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Introduction

Girard (1971), Reynolds (1974)
Polymorphic types

list =VXVY (Y - (X—=>Y —=Y)=Y)

Normalization: impredicative reducibility candidates

recursion

Spector (1962)

Simple types

Primitive natural numbers

Normalization:

» dependent choice or Zorn's lemma
» arbitrary functions on N + continuity
~» CPO-model + computational adequacy
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Realizability interpretations of HA2

» Second-order arithmetic (HA2):

» Quantification on N: Vn

» Quantification on P (N): VX

» Induction

» Comprehension: 3XVn(n € X < A(n))

» Realizability for HA2
» in polymorphic A-calculus:
» Kirivine realizability

(AX.X, Ax.X) I comprehension

» in system T + bar recursion (simply-typed)
» Spector, Kohlenbach, Berardi-Bezem-Coquand, Berger-Oliva
brec IF countable choice

countable choice -

: : comprehension
+ classical logic P
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» Polymorphic types: Va. T
» Example: cons : Va (o — List a — List «a)

» But also: self : Va(a — a) = Va(a — «)
with self(x) := x(x)

» Impredicativity:
If x: Va(a — «)
then in particular x : Va (o — a) = Va (a — «)
and therefore x(x) : Va (a — «)

Vo (o — ) is instantiated with itself
» Termination proofs are impredicative
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Bar induction

Let RC N — A be a bar:
any ¢ : N — A has a finite approximation f C ¢ in R
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Bar induction

Let RC N — A be a bar:
any ¢ : N — A has a finite approximation f C ¢ in R

Bar induction
If P predicate on N — A satisfies:

» base case:
P (f) for each f € R

» inductive case:
if Vvne N,Vx € A, P(f U{n+~ x}), then P (f)

then P ({})
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Bar induction
Complete N X k-branching tree:

{}
{no—ag} / . \ {n—a1}
— ™~ — ™~

{nol—>ao,nool—>aoo} LA {n0|—>ao,n01b—>301} {n1»—>al,n10|—>alo} LA {n1|—>al,n11|—>all}

./...\. ./...\. ./...\. ./...\.

O ", N ", N ., O ",
~\" ~~ ~\~ V.

N X K N %X Kk N % K N X K
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N X K N %X Kk N % K N X K

Let R C N — K and define subtree T C N — g
by cutting childrens of every branch that is in R.

Bar induction says:

R bar = T well-founded
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Bar recursion

base case: inductive case:
F:(N—k)—=>N G:(N—=kg)—=(k—>N)=k

barrec: (N — k) - N
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Bar recursion

base case: inductive case:
F:(N—k)—=>N G:(N—=kg)—=(k—>N)=k

barrec: (N — k) - N

barrec (f) = F (f@An.G f (Ax.barrec (s U {n+— x})))

Compute F:

» If F only uses f where it is defined: done (base case)

» Otherwise F needs some undefined f (n)

» Let h = Ax.barrec (s U {n— x}) (inductive case)
» Give G f h for f(n)
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Bar recursion
Complete N X k-branching tree:

{}
{no—ag} / . \ {n—a1}
— ™~ — ™~

{nol—>ao,n00l—>aoo} LA {n0|—>ao,n01b—>301} {n1»—>al,n10|—>alo} LA {n1|—>al,n11|—>all}

./...\. ./...\. ./...\. ./...\.

O ", N ", N ., O ",
~\~ ~~ ~\~ V.

N X K N %X Kk N % K N X K

Let F: (N — k) — N and define subtree T C N — k:
feT iff there exists extensions p, 1 € N — K s.t.

F(p) # F(v)

F continuous —> T well-founded

bar recursion takes F as input and performs recursion over T
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Interpreting HA2 into
System T with bar recursion



From HA2 to PA¥ 4+ AC

Translation of formulas
Sets encoded as their characteristic functions:

HA?2 PA“ + AC
1st-order var. X xN
2nd-order var. X Pl
2nd-order atoms | t € X X(t)=1
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From HA2 to PAY + AC

Translation of formulas

Sets encoded as their characteristic functions:

HA?2 PA“ + AC
1st-order var. X xN
2nd-order var. X Pl
2nd-order atoms | t € X X(t)=1

Translation of proofs

Only one non-trivial case: VX A= A(B)

> VxN(C(x) & B(x))
proof defined by induction on A

> IXNRYN (X (x) =1 & B(x))

comes from AC and classical logic

Interpreting HA2

=

(A(C) = A(B))

(comprehension)
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Comprehension in PAY + AC

» |nstance of AC:

VN3N (y =12 B(x) = 3IXNvd(X(x)=1< B(x))
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Comprehension in PAY + AC

» |nstance of AC:

VN3N (y =12 B(x) = 3IXNvd(X(x)=1< B(x))

» Provable in classical logic (case analysis on B (x)):

Iy (y =1+ B(x))

» \We obtain the axiom schema of comprehension:

XNy (X (x) =1 < B(x))
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Realizability: PAY + AC —— System T -+ bar recursion

A two steps interpretation

negative HA® + AC + DNS realizability System T

translation interpretation 4 bar recursion

where DNS = Vx ——A = ——Vx A

PA“ + AC
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Realizability: PAY + AC —— System T -+ bar recursion

A two steps interpretation

negative HA“ + AC + DNS realizability System T

translation interpretation 4 bar recursion

where DNS = Vx ——A = ——Vx A

PA“ 4+ AC

Extraction

From a proof of 3xM t(x) = u(x) in PAY + AC one can extract a
program in System T + bar recursion that normalizes to some n
such that t (n) = u(n)
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Realizing comprehension
with bar recursion



Realizability in a model

For bar recursion, the realizers must satisfy:

» Sequence internalization:

if (¢n)pen realizers, then there exists ¢ s.t.:
Vne N,p(n) = ¢,

Not true in the syntax (non-computable functions)
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» Sequence internalization:

if (¢n)pen realizers, then there exists ¢ s.t.:
Vne N,p(n) = ¢,

Not true in the syntax (non-computable functions)
» Continuity:

if © (1) =m there exists n € N s.t.:
if Vk < n, ¢’ (k) = (k) then ¢ (¢') =m

" only looks at a finite part of its input”
~ Realizability in a CPO model of System T + bar recursion
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Realizability in a model

This means:

» Realizers are elements of the CPO model rather than programs:

a lF A where a element of the CPO model
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Realizability in a model

This means:

» Realizers are elements of the CPO model rather than programs:

a lF A where a element of the CPO model

» Qur realizers still come from terms:
[p] IF A

but they interact with elements of the model

» Extraction is still correct by computational adequacy:

[pl]=n= ¢ >"n

Bar recursion I comprehension 12/27



Realizing comprehension with bar recursion

Realization of the excluded middle:
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Realizing comprehension with bar recursion
Let Emily I-Vn(A(n)V —A(n))

3X Vn(ne X < A(n))
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7
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° 4
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Normalization of System F: definitions
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(Ax.t)uvy ... vy >=tu/x] vi ... v,

Reducibility candidates

For X C A define property RedCand (X) as:
» X is closed by anti-evaluation
> every (xty ... tp)isin X

» every element of X normalizes

Set-interpretation of types
For T type of system F, define RC+ C A as:
» RCx is a parameter such that RedCand (RCx)
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HA2 I/ ¥n | a typing derivation of = “M normalizes”
term M in system F"

» However for each M typable in system F:
HA2 = “M normalizes”
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f : N — N representable in System F
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Summary

System T

HAY + A DN
System F x +AC+ DNS + bar recursion

RedCand (RCy)
= YN (RCr (N) = 3n N |7

T

M: T RCt (M) ol-3InM "

/

RedCand (RC7)

With the extraction theorem we get:
¢ (Ax.x) =* n such that M normalizes in n steps
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The concrete translation

dnee = Ax.x(Ay.y)  dneyia = Axidnea (\y.x (Az.y (z1))) repllx_}Mex =xM° repllx_}d) =(A\yy,Ayy) fO£EMeX repliy 4 = replly repll, , = repl,

dneyp 4 = dneg dney; a = Axt.dnen (Ay.x (Az.y (zt))) . i . .

dnevxn—dnes  dnevsa— Axmdnea(yox (Azy (27))) reply; 4 = (Ayip1reply (v i), \yipareply (vi))  reply, 4 = (Ayt.pireply (v t), Ayt.poreply (yt))

dneans = Ax. (dnea (\y.x (Az.y (p12))) , dneg (Ay-x (Az.y (p22)))) reply, 4 = (Aym.p1repl)y (y m), Aym.parepl) (y 7))
dnea—p = Axy.dneg (Az.x (A\u.z (uy))) dney I -—A= A , , , , ,
replya, = <Ay2-p1 reply, (y (pz reply, Z)) , Ayz.pareply, (y (p1 reply, Z)) >
extp = Ax.dnea (\.x) I f = A | repliy g, = <Ay- <p1 reply, (P1Yy),p1reply, (p2 y)> Y- <p2 reply, (p1Yy),pareply, (p2 y)>>
_ ’
| normrc = ((Amx.x z, Atx.x) , Atumxy.x (Ai.y (s i))) |- RedCand ({}) | reply = )\X‘replA‘F vt (B (t) e C (t)) = (A (B) A (C))

compy = Ax.brec (\y.exfa (y (exfa, Au.y (A_.u,A_z)))) x {}IF IXVt(t € X & A(t)) || elimas = Ax.dne 4(g) (Ay.compg (Az.y (p1 (reply z) x))) IF VX A(X) = A(B)

isrcg(l) = p1 (p1 xx) isrcg?) = p2 (p1 xx) isrcg?) = p2 Xx isrc(#LU = Aﬂ'tx.isrcg) (consmt)
isrc(T2)_>U = /\tX.iSI‘C(UZ) (app t (varz)) (X (var z) (isrc(#) nil)) isrc(;)_)u = Atmrxvy.isrc(j) tu(consmv)(xvy)
. @ 4 ) .
1src(wg = Atx'elleHRedCand(Y):Wt(RCT(t):>tL),u ()\XxlsrcT ) normrct (ellm%—ﬂzedc.and(?):>RCT(t),iLXnormrc)
isrc(vl)z = )\ﬂ'XX.iSI'C(-,})ﬂ' isrc\(f)g 7= Atuwyxx.isrc(ﬁ) tum(yxx) isrcr = <<isrc(7}), isrc(ﬁ)> , isrc(T3)> IF RedCand (RCT)

i e —

adeqri .y = YU adeqry pusT = )\thU.isrc({?’) (subst M® (s z) (shift™ tr)) tynil adeqr p. 1

—

norm-py. 7 = isrc(-,?) M°®adeq, y.7IF M| = InM "
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The concrete translation

dneyp 4 = dneg dney; a = Axt.dnen (Ay.x (Az.y (zt))) XH/MGX . , )?_}d’ _ , .
dneyx o = dnep dneyy 4 = Axm.dnea (Ay.x (Az.y (z7))) repriA = <)\y’P1 I‘ep]‘A (.y I) ’ )\y"p2 replA (y ’)>
dneanp = Ax. (dnea (Ay.x (Az.y (p12))) , dneg (Ay.x (\z.y (p22))))

dnea—p = Axy.dneg (Az.x (A\u.z (uy))) dnep - -—A= A

normrc = ((Amx.x z, Atx.x) , Atumxy.x (Ai.y (s i))) |- RedCand ({})

dneo = Ax.x(\y.y)  dneyja = Axidnea (\y.x(Az.y (z1))) repl'— = x M° repl'— =yy,Ayy) ifd£MeX

repliy, =repll  repli, = repl)
reply, 4 = (Ayt.pireply (v t), Ayt.pareply (v t))
reply, o = (Aym.prreply (v m), Aym.p2 reply (v 7))
/ _ / / / /
replya, = <Ayz.p1 reply, (y (pz reply, Z)) , Ayz.pareply, (y (p1 reply, Z))>

efo:)\x.dneA()\,.X)\F/féA| replA H_ \v/t (B (t) & C (t)) — (A (B) <~ A (C))

5]

C

]
=]

CompA H_ HX vt (t e X <f,> A (t)) X & A(L) elimg g = Ax.dney(g) (Ay.compg (Az.y (p1 (repl, z) x))) IF VX A(X) = A(B)

2 ©)

@ _ (2 ®3)

2)

W __ W, () _ 3)

isrcyy + = Amxx.isrcy

n

isrcg(l) = p1 (p1 xx) isrcy’ = p2 (p1xx) isrcy’ = paXx isrcy’ ;= Aﬂ'tx.isrcg) (consmt)

(3)

isrc = Atx.isrc appt(varz x (varz isrc(l) nil isrc = Atumxvy.isrc;,’ tu(consmv)(xv
TU U PP T T—U y U y

. ( . L - . 2) L -
isregyy r = >‘tx'ellmXHRedCand(X):Wt(RCT(t):nL),u Axxisrcy’ ) normrc t ellmXHRedCand(X):H?CT(t),lLXnormrc

isrcyy ¢ = Atumyxx.isrcy’ tum (y xx) isrcr = <<isrc(7}), isrc(ﬁ)> , isrc(T3)> IF RedCand (RCt)

adeqriopp p .7 = 2deqry .y, 7 (Subst N°z fr) adeqp p.y

adeqrip. T{u/xy = e1Imx.,Redcand(X)=Rer (M[]),RCy 248Ar-mMvx T

adeqry pyx T = AXx-adeqri .1

isrcy

adeqry .7 IF RCr (M [ir])

adeqri .y = YU adeqry pusT = )\thU.isrc({?’) (subst M° (s z) (shift® tr)) tynil adeqr .1

—

norm-py. 7 = isrc(-,?) M?® adeqy y;.7IF M|

= dnM]"

Introduction Interpreting HA2

Bar recursion | comprehension

Translation
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The concrete translation

X—d
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dnea—p = Axy.dneg (Az.x (A\u.z (uy))) dney I -—A= A repl/AlﬁAz _ </\yz.p1 repl/A2 (y (p2 repli% z)) Ayzp2 repl/A2 (y (pl repli% z))>

extp = Ax.dnea (\.x) I f = A | repliy g, = <Ay- <p1 reply, (P1Yy),p1reply, (p2 y)> Y- <p2 reply, (p1Yy),pareply, (p2 y)>>
repl, = Ax.repl,k Vt (B(t) & C(t)) = (A(B) & A(C))

| normrc = ((Amx.x z, Atx.x) , Atumxy.x (Ai.y (s i))) |- RedCand ({}) |

dnee = Ax.x(Ay.y)  dneyia = Axidnea (\y.x (Az.y (z1))) repllYHMeX =xM° reply, = (yy,\yy) fe£EMeX repliy 4 = replly repll, , = repl,
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isrc(z) = )\tx.isrc(z) appt(varz)) | x(varz isrc(l) nil isrc(3) = Atmrxvy.isrcm tu(consmv)(xvy
TU U PP T T—U U

isrc(2) = A\tx.elimy < AX isrc(z) normrct | elimy - Xnormrc
YXT — : X—RedCand(X)=Vt(RCr(t)=1),} X T X—RedCand(X)=RCr(t),

W __ W, 3) )

isrcyy + = Amxx.isrcy

isrcyy ¢ = Atumyxx.isrcy’ tum (y xx) isrcr = <<isrc(7}), isrc(ﬁ)> , isrc(T3)> IF RedCand (RCt)

L=

adeqri .y = YU adeqry pusT = )\thU.isrc({?’) (subst M° (s z) (shift® tr)) tynil adeqr .1

Q —

—

norm-py. 7 = isrc(-,?) M°®adeq, y.7IF M| = InM "
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dneang = Ax. (dnea (Ay.x (Az.y (p12))) . dneg (Ay.x (Az.y (p2 2))))

reply; 4 = (Aymprreply (y ), Aympareply (v 7))
dnea—p = Axy.dneg (Az.x (A\u.z (uy))) dney I -—A= A

repl)y,.a, = (Avzprreply, (v (porepl), 2)), \yz.pareply, (v (prrepl), 7))

extp = Ax.dnea (\.x) I f = A | repliy g, = <Ay- <p1 reply, (P1Yy),p1reply, (p2 y)> Y- <p2 reply, (p1Yy),pareply, (p2 y)>>

_ ’
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comp, = Ax.brec (\y.exfa (y (exfa, Au.y (M_.u,A_z)))) x {}IF IXVt(t € X & A(t)) || elimas = Ax.dne 4(g) (Ay.compg (Az.y (p1 (reply z) x))) IF VX A(X) = A(B)

isrcg(l) = p1 (p1 xx) isrcg?) = p2 (p1xx) isrcg?) = p2 Xx isrc(#LU = Aﬂ'tx.isrcg) (consmt)
isrc(z) = )\tx.isrc(z) appt(varz)) | x(varz isrc(l) nil isrc(3) = Atmrxvy.isrcm tu(consmv)(xvy
TU U PP T T—U U

isrc(2) = Atx.elimy ~ AX, isrc(z) normrc t (elimf v xnormrc\
VX T = : X—RedCand(X)=Vt(RCr(t)=1),} X T Vo Dl andl VN Dl 11

isrc(vl)z = )\ﬂ'XX.iSI'C(-,})ﬂ' isrc\(f)gT = Atuwyxx.isrc(ﬁ) tum(yxx) is isrc T H_ Redc and (RCT) RCT)

adeqri .y = YU adeqry pusT = )\thU.isrc({?’) (subst M° (s z) (shift® tr)) tynil adeqr .1

Q —
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extp = Ax.dnea (\.x) I f = A | repliy g, = <Ay- <p1 reply, (P1Yy),p1reply, (p2 y)> Y- <p2 reply, (p1Yy),pareply, (p2 y)>>
_ ’
| normrc = ((Amx.x z, Atx.x) , Atumxy.x (Ai.y (s i))) |- RedCand ({}) | reply = )\X‘replA‘F vt (B (t) e C (t)) = (A (B) A (C))

comp, = Ax.brec (\y.exfa (y (exfa, Au.y (M_.u,A_z)))) x {}IF IXVt(t € X & A(t)) || elimas = Ax.dne 4(g) (Ay.compg (Az.y (p1 (reply z) x))) IF VX A(X) = A(B)
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isrc(T2)_>U = )\tx.isrc(Uz) (app t (varz)) (X (var z) (isrc(#) nil)) isrc(ﬁ)_)u = Atuwxvy.isrc(j) tu(consmv)(xvy)
) 2) i ) )
1src(v)g = Atx'elleHRedCand(Y):Wt(RCT(t):>tL),u ()\XxlsrcT ) normrc t (ellm%—ﬂzedc.and(?):>RCT(t),iLXnormrc)
isrc(vl)z = )\ﬂ'XX.iSI'C(-,})ﬂ' isrc\(f)g 7= Atuwyxx.isrc(ﬁ) tum(yxx) isrcr = <<isrc(7}), isrc(ﬁ)> , isrc(T3)> IF RedCand (RCT)

Q —
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The concrete translation

dnee = Ax.x(Ay.y)  dneyia = Axidnea (\y.x (Az.y (z1))) repllx_}Mex =xM° repllx_}d) =(A\yy,Ayy) fO£EMeX repliy 4 = replly repll, , = repl,

dneyp 4 = dneg dney; a = Axt.dnen (Ay.x (Az.y (zt))) . i . .

dnevxn—dnes  dnevsa— Axmdnea(yox (Azy (27))) reply; 4 = (Ayip1reply (v i), \yipareply (vi))  reply, 4 = (Ayt.pireply (v t), Ayt.poreply (yt))

dneans = Ax. (dnea (\y.x (Az.y (p12))) , dneg (Ay-x (Az.y (p22)))) reply, 4 = (Aym.p1repl)y (y m), Aym.parepl) (y 7))
dnea—p = Axy.dneg (Az.x (A\u.z (uy))) dney I -—A= A , , , , ,
replya, = <Ay2-p1 reply, (y (pz reply, Z)) , Ayz.pareply, (y (p1 reply, Z)) >
extp = Ax.dnea (\.x) I f = A | repliy g, = <Ay- <p1 reply, (P1Yy),p1reply, (p2 y)> Y- <p2 reply, (p1Yy),pareply, (p2 y)>>
_ ’
| normrc = ((Amx.x z, Atx.x) , Atumxy.x (Ai.y (s i))) |- RedCand ({}) | reply = )\X‘replA‘F vt (B (t) e C (t)) = (A (B) A (C))

comp, = Ax.brec (\y.exfa (y (exfa, Au.y (M_.u,A_z)))) x {}IF IXVt(t € X & A(t)) || elimas = Ax.dne 4(g) (Ay.compg (Az.y (p1 (reply z) x))) IF VX A(X) = A(B)

isrcg(l) = p1 (p1 xx) isrcg?) = p2 (p1 xx) isrcg?) = p2 Xx isrc(#LU = Aﬂ'tx.isrcg) (consmt)
isrc(T2)_>U = /\tX.isrc(Uz) (app t (varz)) (X (var z) (isrc(#) nil)) isrc(;)_)u = Atmrxvy.isrc(j) tu(consmv)(xvy)
@ 4 e .
isrcyy = Atx'elleHRedCand(Y):Wt(RCT(t):>tL),u ()\XxlsrcT ) normrc t (el1m?»—>RedCand(Y):>RCT(t),uXnormrc)

isrc(vl)z = )\ﬂ'XX.iSI'C(#)ﬂ' G ©) 1) @) ®3)

isrcyy ¢ = Atumyxx.isrcy’ tum (y xx) isrcr = <<isrcT ,isrcy >,isrcT >|I— RedCand (RCT)

adeqri .y = YU adeqry pusT = )\thU.isrc(ﬁ) (subst M® (s z) (shift™ tr)) tynil adeqr p. 1

Q —

norm-p. 7 = isrc(-,?) M®adeqy yy.7IF M| = InM "

normyps. 7 (Ax.x) =" nin System T + bar recursion
where n is such that M reaches a normal form in at most n steps
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Conclusion

» Combination of backtracking and bar recursion

» Composition of the logical inclusion:
HA2 C PA¥ 4+ AC
with the computational interpretation

PA¥ + AC ~» system T + bar recursion

» Sets as 1st-order elements (characteristic functions)
» Bar recursion realizes comprehension instead of choice

» Application: translation

F ~+ Dbarrec

» Encoding of termination as a ¥9 formula: 3n M |”
» Termination of system F reduced to termination of bar recursion

Translation 27/27



