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Abstract

This work addresses the simulation of compressible flows on unstructured meshes across a
wide range of Mach numbers. To this end, we propose a staggered finite volume method for the
compressible Euler equations in both barotropic and full formulations. Over the staggered grid,
cell-centered unknowns include density, pressure, and energy, while face-centered variables
represent velocity related quantities. The method is based on a Lagrange-projection like
acoustic-transport splitting combined with a Suliciu-type relaxation approximation for the
acoustic subsystem. Internal and kinetic energies are discretized on distinct sets of degrees
of freedom, and a corrective mechanism is introduced to ensure consistency with the total
energy conservation in the full Euler case. The proposed approach preserves the conservation
properties of the compressible Euler equations, remains applicable to general equations of
state, and satisfies key stability conditions: positivity of density (for barotropic and full
systems), positivity of internal energy (for the full system), compliance with the second law
of thermodynamics (globally for the barotropic system and both globally and locally for the
full system), and local conservation of the total energy on the dual mesh for the full Euler
equations. The time step is constrained only by the material velocity, and each time update
requires solving a single linear system for the pressure. The low-Mach-number behavior of the
scheme is analyzed, and the preservation of constant pressure–velocity profiles is established for
stiffened-gas equations of state. The performance and robustness of the method are illustrated
through numerical experiments for both barotropic and full Euler equations, in one and two
space dimensions, on structured and unstructured meshes, over a wide range of Mach numbers
including the low-Mach regime.
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1 Introduction

This work is concerned with the design of discretization techniques for the Euler equations of
compressible gas dynamics. These equations are relevant in many applications across a wide range
of flow regimes in terms of Mach numbers. Indeed, some applications may require accounting for
strong pressure effects while others involve near-incompressible flows.

Achieving a uniformly accurate and robust discretization across such regimes remains a difficult
task. Conventional approaches typically rely on cell-centered finite volume formulations [73, 91, 41],
which naturally ensure conservation properties at the discrete level. However, these methods can
require specific adaptations to maintain accuracy and stability in regimes where compressibility
effects are weak (see, for example, [92, 69, 48, 47, 74, 83, 30, 82, 49, 26, 31, 15, 67, 33, 10, 8, 90,
66]). Different arguments have been brought in the literature to examine these issues including: the
analysis of the viscosity matrix associated with the discretization [92, 77], asymptotic expansion
with respect to the Mach number [69, 48], a careful study in [30] that aims at transposing to the
discrete level invariance properties of the continuous equations [85] and the design of numerical
methods that satisfy the so-called Asymptotic Preserving property [63] for example in [49, 26, 67,
33, 90, 8].

An alternative to the standard cell-centered approach consists in adopting staggered discretiza-
tions for the compressible equations of gas dynamics. These methods, originally introduced in
the context of incompressible flows [53], associate scalar quantities such as density and pressure
with cell centers, while velocity components are defined on cell faces. Since their adaptation to
compressible flows [52, 51], staggered schemes have been employed in a variety of contexts and have
demonstrated good performance over a broad spectrum of Mach numbers (see for example [95, 60]).
Nevertheless, they must be used with care, as they generally do not satisfy all the conservation
properties of the compressible Euler equations, and may encounter difficulties when approximating
shock waves [55].

Although staggered-grid finite volume schemes have been widely used since their early de-
velopments, few theoretical results were available until recently. Over the past years, several
contributions have improved the mathematical understanding and practical robustness of such
methods. Among these advances, we mention the following non-exhaustive list of references.
For compressible barotropic models, stability results were established in [36, 38], and an explicit
finite-volume approach using fluxes derived from kinetic considerations with stability properties
was proposed in [5]. For the full compressible Euler equations, strategies including the energy
equation were introduced in a semi-implicit form in [55], and subsequently in explicit formulations
in [58, 42, 76]. More recently, the design of high-order staggered-grid schemes has been investigated
in [89, 29, 28, 76, 39, 72, 11, 12].
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A fundamental difficulty arises from the fact that, in a staggered formulation, internal and
kinetic energies are not defined on the same set of discrete degrees of freedom. This separation
complicates the consistent and conservative computation of total energy, which is central to the
physical fidelity of compressible flow simulations. Various contributions have been proposed to
address this issue, leading to formulations that ensure total energy conservation either globally [56,
29, 61, 59, 28] or locally [42, 57, 43].

In the present work, we propose a finite volume method based on a staggered discretization and
applicable on unstructured meshes. The scheme is designed to preserve the conservation properties
of the compressible Euler equations, either in their barotropic or full form, while remaining
applicable to general Equations Of State (EOS). Particular attention is paid to maintain accuracy
in a large range of Mach number regime. The time step is constrained only by the material velocity,
and each iteration involves the resolution of a single linear system for the pressure. The method
satisfies key stability properties: positivity of the density for both the barotropic and full Euler
systems, positivity of the internal energy for the full Euler system, compliance with the second law
of thermodynamics (globally for the barotropic case, globally and locally for the full system), and
local conservation of the total energy for the full Euler system.

In the present work, we adopt the framework introduced in [50], combining a separate treatment
of acoustic and transport phenomena through an operator splitting [2, 64, 35, 15, 19, 9] with a
staggered finite volume scheme. The resulting method is reminiscent of the Lagrange-Projection
technique [15, 19, 4], although it does not involve any moving mesh. The spatial discretization of
our scheme draws inspiration from the schemes developed in [37, 56, 58, 55] which were based on
projection methods. More specifically, for the full Euler system, the internal energy that is used as
a main variable is updated by accounting for a corrective term that ensures the consistency with the
total energy conservation. The operator splitting offers a straightforward IMEX (Implicit-Explicit)
time integration strategy in the lines of [25, 15, 19]. The acoustic effects are treated implicitly,
which allows for large time steps while maintaining stability, whereas the transport phenomena
are advanced explicitly. Furthermore, a Suliciu-type relaxation approximation [87, 7, 16, 24] is
employed for the acoustic subsystem, so that the implicit step involves only the solution of a linear
system.

The paper is organized as follows. In Section 2, we recall the acoustic-transport splitting
approximation of the barotropic Euler equations. Section 3 presents the discretization strategy,
including the definition of the staggered mesh, the discrete unknowns, and the time update
algorithm. In Section 4, we introduce the staggered Lagrange-projection like (SLP) scheme for
the barotropic system, describing successively the acoustic and transport steps and discussing the
main properties of the overall method. Section 5 extends the approach to the full Euler equations,
detailing the splitting formulation, the discretization of each subsystem, and the resulting SLP
scheme. Section 7 is devoted to the analysis of the scheme behavior in the low Mach regime. In
section 8 we show that the SLP scheme preserves constant pressure-velocity profiles for Stiffened
Gas, while Section 6 focuses on the local conservation of the total energy over the dual mesh for
the full Euler system. Finally, a set of numerical experiments is presented in section 9 for both
the barotropic and full Euler equations: the study includes convergence tests on one-dimensional
problems as the spatial discretization is refined, as well as simulations in one and two dimensions
on structured and unstructured meshes over a wide range of Mach regimes.
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2 Acoustic-transport splitting approximation of the barotropic
Euler equations

We consider the barotropic Euler system of gas dynamics

{
∂tρ + ∇ · (ρu) = 0,

∂t (ρu) + ∇ · (ρu⊗ u) + ∇p = 0,

(1a)
(1b)

where ρ, u and p are respectively the density, the velocity, and the pressure of the fluid. We
suppose that ρ > 0 and that the fluid is equipped with a barotropic equation of state in the form
of a barotropic potential τ 7→ eEOS(τ), where τ = 1/ρ is the specific volume. We suppose that
eEOS verifies

deEOS

dτ
< 0,

d2eEOS

dτ2 > 0,
d3eEOS

dτ3 < 0, for all τ = 1
ρ

> 0. (2)

The pressure p and the sound velocity c are respectively defined by

p
def= pEOS(τ) = −(deEOS/dτ)(τ), c = cEOS (τ) def= τ

√
−(dpEOS /dτ)(τ) > 0. (3)

At the initial instant t = 0, we assume that

ρ(x, t = 0) = ρ0(x), u(x, t = 0) = u0(x), p(x, t = 0) = pEOS(1/ρ0(x)), (4)

where ρ0 and u0 are given functions.

The system (1) is strictly hyperbolic and for one-dimensional problems the associated eigenvalues
are u− c and u + c [73, 91, 41].

In this section, we present the development of a two-step splitting approach following the work
of [15, 17, 19, 79], where the barotropic Euler equations are rewritten to decouple the acoustic and
transport terms. Using the chain’s rule on the space derivative, for a regular solution, we rewrite
system (1) as follows

∂tρ + u · ∇ρ︸ ︷︷ ︸
transport

+ ρ∇ · u︸ ︷︷ ︸
acoustic

= 0, (5a)

∂t(ρu) + (u · ∇) (ρu)︸ ︷︷ ︸
transport

+ (ρu) ∇ · u + ∇p︸ ︷︷ ︸
acoustic

= 0. (5b)

Thus, we split the main system into two subsystems. We refer to the first subsystem as the
barotropic acoustic subsystem:

{
∂tρ + ρ∇ · u = 0,

∂t(ρu) + (ρu) ∇ · u + ∇p = 0.

(6a)
(6b)
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The second will be called the barotropic transport subsystem:

{
∂tρ + u · ∇ρ = 0,

∂t(ρu) + (u · ∇) (ρu) = 0.

(7a)
(7b)

Each subsystem will be solved successively in a two-step strategy as detailed in section 3.2. Thanks
to this separate treatment, we will be able to implement an implicit update of the acoustic
phenomena and an explicit update of the transport phenomena following [25, 15, 19] so that
the overall numerical scheme belongs to the category of Implicit-Explicit (IMEX) schemes. This
strategy aims to overcome the stability constraints associated with fast wave propagation.

In order to approximate (6), we first remark that it can be recast as follows

{
ρ∂tτ −∇ · u = 0,

ρ∂tu + ∇p = 0.

(8a)
(8b)

The acoustic subsystem (8a) exhibits a wave structure analogous to the one-dimensional barotropic
Lagrangian gas dynamics or p-system [41], featuring two symmetrical nonlinear acoustic waves of
characteristic velocities ±c. However, let us once again underline that unlike classical Lagrangian
discretizations [94, 23, 32, 28, 41], our approach does not solve the equations in Lagrangian
coordinates tied to the fluid motion. Then, we propose to approximate (8a) within the time interval
t ∈ [tn, tn+1) by using Suliciu-type relaxation approximation [87, 17, 65, 19, 18, 50] to disregard
the nonlinearities of the pressure p = pEOS(τ) in the acoustic sub-system. Thus, for t ∈ [tn, tn+1),
we will consider the following subsystem,


ρ∂tτ −∇ · u = 0,

ρ∂tu + ∇π = 0,

ρ∂tπ + a2∇ · u = 0,

(9a)
(9b)
(9c)

where a > 0, a constant parameter, and the extra variable π serve respectively as a surrogate
acoustic impedance and a surrogate pressure. For the sake of numerical stability, a must satisfy
the so-called Whitham sub-characteristic condition:

a > max (ρc) , (10)

where ρc spans the values of the solutions of (1) for t ∈ [tn, tn+1) (see [7, 6, 14, 16, 24] and lemma
C.1 in appendix C.1). Moreover, the consistency of π with the pressure p that verifies the EOS is
ensured by re-initializing π at each time step tn so that πn = pEOS(1/ρn).

3 Discretization strategy

3.1 Staggered discretization

Let d ∈ {1, 2, 3} denote the dimension of the physical space and let
(
e(i))

i=1,...,d
represent the

canonical basis. We adopt the discretization framework proposed in [61]. The computational
domain Ω is regular following the criteria of the finite element in the literature [21]. The mesh M
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comprises a collection of cells K such that Ω = ∪K∈MK. We will consider two types of meshes,
depending of the shape of Ω.

• If Ω has a general shape, each cell K ∈ M will be either a non-degenerate quadrilateral
for d = 2 (resp. hexahedron for d = 3) or a simplex. When d = 2, both types of cells may
possibly be combined within the same mesh.

• If Ω is a rectangle for d = 2 (resp. a rectangular parallelepiped for d = 3) whose boundaries
are perpendicular to a coordinate axis, each K ∈ M will be a rectangle for d = 2 (resp. a
rectangular parallelepipeds for d = 3).

For any K ∈M, we note E(K) the set of all faces of K and E = ∪K∈ME(K) the set of all faces of
the mesh. We note Eext = {σ ∈ E | σ ⊂ ∂Ω} the set of external faces and Eint = E \ Eext the set of
internal faces of the mesh. Consider a face σ ∈ Eint that separates two adjacent cells K and L,
this face will be referred to as σ = K|L. Moreover, we define nK,σ the outward unit normal vector
to σ of cell K, |K| the measure of the cell K and |σ| the measure of the face σ.

In the special case where Ω is a rectangle for d = 2 (resp. a rectangular parallelepiped for
d = 3) whose boundaries are perpendicular to a coordinate axis, E(i) (resp. E(i)

ext) will denote the
subset of faces of E (resp. Eext) which are orthogonal to e(i), 1 ≤ i ≤ d.

In our staggered discretization approach, one of the following strategies will be employed
depending on the shape of the domain: either a Marker-and-Cell (MAC) strategy [53, 51] when
the computational domain is a rectangle for d = 2 (resp. a rectangular parallelepiped for d = 3), or
the non-conforming low-order finite element approximations, referred to as the Rannacher-Turek
element (RT) [80] for quadrilateral or hexahedric meshes, or the lowest degree Crouzeix-Raviart
element (CR) [27] for simplicial meshes.

For both the MAC and the RT/CR approaches, the scalar quantities are discretized at the
center of each cell of M. In the context of the barotropic model (1) this boils down to associate
the pressure and the density to the centers of the cells of the meshM, so that we consider discrete
values pK , ρK , for all cell K ∈M.

Velocity degrees of freedom are associated with the mesh faces. In the MAC approach, only
the normal component of the velocity is retained at each face, whereas the RT/CR discretization
use the full velocity vector. In order to cast our numerical scheme within a unified framework, we
define a discrete vector variable uσ that encapsulates the relevant degrees of freedom associated
with each mesh face σ ∈ E , namely:

uσ =

 uσ,ie(i), for the MAC discretization, σ ∈ E(i), i = 1, 2, 3,

(uσ,1, · · · , uσ,d)T
, for the RT/CR discretization.

(11)

To guide the design of a finite volume method with degrees of freedom located at the faces, we
introduce a dual mesh, so that the discrete velocity uσ, is associated with a specific dual cell Dσ.
For any internal face σ ∈ Eint, where σ separates the neighboring cells K and L, i.e., σ = K|L, we
define the dual cell Dσ by setting

Dσ = DK,σ ∪DL,σ,

where DK,σ and DL,σ are the so-called half-dual cells associated respectively with cell K and L.
Their definitions depend on the type of discretization.
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• RT/CR discretization: DK,σ is defined as the cone with basis σ and having the mass center
of K as the vertex. We thus obtain a partition of K in card(E(K)) sub-cells (see figure 2).
One can then assume, without adding constraining hypotheses, that each subdomain has the
same measure |DK,σ| = |K|/ card(E(K)),

• MAC discretization: if xK ∈ Rd is the center of the cell K, we set DK,σ = {x ∈ K | 0 ≤
(x − xK) · nK,σ} (see figure 1). In other words, DK,σ is the rectangle or rectangular
parallelepiped of basis σ and of measure |DK,σ| = |K|/2.

Let E(Dσ) represent the set of faces of the dual cell Dσ, and let |Dσ| denote its measure. The
common face shared by two neighbouring dual cells Dσ and Dσ′ is noted ε = Dσ|Dσ′ . Moreover,
in the sequel we will also use the following set of faces E (DK,σ) and

Ẽ (DK,σ) =
{

ε ∈ E(Dσ) | ε ∩K ̸= ∅
}

. (12)

Let us emphasize that we have E(Dσ) = Ẽ (DK,σ)∪ Ẽ (DL,σ). For an external face σ ∈ Eext ∩E(K),
the associated dual cell is the internal half-dual cell that is Dσ = DK,σ. To simulate impermeability
of the boundaries, a no-slip boundary condition u · n = 0 by imposing

uσ · nK,σ = 0, for all σ ∈ Eext ∩ E(K). (13)

Let us remark that for the RT/CR discretization, (13) does not constrain the discrete tangential
velocity while for the MAC discretization one relation sets all the discrete velocities to zero on the
boundary.

1
2

3

4

1

K Dσ

σ σ = K|L

ε
 =

 D
  
| 
D

σ
σ

σ

σ

σ

L

Figure 1: MAC discretization. Primal elements K, L associated face σ and dual cell Dσ with neighboring faces.
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1

2

4

3

1

σ

σ

σ

σ

σ
 =

 K
|L

K

L

Dσ

ε = D  | Dσ
σ

Figure 2: RT/CR discretization. Primal elements K, L associated face σ and dual cell Dσ with neighboring faces.

We conclude this section on notation by further motivating our choice. Some authors adopt the
so-called (i, j, k) notation, which is well suited for structured Cartesian meshes and was also used
in our previous work [50]. However, when considering more general meshes, such as triangular
meshes in 2D or tetrahedral meshes in 3D, a more flexible notation becomes necessary.

Since several of the ideas developed in this work rely on the staggered framework [13, 56, 59,
61], we chose to adopt the same notation. The correspondence between this general notation and
the (i, j, k) formalism is summarized in Table 1.

Variables Unstructured index (i, j, k)-index

Scalar b, b ∈ {ρ, e, p} bK , K ∈M bi,j,k

Vector u uσ, σ ∈ E(K) ui+l/2,j,k, ui,j+l/2,k, ui,j,k+l/2, l = −1, +1

Table 1: Mapping between our unstructured meshes index notation and the standard (i, j, k) Cartesian grid indices.

From an implementation standpoint, this choice allows for a unified code implementation for both
MAC and RT/CR discretizations. In both cases, the velocity field is stored as a two-dimensional
array of shape card(Eint ∪ Eext)× d.

For the MAC discretization, only the normal component at each internal face σ ∈ Eint is
initialized to a non-zero value at time t = 0, whereas for the RT/CR discretization the full velocity
vector is initialized. For t > 0, the contributions of the momentum convection operator, as well as
those of the pressure gradient, are limited to the normal direction of the face in the MAC scheme,
so that only the normal component of the velocity vector evolves in time. In contrast, for the
RT/CR discretization, the momentum convection operator contributes to all components of the
velocity vector, while the pressure gradient contributions remain identical to those of the MAC
scheme.

In conclusion, both discretizations are handled within a single code implementation, the only
difference lying in the function used to compute the momentum convection operator.
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3.2 Time update algorithm

We consider a strictly increasing sequence of instants (tn)n∈N and note the time step δt =
tn+1 − tn. Our numerical scheme aims at computing the cell-centered values (ρn

K)K∈M and face-
centered velocities (un

σ)σ∈Eint
for each instant n ≥ 0. Given the values (ρn

K)K∈M, (un
σ)σ∈Eint

at
time tn, we employ a two-step algorithm to advance the solution to tn+1: the first step, referred to
as the acoustic step, involves computing intermediate variables (ρ̃K)K∈M, (ũσ)σ∈Eint

by solving
the acoustic subsystem (6). The second step called the transport step will update (ρ̃K)K∈M,
(ũσ)σ∈Eint

by means of an approximation of the subsystem (29) to compute the updated solution
(ρn+1

K )K∈M, (un+1
σ )σ∈Eint

. This two-step sequence can be summarized as follows:[
(ρn

K)K∈M
(un

σ)σ∈Eint

]
acoustic step

GGGGGGGGGGGGGGGGGGGGGGGA

approximation of (6)

[
(ρ̃K)K∈M
(ũσ)σ∈Eint

]
transport step

GGGGGGGGGGGGGGGGGGGGGGGGA

approximation of (29)

[
(ρn+1

K )K∈M
(un+1

σ )σ∈Eint

]
. (14)

The initial conditions for cell-centered (resp. face-centered) discrete unknowns are defined as the
average of the initial conditions over the primal (resp. dual) cells

∀K ∈M, ρ0
K = 1

|K|

∫
K

ρ0(x) dx, ∀σ ∈ Eint, u0
σ = 1
|Dσ|

∫
Dσ

u0(x) dx. (15)

4 A staggered Lagrange-projection like (SLP) scheme for
the barotropic system

In this section, we present the staggered Lagrange-projection like scheme, hereafter referred to
as SLP for convenience. The scheme consists in discretizing and solving first the acoustic subsystem
(6), followed by the transport subsystem (29), and then combining the results to obtain the overall
scheme. We begin by introducing the following definitions:

uK,σ = uσ · nK,σ, (16a)
aK = ρKcEOS(1/ρK), (16b)

and
φDσ

= |DK,σ|φK + |DL,σ|φL

|Dσ|
, for φ ∈ {ρ, a}. (17)

We will also use the positive and negative parts of any real number, namely

x = x+ − x−, x+ = max (x, 0) ≥ 0, x− = −min (x, 0) ≥ 0, x ∈ R. (18)
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4.1 The acoustic step

For solving the acoustic subsystem (9), we use the following discretization:

∀K ∈M,
|K|
δt

ρn
K (τ̃K − τn

K)− |K| (∇ · ũ)K = 0, (19a)

∀σ ∈ Eint,
|Dσ|
δt

ρn
Dσ

(ũσ − un
σ) + |Dσ| (∇π̃)Dσ

= 0, (19b)

∀K ∈M,
|K|
δt

ρn
K (π̃K − πn

K) + (an
K)2 |K| (∇ · ũ)K = 0, (19c)

where

(∇ · ũ)K = 1
|K|

∑
σ∈E(K)

|σ|ũ∗
K,σ, (20a)

ũ∗
K,σ = ũK,σ −

1
2an

Dσ

(π̃L − π̃K) , (20b)

(∇π̃)Dσ
= 1
|Dσ|

(π̃L − π̃K) |σ|nK,σ. (20c)

Let us underline that although the surrogate pressure is initialized at the beginning of the time
step thanks to the EOS so that πn

K = pEOS(1/ρn
K), the pressure evaluated at the end of the acoustic

step is no longer related to the EOS as a priori π̃K ̸= pEOS(1/ρ̃K).

Next, we examine the evolution of the discrete kinetic energy across the acoustic step (19). We
have the following lemma.

Lemma 4.1 (Discrete kinetic energy balance for the acoustic step). A solution to the acoustic
subsystem (19) satisfies the following equality, for σ ∈ Eint,

|Dσ|
δt

ρn
Dσ

(
|ũσ|2

2 − |u
n
σ |

2

2

)
+ ũ∗

K,σ|Dσ| (∇π̃)Dσ
· nK,σ = −R̃σ, (21)

with
R̃σ = |Dσ|

δt

ρn
Dσ

2 |ũσ − un
σ |

2 + |σ|
2an

Dσ

(π̃L − π̃K)2
, (22)

which is non-negative for any δt > 0.

Proof. By taking the scalar product of (19b) with the vector ũσ, then using the identity |u|2−u·v =
1
2 |u|

2 − 1
2 |v|

2 + 1
2 |u− v|2 and definition (20b), one obtains the expected result.

Before going any further, we remark that (21) yields a discretization of the equation

ρ∂t

(
|u|2

2

)
+ u · ∇π = 0, (23)

which is a consequence of (9b) and that the density update (19a) across the acoustic step also
reads

ρ̃K = ρn
K

1 + δt (∇ · ũ)K

, ∀K ∈M. (24)
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Finally, it is important to note that equations (19b)-(19c) define a linear system with respect to
the variables (ũσ)σ∈Eint

, (π̃K)K∈M which can be reduced to a system involving only the relaxation
pressure π̃K , K ∈ M. This reduction technique, along with its numerical resolution, is detailed
in appendix B. The overall method exhibits similarities to standard projection methods, which
require the resolution of a scalar equation for the pressure update [20, 88, 22, 46].

To ensure that our numerical scheme is well-defined, we first verify that the linear system arising
in the acoustic step is well-posed. This result relies on the following integral energy inequality
associated with the acoustic step.

Proposition 4.2 (Integral form of the relaxation total energy conservation law in the acoustic
step). For the barotropic (resp. full Euler system) the pressure π̃K obtained by the acoustic step
(19c) (resp. (57d)) verifies

|K|ρ
n
K

δt

(
(π̃K)2

2(an
K)2 −

(πn
K)2

2(an
K)2

)
+ |K|π̃K (∇ · ũ)K = −|K|ρ

n
K

δt

(π̃K − πn
K)2

2(an
K)2 . (25)

Consequently we also have

∑
K∈M

|K|ρ
n
K

δt

[
(π̃K)2

2(an
K)2 −

(πn
K)2

2(an
K)2

]
+
∑

σ∈Eint

|Dσ|
δt

ρn
Dσ

[
|ũσ|2

2 − |u
n
σ |

2

2

]

= −
∑

K∈M
|K|ρ

n
K

δt

(π̃K − πn
K)2

2(an
K)2 −

∑
σ∈Eint

R̃σ. (26)

Proof. The proof of this proposition is given in appendix C.1.

We then have the following proposition concerning the well-posedness of the linear system
(19b)-(19c).

Proposition 4.3 (Well-posedness of the linear system in the acoustic step). For any δt > 0, the
solution (ũσ)σ∈Eint

, (π̃K)K∈M of the linear system with respect to the pressure and velocity formed
by equations (19b)-(19c) for the barotropic system (1) or formed by equations (57b)-(57d) for the
Euler system (46) exists and is unique.

Proof. The proof of this proposition is given in appendix C.1.

4.2 The transport step

For the discretization of the transport subsystem (29), we consider the following discrete
subsystem:

∀K ∈M,
|K|
δt

(
ρn+1

K − ρ̃K

)
+

∑
σ∈E(K)

F̃K,σ − ρ̃K |K| (∇ · ũ)K = 0, (27a)

∀σ ∈ Eint,
|Dσ|
δt

(
ρn+1

Dσ
un+1

σ − ρ̃Dσ
ũσ

)
+

∑
ε∈E(Dσ)

F̃σ,εũε − ρ̃Dσ
ũσ|Dσ| (∇ · ũ)Dσ

= 0, (27b)

12



with

F̃K,σ = |σ|ρ̃σũ∗
K,σ, (28a)

ρ̃σ =

 ρ̃K , if ũ∗
K,σ > 0,

ρ̃L, otherwise,
(28b)

ρ̃Dσ
=
∣∣DK,σ

∣∣ ρ̃K +
∣∣DL,σ

∣∣ ρ̃L

|Dσ|
, (28c)

where (∇ · ũ)Dσ
, F̃σ,ε and ũε are yet to be specified.

Let us note that the discretization (27) is consistent with the transport system (7) as for smooth
fields (7) can be expressed as

{
∂tρ + ∇ · (ρu)− ρ∇ · u = 0,

∂t(ρu) + ∇ · (ρu⊗ u)− ρu∇ · u = 0.

(29a)
(29b)

The dual mass fluxes F̃σ,ε and upwind velocities ũε at the dual faces of the dual cells are defined
as in [61] for the MAC discretization and in [13] for the RT/CR discretization. In appendix A, we
describe more precisely how F̃σ,ε is obtained. As for the velocity vector ũε at the dual faces, it is
defined by the following upwind scheme:

∀ε = σ|σ′ ∈ Ẽ(Dσ), ũε =

ũσ, if F̃σ,ε > 0,
ũσ′ , otherwise.

(30)

Let us now turn to the choice of (∇ · ũ)Dσ
. Accounting for (29b) and (29a) we have

∂t

(
ρ
|u|2

2

)
+ ∇ ·

(
ρ
|u|2

2 u
)
− ρ
|u|2

2 ∇ · u = 0. (31)

In order to provide a definition for (∇ · ũ)Dσ
, we now use an argument that relates to the evolution

of the kinetic energy across the transport step (29). We have the following lemma.

Lemma 4.4 (Discrete kinetic energy balance for the transport step). Let (∇ · ũ)Dσ
be defined by

the following relation:

ρ̃Dσ
|Dσ| (∇ · ũ)Dσ

=
∣∣DK,σ

∣∣ρ̃K (∇ · ũ)K +
∣∣DL,σ

∣∣ρ̃L (∇ · ũ)L , (32)

with ρ̃Dσ
given by (28c). Then a solution to the discrete transport subsystem (27) satisfies the

following equality, for all σ ∈ Eint,

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

|ũσ|2

2

)
+

∑
ε∈E(Dσ)

F̃σ,ε
|ũε|2

2 − ρ̃Dσ

|ũσ|2

2 |Dσ| (∇ · ũ)Dσ
= −Rn+1

σ , (33)

with

Rn+1
σ = |Dσ|

δt

ρn
Dσ

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈E(Dσ)

F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2. (34)

Proof. The proof of this lemma is given in appendix C.1.
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The non-negativity of Rn+1
σ is guaranteed by the CFL condition given hereater by relation (38a).

The presence of this source term indicates that the discrete transport operator ensures the decay
of kinetic energy within the scheme. At the continuous level, a similar effect could be achieved
by introducing viscous dissipation. Therefore, the non-negativity of Rn+1

σ can be seen as the
manifestation of a numerical dissipation effect that confers a nonlinear stability property to the
scheme.

4.3 Overall scheme and properties

In the following, we present properties of our numerical scheme defined by (19) and (27). Many
of these are also valid for the numerical scheme detailed in section 5 for the full Euler system of
equations. Therefore, references to the discretization of section 5 will also be mentioned hereafter.

Accouting for the acoustic step (19) and the transport step (27) allows to express the update
from tn to tn+1: using (24) and (28c) we obtain the conservative update relation that will be
referred to as the Staggered Lagrange-Projection like IMplicit-EXplicit (SLP IMEX) scheme:

∀K ∈M,
|K|
δt

(
ρn+1

K − ρn
K

)
+

∑
σ∈E(K)

F̃K,σ = 0, (35a)

∀σ ∈ Eint,
|Dσ|
δt

(
ρn+1

Dσ
un+1

σ − ρn
Dσ

un
σ

)
+

∑
ε∈E(Dσ)

F̃σ,εũε + |Dσ| (∇π̃)σ = 0. (35b)

Before going any further, let us introduce the following notation: if bK , K ∈M is a variable
associated with the primal mesh, we set

Cvx(b)K =

1− δt
∑

σ∈E(K)

|σ|
|K|

(ũ∗
K,σ)−

 bK + δt
∑

σ∈E(K)
σ=K|L

|σ|
|K|

(ũ∗
K,σ)−bL. (36)

The operator Cvx will help to exhibit stability properties of the scheme. Indeed, one can see that
under a suitable CFL condition given in (38b), Cvx(b)K is a convex combination of bK and its
neighboring values bL, σ = K|L ∈ E(K).

Let us now focus on the update of the density across the transport step (27a). Let σ = K|L ∈
E(K), the mass flux defined by (28a) can be expressed as

F̃K,σ = |σ|ρ̃K(ũ∗
K,σ)+ − |σ|ρ̃L(ũ∗

K,σ)−.

By injecting this expression into (27a) and using (20a), we get

ρn+1
K = ρ̃K − δt

∑
σ∈E(K)
σ=K|L

|σ|
|K|

{
ρ̃K(ũ∗

K,σ)+ − ρ̃L(ũ∗
K,σ)− − ρ̃K ũ∗

K,σ

}

= ρ̃K

 1− δt
∑

σ∈E(K)

|σ|
|K|

(
(ũ∗

K,σ)+ − ũ∗
K,σ

)+ δt
∑

σ∈E(K)
σ=K|L

|σ|
|K|

ρ̃L(ũ∗
K,σ)−,
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hence the transport step for the density reads

ρn+1
K = Cvx(ρ̃)K . (37)

Relation (37) under suitable CFL conditions ensures that the transport step (27a) for the density
is obtained thanks to a convex combination.

We now sum up useful CFL conditions that can be applied to the scheme (35).

δt ≤
|Dσ|ρn

Dσ∑
ε∈E(Dσ)

F̃ +
σ,ε

, ∀σ ∈ Eint ensures that Rn+1
σ ≥ 0 as defined in (34), (38a)

δt ≤ |K|∑
σ∈E(K)

|σ|
(
ũ∗

K,σ

)− , ∀K ∈M ensures that ρ̃K/ρn
K > 0 by (24), it also guarantees

that (36) and hence (37) are convex combinations. (38b)

The following proposition gathers stability properties of the scheme regarding the barotropic,
kinetic and total energies.

Proposition 4.5. We suppose that the CFL conditions (38) are satisfied and that an
K verifies the

subcharacteristic condition (10). We have the following results.

1. The update of the pressure and the specific volume in the acoustic step verifies

0 ≤ τ̃K , πn
K + (an

K)2τn
K = π̃K + (an

K)2τ̃K , eEOS(τ̃K) ≤ eEOS(τn
K) + π̃2

K − (πn
K)2

2(an
K)2 . (39)

2. The variables updated by the acoustic step (19) verify the following inequality

|K|ρn
k

δt

(
eEOS(τ̃K)− eEOS(τn

K)
)

+ |K|π̃K (∇ · ũ)K ≤ 0. (40)

3. We have the following barotropic energy inequality for the overall scheme (35)

|K|
δt

(
ρn+1

K eEOS(τn+1
K )− ρn

KeEOS(τn
K)
)

+
∑

σ∈E(K)

FK,σeEOS(τ̃σ) + |K|π̃K (∇ · ũ)K ≤ 0. (41)

4. We have the following kinetic energy inequality for the overall scheme (35)

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρn

Dσ

|un
σ |

2

2

)
+

∑
ε∈E(Dσ)

F̃σ,ε
|ũε|2

2 +ũ∗
K,σ|Dσ| (∇π̃)σ ·nK,σ = −Rσ. (42)

with
Rσ = R̃σ + Rn+1

σ . (43)

5. For any integer N ≥ 0, the overall scheme (35) satisfies the mathematical entropy inequality

∑
K∈M

|K|ρN
KeEOS(τN

K ) +
∑

σ∈Eint

|Dσ|ρN
Dσ

∣∣uN
σ

∣∣2
2 ≤

∑
K∈M
|K|ρ0

KeEOS(τ0
K) +

∑
σ∈Eint

|Dσ|ρ0
Dσ

∣∣u0
σ

∣∣2
2 . (44)

Proof. The proof of this proposition is given in appendix C.2.
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We finally sum up the properties of the SLP scheme (35) in the following theorem.

Theorem 4.6 (Properties of the overall SLP IMEX scheme for the barotropic Euler system).
Under CFL conditions (38) and the subcharacteristic conditions (10), the overall SLP IMEX scheme
(35) satisfies the following properties:

1. the scheme is well-defined for any δt > 0 in the sense that the linear system involved in the
acoustic step is well-posed,

2. the scheme is conservative with respect to ρ and ρu,
3. the scheme preserves the positivity of the density ρn

K for all K ∈M and n > 0,
4. the scheme is endowed with a local discrete kinetic energy inequality,
5. the scheme is endowed with a local discrete barotropic energy inequality,
6. the scheme is endowed with an integral total energy inequality.

Proof. Point 1 is a result of proposition 4.3. Point 2 follows from (35). The combination of the
CFL conditions (38b), the first inequality of (39) and (37) provides point 3. Points 4, 5, and 6 are
respectively consequences of (42), (41) and (44).

Let us note that the CFL conditions (38) involve only the material velocity of the flow, as
expected in an IMEX time integration framework. However these relations do not yield an explicit
time step definition procedure. Indeed, the velocity ũK,σ appearing in these relations is itself
determined by integrating the acoustic subsystem (19), which requires a time step to be specified
beforehand. Moreover, Proposition 4.3 alone does not guarantee that ρ remains positive. In this
sense, relations (38) can rather be used as a validation criterion for the chosen time step in a
trial-and-error procedure. Let us consider the following CFL conditions

δtpred ≤
|Dσ|ρn

Dσ∑
ε∈E(Dσ)

(
F n

σ,ε

)+ , ∀σ ∈ Eint, δtpred ≤ |K|∑
σ∈E(K)

|σ|
(
un

K,σ

)− , ∀K ∈M (45)

where F n
σ,ε is defined as specified in appendix A with F̃K,σ replaced by F n

K,σ = |σ|ρn
K(un

K,σ)+ −
|σ|ρn

L(un
K,σ)−. In practice, we proceed as follows at each time iteration:

Step 1. Define a predicted time step δtpred in agreement with the CFL condition (45) that only
involve un

K,σ:
Step 2: Solve the acoustic subsystem (19) in order to determine ũK,σ with δtpred.
Step 3: If the CFL conditions (38) are not verified return to Step 2 with a halved value δtpred ←

δtpred/2, otherwise set δt = δtpred and proceed to the transport step.

Let us emphasize that, for all test cases presented in this work, the predicted time step δtpred

obtained from conditions (45) consistently satisfied the CFL conditions (38), so that the halving
procedure was never triggered.
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Algorithm 1 Time step selection and acoustic solve at each iteration
1: Compute δtpred from the CFL condition (45) involving un

K,σ.
2: repeat
3: Solve the acoustic subsystem (19) with δtpred to obtain ũK,σ

4: if CFL conditions (38) are not satisfied then
5: δtpred ← δtpred/2
6: end if
7: until CFL conditions (38) are satisfied
8: Set δt← δtpred and proceed to the transport step

5 The full Euler equations

In this section, we present an extension of the scheme for the Full Euler equations


∂tρ + ∇ · (ρu) = 0,

∂t (ρu) + ∇ · (ρu⊗ u) + ∇p = 0,

∂t (ρE) + ∇ · (ρEu + pu) = 0,

(46a)
(46b)
(46c)

where E and e = E − |u2|/2 are respectively the total energy and the internal energy. We suppose
that the fluid is governed by an EOS in the form of the mapping

(τ, s) ∈ (0, +∞)× R 7→ eEOS(τ, s) > 0, (47)

that verifies the Weyl assumptions [96]:

(∂eEOS/∂τ) < 0, (∂eEOS/∂s) > 0, (∂2eEOS/∂τ2) > 0, (48a)
(∂2eEOS/∂s2) > 0,

(
∂2eEOS/∂s2) (∂2eEOS/∂τ2) > (∂2eEOS/∂τ∂s), (∂3eEOS/∂τ3) > 0. (48b)

The pressure p and and the temperature T of the material are then defined by p = pEOS(τ, s) =
−(∂eEOS/∂τ) and T = T EOS(τ, s) = (∂eEOS/∂s), so that the Gibbs relation reads

de = Tds− pdτ. (49)

By relations (48), one can define a mapping (τ, e) 7→ sEOS(τ, e) such that e = eEOS(τ, s) when
s = sEOS(τ, e). Moreover, (48) implies that both (τ, s) 7→ eEOS(τ, s) and (τ, e) 7→ −sEOS(τ, e)
are strictly convex functions. At last, (48) guarantees that the sound velocity defined by c =
τ
√
−(∂pEOS/∂τ)s is real-valued.
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5.1 Acoustic-transport splitting approach

Similar to the procedure followed with the barotropic system, for a regular solution, the
divergence term of system (46) can be further developed using the chain’s rule,

∂tρ + u · ∇ρ︸ ︷︷ ︸
transport

+ ρ∇ · u︸ ︷︷ ︸
acoustic

= 0, (50a)

∂t(ρu) + (u · ∇) (ρu)︸ ︷︷ ︸
transport

+ (ρu) ∇ · u + ∇p︸ ︷︷ ︸
acoustic

= 0, (50b)

∂t(ρE) + (u ·∇)(ρE)︸ ︷︷ ︸
transport

+ (ρE)∇ · u + ∇ · (pu)︸ ︷︷ ︸
acoustic

= 0. (50c)

Thus, we can divide the full Euler system to obtain two subsystems, the acoustic subsystem,


∂tρ + ρ∇ · u = 0,

∂t(ρu) + (ρu)∇ · u + ∇p = 0,

∂t(ρE) + (ρE)∇ · u + ∇ · (pu) = 0,

(51a)
(51b)
(51c)

and using once again that for any smooth function (x, t) 7→ φ we have u ·∇φ = ∇ · (φu)−φ∇ · u,
the transport subsystem reads


∂tρ + ∇ · (ρu)− ρ∇ · u = 0,

∂t(ρu) + ∇ · (ρu⊗ u)− ρu∇ · u = 0,

∂t(ρE) + ∇ · (ρEu)− ρE∇ · u = 0.

(52a)
(52b)
(52c)

Using both subsystems (51) and (52), we adop the two-step strategy described in section3.2: first,
we solve the acoustic subsystem, then the transport subsystem. Both steps provide a discretization
for (46). As detailed in the next section, both systems will not be expressed using the total energy
E as the total energy involves degrees of freedom located at both the center and the faces of the
primal cells. Following [56, 58, 61, 55], we will instead use a formulation of the system based on the
internal energy. The use of this formulation requires adding corrective terms in the discretization
of the internal energy in order to remain consistent with a global conservation of the total energy.
These terms will be introduced in section 5.3.1 and section 5.3.2.

5.2 Acoustic and transport subsystems for the Euler equations

Considering regular solutions, the acoustic system (51) can be expressed using the variable τ ,
u and e as follows 

ρ∂tτ −∇ · u = 0,

ρ∂tu + ∇p = 0,

ρ∂te + p∇ · u = 0.

(53a)
(53b)
(53c)

Similarly to (8a), the acoustic subsystem (53) retains a structure similar to one-dimensional
Lagrangian gas dynamics, with two symmetrical nonlinear waves of velocity ±c separated by a
stationary contact discontinuity. As for the barotropic system, we once again consider a Suliciu
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relaxation approximation of (53) that reads



ρ∂tτ −∇ · u = 0,

ρ∂tu + ∇π = 0,

ρ∂te + π∇ · u = 0,

ρ∂tπ + a2∇ · u = 0.

(54a)
(54b)
(54c)
(54d)

where a > 0 is again a constant approximation of the acoustic impedance that complies with the
subcharacteristic condition (10). For the surrogate pressure π re-initialization at time step tn, we
impose that πn = pEOS(1/ρn, sEOS(1/ρn, en)).

Let us now turn to the transport subsystem (52c): as for the acoustic step, we consider here
the internal energy e instead of the total energy E. System (52c) (again for smooth solutions) is
equivalent to 

∂tρ + ∇ · (ρu)− ρ∇ · u = 0,

∂t(ρu) + ∇ · (ρu⊗ u)− ρu∇ · u = 0,

∂t(ρe) + ∇ · (ρeu)− ρe∇ · u = 0.

(55a)
(55b)
(55c)

5.3 A staggered Lagrange-projection like (SLP) scheme for the full Euler
system

In this section, we present the SLP scheme for the full Euler system of equations, where we
discretize and resolve the full Euler acoustic (54) and the full Euler transport (55) subsystems,
then, similar to the approach used for the barotropic system, we merge the solutions to construct
the complete scheme.

The initial conditions for ρ and u are defined by (15), whereas that of the internal energy e is
defined by

∀ K ∈M, e0
K = 1

|K|

∫
K

e0(x)dx, (56)

where we suppose e0 > 0.

5.3.1 Discretization of the acoustic step

For solving the acoustic subsystem (51), we discretize the corresponding relaxation acoustic
subsystem (54) as follow:

∀K ∈M,
|K|
δt

ρn
K (τ̃K − τn

K)− |K| (∇ · ũ)K = 0,

∀σ ∈ Eint,
|Dσ|
δt

ρn
Dσ

(ũσ − un
σ) + |Dσ| (∇π̃)σ = 0,

∀K ∈M,
|K|
δt

ρn
K (ẽK − en

K) + π̃K |K|(∇ · ũ)K = S̃K ,

∀K ∈M,
|K|
δt

ρn
K (π̃K − πn

K) + (an
K)2 |K| (∇ · ũ)K = 0,

(57a)

(57b)

(57c)

(57d)

where equations (57a), (57b) and (57d) are the same mass, momentum and pressure equations
respectively numbered (19a), (19b) and (19c) described in the barotropic section 4. The remaining
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equation (57c) is the approximation of the internal energy over the primal cell K. The discrete
divergence of the velocity (∇ · ũ)K and the discrete gradient of the pressure (∇π̃)σ are respectively
defined by (20a) and (20c), where aK is defined by

aK = ρn
KcEOS(1/ρn

K , en
K), (58)

and aDσ
is still given by (17). Lemma 4.1 can also be applied here, so that a kinetic energy balance

holds with residual terms on the right-hand side. Following the strategy developed in [56, 58, 61,
55, 61], these residual terms are compensated for by a corrective term S̃K in the discretization of
the internal energy equation to guarantee the consistency of the scheme for weak solutions.

The corrective term S̃K is designed with the objective of ensuring that the overall discretization
provides a global conservation of the total energy. The term S̃K is defined in a manner to
compensate for the term R̃σ in the discrete kinetic energy equation (21):

∀K ∈M, S̃K =
∑

σ∈E(K)

S̃K,σ. (59)

The terms S̃K,σ and S̃L,σ must be defined such that:

R̃σ = S̃K,σ + S̃L,σ, σ = K|L. (60)

This term arises from the definition of the density over the dual cells (28c), and from distributing
the residual term between the two adjacent cells. Let σ = K|L, from (22), we perform the following
decomposition:

R̃σ = |Dσ|
δt

ρn
Dσ

2 |ũσ − un
σ |

2 + 1
2an

σ

|σ| (π̃L − π̃K)2

= |DK,σ|
δt

ρn
K

2 |ũσ − un
σ |

2︸ ︷︷ ︸
affected to K

+ |DL,σ|
δt

ρn
L

2 |ũσ − un
σ |

2︸ ︷︷ ︸
affected to L

+ |DK,σ|
|Dσ|

1
2an

Dσ

|σ| (π̃L − π̃K)2

︸ ︷︷ ︸
affected to K

+ |DL,σ|
|Dσ|

1
2an

Dσ

|σ| (π̃L − π̃K)2

︸ ︷︷ ︸
affected to L

.

This suggests to set

S̃K,σ = |DK,σ|
δt

ρn
K

2 |ũσ − un
σ |

2 + |DK,σ|
|Dσ|

1
2an

Dσ

|σ| (π̃L − π̃K)2
, σ = K|L. (61)

Let us underline that with such definition, S̃K,σ ≥ 0 for any δt > 0.

5.3.2 Discretization of the transport step

We first define the upwind scalar variable at each face:

φ̃σ =

 φ̃K , if ũ∗
K,σ > 0,

φ̃L, otherwise,
, for φ ∈ {ρ, e} . (62)
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The transport subsystem (55) is discretized as follows:

∀K ∈M,
|K|
δt

(
ρn+1

K − ρ̃K

)
+

∑
σ∈E(K)

F̃K,σ − ρ̃K |K| (∇ · ũ)K = 0, (63a)

∀σ ∈ Eint,
|Dσ|
δt

(
ρn+1

Dσ
un+1

σ − ρ̃Dσ
ũσ

)
+

∑
ε∈E(Dσ)

F̃σ,εũε − ρ̃Dσ
ũσ|Dσ| (∇ · ũ)Dσ

= 0, (63b)

∀K ∈M,
|K|
δt

(
ρn+1

K en+1
K − ρ̃K ẽK

)
+

∑
σ∈E(K)

F̃K,σ ẽσ − ρ̃K ẽK |K| (∇ · ũ)K = Sn+1
K , (63c)

where equations (63a) and (63b) are the same mass and momentum equations of system (27),
described in the barotropic section (4), respectively, with the discrete divergence of the velocity
(∇ · ũ)Dσ

is defined by (32) from Lemma 4.4. The remaining equation (63c) is the discrete internal
energy balance. Moreover, a kinetic energy balance with residual terms on the right-hand-side holds
according to Lemma 4.4, and in order to preserve the consistency of the scheme, these residual
terms are compensated in the internal energy balance discretization, similarly to the acoustic
subsystem. Accordingly, the term Sn+1

K needs to be defined in a way to compensate for the term
Rn+1

σ in the discrete kinetic energy equation (33):

Sn+1
K =

∑
σ∈E(K)

Sn+1
K,σ , (64)

with
Rn+1

σ = Sn+1
K,σ + Sn+1

L,σ , σ = K|L. (65)

As with the acoustic subsystem, the term comes from using the definition of ρn
Dσ

and dispatching
the residual term over the two adjacent cells. Let σ = K|L, from (34), on can write

Rn+1
σ = |Dσ|

δt

ρn
Dσ

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈E(Dσ)

F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2
= |DK,σ|

δt

ρn
K

2
∣∣un+1

σ − ũσ

∣∣2︸ ︷︷ ︸
affected to K

+ |DL,σ|
δt

ρn
L

2
∣∣un+1

σ − ũσ

∣∣2︸ ︷︷ ︸
affected to L

−
∑

ε∈Ẽ(DK,σ)

αK,ε
F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2
︸ ︷︷ ︸

affected to K

−
∑

ε∈Ẽ(DL,σ)

αL,ε
F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2
︸ ︷︷ ︸

affected to L

Therefore, we define the term Sn+1
K,σ as follows:

Sn+1
K,σ = |DK,σ|

δt

ρn
K

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈Ẽ(DK,σ)

αK,ε

F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2, (66)

where Ẽ (DK,σ) is defined in equation (12) and αK,ε is a coefficient used to distribute the dual flux
over the neighboring primal cells. For the RT/CR discretization, the dual face ε is always included
in the primal cell. For the MAC discretization, only some dual faces are included in the primal cell
and in this case, αK,ε = 1. Consequently, the residual term Rn+1

σ is entirely attributed to the cell
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K. In the MAC discretization, if the dual face lies on the boundary of the primal cell, we have:

αK,ε =


1, if ε ⊂ K,

|DK,σ|
|Dσ|

, if ε ∩ ∂K ̸= ∅,
for ε ∈ Ẽ (DK,σ) . (67)

For a uniform grid, this simplifies to αK,ε = 1/2. The non-negativity of Sn+1
K,σ is ensured by the

CFL condition (70c) given hereafter. In the following, we will show that this discretization enables
the discrete unknowns to comply with an integral conservation law for the total energy.

5.3.3 Overall scheme and properties

As for the barotropic case, the overall SLP scheme for the full Euler system of equations is
obtained by injecting the update of the acoustic step (57) into the transport step (63), which gives

∀K ∈M,
|K|
δt

(
ρn+1

K − ρn
K

)
+

∑
σ∈E(K)

F̃K,σ = 0,

∀σ ∈ Eint,
|Dσ|
δt

(
ρn+1

Dσ
un+1

σ − ρn
Dσ

un
σ

)
+

∑
ε∈E(Dσ)

F̃σ,εũε + |Dσ| (∇π̃)σ = 0,

∀K ∈M,
|K|
δt

(
ρn+1

K en+1
K − ρn

Ken
K

)
+

∑
σ∈E(K)

F̃K,σ ẽσ + |K|π̃K (∇ · ũ)K = SK ,

(68a)

(68b)

(68c)

with
SK = S̃K + Sn+1

K . (69)

As for the barotropic case, CFL conditions will ensure stability properties for the scheme. These
conditions are gathered below.

δt ≤
|Dσ|ρn

Dσ∑
ε∈E(Dσ)

F̃ +
σ,ε

, ∀σ ∈ Eint ensures that Rn+1
σ ≥ 0 as defined in (34), (70a)

δt ≤ |K|∑
σ∈E(K)

|σ|
(
ũ∗

K,σ

)− , ∀K ∈M ensures that ρ̃K/ρn
K > 0 by (24), it also guarantees

that (36) and hence (37) are convex combinations. (70b)

δt ≤ |DK,σ|ρn
K∑

ε∈E(DK,σ)

αK,εF̃ +
σ,ε

, ∀K ∈M, ensures that Sn+1
K ≥ 0

as defined by (64) and (66). (70c)

Let us underline that (70a)-(70b) are the same CFL conditions as the CFL conditions (38a)-
(38b) of the barotropic case. In the sequel, we will note s̃K = sEOS(τ̃K , ẽK), sn

K = sEOS(τn
K , en

K) and
s̃σ = sEOS(τ̃σ, ẽσ). The following proposition gathers stability properties of the scheme regarding
the barotropic, kinetic and total energies. Its proof is given in appendix C.3.

Proposition 5.1. We suppose that the CFL conditions (70) are satisfied and that an
K verifies the

subcharacteristic condition (10). We have the following results.
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1. The update of the pressure and the specific volume in the acoustic step verify

0 ≤ τ̃K , πn
K + (an

K)2τn
K = π̃K + (an

K)2τ̃K , eEOS(τ̃K , sn
K) ≤ en

K + π̃2
K − (πn

K)2

2(an
K)2 . (71)

2. The update of the entropy and the internal energy in the acoustic step verify

sn
K ≤ s̃K , ẽK ≥ 0. (72)

3. The update of the density (63a) and the internal energy (63c) in the transport step read

ρn+1
K = Cvx(ρ̃)K , ρn+1

K en+1
K = Cvx(ρ̃e)K + δt

|K|
Sn+1

K . (73)

4. The corrective term Sn+1
K associated with the transport step (63) for the internal energy is

non-negative
Sn+1

K ≥ 0. (74)

5. The variables updated by the transport step (63) verify the following inequality

−|K|
ρn+1

K sn+1
K − ρ̃K s̃K

δt
+

∑
σ∈E(K)

F̃K,σ(−s̃)σ + |K|ρ̃K s̃K (∇ · ũ)K ≤ 0. (75)

6. The overall scheme (68) satisfies the discrete entropy inequality

−|K|
ρn+1

K sn+1
K − ρn

Ksn
K

δt
+

∑
σ∈E(K)

F̃K,σ(−s̃)σ ≤ 0. (76)

7. For any integer N ≥ 0, the overall scheme (68) satisfies the integral total energy conservation
relation

∑
K∈M

|K|ρN
KeN

K +
∑

σ∈Eint

|Dσ|ρN
Dσ

∣∣uN
σ

∣∣2
2 =

∑
K∈M

|K|ρ0
Ke0

K +
∑

σ∈Eint

|Dσ|ρ0
Dσ

∣∣u0
σ

∣∣2
2 . (77)

Theorem 5.2 (Properties of the overall SLP IMEX scheme for the full Euler system). Under
the CFL conditions (70) and the subcharacteristic conditions (10), the overall SLP scheme (68)
satisfies the following properties:

1. the scheme is well-defined for any δt > 0 in the sense that the linear system involved in the
acoustic step is well-posed,

2. the scheme is conservative with respect to ρ and ρu,
3. the scheme is globally conservative with respect to the total energy ρE,
4. the scheme preserves the positivity of the density ρn

K for all K ∈M and n > 0,
5. the scheme preserves the positivity of the internal energy en

K for all K ∈M and n > 0,
6. the scheme is endowed with a local discrete kinetic energy inequality,
7. the scheme is endowed with a local discrete entropy inequality,
8. the scheme verifies a discrete local conservation property for total energy (on the dual mesh).

Proof. Point 1 is a result of proposition 4.3, as the pressure-velocity system issued from acoustic
step (57) is the same as the system (57) of the barotropic case. Point 2 and point 3 are respectively
consequences of (68) and (77). Point 4 is obtained by combining (70b), the first inequality of (71)
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and the first relation of (73). Using (71), (73) and (74) yields the proof of point 5. Lemmas 4.1
and 4.4 that were derived for the barotropic system are still in this case. Therefore, the discrete
update of the kinetic energy is also given by (42), which proves point 6. Point 7 is a straightforward
consequence of (76). The proof of point 8 is provided later in section 6.

6 Full Euler system: local conservation of the total energy
over the dual mesh

In this section, taking inspiration from the work of [42], we will show that it is possible to define
discrete values of the internal energy associated with the dual cells of the mesh along with its
update process. We will proceed by considering internal energies densities (ρe)n

K,σ defined on the
half dual cells DK,σ, K ∈M, σ ∈ E(K) such that their evolution is consistent with the internal
energy update on the primal mesh. This will enable the definition of a discrete total energy (ρE)n

Dσ

associated with the dual cells σ ∈ E which satisfies a local conservative update. For the sake of
brevity, we only detail the RT/CR discretization. Let us mention that the MAC discretization
differs slightly, as it admits a dual mesh associated with each spatial direction. Nevertheless, for
each such dual mesh, the derivation outlined hereafter can be easily adapted to yield a discrete
total energy conservation update.

For any K ∈M and σ ∈ E(K) we can define the density of internal energy (ρe)n
K,σ associated

with the half dual cells DK,σ so that

|K|ρn
Ken

K =
∑

σ∈E(K)

|DK,σ|(ρe)n
K,σ. (78)

We define the update value (ρe)n+1
K,σ by setting

|DK,σ|
δt

(
(ρe)n+1

K,σ − (ρe)n
K,σ

)
+

∑
ε∈E(DK,σ)

F̃K,σ,εẽε + |DK,σ|π̃K (∇ · ũ)K,σ = SK,σ, (79)

where

SK,σ = S̃K,σ + Sn+1
K,σ (80a)

|DK,σ| (∇ · ũ)K,σ =
∑

ε∈E(DK,σ)

|ε|ũK,σ,ε, (80b)

(F̃K,σ,ε, ũK,σ,ε, ẽε) =


(

F̃σ,ε, (ũε · nK,σ,ε), ẽK

)
, if ε ∈ Ẽ(DK,σ),

(F̃K,σ, ũ∗
K,σ, ẽσ), if ε = σ.

(80c)

Let us now define the total energy (ρE)n
Dσ

associated with the dual cell Dσ by

|Dσ|(ρE)n
Dσ

= |Dσ|ρn
Dσ

|un
σ |2

2 + |DK,σ|(ρe)n
K,σ + |DL,σ|(ρe)n

L,σ, for σ = K|L, (81)
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and set for any ε ∈ E(Dσ)

π̃ε =

 π̃K , if ε ⊂ K

π̃L, if ε ⊂ L
(82)

Proposition 6.1. Let us consider σ ∈ E, σ = K|L, the SLP scheme for the full Euler system
verifies the following properties.

1. The update of the half dual cell internal energy is consistent with the update of the internal
energy over the primal mesh as

|K|ρn+1
K en+1

K =
∑

σ∈E(K)

|DK,σ|(ρe)n+1
K,σ . (83)

2. The update of the internal energy in the dual cell Dσ is

|DK,σ|
δt

(ρe)n+1
K,σ + |DL,σ|

δt
(ρe)n+1

L,σ = |DK,σ|
δt

(ρe)n
K,σ + |DL,σ|

δt
(ρe)n

L,σ

−
∑

ε∈E(Dσ)

F̃σ,εẽε − |σ|(π̃K − π̃L)ũ∗
K,σ −

∑
ε∈E(Dσ)

|ε|π̃εuε + Rσ. (84)

3. The discrete total energy defined over the dual mesh verifies the following conservative update
relation

|Dσ|
δt

(
(ρE)n+1

Dσ
− (ρE)n

Dσ

)
+

∑
ε∈E(Dσ)

F̃σ,ε

[
|ũε|2

2 + ẽε

]
+

∑
ε∈E(Dσ)

|ε|π̃εũε = 0. (85)

Proof. Let us proove point 1: by (79), we have

∑
σ∈E(K)

|DK,σ|(ρe)n+1
K,σ =

∑
σ∈E(K)

|DK,σ|(ρe)n
K,σ − δt

∑
σ∈E(K)

F̃K,σ ẽσ +
∑

ε∈Ẽ(DK,σ)

F̃σ,εẽK


− δt π̃K

∑
σ∈E(K)

|DK,σ| (∇ · ũ)K,σ +
∑

σ∈E(K)

SK,σ. (86)

Granted that ∑
σ∈E(K)

∑
ε∈Ẽ(DK,σ)

F̃σ,ε = 0, (87)

by (78), (80a), (66) and (61), we get∑
σ∈E(K)

|DK,σ|(ρe)n+1
K,σ = |K|(ρe)n

K,σ − δt
∑

σ∈E(K )̃

FK,σ ẽσ − δt π̃K

∑
σ∈E(K)

|DK,σ| (∇ · ũ)K,σ + SK . (88)

However, accounting for ∑
σ∈E(K)

∑
ε∈Ẽ(DK,σ)

|ε|(ũε · nK,σ,ε) = 0, (89)
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we obtain that

∑
σ∈E(K)

|DK,σ| (∇ · ũ)K,σ =
∑

σ∈E(K)

|σ|ũ∗
K,σ +

∑
ε∈Ẽ(DK,σ)

|ε|(ũε · nK,σ,ε)


=

∑
σ∈E(K)

|σ|ũ∗
K,σ = |K| (∇ · ũ)K (90)

so that (88) becomes∑
σ∈E(K)

|DK,σ|(ρe)n+1
K,σ = |K|(ρe)n

K,σ − δt
∑

σ∈E(K )̃

FK,σ ẽσ − δt π̃K |K| (∇ · ũ)K,σ + SK . (91)

By comparing (91) with the update of internal energy over the primal mesh (68c), we get (83).

Let us now consider point 2: for σ = K|L, granted that Ẽ(DK,σ) ∪ Ẽ(DL,σ) = E(Dσ) we first
observe that

|DK,σ|π̃K (∇ · ũ)K,σ + |DL,σ|π̃L (∇ · ũ)L,σ

= |σ|(π̃K ũ∗
K,σ + π̃Lũ∗

L,σ) +
∑

ε∈Ẽ(DK,σ)

|ε|π̃Kuε +
∑

ε∈Ẽ(DL,σ)

|ε|π̃Luε

= |σ|(π̃K − π̃L)ũ∗
K,σ +

∑
ε∈E(Dσ)

|ε|π̃εuε (92)

Accounting for F̃K,σ ẽσ = −F̃L,σ ẽσ we also remark that∑
ε∈E(DK,σ )̃

Fσ,εẽε +
∑

ε∈E(DL,σ )̃

FL,σ,εẽε = F̃K,σ ẽσ +
∑

ε∈Ẽ(DK,σ )̃

Fσ,εẽε + F̃L,σ ẽσ +
∑

ε∈Ẽ(DL,σ )̃

FL,σ,εẽε

=
∑

ε∈E(Dσ )̃

Fσ,εẽε. (93)

Then, using (65) and summing (79) over all both dual cells DK,σ and DL,σ of Dσ, we obtain (84).

Finally, for point 3: the total energy update (85) in Dσ is obtained by taking the sum of (84)
and (42).

It is worth making the following two remarks concerning the reconstruction of the internal
energy in the dual half-cells DK,σ and dual cells Dσ. First, at t = 0 (i.e., for n = 0), a natural
initialization consists in setting (ρe)0

K,σ = (ρe)0
K for all K ∈M and σ ∈ E(K), which immediately

allows one to verify (78). Nevertheless, it should be noted that, a priori, the updates defined by (79)
do not ensure that (ρe)n

K,σ = (ρe)n
K at later times tn, for n > 0. Second, the update relation (79)

does not a priori ensure that (ρe)n
K,σ > 0 nor that |DK,σ|(ρe)n

K,σ + |DL,σ|(ρe)n
L,σ > 0 for n > 0

and σ = K|L, although (ρe)n
K > 0 is guaranteed by theorem 5.2 under the CFL conditions (70)

and the subcharacteristic conditions (10).

7 Low Mach behavior of the SLP scheme

This section offers a short examination of the SLP scheme under low Mach conditions. Our
objective is not to provide an exhaustive analysis but to analyze the behavior of key stability and
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well-posedness properties in this regime. More precisely, we will assess the CFL conditions (38)
and (70) as well as the linear system (19b)-(19c) associated with the acoustic steps (19) and (57)
in this regime. As a first step, we outline the standard description of the low Mach regime based
on the classical non-dimensional form of the equations of the flow. Let us define the following
dimensionless variables

t′ = t/t0, x′ = x/x0, u′ = u/u0, e′ = e/e0, p′ = p/p0, c′ = c/c0, (94)

where the quantities with subscript 0 denote the characteristic magnitudes of time (t0), length (x0),
velocity (u0), internal energy (e0), pressure (p0), and sound speed (c0). Here p0 = ρ0c2

0, e0 = p0/ρ0,
u0 = x0/t0, and M = u0/c0 denotes the Mach number. For the sake of readibilty we will make a
slight abuse of notation and drop the prime while mentioning non-dimensional quantities.

The non-dimensional Euler equations can be written as

∂tρ + ∇ · (ρu) = 0, (95a)

∂t(ρu) + ∇·(ρu⊗ u) + 1
M2 ∇p = 0, (95b)

∂t

(
ρ
|u|2

2 + ρe

M2

)
+ ∇ ·

[(
ρ
|u|2

2 + ρe

M2

)
u + pu

M2

]
= 0. (95c)

When M ≪ 1, the factor 1/M2 in the momentum equation implies that ∇p = O(M2). As for the
discretized variables, this assumption translates into

πK − πL = O(M2), (96)

for any neighbouring cells K and L. Using (96), the definition (20b) yields

ũ∗
K,σ = uσ · nK,σ −

1
2an

Dσ

π̃L − π̃K

M
= uσ · nK,σ +O(M), K ∈M, σ ∈ E(K). (97)

By (28a) the mass flux in adimensional form across σ = K|L reads

F̃K,σ = |σ|ρ̃σuσ · nK,σ +O(M) = O(M0) +O(M). (98)

Now let σ ∈ Eint and ε ∈ E(Dσ), as detailed in Appendix A, F̃σ,ε can be expressed as a fixed linear
combination of F̃K,σ′ whose coefficients are of magnitude O(M0) for K ∈ M and σ′ ∈ E(K) in
the neighbourhood of σ. Therefore, we get

F̃σ,ε = O(M0) +O(M). (99)

Relations (98) and (99) imply that the dimensional fluxes F̃K,σ and F̃σ,ε are respectively of
magnitude |σ|ρ0u0

(
O(M0) +O(M)

)
and |ε|ρ0u0

(
O(M0) +O(M)

)
. Consequently, in the regime

M ≪ 1 the CFL conditions (38) and (70) yield constraints on δt of the form (using dimensional
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expressions)

δt
∑

σ∈E(K)

|σ|
|K|

u0
(
O(M0) +O(M)

)
≤ 1, ∀K ∈M, (100a)

δt
∑

ε∈E(Dσ)

|ε|
|Dσ|

u0
(
O(M0) +O(M)

)
≤ 1, ∀σ ∈ Eint. (100b)

Relations (100) indicate that, in the low Mach regime, the CFL constraints are primarily governed
by the material velocity.

Let us now focus on the behavior of the linear system (19b)-(19c) associated with the acoustic
steps (19) and (57) respectively for the barotropic system and the full Euler system in the regime
M ≪ 1 when it is reduced to the system (128) in the sole pressure variable. Using non-dimensional
quantities, we have

∑
σ∈E(K)

|σ|
(

λn
σ

ρn
Dσ

+O(M)
)

π̃K −
∑

σ∈E(K)
σ=K|L

|σ|
(

λn
σ

ρn
Dσ

+O(M)
)

π̃L = O(M2), (101)

so that the coefficient associated with the system do not become singular in the limit M → 0.
Finally, let us examine the well-posedness of the linear system (19b)-(19c) in the low Mach number
regime. Supposing that (π̃K)K∈M and (ũσ)σ∈Eint

lie in the kernel of the matrix associated with
(19b)-(19c), they verify the non-dimensional expression of (142), that is to say

1
M2

∑
K∈M

|K|ρ
n
K

δt

(π̃K)2

2(an
K)2 +

∑
σ∈Eint

|Dσ|
δt

ρn
Dσ

|ũσ|2

2 ≤ 0. (102)

Therefore π̃K = 0 for all K ∈M and ũσ = 0 for all σ ∈ Eint, so that the system remains well-posed
in the limite M → 0.

8 Full Euler system: preservation of constant pressure-
velocity profiles

The following analysis is carried out for a specific equation of state (EOS). This choice is not
merely a convenience: for a general EOS, the property in question does not appear to follow from
the available estimates, and we suspect that it may not hold without additional structure. Whether
the result can be extended to arbitrary EOS remains an open question; the present contribution
thus focuses on a class of EOS for which the proof is non trivial but tractable. In this section
we make the hypotheses that the fluid is governed by the Full Euler equations (46) and that the
equation of state is a Stiffened Gas so that the pressure law is

(τ, e) 7→ pEOS(τ, e) = (γ − 1)e/τ − γp∞, (103)

where γ > 1 and p∞ > 0 are constant. Let us mention that the stiffened gas equation of state is
a natural and widely adopted choice in the literature: its simplicity facilitates comparisons with
existing works, while its versatility allows it to model both gaseous and liquid phases (see e.g. [3,
54, 70, 34]).
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We consider a problem where the pressure and the velocity are uniform at instant tn:

un
σ = u for all σ ∈ Eint, pn

K = p for all K ∈M. (104)

Let us first consider the update of the discrete variables by the acoustic step (53): (16a) reads
here un

K,σ = uσ · nK,σ and thus
∑

E(K) un
K,σ = 0. Then, it is straightfoward to see that π̃K = p is

a solution of (128). Relation (20c) yields (∇π̃)Dσ
= 0 which implies by (57b) that ũσ = uσ, for

σ ∈ Eint. Definition (20b) gives ũ∗
K,σ = uσ · nK,σ so that by (20a), (32), (22) and (60) we get

(∇ · ũ)K = 0, S̃K = 0 for all K ∈M, (∇ · ũ)Dσ
= 0, R̃σ = 0 for all σ ∈ Eint. (105)

Using (57a), (28c) and (57c) we obtain

ρ̃K = ρn
K , ρ̃Dσ

= ρn
Dσ

, ẽK = en
K . (106)

We now turn to the transport step (63), thanks to (106) we have

∀K ∈M, |K|
(
ρn+1

K − ρn
K

)
+ δt

∑
σ∈E(K)

F̃K,σ = 0, (107a)

∀σ ∈ Eint, |Dσ|
(
ρn+1

Dσ
un+1

σ − ρn
Dσ

uσ

)
+ δt

∑
ε∈E(Dσ)

F̃σ,εuσ = 0, (107b)

∀K ∈M, |K|
(
ρn+1

K en+1
K − ρn

Ken
K

)
+ δt

∑
σ∈E(K)

F̃K,σ ẽσ = Sn+1
K , (107c)

Using (107a) together with the definition of F̃σ,ε in appendix A, we get that

∀σ ∈ Eint, |Dσ|
(
ρn+1

Dσ
− ρn

Dσ

)
+ δt

∑
ε∈E(Dσ)

F̃σ,ε = 0. (108)

Thanks to (107b) and (30), this yields that

∀σ ∈ Eint, un+1
σ = uσ, ∀σ ∈ E(Dσ), uε = uσ. (109)

Accouting for (64) this leads to
∀K ∈M, Sn+1

K = 0. (110)

For all K ∈ M, we have ρ̃K ẽK = ρn
Ken

K = (p + γp∞)/(γ − 1), so that applying (28a), (28c) and
(62) gives here F̃K,σ ẽσ = |σ|(p + γp∞)(uσ · nK,σ)/(γ − 1). Consequently, the energy update (107c)
now reads

|K|
pn+1

K + γp∞

γ − 1 − |K|p + γp∞

γ − 1 + δt
∑

σ∈E(K)

p + γp∞

γ − 1 |σ|
(
uσ · nK,σ

)
= 0, (111)

which implies that pn+1
K = p for all K ∈M. Finally, we can conclude that the scheme numerically

preserves constant pressure and velocity profiles.
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9 Numerical tests and results

In this section, we present a series of numerical tests and corresponding results for both the
barotropic and full Euler systems. The objective is to compare the performance of the SLP
IMEX scheme with the Staggered Reference (SRE) explicit scheme presented in [61], and further
summarized in Appendix A. Two-dimensional simulations are carried out using both the MAC
and RT discretizations, while one-dimensional tests are primarily performed using MAC. This
choice is motivated by the fact that the RT discretization reduces to the MAC scheme in one space
dimension.

9.1 Results for the barotropic Euler equations

For the barotropic tests, we choose the following perfect gas equation of state:

pEOS(τ) def= Kτ−γ , (112)

which gives, according to (3), for the barotropic potential and the sound velocity, respectively:

eEOS(τ) = K

γ − 1τ−(γ−1), cEOS(τ) =
√

γτpEOS(τ).

9.1.1 Shock tube test 1

We first consider a one-dimensional shock-tube test given in [16] with initial data corresponding
to the test 1 (shock-shock). More precisely, we set intial conditions (15) as follow

(
ρ0

K(x), u0
σ(x)

)T =

 (ρL, uL)T if x < 0,

(ρR, uR)T if x > 0,
(113)

with left and right values given in Table 2.

Test 1: Shock - Shock
Left state ρL = 1 uL = 1

Right state ρR = 2 uR = 0.5

Table 2: left and right values for the first shock tube test

The constants in the pressure law (112), are chosen as follow

γ = 1.6 and K = (γ − 1)2

4γ
. (114)

The computational domain is x ∈ [−0.2, 0.8] and the final time is tf = 0.5. The density and
velocity profiles are shown in Figure 3, for both the SLP IMEX scheme (in red) and the SRE
EXPL (in blue) with 300 cells and CFL = 0.5. The exact solution, plotted in black, consists of
two shocks propagating to the right. Both schemes successfully reproduce the reference solution.
However, the SLP IMEX scheme appears slightly more diffusive than the SRE Explicit scheme.
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Figure 3: Shock tube test 1: comparison between the reference scheme and the SLP IMEX scheme

Figure 4 shows the L1 norm of the error obtained with the SLP IMEX scheme. As expected
when using a first-order upwind approach in the transport step, the results confirm that the overall
scheme exhibits first-order accuracy.
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Figure 4: Shock tube test 1: L1 norm of the error of the SLP-IMEX scheme with respect to the exact solution for
density and velocity

9.1.2 Shock tube test 2

Following a procedure similar to that of [61], we repeat the previous shock tube test by
subtracting a constant real value from both the left and right velocities. This constant is chosen
such that the velocity in the intermediate state vanishes. The resulting values for the left and right
states are given in Table 3.

Test 2: Shock - Shock
Left state ρL = 1 uL = 0.37785

Right state ρR = 2 uR = −0.12215

Table 3: left and right values for the second shock tube test

31



As noted in [61], this test may be challenging for numerical schemes as it could lead to spurious
oscillations resulting from a lack of numerical diffusion in the momentum equation. We observe
that the SLP IMEX scheme successfully produces results free of numerical oscillations near the zero-
velocity region, highlighting the effectiveness of the numerical diffusion inherent to the scheme. Let
us mention that other strategies proposed in the literature in the framework of kinetic schemes [5,
42] are not affected by such oscillations. This robustness is mainly due to the second term on
the right-hand side of the definition (20b) of ũ∗

K,σ which stabilizes the overall scheme when the
velocity vanishes. It is worth noting that removing this term would also lead to the appearance of
oscillations in the numerical solution.
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Figure 5: Shock tube test 2: comparison between the SRE explicit scheme with artificial viscosity in the momentum
equation and the SLP IMEX scheme.

9.1.3 Low mach cylinder flow

This two-dimensional test was originally presented in [10]. The main objective is to assess
the effectiveness and accuracy of the SLP IMEX scheme in the low-Mach-number regime. In this
configuration, a low-Mach-number flow interacts with a cylinder of radius r0. The domain Ω is
an annulus defined by (r, θ) ∈ [r0, r1] × [0, 2π[, where (r, θ) are the polar coordinates and with
r0 = 0.5 and r1 = 5.5. The initial data are uniform and set to,

ρ0
K(x) = ρ0, u0

σ(x) = (u0, 0)T , (115)

with ρ0 = 1, u0 = c0M∞ and c0 = cEOS(1/ρ0). The term M∞ denotes the Mach number at infinity.
The exact solution at infinity is uniform and given by

ρ∞ = 1, u∞ = (u0, 0)T .

As in [10], wall boundary conditions are considered on the internal cylinder, whereas inlet or outlet
conditions are considered on the external cylinder. For the equation of state (112), we set K = 1
and γ = 2. Both triangular and quadratic discretizations are tested and compared to a stationary
reference solution. This solution, developed in power of the Mach number is provided in [10].
Accordingly, pressure fluctuations are expected to be of order M2.
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For the quadratic mesh, the discretization is performed using nr = 50 in the radial direction
and nθ = 160 in the orthoradial direction for a total of 8000 cells. The computation is stopped
when the stationnary state is reached. In our simulation, the corresponding final time is tf = 500.
Isolines showing the pressure fluctations for the stationary solution at M∞ = 10−3 are illustrated
in Figure 6.

Min : -1.168e-06
Max : 4.844e-07

Stationary Reference Solution

Min : -2.213e-06
Max : 8.784e-07

SLP IMEX scheme solution

Figure 6: Low Mach Cylinder Flow using the SLP IMEX Euler scheme with RT discretization and a quadratic
mesh. 20 isolines were plotted, representing the pressure fluctations p − p∞ at M∞ = 10−3.

The triangular discretization is performed using a mesh refinement near the center, resulting
in a total of 6544 cells. Figure 7 shows the isolines for the pressure fluctations for the stationary
solution at M∞ = 10−3 over this mesh.
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Max : 9.763e-07
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Figure 7: Low Mach Cylinder Flow using the SLP IMEX Euler scheme with RT discretization and a triangular
mesh. 20 isolines were plotted, representing the pressure fluctations p − p∞ at M∞ = 10−3.
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By examining the minimum and maximum values of the pressure fluctuations on both meshes,
we observe that the SLP IMEX scheme successfully captures the low-Mach-number stationary flow,
maintaining pressure variations consistent with the expected order of M2

∞.

Furthermore, Figure 8 illustrates the variation of the density norm ∥ρh − ρ∞∥ as a function
of the Mach number M∞ ∈

[
10−1, 10−2, 10−3, 10−4], where ρh refers to the stationary discrete

density field. As expected for this type of staggered discretization scheme, the behavior of the
discrete solution scales consistently with M2

∞ both for quadrilateral and triangular meshes.
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Figure 8: Low Mach Cylinder Flow: L2 norm of the density error vs. Mach number M∞ ∈
[
10−1, 10−2, 10−3, 10−4

]
for SLP-IMEX scheme for the quadrilateral (left) and the triangular (right) meshes.

9.2 Results for the full Euler equations

For the full Euler system, we choose the following ideal gas law

pEOS(τ, s) def= (γ − 1)eEOS(τ, s)
τ

, eEOS(τ, s) def= τ1−γ exp(s) (116)

which implies that the sound velocity writes:

cEOS(τ, s) =

√
(γ − 1)

(
e− τ

∂e

∂τ

)
, e = eEOS(τ, s).

In the following tests, we set γ = 1.4.

9.2.1 Toro test 5

This test corresponds to test number 5 in the Toro’s book [91] and consists of a left rarefaction
wave, a contact discontinuity and a strong right shock. The initial conditions are given according
Table 4.

Toro test 5: Rarefaction - Contact - Shock
Left state ρL = 1 uL = −19.5975 pL = 1000

Right state ρR = 1 uR = −19.5975 pR = 0.01

Table 4: left and right values for the Toro test 5
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In Figure 9, the density and velocity profiles are shown for both the SLP IMEX scheme (in
red) and the SRE EXPL (in blue) with 1000 cells and CFL = 0.5. Both schemes successfully
reproduce the reference solution, although the SLP IMEX scheme appears slightly more diffusive.
Such behavior is expected, as the implicit treatment of acoustic waves in the IMEX scheme
stabilizes the solution and permits larger time steps, at the cost of increased numerical diffusion.
It is also worth noting that the internal energy exhibits an overshoot in the vicinity of the contact
discontinuity. This behavior is reminiscent of the wall-heating phenomenon [78, 81], in which
kinetic energy is not fully and consistently converted into internal energy at stagnation points,
leading to a localized spurious heating.
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Figure 9: Toro Tests 5: comparison between the SRE explicit scheme and the SLP IMEX scheme for 1000 cells
and CFL = 0.5

Figure 10 shows the L1 norm of the error obtained with the SLP IMEX scheme. As for the
first shock tube test, we obtain the first order accuracy for the overall scheme.
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Figure 10: Toro Tests 5: L1 norm of the error with respect to the exact solution for density, velocity, pressure and
internal energy.

9.2.2 Gresho vortex

The Gresho vortex problem, as studied in [75], describes a steady rotating vortex with a time-
independent velocity field. The angular velocity u0

σ,ϕ(r) depends solely on the radial coordinate,
with the centrifugal force balanced by the pressure gradient. Let (r, θ) denote the polar coordinates;
the initial conditions are defined as follows:

u0
σ,ϕ(r) =


5r, if 0 ≤ r < 0.2,
2− 5r, if 0.2 ≤ r < 0.4,
0, if 0.4 ≤ r,

(117a)

p0(r) =


5 + 25

5 r2, if 0 ≤ r < 0.2,
9− 4 ln 0.2 + 25

5 r2 − 20r + 4 ln r, if 0.2 ≤ r < 0.4,
3 + 4 ln 2, if 0.4 ≤ r,

(117b)

as for the radial velocity and the density, they are 0 and 1, respectively.

A regular mesh consisting of 200× 200 cells was used that discretizes the computational domain
Ω = [−0.5, 0.5]2. The simulation was performed using periodic boundary conditions. This test
assesses the accuracy of the numerical scheme in the low Mach number regime. In the present

36



case, the Mach number is set to M = 10−2. The final time is tf = 0.5, CFL = 0.5 and we use
the MAC discretization Figure 11 presents the spatial distribution of scaled density and pressure
fluctuations, as well as the velocity magnitude and the Mach number. As expected in this regime,
scaled pressure fluctuations are of order M−2. Moreover, the vortex remains stationary, as showed
by the velocity magnitude and Mach number. Moreover, for the sake of comparing the resulting
admissible time steps, we also performed the simulation using the SRE scheme: the SRE scheme,
which is constrained by the sound speed, used an average time step of 6.25 × 10−6 s, while the
SLP-IMEX scheme, limited only by the material velocity, allowed for a larger average time step of
9.3× 10−4 s.

−0.4 −0.2 0.0 0.2 0.4

−0.4

−0.2

0.0

0.2

0.4

Density fluctuations : ρ−ρ0

ρ0
(−)

−0.4 −0.2 0.0 0.2 0.4

−0.4

−0.2

0.0

0.2

0.4

Velocity : u (m/s)

−0.4 −0.2 0.0 0.2 0.4

−0.4

−0.2

0.0

0.2

0.4

Pressure fluctuations : p−p0

p0
(−)

−0.4 −0.2 0.0 0.2 0.4

−0.4

−0.2

0.0

0.2

0.4

Mach number : M (−)

−2.0

−1.5

−1.0

−0.5

0.0

0.5
×10−5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

−0.00002

0.00000

0.00002

0.00004

0.00006

0.00008

0.00010

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

Figure 11: Gresho vortex: results for SLP IMEX scheme at tf = 0.5 and Mach = 10−2. The mesh resolution is
200 × 200 cells and CFL = 0.5. The test was performed using the MAC discretization.

9.2.3 A 2D Riemann problem test

We consider the two-dimensional Riemann problem of case 3 studied in [75] and performed
using a 400× 400-cell regular mesh. We use the homogeneous Neumann boundary conditions for
the whole boundary of the domain. Results for both the SLP IMEX and the SRE schemes are
displayed in Figure 13 and consists of four shocks that separates the four regions associated to the
initial conditions. The MAC discretization was used for this test and a diffusive term is added to
the momentum equation in the SRE scheme to enhance numerical stability, as already discussed in
the second test (see section 9.1.2).
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Both schemes are in good agreement with the results of [75], accurately capturing the four
shocks that separate the four regions.
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Figure 12: Riemann 2D Test 3 using the SRE scheme for a mesh resolution of 400 × 400 and CFL = 0.5
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Figure 13: Riemann 2D Test 3 using the SLP IMEX Full Euler scheme for a mesh resolution of 400 × 400 and
CFL = 0.5. The test was performed using the MAC discretization.

9.2.4 Kelvin-Helmholtz instability

The Kelvin-Helmholtz (KH) instability test is a fundamental hydrodynamic simulation used to
study shear-driven turbulence and mixing in stratified fluids. This test is particularly relevant in
astrophysical and engineering contexts, where shear layers arise naturally in a variety of systems,
such as protoplanetary disks, stellar atmospheres, and interstellar gas clouds. The KH instability
occurs when two parallel layers of fluid move with different velocities, creating velocity shear
at their interface. The instability is driven by the kinetic energy of the shearing motion, with
steeper shear velocity gradients generally enhancing the tendency for instabilities to emerge. If a
perturbation is introduced, it amplifies due to vorticity generation, leading to the characteristic
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roll-up of the shear interface, forming billow-like structures. We refer the reader to [71, 84] for an
extensive analysis of this test.

A square domain −0.5 ≤ x ≤ 0.5,−0.5 ≤ y ≤ 0.5 is considered with periodic boundary
conditions [86]. Each layer moves with a different velocity and the density contrast between the
layers can vary depending on the test setup, influencing the growth rate and morphology of the
instability. We set, with U0 = 0.5,

u0
σ,x(x, y) =

−U0, |y| > 0.25,

+U0, |y| ≤ 0.25,
ρ0

K =

 1, |y| > 0.25,

2, |y| ≤ 0.25.
(118)

The pressure is equal to 2.5 over the entire domain. Following the approach in [84], and adapting
it to our computational domain, we introduce a sinusoidal perturbation in the y-component of the
velocity to initiate the instability at each interface:

u0
σ,y(x, y) =


ω0 sin(nπx) exp

(
− (y + 0.25)2

2η2

)
, if y < 0,

ω0 sin(nπx) exp
(
− (y − 0.25)2

2η2

)
, if y > 0.

(119)

The parameters n, ω0 and η are chosen accordingly [84]:

n = 4, ω0 = 0.1, η = 0.05.

Figure 14 shows the resulting initial condition for the velocity associated with (118) and (119).
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Figure 14: Velocity at initial time for the Kelvin-Helmholtz test.

To evaluate the impact of mesh geometry and discretization methods, we employed two distinct
computational grids: a regular Cartesian grid of 1280× 1280 cells and an unstructured triangular
mesh. The latter was generated by subdividing a 640×640 quadrangle grid into 1, 638, 400 triangles,
where each quadrangle was split into four equal triangles by connecting its vertices to its center.
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This construction ensures a perfectly consistent initialization across both meshes and the exact
same number of cells, enabling a direct comparison of the different discretizations. Consequently,
three distinct simulations were conducted with the following discretizations and meshes:

• MAC discretization on the 1280× 1280 Cartesian grid;
• RT/CR discretization on a 1280× 1280 Cartesian grid;
• RT/CR discretization on the 1, 638, 400 (= 640× 640× 4) triangular mesh.

The density profile evolution at t = {0.5 s, 1 s, 1.5 s, 2 s} is represented in Figure 15.
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Figure 15: Density profile evolution for a Kelvin-Helmholtz test using the SLP IMEX scheme with periodic
boundary conditions and velocity perturbations for the y−component around the interface. The mesh resolution is
1280 × 1280 quadrangles (first row) using MAC discretization, 1280 × 1280 quadrangles (second row) using
RT/CR discretization, 640 × 640 quadrangles divided in 4 triangles (third row) using RT/CR discretization and
a CFL = 0.5.

As the simulation progresses, small perturbations at the velocity shear layer grow due to the
differential motion of the fluid layers. Nonlinear effects enhance the development of vortices,
which roll up into coherent structures, forming a series of Kelvin-Helmholtz billows. These billows
eventually interact, merging into larger turbulent structures. The vortices obtained with the
RT/CR discretization (second and third rows) are noticeably wider and more diffused than those
produced by the MAC discretization (first row), for which the vortical structures remain sharper
and better developed. Furthermore, as shown in the last row, the RT/CR discretization on the
triangular mesh appears to capture vorticity effects more accurately than on the quadrilateral mesh
shown in the second row, even though the three simulations use exactly the same number of cells.
While the results demonstrate good agreement with [84], our SLP IMEX scheme exhibits slightly
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higher numerical diffusion. This is attributed to the upwind approach used in its transport step, a
method inherently limited to at best first-order accuracy. Investigating a higher-order approach,
such as a MUSCL-type reconstruction for the transport step, could greatly reduce the numerical
dissipation. This type of approach for a staggered finite volume scheme has been proposed in [39]
within a framework similar to ours as well as in [76] in the framework of the kinetic schemes of [5].

9.2.5 Rayleigh-Taylor instability

The Rayleigh-Taylor instability is a physical phenomenon that occurs when a denser fluid is
placed on top of a lighter one in a gravitational field [68, 75]. This test assesses the ability of a
numerical method to resolve the development of an instability at the interface of two fluid layers
with different densities, driven by gravity. In order to evaluate the performance of the proposed
scheme in the low-Mach-number regime in the presence of a source term, as well as its robustness
when physical diffusion is introduced through the Navier–Stokes viscous stress tensor, we consider
the same configuration as in the last section of [28]. The computational domain is a rectangle
defined by −0.25 ≤ x ≤ 0.25 and −0.75 ≤ y ≤ 0.75, with periodic boundary conditions imposed at
|x| = 0.25 and reflecting (slip) wall boundary conditions at |y| = 0.75. The initial conditions are
defined as follows: 

ρ0
K(x, y) = 2χ{y>0} + 1χ{y<0},

u0
σ,x(x, y) = 0,

u0
σ,y(x, y) = 0.25a (1 + cos(4πx)) (1 + cos(3πy)) χ{y<1/6},

p0
K(x, y) = p0 + ρ0

K(x, y)gy, p0 = 2.5,

with g = −0.1, p0 = 2.5 and a = 0.01. Gravity is introduced as a source term in the momentum
equation. The implementation of the gravity source term follows the approach proposed in [11]:
considering an external force f = ρg in the momentum balance equation, we write, for any internal
face σ ∈ Eint,

|Dσ|
δt

(
ρn+1

Dσ
un+1

σ − ρn
Dσ

un
σ

)
+

∑
ε∈E(Dσ)

F̃σ,ε ũε + |Dσ| (∇π̃)σ = |Dσ|fn+1
Dσ

,

where fn+1
Dσ

denotes the discrete gravitational force. Within the SLP–IMEX scheme, it is approxi-
mated as

fn+1
Dσ

= |σ|
|Dσ|

[
ρn+1

Dσ
g · (xK − xL)

]
nK,σ,

where xK , xL denote respectively the center of mass of the neighboring cells K and L.

For the Navier–Stokes viscous stress tensor τ , we adopt the same parameters as in [28], namely
a constant dynamic viscosity µ = 10−4 and a bulk viscosity λ = − 2

3 µ. For constant viscosity
coefficients, the divergence of the viscous stress tensor reduces to

∇ · τ = µ

(
∇2u + 1

3∇ (∇ · u)
)

.

As we used for this test the MAC discretization, both differential operators are discretized following
the approach described in [44]. The Rayleigh–Taylor instability is triggered by the initial velocity
perturbation u0

σ,y(x, y).
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The test was performed on three regular Cartesian grids using the MAC discretization with
CFL = 0.5: 300× 900, 600× 1800 and 900× 2700 quadrilateral cells.

In order to verify that the instability develops in the low-Mach-number regime, we first examine
the velocity field and the corresponding Mach number at time T = 10 s for the simulation including
the viscous stress tensor, as shown in Figure 16. As illustrated in the right panel, the Mach number
remains bounded between 0 and 0.15 at this time, thereby confirming that the flow evolves in the
low-Mach-number regime.

The time evolution of the density field at t = {3 s, 6 s, 8 s, 10 s, 12 s, 13 s} is shown for the
compressible Euler system without physical diffusion in Figure 17, and with the Navier–Stokes
viscous stress tensor in Figure 18. The evolution of the Rayleigh–Taylor instability proceeds
through three characteristic stages. It first exhibits a linear growth phase, during which small
perturbations at the interface grow exponentially. This is followed by a nonlinear regime, where
the interface deforms and develops the characteristic mushroom-shaped structures as the heavier
fluid penetrates the lighter one, while the lighter fluid rises in buoyant plumes.

When physical diffusion is included through the Navier–Stokes viscous stress tensor, the
numerical solution recovers the classical Rayleigh–Taylor instability structure, in close agreement
with the reference results reported in [28]. In contrast, in the inviscid Euler case, the solution
exhibits a stronger dependence on the numerical discretization, as the absence of physical diffusion
allows numerical dissipation and dispersion to play a dominant role in the instability development.
Indeed, without the stabilizing effect of the viscosity, the modes that can be excited by the
instability are no longer controlled by the physical setting but by discretization parameters like the
choice of the mesh or the numerical scheme. Indeed, in the absence of any stabilizing effect, the
solution behavior becomes highly sensitive to the discretization choices like the numerical scheme
or the mesh, as demonstrated by the significant discrepancy between our results and those reported
in [28].

These results demonstrate that the proposed scheme remains robust and accurate in the
low-Mach-number regime, while consistently handling the combined effects of gravitational source
terms and Navier–Stokes viscous stresses in the simulation of buoyancy-driven instabilities.
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Figure 16: Velocity and Mach number for the Rayleigh–Taylor instability with Navier–Stokes viscosity on a
300 × 900 Cartesian grid at T = 10 s.
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Figure 17: Density profile evolution for a Rayleigh Taylor test for Euler system using the SLP IMEX Full Euler
scheme with periodic and wall boundary conditions and velocity perturbations using the MAC discretization for a
mesh resolution of 300 × 900 (first row), 600 × 1800 (second row), 900 × 2700 (third row), and a CFL = 0.5.
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Figure 18: Density profile evolution for a Rayleigh Taylor test with NS viscous stress tensor using the SLP
IMEX Full Euler scheme with periodic and wall boundary conditions and velocity perturbations using the MAC
discretization for a mesh resolution of 300 × 900 (first row), 600 × 1800 (second row), 900 × 2700 (third row), and a
CFL = 0.5.
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9.2.6 Sedov blast wave problem

We consider the same benchmark as in [43], namely the simulation of the classical Sedov blast
wave on the quarter plane. As a consequence, the total energy typically prescribed for the Sedov
test, E0 = 1, is divided by four in the present setting. The initial conditions are given by

ρ0
K(x, y) = 1,

u0
σ(x, y) = 0,

p0
K(x, y) = (γ − 1) E0

4 |Vε|
χ{√

x2+y2<rε

} + 10−14,

where

|Vε| =
∑

K∈Mε

|K|, Mε =
{

K ∈M | xK = (xK , yK)T ,
√

x2
K + y2

K < rε

}
,

and rε = 3/
√

NK is a small distance which defines the region where the total energy is initially
concentrated (NK being the total number of cells of the mesh). The three computational meshes,
composed respectively of 164 954, 295 052 and 661 536 triangular cells, were generated using
Gmsh [40].
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Figure 19: Results at time Tmax = 0.4 for the 2D Sedov blast wave problem on the finest triangular grid (661536
cells) using the SLP IMEX Full Euler scheme and a CFL = 0.5.
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The results at time Tmax = 0.4 are shown on Figure 19 respectively for the density ρ, velocity
u, pressure p and the internal energy e on the finest mesh of 661 536 triangles. The RT/CR
discretization is used with a CFL number of 0.5. The numerical solution is in good agreement with
the reference results reported in [43], and correctly reproduces the self-similar radial expansion of
the blast wave while preserving the symmetry of the solution. Finally, the same simulation was
repeated with the SRE scheme to compare the time steps for this unsteady test. The average
time step for SRE (constrained by the sound speed) was 3.410× 10−6 s, whereas the SLP-IMEX
scheme (limited only by the material velocity) admitted a significantly larger average time step of
1.771× 10−4 s.

Figure 20 presents radial cutlines of the numerical solution at times Tmax = 0.2 and Tmax = 0.4
for the three considered meshes, together with the exact solution, following the procedure of [43].
The shock location and the overall profiles are accurately captured, with a clear improvement as
the mesh is refined, and the propagation speed of the blast wave is correctly predicted.
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Figure 20: Sedov blast wave problem : comparison of the the SLP IMEX discrete radial profiles with the exact
solution at times Tmax = 0.2 and Tmax = 0.4 for the different meshes and CFL = 0.5. From top to bottom : 164954,
295052 and 661536 triangular cells.
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10 Conclusion

In this work we introduced a staggered finite volume scheme for the discretization of compressible
fluid flows on unstructured meshes, addressing both barotropic and full Euler systems with general
equations of state. The methodology combines a Lagrange-Projection like operator splitting
technique, which decouples acoustic and transport effects, with a relaxation approach. The acoustic
subsystem is treated implicitly via a well-posed linear system for the pressure, while transport
is handled explicitly. This yields an IMEX scheme independent of the sound velocity constraint.
For the full Euler system, the internal energy is used as main variable and its update features a
corrective term that ensures consistency with weak solutions.

The scheme demonstrates stability for large time steps, with CFL conditions dependent only
on material velocity. It guarantees conservation of mass and momentum, as well as positivity of
mass and internal energy for the full Euler system under the CFL condition. For the stiffened gas
equation of state, constant pressure and velocity profiles are preserved. Entropy properties include
a global mathematical inequality for the barotropic system and a local inequality for the full Euler
system. The scheme satisfies a global total energy conservation for the full Euler system and is
also consistent with a local total energy conservation on the dual mesh. Numerical experiments,
performed on 1D and 2D meshes, span a broad range of Mach numbers. Convergence is verified on
refined 1D meshes, confirming the scheme’s accuracy and robustness across diverse flow regimes.

Sequel developments include high-order extensions and approximations for other multi-material
flows.
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[89] N. Therme. Schémas numériques pour la simulation de l’explosion. PhD thesis. Aix-Marseille
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A Mass fluxes calculation on the dual faces

The computation of the dual flux F̃σ,ε depends on the chosen discretization. It is defined so as
to ensure that the mass balance over each half-dual cell remains consistent and proportional to the
corresponding balance over the associated primal cell. Accordingly, we aim to express the mass
flux over the dual face as a function of the mass flux over the primal face to ensure the stability of
the scheme.

A.1 MAC discretization

In the case of the MAC discretization, we remind that the half dual cells at a given face σ is
exactly the half volume of the corresponding primal cell volume. In other words we have

∀σ = K|L ∈ Eint, |DK,σ| =
|K|
2 , |DL,σ| =

|L|
2 , |Dσ| = |DK,σ|+ |DL,σ|. (120)

Thus, summing the half of (35a) over cells K and L and using definition (17) for ρDσ
leads to

∀σ ∈ Eint,
|Dσ|
δt

(
ρn+1

Dσ
− ρn

Dσ

)
+

∑
σ∈E(K)

F̃K,σ

2 +
∑

σ∈E(L)

F̃L,σ

2 = 0. (121)

A natural choice for the dual mass fluxes F̃σ,ε is:

∀σ = K|L ∈ Eint,∀ε ∈ E (Dσ) , F̃σ,ε = 1
2

(
F̃K,σK

+ F̃L,σL

)
, (122)

with (σK , σL) ∈ E (K)×E (L) such that nK,σK
= nL,σL

= nσ,ε. In other words we combine primal
mass fluxes of same orientation to build the corresponding dual mass fluxes. This means that the
flux through a dual face which is located on two primal faces is the mean value of the sum of fluxes
on the two primal faces, and the flux through a dual face located between two primal faces is again
the mean value of the sum of fluxes on the two primal faces. We now present a practical example
for 2D cartesian elements as shown in [62].
Let us consider a uniform 2D grid so that |K| = |L| and |Dσ| = 1

2 (|K|+ |L|) = |K| = |L|. We
note the primal fluxes and dual fluxes associated to those elements as on Figure 21.

K L

F

F F

F

FF

F

NK

SK

WK EK EL

NL

SL

F
σ,ε4

Fσ,ε2

F F σ,ε3σ,ε1

Figure 21: Local notations for the MAC discretization
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Then the mass balance equations over the two primal cells K and L read

|K|
δt

(ρn+1
K − ρn

K)− F̃W K − F̃SK + F̃EK + F̃NK = 0,

|L|
δt

(ρn+1
L − ρn

L)− F̃EK − F̃SL + F̃EL + F̃NL = 0.

Thus, multiplying the two equations by half and summing them yields for σ = K|L,

|Dσ|
δt

(
ρn+1

Dσ
− ρn

Dσ

)
− 1

2

[
F̃W K + F̃EK

]
− 1

2

[
F̃SK + F̃SL

]
+ 1

2

[
F̃EK + F̃EL

]
+ 1

2

[
F̃NK + F̃NL

]
= 0,

with |DK,σ| = |K|/2 and |DL,σ| = |L|/2, derived from the definition of the dual cell Dσ, while
the densities ρn+1

Dσ
, ρn

Dσ
on the dual cell are given by relation (17). This suggests the following

definitions

F̃σ,ε1 = −1
2

[
F̃W K + F̃EK

]
, F̃σ,ε2 = 1

2

[
F̃SK + F̃SL

]
,

F̃σ,ε3 = −1
2

[
F̃EK + F̃EL

]
, F̃σ,ε4 = 1

2

[
F̃NK + F̃NL

]
.

A.2 RT/CR discretization

For the Rannacher-Turek and Crouzeix-Raviart elements, we mainly recall the previous work
from [1, 11, 13, 37]. The fluxes through the dual faces of the dual mesh must satisfy the following
three constraints.

1. The discrete mass balance over the half-diamond cells is satisfied, in the sense that for any cell
K ∈M, the set of dual fluxes F̃σ,ε, ε ∈ Ẽ (DK,σ), with Ẽ (DK,σ) defined in (12), is solution
of the following linear system

∀σ ∈ E(K), F̃K,σ +
∑

ε∈Ẽ(DK,σ)

F̃σ,ε = ξσ
K

∑
σ′∈E(K)

F̃K,σ′ ,

with
∑

σ∈E(K)

ξσ
K = 1 and for any σ ∈ E(K), ξσ

K > 0.
(123)

2. The dual fluxes are conservative meaning that for any ε = Dσ|Dσ′ , F̃σ,ε = −F̃σ′,ε.
3. The dual fluxes are bounded with respect to the primal fluxes, in the sense that there exists

a constant real number C such that:

∀σ ∈ Eint, ε ∈ Ẽ (DK,σ) ,
∣∣∣F̃σ,ε

∣∣∣ ≤ C max
{∣∣∣F̃K,σ′

∣∣∣, σ′ ∈ E(K)
}

. (124)

These three assumptions are sufficient to imply the consistency of the discrete convection operator.
However, system of equation (123) is singular and has an infinite number of solutions. The choice
of a particular solution depends on the type of grid. Since (123) is a linear system for the dual
mass fluxes, a solution of (123) may be written as

F̃σ,ε =
∑

σ′∈E(K)

βε
K,σ′ F̃K,σ′ , σ ∈ E(K), ε ∈ Ẽ (DK,σ) , (125)

57



where βε
K,σ′ depends on the topology of cell K, the considered dual face ε and the considered

primal face σ′. The constraint (124) amounts to require the coefficients βε
K,σ′ to be bounded by a

constant. In practice, the coefficients used satisfy:∑
σ′∈E(K)

∣∣βε
K,σ′

∣∣ ≤ 1.

Moreove, we set the coefficients ξσ
K for a given element K as follow

ξσ
K = 1

card (E(K)) .

In our approach, we adopt the choice of solution presented in [13] for both triangular and
quadrilateral meshes. We remind in the tables 5 and 6 the values of the coefficients βε

K,σ′

respectively for the case of a triangular element:

F̃σ,ε = βε
W F̃W + βε

EF̃E + βε
SF̃S ,

and for a quadrangle element:

F̃σ,ε = βε
W F̃W + βε

EF̃E + βε
SF̃S + βε

N F̃N .

FE
F

W

FS

Figure 22: Primal flux over a triangle

ε=Dσ|Dσ′ βε
W βε

E βε
S

W |S -1/3 0 1/3
S|E 0 1/3 -1/3
E|W 1/3 -1/3 0

Table 5: Values of the coefficients βε
K,σ′ for a triangular element

F

F

F

F

WE

S

N

Figure 23: Primal flux over a quadrangle

ε=Dσ|Dσ′ βε
W βε

E βε
S βε

N

W |S -3/8 1/8 -1/8 -1/8
S|E -1/8 3/8 -3/8 1/8
E|W 1/8 -3/8 -1/8 3/8
N |W 3/8 -1/8 1/8 -3/8

Table 6: Values of the coefficients βε
K,σ′ for a quadrangle element
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B Reduction of the linear system to the relaxation pressure
unknown in the acoustic step

In this section, we show how to reduce the linear system over (ũσ)σ∈Eint and (π̃K)K∈M, defined
by equations (19b) and (19c) of the acoustic subsystem (19), into a linear system involving only
the relaxation pressure π̃K , ∀K ∈M. The key idea is to apply the discrete divergence operator to
equation (19b), and subsequently substitute the resulting expression into equation (19c). First we
start by recalling the following definitions:

(∇ · ũ)K = 1
|K|

∑
σ∈E(K)

|σ|ũ∗
K,σ,

ũ∗
K,σ = ũK,σ −

1
2an

Dσ

(π̃L − π̃K) ,

(∇π̃)Dσ
= 1
|Dσ|

(π̃L − π̃K) |σ|nK,σ.

We can first rewrite equation (19c) as:

∀K ∈M,
|K|
δt

ρn
K (π̃K − πn

K) + (an
K)2 ∑

σ∈E(K)
σ=K|L

|σ|
(

ũK,σ −
1

2an
Dσ

(π̃L − π̃K)
)

= 0.

Next, multiplying equation (19b) by the normal nK,σ gives the update formula for ũK,σ:

ũK,σ = un
K,σ −

λn
σ

ρn
Dσ

(π̃L − π̃K), (126)

where
λn

σ = δt
|σ|
|Dσ|

. (127)

Substituting this expression into the previous equation gives:

∀K ∈M, π̃K − πn
K + δt

ρn
K |K|

(an
K)2 ∑

σ∈E(K)
σ=K|L

|σ|
[
un

K,σ −
(

1
2an

Dσ

+ λn
σ

ρn
Dσ

)
(π̃L − π̃K)

]
= 0.

Reorganizing terms yields the final expression for the reduced linear system on (π̃K)K∈M:

1 + δt (an
K)2

ρn
K |K|

∑
σ∈E(K)

|σ|
(

1
2an

Dσ

+ λn
σ

ρn
Dσ

) π̃K −
δt (an

K)2

ρn
K |K|

∑
σ∈E(K)
σ=K|L

|σ|
(

1
2an

Dσ

+ λn
σ

ρn
Dσ

)
π̃L

= πn
K −

δt

ρn
K |K|

(an
K)2 ∑

σ∈E(K)

|σ|un
K,σ, ∀K ∈M. (128)

In practice, we solve the linear system for the relaxation pressure using iterative solvers. For sparse
square systems, we employ the bi-conjugate gradient stabilized method (BiCGStab) from the Eigen
C++ library [45] or the LGMRES solver in Python from SciPy [93]. When supported by the
chosen iterative solver, we also set the initial guess to πn

K . Finally, it is worth noting that the
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sparse matrix associated to the linear system (128) tends to the identity matrix as δt→ 0, while
the right-hand side tends to πn

K .

C Proofs of stability results

C.1 Preliminary technical results

Lemma C.1. Let s ∈ R, suppose that there exists a > 0 such that

a2 +
(

∂pEOS

∂τ

)
s

(τ ′, s) > 0, for all τ ′ > 0. (129)

For given π ∈ R and τ > 0, if that there exists V > 0 such that

pEOS(V, s) + a2V = π + a2τ, (130)

then is unique and it verifies

eEOS(τ, s) ≤ eEOS(V, s) + π2 − pEOS(V, s)2

2a2 . (131)

Proof. The subcharacteristic condition (129) implies that for any fixed s ∈ R, the function
τ ′ > 0 7→ pEOS(τ ′, s) + a2τ ′ is strictly increasing, which guarantees uniqueness for V.

For fixed values of τ , π and V verifying (130). We have then

eEOS(V, s) + π2 − pEOS(V, s)2

2a2 = eEOS(V, s) + a2

2 (V − τ)2 + pEOS(V, s)(V − τ). (132)

We set Ψ : τ ′ 7→ eEOS(τ ′, s) + 1
2 a2(τ ′ − τ)2 + pEOS(τ ′, s)(τ ′ − τ). Let us prove that Ψ is lower

bounded by eEOS(τ, s). Indeed, we have dΨ
dτ ′ (τ

′) = (τ ′ − τ)
(

a2 +
(

∂pEOS

∂τ

)
s

(τ ′, s)
)

, so that

assumption (129) yields sign
(

dΨ
dτ ′ (τ ′)

)
= sign(τ ′ − τ). Consequently, Ψ reaches a minimum at

τ ′ = τ , that is to say Ψ(τ ′) ≥ Ψ(τ) = eEOS(τ, s), for all τ ′ > 0, applying this result for τ ′ = V
yields inequality (131).

Let us remark that in (131), the only role of the variable s is that of a neutral parameter.
Therefore, these relations remain valid if one supposes that (∂eEOS/∂s)τ = 0. In other words,
(131) remains valid in the case of a barotropic EOS with eEOS(τ, s) = eEOS(τ) and pEOS(τ, s) =
pEOS(τ) = −(deEOS/dτ)(τ).

We have the following discrete gradient-divergence duality relation.

Lemma C.2. For (∇ · ũ)K and (∇π̃)Dσ
defined by (20), and for the boundary conditions (13),

we have the following relation:∑
K∈M

|K|π̃K (∇ · ũ)K +
∑

σ=K|L∈Eint

|Dσ|nK,σ · (∇π̃)Dσ
ũ∗

K,σ = 0. (133)
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Proof. Let us first note that if the boundary terms verify (13), then

ũ∗
K,σ = 0, for K ∩ ∂Ω ̸= ∅, σ ⊂ ∂Ω. (134)

By mutiplying (20a) by π̃K and taking the sum over all K ∈M, using (20b), we get∑
K∈M

|K|π̃K (∇ · ũ)K =
∑

K∈M

∑
σ∈E(K)∩Eint

|σ|π̃K ũ∗
K,σ =

∑
σ=K|L∈Eint

|σ|
(
π̃K ũ∗

K,σ + π̃Lũ∗
L,σ

)
. (135)

As ũ∗
K,σ = −π̃Lũ∗

L,σ we have∑
K∈M

|K|π̃K (∇ · ũ)K =
∑

σ∈Eint
σ=K|L

|σ|(π̃K − π̃L)ũ∗
K,σ = −

∑
σ∈Eint
σ=K|L

|Dσ|ñK,σ · (∇π̃)Dσ
ũ∗

K,σ. (136)

Proof of Lemma 4.4. First of all, let us note that the mass equation (19a) reads

|K|
δt

(ρ̃K − ρn
K) + ρ̃K |K| (∇ · ũ)K = 0. (137)

Multiplying (137) over cells K and L respectively by |DK,σ|
|K| , |DL,σ|

|L| , summing and using definitions
(28c) and (32) gives

|Dσ|
δt

(
ρ̃Dσ
− ρn

Dσ

)
+ ρ̃Dσ

|Dσ| (∇ · ũ)Dσ
= 0, (138)

for all σ ∈ Eint. This equation can also be written as

ρ̃Dσ
=

ρn
Dσ

1 + δt (∇ · ũ)Dσ

, (139)

which corresponds to a dual version of mass equation (24). Same operation is performed for
equation (27a), that is

|Dσ|
δt

(
ρn+1

Dσ
− ρ̃Dσ

)
+

∑
ε∈E(Dσ)

F̃σ,ε − ρ̃Dσ
|Dσ| (∇ · ũ)Dσ

= 0. (140)

Then, by multiplying the equation (27b) by un+1
σ , we have

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2 − ρ̃Dσ
un+1

σ · ũσ

)
+ un+1

σ ·
∑

ε∈E(Dσ)

F̃σ,εũε − ρ̃Dσ
un+1

σ · ũσ|Dσ| (∇ · ũ)Dσ
= 0.

which is also equivalent to

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

|ũσ|2

2

)
+ |Dσ|

δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

un+1
σ · ũσ + ρ̃Dσ

|ũσ|2

2

)
+ un+1

σ ·
∑

ε∈E(Dσ)

F̃σ,εũε − ρ̃Dσ
un+1

σ · ũσ|Dσ| (∇ · ũ)Dσ
= 0.
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Using (140) to express ρn+1
Dσ

as a function of ρ̃Dσ
and dual fluxes Fσ,ε and reinjecting into above

equation gives the following:

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

|ũσ|2

2

)
+ |Dσ|

δt

ρ̃Dσ

2
(
un+1

σ − ũσ

)2

−
∣∣un+1

σ

∣∣2
2

∑
ε∈E(Dσ)

F̃σ,ε + ρ̃Dσ

∣∣un+1
σ

∣∣2
2 |Dσ| (∇ · ũ)Dσ

+ un+1
σ ·

∑
ε∈E(Dσ)

F̃σ,εũε − ρ̃Dσ
un+1

σ · ũσ|Dσ| (∇ · ũ)Dσ
= 0.

With (138), this equation also writes:

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

|ũσ|2

2

)
+ |Dσ|

δt

ρn
Dσ

2
∣∣un+1

σ − ũσ

∣∣2 − ρ̃Dσ

2
∣∣un+1

σ − ũσ

∣∣2|Dσ| (∇ · ũ)Dσ

−
∣∣un+1

σ

∣∣2
2

∑
ε∈E(Dσ)

F̃σ,ε + ρ̃Dσ

∣∣un+1
σ

∣∣2
2 |Dσ| (∇ · ũ)Dσ

+ un+1
σ ·

∑
ε∈E(Dσ)

F̃σ,εũε − ρ̃Dσ
un+1

σ · ũσ|Dσ| (∇ · ũ)Dσ
= 0.

Finally, by adding-substracting the convective term of the kinetic energy, we have

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρn

Dσ

|ũσ|2

2

)
+

∑
ε∈E(Dσ)

F̃σ,ε
|ũε|2

2 −
∑

ε∈E(Dσ)

F̃σ,ε
|ũε|2

2

−
∣∣un+1

σ

∣∣2
2

∑
ε∈E(Dσ)

F̃σ,ε + un+1
σ ·

∑
ε∈E(Dσ)

F̃σ,εũε

− ρ̃Dσ

|ũσ|2

2 |Dσ| (∇ · ũ)Dσ
= −|Dσ|

δt

ρn
Dσ

2
∣∣un+1

σ − ũσ

∣∣2.

Noticing that un+1
σ does not depend on index ε, which means that it can be inserted inside the

terms of sum on the second line, leads to the final equation (33) with source term (34).
We finally show the CFL condition associated with (38a). We note σ′ the downstream face of the
dual face ε. Then using (18) allows us to decompose Rn+1

σ as follow

Rn+1
σ = |Dσ|

δt

ρn
Dσ

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈E(Dσ)

F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2
= |Dσ|

δt

ρn
Dσ

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈E(Dσ)

F̃ +
σ,ε

2
∣∣un+1

σ − ũσ

∣∣2 +
∑

ε∈E(Dσ)

F̃ −
σ,ε

2
∣∣un+1

σ − ũσ′
∣∣2

= 1
2
∣∣un+1

σ − ũσ

∣∣2 |Dσ|
δt

ρn
Dσ
−

∑
ε∈E(Dσ)

F̃ +
σ,ε


︸ ︷︷ ︸

≥0 under condition (38a)

+

2∑
ε∈E(Dσ)

F̃ −
σ,ε

2
∣∣un+1

σ − ũσ′
∣∣

︸ ︷︷ ︸
≥0 ∀δt

,

which ends the proof.
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Proof of proposition 4.2.
Multiplying (19c) (resp. (57d)) by π̃K yields (π̃2

K − π̃Kπn
K) + δt(an

K)2τn
K π̃K (∇ · ũ)K = 0. Using

−2π̃Kπn
K = (π̃K − πn

K)2 − π̃2
K − (πn

K)2 , we get 1
2
(
π̃2

K − (πn
K)2) + δt(an

K)2τn
K π̃K (∇ · ũ)K =

−(π̃K − πn
K)2, hence relation (25).

Adding the sum of (25) over all K ∈M and the sum of (21) over all σ ∈ Eint yields

∑
K∈M

|K|ρ
n
K

δt

[
(π̃K)2

2(an
K)2 −

(πn
K)2

2(an
K)2

]
+
∑

σ∈Eint

|Dσ|
δt

ρn
Dσ

[
|ũσ|2

2 − |u
n
σ |

2

2

]
+
∑

K∈M
|K|π̃K (∇ · ũ)K

+
∑

σ∈Eint

ũ∗
K,σ|Dσ| (∇π̃)Dσ

· nK,σ = −
∑

K∈M
|K|ρ

n
K

δt

(π̃K − πn
K)2

2(an
K)2 −

∑
σ∈Eint

R̃σ, (141)

then relation (133) yields (26).

Proof of proposition 4.3.
Let us consider the linear system (19b)-(19c). If (π̃K)K∈M and (ũσ)σ∈Eint

belong to the kernel of
the matrix associated with (19b)-(19c), then they verify (19b)-(19c) with πn

k = 0, for all K ∈M
and un

σ = 0 for all σ ∈ Eint. In this case, (26) reads

∑
K∈M

|K|ρ
n
K

δt

(π̃K)2

2(an
K)2 +

∑
σ∈Eint

|Dσ|
δt

ρn
Dσ

|ũσ|2

2 ≤ 0. (142)

This implies that π̃K = 0 for all K ∈M and ũσ = 0 for all σ ∈ Eint.

C.2 Proofs of stability estimates for the barotropic system

Proof of proposition 4.5.
Proof of point 1: granted that 1 + δt (∇ · ũ)K ≥ 1− δt

∑
σ∈E(K)

|σ|
|K|

(
ũ∗

K,σ

)−, using definition (24) of

ρ̃K , we see that the CFL condition (38b) implies ρ̃K ≥ 0, which proves the first inequality of (39).
The second equation of (39) is a direct consequence of (19a) and (19c). We now remark that at
the instant tn, the pressure π is at equilibrium: πn

K = pEOS(τn
K). This means that (130) is verified

with τ = τ̃K , π = π̃K , V = τn
K . We can thus apply (131) which yields the third relation of (39).

Proof of point 2: relation (25) yields

ρn
K

δt

(
eEOS(τn

K) + (π̃K)2

2(an
K)2 −

(πn
K)2

2(an
K)2 − eEOS(τn

K)
)

+ π̃K (∇ · ũ)K ≤ 0. (143)

The third relation of (39) then yields (40).

Proof of point 3: the strict convexity of ρ 7→ ρeEOS(1/ρ), relation (37) and the CFL condi-
tion (38b) imply that

ρn+1
K eEOS(τn+1

K ) = ρn+1
K eEOS(1/ρn+1

K ) ≤ Cvx
(
ρ̃eEOS(1/ρ̃)

)
K

= Cvx
(
ρ̃eEOS(τ̃)

)
K

, (144)

so that

ρn+1
K eEOS(τn+1

K ) + δt

|K|
∑

σ∈E(K)

FK,σeEOS(τ̃σ) ≤ ρ̃KeEOS(τ̃K)(1− δt (∇ · ũ)K). (145)
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Thanks to (24) and (40) we have

ρn+1
K eEOS(τn+1

K ) + δt

|K|
∑

σ∈E(K)

FK,σeEOS(τ̃σ) ≤ ρn
KeEOS(τ̃K) ≤ ρn

Ke(τn
K)− δtπ̃K (∇ · ũ)K , (146)

which proves (41).

Proof of point 4: relation (42) is obtained by summing equations (19) and (140) and also using
defintion (139).

Proof of point 5: we suppose that the CFL condition (38a) is satisfied and we consider the sum
of (41) over all K ∈M and the sum of (42) over all σ ∈ Eint, that is to say

∑
σ∈E(K)

|K|
δt

(
ρn+1

K eEOS(τn+1
K )− ρn

Ke(τn
K)
)

+
∑

K∈E(K)

∑
σ∈E(K)

FK,σeEOS(τ̃σ)

+
∑

K∈E(K)

|K|π̃K (∇ · ũ)K ≤ 0, (147)

and

∑
σ∈Eint

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρn

Dσ

|un
σ |

2

2

)
+
∑

σ∈Eint

∑
ε∈Ẽ(Dσ)

Fσ,ε
|ũε|

2

2

+
∑

σ∈Eint

ũ∗
K,σ (∇π̃)σ · nK,σ =

∑
σ∈Eint

−R̃σ −Rn+1
σ ≤ 0. (148)

Let us remark that in both (147) and (148) the conservative fluxes cancel out in the sum. Then,
taking the sum of (147) and (148) and using (133) we get

∑
σ∈E(K)

|K|
δt

(
ρn+1

K eEOS(τn+1
K )− ρn

Ke(τn
K)
)

+
∑

σ∈Eint

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρn

Dσ

|un
σ |

2

2

)
≤ 0. (149)

Inequality (149) is true for any n ≥ 0. By dividing by δt and taking the sum over all 0 ≤ n ≤ N −1
we obtain the relation (44).

C.3 Proofs of stability estimates for the full Euler system

Proof of proposition 5.1. Proof of point 1: we use similar lines as for (39). By combining (70b)
and (24) one obtains the first inequality of (71). The second relation of (71) is a consequence of
(57a) and (57d). The equilibrium at instant tn implies that πn

K = pEOS(τn
K , sEOS(τn

K , en
K)) so that

(130) is verified with τ = τ̃K , π = π̃K , V = τn
K and s = sn

k . Inequality (131) then yields the third
relation of (71).

Proof of point 2: substracting relation (25) and (57c) gives

ρn
K

δt

(
(π̃K)2

2(an
K)2 −

(πn
K)2

2(an
K)2 + eEOS(τn

K , sn
K)− ẽK

)
≤ −S̃K −

ρn
K

δt

(π̃K − πn
K)2

2(an
K)2 . (150)
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Using the second relation of (71) we get ρn
K

δt

(
−ẽK + eEOS(τ̃K , sn

K)
)
≤ −S̃K − ρn

K

δt
(π̃K−πn

K)2

2(an
K

)2 ≤ 0, so
that eEOS(τ̃K , sn

K) ≤ ẽK . Thanks to hypothesis (47) we get 0 ≤ ẽK . Moreover, as e′ 7→ sEOS(τ̃K , e′)
is an increasing function we obtain sn

K ≤ s̃K .

Proof of point 3: the proof of the first relation (73) is the same as that of (37). For the second
relation of (73), consider now the energy flux in (63c), we have

FK,σ ẽσ = |σ|ρ̃K ẽK(ũ∗
K,σ)+ − |σ|ρ̃LẽL(ũ∗

K,σ)−, σ = K|L ∈ E(K). (151)

Consequently (63c) reads

ρn+1
K en+1

K = ρ̃K ẽK − δt
∑

σ∈E(K)

|σ|
|K|

{
ρ̃K ẽK(ũ∗

K,σ)+ − ρ̃LẽL(ũ∗
K,σ)− − ρ̃K ẽK ũ∗

K,σ

}
+ δt

|K|
Sn+1

K

= ρ̃K ẽK

1− δt
∑

σ∈E(K)

|σ|
|K|

(
(ũ∗

K,σ)+ − ũ∗
K,σ

)+ δt
∑

σ∈E(K)

|σ|
|K|

ρ̃LẽL(ũ∗
K,σ)− + δt

|K|
Sn+1

K , (152)

which yields the second relation of (73).

Proof of point 4. Using the definition (66), we have

Sn+1
K,σ = |DK,σ|

δt

ρn
K

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈Ẽ(DK,σ)

αK,ε

F̃σ,ε

2
∣∣un+1

σ − ũε

∣∣2
= |DK,σ|

δt

ρn
K

2
∣∣un+1

σ − ũσ

∣∣2 − ∑
ε∈Ẽ(DK,σ)

αK,ε

F̃ +
σ,ε

2
∣∣un+1

σ − ũσ

∣∣2
+

∑
ε∈Ẽ(DK,σ)

αK,ε

F̃ −
σ,ε

2
∣∣un+1

σ − ũσ′
∣∣2

= 1
2
∣∣un+1

σ − ũσ

∣∣2
 |DK,σ|

δt
ρn

K −
∑

ε∈Ẽ(DK,σ)

αK,εF̃ +
σ,ε


︸ ︷︷ ︸

≥0 under condition (70c)

+
∑

ε∈Ẽ(DK,σ)

αK,εF̃ −
σ,ε

2
∣∣un+1

σ − ũσ′
∣∣2

︸ ︷︷ ︸
≥0

,

Proof of point 5: let us note: Λ : (ρ′, ρ′e′) 7→ −ρ′sEOS( 1
ρ′ , ρ′e′

ρ′ ) and remark that Λ is convex (see
[41]) and ρ′e′ 7→ Λ(ρn+1

K , ρ′e′) is decreasing under assumption (48). Now, if CFL condition (70c) is
verified then Sn+1

K ≥ 0, so that (73) yields ρn+1
K en+1

K ≥ Cvx(ρ̃e)K . Consequently

−ρn+1
K sn+1

K = Λ(ρn+1
K , ρn+1

K en+1
K ) ≤ Λ

(
ρn+1

K , Cvx(ρ̃e)K

)
= Λ

(
Cvx(ρ̃)K , Cvx(ρ̃e)K

)
(153)

Using the convexity of Λ and CFL condition (38b), we then obtain

−ρn+1
K sn+1

K ≤Cvx
(

Λ(ρ̃, ρ̃e)
)

K
=Cvx(−ρ̃s)K =(−ρ̃K s̃K)

1−δt
∑

σ∈E(K)

|σ|
|K|

(
(ũ∗

K,σ)+ − ũ∗
K,σ

)
+ δt

∑
σ∈E(K)

|σ|
|K|

(−ρ̃Ls̃L)(ũ∗
K,σ)−, (154)
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which also reads

|K|(−ρn+1
K sn+1

K ) ≤ |K|(−ρ̃K s̃K)− δt
∑

σ∈E(K)

(
|σ|(ũ∗

K,σ)+(−ρ̃K s̃K) + |σ|(ũ∗
K,σ)−(−ρ̃Ls̃L)

)
+δt|K|(−ρ̃K s̃K) (∇ · ũ) , (155)

hence relation (75).

Proof of point 6: replacing ρ̃K thanks to (63a) into (75) and using (72) yields (76).

Proof of point 7: we consider (68c) and take the sum over all K ∈M along with (42) and its
sum over all σ ∈ Eint.∑

K∈M

|K|
δt

(
ρn+1

K en+1
K − ρn

Ken
K

)
+
∑

K∈M

∑
σ∈E(K)

FK,σ ẽσ

+
∑

K∈M
π̃K (∇ · ũ)K =

∑
K∈M

S̃K + Sn+1
K (156a)

∑
σ∈Eint

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

|un
σ |

2

2

)
+
∑

σ∈Eint

∑
ε∈Ẽ(Dσ)

F̃σ,ε
|ũε|

2

2

+
∑

σ∈Eint

ũ∗
K,σ (∇π̃)σ · nK,σ = −

∑
σ∈Eint

R̃σ + Rn+1
σ . (156b)

In both (156a) and (156b) the conservative fluxes terms cancel each other in the sums. Then,
adding (156a) and (156b) we see that the source terms cancel out each other by (60) and (65).
Moreover, the pressure-velocity product terms also cancel out by (133), so that we get

∑
K∈M

|K|
δt

(
ρn+1

K en+1
K − ρn

Ken
K

)
+
∑

σ∈Eint

|Dσ|
δt

(
ρn+1

Dσ

∣∣un+1
σ

∣∣2
2 − ρ̃Dσ

|un
σ |

2

2

)
= 0. (157)

As (157) is true for any n ≥ 0, taking the sum for 0 ≤ n ≤ N − 1 yields (77).

66


	Introduction
	Acoustic-transport splitting approximation of the barotropic Euler equations
	Discretization strategy
	Staggered discretization
	Time update algorithm

	A staggered Lagrange-projection like (SLP) scheme for the barotropic system
	The acoustic step
	The transport step
	Overall scheme and properties

	The full Euler equations
	Acoustic-transport splitting approach
	Acoustic and transport subsystems for the Euler equations
	A staggered Lagrange-projection like (SLP) scheme for the full Euler system
	Discretization of the acoustic step
	Discretization of the transport step
	Overall scheme and properties


	Full Euler system: local conservation of the total energy over the dual mesh
	Low Mach behavior of the SLP scheme
	Full Euler system: preservation of constant pressure-velocity profiles
	Numerical tests and results
	Results for the barotropic Euler equations
	Shock tube test 1
	Shock tube test 2
	Low mach cylinder flow

	Results for the full Euler equations
	Toro test 5
	Gresho vortex
	A 2D Riemann problem test
	Kelvin-Helmholtz instability
	Rayleigh-Taylor instability
	Sedov blast wave problem


	Conclusion
	References
	Mass fluxes calculation on the dual faces
	MAC discretization
	RT/CR discretization

	Reduction of the linear system to the relaxation pressure unknown in the acoustic step
	Proofs of stability results
	Preliminary technical results
	Proofs of stability estimates for the barotropic system
	Proofs of stability estimates for the full Euler system


