
System (1.1) is under-determined. Indeed setting u =0, f = V¢, then
¢+ C\3
= ()

a

is a solution for any C' € R such that ¢ + C > 0. To remove this indeterminacy, we prescribe the
average of the density (up to the normalization by || it is the same as prescribing the total mass)

1 / N
— | pdx=p*>0. (1.3)
€2 Jo
Regarding the theoretical results on these equations, the existence of weak solutions has been
first proved by Lions in [32] for adiabatic exponents v > g in dimension d = 3, a result which
35

has then been extended to coefficients v € (3, 3) by Novo and Novotny in [33]. The compactness



method developed in these papers is based on a priori estimates, namely the energy estimate and a
crucial estimate on the pressure in L4(Q2), for some ¢ > 1. Then, as detailed in Section 2, the core
of the proof consists in passing to the limit in the non-linear pressure term by proving the strong
convergence of the density. The difficult step relies on a weak compactness property satisfied by
the so called effective viscous flux, (2pu+ N)divu — ap?, and on the use of renormalized solutions to
the continuity equation introduced in the DiPerna-Lions transport theory.

From the numerical viewpoint, compressible fluid equations have been intensively studied and
several codes have been designed in the last few years. In this paper, we consider a stabilized
version of a numerical scheme implemented in the industrial software CALIF3S [3] developed by
the French Institut de Radioprotection et de Sireté Nucléaire (IRSN, a research center devoted to
nuclear safety). This scheme falls in the class of staggered discretizations in the sense that the scalar
variables (density, pressure) are associated with the cells of a primal mesh M while the vectorial
variables (velocity, external force) are associated with the set £ of faces of the primal mesh. Such
decoupling, associated here with a Crouzeix-Raviart finite element discretization [5] (but other
non-conforming finite elements are possible, such as the Rannacher-Turek discretization [35]) of the
viscous stress tensor, provides a discrete equivalent of the pressure estimate, thanks to the so-called
discrete inf-sup stability condition (see for instance [23]). This condition, which is also satisfied by
the MAC scheme (see [26], [24], [25]) on structured grids, ensures the unconditional stability of the
scheme in almost incompressible regimes (for instance in the low Mach regime, see [18] and [27]).
Let us mention that, contrary to the MAC scheme (where the domain §2 is assumed to be a finite
union of orthogonal parallelepipeds, and the mesh is composed by a regular structured partition of
rectangular parallelepipeds with cell faces normal to the coordinate axis), the scheme considered in
this paper is able to cope with unstructured meshes. From the implementation viewpoint, the price
to pay in our case (unstructured meshes based on general simplices) is the number of unknowns:
for the MAC scheme, the unknowns for the i-th component of the velocity are associated with the
cell faces normal to the i-th coordinate axis. In our case, the velocity unknowns are the same for
each component and are associated with all the faces of the mesh, which means that we have d
(space dimension) times more unknowns.

In its reduced form, our numerical scheme reads

diVM (pu) + Tsltab + Ts2tab = 07

dive(pu @ u) — pAsu — (n+ N)(V o div)gu + aVe(p?) + 13, = Ig f,

where, as suggested by the notations used for the discrete differential operators, the (scalar) mass
equation is discretized on the primal mesh M, whereas the (vectorial) momentum equation is
discretized on a dual mesh associated with the set of faces .

The finite element discretization for the viscous stress tensor is here coupled with finite volume
discretizations of the convective terms which allow, thanks to standard techniques, to obtain dis-
crete convection operators satisfying maximum principles (e.g. [29]). The discrete mass convection
operator is a standard finite volume operator defined on the cells of the primal mersh M while the
discrete momentum convection operator is also a finite volume operator written on dual cells, i.e.
cells centered at the location of the velocity unknowns, namely the faces £. A difficulty implied by
such staggered discretization lies in the fact that, as in the continuous case, the derivation of the
energy inequality needs that a mass balance equation be satisfied on the same (dual) cells, while



the mass balance in the scheme is naturally written on the primal cells. A procedure has therefore
been developed to define the density on the dual mesh cells and the mass fluxes through the dual
faces from the primal cell density and the primal faces mass fluxes, which ensures a discrete mass
balance on dual cells.

Compared to the continuous problem (1.1), the discrete equations contain three additional
“stabilization” terms T, that ensure the convergence (up to extracting a subsequence) of the
numerical solutions towards weak solutions of (1.1)-(1.2)-(1.3) as the mesh size tends to 0. The
first stabilization term 771 | guarantees the total mass constraint (1.3) at the discrete level. The
second stabilization term T2, , which is a discrete counterpart of a diffusion term for (some power
of) the density, provides an additional (mesh dependent) estimate on the discrete gradient of (some
power of) the density. As we will explain in details in the core of the paper, this artificial discrete
diffusion is used to show the crucial convergence property satisfied by the effective viscous flux. The
last stabilization term 73 | is an artificial pressure which is necessary only if v < 3. The precise
definitions of the discrete operators and stabilization terms are given in Section 3.

There exist in the literature several recent convergence results for finite element or mixed finite
volume - finite element schemes. In [13], Eymard et al. (see also [19] for the particular case v = 1,
i.e. a linear pressure term) study the compressible Stokes equations, that correspond to (1.1) where
the nonlinear convective term div(pu ® u) is neglected. At the discrete level, the two stabilization
terms T} | and T2, are introduced for the convergence analysis of the numerical scheme. In the
case of Equations (1.1)-(1.2)-(1.3), i.e. with the additional convective term, Gallouét et al. prove
in the recent paper [21] the convergence of the MAC scheme under the condition v > 3, with only
one stabilization term T} | ensuring the mass constraint (1.3) (we refer to Remark 5.1 below which
explains why T2 , is unnecessary for the MAC scheme). Finally, Karper proved in [28] (see also
the recent book [15]) a convergence result in the evolution case, again for v > 3, and an equivalent
of the artificial diffusion term 772, is also introduced (note that in the evolutionary case there is
no additional mass constraint and thus no need for T} ). Let us mention that for the evolutionary
case, error estimates are available in [22] for the whole range v > %, and that convergence results
have been obtained in [16] for 1 < 7 < 2 within the framework of dissipative measure-valued
solutions, a “weaker” framework than ours.

To the best of our knowledge, our result is the first convergence result in the three-dimensional
case for values v € (2,3] within the framework of weak solutions with finite energy (see Definition
2.1). Tt provides an alternative proof of the existence result obtained by Lions or by Novo and
Novotny. Compared to the previous numerical studies dealing with coefficients v > 3, it requires
the introduction of a third stabilization term 773, , an artificial pressure term weighted by some
power of the mesh size: h*Vg(pl) with T' > 3. Note that the stabilization terms 72, and T3,

are not implemented in practice and are introduced here for the convergence analysis.

Let us emphasize that the evolution case is beyond the scope of this paper and left for future
work.

The paper is organized as follows: in Section 2, we present the main ingredients for the analysis
of the continuous problem (1.1)-(1.2)-(1.3). This section does not present any substantial novelty
compared to the work of Novo and Novotny [33], and the reader already familiar with the analysis of
compressible Navier-Stokes equations can directly pass to the next sections concerning the discrete
problem. Then, in Section 3, we introduce our numerical scheme and state precisely our main
convergence result. We derive in Section 4 mesh independent estimates and show the existence of



solutions to the numerical scheme. Finally, Section 5 is devoted to the proof of convergence of the
numerical method as the mesh size tends to 0. We provide in the Appendix additional material
and proofs.

2 The continuous setting

The aim of this section is to present the main ingredients involved in the analysis of the continuous
problem (1.1)-(1.2)-(1.3) for readers who are not familiar with compressible Navier-Stokes equa-
tions. Although the existence theory of weak solutions to these equations is now well understood
since the works of Lions [32] and Feireis] [14] (see also [34]), the analysis developed there involves
advanced tools (such as weak compactness methods based on energy estimates, renormalized solu-
tions, effective viscous flux, etc.) that are to our opinion worth recalling. Especially as these tools
will be also crucial in the convergence analysis of our numerical scheme.

It turns out that the estimates and compactness arguments differ significantly according to the
value of the adiabatic exponent v appearing in the pressure law. For d = 3 and v > 3, the case
treated in previous numerical studies, a sketch of the proof of the stability of weak solutions can be
found for instance in [21]. We focus here, as in the other sections, on the case d = 3 and vy € (%, 3]
which is the case covered by the study of Novo and Novotny.

Essentially, the minimal value v* = 3 is the one that ensures a control of the pressure p” and
of the convective term pu ® w in L?*(€2). The value v* = 2 exhibited by Lions corresponds to
the minimal exponent guaranteeing that p is controlled in L?(Q). As we will explain later on (see
Remark 2.4 below), this control is required to prove that weak solutions are renormalized solutions.
This constraint on v has been relaxed by Novo, Novotny [33] (and Feireisl [14] in the evolutionary
case) to reach v > % which corresponds to the minimal exponent ensuring that pu ® u is controlled

in LP(Q2), with p > 1.

As said before, this section does not present any substantial novelty compared to Novo and
Novotny’s work and the reader already familiar with the analysis of compressible Navier-Stokes
equations can directly pass to the next sections concerning the discrete problem. Note however
that for numerical purposes, we present below an original treatment of the convective term in
the analysis of the effective viscous flux (see Subsection 2.4.1). This alternative method allows to
circumvent the use of abstract tools for the compensated compactness theory, namely the famous
Div-Curl Lemma and a Commutator Lemma (see the method employed by Novotny and Straskraba
in [34] Section 4.4). These tools are indeed a little bit cumbersome to adapt in the discrete setting
(although this has been achieved by Karper in [28, 15] for the evolutionary case), which motivates
our alternative method based on a regularization of the velocity.

This section is organized as follows: after recalling the classical definition of weak solutions to
problem (1.1)-(1.2)-(1.3), we derive a priori estimates and show the stability of weak solutions.
In the last subsection we explain how to approximate (1.1) in order to construct effectively weak
solutions.

2.1 Definition of weak solutions, stability result

Definition 2.1. Let Q be a Lipschitz bounded domain of R3. Let v > % Let f € L? (Q) and p* > 0.
A pair (p,u) € LPO=D(Q) x H{(Q) is said to be a weak solution to Problem (1.1)-(1.2)-(1.3) if it



satisfies:

Positivity of the density and global mass constraint:

1
p>0ae in Q and —/pda}:p*. (2.1)
9] Jo

Equations (1.1a)—~(1.1b) are satisfied in the weak sense:

/ pu-Vode =0 Vo e Cx(Q), (2.2)
Q

—/pu@u:V’udw—a/p"Y divvdw—l—u/Vu:Vvd:B
Q Q Q
—l—()\—l—,u)/divu divode = [ f-vde, Yo € C°(Q)3. (2.3)
Q Q

The pair (p,u) € L2O~D(Q) x H{(Q) is said to be a weak solution with bounded energy if, in
addition to the previous conditions, it satisfies the energy inequality

p | |Vul?de + (A + u)/ (divu)?de < [ f-ude (2.4)
Q Q Q

Finally the pair (p,u) € L30~D(Q) x H(Q) is said to be a weak renormalized solution if, in
addition to the previous conditions and for any b € C°([0,+00)) N C((0, +00)) such that

t=Ao N\ < 1 ift<1
py < ¢ ’ 2.5
| ()|_{ct’\1,)\1+1§—3(721) ift > 1, (2:5)
the pair (p,u) satisfies
div(b(p)u) + ('(p)p — b(p))dive =0 in D'(R?), (2.6)

where p and w have been extended by 0 outside €.

Remark 2.1. In the whole paper, we adopt the following notations:

HY(Q) :=HY(Q)Y,  WP(Q):= WP ()4,  LP(Q):=LP(Q)9, pell,+o0).

Remark 2.2. Since v > 2, we have pu € L5 () and by density (2.2) is valid for all ¢ € W°(Q).
In addition, pu ® u € L1*(Q)% and p7 € L**(Q) for some n > 0 so that (2.3) is valid for all

ve WyUQ) for all q € [1,+00).

Remark 2.3. Ford=3,v >3, andd =2, v > 1, we would get better integrability on p. Precisely,
we would have p € L27(12).



Remark 2.4.

o When ~ is large enough, namely v > %, the following lemma, initially proved by Di Perna

and Lions [7], shows that any weak solution with finite energy of (1.1) is a renormalized weak
solution.

Lemma 2.1 ([34] Lemma 3.3). Assume that v > 2 and let p € Lf’o(z_l)(R3), u € Hi (R?)
satisfying the continuity equation

div(pu) =0 in D'(R?).

Then, equation (2.6) holds for any b € C°([0,+00)) N C((0,+00)) satisfying (2.5).

More precisely, the justification of the renormalized equation requires a preliminary reqular-
ization of the density. The commutator term resulting from this regularization involves in
particular products like pdivw which are then controlled precisely under the condition that
p € L2 _(R?) since divu € L% (R3) (see for instance [3/] Lemma 3.1). This condition is
achieved as soon as 3(y—1) > 2, i.e. v > % The interested reader is also referred to [17]

(Appendix B) for a discussion on the criticality of the assumption on p.

e If the pair (p,u) € L3O0~1(Q) x HY(Q) is a renormalized solution which satisfies, instead of
the continuity equation (2.2),

div(pu) = g in D'(Q) for some g € L, (R?),

then, extending p, u by zero outside Q (denoting again p,u,g the extended functions), the
previous equation also holds in D'(R3®). Moreover, for any b € C*([0,+00)) satisfying (2.5),
denoting bys the truncated function such that

) ft< M,
burlt) = { bOM) ift > M,

then we have

div(bar(p)u) + ([barl'y (0)p — bar(p))dives = g [barlly (p) in D (R?) (2.7)
where

b /
bal 0 ift> M.

V() ift< M,
(t) = {
We now focus on the stability of weak solutions the proof of which is essential for the analysis
of the numerical scheme in the next sections. In Section 2.5, some elements are given for the
approximation procedure that allows to construct such weak solutions.

Theorem 2.2. Let Q be a Lipschitz bounded domain of R3. Assume that v € (%,3]. Consider
sequences of external forces (f,,)nen C L2(Q) and masses (p})nen C R, and an associated sequence
(Pn, Un)nen of renormalized weak solutions with bounded energy. Assume that pf — p* > 0 and
that (f,)nen converges strongly in L2(Q) to f. Then, there exist (p,u) € L>0~D(Q) x H§(Q) and

a subsequence of (pn,Un)nen, still denoted (pn, Wn)nen such that:



The sequence (Up)nen converges to u in L1(Q) for all ¢ € [1,6),

The sequence (pp)nen converges to p in LI(Q) for all ¢ € [1,3(y—1)) and weakly in L3O~1(Q),

The sequence (pY)nen converges to p¥ in LL(Q) for allq € [1, @) and weakly in Lo (Q),

o The pair (p,u) is a weak solution of Problem (1.1)-(1.2)-(1.3) with finite energy.

The proof of Theorem 2.2 is divided into four steps: first we derive the basic uniform estimates
which enable us in the next step to derive compactness results on the sequence (pp, U, )nen and to
pass to the limit in the mass and momentum equations as n — +o00. Then, we prove some weak
compactness property on the “effective viscous flux” which eventually allows us to prove the strong
convergence of the density and to pass to the limit in the equation of state (i.e. in the pressure
law).

2.2 Uniform estimates

Proposition 2.3 (Control of the velocity). Let Q be a Lipschitz bounded domain of R3. Assume
thaty € (3,3]. Let (pn, wn)nen be the sequence defined in Theorem 2.2. Then, we have the following
a priori control on the velocity:

el ey < OO (1 Fullpay)ner) <C. VneN. (2.8)
Proof. The result directly follows from the energy inequality (2.4), the Poincaré inequality and
Young’s inequality. O

An additional estimate has to be derived to get a control on the pressure (and thus on the
density). To that end, we define for ¢ € (1, 4+00)

1
Li(Q) = {peLi(Q), st. <p>= ] / pdx =0}
Q
and we recall the following result.

Lemma 2.4. Let Q be a bounded Lipschitz domain of R?, d > 1. Then, there exists a linear
operator B depending only on ) with the following properties:

(i) For all q € (1,400),
B:LYQ) — WyiQ).

(ii) For all q € (1,+00) and p € LE(Q),
div(Bp) = p, a.e. in Q.
(iii) For all q € (1,+00), there exists C = C(q,), such that for any p € LI(Q):

|Bp|wl,q(Q) <C ||p||Lq(Q)'



Operator B is the so-called Bogovskii operator. The interested reader is referred to [34] (Chap-
ter 3.3) for a proof and additional properties on this operator. In particular, the operator B is
independent of q.

Proposition 2.5 (Control of the density and pressure). Let Q be a Lipschitz bounded domain of
R3. Assume that v € (%,3]. Let (pn, un)nen be the sequence defined in Theorem 2.2. Then, we
have the following a priori estimate on the density: there exists a constant C' such that:

||p7lHL3(’Y*1)(Q) <C, Vn € N. (2.9)

. . 3(v—1)
As a consequence, the pressure (p]),en is controlled in L™ 7

(2).
Proof. Let us set (recall that we focus here on the case v € (%, 3])

2v — 3
n="""c(0,1)
v

Observe that v(1 + 1) = 3(y — 1). Let n € N and define P, = p). Applying Lemma 2.4 to
P, — < P, > and using the resulting field v,, = B(P,— < P, >) as a test function in (2.3), one gets

/ (P dx = 4 pn/ P11 da — / Pty @ Uy 2 Vo, de + p1 Vun : Vo, dz
Q 12| Jo " Ja Q

+()\—|—u)/divun divv,de — [ f, - vndzx (2.10)
Q Q
=L+ -+ 1I.

Before estimating the various integrals of the right-hand side, note that from Lemma 2.4
[VVnllnees < Cllod"= <" >l
< OHP;YLqun () + C”p?’z”?fl(ﬂ)
< OHPnHL1+n(Q

provided that
c14n_30-1

- 2y -3

In particular, since y € (2, 3], we have

3v—1)

g 22 andthus Vol < Ol

We use this control to estimate the integrals I3, Iy and I5:

I3+ Is + Is| < C([Vunllpzp + 1 FnllLeie) lvnlwiz g
< C(IVunllpziy + 1 £nlliz) )||pn||Ll+77 @

1+
< C + _HanLlrn(ﬂ



using Young’s inequality and the control of the velocity (2.8). It remains to estimate the integrals
I and I5. We first have

|| < C(a, Q) </Q o dcc) Hp;YLH£1+n(Q) < C(avQ)HPnsz(Q)HPZHEHn(Q)

and by an interpolation inequality

y(1—7) T . 1 r

HanLw Q) < ||PnHL1 ) [l on Ew(1+n)(Q) with ; = m +(1 =)
that is (1 ) 5
T:we(ovl) for n= 79
Y1 +n) -1

Since r < 1, we can use Young’s inequality and the control of the mass (1.3) to deduce that
1+
1L < Cllpp It Q)||p;YzHL1+n(Q = 4HPnHL1+nn(Q) +C.
Finally, the integral of the convective term is controlled as follows:

2
|2 < C||Pn||m(1+n)(sz)||unHLG(Q)||V”n||Ll+T"(Q)3

1 2
< ClloA sty e [y 192 0
2 n+3
< C”unHLG(Q)||p71HL1+’Y77(Q)
so that, by the control of the velocity and by Young’s inequality (v > 1) :

1+
(o] < C+ —HpnIILlfn @

Coming back to (2.10) and gathering all the previous estimates, we have

o [@orrae <o+ da [ e
Q 4 Q

As a consequence, we deduce the control of the density and the pressure (we recall that n = %)
HanL3(v71)(Q) + HPZ”LﬂvW;l)(Q) <C.
O

2.3 Passing to the limit in the mass and momentum equations

Thanks to the previously derived estimates, we have the following result.

Proposition 2.6. Let Q be a Lipschitz bounded domain of R3. Assume that v € (%,3]. Let

(P, Un)nen be the sequence defined in Theorem 2.2. There exist (p,u,p?) € L3O™1(Q) x H{(Q) x

3(y—1)
L 5 (Q) such that up to extraction of a subsequence, the following convergences hold as n — +oo:

w, —u  weakly in HY(Q) and strongly in LY(Q), Vq € [1,6),
pn — p  weakly in LFO™D(Q),

J— . 3(y—1)
pL—p7  weakly in L™ 7 (Q).

10



Combining the weak convergence of the density and the strong convergence of the velocity we have

Pty — pu  weakly in LY(Q), Vg€ |l, %), (2.11)
Py, @ U, — pu@u  weakly in LI(Q)3, Vg e L, @) (2.12)

Passing to the limit n — +o00 in the mass constraint and in in the weak formulation of the mass
and momentum equations, the triplet (p,u, pY) is seen to satisfy:

Positivity of the density and global mass constraint:
: 1 x
p>0ae in Q and — [ pdx = p~. (2.13)
9] Jo
Continuity and the momentum equations in the weak sense:

/ pu-Vodr =0 Vo € C°(92), (2.14)
Q

—/pu®u:Vvdw—a/p_’Ydivvdcc+,u Vu:Vouvde
Q Q Q

+()\+u)/divu divvdwz/f-'vdw, Yo € C°(Q)3. (2.15)
Q Q

Moreover the energy inequality is satisfied at the limit:

u/ﬂ|Vu|2dm+()\+,u)/ﬂ(divu)2dccS/Qf~udm. (2.16)

Remark 2.5. For v > % we guarantee that @

such that

> 1 and thus the convective term in (2.15) is

pu@u: Vo eL'(Q) forsome r>1 YoveWy™(Q).

To complete the proof of Theorem 2.2, it remains to identify the limit pressure p7 in (2.15),
that is to pass to the limit in the equation of state and prove that

p7Y=p7 ae. in (2.17)
which is equivalent to proving the strong convergence of the density towards its weak limit.

2.4 Passing to the limit in the equation of state

This is classically obtained in two steps: first by proving some weak compactness property satisfied
by the so-called effective viscous flux defined as (2u + A)divu — ap”, and then, by using the
monotonicity of the pressure to deduce the strong convergence of the sequence of densities (p, )nen-

11



2.4.1 Weak compactness of the effective viscous flux

Let us first recall the definition of the curl operator, and a useful identity linked to this operator.

Lemma 2.7 (A differential identity). Let Q be a Lipschitz bounded domain of R3. For a =
(a1,a2,a3)T andb = (b1, by, b3)T in R® we denote anb = (asbz—asba, azb;—a1bz, a1ba—azh)’ € R3.
For a vector valued function v = (vi,ve,v3)T, denote curlv = V Av where V = (01, 02, 03)T. With
these notations, if u € HY(Q) and v € H' (), the following identity holds:

Vu:Vuvdx = / divudivoe dz —|—/ curlu - curlv de
Q Q
+/ (Von) - -udo(x) + curlv - (u An) do(x) — / divv (u-n) do(x). (2.18)
o0 o0 le)

Q

If w € H{(Q) and v € HY(Q), this identity simplifies to:

/Vu : Vudx = / divu divv dw—i—/ curlu - curlv de. (2.19)
Q Q Q

We shall also need the next result.

Lemma 2.8. Let Q be a bounded open set of R%. Then, there exists a linear operator A with the
following properties:

(i) For all q € (1,400),
A:LYQ) — Wh(Q).

(i) For all g € (1,400) and p € LI(Q)),
div(Ap) = p, and curl(Ap) =0, a.e. in Q.
(i1i) For all q € (1,400), there exists C = C(q,N), such that for any p € LY(Q):

|Ap|w1,q(m <C HpHLQ(Q)'

Proof. A solution is given by Ap := VA~1(p), where A~! is defined as the inverse of the Laplacian
on R3, here applied to p extended by 0 outside 2. The reader is referred to [34] Section 4.4.1 for
properties of the operator A. In particular the operator A does not depend on q. O

Proposition 2.9. Let Q be a Lipschitz bounded domain of R®. Assume that v € (3,3]. Let
(Pn, Un)nen be the sequence defined in Theorem 2.2. For k € N*, define

)t ifte|0,k),
Tit) = { ko ifte [k, +o0). (2.20)
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The sequence (T (pn))nen is bounded in L>°(Q) and up to extracting a subsequence, it converges for
the weak-* topology in L°(Q) towards some function denoted Ty(p). Then the following identity
holds:

lim (2 +A) divu, — ap)) Ti(pn)¢ de

n—+oo Q

= /Q (2u+ N divu — ap?)Ti(p)pdz, Vo € C(Q).  (2.21)

Proof of Proposition 2.9. Let k € N*. For n € N, let w,, = AT\(p,) be the field associated with
Ti(pr) through Lemma 2.8. We have

div w, = Tk(pn), curl w, =0, (w,)nen is bounded in WH4(Q) Vg € (1, +00).

Moreover, (wp)nen is bounded in L*°(02) and up to extracting a subsequence, as n — +oo, it
strongly converges in L?(Q) and weakly in WH4(Q) for all ¢ € (1, +00) towards some function w
satisfying:

divw =Ti(p) and curl w=0. (2.22)
Let ¢ € C°(Q). Considering in (2.3) the test function v, = ¢w,, we get:

- / Pnln @ Uy, : V(pwy,)de — a/ py div(¢wy,)de + pu [ Vu, : V(ow,)dx
Q Q Q

+ A+ /Q div u,, div(¢w,)dx = /Qf - (pw,,) de.

Using the formula (2.19) and the fact that div(¢wy,) = Ti(pn)¢+w, - V¢ and curl(pw,,) = L(¢)w,
where L(¢) is a matrix involving first order derivatives of ¢, we obtain:

/ (ap) — (2u + N)divuy,) Ti(pn)¢ de
Q

= —/ (ap) — 2p+ N)divu,)w, - Véde + u/ curl u,, - curl(¢pw,,) de
Q Q

— / Pty @ Uy, V(ow,) de —/ I (pwy)dx
Q Q
= —/ (ap) — 2p+ N)divuy,)w, - Vode + u/ curluy, - L(¢)w, dx
Q Q

- / Pty @ Uy, V(ow,) de —/ fon - (owy,)de
Q Q

Thanks to the previous estimates and convergences (see Prop. 2.6), we are allowed to pass to the
limit as n = +o00

lim (ap) — 2p + N)divuy,) Ty (pn)¢ da

= _/ (ap” — 2p + N)divu)w - Voda +u/ curlu - L(¢)w de
Q Q

— lim [ ppu, @ u, : V(pw,)dr — /Q [ (pw) de.

n—r oo Q

13



An analogous equation can be obtained from the limit momentum equation (2.15) with the test
function ¢w. It reads:

/ (ap” — 2p + N)divu) Ti(p)¢ de
Q
= —/ (ap? — (2p + N)divu)w - Védx + ,u/ curl(u) - L(¢)w dx
Q Q
—/pu@u : V((b'w)dw—/ - (ow)de.
Q Q
Comparing the two expressions, we get

lim (ap) — 2p+ N)divuy,) Ti(pn )¢ da

n—oo Q

= /Q (ap™ — (2p + N)divw) Ti(p) ¢ dx

— lim [ ppun, @u, : Vipw,)dz + / pu@u: V(pw)de.
Q

n—00 Q

Hence it remains to show the two last integrals are equal, which is not direct since we have only
weak convergence on (ppt,)nen and (Vwy, )nen-

This convective term is usually treated with compensated compactness tools by means of Div-
Curl and commutator lemmas (see [34] Section 4.4). In the case 7 > 3, a simpler proof is presented
in [21] which enables to bypass the use of these tools. Let us first explain the method used in [21]
for the case v > 3.

We begin with the observation that we can rewrite the integral of the convective term thanks
to the continuity equation as

/ P @ Uy, V(ow,)de = —/ (Pt - Vuy, - (pwy,) de.
Q Q

For v > 3, (pn)nen is bounded in L7(f2) for some ¢ > 6 and the quantity ((pntn - V)Up)nen is
therefore bounded in L"(€2) for some 7 > £. Let us denote Q € L"(12) its weak limit. Since (wp)nen
converges strongly to w in L°(Q), we obtain (after extracting a subsequence)

n—-+oo

lim (Pt - V)uy, - (pwy,) de = / Q- (pw)de.
Q Q
On the other hand, for any fixed test function v € W°(€2), it holds
/ (pntn, - Vu, -vde = —/ Prlly @ Uy, : Vode — —/ pu®@u: Voder asn— +oo
Q Q Q

combining the weak convergence of (p,un)nen in L2 (Q) and the strong convergence of (up)nen in
Li(Q), for all ¢ < 6. Since the continuity equation is satisfied by the limit pair (p, u) we have

—/pu@u:Vvdcc:/(pu-V)u~vdm
Q Q
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with (pu- V)u € L"(Q) and thus we identify @ = (pu- V)u, which concludes the proof in the case
v > 3.

In our case, v € (2,3], we do not ensure that ((ppun - V)un)neN is bounded in L"(€2) for some
r > % We adapt the previous arguments to our case v € (2,3] by using a regularization of the
velocity u,. Let us first extend u,, and u by 0 on R\ Q and introduce the regularized velocities
Up,5 = Up * w5 and us = u * ws, where (ws)s>0 is a mollifying sequence. By standard properties
of the convolution and our a priori control of the velocity u,, the following convergences hold (see
for instance [15] Lemma 5 p.75 where a regularization of the velocity is also used)

Ups — U strongly in L{ (R*) Vg € [1,6) uniformly in d, (2.23)
n—r—+00
Un,s > Un strongly in L (R?) Vg € [1,6) (uniformly in n), (2.24)
—
us — u strongly in LY (R?). (2.25)
6—0

Since div(ppu,) = 0, we then have, for any 6 > 0:

/ Py @ Uy V(pw,)de = / Un,s Q (Ppun) : V(ow,)de + R;”é
Q R3

— / div(un,s @ paty) - (pwy) de + R}
R3

_/ (pnun : V)un,é : ((bwn) de + R;MS
R3

where
R;lﬁ — / (Up, — Un5) @ (Prtty) : V(pw,,) de.
R3

Since (pntn)nen is bounded in LP(Q) for some p > 2, (Vwy)nen is bounded in L*(Q)? for any
s € (1,4+00), then the following inequality holds, for some triple (p, ¢, s), such that p > g, s> 1,
q<6and%+%+%:1:

n,o
|Ry°| < CHpnunHLp(Q)HV((bwn)' LS(Q)3Hun = Un | (s
(R?)

< Cllun — un,5||Lq(R3)-

As a consequence:

limsup |R’| < C'limsup ||u, — U 5l 0 (s (2.26)

n—-+oo n—-+oo

Thanks to the regularization of the velocity, we ensure that (Vu, 5)nen is bounded in LY (R3)3.

The sequence ((pnty - V)Un 5)nen = (@, 5)nen is then bounded in L"(£2), for some r > 1 and up to
the extraction of a subsequence, it weakly converges in L" () towards some function Q4 € L"().
We have

/ Py @ Uy V(pw,)de = —/ (pnun - Vuys - (dw,) de + R’f’é
Q Q

- [ @ wyde sy g (2.7
Q
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where
Rgﬂé == Qn,5 ’ (¢wn) dz + Q5 : (¢w) dx
Q Q
= / (Qa - Qn,é) - (pw) dx +/ PQ, s (w — wn) dex.
Q Q
Since (wp)nen converges strongly to w in L4(Q2), for all ¢ € (1,400), we have

R™| 0 asn — +oo for any fixed § > 0. 2.28
2

We now want to show that Qs = (pu - V)us. To that end, let us consider a fixed test function
v € W™°(2) and write (again thanks to the fact that div(p,u,) = 0)

/ (pntn - V)uy s -vda = —/ Up5 @ (Ppuy) : Vodax
Q Q

— —/ us ® (pnuy) : Vode + R;’"g
Q
= / div(us ® ppuy,) - vde + R;’"g
Q

:/ (pu - V)us - vdax + Ry’
Q

with
RS"S = / (us — Un,5) ® (ppuy) : Vodx
Q

which tends to 0 (uniformly with respect to §) as n — +oo, since (ppUn)nen converges weakly to
pu in L9 (Q) for some ¢ > & 2, and (wn,s)nen converges strongly to us (uniformly with respect to
0) in L%2(Q) for any g2 < 6. As a consequence, we identify Q5 = (pu - V)us. Now, back to (2.27),
since at the limit div(pu) = 0, we have:

/Q Prtin @ty 1 V(Pw,) da = — /Q (pu - V)us - (pw) dz + R} + Ry°
_ / pus @ u s V(dw) da + R + R
Q

= / pu®@u: V(pw)de + R’ + Ry + R}
Q
where
RS = / (us — u) @ (pu) : V(pw) de
Q
Combining (2.26) and (2.28), we get that for any fixed § > 0:

lim sup }/ Py @ Uy V(pwy,) d:c—/ pu @ u : V(pw) d:c} < Climsup ||u, — un,5||Lq(R3)+|Rg|,
9] n—-+4oo

n—-+4oo

for some ¢ < 6. By (2.25), we have R} — 0 as § — 0. Hence, by the uniform in n convergence of
(Un,5)s5>0 towards u,, as & — 0 (2.24), letting ¢ tend to 0 yields:

lim Py, @ Uy, : V(pwy,)de = / pu @ u: V(opw)de
Q

n—-+oo Q
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We finally conclude that

n—-+oo

lim (ap) — (2p + N)divu,) T (py)p dz = / (ap? — (2p + N)div u) Ty (p)¢ de.
Q Q

2.4.2 Strong convergence of the density

Let us begin this subsection with a brief sketch of the general strategy that we will employ. Concen-
tration phenomena being excluded, the only mechanism which can prevent the strong convergence
is the presence of oscillations. We need to prove that we control these oscillations. For large values
of v, namely v > 2, one can show an “improved” version of the weak compactness of the effective
viscous flux (2.21) where Ty (py) (resp. Tk(p)) is replaced by p, (resp p). Then, passing to the limit
n — 400 in the renormalized continuity equation

div((pn In pp) uy,) = —ppdiva,, in D'(R?)

we get
div(pInp u) = —pdive  in D'(R?).

On the other hand, applying the renormalization theory of Di Perna-Lions (Lemma 2.1) on the
limit p € L3O0~1(Q), w € H)(Q) we also have

div((pln p) u) = —pdivu. (2.29)
Subtracting this equation from the previous one, we arrive at
div((pInp — plnp) u) = pdivu — pdive  in D'(R?).

The weak compactness property of the effective viscous flux yields

div((pInp — plnp) u) = (o7 = P7T) in D'(RY).

iv((pInp — plnp) u) e G in D'(R%)

Integrating in space, we end up with the identity pp7 = p7*1! a.e., from which the strong convergence
of the density follows by invoking the monotonicity of the pressure (Minty’s trick).

In the arguments presented above, one of the key point is to write (2.29) which requires from
the theory of Di Perna and Lions that p € L?(f2) (see Remark 2.4). The previous proof can be
adapted in the case v € (%, 2) using a “weaker” version of the effective viscous flux identity where
pn is essentially replaced by p% for some a € (0,1). This is the case initially demonstrated by Lions
in [32]. For smaller values of v, i.e. 3 <~ < 2, we do not ensure a priori (2.29) since p does not
belong to L2(2). The idea of Feireisl [14] (adapted then by Novo and Novotny in the stationary
case) is to work on the truncated variable Ty (p), defined in (2.20) which is bounded for fixed & (and
thus in L2(Q)). With similar arguments as before, one may then show the strong convergence of
(T1(pn))nen to Tr(p) (uniformly with respect to n in LYT1(Q)). Combining finally this result with
the strong convergence of the truncated variables as k — 400 (see Lemma 2.10 below), we will get
the strong convergence of (p,,)nen-
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Properties of the truncation operators Tj.

Lemma 2.10. Under the assumptions of Proposition 2.9, there exists a constant C such that the
following inequality holds for all1 < q<3(y—1), n € N and k € N*:

_ 1 _1
IT000) = pllgacy + ITk(0) = pllacry + 1Tk (on) = pullpaey < CHTET 4 (2.30)

Consequently, as k — +oo, the sequences (Tx(p))ken+ and (Tx(p))ken= both converge strongly to p
in L1(Q) for all g € [1,3(y —1)).

Proof. As a consequence of the inequality
1 pr C
>k} <~ de = Q=2 < —
o 2B < 7 [ pude=l0lf2 <3
we deduce by Holder’s inequality that for any ¢ < 3(y — 1)
1T (pn) = PrllLey = 1(Tk(pn) = Pr) 1o, 213 Mlpa g
< ||pn1{pn2k}||Lq(Q)
11
< Ck36-D ||pn||L3(‘Y*1)(Q)
< Ck7e-D "4,
where the constant C' only depends on ¢ and the uniform bounds on the sequences (p})nen and
(lprlli3¢:-1) Jnen. Doing the same with the limit density p, we get

1 1
HTk(p) _ p”LQ(Q) < Ck36-D " 4,

Finally, we have:

1 Tk(p) = Pliagy < limnf|Ti(pn) = pullae)

< limsup || T (pn) = pullyeo)

n—-+o0o
< Ck3E-D "7,
which ends the proof. O

Lemma 2.11. Under the assumptions of Proposition 2.9, there exists a constant C such that the
following estimate holds:

sup limsup ||Tk(pn) = Ti(p)l 11410y < C- (2.31)
k>1 mn—+oo
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Proof. First of all, observe that for all ry,75 > 0,
T3o(r1) = Te(r2) P < (] = 13)(Tie(r1) — Ti(r2))

and thus

timsup [ [Tip.) = i) < timsup [ (5] = 97) (Tulo) = Tulo)

n—-+oo n—-+oo

< | GG -7 T + [ 77— ) () = Tid).

Invoking the convexity of the functions ¢ — 7 and ¢ — —Ty(t), we have p7 > p¥ and Ty (p) < Ti(p)
so that

timsw [ [Telp,) = To) < | GG -7 T,

n—-+oo

We can now use the weak compactness property satisfied by the effective viscous flux (2.21):

limsup/ Ty (pn) — Ti(p) "t
Q

n—-+oo
2u+ A —_—
<K + lim sup/ (Tr(pn) — Tie(p))div u, (2.32)
a n—+oo JO
2u+ A 2u+ A —_—
< pt lim sup/ (Ti(pn) — Ti(p))div u, + ks lim sup/ (Tw(p) — Ti(p))div u,
a n—+oo JO a n—+oo JQ

< Climsup | T (pn) = Tr(p)llr2(q)-
n—-+oo

Where C' depends on the uniform bound on the sequence (|[div y||yz2(q))nen. Since v +1 > 2, we
obtain thanks to Holder and Young inequalities

. 1.
lim sup A [ Tie(pn) = Te(p) " < C'+ 5 fim sup | T (pn) = Ti(p) 1145 g
n—-+0o0o

n—-+oo

which achieves the proof. o

Renormalization equation associated with 7. For any k € N*, define

Lot) = { tint—Ink—1), ifte0,k), (233)

—k, if ¢ € [k, +00),
which belongs to C°([0, +00)) N C1((0,+00)) and which is such that

tLy(t) — Li(t) = Ti(t) Vt € [0, +00).

Remark 2.6. Note that function Ly can be seen as a truncated version of the function L(t) = tlnt
used in (2.29) for large v, up to the addition of the linear function t — —(Ink + 1)t.
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Proposition 2.12. Let Q be a Lipschitz bounded domain of R3. Assume that v € (%,3]. Let
(P, Un)nen be the sequence defined in Theorem 2.2 and let (p,u) € L3O =1(Q) x HY(Q) be its limit
defined in Proposition 2.6. Then, for all k € N*, the following equations hold:

div(Lg(pn)tn) + Tr(pn)divu, = 0, in D'(R®), ¥n €N. (2.34)
div(Li(p)u) + Ti(p)divu = 0 in D' (R?). (2.35)

Proof. Since Ly € C°([0,+00)) N CL((0,+00)) satisfies (2.5), and since (pn,u,) is a renormalized
solution of (1.1)-(1.2)-(1.3), in the sense of Definition 2.1, equation (2.34) holds true.

Let us prove that a similar equation is also satisfied for the limit couple (p,u). Using the
renormalization property (2.7) satisfied by (p,,u,) for the truncated function Ty, M € N*, we
obtain:

diV(T]W (pn)un) = - [pn [T]W]/Jr(pn) - T]W (pn)} div Unp in DI(R3)

which yields as n — 400

div(Twm (p)u) = —[p[Tm](p) — Tni(p)]dive  in D'(R?). (2.36)
For k € N* and § > 0, we introduce the regularized function Ly ; defined as
Lis(t) = Lt +9), (2.37)

the derivative of which is bounded close to 0 unlike Li. Applying Lemma 2.1 (and the second
part of Remark 2.4) to the pair (Tas(p),w) (justified since Tar(p) € L*°(02) for M fixed) with the

function Ly, and the source term g = — [p[Ta)', (p) — Tar(p)]divw € L (R3), we get:

div (L5 (T (p))w) + T.s (T (p) ) div
= —L 5(Tar(p)) [p[Tna]y (p) = Tar(p)|divee in D'(R?)  (2.38)

where
Ty s(t) = tL;w;(t) — L. s(1).

We now have to pass to the limits M — 400, § — 07. Lemma 2.10 yields the strong convergence
of Thr(p) to p as M — +o0. As a consequence, the left-hand side of (2.38) converges in D'(R?) to

div(Ly,s(p)w) + Ths(p)div u.

Regarding the right-hand side

—Lj,.s(Trr(p)) [p[Ta] () — T (p)] div w,

since Lj, 5(t) = 0 for t > k, we estimate its L' norm as follows

/Q %o (Tar(p)) [P (p) — Tae(p)] div w de

< max |Lj 5(t |/‘ [Ty (p) — Te(p )}dlvu‘lngdw
t€[0,k]
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where Qprp = 1{m§k}' We then have

tren[g%] |Lj, 5(t |/} (T (p) — Tar(p )]dlvu}lngd:B

< e (Lo (O] it [ |[pulZ3)4 () = Tas(pu)] v 10, da

< max |L,C s(0)] limsup/ |[pn[TM]’+(pn) — TM(pn)} divun} 1g,,, dz
Q

tG[O k n——+oo
< Ctren[(é)uli] |Lk 6( )| 1::3?3;? ||TM(pn)]-QM,kﬂ{anM}||L2(Q)7 (239)

since the sequence (||div |12 (q))nen is bounded. We already know that Tas(pn)la,, cn{p, >} 18
controlled in L!(Q) since
HTM(pn)]‘QM,kﬂ{anM}HLl(Q) < Hpnl{anM}HLl(Q)
1
< OMTED Y| pllpse-n (o
<COMTETD

where the constant C' only depends on the uniform bounds on (p};)nen and (||pn||13¢:—1) Jnen. There-
fore, by an interpolation inequality, we obtain:

limsup [ Thr (pn) Xy wngpn=ary 2
n—-4o0o

41
< Climsup ||TM(pn)XQM N {pn>M} HLl Q) ”TM(pn)XQM s {pn>M} ||Lw+1 Q)

n—-+o0o
v 1( 1 ) ot
a=1(_1 1) .. 2y
< COM™\36-D hlgiup (”(TM(pn) TM( ))X51A1k||Lw+1(gl + || )XSZM,R:||L’Y+1(51))
221 (sl 1) L\ 5
< om= s timsup (I1(Tar (o) = Tar (0) -1 gy + KIRIT)
n—-4o0o

Thanks to Lemma 2.11, we deduce that

hmsup||T]\/[(pn)XQMm{pn>1\4}||L2(Q Ck, Q)M = = (s 1) —0 as M — +oo.

n—-+o0o

Injecting in (2.39), we get

Irl[g>é]|Lk5 |/’ (T’ (p) — Tar(p) leU’XQMkdw —0 as M — +oo.
te

Note that to get this result, we have been forced to regularize the function Ly (see (2.37)) in order
to control its derivative close to 0. Hence, passing to the limit M — +oc0 in (2.38) we get

div(Li,s(p)u) + Tis(p)dive =0, in D'(R®), VkeN*4§>0.
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Now, observe that for all ¢ € [0, +00)
Ly 5(t L (t
ko) —o Li(t),
Tk)5(t) = tL;w;(t) — L;w;(t) 5$ tL;C(t) — Lk(t) = Tk(t).
Moreover, since for all ¢ € [0,4+00) and § € (0, 1), we have |Ly s(t)| < k and
| T, (0)] = [T (t + 6) — 0L} (t + 0)]
t
< k40 In(t +6) — In k| X{pysery <k + 5(| In 6] + 5 +1n k) Xprs<ny < Clk),

we can pass to the limit 6 — 0™ thanks to the Lebesgue Dominated Convergence Theorem to get
div(Lk(p)u) + Ti(p)diva =0, in D'(R?),

for all k¥ € N* which concludes the proof. O

Strong convergence of the density

Proposition 2.13. Let Q be a Lipschitz bounded domain of R3. Assume that v € (3,3]. Let
(P, Un)nen be the sequence defined in Theorem 2.2 and let (p,u) € L3O =1(Q) x HY(Q) be its limit
defined in Proposition 2.6. Up to extraction, the sequence (pn)nen strongly converges towards p in

L1(Q) for all g € [1,3(y —1)).

Proof. Integrating the renormalized continuity equations (2.34) and (2.35) and summing, one ob-
tains:

/ Tk (pn)div u, de — / Ty (p)divude = 0, Vn € N.
Q Q

We then use this identity in inequality (2.32) to deduce that

limsup [ |Tk(pn) — Ti(p)|" ' dz
Q

n—-4o0o
2+ A —
<A + lim sup/ (Ti(pn) — Ti(p))div w, de
a n—+oo JQO
2 A —
_Znt / (Tk(p) — Ti(p)) div u dx 4 lim sup (/ Tk (pn)div u, de — / Tk(p)divud:v)
a Q n——+o00 Q Q

_ el /Q(Tk(P) — Tk(p)) div u da.

a
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Using Lemma 2.10 we infer that

< ldivauflpz o) 1 Tk(p) — Ti(p) 120

/Q(Tk(p) — Ti(p)) div u da

y+1

=1 o+
< C||Tk(p) — Tk(p)”Lzlw(Q)”Tk(p) - Tk(p)|‘L2~7+1(Q)

~y—1
< C(IT(p) = pllus oy + ) = pllacey) " 1Tk(0) = Tl s oy
y=1( 1 — 2ft
< ow5 () 1) - Te)
22 (s 1) (1 e
< cr (5o (hmsup T (pn) — Tk(p)||m+1(9)) .
n—-4o0o
As a consequence of Lemma 2.11, we have
lim limsup/ |Tx(pn) — Ti(p)|* ™ de = 0,
k—=+00 ns+o0o Jo
and thus
lim _limsup [|Tk(pn) = Tk(p)l11(q) = O (2.40)

kE—=+00 n—+too

We conclude to the strong convergence of the density by writing

10— pallisey < 19n = Telpn) s ey + 1Tk(on) = Te()lgr iy + 1T5(0) = ol -

Passing to the limit superior n — 400 in this inequality, using again Lemma 2.10 and the previous
estimate (2.40) to then pass to the limit ¥ — 400 yields the strong convergence of the density in
L}(Q) and therefore in L4(Q) for all ¢ € [1,3(y — 1)). O

2.5 Elements for the construction of weak solutions

The previous subsections were concerned with the stability of weak solutions of Problem (1.1)-(1.2)-
(1.3). An important step is the effective construction of such weak solutions by means of successive
approximations. This construction is sketched by Lions in [32] for the case v > % and detailed by
Novo and Novotny in [33] for the case v > % The approximation procedure is usually decomposed
into three steps:

e addition in the momentum equation of an artificial pressure term §Vp' with ' sufficiently
large, namely I" > 3;

e addition of a relazation term a(p — p*) in the mass equation in order to ensure that the total
mass constraint (1.3) is satisfied at the approximate level;

e addition of a diffusion or regularization term (e.g. —eAp) in the mass equation which regu-
larizes the density.

As a consequence of the modification of the mass equation, the momentum equation can also
involve additional perturbation terms depending on « and ¢, in order to ensure the preservation of
the energy inequality (see details in [33] or [34]). The parameters ¢, a, € being fixed, the existence
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of weak solutions is obtained by a fixed point argument. Then, the proof consists in passing to the
limit successively with respect to €, a and then finally with respect to d.

In the next section, we present our numerical scheme which essentially reproduces at the discrete
level the previous three approximation terms. Nevertheless, the parameters ¢, a, § are no more
independent in the discrete case, they shall all depend on the mesh size and converge to 0 as the
mesh size tends to 0. In that sense, the convergence result that we obtain in the next sections can be
seen as an alternative proof of existence of weak solutions to the stationary problem (1.1)-(1.2)-(1.3).

3 The discrete setting, presentation of the numerical scheme

3.1 Meshes and discretization spaces

Let © be an open bounded connected subset of R? d = 2 or 3. We assume that © is polygonal if
d = 2 and polyhedral if d = 3.

Definition 3.1 (Staggered mesh). A staggered discretization of Q, denoted by D, is given by a pair
D = (M,E), where:

o M, the so-called primal mesh, is a finite family composed of non empty simplices. The primal
mesh M is assumed to form a partition of Q : Q = Ugem K. For any simplex K € M, let
0K = K\ K be the boundary of K, which is the union of cell faces. We denote by & the set of
faces of the mesh, and we suppose that two neighboring cells share a whole face: for all o € £,
either o C O or there exists (K, L) € M? with K # L such that K N L = o; we denote in
the latter case o = K|L. We denote by Eoxt and Einy the set of external and internal faces:
Eext = {0 €&,0 COIN} and Eng = E\ Eext- For K € M, E(K) stands for the set of faces
of K. The unit vector normal to o € E(K) outward K is denoted by nk ». In the following,
the notation |K| or |o| stands indifferently for the d-dimensional or the (d — 1)-dimensional
measure of the subset K of R or o of R4™1 respectively.

o We define a dual mesh associated with the faces o € € as follows. For K € M and o € £(K),
we define Dg » as the cone with basis o and with vertex the mass center of K (see Figure
1). We thus obtain a partition of K in m sub-volumes, where m is the number of faces of
K, each sub-volume having the same measure |Dg o| = |K|/m. The volume Dy . is referred
to as the half-diamond cell associated with K and o. For o € &, 0 = K|L, we now define
the diamond cell D, associated with ¢ by Dy = Dg o U DL . For 0 € Eeq NE(K), we
define Dy = Dk . We denote by g(Dg) the set of faces of Dy, and by € = D,|Dys the face
separating two diamond cells D, and Dyr. As for the primal mesh, we denote by c‘,:int the set
of dual faces included in the domain and by Eex the set of dual faces lying on the boundary
Q. In this latter case, there exists o € Eoxy Such that € = o.

Definition 3.2 (Size of the discretization). Let D = (M, &) be a staggered discretization of Q. For
every K € M, we denote hyi the diameter of K (i.e. the 1D measure of the largest line segment
included in K ). The size of the discretization is defined by:

hym = max hg.
M KeM
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Figure 1: Notations for primal and dual cells. Primal cells are delimited with bold lines, dual cells
are in grey.

Definition 3.3 (Regularity of the discretization). Let D = (M, &) be a staggered discretization
of Q. For every K € M, denote pi the radius of the largest ball included in K. The regularity
parameter of the discretization is defined by:

9M=max{Z—§,K€M}U{Z—IL<,Z—IL(,J:K|LE&M}. (3.1)

Relying on Definition 3.1, we now define a staggered space discretization. The degrees of freedom
for the density (i.e. the discrete density unknowns) are associated with the cells of the mesh M:

{pK, K e M}

The discrete density unknowns are associated with piecewise constant functions on the cells of the
primal mesh.

Definition 3.4. Let D = (M, &) be a staggered discretization of Q. We denote La(R2) the space
of scalar functions that are constant on each primal cell K € M. For p € Ly(Q) and K € M, we
denote pr the constant value of p on K. We denote Lag,0() the subspace of La(2) composed of
zero average functions over €.

The degrees of freedom for the velocity are associated with the faces of the mesh M or equiva-
lently with the cells of the dual mesh D,, 0 € £ so the set of discrete velocity unknowns reads:

{u, €RY o e &)

The discrete velocity unknowns are associated with the Crouzeiz-Raviart finite element. For all
K € M, the restriction of the discrete velocity belongs to P;(K) the space of polynomials of degree
less than one defined on K.

The space of discrete velocities is given in the following definition.
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Definition 3.5. Let D = (M, &) be a staggered discretization of Q as defined in Definition 3.1.
We denote Haq(S2) the space of functions u such that ujx € Pi(K) for all K € M and such that:

% /[u]g do(@) =0, Yo € Em, (3.2)

where [u]g is the jump of u through o which is defined on o = K|L by [ulo = ujp, —ux. We
define Hpag,0(2) C Ham(Q) the subspace of Ha(2) composed of functions the degrees of freedom of
which are zero over 08), i.e. the functions u € Hy(2) such that ﬁ [, udo(x) =0 for all o € Ecxe.

Finally, we denote Hq(Q) := Ha(Q)¢ and Hpg0(Q) := Har0(Q)4.
For a discrete velocity field u € Ha(2) and o € £, the degree of freedom associated with o is
given by:

Uy = %/udo(m). (3.3)

Although uw € H () is discontinuous across an internal face o € &y, the definition of wu, is
unambiguous thanks to (3.2).

3.2 The numerical scheme

Let Q be a polyhedral domain of R?. Let D = (M, &) be a staggered discretization of  as defined
in Definition 3.1. The continuity equation is discretized on the primal mesh, while the momentum
balance is discretized on the dual mesh. The scheme reads as follows:

Solve for p € Lap(Q) and uw € Hpq,0(Q):

divm(pu) + hily (p = p*) = b5y Aven (p) =0, (3.4a)
dive(pu @ u) — pAgu — (u+ \)(V odiv)gu +aVe(p?) + h5 Ve (ph) = e f. (3.4b)
where 1 = ’YT%

The discrete space differential operators involved in (3.4a) and (3.4b), as well as their main
properties, are described in the following lines. The positive constants I' and (£1,&2,&3) will be
determined so as to ensure the convergence of the numerical solution towards a weak solution of
(1.1)-(1.2)-(1.3).

Mass convection operator — Given discrete density and velocity fields p € La(2) and u €
Hu0(92), the discretization of the mass convection term is given by:
. 1
divmlpu)(@) = 3 (D Freolpw)) Xc(a), (3.5)

KeM o€E(K)

where Xk is the characteristic function of the subset K of €. The quantity Fk »(p,u) stands for
the mass flux across ¢ outward K. By the impermeability boundary conditions, it vanishes on
external faces and is given on internal faces by:

Fx o (p,u) = |0] po to - K o, Vo € Ent, 0 = K| L. (3.6)
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The density at the face 0 = K|L is approximated by the upwind technique, i.e.

if u, mg,>0
po = {pK P (3.7)
pr  otherwise.
Stabilization terms in the mass equation — The discrete mass equation involves two sta-

bilization terms. The first stabilization term is there to ensure the total mass constraint at the
discrete level (1.3):

5y (p(x) — p*) = hSYy D (px — )Xk ().
KeM

The second stabilization term in the discrete mass equation (3.4a) is defined as follows:

1 ol \n 1_
D@ = Y (3 1ol (1) o ol ok~ p0) Xl (39)
" e K] o €E(K)NEint D]
oc=K]|L

1+
Its aim is to provide a control on a discrete analogue of the WlTn(Q) semi-norm of p by some
negative power of the discretization parameter haq. This control appears to be necessary in the
convergence analysis, when passing to the limit in the equation of state, see Remark 5.1.

Remark 3.1. This additional term is a discretization of the p-Laplacian Apv = div(|Vu[P~2Vv),
with here p = HT" = % is the dual coefficient of 1 +n = @ Observe that for v € (%,3],
we have p € [2,400). For v > 3, we would get p < 2 and thus a singularity in the stabilization
term. Nevertheless, following the proof of Eymard et al. [13], one can show the convergence of the
numerical scheme for d =3, v > 3 and d = 2, v > 2 with rather the following stabilization term,
which is a discrete analogue of the Laplacian of the density:

1 o
W@ =% Y (5 lel i k- ) Wala) (9)
KeM T EE(K)NEins 7
o=K|L

Ford =2 and 1 <~ <2, a possible stabilization term would be a discrete analogue of div(p?>~7Vp)
as proposed in [13].

Velocity convection operator — Given discrete density and velocity fields p € L (2) and
u € Hpg,0(Q), the discretization of the mass convection term is given by:
1

Do |

dive(pu @ u)(x) = Z

0EEint

( Z Foc(p,u) ue) Xp, (x). (3.10)

ec€(Dy)

F,(p,u) is the mass flux across the edge € of the dual cell D,. Its value is zero if € € Eoxt-
Otherwise, it is defined as a linear combination, with constant coefficients, of the primal mass
fluxes at the neighboring faces. For K € M and ¢ € £(K), let £% be given by:

|Dk o 1
% = = — 3.11
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so that ) £(K) &% = 1. Then the mass fluxes through the inner dual faces are calculated from
the primal mass fluxes Fi ,(p,u) as follows. We first incorporate the second stabilization term (see
(3.8)) into the primal mass fluxes by defining F i ,(p,u) as follows:

o]

1
n 1_
|D |)7|pK—PL|” 1(PK—pL), Vo € Ent, 0 = K|L.

Fropu) = Freopw) + 15 Jo]

(3.12)
The dual mass fluxes F, .(p,u) are then computed to as to satisfy the following three conditions:

(H1) The discrete mass balance over the half-diamond cells is satisfied, in the following sense. For
all primal cell K in M, the set (F, ((p, u))cck of dual fluxes included in K solves the following
linear system

FK,U(pu u) + Z Fa,e(pa U) = 5}7{ Z FK,U’ (p7 U), oc g(K) (313)
e€€(D,), eCK o' €E(K)

(H2) The dual fluxes are conservative, i.e. for any dual face € = D,|D,, we have F, (p,u) =
_Fa’,e(pu u)

(H3) The dual fluxes are bounded with respect to the primal fluxes (Fk »(p, u))seg(x), in the sense
that
|Fyc(p,u)] < max {[Fg o (p,u)|, o € E(K)}, (3.14)

for K € M, 0 € £(K), e € £(D,) with ¢ C K.

The system of equations (3.13) does not depend on the particular cell K since it only depends
on the coefficient €% = 1/(d + 1). It has an infinite number of solutions, which makes necessary
to impose in addition the constraint (3.14); however, assumptions (H1)-(H3) are sufficient for the
subsequent developments, in the sense that any choice for the expression of the fluxes satisfying
these assumptions yields stable and consistent schemes (see [31, 30]).

This convection operator is built so that a discrete mass conservation equation similar to (3.4a)
is also satisfied on the cells of the dual mesh. Indeed, let (p,u) € La(Q) x Ha(R2) and define a
constant density on the dual cells pp, as follows:

|Dslpp, = |Px olpx + |DLolpr  for o = K|L.
Then if (p,u) satisfy (3.4a), one has:
> Foclp,u) +hSy|Dol (pp, — p*) =0, Yo € &, (3.15)
ec€(Dy)
which is an analogue of (3.4a) where the stabilization diffusion term is hidden in the dual fluxes.

To complete the definition of the convective flux, we must give the expression of the velocity u.
at the dual face. As already said, a dual face lying on the boundary is also a primal face, and the
flux across that face is zero. Therefore, the values u. are only needed at the internal dual faces; we
choose them to be centered:

1
U = g(ug—i—ug/), for e = D, |DL.
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Diffusion operator — Let us define the shape functions associated with the Crouzeix-Raviart
finite element. These are the functions ({,),ee where for all o € &, ¢, is the element of Hx(f2)

which satisfies:
1, ifo =o,

1 )
m/a,<ada($):{ 0, ifo #o.

Given a discrete velocity field u € Haq,0(£2), the discretization of the diffusion terms is given by:

Agu(x) = Z ﬁ( Z /KVu.VQ,d:B) Xp, (),

0E€Eint KeM

(Vodiv)eu(z) = Y ﬁ(

o€E&int

(3.16)

3 /K divuVi, dw) X, ().

KeM

Pressure gradient operator — Given a discrete density field p € Lx((Q2), the pressure gradient
term is discretized as follows:

Ve )@ = 3 (|'g'| (57, - %) i) o (@), (3.17)
Uegint 7
o=K|L

The discrete momentum equation (3.4b) also involves a third stabilization term, an artificial pressure
term, which reads:

]
W Ve @) =S 30 (5 (k= o) e ) Ao, (@),
o€E&int 7
oc=K]|L

where I' > ~ is chosen large enough to ensure a control on the discrete weak formulation of the
convective term in the momentum equation when vy € (%, 3]. Note that, if d =3 and v > 3 or d = 2
and v > 2, this term is not needed.

Source term — The source term f € L?(Q) is discretized with the following projection operator:
~ 1
fet@ =Y (57 | tiz)a (@) (3.18)
o€E&int ol /Do

3.3 Main result: convergence of the scheme

Definition 3.6 (Regular sequence of discretizations). A sequence (Dy)nen of staggered discretiza-
tions is said to be regular if:

(i) there exists By > 0 such that Oaq,, < g for allm € N,
(i1) the sequence of space steps (ha, )nen tends to zero as n tends to +0o.
For the clarity of the presentation, we state our convergence result in the same setting as for

the continuous problem, namely for d = 3 and v € (%, 3]. We refer to the remark below for the
“simpler” cases d = 2, and d = 3 with v > 3.
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Theorem 3.1 (Convergence of the scheme). Let © be a polyhedral connected open subset of R3.
Let f € L?(Q) and p* > 0. Assume that v € (3,3]. Denoting n = # € (0,1], assume that I' and

(517 527 53) satlsfy

(7) & >1, (3.19)
.. 5 3 n
@ 7 (m +§3> <Tis (3.20)
1 5) 3 1+mn 5 3
(i4) ; + 477—F (m + 53) <& < T TIT (m +§3) . (3.21)

Let (Dp)nen be a reqular sequence of staggered discretizations of Q as defined in Definition 3.6. Then
there exists N € N such that for all n > N, there exists a solution (ppn,un) € L, (2) x Hpg, ()
to the numerical scheme (3.4) with the discretization Dy, and the obtained density py,, is positive on
Q. Moreover, there exist (p,u) € L3O ~1(Q) x HY(Q) and a subsequence of (pn,un)n>n, denoted
(Pn, Un)nen such that:

o The sequence (Up)nen converges to uw in L1(Q) for all g € [1,6),

e The sequence (pp)nen converges to p in LI(Q) for all ¢ € [1,3(y—1)) and weakly in L3O~1(Q),

The sequence (pY)nen converges to p¥ in LL(Q) for allq € [1, @) and weakly in Lo (Q),

The pair (p,u) is a weak solution of Problem (1.1)-(1.2)-(1.3) with finite energy.

Remark 3.2 (Some remarks on Theorem 3.1).

e Let us mention that the convergence result of Theorem 3.1 can be extended to the cases d = 3,
v >3 and d = 2, v > 2 with the mass stabilization term defined in (3.9) and without the
artificial pressure term. The required constraints on (£1,&2) are the following:

G >1ifd=3 and & >0ifd=2,
3

— 2.

2<§2<

In the case d = 2, 1 < v < 2, we expect a convergence result with the stabilization term
proposed in [13] combined with an artificial pressure term (see Remark 3.1 above).

o The upper bound on & is required when passing to the limit in the effective viscous fluz at
the discrete level (see Subsection 5.3.1 and (5.28)). The lower bound on & is required for the
control on the momentum convective term when deriwing the discrete estimate on the density
(see (4.21)), which explains why this constraint was not introduced in [13] for the Stokes
equations.

The following sections are devoted to the proof of Theorem 3.1. In Section 4.1, we introduce
some notations and properties of the discretization. In Sections 4.2 to 4.5, we derive a priori
estimates on the solution of the scheme and prove its existence provided a small enough space step
h . Finally, in Section 5, we prove Theorem 3.1 by successively passing to the limit in the discrete
mass and momentum equations, and then in the equation of state.
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4 Mesh independent estimates and existence of a discrete
solution

4.1 Discrete norms and properties

We gather in this section some preliminary mathematical results which are useful for the analysis
of the scheme. Similar results have been previously used by Gallouét et al. in their study [19] which
also relies on a mixed FV-FE discretization. The interested reader is also referred to the books [9],
[11], [8] and to the appendix of [22].

We start with defining the piecewise smooth first order derivative operators associated with the
Crouzeix-Raviart non-conforming finite element representation of velocities u € Hx((2) :

Vau(@) = Y Vu(@)Xg (), (4.1)
KeM
divpu(z) = Y divu(@)Xe (@), (4.2)
KeM
curlpu(e) = > curlu(@) X (x). (4.3)
KeM

Note that on each element K € M, Vu i € R? is actually a constant and the divergence defined
in (4.2) matches the finite volume divergence defined in (3.5) for p = 1.

We then define for ¢ € [1,00) the broken Sobolev W14 semi-norm [[-[[1,4.14 associated with the
Crouzeix-Raviart finite element representation of the discrete velocities. For any u € Ha(€2) it is
given by:

lull? , vf = /QwMuwdw.

A first important property, proved in Appendix C, is the following discrete Sobolev embedding.

Lemma 4.1 (Discrete Sobolev embedding). Let D = (M,E) be a staggered discretization of Q
such that Opg < Oy (where Opq is defined by (3.1)) for some positive constant 6. Then, for all
q € [1,4+00) if d =2 and for all q € [1,6] if d = 3, there exists C = C(q,d,0y) > 0 such that:

||U||Lq(sz) < Cllullygny Yu € Hago(2).

Remark 4.1. For d=2, one has C(q,d,0y) — oo as ¢ — 00.

A consequence of this Sobolev embedding is a discrete Poincaré inequality. Note that the semi-
norm |w||; 5 r4 is in fact a norm on the space Huq0(€2).

Lemma 4.2 (Discrete Poincaré inequality). Let D = (M, &) be a staggered discretization of
such that Opq < 0y (where Opq is defined by (3.1)) for some positive constant 8y. Then there exists
C = C(d,00) such that

lullgs gy < C llull 5 pe You € Hago().
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It will be convenient in the analysis of the scheme to handle several representations of the
discrete velocities. We define an interpolation operator II¢ which associates a piecewise constant
function over the cells of the dual mesh to any function w € Hx((Q2) as follows:

Mew(m) = Y u, Xp, (). (4.4)

0€Eint

The constant value of IIgw over the cell D, is u, defined in (3.3). The mapping u — Ilgu is a
one-to-one mapping which is continuous with respect to the LZ-norm, for all ¢ € [1,400]. Indeed,
we have the following result.

Lemma 4.3. Let D = (M, E) be a staggered discretization of Q0 such that Opq < 6y (where Opq is
defined by (3.1)) for some positive constant 6y. Then, for all ¢ € [1,+00], there exists a constant
C = C(q,d,by) such that:

||H€UHLq(Q) <C ”u”Lq(Q)'

Proof. This property is obtained through standard properties of the affine mapping and invoking
a norm equivalence argument for the finite dimensional polynomial space on the reference unit

simplex Py (K). O

We also define a finite-volume type gradient for the velocities associated with the dual mesh.
This gradient is somehow a vector version of the gradient V¢ defined in (3.17) for scalar function
in Lrp(2). For w € Hy(2) and K € M, denote ux = Y, ce i) {k Uo where £ is defined in
(3.11). The finite-volume gradient of w is defined by:

Veu) = 3 (|,|30| (ur— u) © i )an(m). (4.5)
o€&int 7
oc=K|L

We also introduce the following other discrete W4 semi-norm given for u € Hp((Q) by:

d_
o= 5SS RET S jup —ug

KeM 0,0’ €E(K)

This semi-norm may be shown to be equivalent, over a regular sequence of discretizations, to the
usual finite volume W9 semi-norm associated with the piecewise constant function Hgu. It is
possible to prove that this semi-norm, as well as the semi-norm defined by the L? norm of Vgu are
controlled on a regular discretization by the finite-element W'¢ semi-norm. Indeed, we have the
following lemma.

Lemma 4.4. Let D = (M, E) be a staggered discretization of @ such that Oy < 0y (where Opq is
defined by (3.1)) for some positive constant 0y. Then for all ¢ € [1,4+00) there exist two constants
Cy = Ci1(q,d,00) and Cy = Ca(q,d, 0y) such that:

IV el < Cilully pe < Collull, 0 Vau € Hag().
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Proof. The first inequality follows from the regularity of the discretization and from the fact that
for K € M, uk is a convex combination of (%s),ee(x). The second inequality is obtained through
standard properties of the affine mapping and invoking a norm equivalence argument for the finite
dimensional polynomial space on the reference unit simplex P; (K’ ). O

Lemma 4.5 (Inverse inequalities). Let D = (M, &) be a staggered discretization of £ such that
Onm < 6y (where 04 is defined by (3.1)) for some positive constant 0y. Let u be a function defined
on § such that for all K € M, ujx belongs to a finite dimensional space of functions which is stable
by affine transformation. Then, for all q,p € [1,+00], there exists C = C(q,p, 6o, d) such that (with
1/00=10):

1

d 1
ulhagy < CHE ) Tl VE € M, (46)
Hence, for all p € [1,4+00), there exists C = C(p,0y) such that :

_d
||u||L°°(Q) < Chyf HU’HLP(Q)' (4.7)

Proof. Inequality (4.7) is a direct consequence of (4.6). Let us prove the latter. Let K be the
reference element. We have K = Ag(K) for some affine mapping Ax. We denote @ the function
defined by 4(&) = u(x) for € = Ax(&). By this change of variable we have:

1 R 1
LA X X K1)
m HUHLq(K) < HuHLq(f()a ||UHLP(1”() < m ||U||LP(K)-

Since ﬁ| 7 belongs to a finite dimensional space, the equivalence of all norms gives Hﬁ”Lq( g =
Cllallys (g with C = C(g,p,d). We conclude by invoking the regularity of the discretization:
O

For q € [1,+00), we introduce a discrete semi-norm on L(f2) similar to the usual W14 semi-
norm used in the finite volume context:

lo| \a
oIt a = Ve [faey = D |Da|(m) P
g gint g
o’:eK\L

It will be convenient in the analysis of the scheme to handle another representation of the
discrete densities associated with the upwind discretization of the mass flux. For u € Haq,o(£2) we
define an interpolation operator Pes which associates a piecewise constant function over the cells of
the dual mesh to any function p € La(2) as follows:

Pep(x) = D poXp, (). (4.8)

0€Eint

The constant value of Pgp over the cell Dy, 0 = K|L € &yt is po the upwind value with respect to
Uy, 1.6. Po = PK IS Uy - Nk, > 0 and p, = pr, otherwise.
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Lemma 4.6. Let D = (M, &) be a staggered discretization of @ such that Op < 0y (where Oy
is defined by (3.1)) for some positive constant 0y. For all ¢ € [1,4+0], there exists a constant
C = C(q,0y) such that:

[PepllLaqy < CllollLaqy, Yo € La().

Proof. The proof is trivial for ¢ = +00. Let ¢ € [1,+00), in that case we have:

HPSPng(Q) = Z |Ds| [po 7.

o€E&int

For o = K|L, either p, = px or p, = pr. Hence, |Dy| |ps|? < |Do||pr|?+|Ds| |pr|?. Thanks to the
regularity of the mesh, there exists C(6y) such that |D,| |ps|? < C(60)(|Dk.o|lpx|?+|DL.o|lpL]?).
Summing the right hand side of this inequality over o € &y yields C(6y) ||pl|La - O

In the following subsections, the discrete density is first shown to be positive and we prove a
discrete analogue of the renormalization property satisfied by the solutions of the discrete mass
equation (3.4a). Then, we establish stability properties enjoyed by any solution of the numerical
scheme which are discrete analogues of the uniform (with respect to n) estimates of Section 2 for
the solutions of the continuous problem. In particular, we prove a discrete Hj-estimate on the
velocity and a the control of the density in L3(’Y’1)(Q) which are both independent of the mesh size
hat. In order to perform the convergence analysis of the scheme, we also prove stronger controls on
the density (an LI'-control with I' large and a control on the discrete gradient) which nevertheless
blow up as the mesh size h tends to zero. From this point on, we assume d = 3.

4.2 Positivity of the density and discrete renormalization property

We prove the positivity of the discrete density p € Ly () if (p, u) is a solution of the discrete mass
balance (3.4a). We have the following result:

Proposition 4.7 (Positivity of the density). Let D = (M, &) be a staggered discretization of Q.
Let (p,u) € Ly () x Hag(Q) be a solution of the discrete mass balance (3.4a). For K € M, denote
div(u)k the constant value of divagu over K. Then

*

p

1+ hj_vfl max (0, max div(u)K)
€

PK = p = >0 VK e M.

Proof. We proceed by contradiction. Let K € M be such that pgz = II(Ill/I\l/[ pk and assume that
€
pi < p. Multiplying (3.4a) by X5 we get:
. 1
WSy (pi = p*) + pic div(u) g + R > ol (pe — pic) to -y
ce&(K)

1 lo] \ % 1_
+h§a@ > |0|(|D |)7|P1’<—PL|” "(pg —pL) =0.
U€€£f() 7

oc=K|L
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For L a neighboring cell to K, one has p;, > pgz by definition of K, which implies that the last
term is non-positive. In addition, because of the upwind definition of p, (see (3.7)), the third term
is also non-positive. Hence, we get:

5y (pr — p*) + pi div(u) g > 0. (4.9)
By definition of p, we have:
&1 (5 % > i -
h3y (p — p*) + pmax (O, max, dlv(u)K) 0. (4.10)
Subtracting (4.10) from (4.9) we obtain:
hil/[ (b —p)+ (pk div(u)z — pm (O max div(u ))

If div(u) g < 0 then the second term is clearly non-positive. If div(u)z > 0, then we have

K d 7 (0, d ) - 7 d Ko d
PE IV(U)K pmax m% 1V(U)K PR 1V(U)K P m% 1V(U)K
< P d.V u K — max d.V (V) K)
( ! ( ) KeM ! ( )

which is also non-positive. In both cases we obtain that hf\l/l (p — p) > 0 which contradicts the
assumption pr < p.
(|

Next, we state the following result which is a discrete analogue of the renormalization property
(2.6) satisfied at the continuous level. The proof is given in Appendix A.1.

Proposition 4.8 (Discrete renormalization property). Let D = (M, E) be a staggered discretization
of Q. Let (p,u) € Ly () x Ha,0(Q) satisfy the discrete mass balance (3.4a). We have p > 0 a.e.
in Q (ie. px >0, VK € M). Then, for any b € C*([0, +00)):

div(b(p)u) . + (V' (px)px — b(px))div(u)k + R + R + Rk =0 VK € M, (4.11)
where .
diV(b(p)U)K = m Z |0'| b(po)uo *NMK,os
c€e&(K)
and

1
fire = K] > lolrkote - nxo and Tro =V (pK)(pe — px) + blpK) — blps),
oc€&(K)

1 o

Ri =5y b’(px)m > ol (|£||) lox — o7 (px — pr),
ce&(K) 7

R = h3b (o) (px — p¥).
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Multiplying by |K| and summing over K € M, it holds

/ (' (p)p — b(p))divag ude + Rt + Rz + R =0, (4.12)
Q
with
R},‘ - Z |U|(TK,G' - TL,G’)UG' ‘NK.o,
o€&int
o=K|L
o
RE=hy Y |U|( u ) loxc = prl " (pxe — pr) (' (pxc) = V' (pr),
0€Eint
a’eK|L
Ry =Sy Y KV (px)(px = ),
KeM

and if b is convex then R}:’Q >0 and R?\/l > 0.

1
Remark 4.2. For b(p) = ﬂp'@ with B > 1, the previous result gives

/ p? divaw dz + Re 1 (p,u) + Re 2(p,u) <0, (4.13)
Q
with

B g2 g
Ri(pyu) =5 > ol min(pl* pf ) (pr = pxe)’ [t 7| > 0,
0€E&int
oc=K]|L

153 o _ _
R (p.0) = 15527 3 ol (1) o =l (o =) 3 ) 20
0€Eint 7
o’:eK\L

Remark 4.3. As explained in the continuous case, we can extend the renormalization result of
Proposition 4.8 to functions b € C°([0, +00)) N C1((0,+00)), the derivative of which is not bounded
close to 0, but satisfies for all t < 1:

b/ ()] < Ct=2  for some Ao < 1.

Remark 4.4. The positivity of the density and the discrete renormalization property are actually
independent of the space dimension. They are naturally valid for d = 2.
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4.3 Estimate on the discrete velocity

In order to derive estimates on the discrete velocity and density, we proceed as in the continuous case
and begin with writing a discrete counterpart of the weak formulation of the momentum balance.
We begin with the following Lemma which states discrete counterparts to classical Stokes formulas.
We refer to Sections 3.2 and 4.1 for the definitions of the operators.

Lemma 4.9. Let D = (M, &) be a staggered discretization of Q. The following discrete integration
by parts formulas are satisfied for all (p,u) € Ly (Q) x Hpg0(R2). One has for all v € Hp0(0):

—/Agu-Hgvdwz/VMu:VMvdw, (4.14)
Q Q
— / (Vodiv)gu - llgvde = / divag udivpyg v de, (4.15)
Q Q
Ve(p) - Hevde = — / pdiva vde. (4.16)
Q Q

Thanks to these formulas we easily show the next lemma which corresponds to a discrete coun-
terpart of the weak formulation of the momentum equation.

Lemma 4.10 (Weak formulation of the momentum balance - first form). Let D = (M, E) be a
staggered discretization of Q. A pair (p,u) € Lam(Q) x Haq(Q) satisfies the discrete momentum
balance (3.4b) if and only if:

/dng(pu®u)-Hg'vdw+u/VMU:VM'vdw—i—(u—i—)\)/diVMudiVMvdw
Q Q Q

—a/p'ydivadw—hig/[/deivadm:/f-Hgvdcc, Vo € Ha (). (4.17)
Q Q Q

Proof. Multiplying (3.4b) by | D,|Xp,, summing over o € &,y and using the discrete Stokes identities
(4.14), (4.15) and (4.16), we obtain (4.17). Conversely, multiplying (4.17) by |D,|~*Xp, for all
o € &t yields (3.4b). O

From this point, we assume that I' and (&1, &2, &3) satisfy the conditions (3.19)-(3.20)-(3.21).

Proposition 4.11 (Estimate on the discrete velocity). Let (p,u) € La(Q) x Hag,0(2) be a solution
of the numerical scheme (3.4). Then, we have p > 0 a.e. in Q (i.e. px >0, VK € M), and if
ha < hg (with hg depending on p, p*,Q, 0y), there exists C1 = C1(f, u, p*,Q,&1,00) such that:

2
[ull10 0 < Ch. (4.18)
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Proof. We take u as a test function in (4.17):

/ dive(pu @ )  Teude + plul? 5 o+ (1 + Nldivag wla g,
Q

—a/p’ydivMudm—hf\i/deivMudm:/f-ngdcc.
Q Q Q

By remark 4.2 applied with =+ > 1 and § =T > 1, the last two terms in the left hand side of
this equality are seen to be non-negative. We thus obtain:

. 2
/QdIVE(PU ®u) - Heude + pllully ; pm < N FllLe) Mewllpeg)- (4.19)

Recalling that in the definition of the convection term, u. = %(ug + uy) for € = Dy|Dyry we get:

/Qdng(pu®u)~ngdw:% Z ( Z F(,yé(p,u))|ug|2

o€Eint EGE(DU) )
—|—§ Z ( Z F, (p,u) ug~ug/),

0EEint EGE(DU)
e=Dy|D,/
and the last term in the right hand side vanishes thanks to the conservativity of the dual fluxes
(assumption (H2)). Using the mass conservation equation satisfied on the dual mesh (3.15) in the
first term, we get (denoting p the piecewise constant scalar function which is equal to pp, on every
dual cell Dy, and which satisfies p > 0 (because p > 0) and [, pdx = [, pdx = [Q]p*):

1
‘/Qdng(pu@)u) -ngdw‘ = ghil/l

=) New? da| < 11921 5* INeul o
Injecting in (4.19) yields:

2 2
pllll? 5 < 1 F o) Meullpa o) + 254121 p* [ Teullf v -

Thanks to the continuity of operator Ile: [[Iew|peq) < Clleflgeq), to the inverse inequality

_1
[l () < haf [Ullgs(q), and to the discrete Sobolev inequality [|ulleq) < Cllully o 4 (With C
only depending on 2 and ), we obtain:

2 -1 2
il one < € (15 e Il g.ne + 5819209710l o)
Applying Young’s inequality, we get that for all k > 0:
C
-1 2 2

(n—Ck— Chilxl €2 p¥) ||u||1,2,/v1 < 1n HfHL2(Q)'

Since & > 1, taking haq and x small enough yields:
2
[ull om0 < Cr,

where C; only depends on f, u, p*, , & and 6.
O

Remark 4.5. The control on the discrete velocity is also independent of the space dimension. It
is valid for d = 2 with the less restrictive assumption & > 0.
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4.4 Estimates on the discrete density

We derive an estimate on the discrete pressure following the same lines as in the continuous setting.
One remarkable property of the staggered discretization is the existence of a discrete analogue to
the Bogovskii operator, which is also equivalent to an LY inf-sup property satisfied by discrete
functions. We refer to the appendix, Section C.3, for the proof (see also [20] for a proof which
concerns the MAC scheme).

Lemma 4.12 (L? Discrete inf-sup property). Let D = (M, &) be a staggered discretization of
such that Oap < 0y (where O is defined by (3.1)) for some positive constant 6y. Then, there exists
a linear operator

Bt : Lr,o(€2) — Hogo(2)
depending only on Q and on the discretization such that the following properties hold:
(i) For allp € Lapo(Q2),

/rdivM(BMp)dwz/rpdw, Vr € La(92).
Q Q

(i) For all g € (1,400), there exists C = C(q,d,,6p), such that

1BrmPll g0 < CllPlLae)-

Before deriving the control of the discrete pressure, we first present a second form of the weak
formulation of the momentum equation which will be more convenient to handle.

Lemma 4.13 (Weak formulation of the momentum balance - second form). Let D = (M, E) be a
staggered discretization of § in the sense of Definition 3.1. The discrete weak formulation of the
momentum balance (4.17) can be written in the following form:

- /Q(ng)(ngu) @ (Tlgw) : Ve da
—i—u/QVMu : Vpmodx + (;L—i-/\)/QdivMudivadcc
— a/ﬂp"Y divpvde — hg\g/[/ﬂpF divpg vde + Reony(p, w,v) = /Q [ -Hgvde. (4.20)
where
Reonv(p, u,v) = /S2dng(pu ®@u)-Mevdx + /Q(ng)(l'[gu) ® (Hgu) : Vevde.

Assuming that v € (%, 3], O < Oy and hpy < 1, the remainder term satisfies the following estimate
for some constant C' = C(Q,~,T,00):

%(%n-i-fs)”

1 1
3— T 2
‘RCOHV(PaUa'U)‘ < Oh’_/z\/[ hf\e}lpr||[ljl+n(gz)||u||1,2,/vl Hv”l,z,M (4.21)

gz,i,L(iJrES) 1
+ChM EERE Hhﬁi[PFHELn(Q)||u||1,2,MH'U|

1,2,M
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Proof. This result is proved in Appendix A.2 (Lemma A.2). O

Remark 4.6. Note that in the previous inequality (4.21), under the conditions (3.20)-(3.21) (since
% < %), we guarantee that:

1 1/ 3 n 5 ( 3
5‘?(1+ +§3> 1+n_E(1+ 53)
1 1 3 1 5 3
oy Tr <1+n €3> T or (1+77 53)
so that the exponents of haq appearing in (4.21) are positive under the assumptions (3.20)-(3.21).

We may now prove the following result which states mesh independent estimates satisfied by
the discrete density when (p,u) € La(Q2) x Haq,0(€2) is a solution of the numerical scheme (3.4).

Proposition 4.14. Let (p,u) € La(2) x Hag,0(R2) be a solution of the numerical scheme (3.4).
Then, we have the following estimates:

e There exists Co = Co(Ff, pu, A, p*, 7y, T, &1, €2, &3, 00) such that:
llollac- vt Hh P HL1+n(Q < Cy. (4.22)

e There exists C5 = Cs(f, pu, A, p*, 7, ', &1, €2, &3, 00) such that:

o +E
S ol (o = ) e - mcal + B |p|m,M_cgh (i) (4.23)

0€&iny
oc=K]|L

Remark 4.7. Note that from (4.22) we can easily deduce by interpolation between Lebesgue spaces
that for all p with 1 < p < 1+, there exists r € [0,1) depending on p and v (withr =0 if p=1)
such that:

17
1152 oy < BT ey 0 gy < A5 10 e 1 BS0PT Ny < Ca S,

(4.24)
with C'4 = O4(fa,uv)\ap*59775F7§17§27§3;907p)'

Remark 4.8. Estimate (4.23) combines a so-called “weak BV estimate” and an estimate on the
discrete H'-semi norm of the density. Actually, as shown in the proof thereafter, if v > % we have:

3" ol (or — px)? o el + 1S 1ol Ly, < Ca

oc€E&int
oc=K|L

In the rest of the paper, we will not distinguish the cases v > > Tandy < I 3, and we will assume that
we are in the worst case, i.e. that we have (4.23).
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Proof. Let us set P(p) = ap” + hi&pr. Similarly to the continuous case, we apply Lemma 4.12 to
P(p)"1— < P(p)" > and we define v € Hu0(Q2) by v = Bm(P(p)"— < P(p)" >). There exists
C = C(9Q,7,0p) such that

[0[l,0, 00 < ClIP(p)"= < P(p)" >lp2(q)
< C(IPOangey + IPO (e
< CIPP) I ren (e
since n = # <1 for v < 3. With the same arguments, we have
ol 120 11 < CIPrengey.

Taking v as a test function in (4.20), we obtain:

/Q(P(P))H_" de =< P(p)" > (/Q P(p) d:c)

— / (Pep)gu) @ (lgw) : Vevde +p | Vyu: Vyode
Q Q

—|—(u—|—/\)/divMudivMUdm— [ lgvdx + Reonv(p, u,v)
Q Q

=T+ - +Ts. (4.25)
We estimate the T; as follows. First for 71 we have C' = C(€,+, 0y) such that:

il < ([ PE)IPOI e
1—r r 1—nr I'r
< CIplS ey oI5 sy + RSN Gy Pl oy ) 1Py
< C(||p ||L1+n(sz + RS2 pgs pr ||L1+n(gz )”P( )||L1+n

where we have used an interpolation inequality with

_ (=Dl +n)
SRETETES .

Hence, by a Young inequality, we have C' = C(Q,~,T, &3, 60) such that:

_T-D1+n)

= < 1.
F'l+n) -1

1
(T3] < C 4 P 0
The second term is controlled as follows, with C = C(£2,~, o):
7 =| [ (Pep)ttew) © (Tew)  Vevd
Q

2
<cC HPSPHLW(1+TI)(Q) ||H5uHLG(Q) [vll4 At M

< C|IP()[I}} (O 11400

1 1
§C+5M%NJﬂm
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Next, observing that [|divas v[[i2q) < \/§||v||1127M for all v € Ha(2), we have C' = C(£,7,00)
such that:

ITs] + |Tal < (4300 + M) llally o a0 0111000 < CCr (430 + M) PO

By the discrete Poincaré inequality, the term T} satisfies with C' = C(Q,, 6)):

IT5| < ||f||L2(Q) ||H8”||L2(Q)
S O fllee) vz
S O fllezq) 1vll2, a4
< Clif ez 1POIT 100y

Hence we get:
1
(Tl + T2l +1T5] < C + 2 [P

The last term Ty is the remainder term Reony(p, u,v) in the weak formulation of the momentum
balance (4.20). We have thanks to (4.21), with C' = (Q,~,T, 09):

+53)||

7_7( 37 : T 2
|T6| = |Rconv(p,u v)| < Ch2 Tt h%{ﬂ ||L1+n(g)||u||1,2,,/\/l ||v||1,2,/vl

g2—3— (7 +6s) &
+ ChM K e ||h,€\ilpr||ﬂf+n(g)||u||1,2,/v1 ”"7”172,]\4-

As a consequence of Remark 4.6, there exists v > 0 such that

nF

|Ts| < Chiy ||“||1 2,M ||h P ||L1+n Q)H”Hl am + Chiqully o MHh P ||L1+n Q)H”Hl,z,M
< OhM ||u||1 2,M ||h P ||L1+n Q)HP( )||7I_7,1+TI(Q + Oh/\/{ ||u||1 2, M”h P ||L1+n(gz)||P(P)||Zl+n(g)
v + v U
< Chi I} 500 [P0 )Ilzlfn @+ CPAully o 1P ()i

1 1
S O"' EHP( )”LJlrfn (Q)’

since & and 77_ are both less than 1 (consequence of (3.20)). Gathering the bounds on T7,..,T5 and

T
coming back to (4.25) we get:

1+7 qpe % 17 qp
[ o raa<c s [ )

This achieves the proof of (4.22).
It remains to prove (4.23). Taking § = 2 in the discrete renormalization identity (4.13), we get:

S 101 on = o o il 4 Wlola < = [ P divauda
Q

0€E&int K
o=K|L
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with, if v > I (and thus 3(y — 1) > 4):

/ p% div g ude
Q

< ||p2||L2(Q)||diVMu||L2(Q)
2 .
< ||pHL4(Q)Hd1VM UHL2(Q)'

and otherwise (i.e. for y € (£, 1)):

<

/ p? div g udax
Q

/ p% p% divas uwde
Q

5 3 .
< ol Il | Idiva )

3@

< C(Q,7.T, o)l it () |

This achieves the proof of (4.23).

4.5 Existence of a solution to the numerical scheme

5 3 .
|h§\3/1pp||ﬁf+n(g) ||P|‘ﬁa<w—1)(g) [[div uHL2(Q)'

The existence of a solution to the scheme (3.4), which consists in an algebraic non-linear system,
is obtained by a topological degree argument. Its proof is based on an abstract theorem stated in
Appendix B.1, which relies on linking by a homotopy the problem at hand to a linear system.

Let N = card(M) and M = d card(Ein); we identify L (2) with RY and Hpy o(€2) with RM.

Let V = RY x RM. We consider the function F: V x [0,1] — V given by:

1 —
5@ > Frolp,uw) +h5y (ox — p),
c€e&(K)

Flpud)=| 62 S B, (pupuc +5a(Ve(o"), + 6 b5 (Ve )i,

| Do |

EGE(DU)

—p(Agu)p, = (1 + ) (Vo div)ew) , — (Te fyp,,

KeM

(4.26)

(RS gint-

Solving the problem F(p, u,d) = 0 is equivalent to solving the following system analogous to (3.4):

Solve for p € Ly () and u € Hpqo():

§divae(pu) + hSY (p— p*) = GBS Aren (p) =0,

n

(4.27a)

§dive(pu @ u) — pAgu — (4 \)(V odiv)gu + 6aVe(p?) + 615 Ve(p') =Tef.  (4.27b)

Note that system (3.4) corresponds to F(p,u,1) = 0. An easy verification shows that any
solution (p,u) of the problem F(p,u,d) = 0 for § in [0, 1], satisfies the same estimates as stated
in Propositions 4.7 (positivity of p) and 4.11 (estimate on /|, 5 1) uniformly in 6. However, the
positivity of the density is not sufficient to apply the topological degree theorem stated in Appendix
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B.1. We need to prove that there exists a positive lower bound on p, if (p, u) is a solution of (4.27),
which is uniform with respect to 6 € [0,1]. For the lower bound, we use Proposition 4.7 and
the fact that |lul|, , < C1 uniformly with respect to § € [0,1] which implies that the quantity
max div(u) g is also controlled uniformly with respect to § € [0,1] as follows:

KeM
div(w)x| < /3 min JK] 77 C1.
max iviu)g| < Ir(rg}\lﬂ | 1

Hence a positive lower bound on p, if (p,u) is a solution of (4.27), which is uniform with respect
to 0 € [0,1], is given by:

*

p

ﬁmin - — .
14+ A& /3 min |[K[-1C
+ g I?g}}ﬂ | 1

We also obtain a uniform upper bound on p by remarking that:

(4.28)

1 1 L
1ol () < “min [K[T ol ) = “min [K[T |22 p* =1 Prmax-
KeM KeM

We may now prove the following result.

Theorem 4.15 (Existence of a solution). Let D = (M, &) be a staggered discretization of Q in
the sense of Definition 3.1. The non-linear system (3.4) admits at least one solution (p,u) in
Lam(92) x Ha0(2), and any possible solution satisfies the estimates of Propositions 4.7, 4.11 and

4.14.

Proof. This proof makes use of Theorem B.1. Let F be the function defined in (4.26). The
function F is continuous from V' x [0, 1] to V. It therefore defines a homotopy between the problem
F(p,u,1) =0 and F(p,u,0) = 0. The first hypothesis of Theorem B.1 is satisfied and defining

0= {(p,u) eV st. pL; <P <2 Pmaxs [ullj o < 201},

the second hypothesis of Theorem B.1 is also satisfied. Therefore, in order to prove the existence of
at least one solution to the scheme (3.4), it remains to show that the topological degree of F(p, u, 0)
with respect to Oy and O is non-zero. The function G : (p,u) — F(p,u,0) is clearly differentiable
on O, and its jacobian matrix is given by

hS5 Idgxn ‘ 0

Jac G(p,u) =

3

0 |4

where A € RM*M ji5 the mass matrix associated with the finite element discretization of the
following elliptic problem:

Find u € HY(Q) such that :

—pAu — (p+ A)V(divu) = f, in Q. (4.29)
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By the coercivity of the discrete diffusion operator, the matrix A is invertible and the discretization
of this elliptic problem has one and only one solution. Hence, by the first block of equations in
F(p,u,0) =0, there exists one and only one point of O such that F(p,u,0) = 0. Since the Jacobian
matrix at this point Jac G(p, ) is invertible (since Idgnvx~ and A are invertible), this implies that
the topological degree of F(p, u,0) with respect to O and 0 is non-zero. Therefore, by Theorem
B.1, there exists at least one solution (p,u) to the equation F(p,u,1) = 0, i.e. to the scheme
(3.4). O

5 Proof of the convergence result

We recall the hypotheses of Theorem 3.1. Let € be a polyhedral connected open subset of R3. We

assume that v € (2,3], f € L2(Q) and p* > 0. Regarding our discretization, denoting n = # €
(0, 1], we assume that I' and (&1, &2, &3) are such that:
(@)  &>1, (5.1)
5 3 n 1
i = /B 5.2
(i) 4r<1+n+§3><1+n =3 (5.2)
.1 5 (3 1+ 5 ( 3
R /AL (. . 5.3
(iid) 77+477F <1+n+§3><§2< ” T (1+n+§3) (5.3)

Let (D, )nen be a regular sequence of staggered discretizations of € as defined in Definition 3.6.
We denote h,, instead of haq, in order to ease the notations. Similar simplifications will be used
thereafter.

Theorem 4.15 applies and without loss of generality (assuming h,, is small enough for all n € N),
we can assume that for all n € N there exists a solution (pn, w,) € L, () X Ha, 0(€2) to the
numerical scheme (3.4) with the discretization D,,. In addition, the obtained density p,, is positive
a.e. in Q. Since Opq, < 6y for all n € N, the sequence (pn, up )nen satisfies the following estimates.
There exist Cp > 0, p € (1,14 n) and r € (0,1) such that:

Gt (15 +€ =
Fnllype, + onllisc oy + 1S ALy + A5 T o
/,7 9 n

e (e
RS RS e + T ST o (o — pie)? g micol < Co, VR EN. (5.4)

0C€En int
oc=K|L

In order to ease the notations, the subscript n has been omitted in the above summation on the
internal faces of &,.

Thanks to these estimates, there is a subsequence of (D, )nen, still denoted (D,,)nen such that

(pn)nen weakly converges in L3O =1(Q) to some p € L3O =1(Q), and (p) )nen weakly converges in
(=1 — (=1
Lo (Q) to some p7 € L™ (2). The compactness of the sequence of velocities relies on the

following theorem (proven in Appendix C, see also [19], [36]) which is a compactness result for the
discrete Hj-norm similar to Rellich’s theorem.
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Theorem 5.1 (Discrete Rellich theorem). Let (Dy)nen be a sequence of staggered discretizations
of Q satisfying Op,, < 6o for alln € N. For alln € N, let u, € Hpq,, 0(2) and assume that there
exists C € R such that ||unll; 5 g, <C, Vn € N. We suppose that h, — 0 as n — +oo. Then:

1. There exists a subsequence of (W )nen, still denoted (w,)nen, which converges in L2(S)) to-
wards a function u € L2(Q).

2. The limit function u belongs to H () with [Vl < C.
3. The sequence (V pm, Un)nen weakly converges to Vu in L2(Q)3.

Hence, upon extracting a new subsequence from (D,,),cn, we may assume that there exists
u € H{(Q) such that the sequence (uy,)nen converges to w in L?(Q). By the discrete Sobolev
inequality of Lemma 4.1, we can actually assume that (u,)neny converges to uw in L2(Q) for all
q € [1,6) and weakly in L°(Q).

Following the same steps as in the proof of the stability property (Theorem 2.2) in the continuous
setting, we first pass to the limit n — 400 in the mass and momentum equations in Sections 5.1
and 5.2 and then pass to the limit in the equation of state in Section 5.3, by proving the strong
convergence of the density.

5.1 Passing to the limit in the mass conservation equation

Proposition 5.2. Under the assumptions of Theorem 3.1, the limit pair (p,u) € L3O0~1(Q) x
HY(Q) of the sequence (pn,un)nen satisfies the mass equation in the weak sense:

—/pu-vqsdm:o, Vo € C(). (5.5)
Q

Let us first state the following lemma which will be useful in the proof of Proposition (5.2).

Lemma 5.3. Let ¢ € C°(2). For n € N define ¢, € Laa,, () by én | = dx the mean value of
¢ over K, for K € M,. Denote ¢, = |o|™' [ ¢(x)do(x) for all 0 € &, and define a discrete
gradient of ¢, by:

Vaibal@) = 3 (Vo Xx@), with (Vo) =z 3 Joldonic

KeM, ce&(K)

Then for all q in [1,00], there exists C = C(,q, ¢,00) such that:

”V/\/ln¢n - V¢HLq(Q) < Chy,. (5.6)
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Proof. Let q € [1,+00). We have |V a1, ¢n — V¢Hiq(sz) =Y rkem, IV, on — V¢Hiq(K) with for
KeM,:

— q _ i _ q
Vst = Vol = [ | 3 Iedér s = Voo 4z
- X [ewaown, - vo@)| da
K ceE(K)7C
[ |50 [ sw ot ni - Vo) de
i TET Jox
1 q
= — — dy| d
J | [ (5ot = Vo) ] e

< [ (g 1960 - Vot dy)" o

By a Taylor expansion, we have for all y, € K, [Vé(y) — Vé(x)| < hn [§]yy2.0(q). Thus we have:

IV M, P — V¢Hiq(K) < h ||y, () || which concludes the proof for g € [1, +00). The proof is
similar for ¢ = 4oc0. O

We can now give the proof of Proposition (5.2).

Proof of Proposition (5.2). To prove this result we pass to the limit n — 400 in the weak for-
mulation of the discrete mass balance. Let ¢ € C°(2) and for n € N define ¢,, € Ly, () by
¢n|xk = ¢K the mean value of ¢ over K, for K € M,. Multiplying the discrete mass balance
(3.4a) by |K|¢x Xk, summing over K € M,, and performing a discrete integration by parts (i.e.
reordering the sum) yields:

- / (Pe, pn) (e, un) - Ve, ¢y de + RY + Ry =0, (5.7)
Q

with
R =h§ > |K|(px — p*) bk,
KEMH
1

Ry =hz Y ( ) |0|(|gl|);|PK—pL|%I(PK—pL))%{,

KeM, oce&(K)

where V¢ is the discrete gradient defined in (3.17) and Pg is defined in (4.8).

In order to prove Proposition 5.2, we want to pass to the limit in the first term of (5.7). It is
possible to prove that (Ilg, w,) — w strongly in L?(Q). However, the discrete gradient Vg, ¢, in
known to converge only weakly towards V¢ because locally on a dual cell D, it is supported by only
one direction, that of the normal vector ng ,, and since, at this stage, p,, converges only weakly
towards p (in L30~1(Q)), we cannot expect more than a weak convergence for Pg, p,,. Thus, it is
not possible to pass to the limit in the present form of (5.7). Instead, we use the discrete gradient
WV m, ¢ introduced in Lemma 5.3, which is known to converge strongly towards V.
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We have:

~ [ Pecp) e, wn) - Ve do == 3 ol o (61— 0x) e o

Uegn,int
oc=K|L
=— > lol(px +pL) (6L — bK) Us - N o + RY,  (5.8)
0€En, int
oc=K|L
with
Ry = 3 lol (box + pr) = po) (b1 = 0x) wo - nico.
aegn,int
oc=K|L

Reordering the sum in the first term of (5.8) we get:
- / (P€npn) (H€n un) ' Vgn an dz
Q

:_% Z pK( Z |U|(¢L_¢K)UU'TLK,U)+RQ,

KeM, oe€&(K)
o=K|L
1
=73 > pruk: ( > ol (pr - (bx)nx,g) + Ry +RY, (5.9)
KeMn €& (K)
oc=K]|L

where ug is the mean value of u,, over K and

Ri=5 3 o( X 1ol (6n — bx0) (ure o) macs).

KeM, c€eE(K)
o=K|L

Back to (5.9), we have:

- / (Pgnpn) (HSnun) ) V€n¢n dx
Q

=— > pKUK'( > |U|%(¢L+¢K)TLK,0)+R§+RZ+RQ
KeM, c€eE(K)
o=K|L

== > pxurc (Y loléonucs) + RE+ Ry + RY + Ry
KeM, ce&(K)

:_/pnun.an¢dm+Rg+Rz+Rg+Rg. (5.10)
Q

where :

= PKUK¢K'( > |U|nK,g),

KeM, oc€e&(K)
Rg = Z PK UK - ( Z o] (¢0_%(¢L+¢K))nl<,o)-
KeMy, c€E(K)
oc=K|L
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Replacing (5.10) in (5.7) we get:
—/pnun-VMH¢d:B+R?+RS+R§+RZ+R?+R"=O. (5.11)
Q

Since w,, — u strongly in L4(Q) for all ¢ € [1,6), and Vq, ¢ — Vo (by (5.6)) in L5(Q2)3 as
n — 400, we have u, - Vaq, ¢ — u - Vo strongly in L379(Q) for all § € (0,2]. Furthermore, we

have p, — p weakly in L3O0~Y(Q) with 3(y — 1) > 2 (since v > 2), which yields:

lim P Un - V M, On dmz/pu-V(bdw.
Q Q

n—-+oo

It remains to prove that E?:1 R} — 0 as n — +o0. In the following, in order to ease the notations,
we denote A,, < B, when there is a constant C, independent of n, such that A, < C B,,. We easily
prove that R} — 0 and RY — 0 as n — +o00. Indeed, one has:

|RY[ < thzl |€2[p* ||¢HL<>°(Q)7

which proves that R} — 0 since & > 0. For Ry, reordering the sum, we get:

1

ol \7 1
|R3| < h%? Z |U|(—||D||> lpx = pLl" oK — @1
0E€En, int 7
o=K|L
< &2 |0| % L
SI90lmoy 12 3 104l (57) " o = ol
0C€En int 7
oc=K|L

Applying Holder’s inequality (with coefficients 1 4+ 1 and (1 4 n)/n) to the sum, we get:

n 1
[R5 S [Vl () 12177 h32lpl 1,

m

1

< hﬁ(szf@%(ﬁm»( ﬁ(m%(%ﬁgg))lpllﬂ)z
n

Thanks to (5.4) and to assumption (5.3), we have Ry — 0 as n — +oco. Let us now turn to Rj.
Recalling the upwind definition of p,, we get:

1
[Bs| < 5 > lollpx — prllér — ¢k [te - nk o .
0E€En, int
oc=K|L
Applying the Cauchy-Schwarz inequality, we get:

1

" 1 3 3
B <5 (0 dollox =il s -macal)” (D lollor — oxl? o - micol )

T2 0E€En, int 0C€En int
o=K|L oc=K|L
_ 5 i_}rg 3
<t ) (S ooy - ok s i)
0C€En int
o=K|L
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by estimate (5.4). By Taylor’s inequality applied to the smooth function ¢ and the regularity of
the discretization, we have |¢1, — ¢x|*> < hn |Dol|/|o] ||V¢Hioo(m. Hence:

S(dr—2 ¢ 1 S (4p__3 _¢ 1
|R§|§hff(5 B 3)( > |Dg||ug|)2:h3 (4r-rts-e) Mg, wnllf1 0

0E€En, int
oc=K]|L
5 (4p_3 _¢ 1
saf e d

since [|wn||gs(q), and thus [[us |y, (q), is controlled by [lun||; 5 o4, Which is bounded by Cy. Since
(T, &3) satisfy (5.2) we get R — 0 as n — +00. We now turn to R}. By a Taylor inequality on the
smooth function ¢ and the regularity of the discretization, we have: |¢r — ¢k | S hn [V ly(q)-
Hence:

RY Sha Y. px D, lolluk —u,l. (5.12)

KeM, c€e&(K)

The vectors ux and u, are the mean values of u over K and o € £(K) respectively. By the
Cauchy-Schwarz inequality, we can prove that:

1 1
= o < / /K e (9) — (@) 2 dz do(y).

Since u,, is smooth over K we have for x, y € K:
1
un(y) = wn@) < ly —af? [ [V (ty+ (1~ D) dr
0

2
Bounding |y — | by hx we obtain, using Fubini’s theorem that |ux — u,|? < %HVunHi%K)g.
Injecting in (5.12), and invoking the regularity of the discretization we get:

1
IREI S ha Y K120k )| Vnlg s
KeM,

1-30=1) . 3(x—1

N ||pn||LOO(Q§ Z |K|§PK2 ”VunHL?(K)S
KeM,

5-3~ 3(y=1)

S hn ||pn||L02(Q)Hpn”L:i(%yfl)(Q)Hun||1,2,./\/ln'

1

< hp T [pnllra-1) () and since the sequence (pn)nen

~

Thus, by the inverse inequality [|pn |}~ (q)
is bounded in L3~V (Q) and the sequence (||wy]|; 5 M, Jnen is bounded we get:

1 5-3y 5y—7

1— 5-3v
12 _ 12001
|RY| < hn 7 =hn"7

Since, v > % > %, we deduce that R} — 0 as n — +o0.
The fifth remainder term satisfies Rf = 0 since 2065(K) lo|nke, = 0 for all K € M,,. Let

us conclude with the control of Rf. Denoting ¢?U = %(¢L + ¢) for 0 = K|L, we may write
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Ry = R | + R o with:

Riv= > pic( 0 1ol(d0 = do) (ur — o) -1 ),

KeM, oc€&(K)
Rg,Q = Z PK( Z |U| (¢o - Q/A)cr) Ug - nK,cr)-
KeMy, ce&(K)

The term R§, can be controlled the same way as R} and we obtain Rf; — 0 as n — +oo.
Reordering the sum in Ry, we get:

Rg,Q = Z |0| (pK - pL) ((bo' - (lga) Us MK o-
0€En int
oc=K|L

Hence Rg, can be controlled the same way as R3 and we obtain Rg, — 0 as n — +o00 and this
concludes the proof of (5.5).
O

5.2 Passing to the limit in the momentum equation

Proposition 5.4. Under the assumptions of Theorem 3.1, the limit triple (p,u,p7) € L30~D(Q) x

HL(Q) x L5

Sense:

(Q) of the sequence (pp, Un, p))nen Satisfies the momentum equation in the weak

—/pu®u:V'U de + p Vu:Vvdw—l—(u—l-/\)/divudivv dx
Q

Q Q

—a/p_’Ydivv de= | f vdx, Yo € C(Q)3. (5.13)
Q Q

Moreover, we have the following energy inequality satisfied at the limit:

u/ |Vu|*dx + (A + u)/ (divu)?’dz < [ f-ude. (5.14)
Q Q Q

Let us first state the following lemmas which will be useful in the proof of Proposition (5.4).

For D = (M, €) a staggered discretization of €2, we define Inq the following Fortin operator
associated with the Crouzeix-Raviart finite element:

Whi(Q) — Hum(Q)

Laa: v — Imqu = Zva (o, with v, =|o|™ / vdo(x) for o € £. (5.15)
o€& o

The following lemma states the main properties of operator Ir(. We refer to the appendix, Section
C.2, for the proof. See also the appendix of [22].
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Lemma 5.5 (Properties of the operator Inq). Let D = (M, &) be a staggered discretization of
Q such that Oy < Oy (where Opq is defined by (3.1)) for some positive constant 6y. For any
q € [1,400), there exists C = C(6o,q) such that:
(i) Stability:
1,
[l g g <C |u|w1,q(sz)= Vu € Wy (Q).

(i) Approzimation: For all K € M:

fw— IMuHLq(K) +hi |V (u - IMU)”Lq(K)3
< Chk lulweary,  Yu € W29(Q) N Wyd(Q).

(iii) Preservation of the divergence:

/pdiVM(IMu)dw:/pdivudw, Vp € Lp(R), u e W)
Q Q

Lemma 5.6. Let v € C°(Q)3. Let (Dy)nen be a reqular sequence of staggered discretizations
as defined in Definition 3.6. For n € N define v, € Hu,, 0(Q) by v, = Ipm,v. Then, for any
q € [1,400), there exists C = C(Q,q,v,00) such that:

[lvn — v”LQ(Q) < Chfw (5.16)
IV, vn — VUHLQ(Q)S < Chy, (5.17)
Hngnvn - 'UHLq(Q) < Chy,. (5.18)

In addition, denoting v, = |o|~! [ vdo(x) for all o € &, we define a discrete gradient of v, by:
1

V m,vn(T) = Z (Vo) Xk (x), with (Vv)g = 1Al Z lo|ve ® Nk o
KeM, c€E(K)
Then for all q in [1,00], there exists C = C(,q,v,00) such that:
IV, v — V'l)||Lq(Q)3 < C hy. (5.19)

Proof. The estimates (5.16) and (5.17) are direct consequences of the approximation properties of
the interpolation operator Irq,. The proof of (5.19) is similar to that of Lemma 5.3. Let us prove

(5.18).
e, vy — vnHiq(Q) = Z Z — vy ()" dz
KeMy oe&(K Dk,o
q

-y ¥ / v G (@) d

KeM,, oc€(K) " PK.o ’€£(K)

q

-y ¥ / s =)o) de

KeMy oce&(K Dk,o U/GS
S ki Z hi(iq Z |'Ud — v |?.

KeM, 0,0’ €E(K)
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Hence we have |[Ie, vn — vnllpaq) S b llVnlly g, S Bnllvalli g, S Anlvlwiagys- Combining

~

this with (5.16) yields the result. O
We can now give the proof of Proposition (5.4).

Proof of Proposition 5.4. To prove this result, we pass to the limit n — +o0 in the weak formulation
of the discrete momentum balance. Let v € C2°(Q2)? and for n € N, define v,, = Ing, v € Hpg,, 0().
We have [|v,|l; , o, <C ||’U||Wé,q(ﬂ)3 for all ¢ € [1,+00) by Lemma 5.5. Taking the test function

v, in the weak formulation of the discrete momentum balance (4.20), we get for all n € N:
— / (Pgnpn) (Hgnun) ® (Hgn’u,n) : Ve, v, dx
Q

+pu VMnun:Vanndw—i—(u—i—)\)/dian Uy, divpg, vy, da
Q Q

- CL/ px leMn Un dx — / h;éfpz div/\/(nvn + Rconv(pn; U, vn) = / f : Hgnvn dx. (520)
Q Q Q

The term involving the artificial pressure tends to zero as n — +oo since (h&?pl),en converges
strongly to 0 in LP(Q2) for some 1 < p < 1+ 17 (see (5.4)) and (div s, vn)nen is bounded in L7(£2)
for all ¢ € (1,400). On the other hand, Lemma 4.13 gives

< ot e

1
T 2
’Rconv(pna Unp, Un ||h$13ppl|£1+n(£2) ”u”Hl,ZMn Hv"”l,Q,Mn

52717L iJrgg 1
A G T A VY B N O

with C independent of n, so0 Reony (Pn, Un, V) — 0 as n — +oo using Remark 4.6. We also easily ob-
tain the convergence of the diffusion and pressure terms. Since (V aq, Un )nen (resp. (divag, Un)nen)
weakly converges to Vu (resp. divau) in L%(Q)3, (o] )nen weakly converges to p7 in L*7(Q) and
(Va, Un)nen (resp. (diva, Un)nen)) strongly converges to Vo (resp. divw) in L9(Q)? for all
q € (1,+00) we obtain:

lim (ﬂ Vot Vg, v dz + (1 + \) / div pq, Un divag, v, dz
n—+0o0 Q Q

—a/p;{dianvndm—/f-Hgnvndcc)
Q Q

:u/Vu:Vvdm—l-(,u—l-/\)/divudivvdw—a/p_’Ydivvdcc—/f-vdcc.
Q Q Q Q

The convergence of the source term is given by (5.18).
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Let us now prove the convergence of the convective term. We have:

— / (Pgnpn) (Hgnun) (24 (Hgn’u,n) : Vgn'vn dx
Q

= - Z o] po e @ Uy : (VL — VK) @ NK &

G'Egn,int
o=K|L
== > olipx +pr)us @ uo : (v —vK) Dnk, + RY,  (5:21)
0€En int
o=K|L
with
T = Z lo| (3(px + L) = Po) Uo @ Uy : (VL — VK) @ N g
G'Egn,int
oc=K|L

Reordering the sum in the first term of (5.21) we get:

— / (Pgnpn) (Hgn’u,n) (24 (Hgnun) : Vgn’vn dx
Q

1
=3 Z PK Z o) ue @ Uy : (v —VK) @ Nk o + RY
KeM, c€eE(K)
oc=K|L

1
:—5 Z PK UK QUK : Z |U|(UL—UK)®HK70+R?+R3, (5.22)

KeM, ce&(K)
oc=K]|L

where ug is the mean value of u,, over K and
1
n = 5 Z PK Z o] (ug @ ug — U QUy) : (U —VK) @ NEK 0.
KeM, c€eE(K)

oc=K|L

Back to (5.22) we get:

— / (Pgnpn) (Hgn’u,n) X (Hgnun) : Vgn'vn dx
Q

= - Z PK UK @ UK : Z o] 3(vL +vK) @ nKo + Ry + Ry + Ry
KeM, ce&(K)

oc=K|L
— Y pruk®uk: Y |o|ve®nk,+ Ry +RY+ Ry +RY
KeM, c€E(K)

z—/pnun@)unvanvn dx + R + Ry + Ry + R},
Q
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with
g: Z pK’LLK®’LLK'UK®( Z |U|nK,U)7

KeMy ce&(K)
R} = Z PK UK QUK : Z lo| (UU_%(UL+UK))®TLK7U.
KeM, c€eE(K)
oc=K|L

Since u, — u in LI(Q) for all ¢ € [1,6), and V v, — Vo in L7(Q)3 for all r € (1,+00), we
have u, ® Uy, : V,vn — u®u: Vo in L379(Q) for all § € (0,2]. Furthermore, we have p, — p
weakly in L3071 (Q) with 3(y — 1) > £ (since v > ), which yields:

lim —/ Pn Up @ Uy, :Vann de = —/ pu®u: Vo dx.
n—+oo Q Q

In order to complete the proof of Proposition 5.4, it remains to prove that 2?21 R — 0asn — +oo.
In the following, in order to ease the notations, we denote A,, < B, when there is a constant C,
independent of n, such that A,, < C B,,. We begin with R}. Recalling the upwind definition of p,
and the fact that a®@b:c®d = (a-¢)(b-d) for a,b,c,d € R? we get:

1
By <5 D lollow = pul s micol o = vicl fuo |
gy

Applying the Cauchy-Schwarz inequality, we get:

1

1 b
RE <5 (03 lollox = ol lue nicol)” (X lollor = vicl? uo|?)

[SE

2 0E€En int 0E€En, int
oc=K|L oc=K|L
5 (3 1
Shnsr(1+n+53) ( Z |0,| |'UL_'UK|2 |ug|3)2
G'Egn,int
oc=K|L

by estimate (5.4). By Taylor’s inequality applied to the smooth function v and the regularity of
the discretization, we have |vy — vi|? < hy, |Dy|/|0] ||Vv|\ioo(9)3. Hence:

S (4p—3__ 3 S (4p__3 _ 3 5 (4p__3 _
e h T g < 0 g (e e)

since [|up||g6 (o) is controlled by [lwn ||y 5 x4, which is bounded by Co. Since (I, §3) satisfy (5.2), we
get RT — 0 as n — +00. We now turn to 5. We write

UK QUK — Uy @ Uy = (Ug — Uy) QUK + Uy ® (UK — Ugy).
Hence, |Ry| < [R5 | + |RY 5| with:
n 1
(B2l =5 Y orx Y lollux —uolluk|lvr — vkl

KeM, c€e&(K)
o=K|L

1
|Rg,2|:§ Z PK Z |U||uK_uU||ua||vL_'UK|'

KeMy, c€E(K)
o=K|L
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We only treat |RY ], since the treatment of |R% 5| is similar. By a Taylor inequality on the smooth
function v and the regularity of the discretization, we have: v —vi| < hn [[V|ly, (). Hence:

RS Sha Y prcluk| Y loflux —u,l. (5.23)
KeM, c€e€(K)

Proceeding as in the proof of Proposition 5.2 (see the computation after (5.12)) we get:

1
B3| She S0 1K pic fuscl [V e s
KeM,

y—1) 7—1)

3( 1 3(
@ Ml 3 Ko™ [Vl s
KeM,

1—
S ha Hpn”Loo

5-3y
S hn Hpn”LDi(Q) Hun”LOO(Q)'

1 _1
Recalling inverse inequalities |[pn 1) S on " lonllpse-1 (o) and [[tnllpe o) S on? [lwn|

LS(Q)
and since (py )nen is bounded in L3(~1(Q) and (llwnlgs())nen is bounded we get:

1— 1 5—3«y 1 2y—3

R | Shn 70 % P =ha

Since, v > 2, we get R3 1 — 0 asn — +oo. As said previously, the same holds for R} 5. The third
remainder term satisfies RS = 0 since >, () o] Ko = 0 for all K € My,. Let us conclude with

the control of R}. Denoting 0, = 5(vy + vi) for 0 = K|L, we may write R} = R}, + R} , with:

Ri,= Z pK( Z |a|(uK®uK—ug®ug):(vg—'&g)®nx,a),

KeM, cEE(K)
R}, = Z pK( Z lo| us ® Uy : (vg—i:g)®nK7g>.
KeM, c€eE(K)

The term Rj; can be controlled in the same way as Ry and we obtain R}, — 0 as n — +o0.
Reordering the sum in R}, we get:

1o = Z lo (px = pL) Uo @ Ug & (Ve — Dy) @Mk o
0€En, int
oc=K]|L

Hence RJ, can be controlled in the same way as R} and we obtain R}, — 0 as n — +oo. This
concludes the proof of (5.13).

It remains to prove (5.14). We proceed as in the proof of Proposition 4.11. Taking u,, as a test
function in the first form of the discrete weak formulation of the momentum equation and using
(4.13) with =~ and =T we get:

1
L / (5o — p) [Tle, > dez + / IVt |
2 Q Q

+(u+A) / (div g, un)?de < / f-lg, u, de, Vn € N,
Q Q
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where p,, is the piecewise constant scalar function which is equal to pp, on every dual cell D,, and
which satisfies p, > 0 (because p, > 0) and [, pp dz = [, pn da = |Q[p*. Since (pn)nen is bounded
in L2 () and (Il¢, %y )nen in L8(Q), the first term tends to zero as n — 4o0c. Thus, passing to the
limit n — +o0 in the above inequality and recalling that V o, u,, — Vu weakly in L(Q)? and
g, u, — u strongly in (say) L2(2) yields (5.14).

O

5.3 Passing to the limit in the equation of state

5.3.1 Weak compactness of the effective viscous flux

As in the continuous case, the equation of state is satisfied at the limit as a consequence of the
convergence of the so-called effective viscous flux. Indeed, we have the following result.

Proposition 5.7. Under the assumptions of Theorem 3.1, let (p,u,p7) € L30=D(Q) x H{(Q) x
3(v=1)
L

(Q) be the limit triple of the sequence (pp, Un, p))nen. For k € N*, define

)t ifte|0,k),
Tk(t)_{k ift € [k, +00).

The sequence (Ti(pn))nen s bounded in L°°(Q)) and, up to extracting a subsequence, it converges
for the weak-* topology in L>°(Q) towards some function denoted Tx(p). Then (up to extracting a
subsequence) the following identity holds:

lim (2u+ A) divag, un — ap)) Ti(pn) o de

n—-+oo Q

= /Q (2 + ) divu — ap?) Ti(p)pdz, Vo € C(Q).

Remark 5.1. As in the continuous case, this result is obtained by taking the test function v =
pw,, in the discrete momentum equation (4.20), where w, is computed from Ty (p,) by applying
Lemma 2.8, ie. w, = ATy(py), and satisfies divw,, = T (pn), curlw, = 0. Unfortunately, the
discrete gradient, divergence and rotational operators associated with the Crouzeiz-Raviart approz-
imation do not satisfy a discrete equivalent of the global identity (2.19), namely

/Vu:Vvdw:/divudivv d:v—i—/curlucurl'v dex.
Q Q Q

Instead, one needs to apply (2.18) locally on each control volume K € M,,. The accumulating
boundary terms must then be controlled through an estimate of w,, in W22(Q). Moreover, it also
appears in the analysis that the control of some remainder terms involving the pressure (which is
~ 14
controlled in LY+1(Q) ) requires an estimate of Wy, in W2 " (). Since 22 > 2. this latter control
18 more restrictive. Such control is what motivates the introduction of the stabilization term
2
Tstab = _hiz/lAHJ M(p)

n

in the numerical scheme. For the MAC scheme, studied for instance in [21], we directly have an
equivalent of (2.19) and T2, is useless.
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The function @, defined in Remark 5.1 is not in W2 1" () because Ty (py) is not in Wl Q).
We rather define w,, = A(im,, Tk (pn)) so that div w,, = iy, Ti(prn) and curl w,, = 0 where iy T (p)

is a regularization of Tj(p), the W' " semi-norm of which is controlled by |plits 4 The operator
=,

iam is specified in the following definition and its properties in Lemma 5.8.

Definition 5.1. Let D = (M, ) be a staggered discretization of Q and S be the set of vertices of
the primal mesh M. For s € S, we denote by Ny C M the set of the elements K € M of which s
is a vertex. Let p € Lap(Q). We denote i p the function defined as follows:

L d l,/\/lp € CO(Q)7

o for all K € M, the restriction of imp to K is affine,

o forallse€ S, (imp)(s) = ——— card Z DK -
KeN

Lemma 5.8. Let D = (M,E&) be a staggered discretization of Q such that Opg < O, with O
defined by (3.1). For all v € [1,+00] there exists C' = C(r,00) such that:

lismpllr gy < Cllpllry: Y0 € Lua(9). (5.24)

Moreover, for all p € Lp(Q) we have iy p € WH4(Q) for all ¢ € [1,+00) and there exists a constant
C = C(q,0y) such that :

HiMp _p”Lq(Q) + ha |ZM p|w1,q(Q) < Chpm |p|q)M Vp € LM(Q) (5-25)

Proof. The proof is similar to that of [13, Lemma 5.8]. We skip the details. O

We also have the following technical result which will be useful hereinafter. The proof can be
found in [19, Lemma 2.4].

Lemma 5.9. Let D = (M, &) be a staggered discretization of Q such that Opq < 6y (where Opq is
defined by (3.1)) for some positive constant 0. Let (ny)oce,,, be a family of real numbers such that
for all o € &g, |no| <1, and let w € Haq (). Then, for any g € (1,00) there exists C = C(q,00)
such that:

lo fdo(@)| < Chadllully g | Flwray,  VF € Wp(Q),

0€E&int ‘

where ¢ = qql, Hu|

LM = 2oKeM Jx IV ul? dz.

We may now give the proof Proposition 5.7 which is similar to that of [13, Prop. 5.9 and 5.10].
The main difference is that we here have to handle the additional convective term in the momentum
balance.
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Proof of Proposition 5.7. Let k € N*. Since (Tx(pn))nen is bounded in L*° () (by k) we have by
(5.24):
limt, Ti(pn)lloe ) S 1- (5.26)

Furthermore, by (5.25) and (5.4) (observing that |Tj(r1) — Tk (r2)| < |r1 — r2| for all r1,79 > 0) we
have for all n € N:

. < —¢ . _ < 1—¢
iz, Telon)ll o s o S B liana Thlpo) = Telon)l s o SBES (5:27)

where, by assumption (5.3) on &,

o 5 3
5— m |:€2 + E <m +€3>] < 1. (528)

Let (wy)nen be the sequence of functions defined from (i, Tk(pn))nen by Lemma 2.8. We have
div w, = im, Tk(pn), curl w, =0, HwnHWLq(Q) <1, Vge(l,+00).

Moreover, by the Sobolev injection W14(Q) C L>°(Q) for ¢ > 3, the sequence (wy,)nen is bounded
in L°(Q) and up to extracting a subsequence, as n — 400, it strongly converges in L?(€2) and
weakly in W14(Q) for all ¢ € (1, +00) towards some function w satisfying:

divw =Ti(p) and curl w=0.
Inequality (5.27) and the properties of operator A yield

n 0w S i, Trlpn 0 Shyt 5.29
lwnll Gy o) S lime Tilon)ll gm0 S B (5.29)

Let ¢ € C°(Q) and take v, = Ipm, (pw,,) € Haq, o(2) as a test function in the discrete weak
formulation of the momentum balance (4.20). We get for all n € N:

Q
—|—u/ Vo, Un 2 Vo, v de + (@ + /\)/ div g, Wy divag, v, dz
Q Q

- a/ p) divag, v, de+ R} = / f g v, de, (5.30)
Q Q

where
= —/ hffpg div g, Uy A& + Reony (P, Un, Un).
Q

By Lemma 4.13, we have:

ot () e, ) 2
|RCOHV(pmum'Un)| < Chn A2 p ||L1+n(Q)||un| 1,2,M,, an||1,2,/v1n

bo—i-A (5 +¢& e
—|—Oh,n2 n 771"(1+77 3)||h§13p5||11§+n(9)”un|

12, 10nll 2, -
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Since [|vnlly o 1, S [[6Wnllg1(q), We can apply Remark 4.6 and we get that [Reony (05, Un, vn)| =0
as n — +00. Moreover, by (5.4), we have h&pl — 0 in LP(Q) with 1 < p < 1+n as n — +oo.
Since (divaq, Vn)nen is bounded in LP' (), we obtain that R — 0 as n — +oc. Hence, denoting
80, = v, — Qw, = Iy, (pw,) — gw,, we have

- / (Pe, pn) (g, un) @ (Ilg, un) : Ve, v, doe
Q

+ u/ Vi, Uy V(pwy) de + (u+ )\)/ div g, up div(ow,) de
Q Q

— a/ prdivipw,) de + Ry + o (1) = / f - (pwy) dz, (5.31)
Q Q

n—-+oo

where:

S = VMnun:VMnénd:v—i—(u—i—)\)/diVMn Uy, divpg, 6, dx
Q Q

—a/p%diVMnéndw—/f-éndw—/f-(ﬂgnvn—'vn)dw.
Q Q Q

By the properties of the Fortin operator Ia4,, we have [|0n 12 < h%|¢wn|wzyl+7n(9) < h2¢
n

and H‘S"HI,”T",Mn < h"|¢wnlw2’l+7n(sz) < hl=¢ with HT” > 2. Since ([|un|l; 5 a4, Jnen is bounded,

PV nen is bounded in L'™7(Q) (recall that 1471 = 3(v—1) e v, —v, — 0in L2(Q) as n — 400,
n ¥ n
and £ < 1, we get that RY — 0 as n — +o0.

Applying the identity (2.18) over each control volume, we get:

w | Vo, un: V(ow,) de
Q

= u/ div g, up, div(pw,,) de + u/ curlpg, wy, - curl(pw,,) de + Ry (5.32)
Q Q

with R% which has the following structure:

f=n 3 [ Y mes )il (Véw,)) o), (5.33)
0E€En int 7 1<i,5,k<3
where for 0 € & and 1 < 4,5,k < 3, Ny, 5k is a component of the unit normal vector to o.

Injecting (5.32) in (5.31) we get:

- / (Pe, pn) Mg, up) @ (Mg, uy,) : Ve, v, do
Q

divpag, wy div(dw,) de + p / curlpg, uy, - curl(pw,,) de
Q

+(2u+/\)/

Q

- Q/Qp;yl div(¢pw,,) de + Ry + nﬁqroo(l) = /Qf - (pwy) de.  (5.34)
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By Lemma 5.9 with ¢ = 2, we have:

|R5| < hn Hun”l,z,/\/(n |V(¢wn)|H1(Q) S han ”'wn”wz,HT"(Q) S hi_g-

The choice of w,, gives div(pwy,) = im, Tk(pn) ¢ + w, - Vo and curl(¢pw,) = L(¢p) wy,, where
L(¢) is a matrix with entries involving first order derivatives of ¢. Hence, reordering (5.34) we
have:

[ (@t Ndiva, wn = ) Tilpn) 6 da + B+ o (1)
Q

n—-+oo

= / (Pe, pn) Mg, uy) @ (g, wy,) : Ve, v, de — (2u + /\)/ divag, wy, (w, - Vo) dx
Q Q

— i /chranun (L(¢) wy,) de + a/ﬂpx wy, - Vo do + /Q - (pwy) dz, (5.35)

with
Ry = / (20 + X) divan, n — apl) (iae, Te(pn) — Ti(pn))é de.
Q

Since (div i, Un)nen is bounded in L2(2) and (p] )nen in L1T7(Q), estimate (5.27) (with 1% >2)
yields R} — 0 as n — +o0o. Moreover, we know that diva, wn, curlyg, u, (resp. p)) weakly
converge in L2(2) (resp. in L1*7(Q)) respectively towards div u, curlu and p7. Since w,, strongly
converges in L7(Q)) towards w for all g € (1, 400), we get, passing to the limit n — +o0 in (5.35):

lim ((2p+ N)divm, wn — ap))) Ti(pn) ¢ de

n—-+o0o Q

= lim (Pe,pn) (e, un) @ (g, un) : Ve, vn da

n—-+oo Q

- (2,u+/\)/ﬂdivu(w-v¢) de —p /chrlu- (L(¢) w) dx

—l—a/Qp’Yw~V¢ dcc—l—/ﬂf-(qﬁw) de. (5.36)

Let us now determine the limit of the convective term in the right hand side of (5.36). As
in the continuous case, we introduce a mollifying sequence (ws)s>o and the regularized velocities
Ups = Up * w5 and us = U * ws where u, and u have been extended by 0 outside €. We
have w, ;s € L5(Q) with |\un75|\LG(Q) < Cllunllys) and for ¢ € (6,+00], uns € L1(Q2) with
[un sl < Cslltnllpeq)- Moreover, for all m € N and ¢ € [1,+00], upns € W™9(Q) with
|un,6|wm,q < Cs|lung|

L6 (Q)" Furthermore, we recall that

Ung — Us strongly in L{ (R®) Vg € [1,6) uniformly in 4, (5.37)
n—-+00
Un,5 2 Un strongly in L{ (R®) Vg € [1,6) (uniformly in n), (5.38)
—
us — u strongly in LY (R?). (5.39)
6—0

61



Denoting w5 = I, Un,s, we have:
- / (P, pn) (g, un) @ (I, un) : Ve, v, doe
Q

T / (Pe,pn) (g, @n,s) ® (e, uy) : Ve, v, de + RE° (5.40)
Q
with
Rgﬁ — / (P, pn) (Hgnun — (Hgn’l]nyg)) ® (g, uy,) : Vg, v, de.
Q

Since (pnn)nen is bounded in LP(€2) for some p > £, (Vwp)nen is bounded in L*(€2)® for any
s € (1,400), then the following inequality holds, for some triple (p, g, s), such that p > g, s> 1,
q<6and1—1)+%+%:1:

,6 -
[R5 < ||Pnun||Lp(Q)HV€n”n| Ls(sz)3||H€nun - anun,5||1,q(g)

S Hpnun”LP(Q) van”Ls(Q)S e, wp — g, wn s La(Q)

S e, wpn — H&lﬁn,éHLq(Q)

S llun — ﬁn76| Le(Q)

S (Hun - un,JHLq(Q) + e, — Un,(?”Lq(Q))
where the constants involved in these inequalities are independent of n and §. From Lemma 5.5 we
have:
”ﬂn,é - un,(?”[,q(g) < hi|un,5|W2’4(Q) < Céhi”unHLﬁ(Q) S Oéhfr
Therefore:

limsup |RP°| < lim sup ||u,, — Un sl 0 (5.41)
n—-+oo n—-+oo

where the involved constant is independent of n and §. Let us now deal with the integral in the
right hand side of (5.40). Performing a discrete integration by parts we get:

— / (Pgnpn) (Hgnﬁnﬁ(;) ® (Hgn’u,n) : Vgn’vn dz
Q

- - Z |U| Po (ﬁn,é)o ® Uy - ('UL - 'UK) ® NK o

G'Egn,int
o=K|L

== 3" Jolpe (e 1) (i s)o - (01 — )

0C€En int
o=K|L

= > (X lolpn (urna) (@ns)e) - v
)

KeM, oe&(K

Injecting (@n,5)e = (Bn,6)o — (Un,s)k + (Un,s) K, where (@, s)k is the mean value of the function
Uy, s over K, we get:

— / (Pgnpn) (Hgnﬂnﬁ(;) ® (Hgn’u,n) : Vgn'vn dx
Q

= 3 (0 10100 (o o) ((ns)e — (Bns)) ) - wi + RED+ Ry (5.42)
KeM, oc&(K)
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where, using the discrete mass conservation equation (3.4a), we have:

Ry =—h§ > Kl(px — p*) (@ns) - vic,
KeM,

1

5 (o2 n 1_ ~
R =wz 3 (X el (%)"'PK—PL'" Hox = 1)) (@n ) -
KeMy  0€E(K)NEp ime 7

o=K|L

Since (pn)nen is bounded in L2 (Q), (vy,)nen is bounded in L () and

||ﬂn75HLG(Q) /S ||un75HLG(Q) ,S 1

where the involved constants are independent of n and §, we obtain that:

|Rg’6| — 0 as n — +oo uniformly with respect to ¢ > 0. (5.43)

Reordering the sum in R?"s we get:

1

ag n 1_ ~ ~
RY =—hg > ol (&) | |) "o = pLln " (px = pr) ((@n5)r - v = (Uns) Kk - VK )
0€En, int 7
O’:K'L

where

1
n ol \# 1 . N
RBpy =—hit > ol (||D||) "o = prln T ok = pr) oL - ((@ns)r — (@ns)K),

1
n g n 1 -
Rpy=—hiz > o] (||D||> "lpx = pLl" T (px = pL) (@n )k - (VL — V).

The first term is controlled as follows:

. o] 5ol | )
Ry < b vnllyey D |Dg|(|D||pK—pL|)" |z — (5|

0€En, int |Da|
O’:K'L
L o] N NN
SHENVe o) liio (20 1001 (757) 7 [Ena)e = @ns)se] )7
0C€En int 7
o=K|L

where, following similar steps as in the proof of Proposition 5.2 (see the calculation after eq. (5.12)),
we have:

~ ~ 147
+ }(un,é)K - (un,6)0'| K

<M \va, L |Vt 5] 1,
u u.
~ |L| 7,6 LITJWL(L |K| n,0 Ll_?z



By the regularity of the sequence of discretizations, we get:

1 ~
IRZL S B2 1V e ()| 00y [@nslly 14n p4,

1
S NIV (o) F oy sl 2

1

< Cshi? ||| Ve, ()| ||L1+n(Q) ||un||L6(Q)
1

< Cshi Ve, ()| g @)

where the constants involved in < are independent of n (and 6). By the uniform estimate (5.4) we
have

7 (G2t 41 (735 +€3))

l - K
Ve, (pu) 7 lLrsn) = Ve, (on) SR

1
n
14+n

L 7 (Q)

Therefore

which yields, with condition (3.21):

|R?)’f| —0 asn — +oo for any fixed § > 0. (5.44)

The second term is controlled in a similar way:

. i o] 5 o]

RS < W Nnsle iy Do Dol (1ol = pul) " oo (vr = vi)
o€Ep int DU |Da|
o=K|L

~ 1
B8 ol o 1V (0) s e [V, 0nll 2

_ 1
S h%”unﬁ”Loo(Q) Ve, (pn)|" ||L1+n(sz) ||”n||1,11n,Mn

< h%”'&n,ts”Lw(Q) ”an (Pn)” 1_?1(9) |'wnlwl,ﬁ(ﬂ)

| uCTT

g h#_rn(ng%(%%”)nﬁn sl (q)
~Y ) ) |

< Oéhﬁ(fz—ﬁ(%n*'fs))
where the involved constants are independent of n (and ¢). Using again (3.21), this implies that

IRY3] =0 asn — +oo for any fixed § > 0. (5.45)

Let Q,, 5 and IIrq, v, be the functions defined by:

Qus@ = Y (3 1ol e o) ((@ns)e = (@) ) Hu()

KeM, oc€&(K)

I, v (x) = Z vk X (@),
KeM,
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so that, back to (5.42), we have :

- / (Pe, pn) Mg, @ns) @ (g, uy) : Vg, vy, dx
Q
= [ QusTavn do+ B+ B2+ RS (G.do)

Let us prove that, for a fixed § > 0, Q,, 5 weakly converges (up to a subsequence) in L"(Q2) for some
r > 1 towards p(u - V)us as n — +00. The sum in Q,, 5(x) can be rearranged as follows:

Qi@ =3 s (% (@ns)o — (ins)x) (20 - Torc.0)Xic (@)
0C€En int
oc=K|L

o]

+ 7| ((@ns)e — (Uns)r) (ug 'nL,a)XL($)>.

Proceeding as above for the control of ‘(ﬁnﬁ) K — (ﬁnyg)g‘G, and invoking once again the following
estimates

Hﬁn;5||176)Mn < |un,5|wl,6(Q) < C5||un||LG(Q) < C5||un”1.,2,/\/(”7

combined with the estimates on Pg, p,, in L3=1(Q), Tg, u,, in L°(R), we can prove that (Q,, 5)nen
is bounded in L"(Q) with r > 1 (because 3(y — 1) > 3). Then, up to a subsequence, Q,, 5 weakly
converges towards some Q4 in L"(2) as n — +oo.

Let us now identify Q. Let 1 € C>°(2)? and denote 1p,, = Ir, . Since 1) is smooth, we have
I pg, %, — 9 in L7 (Q) (with 1+ 1 =1). Hence we have (observing that Rg"; — 0 and R?"s -0
as n — +oo with ¥, instead of v,, ):

n—-+o0o

Qs Y de= lim Q.5 1lm, ¥, dz
Q Q

n—-+oo

T / (Pe, pn) (e, i 5) ® (e, un) - Vi, ab,, da.
Q

Since @, s converges strongly as n — 400 to us in LI(Q) for all ¢ < 6 (uniformly with respect to
6) and [[@nslly 5 0q, < Csllwnlly o a4, We can reproduce the same arguments as those used in the
previous Subsection 5.2 (passing to the limit in the momentum equation) and obtain:

/Q5-1,bdw:—/pu5®u:V¢dw:—/u5®(pu):V'l,bdw.
Q Q

Q

Since the limit functions satisfy (p,u) € L3(0~1(Q) x H{(Q) and since we have already proved that
div(pu) = 0 in Section 5.1, we infer that:

Qs =p(u-V)us.
Back to (5.40) and (5.46) we get :

- / (Pe, pn) Mg, uy) @ (g, uy) : Ve, v, da +/ pu®u: V(pw) do
Q Q
= R’ + Ry + Ry + Ry + Ry® + RS, (5.47)
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where
R} = / Qs M, vpdz — | Q- (¢w) da,
Q Q

RS = /Qp(u —us) @u: V(pw) de.

The function I, v, converges to ¢pw strongly in L (Q) as n = 400. Indeed, we know that in
L™ (Q), ow, — ¢w and d,, = v, — ¢w,, — 0 as n — 400 and we also have Iy, v, — v, — 0 in
L" (Q) since:

’

Moo= valir = 3 [ | 3 (0r- vt de

KeM, 'K 0,0’ €E(K)

!
Shy SO RN ue—va”

KeM, 0,0'€E(K)

Hence we have ||, vy — 'Un”LT/(Q) S hn anHLr/,gn S hn Hv”Hl,TCMn S hn|¢’wn|wl,r/(g) S Do
Therefore, by the weak convergence of @Q,, 5 towards @ in L"(£2) we have:

IRZ°| =0 asn — +oo for any fixed § > 0. (5.48)

Combining the estimates (5.41)-(5.43)-(5.44)-(5.45)-(5.48) and passing to limit n — +oco in
(5.47), we obtain that:

n—-+o0o

lim sup ‘ /Q(anpn) (g, uy) ® (g, uy) : Vg, v, de — /qu ®u: V(pw) de

S hmsup Hun - un,JHLq(Q) + |Rg|7 (549)

n—-+oo

for some ¢ € [1,6) and for all § > 0. By (5.39) we have RJ — 0 as § — 0 and by the uniform in n
convergence (5.38) we finally obtain, letting 6 — 0 in (5.49) that:

lim (P, pn) (g, up) @ (g, uy,) : Ve, v, de = / pu®u: V(pw) de.
Q

n—+oo Q

Going back to (5.36) we obtain:
lim ((2u + N)div g, wy — ap))) Ti(pn) ¢ de
n—+oo Jo

:/pu@u:V(gbw) dcc—(2,u—|—)\)/divu(w~V¢) da
Q Q

— / curlw - (L(¢) w) dx + a/ PMw-Vode+ | f-(ow) de. (5.50)
Q Q Q
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Applying the identity (2.19) to the functions w and ¢w € H}(Q), we get:

lim (2p+ N)diva, wn — ap)) Tr(pn) ¢ da

n—-4o0o Q

:/ ((Z;L—l—)\)divu—ap_'Y)Tk(p)(bdw—l—/pu®u:V(¢)w) dx
Q Q
—u/ Vu : V(¢pw) de — (,u—l—)\)/ div u div(¢pw) dx
Q Q

+ a/ﬂp_'Ydiv(gbw) da + /Q - (pw) dea.

We have already proved that the limit triple (p,u,p7) € L30~1D(Q) x H§(Q) x L*5 satisfies
the momentum equation in the weak sense. Thus, applying Proposition 5.4 to v = ¢w (using the
density of C2°(Q)3 in W 4(Q) for all ¢ € [1,+00)) yields

i (2 Ndiva, w, = ag]) Telpa) ¢ do = [ (204 N diva - a77) Tip) o de

thus concluding the proof of Lemma 5.7. O

5.3.2 Strong convergence of the density and renormalization property

Properties of the truncation operators 7j. We first state two results that are the discrete
counterparts of Lemmas 2.10-2.11.

Lemma 5.10. There exists a constant C such that the following inequality holds for all 1 < q <
3(y=1),neNand k € N*:

_ 1 _1
100 — Pl + ITe(0) = Pllacey + 1 Ts(om) — pullpagey < CHTET.

Consequently, as k — +oo, the sequences (Tx(p))ken+ and (Tx(p))ken= both converge strongly to p
in LY(Q) for all ¢ € [1,3(y —1)).

Proof. The proof is similar to that of Lemma 2.10 in the continuous case. It relies on the fact that
Jo pn = [Q]p* and on the uniform bound on (||pn/lys¢-1) () Inen: O

Lemma 5.11. There exists a constant C' such that the following estimate holds:

sup limsup | Ti(pn) — Te(p)l41(q) < C- (5.51)
k>1 mn—+oo

Proof. Here again, the proof is similar to that of Lemma 2.11 in the continuous case. It relies on
the convergence of the effective viscous flux obtained in Proposition 5.7 and on the uniform bound

on (HleMn un||L2(Q))nEN- I:‘
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Renormalization equation associated with Ty,. We first state a discrete renormalization
property for truncated functions which is an analogous of the renormalization property stated in
Remark 2.4. The proof is similar to that of Prop. 4.8 which is given in Appendix A.1.

Proposition 5.12. For any b € C*([0,+00)), denote by the truncated function such that

)bt ift< M,
bM(t)_{b(M) ift > M,

and [bar)', its discontinuous derivative:

b'(t) ift <M,
0 if t > M.

by (1) = {

Let D = (M, E) be a staggered discretization of Q. If (p,w) € La(Q) x Har,0(2) satisfy the discrete
mass balance (3.4a) with p > 0 a.e. in Q (i.e. px >0, VK € M) then we have:

div(bar(p)u) - + (bar) (px)pxc — bar(px))div(u) i + Rl + Ri + R =0 VK € M,  (5.52)

where )
div(bu(p)u) , = 0 > ol bar(po)tie - N0,
c€e&(K)
and
1
Rk = = Z lo|rk.o (Ue - nK,o) and rro = [buly(pr)(pe — pr) + br(pr) — bar(ps),
c€e&(K)
2 &2 / 1 lo| = 1
Ry =S barllom) ey 32 1ol (757) " lose = oo™ (o = o)

c€e&(K)
R = 15y loml's (o) (o = p7).-

Now, for any k& € N* we consider the function L introduced in Section 2 and defined as

La(t) = tnt—Ink—1), ifte[0,k),
S if ¢ € [k, +00).

We recall that Ly € C°([0, +00)) N C1((0, +00)) and
tLy(t) — Li(t) = Ti(t) Vt € [0, +00).

Proposition 5.13. Under the assumptions of Theorem 3.1, let (p,u) € L3O ~1D(Q) x H(Q) be the
limit couple of the sequence (pp,Un)nen- Then, for all k € N*, the following inequalities hold:
div g, (L (pn)wn) + Ti(pn)divag, w, + R, = 0, in D'(R®), Vn €N. (5.53)
div(Li(p)u) + Ti(p)divu > 0 in D' (R?), (5.54)

where the discrete function R, satisfies: / R, > 0.
Q
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Proof. To prove (5.53), we apply Proposition 4.8 (completed by Remark 4.3) with the function
b = Ly which is a convex function satisfying |L.(¢)] < C|ln¢| for ¢ < 1. We straightforwardly
obtain (5.53).

Let M € N*. Applying Proposition 5.12 to the function Ths(t) (i.e. Tar = bys with b = Id) we
obtain:

div(Tar(p)u) . + ([Tarls (px)o — Tar(pe)) div(w) i + Rl + Ry + Ry =0, VK € M.

Let ¢ € C°(Q) with ¢ > 0. For n € N define ¢,, € Ly, (2) by $n|x = ¢K the mean value of ¢
over K, for K € M,,. Multiplying the above identify by |K|¢x and summing over K € M,, yields:

Z Z |U|TM pcr ucr nKU)¢K

KeMy oe&(K

+ Z pK PK — TM(pK))¢K( Z |U|uo'nKﬁg)+R?+Rg+Rg:O7
KeM, oc€&(K)

with
> > ol(ITul (o) (pr = pie) + Taiox) = Tar(po) ) (s - mic.a )

KeM, oce€&(K)

p=18 S Duliorton Y ol () Iow = ol o = o)

KeM, c€E(K)
Ry =h§ > |K|[Tul, (px)dx (px — p*).
KeM,

Since the function T); is concave and p, is the upwind value of the density at the face o with
respect to u, - ks, we have R < 0. The second remainder term can be rearranged as follows:

p =& S ol (A2) 7 bow = pul3 7 (o = o) (Taal oo — [Tl ()0,

0€En, int |D |
o=K|L

p— n n
=Ry, + Ry,

where

1
n ol \u 1
Ry =15 3 lol (1) Iow = el o = o) (Tl o) = [Tl (02)) .
g gn,int 7
o’e:K|L

n e o]

py=h Y o] (|D |) lox — ol (px — pr) [Tul'y () (65 — L)
0E€En, int 7
UG:K|L

Since T}y is concave, we have Ry ; < 0. Hence we get:

S0 lolTu(pe) (to ko) b

KeM, cc&(K)

+ 3 (Tl (px)px — Tar(px)) ok ( 3 |a|uc,-nK,c,)+R;2+Rgzo. (5.55)
KeM, ce€(K)
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We want to pass to the limit n — +oo in (5.55). To that end, we show that the remainder terms
RY 5 and RE converge to 0 as n — +o0. Observing that for all K € M, |[Ta] (px)| < 1, and
since ¢ is a smooth function, we get:

g
R <18 Y ol (1) I = gl for — 6l

0C€En int |DU|
oc=K|L
4 .
SHEIVOleio) X0 104 (15 |) ik
0E€En,int Dy
U:K'L

1
S B Vel o 11V, ()] s -
Since 1 4+ n > 1, Holder’s inequality yields

1 5 — 1 (G245 (35 +€3))
|||V5n(pn)|n HLI(Q) < O(Qan)”V5n(pn)H12M(Q) S, hn, T+n \S2Tar {145, 783 '

Therefore

(€2 22 (125 +€2))

_n_
IR 5| S ha” — 0 asn — +oo.

For R we may write:

RS S B ol Do Kllox = 0| S 2190 0% 18]l o) 1
KeM,

so that RY — 0 as n — +oo. Coming back to (5.55), it remains to pass to the limit n — +oo in
the two terms

Z Z |0|TM pa uo’ nKO’)¢K

KeMy cc€(K)

and Z ([Ta) (pr )P — Tre(pK)) Ok ( Z |U|ug-nK,g).

KeMy, c€eE(K)

On the one hand, we have by a discrete integration by parts

> Z 0|10 (o) (Uo - Mk 0 ) PR = —/Q(PSnTM(pn)) (g, un) - Ve, ¢ da.

KeMy oc&(K

Then, using the same arguments as those to pass to the limit in the discrete weak formulation of
the mass equation (see the proof of Proposition 5.2 and replace p,, by Tar(pn) which converges to
T (p) in L°(Q) weak-* topology), we deduce that

im Y > oTu(pe)(uo ko) bk = —/QTM(p) u- V¢ de.

n—-+o0o
KeM, oe€(K)

This is possible because (Tas(pn))nen is bounded in L®(Q) (while (pn)nen is bounded in L3(v—1)
with 3(y —1) € (2, 6] since v € (2,3]) and a “weak BV estimate” is available for Ty (py) thanks to
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the following inequality (recall that |Tas(r1) — Tas(r2)| < |r1 — ro| for all r1,79 > 0):

> 1ol (Talpr) = Tr(pr)? [to - il <Y ol (pr = px)* [tho - M.

o€Eint 0€Eint
oc=K|L o=K|L

On the other hand, we have:

>, ([TM]CF(PK)PK—TM(PK))¢K( > |0'|ua-n1<,a)

KeMy, ce€E(K)

= /Q ([TM]IJr(Pn)Pn - TM(pn)) diva, u, ¢ de.

Hence, passing to the limit n — +o0 in (5.55) we obtain:

div(Ta(p)u) + [p[Tu)(p) — Tr(p)]divasu >0 in D'(R?) (5.56)

which corresponds to a relaxed version of Equation (2.36) from Section 2. For k € N* and 6 > 0,
we introduce the regularized function Ly s defined as Ly s5(t) = L (t + J), the derivative of which
is bounded close to 0 unlike L. Applying Lemma 2.1 (and the second part of Remark 2.4) to the
pair (T (p), w) (justified since T (p) € L>(R2) for M fixed) with the function Ly s and the source

term g = — [p[Tm]) (p) — Tos(p)]divaqu € L (R?), we get:

div(Ly,s (Ta(p))w) + Tr,s (Tar (p) ) div
> —Lj, s (Tae(p)) [p[Taa)s (p) — Toa (p)|divacw  in D'(R?)  (5.57)

where T} 5(t) = tLj, 5(t) — Lk,s(t). Now, exactly as in the continuous case, we pass to the limits
M — 400 and then § — 0T (see the proof of Prop. 2.12) to get inequality (5.54). O

Strong convergence of the density

Proposition 5.14. Under the assumptions of Theorem 3.1, let (p,u) € L3O =1(Q) x H(Q) be the
limit couple of the sequence (pn, Un)nen. Up to extraction, the sequence (pn)nen strongly converges
towards p in LY(Q) for all g € [1,3(y —1)).

Proof. Integrating inequalities (5.53) and (5.54) and summing, one obtains:

/ Tr(pr)divm, uy, de — / Tk (p)divude <0, Vn € N. (5.58)
Q Q

Since, [Tk (r1) — Te(r2)|" T < (r] — 73)(Tk(r1) — Tx(r2)), for all r1, ro > 0, we have

limsup/ Tk (pn) = Ti(p)|"* dae < 1imsup/ (P2, = P")(Tk(pn) — Tis(p)) dz
Q Q

n—-+o0o n—-+oo

S/ (1" Tk(p) — p7 Ti(p)) dw+/ (P7 = 0") (T (p) — Tic(p)) d.
Q Q
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Invoking the convexity of the functions ¢t — 7 and ¢t — —T}(t), we have p7 > p¥ and Ty (p) < Ti(p)
so that

limsup | [Tk(pn) — Te(p) ! de < / (77Te(p) - 77 Tulp)) dv.
Q Q

n—-+oo

We can now use the weak compactness property satisfied by the effective viscous flux (Prop. 5.7):

limsup [ |Tk(pn) — Te(p)" ' dz
Q

n—-+o0o

2 A —
< =2 lim Sup/ (Tk(pn) — Ti(p))div g, wp da
a n—+oo JO
2 A —
_Znt / (Tk(p) — T(p)) divu dx 4 lim sup (/ Tk (pr)div g, up, de — / Tk(p)divudw)
a Q n—+oo \JQ Q
2u+ A

< | @) - T divuda,

a

thanks to (5.58). The end of the proof is the same as that of Proposition 2.13: thanks to the
previous inequality we show that

lim limsup | |Tk(pn) — Th(p)|" ' da =0,
Q

k—+00 n—s4o0o

and thus ) .
lim limsup [|Tk(pn) = Tk(p)ll11(q) = O

k—=+00 n—+4oo

We conclude to the strong convergence of the density by passing to the limits n — +o0, k — 400
in the following inequality

lp— pn”Ll(Q) < llpn — Tk(pn)”Ll(Q) + 1T (pn) — Tk(P)HLl(Q) + 1Tk (p) — pHLl(Q)'

A Proof of some technical lemmas

A.1 The discrete renormalization property

Proposition A.1 (Discrete renormalization property). Let D = (M, &) be a staggered discretiza-
tion of Q. Let (p,u) € Ly () x Haq,0(82) satisfy the discrete mass balance (3.4a). We have p > 0
a.e. in Q (ie. pxg >0, VK € M). Then, for any b € C1([0, +00)):

div(b(p)u) . + (V' (px)px — b(pk))div(u)k + R + Ry + Rk =0 VK € M, (A1)
where .
le(b(p)’U,)K = m Z |0| b(po')ua ‘NK,o,
ce&(K)
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and

1
fexe = |K]| Y ok (Uo - nKxo) and i =V (pK)(ps — px) + blpk) = b(po),
ce&(K)
2 IZERY; 1 |U| a 19
Ry =5 V(o) 22 Vol (y5.7) " low = pel ™ oxe = ),

c€e&(K)
R = W5yt (px) (pxc — p*).

Multiplying by |K| and summing over K € M, it holds

/ (v (p)p — b(p))divaq udz + RE + R2 + R}, =0, (A.2)
Q
with
Ri= 3" lol(rko = rL.0) (- mico),
o€Eint
o=K|L
1
Ol \n 1_
RE=h3 Y ol (|Jj||) lox = pr|" " (o = pr) (V' (pxc) = ' (pr));
=55
Ry =, Z |K |6 (pr) (pxc = p)-
KeM

Moreover, if b is convex then Ré’2 >0 and R?\/l > 0.

Proof. Multiplying by b'(px )Xk the discrete mass conservation equation (3.4a) (together with the
definition (3.6)), one gets

1 *
Vo) g1 > lolpotie - nio + B4V (0K) (PK — p7)
oc€&(K)
£2 / 1 |U| % l—1
RS ()= S0 ol (o) " ok = o5 (o = pr) =0,
(K| & Dol
o=K|L
and then
1 1
m Z |0|b(po)ua "MK+ m Z |U|(bl(pK)pK - b(pK))ua "NMK,o
oce&(K) c€e&(K)
1
+ — Z |U|TK,UUU ‘NK.o
|K| oc€&(K)
+ h% b/(pK)i > ol ( id )% lox = prln " (pxc — p1)
M K| & Do |
oc=K|L

+ h5 () (i — p*) = 0
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with

ko =V (pr)(pe — pr) +b(pK) — blpo),
which corresponds to Equation (A.1). Multiplying by |K|, summing over K rearranging the sums,
and using the discrete homogeneous Dirichlet boundary condition on the velocity, we get (A.2).

Let us assume from now on that b is convex, First, we have rx , = 0 when u, - ng » > 0 (since
then p, = pk) and, when u, - ng,, <0, we have rg , < 0 since b is convex. Hence R}: > 0.
Since b is convex, we also deduce that

g
B=i% Y o |(|£'|) o = Pl (oxc — pr)(¥ (1) = ¥ (1) > 0.
Uegmt
oc=K|L

Finally for the last remainder term R3,, we combine the convexity of b with a Taylor expansion
and then use Jensen’s inequality (recalling that ).\, |K|px = [©2[p*) to get:

R =08 3 1K1 000k) 40D = 15191 (i [ 2010 ~3(g; [ pae)) 0.

KeM

A.2 Estimate on the momentum convection term

Lemma A.2. Let D = (M,&) be a staggered discretization of Q0 in the sense of Definition 3.1,
such that Orq < 6y. Define

Reonv(p, u,v) = / dive(pu @ u) - Hgvde + / (Pep)(Ilgw) @ (Igu) : Vevde.
Q Q

with the operators Vg, Pe and llg defined in (4.5), (4.8) and (4.4). Assume haq < 1. Then, there
exists C = C(Q,7,T,0p) such that for all (p,u,v) € Ly () x Ha(Q2) x Hag(Q):

st (eltes) e oy 2
‘Rconv(Paua'U)‘ < Chy [h%2p HL1+n(sz)HUH1,2,M ||'U||1,2,M (A.3)

-1 L2146 L
i () e P s ol s ae

Proof. By definition, recalling that a @ b: c®d = (a-c) (b-d) for a,b,c,d € R?, we have:

/(’ng)(l_lgu) ® (gu) : Vevdx = Z |Do| po (o - MK o) Us - ( ol (vr — vK)).
Q o€Eint |DU|
oc=K|L

Reordering the sum and using the definition of the primal fluxes (3.6) we get:

—/Q(ng)(ﬂgu)@)(ﬂgu):ngdw: S vk Y olpe (uo ko) u

KeM c€E(K)
= Z'UK' Z Fro(p,u)u, + Ry
KeM ce&(K)
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where

g
5 S e Y ol (1LY o=l (o =)
KeM o€E(K) 7
oc=K|L

By assumption (H2) (conservativity of the dual fluxes) we may write :
— / (ng)(ng) ® (ng) : Vevda
Q

= Z VK Z FKﬁg(p,u)ug—l-Rl

KeM c€E(K)
=Y o Y (Frolbwus+ 3 Folpuwu)+ R
KeM o€E(K) e€c€(D,),eCK

Writing vg = v, + v — v, We get:

- /Q(ng)(ng) ® (Ilgu) : Vevde
=3 Y v (Frolpwuo+ > Flpwu)+Ri+Rs, (A4)

KeMoe&(K) ec€(Dy),eCK
with .
- Z Z ('UK - 'Ud) ' (FK,U(pv u) Ug + Z FG,E(pv ’LL) ué)'
KeMoe&(K) e€c€(Dy),eCK
By conservativity of the primal fluxes (i.e. using Fr o, (p,u) = —FL »(p,u) for 0 = K|L) we see

that the first term in the right hand side of (A.4) is equal to [, dive(pu ® u) - Igv da. Hence:
‘ / dive(pu @ u) - Mev dz + / (Pep)(lew) ® (leu) : Vev dw‘ < |Ri| + |Ra.
Q Q

Proving Lemma A.2 amounts to bounding |R;| and |Rz|. We begin with |R;|. Reordering the sum
in Ry we, get for C = (Q,~,T,6p):

o]
[Bil=h% | Y o |(|D |) lpxc — prln™ (PK_PL)UU'('UK_'UL)‘
0€&iny
a’:eK|L
e g o] 8¢
2—
<CrTH ol ( 5 mgnum) ( 5 1001 (12 o wul) )
0€Eint 0€Eint
€25
<Chyy HPllLoo @ Mevlo) Vel g o

Ea—
< Chjy " HpHLoo () ||U||1 2,M HngHLs (9)3

_1_
L2y (1+n)n1" nI‘

< Chy, o HL1+n(Q) HUH1,2,M ||V5”||L2(Q)3

nF

< Chf\z/l_%_n_l‘(lin"'&‘)
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Let us now turn to Rp. Recalling that u. = u, + %(ua/ — u,) and using (H1), we write
Ry = R271 + Rg)g with:

Ry 4 =5 Z Z VK —Vs) ( Z Foe(p,u) (uor —UU)),

KEMUGS ecé(Dy),
eCK, e=D,|D.,

Roo= 3 > (wk—vo) uo & Y. Frolow).

KeMoeé(K) o’'€E(K)

The assumption (H3) yields, for C = C(Q, 6):

Eat1—
Erc(p,0)] < C (Il e gy 1Tl ) W+ 1]y B ”hK)
Er+1-1
< C (Il o el oy vt o + 0y B ).

Since vk is a convex combination of (vs),ee(k):

Y kv (Y Fedpw) (e —uo)
ce&(K) ceé(Dy),
eCK, e=D,|D.,
Eat+1—
< (Il o llgooy Are + 1ol ey Bt ) R

o, U
(T”,(THIES( )

and, for o, o/ € £(K), the quantity |u, —u,/| (or |v, —v,|) appears in the sum a finite number of
times which depends on the number of faces of K. Hence, applying the Cauchy-Schwarz inequality
and Lemma 4.4, we may write

&+1-1
|Roqp| <C ||PHL<><> Q HUHLOO Q) hm + Hp”Loo Q) VI ||u||17215 ||'U||1,2,£
(D) () ()

Ea+1— %)

< C(||pHL°° o lullpe ) ha + Hp||L°°(Q h

We then get, for C = C(Q,~,T,00):
—3— T TI+E
|Ra1| < Oh F(H 3)Hh p HL1+n(Q ||U||1 2,M vl ,2,M

eat1-1- o (5 +6) |

+ Chyy, |h p ||L1+n Q)HUHLQ,M ||'U||1,2,M'

The estimation of Rs o follows similar steps. Indeed by definition of vk, we have

Z gg( (UK_UU):Oa

oc€&(K)
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and we obtain that:

Ryo = Z Z (VK — V) - &% (Ue — UK) { Z Fk o (Pau)}

KeM oce€é(K) o’ €E(K)
so, once again, denoting ux = ZUES(K) £% Uo:

: £o+1—2
(Ro2l < CIplle oy [y ot + 101y B ") S0 b D [oo — vk o — uc
KeM c€eE(K)

111 (3 e 1 )
< Chyy ’ F(Hn )”hf&PF”EHn(Q)HUHLQ,M H”||1,2.,M

fotl— o (13, +€s aF
s o ) e ol e Il

B A topological degree result

The following theorem follows from standard arguments of the topological degree theory (see [6] for
an overview of theory and e.g. [10, 18, 31] for other uses in the same objective as here, namely the
proof of existence of a solution to a numerical scheme).

Theorem B.1. Let N and M be two positive integers and V. =RN x RM. Let b € V and f(-) and
F(-,-) be two continuous functions respectively from V and V x [0,1] to V. Assume that:

(l) ]:('7 1) = f()z

(i3) V6 € [0,1], if an element v of O (the closure of O) is such that F(v,8) = b, then v € O, where
O s defined as follows:

O={(z,y) €V s.t. Ch <z <Cy and |ly|l,, < C2}

where, for any real number ¢ and vector x, the notation x > ¢ means that each component of
z is larger than c; Cy, C1 and Co being positive constants and ||y|,, a norm defined on RM;

(i11) the topological degree of F(-,0) with respect to b and O is equal to dy # 0.

Then the topological degree of F(-,1) with respect to b and O is also equal to dy # 0; consequently,
there exists at least one solution v € O to the equation f(v) =b.

C Discrete functional analysis for non-conforming finite el-
ements

In this appendix, we prove that some important functional analysis results can be extended to
piecewise smooth functions obtained by non-conforming finite element approximations. We focus on
the Crouzeix-Raviart finite elements [5] but all the results can be extended to the Rannacher-Turek
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Figure 2: Notations for triangular meshes.

finite elements [35] which use the same degrees of freedom (except the approximation property
(C.16) which must be adapted, see [35]). We prove classical results such as a discrete inf-sup
property as well as well known approximation results. We also prove discrete Sobolev inequalities
as well as compactness results which are discrete counterparts to Rellich’s theorem. The proof of
these last properties are widely based on the work by R. Eymard, T. Gallouét, R. Herbin, and their
collaborators. We refer to the books [11, 8] and also to the appendix in [12] where similar results
are proven for finite volume schemes.

C.1 Meshes and discrete functions

Let Q be an open bounded connected subset of R?, d € {2,3}. We assume that € is polygonal if
d = 2 and polyhedral if d = 3. We define triangular meshes in the following way.

Definition C.1 (Triangular mesh (see Figure 2)). A triangulation (or triangular mesh) of Q0 is
a finite family M composed of non empty simplices such that Q = Ugem K. For any simplex
K € M, let 0K = K \ K be the boundary of K, which is the union of cell faces. We denote by
E the set of faces of the mesh, and we suppose that two neighboring cells share a whole face: for
all o € &, either o C OQ or there erists (K,L) € M? with K # L such that K N L = &; we
denote in the latter case o = K|L. We denote by Eoxt and Eint the set of external and internal
faces: Eoxt = {0 € E,0 C OIN} and Einy = €\ Eext- For K € M, E(K) stands for the set of faces
of K. The unit vector normal to o € E(K) outward K is denoted by nk . In the following, the
notation |K| or |o| stands indifferently for the d-dimensional or the (d — 1)-dimensional measure
of the subset K of R% or o of R*~1 respectively.

Definition C.2 (Size of the discretization). Let M be a triangulation of Q. For every K € M, we
denote hy the diameter of K (i.e. the 1D measure of the largest line segment included in K) and
for every o € £, we denote h, the diameter of 0. The size of the discretization is defined by:

hym = max hg.
M KeM
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Definition C.3 (Regularity of the discretization). Let M be a triangulation of Q. For every
K € M, denote o the radius of the largest ball included in K. The regularity parameter of the
discretization is defined by:

h
HM:max{—K,KEM}. (C.1)

0K
Definition C.4. Let M be a triangulation of Q. We denote La(Q) the space of scalar functions
that are constant on each primal cell K € M. Forp € Ly(Q) and K € M, we denote px the
constant value of p on K. We denote Ly o(€2) the subspace of La(€2) composed of zero average
functions over Q.

Let P;(K) be the space of degree one polynomials defined over K:
Pi(K) = span{l, i =1, ..,d}.

Definition C.5. Let M be a triangulation of . We denote Hp((S2) the space of functions u such
that u| € P1(K) for all K € M and such that:

% /[u]g do(z) =0, Vo € Em, (C2)

where [u]g is the jump of u through o which is defined on 0 = K|L by [ulo = uj, —ux. We
define Hpaq,0(2) C Ha(Q) the subspace of Haq(2) composed of functions u € Ha(2) such that
ﬁfguda(w) =0 for all 0 € Eexs. Finally, we denote Hp(Q) 1= Ha ()4 and Hpago(Q) =

Hat,0(Q)4.

For a discrete field u € Ha(2) and o € £, the degree of freedom associated with o is given by:

1
Uy = H/Uuda(w). (C.3)

Although u € H () is discontinuous across an internal face o € &y, the definition of wu, is
unambiguous thanks to (C.2).

Definition C.6 (Shape functions). Let M be a triangulation of Q. The shape function (, € Hp(2)
associated with o € &, is the unique function in Ha(Q) satisfying for all o, o' € E:

1 [ 1, ifo =0,
mLICUdU(w)_{ O7 ifU/#U.
Then for all w € Ha(2):

u:ZuUCU, where ug—ﬁ/uda(m), Vo € €.
o o

e

Observe that the support of a shape function {, € Hap(f2) is included in the (at most) two
neighboring cells to o.
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Definition C.7 (Discrete W14 semi-norm). Let M be a triangulation of 2. We define the piecewise
smooth gradient and divergence operators acting on discrete functions u € Ha(Q) :

Vamu(@) = Y Vu(@)Xg (), (C.4)
KeM

divapu(z) = Z div u(x) Xk (x). (C.5)
KeM

For all scalar functions u € Hp(2) and all 1 < g < +o00, we define |lull; , r, the discrete Wha

semi-norm of u by:
1

A= (/Q |VMu|qdcc) . (C.6)

For all vector functions uw € Hxm(R2) and all 1 < q < +o00, we define |lull, , o the discrete Wha
semi-norm of w by:

lully, 4 pg = (/Q IVl dz) . (C.7)

On the space Haq,0(€2), the semi-norm ||. ||, 1, is actually a norm. This is a consequence of
the discrete Poincaré inequality (see Proposition C.10).

C.2 Some classical properties of the Crouzeix-Raviart finite elements

We first recall the following classical result.

Lemma C.1. Let M be a triangulation of Q. Let K be the reference element which is the d-
simplex the vertices of which are ag = (0,..,0) and a; = (0, ..,1,..0) where all the components are
zero except the i-th component which equals 1, for i =1,..,d. For K € M, let Ak be the (unique)
affine mapping which maps the vertices of K onto those of K, and let By be its jacobian matriz
(which is constant over K ).

o We have the following estimate on By and its inverse:

. hk _ _ h
Bkl := sup [Bk Z|pe < —, 1B := sup |Bg' @lga < —, (C.8)
#cRY Y zcR? 0K
|l =1 |l ga=1

where h and 0 only depend on d.

o Let K € M. With a function u defined on K, we associate a function 4 defined on K by
() = u(x) where x = Ak (&). Let E be either the simplex K or one of its edges o € E(K).
Then one has, for all g € [1,+00):

BN
ol = (%) ol oz (©9)
BN
||Vu|Lq<E>S|BK1|(:E:) IVl s (C.10)
A By
Vilha) < 1661 ({51) 1Vl (C.11)
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We now state a result which can be obtained by easy adaptations of [37, Sections 3 and 4].

Lemma C.2. Let M be a triangulation of Q. Let K € M be a given simplex and o be one of its
edges. Then we have the following trace inequality: for all g € [1,+00):

o]\

el < (d W) " (lullyey + b IVullpog),  Yu € WHI(K). (C.12)

Moreover, we have the following local Poincaré-Wirtinger inequality. Denoting ux the mean value
of u over K:

u—ukllpe gy < Cld, @) hic [[Vullye k), vu e WHI(K). (C.13)

Let us now define the following interpolation operator from H{ () onto Hay o(Q2):

IM: H(l)(Q) — HM,O(Q)

u FH»MW_§3G%LUM@0@. (C.14)

oe&
Naturally, for a vector field w € H(Q) (= H3(Q2)?), Ipmu € Hpgo(R) is defined as follows:

=3 (g el

oce

Proposition C.3 (Properties of operator Inq). Let M be a triangulation of Q such that O < 0y
(where O pq is defined by (C.1)) for some positive constant 0y. The operator Ixq satisfies the following
properties. For all q € [1,400), there exists C = C(0o,q,d) such that:

(i) Stability:

Iagly y an < C luhgray, Yo € W), (C.15)
(i) Approzimation: For all K € M:

llu— IMU”Lq(K) + hi |V (u— IMU)HLq(K)
< Oh% Julweary,  Yu€ WH(Q)NWI(Q).  (C.16)

(i1i) Preservation of the divergence:

/ pdivap(Ipmu) de = / pdivude, Vp € Lp(R), u e WyiQ). (C.1m)
Q Q

Remark C.1. An operator which satisfies properties (1) and (iii) of the above proposition is called
a Fortin operator. The interested reader is referred to [20] for a similar result in the case of the

MAC scheme.
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Proof. We start with proving (C.15). Let u € Wy%(Q). We have Iyu = Y wce UsCy where
Uy, = |o| 71 fd udo(x). Since (, has it support in the neighboring cells K and L if ¢ € &y, with
o=KL and in K if 0 € Ex N E(K), we have:

el g = 3 [ 19w de
KeM

= / IV (Ipmu —uk)|? de
KeM

=> / uo —ur)Go)| d

x
KeM aes
q
< Z/ Z —uK||VCg|) de. (C.18)
KeM aes

Applying Holder’s inequality, then the trace inequality (C.12) and finally the Poincaré-Wirtinger
inequality (C.13) we have:

1
[uo —uk| < —7llu—ukllLq)
ol

d \7
< (1) " o= lhagaey + e [Vl )

d e
< Cla,d) e () " 190l

Injecting in (C.18) we get:

vl g < Clas) Y |K| Vel [ ((E 1961) o

KeM oe£(K)
<(C'(g,d) Z |K| HVU”Lq(K) Z HVCUH%q(K)
KeM oeE(K)

Now applying (C.10) to (, for all ¢ € £(K) and observing that (, = (5 with IV¢s which

HLq(f{)
only depends on d, we get:

hq
IIaull? y pg < C" (@ d) Y K Vulll,
KeM

< C"(q,d) 0§ Z ||VUH%L1(K)
KeM

=C"(q,d) 6§ |“|(\17v1,q(sz)'

We now give the proof of (C.16). Let u € W24(Q) N W;4(Q) and let K € M. Denote
Izae P(K () the polynomial

Igi= Y is(;, where ﬂ&:|c}|’1/ﬁda(ﬁc).

5e&(K) G
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Following the above lines, we can prove that for m = 0,1, the operator I is continuous from
VVmJr1 q(f( ) onto W™ q(f( ), with an operator norm which only depends on K, ¢ and m. Since
I;v = v for all polynomials v € P(K), the Bramble-Hilbert Lemma applies (see [4, Lemma 6])
and one has for all 0 <n < m with m =0, 1:

i — Iy U|wnq(K) C(K q, )|ﬂ|wm+1,q(f<)-

Performing the change of variables @ = Ak (&) and observing that if Ik is the restriction of Iy to
K, then one has IKu = I, we get:

|’LL - IKu|Wn,q(K) S 0(907 d7 q,m, TL) hr}?+1in|u|wm+l,q(}{);

which straightforwardly yields (C.16).

Finally, we prove (C.17). Let p € La(Q) et uw € Hayq 0(2). Denote pg the constant value of p
on the simplex K.

/pdlvM(IMu )da = Z /ple Ipmu)de = Z pK/ div(Ipmu) de

KeM KeM

ZPKZ/IMunKUdU ZPKZ/Z

KeM oc€&(K) KeM oc€&(K) o’'ek

m /U, uda(m))cg/ “NEK.o

We know that / ( do(z) = |o|67 , which yields:

/pleM Iyu)de = Z PK Z /u nk . do(x Z pK/ dlvudm—/pdlvudw
Q

KeM  oe&(K) KeM

O

C.3 Discrete inf-sup property
We recall the following result (see [34]).

Lemma C.4. Let Q be a bounded Lipschitz domain of R, d > 1. Then, there exists a linear
operator B depending only on £ with the following properties:

(i) For all q € (1,400),
B:LYQ) — WyiQ).

(ii) For all q € (1,+00) and p € LE(Q),
div(Bp) = p, a.e. in Q.
(iii) For all q € (1,+00), there exists C = C(q,9), such that for any p € LE(Q):

|Bp|wl,q(Q) <C ||p||Lq(Q)'
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We now prove that the pair of discrete spaces (Laq,0(2), Ha,0(f2)) satisfies a discrete version
of the above result. This is one of the main features of the Crouzeix-Raviart finite elements which
is often referred to as the discrete inf-sup property.

Lemma C.5 (Discrete LY inf-sup property). Let M be a triangulation of Q such that Op < g
(where Opq is defined by (3.1)) for some positive constant 0g. Then, there exists a linear operator

B : LM70(Q) — HM70(Q)
depending only on Q and on the discretization such that the following properties hold:
(i) For allp € La0(92),

/TdivM(BMp)dw:/rpdm, Vr € Ly (92).
Q Q

(i1) For all g € (1,+00), there exists C = C(q,d,Q,60y), such that

||BMP||1,q,M < C”p”Lq(Q)'

Proof. Define Bag = In o B. For all p € Ly 0(€2), we have by (C.17) :

/QrdivM(BMp)dcc: /Q rdiv g (Ing (Bp)) da = /

rdiv(Bp))dz = / rpde, Vr € Ly (92).
Q

Q

Moreover, for g € (1,+00), we directly obtain ||BMPH1,q,M < C(0o,q,d) |Bp|wl’q(sz) < C(0o,q,d) x
C(q,92) lIpllyq(q), where C(g,) is the constant given in Lemma C.4 and C(6o, ¢, d) the constant
given in Proposition C.3. O

C.4 Discrete Sobolev inequalities

The aim of this section is to prove a discrete equivalent of the following Sobolev continuous injection
result, the proof of which can be found for instance in [2].

Theorem C.6 (Sobolev, Gagliardo, Nirenberg). Let 1 < p < co.

e If1 <p<d, then there exists a constant C(p,d) such that:
lelli o) < Co ) IVl Vs € WI(RY), (C.19)
where p* = ddTpp In particular, the injection W'P(R%) C LP"(R%) is continuous.
e Ifp>d, then for all q € [p,00), there exists C(p,q,d) such that:
[ullLagay < Cp, ¢ d) [Vullps Vu € WHP(RY). (C.20)

In particular, the injection WHP(R?) C L4(RY) is continuous.
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We first prove a technical result which will be useful in the following.

Lemma C.7. Let M be a triangulation of Q0 such that Oy < 0y (where Opq is defined by (C.1))
for some positive constant 0y. For a function v defined on K for all K € M and for all o € Epy
with 0 = K|L, we denote [v], = the jump of v across o ( i.e.|[v]s(x)| = |v|x(x) — v)L(x)|, for all
x €0), and for o € Eext, 0 € K, we denote [v],(x) = v (x), for all x € 0. Then, one has:

e For all 1 < p < oo, there exists a constant C = C(p, d,0y) such that :

(= 1 /\[U]g\”da(:c))g <Cloly e Y0 € Haro(Q). (C.21)

—1
o€l h:g
e For all 1 < p < oo, there exists a constant C = C(p,d,0y) such that for all a > 1 :

(X [ l10llo] do@) < aCllolite g Wl poaes 0 € Hao(®),  (C:22)

oceEV?
where 1 < p' < 00 is given by%—i—%:l.
Proof. We first prove (C.21). Since for all o € &, the integral of the jump of a function v € Hp,0(02)

across o is zero, then by the mean value theorem, there exists @, € ¢ such that [v],(z,) = 0. We
then have:

1 »
ZF/UHUH do(x)

e

- Z hpl—l / |[v— U(fﬂa)]g|pd0(:n)

oce

1
Y

0&&iny
oc=K|L

+ Y #/J/;va(mg—ks(m—mg))-(:c—mg)ds

0EEext
c€eE(K)

/01 (VU‘K(wg +s(x —x,)) — VoL (zs + s(x — wg))) (x—x,)ds pda(m)

" do ().

In the following, we denote Vu(z, s) instead of Vu(x, + s(x — x,)) to easy notation. The Cauchy-
Schwarz inequality in R? yields

1 P
Zhg_1/a‘[v]o‘ do(z) < Z

ceé 0€E&int
oc=K]|L

1
0

op
F/|w—wg|p/ (|V’U|K(:B,S)|p+|V’U‘L(w,s)|p> dsdo(x)

1 1
+ ) F/ |z — mp/o Vo (z,5)|P ds do ().
0€Eexs  C 7
oce&(K)
Since h, = diam(o), we have |x — &,| < h, for all 0. By Fubini’s theorem, we obtain:

> [ bl do@ <€) 3 Y b [ Vol doe). (C.23)

o€l KeMoe&(K)
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By a finite dimension argument, there exists C/(d) such that for all polynomial function @ € Py (K):

/|Vw|pda( ) < C(d) /|Vw|pdw
cEE(K

Applying (C.10) and (C.11) to E = o € E(K), we see that there exists C(p,d, 6p) such that:
> o [ 1905 dot@) < Clpud.bo) [ (90l da
o€E(K) o K

which combined with (C.23) proves (C.21).

Let us now prove (C.22). Since [v]s () = 0, we have [|[v|*],(x,) = 0. In addition, since o > 1,
|v|* is smooth where v is smooth and one has V|v|* = asgn(v)|v|*~1Vv. Following similar steps
as those for the proof of (C.21), we find that:

> [ Il dot) b [ 19l doe)
o€l KeMaef:(K)
<y Z he a/|U|K|a-1 Vx| do ().

KeMoe&E(K

Applying Holder’s inequality to the integral over o, we obtain:

Sl do@ < 35S hrallfit o) V0l

oeg”? KeMoe€&(K)

Then, transporting this inequality to the reference element using (C.9) and (C.10), invoking a finite
dimension argument on the reference element and finally transporting back to the simplex K thanks
0 (C.9) and (C.11), we prove that (with % + ﬁ =1):

a1 IKl o]
hoa”UHLp’(aﬂ)(g) HVUHLP(U) <a | | |K| [|v ||Lp (a=1)(K) HVUHLP(K)'

The quantities |K| and || only depend on d and by the regularity of the mesh, there exists C(6y)
such that h, ||1(2|| < C(fy) which concludes the proof of (C.22). O

We now want to prove a discrete equivalent to inequality (C.19) for discrete functions u €
Hpt,0(2) considering the norm ||ull, , 1 instead of ||Vully,ga). We begin with the case p = 1.
Inequality (C.19) reads:

”u”Ll*(Rd) < C(d)”VUHLl(Rd)a Vu € Wl’l(Rd)- (C.24)

Let us first prove that this result extends to functions with bounded variations. For u € L' (R9),
define:

lullgy = sup { (V. )0, with ¢ € C (RN s.t. S oy < 1}.
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A function u € L' (R?) is said to have bounded variations if ||u||g,, < co. The space of such functions
is denoted BV(R?). Let us prove that (C.24) holds true for functions in BV(R?) with ||u||g, instead
of [Vullg ga)- Forall u € BV(R?), there exists (see [1] for instance) a sequence (uy )nen C L (R?)

such that u, — u in L'(R?) and almost everywhere, and such that [Vunllpigay = llunllgy —
ullgy- The sequence (||un|pi+ ga is bounded and since u,, — u a.e., Fatou’s lemma gives

sv. Th L (&) ey 15 bounded and si Fatou’s 1 i
[ullpe gay < ngl{l_gl({ [[tn g+ (gay- Letting n — +oo in (C.24) written for u, we obtain:

ullr (ray < Hminf [|unllp - ga)
< C(d) lm [|Vunlg g
=C(d) lm |lunllgy
= C(d) [lully- (C.25)

Let us now prove that any function u € Hpq0(£2) can be extend to R? to a function in BV(R?)
with [lullgy S llull; 1 a4 This result, which will be satisfied under a regularity constraint on the

mesh, is a consequence of Lemma C.7 which provides estimates on the jumps of the functions
u e HM70 (Q)

Let M be a triangulation of Q such that O,y < 6y (where 6, is defined by (C.1)) for some
positive constant . Let u € Hpyo(£2). We extend u by 0 outside Q so that u € L*(R?). For all
¢ € C(R%)?, we have:

<Vu,¢>p,p:—/ udivqbd:c:—/udivqbdw:— > / wdiv ¢ da
R4 Q K

kek
:Kg%vU.qbdm_/aKuqb-nda(w))

:Kg ( /K Vu-qbdw—Ue;K) Uuqb-nx,gdo(w)) -
_Kgﬁvu.(pdm_; [ [ulo & mscr do ()

(¥ / vilde 3 JAIGHE) [

< C(d, o) llully, 1, p 1@l Loe

by definition of [lul[, ; ,, and thanks to inequality (C.21) (with p =1). By (C.26), we obtain that
a function u € Hq,0(Q2) (extend by 0 outside Q) belongs to BV(R?) with :

lullgy < C(d;00) l[ully 1 pa- (C.27)

Combining (C.27) with (C.25), we therefore have proven the following result:
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Proposition C.8 (Discrete continuous injection W1 c Ll*). Let M be a triangulation of Q0 such
that O < 0o, with 89 > 0. There exists a constant C = C(d, 6y) such that:

ullpir @) < Cllully 1 a0 Vo € Hago(92). (C.28)
We may now prove a discrete counterpart to the Sobolev inequality (C.19) for 1 <p < d:

Proposition C.9 (Discrete continuous injection W' < LP" for 1 < p < d ). Let M be a
triangulation of Q0 such that Opq < g, with 6y > 0. Assume that 1 < p < d. Then there ezists a
constant C' = C(p,d, 0y) such that:

[wllios ) < Cllully parr Vo € Hato(), (C.29)

d,
where p* = P addition, one has C(p,d,0y) — +0o as p — d.
d

By interpolation of Lebesgue spaces, we have the following corollary, a consequence of which is
a discrete Poincaré inequality.

Proposition C.10. Let M be a triangulation of Q such that O < 0y, with O > 0. Assume that
1 <p<d. Then, for all q € [p,p*], there exists a constant C = C(p,q,d,0y) > 0 such that:

HUHLQ(Q) S O(pa q, d? HO)HUHLZ))M) V’LL € HM,O(Q) (030)
For q = p, this inequality is called the discrete Poincaré inequality.
Proof of Proposition (C.9). Let p such that 1 < p < d. Let v € Hpq,0(©2) which we extend by 0
outside . Let o > 1. Since u is smooth on each simplex K, |u|® is also smooth and one has

V|u|* = asgn(u)|u|*~*Vu on K. Performing the same calculation as in (C.26) with the function
|u|®, we obtain, for all ¢ € C2°(R%)%:

Ol o< (3 [ 1Vlde+ 3 [ 1] dot@) [$]e o

KeM ocel
(¥ / (9]l + o Cp, dyB0) b1y gy Tl 00 ) 1wy (C31)
Kem

thanks to inequality (C.22) of Lemma C.7. Moreover we have:

3 / Viullde <a S / 1| V] da.

KeM KeM

Applying Holder’s inequality to the integral and then to the sum, we obtain (with % + i =1):
1

/ V]ul*|da
KeM

a— o7 a—1
Z / JulP'( Ud:]} Z / IVulP dz P:aHuHLp,(a,l)(m [y . pg-

KeM KeMm

1
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We inject this inequality in (C.31) which yields that for all u € Hpg0(R2) and all o > 1, we have

« a a—1
lul* € BV(R?) avec [|[u]*[gy < a(1+C(p,d,00)) l[ullfy-s lul

to |u|* then gives:

1.p. m- Inequality (C.25) applied

-1
||U||ga-1*(sz) = H|u|a”L1*(Q) <al'(p,d, HO)HUng’mfl)(Q) H“H1,p,M'

We then chose « such that a.1* = p’(a—1) i.e.a = p’ /(p — 1*) which gives (C.29) with p* = a.1* =
p'1*/(p) — 1*) = pd/(d — p). We may check that o > 1 and aoC’(p,d,6y) — o0 as p — d because
a—o00asp—d. O

Finally, for p > d, we have the following result.

Proposition C.11 (Discrete continuous injection W? C L4 for p > d ). Let M be a triangulation
of Q such that Opq < 0y, with 6y > 0. Assume that p > d. Then, for all g € (p,o0), there exists a
constant C' = C(p,q,d,0) > 0 such that:

||U||Lq(Q) <C ||U||1,p,Mv Vu € Hag,0(92). (C.32)

Proof. Let g € (p,o0) and let 1 < p; < d such that p7 = ¢ (such a p; always exists because
p} — o0 as p1 — d). Applying Proposition C.9, we obtain that for all u € Ha,0(Q), [lullyqq) <
C(p1,d,00)|ully,,, aq- Then using Holder’s inequality, we have [lull; , 1 < C(Q,p,p1) [ully , -

C.5 Compactness results

In this section, we prove a discrete counterpart to Rellich’s compactness theorem. We obtain this
result as a consequence of Kolmogorov’s theorem which we recall (see [2] for a proof).

Theorem C.12 (Kolmogorov). Let 2 be an open bounded subset of R, d > 1,1 < p < oo and
A CLP(Q). Then A is relatively compact in LP(2) if, and only if, there exists an extension operator:

P: A — LP(RY
u +— P(u)

satisfying the following properties:
1. P(u) = u almost everywhere on §Q, for all u € A,
2. The set {P(u), u € A} is bounded in LP(R?),
P (- +y) = P(wllypray = 0 as y — 0, uniformly with respect to u € A.

C.5.1 Bounded sequence in the discrete W' norm : compactness in L'

We first establish an estimate on the translations of discrete functions u € Haq,0(£2).
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Proposition C.13 (Translations in L'). Let M be a triangulation of Q such that Oa < 6o, with
0o > 0. Then:

[u(-+y) — uHLl(Rd) < |yl C(d, 90)”“”1,1,]\47 Vu € Ha,o(2), Vy € RY,

where u € Hpg0(Q) is extend to RY setting u = 0 outside 2, and |y| is the euclidian norm of
y € R?,

Proof. Let u € C°(R?). For all z, y € RY, we have:

ju( + y) — u()| —\/01 Vu(e + sy) - yds| < |y|/01 Vu(z + sy)| ds.

Integrating with respect to & and using Fubini’s theorem, we obtain:
(. +9) — ullps o) <l / Vulde = [/ Vel . (C:33)

By the density of C*(R%) in W1 (R?), inequality (C.33) holds true for functions v € W1 (R%).
Then proceeding as in the proof of Proposition C.8, we prove that we can extend the result to
functions u € BV(RY):

[u(-+¥) = sy < [yl [ullgy,  Yu€BV(RY).

Now let u € Hpq0(2) which we extend by 0 outside €. According to (C.27), we have u € BV(R?)
with [[ullgy < C(d,00) [lull; 1 pq which yields the result. O

We deduce the following result which is a discrete counterpart of the compact injection of
WH1(Q) in L1(Q2) for a bounded subset 2.

Theorem C.14. Let (M,,)nen be a sequence of reqular triangulations of Q i.e. a sequence satisfying
Onm,, < b for alln € N with 6y > 0. For alln € N, let u,, € Hpag,, 0 which we extend by 0 outside 2.
Assume that there exists C' € R such that ||u,l; | o, < C, Vn € N. Then there exists a converging

subsequence of (un)nen i L1(R?) and therefore in L1(Q).

Proof. We apply Kolmogorov’s Theorem to the set A = Upen{un}. The operator P is the extension
by 0 outside 2. Hypothesis 1. is satisfied. Moreover Proposition C.8 shows that the sequence
(tn)nen is bounded in L' (€2) and therefore in L'(2) and in L' (R?) since 1* > 1 and Q is bounded.
Therefore, hypothesis 2. is also satisfied. Finally, thanks to Proposition C.13 and to the fact that
lunlli 1, < € Vn € N, we see that [lun(. +¥y) = tn|lppgsy = 0 as y — 0, uniformly with
respect to n € N. Kolmogorov’s Theorem therefore applies and gives the existence of a converging
subsequence of (u,,)nen in L' (RY) and therefore in L'(£2). O
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C.5.2 Bounded sequence in the discrete W'? norm: compactness in L?

Theorem C.15. Let 1 < p < co. Let (My)nen be a sequence of reqular triangulations of 2 i.e. a
sequence satisfying Op, < 0o for alln € N with 0y > 0. For alln € N, let u, € Hpy,, 0 which we
extend by 0 outside §2. Assume that there exists C € R such that ||uyll; , o, < C, Vn € N. Then

there exists a converging subsequence of (tun)nen in LP(RY) and therefore in LP(Q).

Proof. Since Q is bounded, the fact that ||un||, , »(, < C, Vn € N combined with Holder’s inequal-
ity, shows that the sequence ([|un|l; ; x4, Jnen is bounded. Thus, the sequence (un)nen is bounded

in L' (Q) and therefore in L'(Q) and in L'(R%). We can apply Theorem C.14, which yields the
existence of a subsequence (uyn)nen, still denoted (uy,)nen, which converges in L!(Q) towards some
function u € L1(1Q).

We conclude the proof as follows. Invoking Proposition C.9 or Proposition C.11, we get that
(Un)nen is also bounded in L%(Q2) for some ¢ > p. Upon extracting a new subsequence, we can
assume that w, — v with v € LI(Q). Since the distributional limit is unique, we have u = v i.e.
u € L4(Q). Interpolating L? between L and L4, we get:

1—
Jtn =l < llum = ullgs oy lun = vl
where 3 € [0, 1] satisfies % =0+ %. This proves that u,, — u strongly in LP(Q). O

C.5.3 Regularity of the limit

At the continuous level, the strong limit in LP(2) of a sequence of functions which is bounded in
Wy P(Q) is actually in WgP(Q2). We prove that this still holds true for converging sequences of
discrete functions associated with a sequence of refined meshes.

Theorem C.16. Let 1 < p < co. Let (My)nen be a sequence of regular triangulations of Q i.e.
a sequence satisfying Opa,, < 0o for all n € N with 8y > 0. For alln € N, let u,, € Hpq,, 0 which
we extend by 0 outside 2. Assume that there exists C' € R such that ||unl|, , v, < C, Vn € N.
Assume that haq, — 0 as n — +oo0. Then:

1. There exists a subsequence of (un)nen, still denotes (uy)nen, which converges in LP () towards
some function u € LP(£2).

2. The limit u belongs to Wé’p(Q) with ||VuHLp(Q) <C.
3. The sequence (V ap, Un)nen weakly converges to Vu in LP(Q).

Proof. The existence of a subsequence of (uy)nen, still denoted (uy )nen, which converges in L?(Q)
towards some u € LP(Q) is guaranteed by Theorem C.15. Extending u,, and u by 0 outside €2, we
have u,, — u in LP(R?). Let us prove that V u, u, weakly converges to Vu in LP(R?).

We have
”VMnUnHLp(Rd) = ”VMnUnHLP(Q) = ”un”l,p,/vln <C.
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Moreover for all ¢ € C2°(R%)4:

/ Vm,un - pde = /Vun ¢dx
- KeM,
K;/l /undlqudcc—i-/ unqs.ndg(m))

R4
with

R(una¢): Z /[un]o¢ nKadU Z/una d) d)wa)) nKUdU( )

o€EL "7 oc€En

since the integral of the jump of w,, € Haq0(€2) across o is zero. Applying Holder’s inequality, we
see that for all 1 < p < oc:

1
|R(Un;¢)| S (Ugn hg-_l /U H'U:n]g’pd(f

Observing that p’ = p/(p — 1) and using inequality (C.21) we get:

1
I

(S [ 6 bl dota)’

o€y

L
o7

Rt < Cod.t) il i, (3 [ ol = bl dota))”

oeéy,

Since ¢ is smooth, we have |p(z) — ¢(@o)| < hr, V@l ga) for all z € . Hence, for all
1 <p<oo:

and a similar results holds for p = 1. Since u,, — u strongly in L?(R%), we obtain that for all
b € Co(RA):

Vm,u-¢pdr — — udivedx, asn — 4oo,
Rd Rd

and by density, V u, u, — Vu weakly in LP(R?) thus in LP(£2). Since for all n € N,
”V/\/InunHLp(Rd) = ||un||l7p7./\/[n <C,

we deduce that Vu € LP(RY) with IVullgeray = [Vullpg) < C. Since u = 0 outside €2, this
implies that u € W () with || Vul|p,q) < C. O
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