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A Convergent Finite Volume Numerical Scheme for the Radiative Heat
Transfer System

Mohamed Ghattassi* Nader Masmoudi ' Khaled Saleh?
July 8, 2026

Abstract: We present a convergence analysis for a finite-volume discretization of the radiative
heat transfer system. The model under consideration consists of the radiative transfer equation
coupled with a nonlinear heat conduction equation in a grey medium, where radiative effects in
the black-body limit are described by the Stefan-Boltzmann law exhibiting a quartic temperature
dependence of the form 7. Time discretization is carried out implicitly. The radiative transport
equation is approximated by a standard upwind scheme, whereas the heat equation is treated with
a finite volume method based on the Two-Point Flux Laplace operator, which imposes admissibility
conditions on the mesh. After recalling and establishing a stability result for energy weak solutions
of the continuous system, we introduce the discrete scheme. We then prove the existence of a
discrete solution together with uniform estimates that mirror those obtained at the continuous
level. Next, we demonstrate the convergence of a (sub)sequence of discrete solutions, corresponding
to vanishing time and space steps, towards an energy weak solution of the system, thereby providing
a new existence proof for weak solutions of this model. Finally, we examine the diffusive limit of the
numerical scheme applied to the non-dimensionalized system as the Knudsen number approaches
zZero.

Keywords: Radiative transfer equation, Heat equation, Finite Volume Method, Convergence anal-
ysis.
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1 Introduction

The transfer of heat by radiation is a classical yet demanding topic that continues to draw sus-
tained interest in both physics and applied mathematics. Radiative transfer (RT) arises in a broad
range of physical and engineering contexts, including stellar and planetary atmospheres, nuclear
engineering, and industrial heat-transfer applications. It plays a pivotal role in climate science,
where radiation—atmosphere interactions govern the terrestrial energy budget; see, for example,
[26, 27, 23] and, more recently, [3] for comprehensive overviews. In the present study, we consider
a radiative heat transfer model that characterizes the cooling process of glass, formulated as a
radiative transfer equation coupled with a heat conduction equation. The model is given by

Con PO T = kp AT — / / k(B—1)dBdy, t>0,x €,
0 Sd—l

(1.1)

%at¢+ﬁ-v¢=n(6—¢), t>0,(x,8,v) e QxS xR,
Here Q be an open bounded connected subset of R?, with d = 2 or 3, and B € S*~! being the unit
sphere in R?. The function T = T'(¢, ) denotes the temperature of the medium and ¢ = ¢ (¢, , 3, )
is the specific radiation intensity at & € Q traveling in the direction 8 € S¥~! with frequency v > 0
at time ¢ > 0. The constants ¢,,, pm, krn, k and c are the specific heat, the density, the thermal
conductivity, the opacity coefficient, and the speed of light, respectively. Furthermore, B = B(v, T)

denotes the Planck’s function
2hp1/3

hpv
c? (eka — 1)

for black body radiation in glass. Here h, is the Planck’s constant and k; is the Boltzmann’s
constant. We refer the reader to [11, 27, 15] and references therein for more radiative heat transfer
models.

Next, we give the dimensionless form of the system (1.1). We introduce the nondimensional
parameter € = 1/k,x,, where x, and &, are the length scale and reference absorption, respectively.
Physically € represents the ratio of a typical photon mean free path to a typical length scale of the
problem (Knudsen number). The rescaled system is given by

B(v,T):=

528tT:52kAT—/ / k(B —1)dBdv, t>0, z€Q,
0 Jsd-t

62%8t1/)+€ﬂ~V1/)=K(B—¢), £ 0, (@,8,1) € 2 x ST x (0,00).
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See [11] for more details on the derivation.We examine the cooling of glass in a grey medium, mean-
ing that B is independent of the frequency v. In this case, the specular black-body intensity B is
given by B = %T4, according to the Stefan-Boltzmann law, where o denotes the Stefan-Boltzmann
constant. For convenience, and to keep the model non-dimensionalized so that all prefactors are
equal to one, we choose the constants in (1.2) to satisfy k = ¢ = 1 and set 0 = 7. Because the solu-
tions of the system above depend on &, we introduce the notation T, = T, (¢, ) and ¥. = (¢, z, 3)
to denote, respectively, the temperature and the radiative intensity. With these conventions, the sys-
tem (1.1) can be expressed as

oT. — AT, = ig/ Y. — T dg, (1.3a)
€% Jgd-1
1 1
Ope + 2B Vipe = = 5 (e = T). (1.3b)

where (¢.) := / 1-dB3 denotes the radiative density. The parameter € may be small in various
gd—1

practical settings and has a decisive influence on the system (1.3a)—(1.3b). Consequently, it is
of substantial mathematical and physical interest to investigate the behavior of solutions in the
asymptotic regime ¢ — 0, which we refer to as the diffusive limit. The purpose of this work is to
develop a finite volume scheme for the radiative heat transfer system and to carry out a rigorous
convergence analysis of the resulting discrete approximation. The performance of the proposed
numerical method in the diffusive regime will be examined in detail in Section 4. In the main body
of the paper, however, the Knudsen number is non-dimensionalized so that there is no explicit
dependence on €.
We thus consider the following non-dimensional (normalized) system:

oT — AT = ((¢) —T7), (t,x) € (0,00) x Q, (1.4a)
oW+B-Vip=—(-T"), (t,x,B) € (0,00) x Q x S1, (1.4b)
The initial conditions are taken to be
T(t=0,x) = Ty(x), forany x €, (1.5)
Yt =0,2,8) = to(x,B), foranyxecQ gcSi L (1.6)
The boundary condition for the temperature T is a Dirichlet boundary condition
T(t,x) = Tp(t,x), for any t > 0, z € 99, (1.7)

where T, = Tp(t, @) > 0 is a non-negative function. To give the boundary condition for ¢, we define
the boundary set ¥ = 9Q x S~ and

Y= {(z,8) € 02 x S, B-n(z) <0}, (1.8)

Sy o= {(z,8) € 00 x st B-n(x) > 0}. (1.9)

The boundary condition for the specific radiation intensity is given by

v (tx,B) =h(t,z,B8), t>0, (x,0) e, (1.10)
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where ¢, = ¥p(t,x,3) is a given function defined in the in-flow directions, which describes the
radiative intensity transmitted into the medium from outside and n(z) is the outward unit normal
vector to the boundary 0f2.

In the present study, we confine our analysis to Dirichlet boundary conditions; nonetheless,
alternative classes of boundary conditions can be handled within the same general framework.
From the analytical perspective, the time evolution of temperature in participating media has been
investigated through semigroup methods, including the framework of m-accretive operators; we
refer to [1, 2, 28, 21, 6, 5, 22]. In numerous physical and engineering applications, radiative effects
are coupled with thermal conduction, giving rise to radiation—conduction models in both transient
and steady-state regimes [22, 30, 7, 19, 15]. In this coupled framework, elliptic and parabolic
techniques yield additional regularity properties and a priori estimates. For example, stationary
temperature distributions under various boundary conditions are investigated in [30, 7], where
the presence of the conductivity term AT plays a crucial role in deriving robust estimates; see
also [7, 15, 16, 17, 18, 25]. In contrast, coupling conduction with transport makes singular-limit
analyses much more delicate. In diffusive-limit regimes, boundary layers and geometric corrections
become significantly more intricate when the Laplacian interacts with the transport scaling [16,
24, 17, 18]. This complexity poses substantial challenges for the design of numerical schemes that
accurately capture the diffusive limit in radiative heat transfer. In particular, when boundary layers
are present, one must construct asymptotic-preserving schemes that remain stable and accurate
at both kinetic and diffusive scales while correctly resolving the boundary-layer structure. The
development of such schemes, which rigorously account for boundary layers and maintain the correct
diffusive behavior, is therefore an important direction for ongoing research. Therefore, for P;
radiative—diffusion systems, the finite-volume fractional-step scheme proposed in [13] exemplifies a
classical and effective strategy. A discrete maximum principle provides uniform L bounds and,
combined with a topological-degree argument, yields existence and uniqueness of discrete solutions.
Furthermore, discrete estimates on space and time translates in L? ensure compactness, and the
Kolmogorov—Riesz theorem then implies convergence (up to subsequences) toward a weak solution
as the mesh size and time step tend to zero. A central ingredient in this analysis is a general
estimate controlling time translates of the discrete solutions. Related developments are presented
in [20], which unifies rigorous analytical properties (existence, uniqueness, and discrete maximum
principles) with the construction of numerical schemes validated on representative atmospheric and
solar-heating benchmark problems.

This article is concerned with the convergence analysis of a fully discrete approximation of the
multidimensional radiative heat transfer system (1.4). The time discretization is performed by
an implicit scheme. The radiative transfer equation is approximated by a standard upwind finite
volume method, while the heat equation is discretized by a finite volume method based on the
Two-Point Flux Laplace operator [8], which requires the underlying mesh to satisfy appropriate
admissibility conditions. The principal contribution of the work is the demonstration that, as the
temporal and spatial discretization parameters tend to zero, a (sub)sequence of the corresponding
discrete solutions converges in the energy norms to an energy weak solution of the continuous
system, thereby yielding a new existence proof for weak solutions of this model. The analysis is
based on uniform a priori estimates and discrete compactness arguments.

The paper is structured as follows. In Section 2, we present the continuous radiative heat transfer
system and define its global energy weak solutions under Dirichlet boundary conditions. We recall
the existence result established in [15] and prove a stability theorem for energy weak solutions
of the continuous problem with homogeneous Dirichlet boundary conditions: from any sequence
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of energy weak solutions satisfying a uniform energy bound, one can extract a subsequence that
converges to an energy weak solution of the system. Section 3 focuses on the discretization. After
introducing the numerical scheme, we prove the existence of a discrete solution and derive uniform
bounds analogous to those obtained in the continuous setting. Then, using discrete compactness
techniques, we establish a convergence result for a subsequence of discrete solutions associated
with vanishing time and space steps, which converges to an energy weak solution of the system.
This proof relies on arguments closely related to the stability result from Section 2, but adapted
o the discrete setting. Finally, in Section 4, we investigate the diffusive limit of the numerical
scheme applied to the non-dimensionalized system (1.3a)-(1.3b) in the asymptotic regime where
the Knudsen number ¢ — 0.

2 The continuous setting

2.1 Weak solutions

Before introducing the result of the existence of weak solutions to system (1.4a)-(1.4b), we first
recall the definition of weak solutions; for more details see [15] for different types of boundary
conditions. To consider the boundary condition on the radiative intensity, we introduce, for 7 > 0,
the space

W2((0,7) x @ x S¥71) := {9 € L2((0,7) x Q@ x ST V) s.t. (9 + 8- V)p € L2((0,7) x Q x S~}

(2.1)
which, endowed with the scalar product

<w’ ¢>W2 . ///(O,T)XQXSdl w¢ dIB dardt+ ///(O,T)XQXSdl (at " IB ' V)w(at - ﬂ . V)¢d18 de dt7

is a Hilbert space. We then define the following trace operator which can be proved to be continuous
(see [29, Appendix (B.1)]):

i € WAHRy x Q x ST = hlag € L2A(RL x 90 x 471 |8 - n|dBdo, dt). (2.2)

The space is endowed with the following norm:

1 1o st am s = / f(@, 8)°|B - n| do, dB.
L2 (%] 8-n| dB do.,) o it

‘We denote
WE((0,7) x @ x ST := {4 € W2((0,7) x Q x S¢71), v¢p = 0}.

In the following we also denote by v the usual trace operator v : HY(Q) — L2(9).

Definition 2.1. Assume 9 € C'. Let 0 < Ty € L5(Q) and 0 < g € L2(Q x S4=1).  Let
0 < T, € L .([0,00); L3(09Q)) and 0 < v, € LE ([0,00);L2(E_;|8 - n|dBdo,)). We say that
(T, ) is a weak solution of the system (1.4a)-(1.4b) with initial conditions (1.5)-(1.6) and boundary
conditions (1.7), (1.10) if

T € L5 (0,00): L7(Q)),  T# € Li,o([0,00):H' (),

loc

¥ € L%((0,00) L2( x 8971 NWE([0, 00) x @ x §9°1),
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if it solves (1.4a)-(1.4b) in the sense of distributions, i.e. for any test functions ¢ € C°([0,00) x §2)
and ¢ € C([0,00) x Q x S4=1), the following equations hold:

— // <T8t50 +TAp +/ (Y —ThHe dﬂ) dxdt = / Top(0,-) de, (2.3)
[0,00) X Q2 §d-1 Q

_///[Om)xmdl (0 + B - VC — (i — TH)C) dﬁdmdt://QXSdilqpog(o”.)dwd@ (2.4)

and if it satisfies the following boundary conditions:
VT | 5 = Tos
771)’2_ = 1/)b'

We say that (T,v) is a finite energy weak solution if furthermore for almost every T > 0, there
exists C = C(Q,7) > 0 such that

T s 2
T @) + 19T 2 0xsa-1) +/0 IV(T)2 ]2 dt

T 2 1 T 9
+ [ 10 =T gupiny 4 5 10 = g

5 2
S CTollts ) + IYolt2oxsi-1))-  (2.5)
Now, we recall the existence theorem that was proven in [15, Section 2].

Theorem 2.1. Assume 9 € C'. Let 0 < Ty € L%(Q) and 0 < g € L2(Q x S?71).  Let
0<Ty,e L} ([0,00);L5(0)) and 0 < ¢y, € LE ([0,00); L2(E_;|B - n|dBdo,)). Let the boundary
condition be well prepared such that 1, = Tyt. Then there exists a global non-negative finite energy
weak solution (T,1) of the system (1.4a)-(1.4b) with initial conditions (1.5)-(1.6) and boundary
conditions (1.7), (1.10). Moreover, T € L2 ([0,00); H(Q2)) and for almost every T > 0, there exists

loc
C=C(Q,7) >0 such that
5 2
1Tl 2 (o,mys20)) T IV TNz 0,y () < CUITollEs (o) + [1P0llL2 (@xsi-1y)- (2.6)

2.2 Stability of energy weak solutions

The following Theorem states that a sequence of finite energy weak solutions converges, up to
extracting a subsequence, to a finite energy weak solution. The proof of this result is similar to the
proof of existence given in [15]. It is crucial since the proof of convergence for numerical schemes
will follow the same lines.

Theorem 2.2. Assume 02 € C'. Consider sequences of non-negative initial conditions (To(m))mEN C
L3(Q) and (w(()m))meN C L2(92 x S%=1) and homogeneous boundary conditions (Tb(m))4 = wém) =0
for all m € N. Let (T(m),w(m))meN be the associated sequence of finite energy weak solutions.
Assume that Tém) — T in L3(Q) and d)om) — b in L2(Q x S71) as m — co.

Then, there exist (T, 1)) such that:

T € L%, ([0,00); L7(Q)), T3 € L2, ([0, 00); H (),

loc

¥ € LS. ([0,00); L2(Q x S*1)) N W 1. ([0,00) x Q x S971),
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and up to extracting a subsequence we have, for all 7> 0 :

e The sequence (T™),,en converges to T strongly in 1L9([0,7); L9(Q)) for all g € [2,8), weakly
in L2([0,7); HY(Q)) and weakly-+ in L>=([0,7); L>(Q)).

* The sequence (1)) ners comverges to v weakly in L7(0,7); L¥(Q x 84°1) for all g € [2,0)
and weakly-+ in L°°([0,7); L2(Q x Sa-1Y).

o The pair (T,%) is a finite energy weak solution of Problem (1.4).

Proof. Step 1: uniform with respect to m estimates: Let 7 > 0. Since (T (™), is
a sequence of non-negative finite energy weak solutions, there exists C' = C(€, 7) > 0 such that for
all m € N,

5 2 i m)\2 2
1T sy + 16 () ageregis, + / IV T)E, g dt

T m m 2 1 (7 )2
—1—/0 lp(m™) — (T ))4)‘|L2(Q><Sd*1)dt+§‘/0 [l )||L2(E;|ﬁ.n\dﬁdam)dt

5 m 2
< CUTS sy + 198 Iaangemr)s  (27)

and since To(m) — T in L3(Q), (()m) — 1) in L2(Q2 x S971), the right hand side of this inequality is
uniformly bounded by some constant Cy independent of m. From this estimate we obtain that

(T™),,en is uniformly bounded in L*°([0,7); L°(£2)), (2.8)
(VT(m))g)meN is uniformly bounded in L?([0, 7); L?(2)), (2.9)
(1)) nen is uniformly bounded in L=([0, 7); L2(Q x S971)), (2.10)
(™) — (T™))4), en is uniformly bounded in L2([0, 7); L2(Q x S?71)). (2.11)

By the Sobolev embedding H'(Q) C LS(Q) we obtain that (70™)3 is uniformly bounded in
L2([0,7); L5(£2)) and therefore in L2([0, 7); L°(£2)). Moreover, an easy computation gives

5 307
||T(m)||L5([0,r);L%(n)) = ||(T(™)z ez o.r) o)

T 15
Using the Littlewood’s interpolation inequality || f||;s(q) < ||f||ﬁ§(ﬂ) Hf||;‘§75 @ we get

T 8
[ s
0
" inm) 3 (m)|5
< / IO s IS 5 o

m 3 m)\ 2 2
<NT ™ | E e (0.9 T ™) 2 2 0.7y ()

so that
(T™),,en is uniformly bounded in L¥([0, 7); L¥(Q)). (2.12)
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Moreover, by (2.6), we have the following estimate
(T™),,en is uniformly bounded in L2([0, 7); H()). (2.13)

Since T(™ solves 9,7(™ = AT + ((p(™)) — (T™)*) in the weak sense, the above estimate
together with (2.7) yields that

(8, T™),nen is uniformly bounded in L2([0,7); H1(Q)). (2.14)

We may also derive uniform bounds on the sequence (¢(")),,cn. By (2.7) we have:

()™ nen is uniformly bounded in L=([0, 7); L?(Q x S471)), (2.15)
(1)"™) men is uniformly bounded in L2([0,7); L2(Q x S71)), (2.16)
(0 + B - V)™, cn is uniformly bounded in L2([0,7) x Q x S471). (2.17)

Step 2: compactness — By the estimates (2.13) and (2.14) and the Aubin-Lions-Simon com-
pactness theorem, there exists a function T' in L2 ([0,00);L2(£2)) such that up to extracting a
subsequence, for all 7 >0 :
T T in L2(]0,7); L(Q)) as m — oo, (2.18)
VT™ VT weakly in L([0,7); L2(Q)) as m — occ. (2.19)
Moreover, by the previously derived estimates, we also have
T € L5.([0, 00); L2(2)) N Lo ([0, 00); L(€2)) ML, ([0, 00); Hg (2)
T3 € L ([0, 00); Hy(€2)

loc

and (up to extracting a new subsequence) :

T 5T ae in[0,7) x Q as m — oo, (2.20)
T T in LI([0,7); L9(Q)) for all ¢ € [2,8) as m — oo, (2.21)
T T in L¥([0,7); L¥(Q)) as m — oo, (2.22)
T T in L([0,7); L*(R2)) as m — oo, (2.23)
T T in L2([0,7); HY(Q)) as m — oo, (2.24)
(TU™)3 ~ T3 in L2([0,7); HY(R)) as m — oo. (2.25)

From (2.15), there exists v in L. ([0, 00); L2(2 x S=1)) N W 10c(10, 00) x Q x S91) such that (up

loc
to extracting a new subsequence) we have, for all 7 > 0:

P g in L([0,7); L2(Q x S%71)) as m — oo, (2.26)
P <y in LI([0, 7); L2(Q x S971)) for all ¢ € [2,00) as m — oo, (2.27)
0+ 8- V)™ = (8, + 8- V)Y in L2([0,7) x Q x S¥™1) as m — 0. (2.28)
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Step 3: passing to the limit in the weak formulation — Let ¢ € C°([0,7) x ). Since
(T(m), 1/)(’”)) is a weak solution, we have for the considered subsequence,

LRIy ACORNY (CORNY COJ) (2.29)

i = / / T8, de dt,
0 Q

™ = / / T™ Ap de dt,
0 Q

I§m>:/ // (™ — (T, dB de dt,
0 QxS?

"™ = / I3 (0, ) dz.
Q

By (2.18) and since TO( ™ 5 Ty in L?(Q) we get

im 1™ 4 1™ 4 1™ / /T@dedw/ /TAgpd:cdt+/To-<p(O,~)da:.
Q

m——+oo

where

For the term involving (T("™)?, we may write

™ = /// (¥ —TY)pdBdedt + Ry, + Ry
O xS2

F!“"R—/ // @™ — ) pdBda dt,

QxS2

Ry _/ // — (T dB de dt.
QxS2

By (2.27) we have R:(ﬁ) — 0 as m — 400 and by(2.20) and the dominated convergence Theorem,

where

we have Rgg) — 0 as m — 400 and passing to the limit in (2.29), we conclude that (7',v) solves
the temperature equation in the weak sense.

Let us now turn to the radiative intensity equation. Let ¢ € C°([0,7) x © x S?~1). Since
(T(m), 1/)(’”)) is a weak solution, we have for the considered subsequence,

_/OT/Axgzw(m)athﬁdwdt_/oT//mgzw(mw'VCdﬂdwdt

_ o (m) _ (m)\4 _ (m) o
/0 //MQ(MJ (T™)*)¢ dB de dt /stz% ¢(0,+,-)dBdz. (2.30)

The weak convergence (2.27), a similar computation as above for the non linear term involving

(T™)* and the strong convergence 1/1(()m) — 9o in L2(Q x S?71) allow to prove that (T,%) also
solves the intensity equation in the weak sense. To prove that 71/)’27 = 0, we first remark that by

the estimate (2.7), the sequence

(m)
I I= HL2([O,T)><E;|ﬁ~n| dBdo, dt)
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is bounded. Therefore, up to a subsequence we have
™)~ 59 weakly in L2([0,7); L2(%; |8 - n| dB do, dt)).

We can thus take the weak limit in the equality i)™ |27 = wém) = 0 to obtain

e =0, (231)
To prove that v = i) on ¥, we use the fact that (T',1)) solves

oY +B-Vi=——T"

in the weak sense. For all 7 > 0, we apply a test function ¢ € C°((0,7) x Q x S4~1) on the above
equation and deduce that :

_/OT//QXSdll/Jathﬁdmdt_/T/QXSd 1¢B'VCdﬁdwdt
/ // Y¢(B ) dBdo, dt = / /QS Ty dBda dt.

We can also apply the same test function on the equation

O + B VY = (™) — (T
and get

_/OT//QXSd1¢<m>@tgdﬁdmdt_/of/ﬂxgd1 MG . V¢ dB da dt

+/OT//EW(m>C(g.n)d,adgrdt / /QS @ — (@) dBda dt.

Letting m — oo in the above equation and comparing with the previous one leads to v = vt on
3 and therefore we have

Wls_ =0. (2.32)
Step 4: energy estimate at the limit — We have the weak limits
O — (T s — (7Y in L2(]0,7) : L2 x §1°1),
yt™ = i in L2((0,7); L(%5 |8 - | dB dor, dt)).

Therefore, by the weak limits (2.23)-(2.25)-(2.26), we can take the liminf,, ,; in (2.7) and obtain
that

1Tz

2 i 52
(T)Hm(msdflﬁr/ IV(T)2 12 dt

/ 16 = (DY) ooy b+ = / 1012 531 g A
2
< C(HT0||L5(Q) + [[YollL2 (@xga-1);

which concludes the proof.

10
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3 An implicit Finite Volume scheme

3.1 Meshes and discrete spaces

We recall that © is an open, bounded, and connected subset of R¢, with d € {2,3}. We now further
assume that ) is polygonal when d = 2 and polyhedral when d = 3.

Definition 3.1 (Admissible space discretization). An admissible discretization of Q is a finite
family M composed of non empty convexr polygons (d = 2) or polyhedra (d = 3) which form a
partition of Q : Q = Ugepm K. For any K € M, let 0K = K \ K be the boundary of K, which
is the union of cell faces. We denote by & the set of faces of the mesh, and we suppose that two
neighboring cells share a whole face: for all o € £, either o C OQ or there exists (K, L) € M? with
K # L such that K N L = o; we denote in the latter case 0 = K|L. We denote by Eexy and Eing
the set of external and internal faces: Eoxy = {0 € E,0 CT IN} and &y = €\ Eext. For K € M,
E(K) stands for the set of faces of K. The unit vector normal to o € E(K) outward K is denoted
by nk ..

The mesh is admissible in the following sense (see also [8]): there exists a family of points
(xx)Kkem such that:

e xi € K for all K € M,
o for 0 = K|L € &, the segment [z, xr) is orthogonal to o

In the following, the notation |K| or |o| stands indifferently for the d-dimensional or the (d—1)-
dimensional measure of the subset K of R? or o of R4~ respectively. We denote d, the distance
d(xg,zr) if o = K|L € &y and the distance between xx and o if 0 € E(K) N Eext-

For M an admissible mesh, and for every K € M, we denote hy the diameter of K (i.e. the
1D measure of the largest line segment included in K ). The size of the discretization is defined by:

hpm = hi. 1
M = max hg (3.1)

For M an admissible mesh, and for every K € M, we denote ok the radius of the largest ball
included in K. The regularity parameter of the discretization is defined by:

hic hy

ML K|Leg&y, ). 3.2
hy e 0= KILE t} (3.2)

h
0 1 :max{—K, KEM} U{
0K
Definition 3.2 (Discrete spaces). Let M be an admissible discretization of . We denote Hpq(€2)
the space of scalar functions that are constant on each cell K € M. For T € Hyp(2) and K € M,

we denote Tk the constant value of T on K. The space Ha () is endowed with the following inner
product, for (T, $) € Ha(Q)2:

g g
Tolu= Y A -moe -0+ Y e
UE%}E v 0CE(K)NEexs

Thanks to the Poincaré inequality stated below, this inner product defines a norm on Hpa(Q):

1
1Ty pg = T, T34 -
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The proof of the following Lemma can be found in [9, ” Discrete functional analysis” appendix].

Lemma 3.1 (Discrete Sobolev and Poincaré inequalities). Let M be an admissible discretization
of Q such that Opq < 0y (where Opq is defined by (3.2)) for some positive constant 6. Then, for all
q € [1,400) if d =2 and for all q € [1,6] if d = 3, there exists C = C(q,d,00) > 0 such that:

1700y < C 1Tl VT € Hu(9).

As a consequence we have the following Poincaré inequality: there exists C = C(d,0y) such that
1Tl o) < ClIT pgs VT € Haa(Q).

Remark 3.1. Note that for d=2, one has C(q,d,0y) — oo as ¢ — c©.

The following Lemma is proven in [8, Lemma 3.3].

Lemma 3.2. Let M be an admissible discretization of Q. For any T € Hpy(Q)), we define its
extension (still denoted T') to the whole space RY by setting T = 0 on R4\ Q2. Then there exists C,
only depending on 2 such that

IT(+m) = Tlizgays < CITIE pelml (Inl + hag), Y € R VT € Hae(Q). (3-3)

Finally, an important consequence of Lemma 3.2 is the following compactness result, the proof
of which is similar to that of [8, Theorem 3.10].

Lemma 3.3 (Discrete Rellich theorem). Let (M™),.cn be a sequence of discretizations in the
sense of Definition 3.1 which satisfies hym) — 0 as m — oco. For m € N, let T(m) ¢ Hom (2)
and assume that there exists C € R such that, for allm € N, |[T™)||, ., < C. Then, there exists

T in HY(Q) and a subsequence of (T"™)en (not relabeled) such that T™) converges strongly in
L2(Q) towards T as m — oo.

Let us now turn to the angular discretization and we adopt a similar approach as for the space
discretization.

Definition 3.3 (Angular discretization). A discretization of the unit sphere S%~1 is a set A com-
posed of solid angles o € A (which are subsets of S?=') forming a partition of S*"'. For every
a € A, let be given B, some element in a. We denote |a| the (d — 1)-Lebesgue measure of a.

For A a discretization of ST=', and for every a € A, we denote h, the diameter of a (i.e.
he = sup{dsa-1(B3,8"), B,8" € a} where dsa-1 is the natural metric on the sphere). The size of the
angular discretization is then defined by:

ha = he. 3.4
AT (34
We can now define the discrete functional space for functions defined on © x S4~1. In the

following, we will denote D = (M, A) a discretization of Q2 x S¥~! where M is an admissible mesh
of Q and A is a mesh of S?~1.

Definition 3.4. Let D = (M, A) be a discretization of Q x S4=1. We denote Liag,a(€ x S4=1) the
space of scalar functions that are constant on each couple (K,a) € Mx A. Fort) € Lp a(2xS%71)
and (K,a) € M x A, we denote )k o, the constant value of ¢ on (K, ).

12
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3.2 The numerical scheme

Let 7 > 0 and let be given a regular partition of the interval (0,7) with a constant time step
0t = 7/N. The approximate solution at time t" = ndt for n € {0,..., N} is a pair (T",¢") €
Ha () x Laga(© x ST71). The implicit finite volume scheme is defined as follows.

Initialization: The initial approximation (7°,1°) € Hp(Q) x Lag 4 (9 x S41) is given by:
0 1
Ty = — [ Tyde, K e M, (3.5a)
K| Jx

o _ L 1
wK,a - ‘K| |Oé| Alwo d5d$, (K,Oé) eMx A (35b)

Time advancement: Forn € {0,...,N — 1}, knowing (T™,¢™) € Ha(Q) x Laga(Q x S4°1),
solve for (T mT1) € Hpag(Q) x Lag,a(Q x S41) the system:

% (Tn+1 _ Tn) _ AM(T7L+1) _ (<’L/Jn+1> _ |T"+1‘(Tn+1)3) ; (3.6&)
S (0" =) o div g (807 = — (7 — (T (3.6b)

The discretization of the non linear 7% term in the discrete heat equation (3.6a) is taken from
[13] and ensures the positivity of the discrete temperature. The discrete space differential operators
involved in (3.6) as well as their main properties, are described in the following lines.

Temperature laplacian — In (3.6a) A,y is the discrete Finite Volume Two-Point Flux Laplace
operator associated with the Dirichlet boundary conditions. For T' € Ha4(2), ApT is an element
of Haq(Q) defined by:

Ap(D)(@) = ) (AT)k k(@)

KeM
where
ATk = = Y D, 7
K| de =7
ce&(K)
with
Ty, if o €&y, 0=KI|L,
TK,U = 1
—/deaz, ino € Euyt.
ol Jo
Upwind convection operator — In (3.6b), diva,yp is the upwind convection operator defined

for ¢ € Lag (2 x ST71) as

a0 = ¥ 30 (3 IoloaBnio ) Ie@la8).  G7)

acA KeEM o€E(K)
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The radiative intensity at the face o is approximated by the upwind technique. For 0 = K|L € &y
we have )
QZ} _ wK,OH lfﬁa'nK,U 207
7 Q»bL,(Xa if 1804 : nK,O‘ < 07
and for o € Eqt NE(K), we have:

’(/}K7a7 if ﬂa ‘NK.o >0,
’(/Jaa = 1 .
’ o] Ypdog, if B, nkgs <O0.

With the discrete unknowns computed by induction through the scheme, we associate piecewise
constant functions on each time interval (¢,_1,,] as follows:

N

T(ta)=> > TiLr(@) g m(t),

n=1KeM

N
Pt B) =YD Y Uk Ix(@)1a(B) L (-1 4n) (1)

n=1acA KeM

(3.8)

3.3 Existence of a solution and estimates

In order to simplify the analysis of the numerical scheme, we assume homogeneous Dirichlet bound-
ary conditions for the temperature. Consequently, the incoming radiative intensity is also taken to
be homogeneous on ¥_, namely

Ty =y = 0.

We begin with a straightforward but useful lemma:

Lemma 3.4. For every a,b € R we have the three following identities:

1 1
(a—b)a= 5(02 —b?) + 5((1 —b)%,
1 1
(a —Db)a* = 5(a5 - %)+ z(a— b)?(4a® + 3a%b + 2ab?® + b%),
16
(a®> = b*)(a® - 1) = 275(&5-) —b°)? + gl b)*(4ab + 3a* + 3b*)(8a”b + 3a* + 8ab® + 8ab* + 3b*).

3.3.1 Energy estimates

Proposition 3.5. Assume T} = v, = 0. There exists a unique solution (T™,¢¥™)o<n<n to the
numerical scheme (3.5)-(3.6). This solution satisfies T™ > 0, ™ > 0 for all n € {0,...,N}.
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Moreover, it satisfies the following energy estimate: for alln € {0,..., N},

*||T"HL0 @t5 ||¢ 12 0xsa-1) + Z5t|| (T3l +Z5t||¢ Y2 (@nge1)
1
SE Y Y ek 8,
B acdtm peelmng(x)
+ 35 Zét Z Z |0‘(¢La wllc(,a)2 |ﬁo¢'nK,U‘
= ac Alm) 0€Ent
o=K|L
1 0
g”T ||L5(Q) +5 ||¢ HLQ(QXSd 1y (3.9)

Remark 3.2. Estimate (3.9) is a discrete equivalent of the energy estimate satisfied at the contin-
uous level. The last two terms in the left hand side of (3.9) are numerical estimates coming from
the upwind discretization of the convection term. They will be useful for proving the convergence of
the numerical scheme.

Proof. The outline of the proof is as follows. We first prove a priori estimates i.e. we prove that if
a solution exists then it is non negative and satisfies the energy estimate (3.9). We then prove the
existence of a solution thanks to Brouwer’s topological degree. Finally, we prove the uniqueness of
the solution.

Step 1: positivity — We have 70 > 0 and ¥° > 0 by (3.5). Assume that for some n we have
T" > 0 and ¥™ > 0. Equation (3.6b) can be written:

(14 6t) ity + otdiv(ByY™ )L, = Yk o + 0L TR, V(K,a) € M x A

This is a linear system for (1/)}?0})( K,a)emxA the matrix of which is an M-matrix thanks to the
upind discretization of the convection term (see [14, Lemma 2.1]). Since the right hand side terms
in this system are non negative, we obtain the non negativity of 9" 1. Then, equation (3.6a) can
be written:

(L+ STt (Tt h)?) TRt — StAT™ ) i = Tt + st(ypt), VK € M.

This system is a non linear system for (T}?‘l) Kem which can be viewed as a matrix system where
the matrix depends on the unknown but is also an M-matrix for any value of the unknown. Since
we have proven that "1 > 0, the right hand side term is non negative and therefore so is T77*1!.
We conclude by induction on n.

Step 2: energy estimate — Assuming that there exists a solution to the scheme, we multiply
(3.6a) by 6t (T™*1)* and we integrate on €. Since T" > 0 and T"*! > 0, the second identity of
Lemma 3.4 (applied with a = T}éﬂ and b =T} on every cell K) yields, for all n=0,--- ,N — 1:

1T oy = 1T )~ / Ape(T™H) (™) da < 5t /Q (@) — (T (77 de.
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339

340

341

The third term of the left-hand side can be written as:

_ (5t/ AM(Tn+1) (Tn+1)4 dx
Q

g mn mn n g n
— &t Z Z LZJ(TK+1 B TL+1>(TK+1)4 + 6t Z Z |di|(TK+1)5

KEMoeE(K)NEme  © KeM oc&(K)NEoxs
o=K|L
— 5t Z |d0'| (TnJrl TI7:L+1) ((T}é+1)4 _ (T£L+1)4) + 6t Z |d0'| (TnJrl)
o€ 0 €E(K)NEoxt
o=K|L

where we have performed a discrete integration by parts in the first term consisting in summing
over the edges and for each edge on summlng over the two adjacent cells. Since 77! > 0 the third

s identity of Lemma 3.4 with a = (T"‘H) 2 and b= (T"+1) yields

343

344

345

346

_ 5t/ AM(TnJrl) (Tn+1)4 dx
Q

_ ;*g(%( Z Lz;l ((Tn+1)% _ (T£z+1)%)2 n Z |C;7'|(Tn+1) ) + % Z %(T;yrlf

0EEint CEE(K)NEext o €E(K)NEext
oc=K|L
16 52 9 |a|
= — §t|[(T" Y2 — TRthys

c€E(K)NEoxt
Thus, we obtain (since 7"+! > 0):
1 n 5 1 m |5 16 n 5,2 n n n
ST iy — 51T+ 50 ™ <3t [ ((047) = (%) (7)o
(3.10)

We then multiply (3.6b) by dt¢"*! and we integrate over Q x S?~!. Using the first identity of
Lemma 3.4 with a = }L(Jr; and b = ¢k , in the first term we get:

1 n 2 1 n : n n
Sl +1||L2(Q><Sd—1) -5l ||i2(9xsd—1) +5t/ div p,up (BY H)i/f tldzeds
2 2 QxSd—1

<=t [ (@) = @) hde (3.0
Q
The third term of the left-hand side can be written as:

5t / div g up (B Ty T dz dB
QxSd-1

=0t lal D= D7 lolun i Uit B nio

acA KeMoe&(K)

TSl 33 ol ()? + i) — @it — it )?) B, - mic

aG.A KeMoeé(K)

ISl Y Y ol TSl Y X ol ) B s

aEA KeMoe&(K) aeA KeMoe&(K)
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s sinee ) e £(K |0|n k,0 = 0forall K € M. Reordering the first sum and using the upwind definition

us  of Yl we get

Z\al Yo > lolwri)? 8. ke

aeA KeMocE(K)

%S lal X Iolwaty? ﬁa-<nK,a+nL,a>+%Z|a\ S ol Ba s

aeA dEEint acA 0€ENE(K)
o=K|L

)
Sl Y ol (B )

Q€A 0EEiNE(K)

1 where for a € R, a™ = max(a,0) and a~ = —min(a,0). Reordering the second sum and using the
0 upwind definition of 1/}"+1 we get:

EDILD DD S TR S
aEA KeMoe&(K)
ot n n n n
B 5 Z |Oé‘ Z |U|<(,¢)o,—gl - K—j_o})2ﬁ(¥ "MK,o T (wa,—gl - L,—tyl)Qlaa ! nL,o’)

acA o€Eint
oc=K|L

)
—§Z|a\ S ol ) B

€A 0EENE(K)
n n t n
Z\a| > ol — v 18, - i, +§Z|a\ > olWR)? (Ba ko)™

aEA 0€Eing acA 0€ExtNE(K)
o=K|L

1 Replacing in (3.11) we thus get:

n ni2
§||¢ +1||L2(Q><Sd*1) - §||¢ ||L2(SZ><S‘1*1)

6t n n n
53 lal( D el e B e+ D ol 1B, o)
acA GG?T}Q 0€ENE(K)

< 7515/ (<¢n+1> _ (Tn+1)4) <wn+1> dx (312)
Q
2 Summing (3.10) and (3.12) we get:
1 " 5 1 n 2 16 n 5,2 n n 2
1T s + 518" L2 @xsi) + 50T 2 g + 09" = (") g0,

1 n n n
£50t3 lal( X oW - e Be - Y ol 18 o)
acA Uef(“\)f: 0E€ExtNE(K)

—_

n n||2
< T3 @) + 219" L2 @xse-1y,

ot
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369

370

371

372

373

374

375

376

377

378

379

380

and then summing over n =0,--- , N — 1 yields (3.9).

Step 3: existence of a solution — Let be given (T, ¢™) € Haq(2) x L, a(Q x ST1). We want
to prove that (3.6) has a solution (77", ¢"*1). Let V = Ha(Q2) x Ly a(Q x S471). Endowed
with ||(T,9)],, = %||THL5(Q) + %||1/)||L2(std,1), V is a finite dimensional normed space. Consider
the function F: V x [0,1] — V given by:

% (T —T") — Am(T) — € ((¥) — |T|(T)?),
F(T,¥),6) = (319)

55 (0 = 0" + divagup (B0) + € (4 — (1))

Solving the problem F((7T,%),&) = 0 is equivalent to solving a numerical scheme similar to (3.6)
(the right hand side relaxation term is multiplied by & € [0,1]). In particular, a straightforward
adaptation of step 2 shows that any solution of F((T,1),§) = 0 satisfies ||(T,¢) ||, < 2[[(T"™,¥"™)]|y -
Moreover F is continuous and the system F((7T,4),0) = 0 has a unique solution (it is a one-to-one
linear system). The existence of at least one solution to the system F((T,),1) = 0 follows from a
classical topological degree argument stated for instance in [12, Theorem 2.5].

Step 4: uniqueness of the solution — Assume there exist two solutions (T”j‘l,w"*‘l) and
(T, 4" +1) to the scheme (3.6) and denote (6T,6v) = (T™+1 — T+ yntl — ¢ty By the
identity (a* — b*) = (a — b)g(a,b) with g(a,b) = a® + a®b + ab® + b3, we have G(6T,5v)) = (0,0)
where the operator G : Haq(€2) x Laga(Q x S¥71) — Haq(2) x Lag,a(Q x S71) is defined as

1 .
(5 + .77 ) Ty, — A )

g (5T> _ (6T>
o —g(T™ Y, T ) T dy (;t + 1) Idy,, . + divagup(8-) 5y

The operator G can be written as a matrix operator with a matrix which depends on 77! and
77!, Since g(T"+1,T"+1) > 0, classical properties of the discrete Laplace operator —Aag (its
matrix is symetric with non negative extra diagonal terms the sum of which equals the diagonal
term) and of the discrete upwind convection operator divaup(3-) (see for instance [14, Lemma
2.1]) allow to prove that the transpose of the matrix defining operator G is a strictly diagonally
dominant matrix with non-negative extra-diagonal entries and is therefore a non singular M-matrix.
Hence, the matrix defining operator G is also a non singular M-matrix. Since G(6T, ) = (0,0)
we have (67, 5v¢) = (0,0).

O

3.3.2 Other estimates

We can also derive additional estimates similar to those obtained in the continuous setting. We first
define a discrete equivalent of the LP(H!) norm of the temperature as follows. For T a piecewise
constant function as defined in (3.8) we denote:

N
1T 0yt = D OHIT IR g

n=1
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Proposition 3.6. Assume Tgl =y, = 0. Assume that the reqularity parameter of the discretization
satisfies Opq < Og for some Oy > 0. The unique solution to the numerical scheme (3.5)-(3.6) satisfies
the following estimate: there exists C1 = C1(Ty, 10, 00) such that

ITlLs 0,y %) T 1T lILoe 0,122y T 1T L2 (0.m)t00) < Crs (3.14)

Proof. The proof of the L8(L®) estimate is very similar to that in the continuous setting. It relies
on the discrete Sobolev inequality which depends on the regularity parameter of the discretization.
The two other estimates are obtained by multiplying the discrete temperature equation (3.6a) by
T+ and integrating over [0,7) x Q. After a discrete integration by parts in the diffusion term,
the results is obtained thanks to the already proven estimate on ||ty — T4||L2([O’T)ngsd,1). O

We also have an L?(L?) estimate on the time translations of the discrete temperature.

Proposition 3.7. Assume T} = 1, = 0. Assume that the reqularity parameter of the discretization
satisfies Opg < Op for some 6y > 0. The unique solution to the numerical scheme (3.5)-(3.6) satisfies
the following estimate: There exists Co = Co(Ty, 1o, T,00) such that

/ IT(t,) = Tt =1, ) 2oy < Coln® +6t4), Ve (0,min(r, 1)). (3.15)
n

Proof. Let n € (0,min(7,1)). For every t € (n,7) we define n,k as the two integers satisfying
T(t,-) =T" and T(t —n,-) = T""*. We can see that n = [£], n —k = [52] so that 1 <n —k <
n < N and két < n+ dt. By the first equation of the scheme we have

T — Tnfk _ Ti 5t(AM(Tp+1) + (<wp+1> _ (Tp+1)4)>

p=n—=k

where the sum is empty (equals zero) if k = 0 (i.e. if t —n € (t"~1,t"]). Let ¢(t,-) be a time
dependent element of Hx(2) which we denote ¢(t,x) = > crq @r(t) Ik (). Multiplying the
above equality by ¢(t,-) and integrating over €2, we get:

/Q (T(@,t) — T(w.t — ) (@, 1) dz = L1 (t) + La(t)

where

L(t) = i 515/QAM(TP+1)¢(t»')dw,

p=n—k

o= Y o [ () - @) ot da.

p=n—~k

For the first term, we perform a discrete integration by parts, apply the Cauchy-Schwarz inequality
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411
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413

414

on the space integral and then on the sum to get:

n—1

> st [T gt )]

p=n—*k

n—1
D ST g ()

p=n—k

(kat)? ( 5 ST T 0e) ™ ot )l a

p=n—k

I(t)

IN

I N

1
<+ 0)2 [Tl L2 (0,7y:m00) 19CE 1 pa-

For the second term we have

Z bt / (W) — (T71Y4) 62, ) dao

p=n—k
< 3 S - TP i 1ol Voo
p=n—=k
n—1 9 1
< otk (3 o) = (1) ey ) 16(E sy
p=n—~k

< (n+0t)? (Zétllw’“ (T anssn) 1906 s ua

1

By the estimates (3.9) and (3.14), and since (1 + 6t)2 < 5z + 6tz, there exists C' = C(Tp, o, 0o)
such that

/Q (T, ) — T, t — 1)) b, 1) dw < C (¥ + 65 [0(1, )y a-

Selecting ¢(t,-) =T (t,-) — T(t — n,-) and integrating for t € (n, 7) yields:

1 1 T
ST =Tl < 2008 4 ) [T s

Using the Cauchy-Schwarz inequality in the time integral of the right hand side and invoking once
again the estimate (3.14) yields the result.
O

3.4 Convergence of the scheme

Definition 3.5 (Regular sequence of discretizations). Let (D™, 6t(™), cn be a sequence of dis-
cretizations and time steps. For m € N, let hyqmy, Orqem) be the space step size and the regularity
parameter associated with M™) by equations (3.1) and (3.2) respectively, and let h 4m) be the step
size of the angular discretization. Then this sequence (D) §t(™), <y is said regular if:

(i) for allm € N, 8(™) < 8y for some positive real number 6o,
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(ii) the sequences (t(™),.en, (hpagom) ) men and (hqem) )men tend to zero as m tends to +00.

Theorem 3.8 (Convergence of the scheme). Let Q be a polyhedral connected open subset of R?. Let
7> 0. Let Ty € L(Q) and vy € L%(Q). Assume homogeneous boundary conditions (Ty)* = by, = 0.
Let (D™, 6t(™),.cn be a regular sequence of staggered discretizations. For all m € N, there exists
a solution (T (™) to the numerical scheme (3.6) with the discretization (D™, 5t(™). Then,
there exists (T, 1)) such that:

T € L=(10,7);L7(Q)), T# € L*([0,7): Hy(%)),

P € L([0,7); L2(Q x S“1) nW([0,7) x Q x S471),

and up to extracting a subsequence we have :

o The sequence (T™)en converges to T strongly in L([0,7); L4(Q)) for all q € [2,8), weakly
in L2([0,7); HY(Q)) and weakly-+ in L>([0,7); L*(Q)).

o The sequence (™ )mex converges to 4 weakly in 19([0,7); LA(Q x 1)) for all q € [2,00)
and weakly-+ in L>=(]0,7); L2(Q x S4=1)).

e The pair (T,v) is a finite energy weak solution of Problem (1.4).

Theorem 3.8 is a consequence of Proposition 3.9 (compactness and regularity of the limit),
Proposition 3.10 (passing to the limit in the discrete radiative equation), Proposition 3.11 (passing
to the limit in the discrete temperature equation) and Proposition 3.12 (energy estimate at the
limit).

Proposition 3.9. Under the assumptions of Theorem 3.8, there exists (T,1) such that:
T e L([0,7);L7(), T3 € L*([0,7); Hy(Q)),
¥ € L=([0,7); LA(Q x §771)),

and up to extracting a subsequence we have :

e The sequence (T")),en converges to T strongly in 19([0,7); L9(Q)) for all ¢ € [2,8) and
weakly-+ in L°°([0,7); L3(2)).

o The sequence (¢(m))m€N converges to 1 weakly in LI(]0,7); L2(Q x S%1)) for all q € [2,0)
and weakly-+ in L>=(]0,7); L2(Q x S4=1)).

Proof. By (3.9),

(T, en is uniformly bounded in L=([0,7); L°(Q)), (3.16)
(1)) nen is uniformly bounded in L=([0, 7); L2(Q x S971)), (3.17)
(™) — (T(™)4), ey is uniformly bounded in L2([0,7); L2(Q x S471)). (3.18)

We therefore obtain the weak compactness of the sequence of discrete intensities: there exists
Y € L2([0,7); L2(Q x S*1)) and a subsequence of (D), §t("™)),,cn (not relabeled) such that:

P ~* gy in L2°([0,7); L2(Q x S71)) as m — oco. (3.19)
Y 4 in L([0,7); L2(Q x S97Y)) for all ¢ € [2,00) as m — co. (3.20)
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To obtain the strong compactness of (™), <y in L%([0,7); L2(Q)) as in the continuous case,
since we don’t have a control on 9,7 we cannot directly use the Aubin-Lions-Simon Theorem. We
rather use the estimate on the time-translations of the discrete temperature to apply Kolmogorov’s
compactness Theorem, which is recalled in appendix A.1 (Theorem A.l). In our setting, the
Banach space B of Theorem A.1 is L?(2), p = 2, and the subset A is defined by A = UmeN{T(m)}.
Any T € A satisfies || T L2 0,mm2(0) < ot HLZ((OJ)?HM(m)) < CC; by the Poincaré

inequality of Lemma (3.1) and estimate (3.14) so that A C L2((0,7);L?(Q)). We now check the
three assumptions (Hq)-(Hz)-(Hs) of the Theorem.

- (H1) — The operator P is defined by extending any function T' € A by zero outside the
interval (0,7). Clearly, one has |[PT[;2g.12(0)) = Tl 2(0,r)12(0)) < CC1 for all T' € A.

- (Hy) — For all ¢ € C*(R,R), and T™) € A, the quantity fR(PT(m))gZ) dt is an element of
H p om) () with:
|[rosa] < [T o 601 < Ly
R 1, M) 0
by the Cauchy-Schwarz inequality and estimate (3.14). Hence, by the discrete Rellich Theo-
rem 3.3, the family { [, (PT)¢dt, T € A} is relatively compact in L*(Q).

- (Hj) — It remains to prove that [|[PT — PT(0 = n)||y2r r2(q) — 0 as 7 — 07 uniformly
with respect to T' € A, where the square stands for the time variable ¢. For all T € A and
€ (0,7) we have:

|PT — PT(0 - n)|i (R,L2(Q))
/HT nga+/HT Tt = sy e [ 176 R
-1

Thanks to the L°°(L?)-estimate on T (which comes from the L°°(L%)-estimate), the first and
third terms are each controlled by CC2n, and the second term is controlled by 02(77% +
(6t(™))2) thanks to Proposition 3.7 on the time translations of the velocity. Let & > 0 be
a small real number (smaller than 1). There exists M € N such that, (6t(™)z < § for all

m > M. Let 7 be a real number in (0, min(7,1)) such that 7z < 8. Thanks to Proposition
3.7, we have, for all m > M:

m m 2 —
||PT( - pPT! )(D - 77)||L2(1R<,L2 Q) = < (20, +CCP) 6, v € (0,7).

Now, for a fixed m < M, we have, by a classical result that | PT(™) — PT(™)(0J — T)||i2(R7L2(Q))
tends to zero as 7 — 0T. Hence, for all m < M, there exists (™) > 0 such that

m m 2 m
IPT™ — PTU) (O = )2 grziy <6 Yne (0,n0™).

Defining 7 = min(7, min{n™, 0 < m < M}) and C = max(1,2C, + CC?), two numbers
which are independent of T' € A, we have proven that:

0<n<n - | PT — PT(0—n) ||%2(R,L2(Q))§ Co, VT € A,

which expresses that || PT — PT(0 - n) |2 2(0))— 0 as 7 — 07 uniformly for 7' € A.

22



468

469

470

472

473

474

476

477

479

483

484

485

486

487

Hence, Kolmogorov’s Theorem A.1 applies and there exists T € L2([0,7);L%(2)) and a subse-
quence (D) §t(m™), <y (not relabeled) such that 70" — T in L2([0,7);L3(R2)) as m tends to
infinity. Moreover since (T™),,cx is bounded in L>°(L?) and in L8(L®) we have that the limit
T € L3([0,7); LE(Q)) NL>([0, 7); L3(Q)) and up to extracting a subsequence, we have weak conver-
gence in L3([0,7); L8(Q)) of T(™) and weak-* convergence in L*([0,7); L(2)). By interpolation,
since we have strong convergence in L2(L2), T(™) strongly converges towards 7' in L4([0,7); LI(£2))
for all ¢ € [2,8), and (T(™)3 — (T)3 in L9([0, 7); LY(Q)) for all ¢ € [1, 19).

We now prove the regularity on 7. Extending T(™ by zero outside  and integrating equation
(3.3) of Lemma 3.2 along the time variable, we get :

HT( )(Da -+ 77) - T( )(D’ ')||L2([O,T);L2(Rd)) S C(Q) ||T( )||L2([O,T);HM(m)) |77| (‘77| + h’/vl(m))7
vn e RY, ¥Ym e N,
where the dot stands for the space variable @, the square stands for the time variable ¢t. Extending T’

by zero outside ©, we have T(™) — T in L2([0,7), L?(R%)). Since hr4m) — 0, the limit 7' (extended
by zero outside §2) satisfies:

. )12
||T(|:|, -+ 77) - T(D, ')”32([077);[42(]1@‘1)) S O(Q) hmlnfm_>+oo HT( )”Lz([()ﬂ');H |77|2 Vr] S Rd.

)

Since ||T(m)HL2([O PUH ) < C1 by estimate (3.14), this implies that VT € L2([0,7); L2(R%)) (see
TIH om

[8, Theorem 3.10]) and that T = 0 on 9N since T' = 0 outside Q. Hence, T € L2([0,7); H}()).
Moreover, taking nn = ne; for i = 1,..,d and letting n — 0 yields

IVT | 20,7y ey < C(@) liminfy, 400 ||T(m)||L2([O,T);HM(m))'

By (3.9) the sequence (||(70™)% L2 (0,751
that T3 € L2([0,7); H5(€2)) with

( )))mEN is also bounded and the same argument yields
(m

5 o m) &
IV(T)> ||L2([0,T);L2(Rd)) < C() liminfy, 4o ||(T( ))2 HL?([O,T);H (3.21)

M)

O

Proposition 3.10. Under the assumptions of Theorem 3.8, the limit pair (T,1)) of the sequence
(T 4p(™),en given by Prop. 3.9 satisfies the radiative intensity equation in the weak sense:

- /// (WO + 6B - V¢ — (1 — T*)C) dBda di
[0,7)x2xS2
_ // Vol (0, ) dzdB, Y e Co(0,7) x @ x ST, (3.22)
O xS§2

Moreover, the function v satisfies the boundary condition:

YPls. = =0. (3.23)
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Proof. To prove the result we pass to the limit m — 400 in the weak formulation of the discrete
radiative intensity equation. Let ¢ € C°([0,7) x ©Q x S?~1) and for m € N we define a discretized
test function (™ as follows:

N

(e, B) = > D k() 1a(B) L n1,m(t)

n=1 qecA(m) KeM(m)

(3.24)

where (%, = ((t",zK, B,) for all n € {0, W N K € M™ and a € AU, with zx the mass

center of K. We extend ¢(")

a discrete gradient of (™) by:

0B =Y Y Y & (G ) T (@) (B L (1),

¢

1
with (VO ia = == > lol¢a' nxo and ! =

N(m)

Tt et Kemom
N

e B) =, > D

n=1 qecA(m) KecM(m)

Ik (x)1a(B) ]l(t"*l,t"] (t),

K]

c€E(K)

|U|_1/((t”_1,m,ﬂa)dax.

to t = 0 by continuity. We also define a discrete time derivative and

From the regularity of (, it is easy to prove that for all ¢ in [1, 00], there exists C' = C(r,, 0y, ¢, ()
such that for all m € N:

[8,¢m™)

||<(m) (Oa E ) - C(Oa E ')HLq(Qde_l) < C(hM(m) + h‘A(m)).

- atCHLG([Oﬂ—)xQXSd—l) + ||V<(m) - VCHLq([o,T)XQng—l) < O(5t(m) + hpem) + haem ),

(3.25)

(3.26)

Multiplying the discrete intensity equation (3.6b) by 6t [a| [K| (% ,, summing over K € M)
ac A™ and n € {0,...,N"™ — 1} we get

where

™+ i+ M=o,

N 1
1
=33 ol Y KR - ka)Ca
n=0 qecAlm) KeM(m)
N _q

{= 3 6 Y el ¥ (> lolniBa  mrco )G

acAlm) KeMm) oce&(K)
N 1

™ = Z st > ol N IKI@E — (TR .

ac Alm) Kemim)

24
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so We observe that, since 6t(™) — 0 as — 400, for m large enough, CN(m) =0 forall K e MM o e

o1 A since ¢ has a compact support in [0,7) x Q x S?~1. In a similar way, for m large enough
o we have (i, = 0 foralla € A (m) and n € {0,...,N™ — 1} and for all K € M such that

ss OK NON # (). We suppose throughout this proof that we are in this case. Performing a discrete

se  integration by parts in [ :E ), we get:

N(m)
0W==3%" 3 lal Y EKWkaCha—Chd)= Y lal > [Kkalha
n=1 qcAm)  KeM(m) acAlm)  KeM(m)

—/// (™) g, ¢m) dﬁdwdt—// Po¢™(0, -, ) dB de.
[0,7)xQxSd—1 QxS§d—1

ss By (3.25), since 5tlm) — 0, haqomy — 0 and h 4y — 0 as m — oo, we obtain that 9,(,m) strongly
s6  converges towards 9,¢ in L2([0,7) x Qx S4~1) as m — oo; in addition, by (3.26), (™ (0, -, -) strongly
o7 converges to €(0, -, -) in LY(Q xS 1). Since ¢(™ weakly converges towards 1 in L2([0, 7) x @ x S?~1),
ss Wwe obtain:

lim 1™ = —/// watgd,ﬁd:cdt—// Yo (0, -, ) dB de.
m—roo [0,7) x Q2 x§d—1 QxSd-1

s0  Let us now turn to the second term I," (m), Rearranging the terms, we get:

N(m)
M= Zat ST odal Y ol (Gt - By ko
= acAlm) 065;(:3)
oc=K|L

N

VEa TVl 0, n . m
=—Zét Yo ol Y ol (B, nko + RYY, (3.28)

2
=1 acAlm)  eglm)

int

o=K|L
510 where:
N(m) w";( +/l/}£
=20t 3 el 3 o] (2 = 0 ) (G — G B e
= ac Alm) UEE}JU)
o=K|L

su Reordering the sum in the first term of (3.28), we get:

N(m)

1§ = - fzat Sl Y ke X lol@ - B + BT
= acAlm) KeM(m) ce&(K)
N<m
=—f§jat S lal Y UkaBa- (X lolGEE — Grlinee ) + BY. (3:29)
= acAlm) KeM(m) cc&(K)
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516

517
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519
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Then we observe that

N (™)

M ==3"0t > ol Y UkaBa- (X lolHCE + Gl o) + RYY + REY
n=1 acA(m) KemMm) ceé(K)
oc=K]|L
where
N (™)
R =36 3 lal Y vkaBulid (X lolno).
n=1  qeAlm) KeMm) oe&(K)
Introducing ;ﬁ;l, we get
N(m)
B =30t Y ol X wkaBar (X 101G nao) + BT+ BEY 4 Ra
n=1 ac Alm) KeM(m) ce&(K)
where
N (™)
=30 Y el Y kaBa- (D lol(Gat =BG + G mu ),
n=1 acAlm) KeMm) ce&(K)
oc=K|L
and finally,
4
m=_ / / / P 3. V¢ dgdzdt + Y RYY
[0,7)xQ2xSd—1 i—1
where

w = ]
[0,7)xQ

Since ¢("™) weakly converges to 1 in L2([0,7) x Q x S4~1) and V(™ — V(¢ strongly in L2([0, 1) x
Q x S (by (3.25)) we have

lim —/// w(m)ﬁ~VC(m)dﬁdxdt:—/// Y B-V(¢dBdedt.
m—+00 [0,7)xQxSd-1 [0,7)xQxSd-1

It remains to prove that Z?:l Rgf’z) — 0 as m — +oo. In the following, in order to ease the

/ P (8- B,) - T A da dt.

ac Alm)

notations, we denote A(™ < B(™) when there is a constant C, independent of m, such that
Am) < ¢ B("™) | Recalling the upwind definition of 7 _, we get:

o,

1 - e
5 Z Z Z |U| W}Ka wz,a| ‘Cg,al - Cg,al‘ |Ba "MKl
n=1 acAlm) G’G(E‘](I::L)
oc=K|L
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Applying the Cauchy-Schwarz inequality, we get:

NO™) 1
2
REPI<5 (X6t Y ol Y lol i — vl 18- nucal)
n=1 acA(m) o_egl(:tl)
oc=K|L
N(?n) 1
(Lot T ol X lollch! — Gl 18 macal)
n=l  aeAlm  Geglm
o:I‘(n|L
N(m) 1
— 2
(Z&t > lal 3 lollet = Gl 18- )
n=1  qcAlm) geg‘(:tl)
o=K|L

by estimate (3.9). By Taylor’s inequality applied to the smooth function ¢ and the regularity of
the discretization, we have \CZ;I — gzb’}{;|2 < hoyen /o (K| + | L)) HVC”%OO([O,T)xQdefl)' Hence:

1
m 2 2 1
REVLS (e % 7 5 47 5 20201V 0.0y xaxs0 1)) S Prgm
Thus, Rg,? — 0asm — +oo. The second remainder term satisfies Rérg) = 0Osince Y, ce(x) 0l MK 0 =

0 for all K € M) For the control of Réfg), we have

N(m)
=220t 3 dal X YkaBar (X lol(GR - Gtni).
n=l  acAm  KeMm o€E(K)
o=K|L
where ” L= %( +< ) Reordering the sum we get
N (™)
Rgng Z ot Z a Z ‘0-| (w?{,oz '(/JL a)( o, g,gl)ﬁ' NK,s-

= acA(m) KeM((m)

Hence Rg’g) can be controlled the same way as R;TE) and we obtain Réfg) — 0 as m — +oo. For

Réﬁ), observing that |3 — 8,] < h 4 for all 8 € a and using the Cauchy-Schwarz inequality we
get

|RgZ)| < hgom ||w(m)||L2([0,T)><Q><Sd*1)HVC(m)||L2([O,T)><Q><Sd*1) S haom.

Thus, Rgz) — 0 as m — 400 and therefore

lim I§™ = / / / VB V(¢dBde dt.
m—00 [0,7)xQxSd—1

It remains to identify the limit of Iém). We observe that

™ = / / / (™) — ()™ 48 da dt.
[0,7)xQxSd—1
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Since ¢(™) strongly converge towards ¢ in L2([0,7) x Q x S4~1) and (™) — ¢ and (T(™)* — T4
weakly in L2([0,7) x © x S9~1) and L2([0,7) x Q) respectively, we have

lim 1™ = / / / (Y — (T))¢ dBda dt.
m—+00 [0,7)xQxSd—1

Hence, letting m — 400 in (3.27) yields
_/// (¢3tC+T/),3'VC—(1/)—T4)C) dB dxdt
[0,7)xQ2xS2

_ // VoC(0,- ) dzdB, V¢ € C2((0,7) x 2 x S,
QxS2

Let us now prove that y|s,_ = ¢, = 0. Let (™) be the function defined on [0,7) x ¥ by:

U olB k|2, i (tx,B) € (1" x By N (17117 x 0K x a,

(3.30)
0, if (t,z,8) € (" 1,t"] x B_.

g(m) (t,x,B) = {

By (3.9) the sequence (¥("™),,cy is uniformly bounded in L2([0,7) x ¥). Hence, there exists ¥
such that ¥("™) weakly converges in L2([0,7) x ¥) towards W. Taking the weak limit in the equality
Ty =0 yields

Uly_ =0.

We have proved that (T, v) solve

O+ B-Vip = —(¢p — T*)

in the weak sense. Thus, applying a test function ¢ € C2°((0,7) x Q x S?~1) on the above equation,
we deduce that :

[ Yo, CdBdedt — ' YB-V¢dBdz dt
0 QxSd—1 0 Jaxsa-1
+/OT //Zwﬁ(ﬁ-n) dBdo, dt = —/OT/QXSd_l(l/J—(T)4)Cdﬁda:dt. (3.31)

Defining a discretized test function ¢(™) as in (3.24), multiplying the discrete intensity equation
(3.6b) by ot |a| | K|}, and summing over K € M) e A and n € {0,...,N(™ —1} we get

Ifm) + Iém) + Iém) = 0 where I{m), IQ(m) and Iém) have the same expressions as in (3.27). Since ¢
has now compact support in (0, 7), the time boundary terms arising from I fm) cancel, and we have:

lim 1™ :f/// ¥ 0,¢ dB de dt.
m—r00 [0,7)xQxS§d~-1

The term Iém) has the same limit as above. Performing a discrete integration by parts in Iz(m),
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se0  there is now a new boundary term:

N (™)
B == 30 30 el 3 lelnalCh - Ged)Ba e
= acAlm) 065,(]:
oc=K|L
N(m)
P el 3 oG (Ba o)
nEL agAl see[Pne(K)
N (™)
== 20 3 dl X lelnalGh — DB e
n=1 acAl(m) Eg(”tl)
o= I?\L
+ﬂ//ﬁ ﬂﬂm%SW”dﬁdamdt+l//‘ R™ dBdo, dt (3.32)
[0,7)xx [0,7)xX
sso0  where
N(m)
_ 1
teB)=3 D Y k1B nke|* Le(@) La(B) L (8),
n=lacAlm geg(ng(K)
ss1 and
R(m)(tvmaﬁ) =
N (™)
Z Z Z wKa ((/6 ‘NK a)+ - (/6 . nK70)+) ]la(x)]la(ﬂ)]l(tnfl,t"](t)'
n=lacAlm seelmng (k)
55 The limit of the first term on the right hand side of (3.32) can be computed as previously. For the

53 second term, we have the weak convergence ¥(™) — W in L2([0,7) x ¥) and by the regularity of ¢,
sss  we easily prove that S(™) — Clio, 7] x00xs4-1|8- n|z strongly in L2([0,7) x &) (we use the dominated
sss. convergence theorem). The third term is a remainder term that tends to zero as m — 4oo due
sss to the inequality (B, ko)t — (B nko)t| < |8 — Bal < hywm for B € o, combined with the

ss7  dominated convergence theorem.
558 Hence, letting m — 400 in I:Em) + Iém) + I?()m) =0, we get

_/()T//std1 ?ﬂathﬂdwdt—/oT/QXSdlwg.vgdﬂdwdt
+/()T//Z‘I’Clﬁ'nlédﬁdomdt / /std 1

s Comparing with (3.31) and recalling that U]y, = 0 we obtain that

Yls_ =0.

sso ' This concludes the proof of Proposition 3.10.
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Proposition 3.11. Under the assumptions of Theorem 3.8, the limit pair (T,1)) of the sequence
(T 4p(™),en given by Prop. 3.9 satisfies the temperature equation in the weak sense:

- // <T3t<,0 +TAp+ / (¢ —THp dﬁ) dedt = / Top(0,-) de. (3.33)
[0,7)xQ i1 Q

Proof. To prove the result we pass to the limit m — 400 in the weak formulation of the discrete
temperature equation. Let ¢ € C°([0,7) x ) and for m € N we define a discretized test function
(™) as follows:

N
eMtm) = Y e k(@)L -1 e (2)
n=1 KeM(m)
where ¢} = @(t", xk) for all n € {0,.., N(™} and K € M. We extend (™ to t = 0 by
continuity. We observe that, since §t(™) — 0 as — 400, for m large enough, ¢ N =0 for all

K € M) since ¢ has a compact support in [0,7) x Q. In a similar way, for m large enough we
have ¢% = 0 for all n € {0,...,N(™ — 1} and for all K € M such that 9K N9 # (. We
suppose throughout this proof that we are in this case. We now define a discrete time derivative of

(™) by:
N (™)

0™ (t, ) Z Z (VK — ¢k 1) L (@)L, (D).

n=1 KeM(m)

From the regularity of ¢, we can prove that for all ¢ in [1, 0c], there exists C = C(7,, 09, q, ) such
that for all m € N:

18 = Beplliaqoryxay < COE™ + hpgm), (3.34)

||30(m)(0, ) — (0, .)HLq(Q) < Chpqom) - (3.35)

Multiplying the discrete intensity equation (3.6a) by 6t |K|@%, summing over K € M(™)
ac A™ and n € {0,...,N™ — 1} we get

i =1, (3.36)
where
N1
L™= 3% > KT - TR)eh
n=0 KeM(m)

N 1

e ¥ (% Ly zie) et

KeM™  seg(K)nelw)

int

o=K|L
N(™
M=% ot Y IKI( Y kRt - @)k
n=0 KeM(m) acAlm)
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m)

sis - Performing a discrete integration by parts in Il( , we get:
N(m)
-1 0 ;0
== 3 IKITR(ek - o) - Y IKITRe%
n=1 KeM(m) KemM(m)

— / / T 3,p™ dae dt — / Toe'™(0, ) dee.
[0,7)xQ Q

s By (3.34), since 6t — 0 and h ) — 0 as m — 0o, we obtain that 8;¢ \sm) strongly converges
50 towards 9y in L2([0,7) x Q) as m — oo; in addition, by (3.35), ©(™)(0,-) strongly converges to
s p(0,-) in L1(Q x ST1). Since T™) weakly converges towards T in L2([0,7) x Q), we get

lim [Y”) = 7// Tatgadwdtf/Togo(Oy)d:c.
m—00 [0,7)x Q

s2 Let us now turn to the second term I, (m) Rearranging the terms and recalling that ¢% = 0 is
ss OK N O # () we get:

N 1

IZ(m) _ Z 5t Z ( Z L;T|(Tn+1 T}?}+1))¢r;(
n=0 o

KeMm)  oe&(K)NEint

o=K|L
N(™ 1
= o Y S e - )
n=0 seglm 7
o=K|L
NG
= X oy @pteT [ Vel o dote) + B
ot ’
o=K|L
N(m)

==-> 0t > TK/dlv V(" 1, ) da + RYY

n=1  KeM(m)

= / / T Apda dt + RYY + RYY (3.37)
[0,7)xQ
s where
N(m) 1
Ry = S0 Y @ -Th) / (Velt" ) mxe = —(ei ! = i) do(@),
seel™ a 7
o= Il(n\L
N (™)

My =3 ff 0D (1, )(Ag (1)~ Ap(t™ ) dar
tr=1,47)xQ
ses  Let us prove that R(m) + R(m) — 0 as m — +oo. We first observe that by the Cauchy-Schwarz
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inequality, one has

N(m)

R(;}|<(Z(5t 3 GTE T};)Q)%(

- cegl™

int

oc=K]|L
N(m)

_ j(m)
=||T ||L2((0,T);HM<m>)( Z ot Z

n=1

where

Ry = [ (Vo) s -

1

@(w’i’l - 90’}{1)) do(z).

From the regularity of ¢ and the admissibilty condition on the space discretization (the segment
[, xp] is colinear to ng ), we have R~ < C(6p)|o|hpqom) [[llw2.00 ([0,7)x )~ Hence

By the estimate ||T(m)||L2([O TH L m))

Rén;) — 0 as m — 4-o00. The convergence R( ™)

on T in L'([0,7) x Q) and the fact that for all (t,x) €

N(m)

1
m 2
B S Pt T g o,y (D0 0 Y dolol)

n=1  _cglm)

int

< C1 and the fact that ) ) do|o| < d|Q2] we obtain that
int

— 0 as m — +oo follows from a uniform control
[O’T) X Qv |A<p(t,:c) - A@(tn_lvw” S

5t(m)||<p||w3m((0ﬁ)x9). By the convergence of T(™) towards T in L2([0,7) x Q), letting m — 400

lim [(m) // TApdxdt.
m—00 [0,7)xQ

in (3.37) yields

Observing that I?(,m) is the same term as in the proof of Proposition 3.10 (for a test function which

does not depend on the angular variable 3) we obtain that

lim I{™ = /// () — (T dB de dt.
m—+00 [0,7) xQxSd—1

Hence, letting m — 400 in (3.36) concludes the proof of Proposition 3.11.

Proposition 3.12. Under the assumptions of Theorem 3.8, the limit pair (T,v) of the sequence

(T 4p(™), e satisfies the following energy estimate: there exists C = C(Q) such that

7O sy + I sy + [ 192

T / 1 = (TY )12y d + / 101122 58 4
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Proof. By (3.9) we have
1 5 1 2 16 T 5,2
*HT(m)(T)HLs () + *”dj(m) (7')||L2(ngd,1) + 25 H(T(m))2 H1,M<m> d
)
[ I = @ Bagpen dt+ 5 [ I,

m m 2
SgHT( (0)||L5(Q)+§H1/) (O)HL2(Q><S‘1*1)' (3-38)

where W(™) is defined in (3.30), and T(™(0) and ("™ (0) are the piecewise constant functions
defined by (3.5a) and (3.5a). Moreover, we have the weak limits

T T in L2([0,7); L*(R2)) as m — oo,
Plm) x u) in L®([0,7); L2(Q x S¥1)) as m — oo,
M) — (T~ —(T)* in L2([0,7) : LA(Q x S*71)),
W = |8 mf in L2((0,7); L(%)).
We also have T (0) — Tp in L5(Q) and ("™ (0) — 1) in L2(Q x S 1). Hence, taking the

lim inf,,_, o in the left hand side of (3.38) and recalling (3.21) we obtain that there exists C = C'(Q)
such that

T sy + I aqnary + / IV a0

[ 10 = @i dt+ [ 160 smgpniasion o

< C(IToll7s @) + 1tollF2(xsa-1))-
O

4 Comments on the Diffusive Limit of the Scheme

In [15], the authors investigate the diffusion limit € — 0 of the non-dimensionalized formulation of
the radiative heat transfer system:

T, — AT. = 5% (o) — T2, (t,xz) € (0,00) x Q, (4.1a)

Oethe + éﬁ V. = —5% (ve — T2, (t,x,B) € (0,00) x Q x S, (4.1b)

Physically € represents the ratio of a typical photon mean free path to a typical length scale of
the problem, associated with the initial and boundary conditions. We now recall how to formally
derive the diffusive limit system given in [15]. By equation (4.1b),

Pe = T54 —efB- Vi, — 528t7/}s- (4'2)

Therefore, we have

Ve =T —eB-V (T2 — B Vi —20pp.) — €20, (T — eB - Vb — £20,9).) .
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Combing the terms with the same order and assuming T, € Cﬁx and 1. € Ct?” » 8 We get:
Ve =T! —ef - VI! = (9T = BV (B Vi) + O%).
We can use (4.2) again in the fourth term on the right of the above equation and obtain that:
Ve = T! —eB- VI =& (017 - 8- V(8- VI)) + O(c*)
= T —eB- VT - 20T + 28 ® B : Hess(T) + O(?) (4.3)

Assuming T. — T, 1. — ¢ ase — 0, we can pass to the limit ¢ — 0 in (4.3) and get ¢ = T
We can also use (4.3) combined with

1
B =0, (Bp) =l (1)
to find that the radiative density satisfies
1
(e) = T2 —20,TH + 628ATE4 +0(?)

This enables us to pass to the limit on the last term in (4.1a):

1 —a 1 _a

g((% - TH) = -0, T + EAT .

We can then pass to the limit in (4.1a) and derive the following nonlinear limit diffusion equation:
_ 1
a (T + T4) ~A <T + dT4> —0. (4.5)

This diffusive limit from (4.1) to (4.5) was rigorously justified in [15] by means of weak compactness
and relative entropy methods.

A natural question to ask is whether the numerical scheme proposed in this paper satisfies the
asymptotic preservation (AP) property, ensuring its compatibility with the limit ¢ — 0. More
precisely, we use the following definition:

Definition 4.1 (AP schemes). Let P be the problem (4.1) and P° be its diffusive limit (4.5).

o A numerical scheme Py, 5, (h is the space step and 6t the time step) for P® is said to be
asymptotic preserving if for every (h, dt) the solution of Py 5, converges as € — 0 to a solution
of some numerical scheme P};&t which is a consistent and stable approximation of PP.

o The numerical scheme P 5, is said to be uniformly asymptotic preserving if moreover, Py 5,
1s consistent with P uniformly in €.

The proof of the asymptotic—preserving property can be carried out by means of compactness
arguments and is naturally formulated in the framework of approximations of weak solutions. In
contrast, the uniform asymptotic—preserving property relies on additional regularity assumptions
on the data of the considered systems and is more appropriately established in the setting of strong
solutions.
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For our scheme, we can carry out the same formal derivation as above to identify the formal limit
of the numerical scheme (3.5)-(3.6) (applied to the nondimensionalized model (4.1)) as ¢ goes to
zero while keeping the discretization fixed. Establishing rigorously that the scheme is asymptotic-
preserving would then require e-uniform estimates derived from the energy, in the spirit of the
continuous analysis in [15]. We begin by assuming that the angular discretization fulfills a discrete
counterpart of (4.4), which can indeed be enforced in practice:

S lolB. =0, Y lalB, @ 8. = 3l (46)

acA acA

Then, assuming we have bounds on the discrete solution (T, V% ,)o<n<N,KeM,acA that are inde-
pendent of e, we may derive a discrete analogue of the identity (4.3) :

W= (T =B, - (VTN + 28, - (V(B- VT + O(°) (4.7)

where the upwind gradient corresponding to (3.7) is given by:

1 T’n+l4 T’I’L+14
(O =g 2 ol (S
€& (K)
oc=K|L

e L Tn—i—l 4 Tn+1 4
0 3 ol (L i ) s 09
cel(K
0€=I£'|L)

with O, 5 = 1, and where

4\n—+1 4\n+1
B, (V(3- VT4))nKJ’r; =8,®8, : L Z o] ((VT )K,a + (VT )L,a ) ® 1.

|K| cel(K) 2
o=K|L
o (VT il = (VT i
A TNE DY |a|< Ko Y e (B, i) | © i (49
oc€&(K)
o=K|L

Hence, at the discrete level, even if we enforce the identity (4.6), we do not have that (3, -
(VT4)”KE> = 0 since the upwind gradient (VT4)’}<J2 depends on B, precisely because of the
upwinding. Numerically, following classical techniques [4] in the context of AP schemes for the low
Mach number limit for fluids, we can try to correct this behavior in the limit ¢ — 0 by damping
the numerical diffusion of the upwind scheme choosing ©. ; such that
gltn
Oc,p = e n€(0,1).

In the limit € — 0 we formally recover a centered gradient which does not depend on a:

1 (TTL+1)4 + (T”+1)4
A\n+1 __ K L
T = e el (T nico
ce&(K)
oc=K|L
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Applying (-) to (4.7) we thus get after a little bit of algebra (and using the second part of (4.6)):

Trtlye _ (n)4 1 ~
ety = @yt - 2 G L2 TRE ol Jpayens 4 o)
where . _—
Rdyn 1 (VT + (V1]
(AT = Il > ol ( = 5 L) nke. (4.10)
ce&(K)
o=K|L

Therefore, passing to the limit € — 0 in the numerical scheme, we formally obtain the following
discretization of the limit diffusion equation (4.5):

Tt~ T, (T - (1)t

1 < n
= 5 — (AT — g(AT‘*)K+1 =0. (4.11)

Several observations should be made concerning this discrete diffusive limit. When the numerical
diffusion inherent to the upwind scheme is reduced by the factor ©. j, it is no longer possible to
establish a maximum principle (in particular, the positivity property) for the discrete radiative
intensity 1/1}?‘1, because the matrix associated with the implicit scheme ceases to satisfy the defining
characteristics of an M-matrix. Consequently, this obstruction prevents the derivation of the energy
estimate (3.9). Therefore, compactness cannot be ensured either in the asymptotic regime haq, 6t —
0 or in the limit ¢ — 0. Furthermore, the discrete Laplacian operator A arising in the discrete
diffusion limit is known to be unstable on cartesian grids, as it decouples odd and even modes and
may induce numerical instabilities commonly referred to as checkerboard modes [10]. For these
reasons, the numerical scheme proposed in this paper does not appear to be the most suitable
option for preserving the asymptotic behavior linked to the diffusive limit.

A Appendices

A.1 Kolomogorov’s compactness theorem

Theorem A.1 (Kolmogorov’s Theorem). Let B be a Banach space, p a real number such that
1<p<+ooand T >0. Let ACLP((0,7); B). The subset A is relatively compact in LP((0,7); B)
if A satisfies the three following conditions:

(Hy) For allu € A, there exists Pu € LP(R; B) such that Pu = u almost everywhere in (0,7) and
[ Pullypr,5) < C, where C depends only on A.

(Hy) For all ¢ € C°(R,R), the family { [ (Pu)¢dt, u € A} is relatively compact in B.

(Hs) [|[Pu— Pu(. =)o@z — 0, asn— 07", uniformly with respect to u € A.
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