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Abstract: We present a convergence analysis for a finite-volume discretization of the radiative5

heat transfer system. The model under consideration consists of the radiative transfer equation6

coupled with a nonlinear heat conduction equation in a grey medium, where radiative effects in7

the black-body limit are described by the Stefan–Boltzmann law exhibiting a quartic temperature8

dependence of the form T 4. Time discretization is carried out implicitly. The radiative transport9

equation is approximated by a standard upwind scheme, whereas the heat equation is treated with10

a finite volume method based on the Two-Point Flux Laplace operator, which imposes admissibility11

conditions on the mesh. After recalling and establishing a stability result for energy weak solutions12

of the continuous system, we introduce the discrete scheme. We then prove the existence of a13

discrete solution together with uniform estimates that mirror those obtained at the continuous14

level. Next, we demonstrate the convergence of a (sub)sequence of discrete solutions, corresponding15

to vanishing time and space steps, towards an energy weak solution of the system, thereby providing16

a new existence proof for weak solutions of this model. Finally, we examine the diffusive limit of the17

numerical scheme applied to the non-dimensionalized system as the Knudsen number approaches18

zero.19
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1 Introduction36

The transfer of heat by radiation is a classical yet demanding topic that continues to draw sus-37

tained interest in both physics and applied mathematics. Radiative transfer (RT) arises in a broad38

range of physical and engineering contexts, including stellar and planetary atmospheres, nuclear39

engineering, and industrial heat-transfer applications. It plays a pivotal role in climate science,40

where radiation–atmosphere interactions govern the terrestrial energy budget; see, for example,41

[26, 27, 23] and, more recently, [3] for comprehensive overviews. In the present study, we consider42

a radiative heat transfer model that characterizes the cooling process of glass, formulated as a43

radiative transfer equation coupled with a heat conduction equation. The model is given by44 
cmρm∂tT = kh∆T −

∫ ∞

0

∫
Sd−1

κ (B − ψ) dβdν, t > 0,x ∈ Ω,

1

c
∂tψ + β · ∇ψ = κ (B − ψ) , t > 0, (x,β, ν) ∈ Ω× Sd−1 × R+.

(1.1)

Here Ω be an open bounded connected subset of Rd, with d = 2 or 3, and β ∈ Sd−1 being the unit
sphere in Rd. The function T = T (t,x) denotes the temperature of the medium and ψ = ψ(t,x,β, ν)
is the specific radiation intensity at x ∈ Ω traveling in the direction β ∈ Sd−1 with frequency ν > 0
at time t > 0. The constants cm, ρm, kh, κ and c are the specific heat, the density, the thermal
conductivity, the opacity coefficient, and the speed of light, respectively. Furthermore, B = B(ν, T )
denotes the Planck’s function

B (ν, T ) :=
2hpν

3

c2
(
e

hpν

kbT − 1

)
for black body radiation in glass. Here hp is the Planck’s constant and kb is the Boltzmann’s45

constant. We refer the reader to [11, 27, 15] and references therein for more radiative heat transfer46

models.47

Next, we give the dimensionless form of the system (1.1). We introduce the nondimensional48

parameter ε = 1/κrxr, where xr and κr are the length scale and reference absorption, respectively.49

Physically ε represents the ratio of a typical photon mean free path to a typical length scale of the50

problem (Knudsen number). The rescaled system is given by51 
ε2∂tT = ε2k∆T −

∫ ∞

0

∫
Sd−1

κ (B − ψ) dβdν, t > 0, x ∈ Ω,

ε2
1

c
∂tψ + εβ · ∇ψ = κ (B − ψ) , t > 0, (x,β, ν) ∈ Ω× Sd−1 × (0,∞) .

(1.2)
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See [11] for more details on the derivation.We examine the cooling of glass in a grey medium, mean-52

ing that B is independent of the frequency ν. In this case, the specular black-body intensity B is53

given by B = σ
πT

4, according to the Stefan–Boltzmann law, where σ denotes the Stefan–Boltzmann54

constant. For convenience, and to keep the model non-dimensionalized so that all prefactors are55

equal to one, we choose the constants in (1.2) to satisfy k = c = 1 and set σ = π. Because the solu-56

tions of the system above depend on ε, we introduce the notation Tε = Tε(t,x) and ψε = ψε(t,x,β)57

to denote, respectively, the temperature and the radiative intensity.With these conventions, the sys-58

tem (1.1) can be expressed as59

∂tTε −∆Tε =
1

ε2

∫
Sd−1

ψε − T 4
ε dβ,

∂tψε +
1

ε
β · ∇ψε = − 1

ε2
(ψε − T 4

ε ).

(1.3a)

(1.3b)

where ⟨ψε⟩ :=
∫
Sd−1

ψεdβ denotes the radiative density. The parameter ε may be small in various60

practical settings and has a decisive influence on the system (1.3a)–(1.3b). Consequently, it is61

of substantial mathematical and physical interest to investigate the behavior of solutions in the62

asymptotic regime ε → 0, which we refer to as the diffusive limit. The purpose of this work is to63

develop a finite volume scheme for the radiative heat transfer system and to carry out a rigorous64

convergence analysis of the resulting discrete approximation. The performance of the proposed65

numerical method in the diffusive regime will be examined in detail in Section 4. In the main body66

of the paper, however, the Knudsen number is non-dimensionalized so that there is no explicit67

dependence on ε.68

We thus consider the following non-dimensional (normalized) system:69

∂tT −∆T =
(
⟨ψ⟩ − T 4

)
, (t,x) ∈ (0,∞)× Ω,

∂tψ + β ·∇ψ = −
(
ψ − T 4

)
, (t,x,β) ∈ (0,∞)× Ω× Sd−1,

(1.4a)

(1.4b)

The initial conditions are taken to be70

T (t = 0,x) = T0(x), for any x ∈ Ω,

ψ(t = 0,x,β) = ψ0(x,β), for any x ∈ Ω,β ∈ Sd−1.

(1.5)

(1.6)

The boundary condition for the temperature T is a Dirichlet boundary condition71

T (t,x) = Tb(t,x), for any t > 0, x ∈ ∂Ω, (1.7)

where Tb = Tb(t,x) > 0 is a non-negative function. To give the boundary condition for ψ, we define72

the boundary set Σ = ∂Ω× Sd−1 and73

Σ− :=
{
(x,β) ∈ ∂Ω× Sd−1, β · n(x) < 0

}
, (1.8)

74

Σ+ :=
{
(x,β) ∈ ∂Ω× Sd−1, β · n(x) > 0

}
. (1.9)

The boundary condition for the specific radiation intensity is given by75

ψ (t,x,β) = ψb(t,x,β), t > 0, (x,β) ∈ Σ−, (1.10)
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where ψb = ψb(t,x,β) is a given function defined in the in-flow directions, which describes the76

radiative intensity transmitted into the medium from outside and n(x) is the outward unit normal77

vector to the boundary ∂Ω.78

In the present study, we confine our analysis to Dirichlet boundary conditions; nonetheless,79

alternative classes of boundary conditions can be handled within the same general framework.80

From the analytical perspective, the time evolution of temperature in participating media has been81

investigated through semigroup methods, including the framework of m-accretive operators; we82

refer to [1, 2, 28, 21, 6, 5, 22]. In numerous physical and engineering applications, radiative effects83

are coupled with thermal conduction, giving rise to radiation–conduction models in both transient84

and steady-state regimes [22, 30, 7, 19, 15]. In this coupled framework, elliptic and parabolic85

techniques yield additional regularity properties and a priori estimates. For example, stationary86

temperature distributions under various boundary conditions are investigated in [30, 7], where87

the presence of the conductivity term ∆T plays a crucial role in deriving robust estimates; see88

also [7, 15, 16, 17, 18, 25]. In contrast, coupling conduction with transport makes singular-limit89

analyses much more delicate. In diffusive-limit regimes, boundary layers and geometric corrections90

become significantly more intricate when the Laplacian interacts with the transport scaling [16,91

24, 17, 18]. This complexity poses substantial challenges for the design of numerical schemes that92

accurately capture the diffusive limit in radiative heat transfer. In particular, when boundary layers93

are present, one must construct asymptotic-preserving schemes that remain stable and accurate94

at both kinetic and diffusive scales while correctly resolving the boundary-layer structure. The95

development of such schemes, which rigorously account for boundary layers and maintain the correct96

diffusive behavior, is therefore an important direction for ongoing research. Therefore, for P197

radiative–diffusion systems, the finite-volume fractional-step scheme proposed in [13] exemplifies a98

classical and effective strategy. A discrete maximum principle provides uniform L∞ bounds and,99

combined with a topological-degree argument, yields existence and uniqueness of discrete solutions.100

Furthermore, discrete estimates on space and time translates in L2 ensure compactness, and the101

Kolmogorov–Riesz theorem then implies convergence (up to subsequences) toward a weak solution102

as the mesh size and time step tend to zero. A central ingredient in this analysis is a general103

estimate controlling time translates of the discrete solutions. Related developments are presented104

in [20], which unifies rigorous analytical properties (existence, uniqueness, and discrete maximum105

principles) with the construction of numerical schemes validated on representative atmospheric and106

solar-heating benchmark problems.107

This article is concerned with the convergence analysis of a fully discrete approximation of the108

multidimensional radiative heat transfer system (1.4). The time discretization is performed by109

an implicit scheme. The radiative transfer equation is approximated by a standard upwind finite110

volume method, while the heat equation is discretized by a finite volume method based on the111

Two-Point Flux Laplace operator [8], which requires the underlying mesh to satisfy appropriate112

admissibility conditions. The principal contribution of the work is the demonstration that, as the113

temporal and spatial discretization parameters tend to zero, a (sub)sequence of the corresponding114

discrete solutions converges in the energy norms to an energy weak solution of the continuous115

system, thereby yielding a new existence proof for weak solutions of this model. The analysis is116

based on uniform a priori estimates and discrete compactness arguments.117

The paper is structured as follows. In Section 2, we present the continuous radiative heat transfer118

system and define its global energy weak solutions under Dirichlet boundary conditions. We recall119

the existence result established in [15] and prove a stability theorem for energy weak solutions120

of the continuous problem with homogeneous Dirichlet boundary conditions: from any sequence121
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of energy weak solutions satisfying a uniform energy bound, one can extract a subsequence that122

converges to an energy weak solution of the system. Section 3 focuses on the discretization. After123

introducing the numerical scheme, we prove the existence of a discrete solution and derive uniform124

bounds analogous to those obtained in the continuous setting. Then, using discrete compactness125

techniques, we establish a convergence result for a subsequence of discrete solutions associated126

with vanishing time and space steps, which converges to an energy weak solution of the system.127

This proof relies on arguments closely related to the stability result from Section 2, but adapted128

o the discrete setting. Finally, in Section 4, we investigate the diffusive limit of the numerical129

scheme applied to the non-dimensionalized system (1.3a)–(1.3b) in the asymptotic regime where130

the Knudsen number ε→ 0.131

2 The continuous setting132

2.1 Weak solutions133

Before introducing the result of the existence of weak solutions to system (1.4a)-(1.4b), we first134

recall the definition of weak solutions; for more details see [15] for different types of boundary135

conditions. To consider the boundary condition on the radiative intensity, we introduce, for τ > 0,136

the space137

W 2((0, τ)× Ω× Sd−1) := {ψ ∈ L2((0, τ)× Ω× Sd−1) s.t. (∂t + β ·∇)ψ ∈ L2((0, τ)× Ω× Sd−1)}
(2.1)

which, endowed with the scalar product138

⟨ψ, ϕ⟩W 2 :=

∫∫∫
(0,τ)×Ω×Sd−1

ψϕdβ dx dt+

∫∫∫
(0,τ)×Ω×Sd−1

(∂t + β ·∇)ψ(∂t + β ·∇)ϕdβ dx dt,

is a Hilbert space. We then define the following trace operator which can be proved to be continuous139

(see [29, Appendix (B.1)]):140

γ : ψ ∈W 2(R+ × Ω× Sd−1) 7→ ψ|∂Ω ∈ L2(R+ × ∂Ω× Sd−1, |β · n|dβ dσx dt). (2.2)

The space is endowed with the following norm:141

∥f∥2L2(Σ;|β·n| dβ dσx)
:=

∫
∂Ω

∫
Sd−1

f(x,β)2|β · n|dσx dβ.

We denote142

W 2
0 ((0, τ)× Ω× Sd−1) := {ψ ∈W 2((0, τ)× Ω× Sd−1), γψ = 0}.

In the following we also denote by γ the usual trace operator γ : H1(Ω) → L2(∂Ω).143

Definition 2.1. Assume ∂Ω ∈ C1. Let 0 ≤ T0 ∈ L5(Ω) and 0 ≤ ψ0 ∈ L2(Ω × Sd−1). Let144

0 ≤ Tb ∈ L5
loc([0,∞); L5(∂Ω)) and 0 ≤ ψb ∈ L2

loc([0,∞); L2(Σ−; |β · n|dβ dσx)). We say that145

(T, ψ) is a weak solution of the system (1.4a)-(1.4b) with initial conditions (1.5)-(1.6) and boundary146

conditions (1.7), (1.10) if147

T ∈ L∞
loc([0,∞); L5(Ω)), T

5
2 ∈ L2

loc([0,∞); H1(Ω)),

ψ ∈ L∞
loc([0,∞); L2(Ω× Sd−1)) ∩W 2

loc([0,∞)× Ω× Sd−1),
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if it solves (1.4a)-(1.4b) in the sense of distributions, i.e. for any test functions φ ∈ C∞
c ([0,∞)×Ω)148

and ζ ∈ C∞
c ([0,∞)× Ω× Sd−1), the following equations hold:149

−
∫∫

[0,∞)×Ω

(
T∂tφ+ T∆φ+

∫
Sd−1

(ψ − T 4)φdβ

)
dx dt =

∫
Ω

T0φ(0, ·) dx, (2.3)

150

−
∫∫∫

[0,∞)×Ω×Sd−1

(
ψ∂tζ + ψβ ·∇ζ − (ψ − T 4)ζ

)
dβ dx dt =

∫∫
Ω×Sd−1

ψ0ζ(0, ·, ·) dx dβ, (2.4)

and if it satisfies the following boundary conditions:151

γT
∣∣
∂Ω

= Tb,

γψ
∣∣
Σ−

= ψb.

We say that (T, ψ) is a finite energy weak solution if furthermore for almost every τ > 0, there152

exists C = C(Ω, τ) > 0 such that153

∥T (τ)∥5L5(Ω) + ∥ψ(τ)∥2L2(Ω×Sd−1) +

∫ τ

0

∥∇(T )
5
2 ∥

2

L2(Ω) dt

+

∫ τ

0

∥ψ − T 4)∥2L2(Ω×Sd−1) dt+
1

2

∫ τ

0

∥γψ − ψb∥2L2(Σ;|β·n|dβ dσx)
dt

≤ C(∥T0∥5L5(Ω) + ∥ψ0∥2L2(Ω×Sd−1)). (2.5)

Now, we recall the existence theorem that was proven in [15, Section 2].154

Theorem 2.1. Assume ∂Ω ∈ C1. Let 0 ≤ T0 ∈ L5(Ω) and 0 ≤ ψ0 ∈ L2(Ω × Sd−1). Let155

0 ≤ Tb ∈ L5
loc([0,∞); L5(∂Ω)) and 0 ≤ ψb ∈ L2

loc([0,∞); L2(Σ−; |β · n|dβ dσx)). Let the boundary156

condition be well prepared such that ψb = T 4
b . Then there exists a global non-negative finite energy157

weak solution (T, ψ) of the system (1.4a)-(1.4b) with initial conditions (1.5)-(1.6) and boundary158

conditions (1.7), (1.10). Moreover, T ∈ L2
loc([0,∞); H1(Ω)) and for almost every τ > 0, there exists159

C = C(Ω, τ) > 0 such that160

∥T∥L2([0,τ);L2(Ω)) + ∥∇T∥L2([0,τ);L2(Ω)) ≤ C(∥T0∥5L5(Ω) + ∥ψ0∥2L2(Ω×Sd−1)). (2.6)

2.2 Stability of energy weak solutions161

The following Theorem states that a sequence of finite energy weak solutions converges, up to162

extracting a subsequence, to a finite energy weak solution. The proof of this result is similar to the163

proof of existence given in [15]. It is crucial since the proof of convergence for numerical schemes164

will follow the same lines.165

Theorem 2.2. Assume ∂Ω ∈ C1. Consider sequences of non-negative initial conditions (T
(m)
0 )m∈N ⊂166

L5(Ω) and (ψ
(m)
0 )m∈N ⊂ L2(Ω × Sd−1) and homogeneous boundary conditions (T

(m)
b )4 = ψ

(m)
b = 0167

for all m ∈ N. Let (T (m), ψ(m))m∈N be the associated sequence of finite energy weak solutions.168

Assume that T
(m)
0 → T in L5(Ω) and ψ

(m)
0 → ψ0 in L2(Ω× Sd−1) as m→ ∞.169

Then, there exist (T, ψ) such that:170

T ∈ L∞
loc([0,∞); L5(Ω)), T

5
2 ∈ L2

loc([0,∞); H1
0(Ω)),

ψ ∈ L∞
loc([0,∞); L2(Ω× Sd−1)) ∩W 2

0,loc([0,∞)× Ω× Sd−1),

6



and up to extracting a subsequence we have, for all τ > 0 :171

• The sequence (T (m))m∈N converges to T strongly in Lq([0, τ); Lq(Ω)) for all q ∈ [2, 8), weakly172

in L2([0, τ); H1(Ω)) and weakly-∗ in L∞([0, τ); L5(Ω)).173

• The sequence (ψ(m))m∈N converges to ψ weakly in Lq([0, τ); L2(Ω × Sd−1)) for all q ∈ [2,∞)174

and weakly-∗ in L∞([0, τ); L2(Ω× Sd−1)).175

• The pair (T, ψ) is a finite energy weak solution of Problem (1.4).176

Proof. Step 1: uniform with respect to m estimates: Let τ > 0. Since (T (m), ψ(m))m∈N is177

a sequence of non-negative finite energy weak solutions, there exists C = C(Ω, τ) > 0 such that for178

all m ∈ N,179

∥T (m)(τ)∥
5

L5(Ω) + ∥ψ(m)(τ)∥
2

L2(Ω×Sd−1) +

∫ τ

0

∥∇(T (m))
5
2 ∥

2

L2(Ω) dt

+

∫ τ

0

∥ψ(m) − (T (m))4)∥
2

L2(Ω×Sd−1) dt+
1

2

∫ τ

0

∥ψ(m)∥
2

L2(Σ;|β·n| dβ dσx)
dt

≤ C(∥T (m)
0 ∥

5

L5(Ω) + ∥ψ(m)
0 ∥

2

L2(Ω×Sd−1)), (2.7)

and since T
(m)
0 → T in L5(Ω), ψ

(m)
0 → ψ0 in L2(Ω× Sd−1), the right hand side of this inequality is180

uniformly bounded by some constant C0 independent of m. From this estimate we obtain that181

(T (m))m∈N is uniformly bounded in L∞([0, τ); L5(Ω)),

(∇T (m))
5
2 )m∈N is uniformly bounded in L2([0, τ); L2(Ω)),

(ψ(m))m∈N is uniformly bounded in L∞([0, τ); L2(Ω× Sd−1)),

(ψ(m) − (T (m))4)m∈N is uniformly bounded in L2([0, τ); L2(Ω× Sd−1)).

(2.8)

(2.9)

(2.10)

(2.11)

By the Sobolev embedding H1(Ω) ⊂ L6(Ω) we obtain that (T (m))
5
2 is uniformly bounded in182

L2([0, τ); L6(Ω)) and therefore in L2([0, τ); L5(Ω)). Moreover, an easy computation gives183

∥T (m)∥
5

L5([0,τ);L
25
2 (Ω)) = ∥(T (m))

5
2 ∥

2

L2([0,τ);L5(Ω)).

Using the Littlewood’s interpolation inequality ∥f∥L8(Ω) ≤ ∥f∥
7
24

L5(Ω)∥f∥
15
24

L
25
2 (Ω)

we get184

∫ τ

0

∥T (m)∥
8

L8(Ω) dt

≤
∫ τ

0

∥T (m)∥
7
3

L5(Ω)∥T
(m)∥

5

L
25
2 (Ω) dt

≤ ∥T (m)∥
7
3

L∞((0,τ);L5(Ω))∥(T
(m))

5
2 ∥

2

L2((0,τ);L5(Ω))

so that185

(T (m))m∈N is uniformly bounded in L8([0, τ); L8(Ω)). (2.12)

7



Moreover, by (2.6), we have the following estimate186

(T (m))m∈N is uniformly bounded in L2([0, τ); H1
0(Ω)). (2.13)

Since T (m) solves ∂tT
(m) = ∆T (m) +

(
⟨ψ(m)⟩ − (T (m))4

)
in the weak sense, the above estimate187

together with (2.7) yields that188

(∂tT
(m))m∈N is uniformly bounded in L2([0, τ); H−1(Ω)). (2.14)

We may also derive uniform bounds on the sequence (ψ(m))m∈N. By (2.7) we have:189

(ψ(m))m∈N is uniformly bounded in L∞([0, τ); L2(Ω× Sd−1)),

(ψ(m))m∈N is uniformly bounded in L2([0, τ); L2(Ω× Sd−1)),

((∂t + β ·∇)ψ(m))m∈N is uniformly bounded in L2([0, τ)× Ω× Sd−1).

(2.15)

(2.16)

(2.17)

Step 2: compactness – By the estimates (2.13) and (2.14) and the Aubin-Lions-Simon com-190

pactness theorem, there exists a function T in L2
loc([0,∞); L2(Ω)) such that up to extracting a191

subsequence, for all τ > 0 :192

T (m) → T in L2([0, τ); L2(Ω)) as m→ ∞,

∇T (m) ⇀∇T weakly in L2([0, τ); L2(Ω)) as m→ ∞.

(2.18)

(2.19)

Moreover, by the previously derived estimates, we also have193

T ∈ L∞
loc([0,∞); L5(Ω)) ∩ L8

loc([0,∞); L8(Ω)) ∩ L2
loc([0,∞); H1

0(Ω))

T
5
2 ∈ L2

loc([0,∞); H1
0(Ω))

and (up to extracting a new subsequence) :194

T (m) → T a.e. in [0, τ)× Ω as m→ ∞,

T (m) → T in Lq([0, τ); Lq(Ω)) for all q ∈ [2, 8) as m→ ∞,

T (m) ⇀ T in L8([0, τ); L8(Ω)) as m→ ∞,

T (m) ⇀∗ T in L∞([0, τ); L5(Ω)) as m→ ∞,

T (m) ⇀ T in L2([0, τ); H1
0(Ω)) as m→ ∞,

(T (m))
5
2 ⇀ T

5
2 in L2([0, τ); H1

0(Ω)) as m→ ∞.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

From (2.15), there exists ψ in L∞
loc([0,∞); L2(Ω× Sd−1)) ∩W 2

0,loc([0,∞)×Ω× Sd−1) such that (up195

to extracting a new subsequence) we have, for all τ > 0:196

ψ(m) ⇀∗ ψ in L∞([0, τ); L2(Ω× Sd−1)) as m→ ∞,

ψ(m) ⇀ ψ in Lq([0, τ); L2(Ω× Sd−1)) for all q ∈ [2,∞) as m→ ∞,

(∂t + β ·∇)ψ(m) ⇀ (∂t + β ·∇)ψ in L2([0, τ)× Ω× Sd−1) as m→ ∞.

(2.26)

(2.27)

(2.28)
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Step 3: passing to the limit in the weak formulation – Let φ ∈ C∞
c ([0, τ) × Ω). Since197

(T (m), ψ(m)) is a weak solution, we have for the considered subsequence,198

I
(m)
1 + I

(m)
2 + I

(m)
3 + I

(m)
4 = 0 (2.29)

where199

I
(m)
1 =

∫ τ

0

∫
Ω

T (m)∂tφdx dt,

I
(m)
2 =

∫ τ

0

∫
Ω

T (m)∆φdx dt,

I
(m)
3 =

∫ τ

0

∫∫
Ω×S2

(ψ(m) − (T (m))4)φdβ dx dt,

I
(m)
4 =

∫
Ω

T
(m)
0 φ(0, ·) dx.

By (2.18) and since T
(m)
0 → T0 in L5(Ω) we get200

lim
m→+∞

I
(m)
1 + I

(m)
2 + I

(m)
4 =

∫ τ

0

∫
Ω

T∂tφdx dt+

∫ τ

0

∫
Ω

T∆φdx dt+

∫
Ω

T0 · φ(0, ·) dx.

For the term involving (T (m))4, we may write201

I
(m)
3 =

∫ τ

0

∫∫
Ω×S2

(ψ − T 4))φdβ dx dt+R
(m)
3,1 +R

(m)
3,2

where202

R
(m)
3,1 =

∫ τ

0

∫∫
Ω×S2

(ψ(m) − ψ)φdβ dx dt,

R
(m)
3,2 =

∫ τ

0

∫∫
Ω×S2

(T 4 − (T (m))4)φdβ dx dt.

By (2.27) we have R
(m)
3,1 → 0 as m → +∞ and by(2.20) and the dominated convergence Theorem,203

we have R
(m)
3,2 → 0 as m → +∞ and passing to the limit in (2.29), we conclude that (T, ψ) solves204

the temperature equation in the weak sense.205

Let us now turn to the radiative intensity equation. Let ζ ∈ C∞
c ([0, τ) × Ω × Sd−1). Since206

(T (m), ψ(m)) is a weak solution, we have for the considered subsequence,207

−
∫ τ

0

∫∫
Ω×S2

ψ(m)∂tζ dβ dx dt−
∫ τ

0

∫∫
Ω×S2

ψ(m)β ·∇ζ dβ dx dt

−
∫ τ

0

∫∫
Ω×S2

(ψ(m) − (T (m))4)ζ dβ dx dt =

∫∫
Ω×S2

ψ
(m)
0 ζ(0, ·, ·) dβ dx. (2.30)

The weak convergence (2.27), a similar computation as above for the non linear term involving208

(T (m))4 and the strong convergence ψ
(m)
0 → ψ0 in L2(Ω × Sd−1) allow to prove that (T, ψ) also209

solves the intensity equation in the weak sense. To prove that γψ
∣∣
Σ−

= 0, we first remark that by210

the estimate (2.7), the sequence211

∥ψ(m)
|Σ∥L2([0,τ)×Σ;|β·n| dβ dσx dt)
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is bounded. Therefore, up to a subsequence we have212

γψ(m) ⇀ γψ weakly in L2([0, τ); L2(Σ; |β · n|dβ dσx dt)).

We can thus take the weak limit in the equality γψ(m)
∣∣
Σ−

= ψ
(m)
b = 0 to obtain213

γψ|Σ− = 0. (2.31)

To prove that γψ = γψ on Σ, we use the fact that (T, ψ) solves214

∂tψ + β ·∇ψ = −(ψ − T 4)

in the weak sense. For all τ > 0, we apply a test function ζ ∈ C∞
c ((0, τ)× Ω× Sd−1) on the above215

equation and deduce that :216

−
∫ τ

0

∫∫
Ω×Sd−1

ψ∂tζ dβ dx dt−
∫ τ

0

∫
Ω×Sd−1

ψβ ·∇ζ dβ dx dt

+

∫ τ

0

∫∫
Σ

γψζ(β · n) dβ dσx dt = −
∫ τ

0

∫
Ω×Sd−1

(ψ − (T )4)ζ dβ dx dt.

We can also apply the same test function on the equation217

∂tψ
(m) + β ·∇ψ(m) = −(ψ(m) − (T (m))4)

and get218

−
∫ τ

0

∫∫
Ω×Sd−1

ψ(m)∂tζ dβ dx dt−
∫ τ

0

∫
Ω×Sd−1

ψ(m)β ·∇ζ dβ dx dt

+

∫ τ

0

∫∫
Σ

γψ(m)ζ(β · n) dβ dσx dt = −
∫ τ

0

∫
Ω×Sd−1

(ψ(m) − (T (m))4)ζ dβ dx dt.

Letting m → ∞ in the above equation and comparing with the previous one leads to γψ = γψ on219

Σ and therefore we have220

γψ|Σ− = 0. (2.32)

Step 4: energy estimate at the limit – We have the weak limits221

ψ(m) − (T (m))4 ⇀ ψ − (T )4 in L2([0, τ) : L2(Ω× Sd−1)),

γψ(m) ⇀ γψ in L2([0, τ); L2(Σ; |β · n|dβ dσx dt)).

Therefore, by the weak limits (2.23)-(2.25)-(2.26), we can take the lim infm→+∞ in (2.7) and obtain222

that223

∥T (τ)∥5L5(Ω)) + ∥ψ(τ)∥2L2(Ω×Sd−1) +

∫ τ

0

∥∇(T )
5
2 ∥

2

L2(Ω) dt

+

∫ τ

0

∥ψ − (T )4)∥2L2(Ω×Sd−1) dt+
1

2

∫ τ

0

∥ψ∥2L2(Σ;|β·n| dβ dσx)
dt

≤ C(∥T0∥5L5(Ω) + ∥ψ0∥2L2(Ω×Sd−1)),

which concludes the proof.224

225

10



3 An implicit Finite Volume scheme226

3.1 Meshes and discrete spaces227

We recall that Ω is an open, bounded, and connected subset of Rd, with d ∈ {2, 3}. We now further228

assume that Ω is polygonal when d = 2 and polyhedral when d = 3.229

Definition 3.1 (Admissible space discretization). An admissible discretization of Ω is a finite230

family M composed of non empty convex polygons (d = 2) or polyhedra (d = 3) which form a231

partition of Ω : Ω = ∪K∈MK. For any K ∈ M, let ∂K = K \ K be the boundary of K, which232

is the union of cell faces. We denote by E the set of faces of the mesh, and we suppose that two233

neighboring cells share a whole face: for all σ ∈ E, either σ ⊂ ∂Ω or there exists (K,L) ∈ M2 with234

K ̸= L such that K ∩ L = σ; we denote in the latter case σ = K|L. We denote by Eext and Eint235

the set of external and internal faces: Eext = {σ ∈ E , σ ⊂ ∂Ω} and Eint = E \ Eext. For K ∈ M,236

E(K) stands for the set of faces of K. The unit vector normal to σ ∈ E(K) outward K is denoted237

by nK,σ.238

The mesh is admissible in the following sense (see also [8]): there exists a family of points239

(xK)K∈M such that:240

• xK ∈ K for all K ∈ M,241

• for σ = K|L ∈ Eint, the segment [xK ,xL] is orthogonal to σ242

In the following, the notation |K| or |σ| stands indifferently for the d-dimensional or the (d−1)-243

dimensional measure of the subset K of Rd or σ of Rd−1 respectively. We denote dσ the distance244

d(xK ,xL) if σ = K|L ∈ Eint and the distance between xK and σ if σ ∈ E(K) ∩ Eext.245

For M an admissible mesh, and for every K ∈ M, we denote hK the diameter of K ( i.e. the246

1D measure of the largest line segment included in K). The size of the discretization is defined by:247

hM = max
K∈M

hK . (3.1)

For M an admissible mesh, and for every K ∈ M, we denote ϱK the radius of the largest ball248

included in K. The regularity parameter of the discretization is defined by:249

θM = max
{hK
ϱK

, K ∈ M
}
∪
{hK
hL

,
hL
hK

, σ = K|L ∈ Eint
}
. (3.2)

Definition 3.2 (Discrete spaces). Let M be an admissible discretization of Ω. We denote HM(Ω)250

the space of scalar functions that are constant on each cell K ∈ M. For T ∈ HM(Ω) and K ∈ M,251

we denote TK the constant value of T on K. The space HM(Ω) is endowed with the following inner252

product, for (T, ϕ) ∈ HM(Ω)2:253

[T, ϕ]M =
∑

σ∈Eint

σ=K|L

|σ|
dσ

(TL − TK)(ϕL − ϕK) +
∑

σ∈E(K)∩Eext

|σ|
dσ

TKϕK .

Thanks to the Poincaré inequality stated below, this inner product defines a norm on HM(Ω):254

∥T∥1,M = [T, T ]
1
2

M .
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The proof of the following Lemma can be found in [9, ”Discrete functional analysis” appendix].255

Lemma 3.1 (Discrete Sobolev and Poincaré inequalities). Let M be an admissible discretization256

of Ω such that θM ≤ θ0 (where θM is defined by (3.2)) for some positive constant θ0. Then, for all257

q ∈ [1,+∞) if d = 2 and for all q ∈ [1, 6] if d = 3, there exists C = C(q, d, θ0) > 0 such that:258

∥T∥Lq(Ω) ≤ C ∥T∥1,M, ∀T ∈ HM(Ω).

As a consequence we have the following Poincaré inequality: there exists C = C(d, θ0) such that259

∥T∥L2(Ω) ≤ C ∥T∥1,M, ∀T ∈ HM(Ω).

Remark 3.1. Note that for d=2, one has C(q, d, θ0) → ∞ as q → ∞.260

The following Lemma is proven in [8, Lemma 3.3].261

Lemma 3.2. Let M be an admissible discretization of Ω. For any T ∈ HM(Ω), we define its262

extension (still denoted T ) to the whole space Rd by setting T = 0 on Rd \Ω. Then there exists C,263

only depending on Ω such that264

∥T (·+ η)− T∥2L2(Rd)d ≤ C∥T∥21,M |η| (|η|+ hM), ∀η ∈ Rd, ∀T ∈ HM(Ω). (3.3)

Finally, an important consequence of Lemma 3.2 is the following compactness result, the proof265

of which is similar to that of [8, Theorem 3.10].266

Lemma 3.3 (Discrete Rellich theorem). Let (M(m))m∈N be a sequence of discretizations in the267

sense of Definition 3.1 which satisfies hM(m) → 0 as m → ∞. For m ∈ N, let T (m) ∈ HM(m)(Ω)268

and assume that there exists C ∈ R such that, for all m ∈ N, ∥T (m)∥1,M(m) ≤ C. Then, there exists269

T in H1
0(Ω) and a subsequence of (T (m))m∈N (not relabeled) such that T (m) converges strongly in270

L2(Ω) towards T as m→ ∞.271

Let us now turn to the angular discretization and we adopt a similar approach as for the space272

discretization.273

Definition 3.3 (Angular discretization). A discretization of the unit sphere Sd−1 is a set A com-274

posed of solid angles α ∈ A (which are subsets of Sd−1) forming a partition of Sd−1. For every275

α ∈ A, let be given βα some element in α. We denote |α| the (d− 1)-Lebesgue measure of α.276

For A a discretization of Sd−1, and for every α ∈ A, we denote hα the diameter of α ( i.e.277

hα = sup{dSd−1(β,β′), β,β′ ∈ α} where dSd−1 is the natural metric on the sphere). The size of the278

angular discretization is then defined by:279

hA = max
α∈A

hα. (3.4)

We can now define the discrete functional space for functions defined on Ω × Sd−1. In the280

following, we will denote D = (M,A) a discretization of Ω× Sd−1 where M is an admissible mesh281

of Ω and A is a mesh of Sd−1.282

Definition 3.4. Let D = (M,A) be a discretization of Ω× Sd−1. We denote LM,A(Ω× Sd−1) the283

space of scalar functions that are constant on each couple (K,α) ∈ M×A. For ψ ∈ LM,A(Ω×Sd−1)284

and (K,α) ∈ M×A, we denote ψK,α the constant value of ψ on (K,α).285
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3.2 The numerical scheme286

Let τ > 0 and let be given a regular partition of the interval (0, τ) with a constant time step287

δt = τ/N . The approximate solution at time tn = nδt for n ∈ {0, . . . , N} is a pair (Tn, ψn) ∈288

HM(Ω)× LM,A(Ω× Sd−1). The implicit finite volume scheme is defined as follows.289

Initialization: The initial approximation (T 0, ψ0) ∈ HM(Ω)× LM,A(Ω× Sd−1) is given by:290

T 0
K =

1

|K|

∫
K

T0 dx, K ∈ M,

ψ0
K,α =

1

|K|
1

|α|

∫
K

∫
α

ψ0 dβ dx, (K,α) ∈ M×A.

(3.5a)

(3.5b)

Time advancement: For n ∈ {0, . . . , N − 1}, knowing (Tn, ψn) ∈ HM(Ω) × LM,A(Ω × Sd−1),291

solve for (Tn+1, ψn+1) ∈ HM(Ω)× LM,A(Ω× Sd−1) the system:292

1

δt

(
Tn+1 − Tn

)
−∆M(Tn+1) =

(
⟨ψn+1⟩ − |Tn+1|(Tn+1)3

)
,

1

δt

(
ψn+1 − ψn

)
+ divM,up(βψ

n+1) = −
(
ψn+1 − (Tn+1)4

)
.

(3.6a)

(3.6b)

The discretization of the non linear T 4 term in the discrete heat equation (3.6a) is taken from293

[13] and ensures the positivity of the discrete temperature. The discrete space differential operators294

involved in (3.6) as well as their main properties, are described in the following lines.295

Temperature laplacian – In (3.6a) ∆M is the discrete Finite Volume Two-Point Flux Laplace296

operator associated with the Dirichlet boundary conditions. For T ∈ HM(Ω), ∆MT is an element297

of HM(Ω) defined by:298

∆M(T )(x) =
∑

K∈M
(∆T )K1K(x)

where299

(∆T )K =
1

|K|
∑

σ∈E(K)

|σ|
dσ

(TK,σ − TK)

with300

TK,σ =


TL, if σ ∈ Eint, σ = K|L,

1

|σ|

∫
σ

Tb dσx, in σ ∈ Eext.

Upwind convection operator – In (3.6b), divM,up is the upwind convection operator defined301

for ψ ∈ LM,A(Ω× Sd−1) as302

divM,up(βψ)(x) =
∑
α∈A

∑
K∈M

1

|K|

( ∑
σ∈E(K)

|σ|ψσ,αβα · nK,σ

)
1K(x)1α(β). (3.7)
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The radiative intensity at the face σ is approximated by the upwind technique. For σ = K|L ∈ Eint303

we have304

ψσ,α =

{
ψK,α, if βα · nK,σ ≥ 0,
ψL,α, if βα · nK,σ < 0,

and for σ ∈ Eext ∩ E(K), we have:305

ψσ,α =

 ψK,α, if βα · nK,σ ≥ 0,
1

|σ|

∫
σ

ψb dσx, if βα · nK,σ < 0.

With the discrete unknowns computed by induction through the scheme, we associate piecewise306

constant functions on each time interval (tn−1, tn] as follows:307

T (t,x) =

N∑
n=1

∑
K∈M

Tn
K 1K(x)1(tn−1,tn](t),

ψ(t,x,β) =

N∑
n=1

∑
α∈A

∑
K∈M

ψn
K,α 1K(x)1α(β)1(tn−1,tn](t)

(3.8)

3.3 Existence of a solution and estimates308

In order to simplify the analysis of the numerical scheme, we assume homogeneous Dirichlet bound-309

ary conditions for the temperature. Consequently, the incoming radiative intensity is also taken to310

be homogeneous on Σ−, namely311

T 4
b = ψb = 0.

We begin with a straightforward but useful lemma:312

Lemma 3.4. For every a, b ∈ R we have the three following identities:313

(a− b)a =
1

2
(a2 − b2) +

1

2
(a− b)2,

(a− b)a4 =
1

5
(a5 − b5) +

1

5
(a− b)2(4a3 + 3a2b+ 2ab2 + b3),

(a2 − b2)(a8 − b8) =
16

25
(a5 − b5)2 +

1

25
(a− b)4(4ab+ 3a2 + 3b2)(8a3b+ 3a4 + 8ab3 + 8a2b2 + 3b4).

3.3.1 Energy estimates314

Proposition 3.5. Assume T 4
b = ψb = 0. There exists a unique solution (Tn, ψn)0≤n≤N to the315

numerical scheme (3.5)-(3.6). This solution satisfies Tn ≥ 0, ψn ≥ 0 for all n ∈ {0, . . . , N}.316

14



Moreover, it satisfies the following energy estimate: for all n ∈ {0, . . . , N},317

1

5
∥Tn∥5L5(Ω) +

1

2
∥ψn∥2L2(Ω×Sd−1) +

16

25

n∑
k=1

δt∥(T k)
5
2 ∥

2

1,M +

n∑
k=1

δt∥ψk − (T k)4∥2L2(Ω×Sd−1)

+
1

2

n∑
k=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
ext ∩E(K)

|σ|(ψk
K,α)

2 |βα · nK,σ|

+
1

2

n∑
k=1

δt
∑

α∈A(m)

|α|
∑

σ∈Eint

σ=K|L

|σ|(ψk
L,α − ψk

K,α)
2 |βα · nK,σ|

≤ 1

5
∥T 0∥5L5(Ω) +

1

2
∥ψ0∥2L2(Ω×Sd−1). (3.9)

Remark 3.2. Estimate (3.9) is a discrete equivalent of the energy estimate satisfied at the contin-318

uous level. The last two terms in the left hand side of (3.9) are numerical estimates coming from319

the upwind discretization of the convection term. They will be useful for proving the convergence of320

the numerical scheme.321

Proof. The outline of the proof is as follows. We first prove a priori estimates i.e. we prove that if322

a solution exists then it is non negative and satisfies the energy estimate (3.9). We then prove the323

existence of a solution thanks to Brouwer’s topological degree. Finally, we prove the uniqueness of324

the solution.325

Step 1: positivity – We have T 0 ≥ 0 and ψ0 ≥ 0 by (3.5). Assume that for some n we have326

Tn ≥ 0 and ψn ≥ 0. Equation (3.6b) can be written:327

(1 + δt)ψn+1
K,α + δtdiv(βψn+1)upK,α = ψn

K,α + δt(Tn+1
K )4, ∀(K,α) ∈ M×A.

This is a linear system for (ψn+1
K,α )(K,α)∈M×A the matrix of which is an M-matrix thanks to the328

upind discretization of the convection term (see [14, Lemma 2.1]). Since the right hand side terms329

in this system are non negative, we obtain the non negativity of ψn+1. Then, equation (3.6a) can330

be written:331 (
1 + δt|Tn+1

K |(Tn+1
K )2

)
Tn+1
K − δt(∆Tn+1)K = Tn

K + δt⟨ψn+1
K ⟩, ∀K ∈ M.

This system is a non linear system for (Tn+1
K )K∈M which can be viewed as a matrix system where332

the matrix depends on the unknown but is also an M-matrix for any value of the unknown. Since333

we have proven that ψn+1 ≥ 0, the right hand side term is non negative and therefore so is Tn+1.334

We conclude by induction on n.335

Step 2: energy estimate – Assuming that there exists a solution to the scheme, we multiply336

(3.6a) by δt (Tn+1)4 and we integrate on Ω. Since Tn ≥ 0 and Tn+1 ≥ 0, the second identity of337

Lemma 3.4 (applied with a = Tn+1
K and b = Tn

K on every cell K) yields, for all n = 0, · · · , N − 1:338

1

5
∥Tn+1∥5L5(Ω)−

1

5
∥Tn∥5L5(Ω)−δt

∫
Ω

∆M(Tn+1) (Tn+1)4 dx ≤ δt

∫
Ω

(
⟨ψn+1⟩ − (Tn+1)4

)
(Tn+1)4 dx.
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The third term of the left-hand side can be written as:339

− δt

∫
Ω

∆M(Tn+1) (Tn+1)4 dx

= δt
∑

K∈M

∑
σ∈E(K)∩Eint

σ=K|L

|σ|
dσ

(Tn+1
K − Tn+1

L )(Tn+1
K )4 + δt

∑
K∈M

∑
σ∈E(K)∩Eext

|σ|
dσ

(Tn+1
K )5

= δt
∑

σ∈Eint

σ=K|L

|σ|
dσ

(Tn+1
K − Tn+1

L )
(
(Tn+1

K )4 − (Tn+1
L )4

)
+ δt

∑
σ∈E(K)∩Eext

|σ|
dσ

(Tn+1
K )5

where we have performed a discrete integration by parts in the first term consisting in summing340

over the edges and for each edge on summing over the two adjacent cells. Since Tn+1 ≥ 0 the third341

identity of Lemma 3.4 with a = (Tn+1
K )

1
2 and b = (Tn+1

L )
1
2 yields342

− δt

∫
Ω

∆M(Tn+1) (Tn+1)4 dx

=
16

25
δt
( ∑

σ∈Eint

σ=K|L

|σ|
dσ

(
(Tn+1

K )
5
2 − (Tn+1

L )
5
2

)2
+

∑
σ∈E(K)∩Eext

|σ|
dσ

(Tn+1
K )5

)
+

9

25

∑
σ∈E(K)∩Eext

|σ|
dσ

(Tn+1
K )5

=
16

25
δt∥(Tn+1)

5
2 ∥

2

1,M +
9

25

∑
σ∈E(K)∩Eext

|σ|
dσ

(Tn+1
K )5.

Thus, we obtain (since Tn+1 ≥ 0):343

1

5
∥Tn+1∥5L5(Ω) −

1

5
∥Tn∥5L5(Ω) +

16

25
δt∥(Tn+1)

5
2 ∥

2

1,M ≤ δt

∫
Ω

(
⟨ψn+1⟩ − (Tn+1)4

)
(Tn+1)4 dx.

(3.10)

We then multiply (3.6b) by δt ψn+1 and we integrate over Ω × Sd−1. Using the first identity of344

Lemma 3.4 with a = ψn+1
K,α and b = ψn

K,α in the first term we get:345

1

2
∥ψn+1∥2L2(Ω×Sd−1) −

1

2
∥ψn∥2L2(Ω×Sd−1) + δt

∫
Ω×Sd−1

divM,up(βψ
n+1)ψn+1 dx dβ

≤ −δt
∫
Ω

(
⟨ψn+1⟩ − (Tn+1)4

)
⟨ψn+1⟩dx (3.11)

The third term of the left-hand side can be written as:346

δt

∫
Ω×Sd−1

divM,up(βψ
n+1)ψn+1 dx dβ

= δt
∑
α∈A

|α|
∑

K∈M

∑
σ∈E(K)

|σ|ψn+1
σ,α ψn+1

K,α βα · nK,σ

=
δt

2

∑
α∈A

|α|
∑

K∈M

∑
σ∈E(K)

|σ|
(
(ψn+1

σ,α )2 + (ψn+1
K,α )

2 − (ψn+1
σ,α − ψn+1

K,α )
2
)
βα · nK,σ

=
δt

2

∑
α∈A

|α|
∑

K∈M

∑
σ∈E(K)

|σ|(ψn+1
σ,α )2 βα · nK,σ − δt

2

∑
α∈A

|α|
∑

K∈M

∑
σ∈E(K)

|σ|(ψn+1
σ,α − ψn+1

K,α )
2 βα · nK,σ
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since
∑

σ∈E(K) |σ|nK,σ = 0 for allK ∈ M. Reordering the first sum and using the upwind definition347

of ψn+1
σ,α we get:348

δt

2

∑
α∈A

|α|
∑

K∈M

∑
σ∈E(K)

|σ|(ψn+1
σ,α )2 βα · nK,σ

=
δt

2

∑
α∈A

|α|
∑

σ∈Eint

σ=K|L

|σ|(ψn+1
σ,α )2 βα · (nK,σ + nL,σ) +

δt

2

∑
α∈A

|α|
∑

σ∈Eext∩E(K)

|σ|(ψn+1
σ,α )2 βα · nK,σ

=
δt

2

∑
α∈A

|α|
∑

σ∈Eext∩E(K)

|σ|(ψn+1
K,α )

2 (βα · nK,σ)
+.

where for a ∈ R, a+ = max(a, 0) and a− = −min(a, 0). Reordering the second sum and using the349

upwind definition of ψn+1
σ,α we get:350

− δt

2

∑
α∈A

|α|
∑

K∈M

∑
σ∈E(K)

|σ|(ψn+1
σ,α − ψn+1

K,α )
2 βα · nK,σ

=− δt

2

∑
α∈A

|α|
∑

σ∈Eint

σ=K|L

|σ|
(
(ψn+1

σ,α − ψn+1
K,α )

2 βα · nK,σ + (ψn+1
σ,α − ψn+1

L,α )2 βα · nL,σ

)

− δt

2

∑
α∈A

|α|
∑

σ∈Eext∩E(K)

|σ|(ψn+1
σ,α − ψn+1

K,α )
2 βα · nK,σ

=
δt

2

∑
α∈A

|α|
∑

σ∈Eint

σ=K|L

|σ|(ψn+1
L,α − ψn+1

K,α )
2 |βα · nK,σ|+

δt

2

∑
α∈A

|α|
∑

σ∈Eext∩E(K)

|σ|(ψn+1
K,α )

2 (βα · nK,σ)
−

Replacing in (3.11) we thus get:351

1

2
∥ψn+1∥2L2(Ω×Sd−1) −

1

2
∥ψn∥2L2(Ω×Sd−1)

+
δt

2

∑
α∈A

|α|
( ∑

σ∈Eint

σ=K|L

|σ|(ψn+1
L,α − ψn+1

K,α )
2 |βα · nK,σ|+

∑
σ∈Eext∩E(K)

|σ|(ψn+1
K,α )

2 |βα · nK,σ|
)

≤ −δt
∫
Ω

(
⟨ψn+1⟩ − (Tn+1)4

)
⟨ψn+1⟩dx (3.12)

Summing (3.10) and (3.12) we get:352

1

5
∥Tn+1∥5L5(Ω) +

1

2
∥ψn+1∥2L2(Ω×Sd−1) +

16

25
δt∥(Tn+1)

5
2 ∥

2

1,M + δt∥ψn+1 − (Tn+1)4∥2L2(Ω×Sd−1)

+
1

2
δt
∑
α∈A

|α|
( ∑

σ∈Eint

σ=K|L

|σ|(ψn+1
L,α − ψn+1

K,α )
2 |βα · nK,σ|+

∑
σ∈Eext∩E(K)

|σ|(ψn+1
K,α )

2 |βα · nK,σ|
)

≤ 1

5
∥Tn∥5L5(Ω) +

1

2
∥ψn∥2L2(Ω×Sd−1),

17



and then summing over n = 0, · · · , N − 1 yields (3.9).353

Step 3: existence of a solution – Let be given (Tn, ψn) ∈ HM(Ω)×LM,A(Ω× Sd−1). We want354

to prove that (3.6) has a solution (Tn+1, ψn+1). Let V = HM(Ω) × LM,A(Ω × Sd−1). Endowed355

with ∥(T, ψ)∥V = 1
5∥T∥L5(Ω) +

1
2∥ψ∥L2(Ω×Sd−1), V is a finite dimensional normed space. Consider356

the function F : V × [0, 1] → V given by:357

F((T, ψ), ξ) =

∣∣∣∣∣∣∣
1

δt
(T − Tn)−∆M(T )− ξ

(
⟨ψ⟩ − |T |(T )3

)
,

1

δt
(ψ − ψn) + divM,up(βψ) + ξ

(
ψ − (T )4

)
.

(3.13)

Solving the problem F((T, ψ), ξ) = 0 is equivalent to solving a numerical scheme similar to (3.6)358

(the right hand side relaxation term is multiplied by ξ ∈ [0, 1]). In particular, a straightforward359

adaptation of step 2 shows that any solution of F((T, ψ), ξ) = 0 satisfies ∥(T, ψ)∥V < 2∥(Tn, ψn)∥V .360

Moreover F is continuous and the system F((T, ψ), 0) = 0 has a unique solution (it is a one-to-one361

linear system). The existence of at least one solution to the system F((T, ψ), 1) = 0 follows from a362

classical topological degree argument stated for instance in [12, Theorem 2.5].363

Step 4: uniqueness of the solution – Assume there exist two solutions (Tn+1, ψn+1) and364

(T̃n+1, ψ̃n+1) to the scheme (3.6) and denote (δT, δψ) = (Tn+1 − T̃n+1, ψn+1 − ψ̃n+1). By the365

identity (a4 − b4) = (a − b)g(a, b) with g(a, b) = a3 + a2b + ab2 + b3, we have G(δT, δψ) = (0, 0)366

where the operator G : HM(Ω)× LM,A(Ω× Sd−1) −→ HM(Ω)× LM,A(Ω× Sd−1) is defined as367

G
(
δT
δψ

)
=


(

1

δt
+ g(Tn+1, T̃n+1)

)
IdHM −∆M −⟨ · ⟩

−g(Tn+1, T̃n+1)IdHM

(
1

δt
+ 1

)
IdLM,A + divM,up(β ·)

 (
δT
δψ

)
.

The operator G can be written as a matrix operator with a matrix which depends on Tn+1 and368

T̃n+1. Since g(Tn+1, T̃n+1) ≥ 0, classical properties of the discrete Laplace operator −∆M (its369

matrix is symetric with non negative extra diagonal terms the sum of which equals the diagonal370

term) and of the discrete upwind convection operator divM,up(β ·) (see for instance [14, Lemma371

2.1]) allow to prove that the transpose of the matrix defining operator G is a strictly diagonally372

dominant matrix with non-negative extra-diagonal entries and is therefore a non singularM -matrix.373

Hence, the matrix defining operator G is also a non singular M -matrix. Since G(δT, δψ) = (0, 0)374

we have (δT, δψ) = (0, 0).375

376

3.3.2 Other estimates377

We can also derive additional estimates similar to those obtained in the continuous setting. We first378

define a discrete equivalent of the Lp(H1) norm of the temperature as follows. For T a piecewise379

constant function as defined in (3.8) we denote:380

∥T∥pLp((0,τ);HM) =

N∑
n=1

δt∥Tn∥p1,M.
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Proposition 3.6. Assume T 4
b = ψb = 0. Assume that the regularity parameter of the discretization381

satisfies θM ≤ θ0 for some θ0 > 0. The unique solution to the numerical scheme (3.5)-(3.6) satisfies382

the following estimate: there exists C1 = C1(T0, ψ0, θ0) such that383

∥T∥L8((0,τ)×Ω) + ∥T∥L∞((0,τ);L2(Ω)) + ∥T∥L2((0,τ);HM) ≤ C1. (3.14)

Proof. The proof of the L8(L8) estimate is very similar to that in the continuous setting. It relies384

on the discrete Sobolev inequality which depends on the regularity parameter of the discretization.385

The two other estimates are obtained by multiplying the discrete temperature equation (3.6a) by386

Tn+1 and integrating over [0, τ) × Ω. After a discrete integration by parts in the diffusion term,387

the results is obtained thanks to the already proven estimate on ∥ψ − T 4∥L2([0,τ)×Ω×Sd−1).388

We also have an L2(L2) estimate on the time translations of the discrete temperature.389

Proposition 3.7. Assume T 4
b = ψb = 0. Assume that the regularity parameter of the discretization390

satisfies θM ≤ θ0 for some θ0 > 0. The unique solution to the numerical scheme (3.5)-(3.6) satisfies391

the following estimate: There exists C2 = C2(T0, ψ0, τ, θ0) such that392 ∫ τ

η

∥T (t, ·)− T (t− η, ·)∥2L2(Ω) ≤ C2(η
1
2 + δt

1
2 ), ∀η ∈ (0,min(τ, 1)). (3.15)

Proof. Let η ∈ (0,min(τ, 1)). For every t ∈ (η, τ) we define n, k as the two integers satisfying393

T (t, ·) = Tn and T (t− η, ·) = Tn−k. We can see that n = ⌈ t
δt⌉, n− k = ⌈ t−η

δt ⌉ so that 1 ≤ n− k ≤394

n ≤ N and kδt ≤ η + δt. By the first equation of the scheme we have395

Tn − Tn−k =

n−1∑
p=n−k

δt
(
∆M(T p+1) +

(
⟨ψp+1⟩ − (T p+1)4

) )
where the sum is empty (equals zero) if k = 0 (i.e. if t − η ∈ (tn−1, tn]). Let ϕ(t, ·) be a time396

dependent element of HM(Ω) which we denote ϕ(t,x) =
∑

K∈M ϕK(t)1K(x). Multiplying the397

above equality by ϕ(t, ·) and integrating over Ω, we get:398 ∫
Ω

(T (x, t)− T (x, t− η))ϕ(x, t) dx = I1(t) + I2(t)

where399

I1(t) =

n−1∑
p=n−k

δt

∫
Ω

∆M(T p+1)ϕ(t, ·) dx,

I2(t) =

n−1∑
p=n−k

δt

∫
Ω

(
⟨ψp+1⟩ − (T p+1)4

)
ϕ(t, ·) dx.

For the first term, we perform a discrete integration by parts, apply the Cauchy-Schwarz inequality400
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on the space integral and then on the sum to get:401

I1(t) =

n−1∑
p=n−k

−δt
[
T p+1, ϕ(t, ·)

]
M

≤
n−1∑

p=n−k

δt∥T p+1∥1,M ∥ϕ(t, ·)∥1,M

≤ (kδt)
1
2

( n−1∑
p=n−k

δt∥T p+1∥21,M
) 1

2 ∥ϕ(t, ·)∥1,M

≤ (η + δt)
1
2 ∥T∥L2((0,τ);HM) ∥ϕ(t, ·)∥1,M.

For the second term we have402

I2(t) =
n−1∑

p=n−k

δt

∫
Ω

(
⟨ψp+1⟩ − (T p+1)4

)
ϕ(t, ·) dx

≤
n−1∑

p=n−k

δt∥⟨ψp+1⟩ − (T p+1)4∥L2(Ω)∥ϕ(t, ·)∥L2(Ω)

≤ (kδt)
1
2

( n−1∑
p=n−k

δt∥⟨ψp+1⟩ − (T p+1)4∥2L2(Ω)

) 1
2 ∥ϕ(t, ·)∥L2(Ω)

≤ (η + δt)
1
2

( n∑
k=1

δt∥ψk − (T k)4∥2L2(Ω×Sd−1)

) 1
2 ∥ϕ(t, ·)∥1,M.

By the estimates (3.9) and (3.14), and since (η + δt)
1
2 ≤ η

1
2 + δt

1
2 , there exists C = C(T0, ψ0, θ0)403

such that404 ∫
Ω

(T (x, t)− T (x, t− η))ϕ(x, t) dx ≤ C (η
1
2 + δt

1
2 )∥ϕ(t, ·)∥1,M.

Selecting ϕ(t, ·) = T (t, ·)− T (t− η, ·) and integrating for t ∈ (η, τ) yields:405 ∫ τ

η

∥T (t, ·)− T (t− η, ·)∥2L2(Ω) dt ≤ 2C (η
1
2 + δt

1
2 )

∫ τ

0

∥T (t, ·)∥1,M dt.

Using the Cauchy-Schwarz inequality in the time integral of the right hand side and invoking once406

again the estimate (3.14) yields the result.407

408

3.4 Convergence of the scheme409

Definition 3.5 (Regular sequence of discretizations). Let (D(m), δt(m))m∈N be a sequence of dis-410

cretizations and time steps. For m ∈ N, let hM(m) , θM(m) be the space step size and the regularity411

parameter associated with M(m) by equations (3.1) and (3.2) respectively, and let hA(m) be the step412

size of the angular discretization. Then this sequence (D(m), δt(m))m∈N is said regular if:413

(i) for all m ∈ N, θ(m) ≤ θ0 for some positive real number θ0,414
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(ii) the sequences (δt(m))m∈N, (hM(m))m∈N and (hA(m))m∈N tend to zero as m tends to +∞.415

Theorem 3.8 (Convergence of the scheme). Let Ω be a polyhedral connected open subset of Rd. Let416

τ > 0. Let T0 ∈ L5(Ω) and ψ0 ∈ L2(Ω). Assume homogeneous boundary conditions (Tb)
4 = ψb = 0.417

Let (D(m), δt(m))m∈N be a regular sequence of staggered discretizations. For all m ∈ N, there exists418

a solution (T (m), ψ(m)) to the numerical scheme (3.6) with the discretization (D(m), δt(m)). Then,419

there exists (T, ψ) such that:420

T ∈ L∞([0, τ); L5(Ω)), T
5
2 ∈ L2([0, τ); H1

0(Ω)),

ψ ∈ L∞([0, τ); L2(Ω× Sd−1)) ∩W 2
0 ([0, τ)× Ω× Sd−1),

and up to extracting a subsequence we have :421

• The sequence (T (m))m∈N converges to T strongly in Lq([0, τ); Lq(Ω)) for all q ∈ [2, 8), weakly422

in L2([0, τ); H1(Ω)) and weakly-∗ in L∞([0, τ); L5(Ω)).423

• The sequence (ψ(m))m∈N converges to ψ weakly in Lq([0, τ); L2(Ω × Sd−1)) for all q ∈ [2,∞)424

and weakly-∗ in L∞([0, τ); L2(Ω× Sd−1)).425

• The pair (T, ψ) is a finite energy weak solution of Problem (1.4).426

Theorem 3.8 is a consequence of Proposition 3.9 (compactness and regularity of the limit),427

Proposition 3.10 (passing to the limit in the discrete radiative equation), Proposition 3.11 (passing428

to the limit in the discrete temperature equation) and Proposition 3.12 (energy estimate at the429

limit).430

Proposition 3.9. Under the assumptions of Theorem 3.8, there exists (T, ψ) such that:431

T ∈ L∞([0, τ); L5(Ω)), T
5
2 ∈ L2([0, τ); H1

0(Ω)),

ψ ∈ L∞([0, τ); L2(Ω× Sd−1)),

and up to extracting a subsequence we have :432

• The sequence (T (m))m∈N converges to T strongly in Lq([0, τ); Lq(Ω)) for all q ∈ [2, 8) and433

weakly-∗ in L∞([0, τ); L5(Ω)).434

• The sequence (ψ(m))m∈N converges to ψ weakly in Lq([0, τ); L2(Ω × Sd−1)) for all q ∈ [2,∞)435

and weakly-∗ in L∞([0, τ); L2(Ω× Sd−1)).436

Proof. By (3.9),437

(T (m))m∈N is uniformly bounded in L∞([0, τ); L5(Ω)),

(ψ(m))m∈N is uniformly bounded in L∞([0, τ); L2(Ω× Sd−1)),

(ψ(m) − (T (m))4)m∈N is uniformly bounded in L2([0, τ); L2(Ω× Sd−1)).

(3.16)

(3.17)

(3.18)

We therefore obtain the weak compactness of the sequence of discrete intensities: there exists438

ψ ∈ L∞([0, τ); L2(Ω× Sd−1)) and a subsequence of (D(m), δt(m))m∈N (not relabeled) such that:439

ψ(m) ⇀∗ ψ in L∞([0, τ); L2(Ω× Sd−1)) as m→ ∞.

ψ(m) ⇀ ψ in Lq([0, τ); L2(Ω× Sd−1)) for all q ∈ [2,∞) as m→ ∞.

(3.19)

(3.20)
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To obtain the strong compactness of (T (m))m∈N in L2([0, τ); L2(Ω)) as in the continuous case,440

since we don’t have a control on ∂tT
(m) we cannot directly use the Aubin-Lions-Simon Theorem. We441

rather use the estimate on the time-translations of the discrete temperature to apply Kolmogorov’s442

compactness Theorem, which is recalled in appendix A.1 (Theorem A.1). In our setting, the443

Banach space B of Theorem A.1 is L2(Ω), p = 2, and the subset A is defined by A = ∪m∈N{T (m)}.444

Any T (m) ∈ A satisfies ∥T (m)∥L2((0,τ);L2(Ω)) ≤ C∥T (m)∥L2((0,τ);HM(m) )
≤ CC1 by the Poincaré445

inequality of Lemma (3.1) and estimate (3.14) so that A ⊂ L2((0, τ); L2(Ω)). We now check the446

three assumptions (H1)-(H2)-(H3) of the Theorem.447

- (H1) – The operator P is defined by extending any function T ∈ A by zero outside the448

interval (0, τ). Clearly, one has ∥PT∥L2(R;L2(Ω)) = ∥T∥L2((0,τ);L2(Ω)) ≤ CC1 for all T ∈ A.449

- (H2) – For all ϕ ∈ C∞
c (R,R), and T (m) ∈ A, the quantity

∫
R(PT

(m))ϕdt is an element of450

HM(m)(Ω) with:451

∥
∫
R
(PT (m))ϕ dt∥

1,M(m)

≤
∫ τ

0

∥T (m)(t, ·)∥1,M(m) |ϕ(t)|dt ≤ CC1∥ϕ∥L2((0,τ);R),

by the Cauchy-Schwarz inequality and estimate (3.14). Hence, by the discrete Rellich Theo-452

rem 3.3, the family {
∫
R(PT )ϕdt, T ∈ A} is relatively compact in L2(Ω).453

- (H3) – It remains to prove that ∥PT − PT (□− η)∥L2(R,L2(Ω)) → 0 as η → 0+ uniformly454

with respect to T ∈ A, where the square stands for the time variable t. For all T ∈ A and455

η ∈ (0, τ) we have:456

∥PT − PT (□− η)∥2L2(R,L2(Ω))

=

∫ η

0

∥T (t, ·)∥2L2(Ω) dt+

∫ τ

η

∥T (t, ·)− T (t− η, ·)∥2L2(Ω) dt+

∫ τ

τ−η

∥T (t, ·)∥2L2(Ω) dt.

Thanks to the L∞(L2)-estimate on T (which comes from the L∞(L5)-estimate), the first and457

third terms are each controlled by CC2
0 η, and the second term is controlled by C2(η

1
2 +458

(δt(m))
1
2 ) thanks to Proposition 3.7 on the time translations of the velocity. Let δ > 0 be459

a small real number (smaller than 1). There exists M ∈ N such that, (δt(m))
1
2 ≤ δ for all460

m ≥ M . Let η̄ be a real number in (0,min(τ, 1)) such that η̄
1
2 ≤ δ. Thanks to Proposition461

3.7, we have, for all m ≥M :462

∥PT (m) − PT (m)(□− η)∥
2

L2(R,L2(Ω)) ≤ (2C2 + CC2
0 ) δ, ∀η ∈ (0, η̄).

Now, for a fixedm < M , we have, by a classical result that ∥PT (m) − PT (m)(□− τ)∥2L2(R,L2(Ω))463

tends to zero as η → 0+. Hence, for all m < M , there exists η(m) > 0 such that464

∥PT (m) − PT (m)(□− η)∥
2

L2(R,L2(Ω)) ≤ δ, ∀η ∈ (0, η(m)).

Defining η̃ = min(η̄,min{η(m), 0 ≤ m < M}) and C = max(1, 2C2 + CC2
0 ), two numbers465

which are independent of T ∈ A, we have proven that:466

0 < η ≤ η̃ =⇒ ∥ PT − PT (□− η) ∥2L2(R,L2(Ω))≤ Cδ, ∀T ∈ A,

which expresses that ∥ PT − PT (□− η) ∥L2(R,L2(Ω))→ 0 as η → 0+ uniformly for T ∈ A.467
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Hence, Kolmogorov’s Theorem A.1 applies and there exists T ∈ L2([0, τ); L2(Ω)) and a subse-468

quence (D(m), δt(m))m∈N (not relabeled) such that T (m) → T in L2([0, τ); L2(Ω)) as m tends to469

infinity. Moreover since (T (m))m∈N is bounded in L∞(L5) and in L8(L8) we have that the limit470

T ∈ L8([0, τ); L8(Ω))∩L∞([0, τ); L5(Ω)) and up to extracting a subsequence, we have weak conver-471

gence in L8([0, τ); L8(Ω)) of T (m) and weak-∗ convergence in L∞([0, τ); L5(Ω)). By interpolation,472

since we have strong convergence in L2(L2), T (m) strongly converges towards T in Lq([0, τ); Lq(Ω))473

for all q ∈ [2, 8), and (T (m))
5
2 → (T )

5
2 in Lq([0, τ); Lq(Ω)) for all q ∈ [1, 165 ).474

We now prove the regularity on T . Extending T (m) by zero outside Ω and integrating equation475

(3.3) of Lemma 3.2 along the time variable, we get :476

∥T (m)(□, ·+ η)− T (m)(□, ·)∥
2

L2([0,τ);L2(Rd)) ≤ C(Ω) ∥T (m)∥
2

L2([0,τ);HM(m) )
|η| (|η|+ hM(m)),

∀η ∈ Rd, ∀m ∈ N,

where the dot stands for the space variable x, the square stands for the time variable t. Extending T477

by zero outside Ω, we have T (m) → T in L2([0, τ),L2(Rd)). Since hM(m) → 0, the limit T (extended478

by zero outside Ω) satisfies:479

∥T (□, ·+ η)− T (□, ·)∥2L2([0,τ);L2(Rd)) ≤ C(Ω) lim infm→+∞ ∥T (m)∥
2

L2([0,τ);HM(m) )
|η|2 ∀η ∈ Rd.

Since ∥T (m)∥L2([0,τ);HM(m) )
≤ C1 by estimate (3.14), this implies that ∇T ∈ L2([0, τ); L2(Rd)) (see480

[8, Theorem 3.10]) and that T = 0 on ∂Ω since T = 0 outside Ω. Hence, T ∈ L2([0, τ); H1
0(Ω)).481

Moreover, taking η = ηei for i = 1, .., d and letting η → 0 yields482

∥∇T∥L2([0,τ);L2(Rd)) ≤ C(Ω) lim infm→+∞ ∥T (m)∥L2([0,τ);HM(m) )
.

By (3.9) the sequence (∥(T (m))
5
2 ∥L2([0,τ);HM(m) )

)m∈N is also bounded and the same argument yields483

that T
5
2 ∈ L2([0, τ); H1

0(Ω)) with484

∥∇(T )
5
2 ∥L2([0,τ);L2(Rd)) ≤ C(Ω) lim infm→+∞ ∥(T (m))

5
2 ∥L2([0,τ);HM(m) )

. (3.21)

485

Proposition 3.10. Under the assumptions of Theorem 3.8, the limit pair (T, ψ) of the sequence486

(T (m), ψ(m))m∈N given by Prop. 3.9 satisfies the radiative intensity equation in the weak sense:487

−
∫∫∫

[0,τ)×Ω×S2

(
ψ∂tζ + ψβ · ∇ζ − (ψ − T 4)ζ

)
dβ dx dt

=

∫∫
Ω×S2

ψ0ζ(0, ·, ·) dx dβ, ∀ζ ∈ C∞
c ([0, τ)× Ω× Sd−1). (3.22)

Moreover, the function ψ satisfies the boundary condition:488

γψ|Σ− = ψb = 0. (3.23)
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Proof. To prove the result we pass to the limit m → +∞ in the weak formulation of the discrete489

radiative intensity equation. Let ζ ∈ C∞
c ([0, τ) × Ω × Sd−1) and for m ∈ N we define a discretized490

test function ζ(m) as follows:491

ζ(m)(t,x,β) =

N(m)∑
n=1

∑
α∈A(m)

∑
K∈M(m)

ζn−1
K,α 1K(x)1α(β)1(tn−1,tn](t) (3.24)

where ζnK,α = ζ(tn,xK ,βα) for all n ∈ {0, .., N (m)}, K ∈ M(m) and α ∈ A(m), with xK the mass492

center of K. We extend ζ(m) to t = 0 by continuity. We also define a discrete time derivative and493

a discrete gradient of ζ(m) by:494

ðtζ(m)(t,x,β) =

N(m)∑
n=1

∑
α∈A(m)

∑
K∈M(m)

1

δt

(
ζnK,α − ζn−1

K,α

)
1K(x)1α(β)1(tn−1,tn](t),

∇ζ(m)(t,x,β) =

N(m)∑
n=1

∑
α∈A(m)

∑
K∈M(m)

(∇ζ)n−1
K,α 1K(x)1α(β)1(tn−1,tn](t),

with (∇ζ)n−1
K,α =

1

|K|
∑

σ∈E(K)

|σ| ζn−1
σ,α nK,σ and ζn−1

σ,α = |σ|−1

∫
σ

ζ(tn−1,x,βα) dσx.

From the regularity of ζ, it is easy to prove that for all q in [1,∞], there exists C = C(τ,Ω, θ0, q, ζ)495

such that for all m ∈ N:496

∥ðtζ(m) − ∂tζ∥Lq([0,τ)×Ω×Sd−1) + ∥∇ζ(m) −∇ζ∥Lq([0,τ)×Ω×Sd−1) ≤ C(δt(m) + hM(m) + hA(m)),

∥ζ(m)(0, ·, ·)− ζ(0, ·, ·)∥Lq(Ω×Sd−1) ≤ C(hM(m) + hA(m)).

(3.25)

(3.26)

Multiplying the discrete intensity equation (3.6b) by δt |α| |K| ζnK,α, summing over K ∈ M(m),497

α ∈ A(m) and n ∈ {0, . . . , N (m) − 1} we get498

I
(m)
1 + I

(m)
2 + I

(m)
3 = 0, (3.27)

where499

I
(m)
1 =

N(m)−1∑
n=0

∑
α∈A(m)

|α|
∑

K∈M(m)

|K|(ψn+1
K,α − ψn

K,α)ζ
n
K,α,

I
(m)
2 =

N(m)−1∑
n=0

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

( ∑
σ∈E(K)

|σ|ψn+1
σ,α βα · nK,σ

)
ζnK,α,

I
(m)
3 =

N(m)−1∑
n=0

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

|K|(ψn+1
K,α − (Tn+1

K )4)ζnK,α.
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We observe that, since δt(m) → 0 as → +∞, for m large enough, ζN
(m)

K,α = 0 for all K ∈ M(m), α ∈500

A(m) since ζ has a compact support in [0, τ) × Ω × Sd−1. In a similar way, for m large enough501

we have ζnK,α = 0 for all α ∈ A(m) and n ∈ {0, . . . , N (m) − 1} and for all K ∈ M(m) such that502

∂K ∩ ∂Ω ̸= ∅. We suppose throughout this proof that we are in this case. Performing a discrete503

integration by parts in I
(m)
1 , we get:504

I
(m)
1 = −

N(m)∑
n=1

∑
α∈A(m)

|α|
∑

K∈M(m)

|K|ψn
K,α(ζ

n
K,α − ζn−1

K,α )−
∑

α∈A(m)

|α|
∑

K∈M(m)

|K|ψ0
K,αζ

0
K,α

= −
∫∫∫

[0,τ)×Ω×Sd−1

ψ(m) ðtζ(m) dβ dx dt−
∫∫

Ω×Sd−1

ψ0ζ
(m)(0, ·, ·) dβ dx.

By (3.25), since δt(m) → 0, hM(m) → 0 and hA(m) → 0 as m→ ∞, we obtain that ðtζM(m) strongly505

converges towards ∂tζ in L2([0, τ)×Ω×Sd−1) asm→ ∞; in addition, by (3.26), ζ(m)(0, ·, ·) strongly506

converges to ζ(0, ·, ·) in L1(Ω×Sd−1). Since ψ(m) weakly converges towards ψ in L2([0, τ)×Ω×Sd−1),507

we obtain:508

lim
m→∞

I
(m)
1 = −

∫∫∫
[0,τ)×Ω×Sd−1

ψ ∂tζ dβ dx dt−
∫∫

Ω×Sd−1

ψ0ζ(0, ·, ·) dβ dx.

Let us now turn to the second term I
(m)
2 . Rearranging the terms, we get:509

I
(m)
2 = −

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ|ψn
σ,α(ζ

n−1
L,α − ζn−1

K,α )βα · nK,σ

= −
N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ|
ψn
K,α + ψn

L,α

2
(ζn−1

L,α − ζn−1
K,α )βα · nK,σ +R

(m)
2,1 , (3.28)

where:510

R
(m)
2,1 =

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ|
(ψn

K,α + ψn
L,α

2
− ψn

σ,α

)
(ζn−1

L,α − ζn−1
K,α )βα · nK,σ.

Reordering the sum in the first term of (3.28), we get:511

I
(m)
2 = −1

2

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,α

( ∑
σ∈E(K)

|σ|(ζn−1
L,α − ζn−1

K,α )βα · nK,σ

)
+R

(m)
2,1

= −1

2

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,αβα ·

( ∑
σ∈E(K)

|σ|(ζn−1
L,α − ζn−1

K,α )nK,σ

)
+R

(m)
2,1 . (3.29)
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Then we observe that512

I
(m)
2 = −

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,α βα ·

( ∑
σ∈E(K)
σ=K|L

|σ| 1
2 (ζ

n−1
L,α + ζn−1

K,α )nK,σ

)
+R

(m)
2,1 +R

(m)
2,2

where513

R
(m)
2,2 =

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,α βα ζ

n−1
K,α ·

( ∑
σ∈E(K)

|σ|nK,σ

)
.

Introducing ζn−1
σ,α , we get514

I
(m)
2 = −

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,α βα ·

( ∑
σ∈E(K)

|σ| ζn−1
σ,α nK,σ

)
+R

(m)
2,1 +R

(m)
2,2 +R2,3

where515

R
(m)
2,3 =

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,α βα ·

( ∑
σ∈E(K)
σ=K|L

|σ| (ζn−1
σ,α − 1

2 (ζ
n−1
L,α + ζn−1

K,α ))nK,σ

)
,

and finally,516

I
(m)
2 = −

∫∫∫
[0,τ)×Ω×Sd−1

ψ(m) β ·∇ζ(m) dβ dx dt+

4∑
i=1

R
(m)
2,i

where517

R
(m)
2,4 =

∫∫
[0,τ)×Ω

∑
α∈A(m)

∫
α

ψ(m) (β − βα) ·∇ζ(m) dβ dx dt.

Since ψ(m) weakly converges to ψ in L2([0, τ)×Ω× Sd−1) and ∇ζ(m) → ∇ζ strongly in L2([0, τ)×518

Ω× Sd−1) (by (3.25)) we have519

lim
m→+∞

−
∫∫∫

[0,τ)×Ω×Sd−1

ψ(m) β ·∇ζ(m) dβ dx dt = −
∫∫∫

[0,τ)×Ω×Sd−1

ψ β ·∇ζ dβ dx dt.

It remains to prove that
∑4

i=1R
(m)
2,i → 0 as m → +∞. In the following, in order to ease the520

notations, we denote A(m) ≲ B(m) when there is a constant C, independent of m, such that521

A(m) ≤ C B(m). Recalling the upwind definition of ψn
σ,α, we get:522

|R(m)
2,1 | ≤ 1

2

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ| |ψn
K,α − ψn

L,α| |ζn−1
L,α − ζn−1

L,α | |βα · nK,σ|.
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Applying the Cauchy-Schwarz inequality, we get:523

|R(m)
2,1 | ≤ 1

2

(N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ| |ψn
K,α − ψn

L,α|2 |β · nK,σ|
) 1

2

×
(N(m)∑

n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ| |ζn−1
L,α − ζn−1

K,α |2 |β · nK,σ|
) 1

2

≲
(N(m)∑

n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ| |ζn−1
L,α − ζn−1

K,α |2 |β · nK,σ|
) 1

2

by estimate (3.9). By Taylor’s inequality applied to the smooth function ζ and the regularity of524

the discretization, we have |ζn−1
L,α − ϕn−1

K,α |2 ≲ hM(m)/|σ|(|K|+ |L|) ∥∇ζ∥2L∞([0,τ)×Ω×Sd−1). Hence:525

|R(m)
2,1 | ≲

(
hM(m) × τ × 4π × 2|Ω|∥∇ζ∥2L∞([0,τ)×Ω×Sd−1)

) 1
2

≲ h
1
2

M(m) .

Thus, R
(m)
2,1 → 0 asm→ +∞. The second remainder term satisfiesR

(m)
2,2 = 0 since

∑
σ∈E(K) |σ|nK,σ =526

0 for all K ∈ M(m). For the control of R
(m)
2,3 , we have527

R
(m)
2,3 =

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

ψn
K,α βα ·

( ∑
σ∈E(K)
σ=K|L

|σ| (ζn−1
σ,α − ζ̂n−1

σ,α )nK,σ

)
.

where ζ̂n−1
σ,α = 1

2 (ζ
n−1
L,α + ζn−1

K,α ). Reordering the sum we get528

R
(m)
2,3 =

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

K∈M(m)

|σ| (ψn
K,α − ψn

L,α) (ζ
n−1
σ,α − ζ̂n−1

σ,α )β · nK,σ.

Hence R
(m)
2,3 can be controlled the same way as R

(m)
2,1 and we obtain R

(m)
2,3 → 0 as m → +∞. For529

R
(m)
2,4 , observing that |β − βα| ≤ hA(m) for all β ∈ α and using the Cauchy-Schwarz inequality we530

get531

|R(m)
2,4 | ≤ hA(m)∥ψ(m)∥L2([0,τ)×Ω×Sd−1)∥∇ζ(m)∥L2([0,τ)×Ω×Sd−1) ≲ hA(m) .

Thus, R
(m)
2,4 → 0 as m→ +∞ and therefore532

lim
m→∞

I
(m)
2 = −

∫∫∫
[0,τ)×Ω×Sd−1

ψ β ·∇ζ dβ dx dt.

It remains to identify the limit of I
(m)
3 . We observe that533

I
(m)
3 =

∫∫∫
[0,τ)×Ω×Sd−1

(ψ(m) − (T (m))4)ζ(m) dβ dx dt.
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Since ζ(m) strongly converge towards ζ in L2([0, τ)× Ω× Sd−1) and ψ(m) ⇀ ψ and (T (m))4 ⇀ T 4
534

weakly in L2([0, τ)× Ω× Sd−1) and L2([0, τ)× Ω) respectively, we have535

lim
m→+∞

I
(m)
3 =

∫∫∫
[0,τ)×Ω×Sd−1

(ψ − (T )4)ζ dβ dx dt.

Hence, letting m→ +∞ in (3.27) yields536

−
∫∫∫

[0,τ)×Ω×S2

(
ψ∂tζ + ψβ · ∇ζ − (ψ − T 4)ζ

)
dβ dx dt

=

∫∫
Ω×S2

ψ0ζ(0, ·, ·) dx dβ, ∀ζ ∈ C∞
c ([0, τ)× Ω× Sd−1).

Let us now prove that γψ|Σ− = ψb = 0. Let Ψ(m) be the function defined on [0, τ)× Σ by:537

Ψ(m)(t,x,β) =

{
ψn
K,α|β · nK,σ|

1
2 , if (t,x,β) ∈ (tn−1, tn]× Σ+ ∩ (tn−1, tn]× ∂K × α,

0, if (t,x,β) ∈ (tn−1, tn]× Σ−.
(3.30)

By (3.9) the sequence (Ψ(m))m∈N is uniformly bounded in L2([0, τ) × Σ). Hence, there exists Ψ538

such that Ψ(m) weakly converges in L2([0, τ)×Σ) towards Ψ. Taking the weak limit in the equality539

Ψ(m)|Σ− = 0 yields540

Ψ|Σ− = 0.

We have proved that (T, ψ) solve541

∂tψ + β · ∇ψ = −(ψ − T 4)

in the weak sense. Thus, applying a test function ζ ∈ C∞
c ((0, τ)×Ω×Sd−1) on the above equation,542

we deduce that :543

−
∫ τ

0

∫∫
Ω×Sd−1

ψ∂tζ dβ dx dt−
∫ τ

0

∫
Ω×Sd−1

ψβ · ∇ζ dβ dx dt

+

∫ τ

0

∫∫
Σ

γψζ(β · n) dβ dσx dt = −
∫ τ

0

∫
Ω×Sd−1

(ψ − (T )4)ζ dβ dx dt. (3.31)

Defining a discretized test function ζ(m) as in (3.24), multiplying the discrete intensity equation544

(3.6b) by δt |α| |K| ζnK,α and summing over K ∈ M(m), α ∈ A(m) and n ∈ {0, . . . , N (m) − 1} we get545

I
(m)
1 + I

(m)
2 + I

(m)
3 = 0 where I

(m)
1 , I

(m)
2 and I

(m)
3 have the same expressions as in (3.27). Since ζ546

has now compact support in (0, τ), the time boundary terms arising from I
(m)
1 cancel, and we have:547

lim
m→∞

I
(m)
1 = −

∫∫∫
[0,τ)×Ω×Sd−1

ψ ∂tζ dβ dx dt.

The term I
(m)
3 has the same limit as above. Performing a discrete integration by parts in I

(m)
2 ,548
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there is now a new boundary term:549

I
(m)
2 =−

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ|ψn
σ,α(ζ

n−1
L,α − ζn−1

K,α )βα · nK,σ

+

N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
ext ∩E(K)

|σ|ψn
K,αζ

n−1
K,α (βα · nK,σ)

+

=−
N(m)∑
n=1

δt
∑

α∈A(m)

|α|
∑

σ∈E(m)
int

σ=K|L

|σ|ψn
σ,α(ζ

n−1
L,α − ζn−1

K,α )βα · nK,σ

+

∫∫
[0,τ)×Σ

Ψ(m)S(m) dβ dσx dt+

∫∫
[0,τ)×Σ

R(m) dβ dσx dt (3.32)

where550

S(m)(t,x,β) =

N(m)∑
n=1

∑
α∈A(m)

∑
σ∈E(m)

ext ∩E(K)

ζn−1
K,α |β · nK,σ|

1
21σ(x)1α(β)1(tn−1,tn](t),

and551

R(m)(t,x,β) =

N(m)∑
n=1

∑
α∈A(m)

∑
σ∈E(m)

ext ∩E(K)

ψn
K,αζ

n−1
K,α

(
(βα · nK,σ)

+ − (β · nK,σ)
+
)
1σ(x)1α(β)1(tn−1,tn](t).

The limit of the first term on the right hand side of (3.32) can be computed as previously. For the552

second term, we have the weak convergence Ψ(m) ⇀ Ψ in L2([0, τ)×Σ) and by the regularity of ζ,553

we easily prove that S(m) → ζ|[0,τ ]×∂Ω×Sd−1 |β ·n| 12 strongly in L2([0, τ)×Σ) (we use the dominated554

convergence theorem). The third term is a remainder term that tends to zero as m → +∞ due555

to the inequality |(βα · nK,σ)
+ − (β · nK,σ)

+| ≤ |β − βα| ≤ hA(m) for β ∈ α, combined with the556

dominated convergence theorem.557

Hence, letting m→ +∞ in I
(m)
1 + I

(m)
2 + I

(m)
3 = 0, we get558

−
∫ τ

0

∫∫
Ω×Sd−1

ψ∂tζ dβ dx dt−
∫ τ

0

∫
Ω×Sd−1

ψβ · ∇ζ dβ dx dt

+

∫ τ

0

∫∫
Σ

Ψζ|β · n| 12 dβ dσx dt = −
∫ τ

0

∫
Ω×Sd−1

(ψ − (T )4)ζ dβ dx dt.

Comparing with (3.31) and recalling that Ψ|Σ− = 0 we obtain that559

γψ|Σ− = 0.

This concludes the proof of Proposition 3.10.560

561
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Proposition 3.11. Under the assumptions of Theorem 3.8, the limit pair (T, ψ) of the sequence562

(T (m), ψ(m))m∈N given by Prop. 3.9 satisfies the temperature equation in the weak sense:563

−
∫∫

[0,τ)×Ω

(
T∂tφ+ T∆φ+

∫
Sd−1

(ψ − T 4)φdβ

)
dx dt =

∫
Ω

T0φ(0, ·) dx. (3.33)

Proof. To prove the result we pass to the limit m → +∞ in the weak formulation of the discrete564

temperature equation. Let φ ∈ C∞
c ([0, τ)× Ω) and for m ∈ N we define a discretized test function565

φ(m) as follows:566

φ(m)(t,x) =

N(m)∑
n=1

∑
K∈M(m)

φn−1
K 1K(x)1(tn−1,tn](t)

where φn
K = φ(tn,xK) for all n ∈ {0, .., N (m)} and K ∈ M(m). We extend φ(m) to t = 0 by567

continuity. We observe that, since δt(m) → 0 as → +∞, for m large enough, φN(m)

K = 0 for all568

K ∈ M(m) since φ has a compact support in [0, τ) × Ω. In a similar way, for m large enough we569

have φn
K = 0 for all n ∈ {0, . . . , N (m) − 1} and for all K ∈ M(m) such that ∂K ∩ ∂Ω ̸= ∅. We570

suppose throughout this proof that we are in this case. We now define a discrete time derivative of571

φ(m) by:572

ðtφ(m)(t,x) =

N(m)∑
n=1

∑
K∈M(m)

1

δt

(
φn
K − φn−1

K

)
1K(x)1(tn−1,tn](t).

From the regularity of φ, we can prove that for all q in [1,∞], there exists C = C(τ,Ω, θ0, q, φ) such573

that for all m ∈ N:574

∥ðtφ(m) − ∂tφ∥Lq([0,τ)×Ω) ≤ C(δt(m) + hM(m)),

∥φ(m)(0, ·)− φ(0, ·)∥Lq(Ω) ≤ ChM(m) .

(3.34)

(3.35)

Multiplying the discrete intensity equation (3.6a) by δt |K|φn
K , summing over K ∈ M(m),575

α ∈ A(m) and n ∈ {0, . . . , N (m) − 1} we get576

I
(m)
1 + I

(m)
2 = I

(m)
3 , (3.36)

where577

I
(m)
1 =

N(m)−1∑
n=0

∑
K∈M(m)

|K|(Tn+1
K − Tn

K)φn
K ,

I
(m)
2 = −

N(m)−1∑
n=0

δt
∑

K∈M(m)

( ∑
σ∈E(K)∩E(m)

int

σ=K|L

|σ|
dσ

(Tn+1
L − Tn+1

K )
)
φn
K ,

I
(m)
3 =

N(m)−1∑
n=0

δt
∑

K∈M(m)

|K|
( ∑

α∈A(m)

|α|ψn+1
K,α − (Tn+1

K )4
)
φn
K .
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Performing a discrete integration by parts in I
(m)
1 , we get:578

I
(m)
1 = −

N(m)∑
n=1

∑
K∈M(m)

|K|Tn
K(φn

K − φn−1
K )−

∑
K∈M(m)

|K|T 0
Kϕ

0
K

= −
∫∫

[0,τ)×Ω

T (m) ðtφ(m) dx dt−
∫
Ω

T0φ
(m)(0, ·) dx.

By (3.34), since δt(m) → 0 and hM(m) → 0 as m→ ∞, we obtain that ðtφM(m) strongly converges579

towards ∂tφ in L2([0, τ) × Ω) as m → ∞; in addition, by (3.35), φ(m)(0, ·) strongly converges to580

φ(0, ·) in L1(Ω× Sd−1). Since T (m) weakly converges towards T in L2([0, τ)× Ω), we get581

lim
m→∞

I
(m)
1 = −

∫∫
[0,τ)×Ω

T ∂tφdx dt−
∫
Ω

T0φ(0, ·) dx.

Let us now turn to the second term I
(m)
2 . Rearranging the terms and recalling that φn

K = 0 is582

∂K ∩ ∂Ω ̸= ∅ we get:583

I
(m)
2 = −

N(m)−1∑
n=0

δt
∑

K∈M(m)

( ∑
σ∈E(K)∩Eint

σ=K|L

|σ|
dσ

(Tn+1
L − Tn+1

K )
)
φn
K

=

N(m)−1∑
n=0

δt
∑

σ∈E(m)
int

σ=K|L

|σ|
dσ

(Tn+1
L − Tn+1

K )(φn
L − φn

K)

=

N(m)−1∑
n=0

δt
∑

σ∈E(m)
int

σ=K|L

(Tn+1
L − Tn+1

K )

∫
σ

∇φ(tn, ·) · nK,σ dσ(x) +R
(m)
2,1

= −
N(m)∑
n=1

δt
∑

K∈M(m)

Tn
K

∫
K

div(∇φ(tn−1, ·)) dx+R
(m)
2,1

= −
∫∫

[0,τ)×Ω

T (m)∆φdx dt+R
(m)
2,1 +R

(m)
2,2 (3.37)

where584

R
(m)
2,1 = −

N(m)∑
n=1

δt
∑

σ∈E(m)
int

σ=K|L

(Tn
L − Tn

K)

∫
σ

(
∇φ(tn−1, ·) · nK,σ − 1

dσ
(φn−1

L − φn−1
K )

)
dσ(x),

R
(m)
2,2 =

N(m)∑
n=1

∫∫
(tn−1,tn)×Ω

T (m)(t, ·)(∆φ(t, ·)−∆φ(tn−1, ·)) dx dt.

Let us prove that R
(m)
2,1 + R

(m)
2,2 → 0 as m → +∞. We first observe that by the Cauchy-Schwarz585
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inequality, one has586

|R(m)
2,1 | ≤

(N(m)∑
n=1

δt
∑

σ∈E(m)
int

σ=K|L

|σ|
dσ

(Tn
L − Tn

K)2
) 1

2
(N(m)∑

n=1

δt
∑

σ∈E(m)
int

dσ
|σ|

(Rn−1
σ )2

) 1
2

= ∥T (m)∥L2((0,τ);HM(m) )

(N(m)∑
n=1

δt
∑

σ∈E(m)
int

dσ
|σ|

(Rn−1
σ )2

) 1
2

where587

Rn−1
σ =

∫
σ

(
∇φ(tn−1, ·) · nK,σ − 1

dσ
(φn−1

L − φn−1
K )

)
dσ(x).

From the regularity of φ and the admissibilty condition on the space discretization (the segment588

[xK ,xL] is colinear to nK,σ), we have Rn−1
σ ≤ C(θ0)|σ|hM(m)∥φ∥W2,∞([0,τ)×Ω). Hence589

|R(m)
2,1 | ≲ hM(m)∥T (m)∥L2((0,τ);HM(m) )

(N(m)∑
n=1

δt
∑

σ∈E(m)
int

dσ|σ|
) 1

2

.

By the estimate ∥T (m)∥L2([0,τ);HM(m) )
≤ C1 and the fact that

∑
E(m)
int

dσ|σ| ≤ d|Ω| we obtain that590

R
(m)
2,1 → 0 as m → +∞. The convergence R

(m)
2,2 → 0 as m → +∞ follows from a uniform control591

on T (m) in L1([0, τ) × Ω) and the fact that for all (t,x) ∈ [0, τ) × Ω, |∆φ(t,x) − ∆φ(tn−1,x)| ≤592

δt(m)∥φ∥W3,∞((0,τ)×Ω). By the convergence of T (m) towards T in L2([0, τ) × Ω), letting m → +∞593

in (3.37) yields594

lim
m→∞

I
(m)
2 = −

∫∫
[0,τ)×Ω

T∆φdx dt.

Observing that I
(m)
3 is the same term as in the proof of Proposition 3.10 (for a test function which595

does not depend on the angular variable β) we obtain that596

lim
m→+∞

I
(m)
3 =

∫∫∫
[0,τ)×Ω×Sd−1

(ψ − (T )4)φdβ dx dt.

Hence, letting m→ +∞ in (3.36) concludes the proof of Proposition 3.11.597

Proposition 3.12. Under the assumptions of Theorem 3.8, the limit pair (T, ψ) of the sequence598

(T (m), ψ(m))m∈N satisfies the following energy estimate: there exists C = C(Ω) such that599

∥T (τ)∥5L5(Ω)) + ∥ψ(τ)∥2L2(Ω×Sd−1) +

∫ τ

0

∥∇(T )
5
2 ∥2L2(Ω) dt

+

∫ τ

0

∥ψ − (T )4)∥2L2(Ω×Sd−1) dt+

∫ τ

0

∥ψ∥2L2(Σ;|β·n| dβdσx)
dt

≤ C(∥T0∥5L5(Ω) + ∥ψ0∥2L2(Ω×Sd−1)).
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Proof. By (3.9) we have600

1

5
∥T (m)(τ)∥

5

L5(Ω) +
1

2
∥ψ(m)(τ)∥

2

L2(Ω×Sd−1) +
16

25

∫ τ

0

∥(T (m))
5
2 ∥

2

1,M(m) dt

+

∫ τ

0

∥ψ(m) − (T (m))4)∥2L2(Ω×Sd−1) dt+
1

2

∫ τ

0

∥Ψ(m)∥
2

L2(Σ)

≤ 1

5
∥T (m)(0)∥

5

L5(Ω) +
1

2
∥ψ(m)(0)∥

2

L2(Ω×Sd−1). (3.38)

where Ψ(m) is defined in (3.30), and T (m)(0) and ψ(m)(0) are the piecewise constant functions601

defined by (3.5a) and (3.5a). Moreover, we have the weak limits602

T (m) ⇀∗ T in L∞([0, τ); L5(Ω)) as m→ ∞,

ψ(m) ⇀∗ ψ in L∞([0, τ); L2(Ω× Sd−1)) as m→ ∞,

ψ(m) − (T (m))4 ⇀ ψ − (T )4 in L2([0, τ) : L2(Ω× Sd−1)),

Ψ(m) ⇀ γψ|β · n| in L2([0, τ); L2(Σ)).

We also have T (m)(0) → T0 in L5(Ω) and ψ(m)(0) → ψ0 in L2(Ω × Sd−1). Hence, taking the603

lim infm→+∞ in the left hand side of (3.38) and recalling (3.21) we obtain that there exists C = C(Ω)604

such that605

∥T (τ)∥5L5(Ω)) + ∥ψ(τ)∥2L2(Ω×Sd−1) +

∫ τ

0

∥∇(T )
5
2 ∥2L2(Ω) dt

+

∫ τ

0

∥ψ − (T )4)∥2L2(Ω×Sd−1) dt+

∫ τ

0

∥ψ∥2L2(Σ;|β·n| dβdσx)
dt

≤ C(∥T0∥5L5(Ω) + ∥ψ0∥2L2(Ω×Sd−1)).

606

4 Comments on the Diffusive Limit of the Scheme607

In [15], the authors investigate the diffusion limit ε→ 0 of the non-dimensionalized formulation of608

the radiative heat transfer system:609

∂tTε −∆Tε =
1

ε2
(
⟨ψε⟩ − T 4

ε

)
, (t,x) ∈ (0,∞)× Ω,

∂tψε +
1

ε
β ·∇ψε = − 1

ε2
(
ψε − T 4

ε

)
, (t,x,β) ∈ (0,∞)× Ω× Sd−1.

(4.1a)

(4.1b)

Physically ε represents the ratio of a typical photon mean free path to a typical length scale of610

the problem, associated with the initial and boundary conditions. We now recall how to formally611

derive the diffusive limit system given in [15]. By equation (4.1b),612

ψε = T 4
ε − εβ ·∇ψε − ε2∂tψε. (4.2)

Therefore, we have613

ψε = T 4
ε − εβ ·∇

(
T 4
ε − εβ ·∇ψε − ε2∂tψε

)
− ε2∂t

(
T 4
ε − εβ ·∇ψε − ε2∂tψε

)
.
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Combing the terms with the same order and assuming Tε ∈ C2
t,x and ψε ∈ C3

t,x,β, we get:614

ψε = T 4
ε − εβ ·∇T 4

ε − ε2
(
∂tT

4
ε − β ·∇ (β ·∇ψε)

)
+O(ε3).

We can use (4.2) again in the fourth term on the right of the above equation and obtain that:615

ψε = T 4
ε − εβ ·∇T 4

ε − ε2
(
∂tT

4
ε − β ·∇(β ·∇T 4

ε )
)
+O(ε3)

= T 4
ε − εβ ·∇T 4

ε − ε2∂tT
4
ε + ε2β ⊗ β : Hess(T 4

ε ) +O(ε3) (4.3)

Assuming Tε → T , ψε → ψ as ε → 0, we can pass to the limit ε → 0 in (4.3) and get ψ = T
4
.616

We can also use (4.3) combined with617

⟨β⟩ = 0, ⟨β ⊗ β⟩ = 1

d
Id (4.4)

to find that the radiative density satisfies618

⟨ψε⟩ = T 4
ε − ε2∂tT

4
ε + ε2

1

d
∆T 4

ε +O(ε3)

This enables us to pass to the limit on the last term in (4.1a):619

1

ε2
(⟨ψε − T 4

ε ⟩) → −∂tT
4
+

1

d
∆T

4
.

We can then pass to the limit in (4.1a) and derive the following nonlinear limit diffusion equation:620

∂t

(
T + T

4
)
−∆

(
T +

1

d
T

4
)

= 0. (4.5)

This diffusive limit from (4.1) to (4.5) was rigorously justified in [15] by means of weak compactness621

and relative entropy methods.622

A natural question to ask is whether the numerical scheme proposed in this paper satisfies the623

asymptotic preservation (AP) property, ensuring its compatibility with the limit ε → 0. More624

precisely, we use the following definition:625

Definition 4.1 (AP schemes). Let P ε be the problem (4.1) and P 0 be its diffusive limit (4.5).626

• A numerical scheme P ε
h,δt (h is the space step and δt the time step) for P ε is said to be627

asymptotic preserving if for every (h, δt) the solution of P ε
h,δt converges as ε→ 0 to a solution628

of some numerical scheme P 0
h,δt which is a consistent and stable approximation of P 0.629

• The numerical scheme P ε
h,δt is said to be uniformly asymptotic preserving if moreover, P ε

h,δt630

is consistent with P ε uniformly in ε.631

The proof of the asymptotic–preserving property can be carried out by means of compactness632

arguments and is naturally formulated in the framework of approximations of weak solutions. In633

contrast, the uniform asymptotic–preserving property relies on additional regularity assumptions634

on the data of the considered systems and is more appropriately established in the setting of strong635

solutions.636
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For our scheme, we can carry out the same formal derivation as above to identify the formal limit637

of the numerical scheme (3.5)-(3.6) (applied to the nondimensionalized model (4.1)) as ε goes to638

zero while keeping the discretization fixed. Establishing rigorously that the scheme is asymptotic-639

preserving would then require ε-uniform estimates derived from the energy, in the spirit of the640

continuous analysis in [15]. We begin by assuming that the angular discretization fulfills a discrete641

counterpart of (4.4), which can indeed be enforced in practice:642 ∑
α∈A

|α|βα = 0,
∑
α∈A

|α|βα ⊗ βα =
1

d
Id. (4.6)

Then, assuming we have bounds on the discrete solution (Tn
K , ψ

n
K,α)0≤n≤N,K∈M,α∈A that are inde-643

pendent of ε, we may derive a discrete analogue of the identity (4.3) :644

ψn+1
K,α = (Tn+1

K )4 − εβα · (∇T 4)n+1
K,α + ε2βα · (∇(β ·∇T 4))n+1

K,α +O(ε3) (4.7)

where the upwind gradient corresponding to (3.7) is given by:645

(∇T 4)n+1
K,α =

1

|K|
∑

σ∈E(K)
σ=K|L

|σ|
(
(Tn+1

K )4 + (Tn+1
L )4

2

)
nK,σ

+
Θε,h

|K|
∑

σ∈E(K)
σ=K|L

|σ|
(
(Tn+1

K )4 − (Tn+1
L )4

2
sgn(βα · nK,σ)

)
nK,σ (4.8)

with Θε,h = 1, and where646

βα · (∇(β ·∇T 4))n+1
K,α = βα ⊗ βα :

1

|K|
∑

σ∈E(K)
σ=K|L

|σ|

(
(∇T 4)n+1

K,α + (∇T 4)n+1
L,α

2

)
⊗ nK,σ

+ βα ⊗ βα :
Θε,h

|K|
∑

σ∈E(K)
σ=K|L

|σ|

(
(∇T 4)n+1

K,α − (∇T 4)n+1
K,α

2
sgn(βα · nK,σ)

)
⊗ nK,σ. (4.9)

Hence, at the discrete level, even if we enforce the identity (4.6), we do not have that ⟨βα ·647

(∇T 4)n+1
K,α ⟩ = 0 since the upwind gradient (∇T 4)n+1

K,α depends on βα precisely because of the648

upwinding. Numerically, following classical techniques [4] in the context of AP schemes for the low649

Mach number limit for fluids, we can try to correct this behavior in the limit ε → 0 by damping650

the numerical diffusion of the upwind scheme choosing Θε,h such that651

Θε,h =
ε1+η

ε1+η + hM
, η ∈ (0, 1).

In the limit ε→ 0 we formally recover a centered gradient which does not depend on α:652

(∇T 4)n+1
K =

1

|K|
∑

σ∈E(K)
σ=K|L

|σ|
(
(Tn+1

K )4 + (Tn+1
L )4

2

)
nK,σ
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Applying ⟨·⟩ to (4.7) we thus get after a little bit of algebra (and using the second part of (4.6)):653

⟨ψn+1
K,α ⟩ = (Tn+1

K )4 − ε2
(Tn+1

K )4 − (Tn
K)4

δt
+ ε2

1

d
(∆̃T 4)n+1

K +O(ε2+η)

where654

(∆̃T 4)n+1
K =

1

|K|
∑

σ∈E(K)
σ=K|L

|σ|
(
(∇T 4)n+1

K + (∇T 4)n+1
L

2

)
· nK,σ. (4.10)

Therefore, passing to the limit ε → 0 in the numerical scheme, we formally obtain the following655

discretization of the limit diffusion equation (4.5):656

Tn+1
K − Tn

K

δt
+

(Tn+1
K )4 − (Tn

K)4

δt
− (∆Tn+1)K − 1

d
(∆̃T 4)n+1

K = 0. (4.11)

Several observations should be made concerning this discrete diffusive limit. When the numerical657

diffusion inherent to the upwind scheme is reduced by the factor Θε,h, it is no longer possible to658

establish a maximum principle (in particular, the positivity property) for the discrete radiative659

intensity ψn+1
K , because the matrix associated with the implicit scheme ceases to satisfy the defining660

characteristics of an M-matrix. Consequently, this obstruction prevents the derivation of the energy661

estimate (3.9). Therefore, compactness cannot be ensured either in the asymptotic regime hM, δt→662

0 or in the limit ε → 0. Furthermore, the discrete Laplacian operator ∆̃ arising in the discrete663

diffusion limit is known to be unstable on cartesian grids, as it decouples odd and even modes and664

may induce numerical instabilities commonly referred to as checkerboard modes [10]. For these665

reasons, the numerical scheme proposed in this paper does not appear to be the most suitable666

option for preserving the asymptotic behavior linked to the diffusive limit.667

A Appendices668

A.1 Kolomogorov’s compactness theorem669

Theorem A.1 (Kolmogorov’s Theorem). Let B be a Banach space, p a real number such that670

1 ≤ p < +∞ and τ > 0. Let A ⊂ Lp((0, τ);B). The subset A is relatively compact in Lp((0, τ);B)671

if A satisfies the three following conditions:672

(H1) For all u ∈ A, there exists Pu ∈ Lp(R;B) such that Pu = u almost everywhere in (0, τ) and673

∥Pu∥Lp(R;B) ≤ C, where C depends only on A.674

(H2) For all ϕ ∈ C∞
c (R,R), the family {

∫
R(Pu)ϕ dt, u ∈ A} is relatively compact in B.675

(H3) ∥Pu− Pu(.− η)∥Lp(R;B) → 0, as η → 0+, uniformly with respect to u ∈ A.676
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