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Introduction
00000

Classical Curry-Howard

Classical logic = Intuitionistic logic + AV -A
1990: Griffin discovered that call/cc can be typed by Peirce’s law
(well-known fact: Peirce’s law = AV —A)

Classical Curry-Howard:

A-calculus  + call/cc
With side effects come new reasoning principles:
@ quote instruction ~ dependent choice

@ monotonic memory ~ Cohen’s forcing
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The duality of computation

Curien-Herbelin (2000):

ABSTRACT

We present the A\pjfi-calculus, a syntax for A-calculus + con-
trol operators exhibiting symmetries such as program /con-
text and call-by-name/call-by-value. This calculus is derived
from implicational Gentzen’s sequent calculus LK, a key
classical logical system in proof theory. Under the Curry-
Howard correspondence between proofs and programs, we
can see LK, or more precisely a formulation called LK, ;,
as a syntax-directed system of simple types for Apji-calculus.
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Krivine realizability as a tool

Many applications:

@ Specification problem
t realizesNX.X > X iff txu-m>u*xm
@ Normalization proofs
If + t: Athen t normalizes.
@ Soundness proofs
My calculus doesn’t allow any proof term of L.
@ Witness extraction

If v t: AxN.f(x) = 0 then we can use t to compute n s.t. f(n) = 0.
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Krivine realizability as a model

Krivine realizability: Tarski
A {t: tlF A} A |Al € B
(intuition: programs that share a common (intuition: level of truthness)

computational behavior given by A)

Great news

Classical realizability semantics gives surprisingly new models!

(in particular, provides us with a direct construction of M F ZF, + ~CH + =AC)
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This talk

Question #1

What is the algebraic structure of Krivine realizability models?
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This talk

Question #1

What is the algebraic structure of Krivine realizability models?

Question #2

Are call-by-name and call-by-value inducing the same models?
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Outline

@ Kirivine classical realizability
Realizability models, AKS, Koca

@ Implicative algebras

Implicative struct., Ac-calculus, models & completeness properties

@ Disjunctive algebras (Bonus: §F)

Disjunctive struct., L™ & connection with implicative struct.

@ Conjunctive algebras

Conjunctive struct., L® & connection with disjunctive struct.
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Krivine classical realizability

(from an algebraic perspective)
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Krivine realizability
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Krivine realizability, a 3-steps recipe

@ an operational semantics
@ alogical language

© formulas interpretation
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@ an operational semantics (aka. the abstract Krivine machine)
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Krivine realizability, a 3-steps recipe

o an operational semantics (a.k.a. the abstract Krivine machine)

PusH : (Huxm > txu-m

GRAB : Ax.txu-mw > t{x:=ulxx

SAVE ccxt-m > txk;-m
RESTORE : kpyxt-p > tx=x

@ alogical language (ak.a. a type system)

x| fler,...,ex)
X(er,...,ex) | A= B|Vx.A|VX.A

1**-order terms e
Formulas A, B ::

© formulas interpretation
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Krivine realizability, a 3-steps recipe

@ an operational semantics (aka. the abstract Krivine machine)

PusH : (Huxm > txu-m

GRAB : Axtxu-m > Hx:=ulxrx

SAVE : ccxt-m > txk;-m
RESTORE : kpxt-p > tkxrx

Q a Iogical Ianguage (a.k.a. a type system)

© formulas interpretation

@ pole 1L: processes, referee
o falsity value ||A||: stacks, opponent to A

o truth value |A| : terms, player of A
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Krivine realizability, a 3-steps recipe

@ an operational semantics (aka. the abstract Krivine machine)

PusH : (Huxm > txu-m

GRAB : Axtxu-m > Hx:=utxnx

SAVE : ccxt-mr > txk;-w
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© formulas interpretation
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o truth value |A| : terms, player of A
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@ an operational semantics (ak.a. the abstract Krivine machine)

PusH : (Huxm > txu-m

GRAB : Axtxu-m > tHx:=utxnx

SAVE : ccxt-mr > txk;-w
RESTORE : kpyxt-p > txrx

Q a Iogical Ianguage (a.k.a. a type system)

@ formulas interpretation

e pole dl: 1l € A*II closed by anti-reduction
o falsity value ||A||: by structural induction

o [A= B||={t-7:te|AlAxe|Bl}
o [[Vx.All = Upen IA{x := n}||

o truth value |A| : terms, player of A

9/ 51



Krivine realizability
0O®@00000

Krivine realizability, a 3-steps recipe
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Krivine realizability, a 3-steps recipe

@ an operational semantics (aka. the abstract Krivine machine)

PusH : (Huxm > txu-m

GRAB : Ax.txu-m > t{x:=ulxmx

SAVE cckxt-m > txk;-m
RESTORE : kpyxt-p > txrx

@ alogical language (ak.a. a type system)

© formulas interpretation
@ pole 1L: 1 ¢ AxII closed by anti-reduction
o falsity value ||A||: by structural induction

o truthvalue |A|: |A| = [|[A||[* ={teA:Vr e ||A|l,t*xm € 1}

Adequacy

Typed terms are realizers.
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Krivine realizability
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Realizability models

Given the previous ingredients:
Q@ acalculus
@ its type system
© an adequate interpretation of formula

one defines a model M, by:

Realizability model
My EA iff |[AINPL#0

(where PL is the set of proof-like terms)
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Krivine realizability
[e]e] le]e]ele)

Realizability models

Given the previous ingredients:
Q@ acalculus
@ its type system
© an adequate interpretation of formula

one defines a model M, by:

Realizability model

My EA iff |[AINPL#0

(where PL is the set of proof-like terms)
In other words:

Ais satisfied = “there exists a proof-like realizer of A”
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Streicher’s Abstract Krivine Structures

Thomas Streicher [2013]

Krivine’s classical realisability from (...)

Abstract Krivine Structures

An AKS is given by (A, I1, app, push, k_, k, s, cc, PL, 1.) where:

@ A and IT are non-empty sets (terms and stacks)
Q app:t,ur tuisfromAXAto A (application)
© push:t,r > t-xisfrom AXIItoIT (push)
Q k_:r i kyisfromIlto A (continuation)

@ k, s and cc are distinguished terms of A;
Q@ 1L C AXIIis a relation s.t.: (pole)

txku-mre€ll = tuxm el
txkrell = kxt-u-mwel
tvuv) * T €L = sxt-u-v-x €1

txk; -mell = ccxt-mel
txmr €l = kyxt-m’ €l

@ PL C A contains k, s, cc is closed under app (proof-like)
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Abstract Krivine Structures

An AKS is given by (A, I1, app, push, k_, k, s, cc, PL, 1.) where:
@ A and IT are non-empty sets (terms and stacks)

Q@ 1L C AXIIis a relation s.t.: (pole)
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txmr el = kxt-u-mel P G
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Streicher’s Abstract Krivine Structures

Krivine's classical realisability from (...)
Thomas Streicher [2013]

Abstract Krivine Structures

An AKS is given by (A, I1, app, push, k_, k, s, cc, PL, 1.) where:
@ A and IT are non-empty sets (terms and stacks)

Q@ 1L C AXIIis a relation s.t.: (pole)
txu-mel = tuxmel txky; - mell = ccxt-mel
txmr el = kxt-u-mel P G
tvuv)*x T €1l = skt-u-v-mx €l z
@ PL C A contains k, s, cc is closed under app (proof-like)

Definitions:

o Falsity value: subset X C II
@ Orthogonality: X+ = {teA:VmeX,txme 1}

% you know the rest!
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Ordered combinatory algebras

Ordered combi algebras and realizabili
Ferrer et al. [2017]

The Uruguayan approach (similar to PCA for Kleene realizability)

An OCA is given by (A, <, app, k, s) where:

@ (A, <)is a poset @ app : (a, b) — ab is monotonic
@ kab< a @ sabc < ac(bc)

If A is an OCA, a filter over A is a subset ® C A s.t.:
0o kedands e ® @ & is closed under application
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Ordered combi algebras and realizabili
Ferrer et al. [2017]

The Uruguayan approach (similar to PCA for Kleene realizability)

An OCA is given by (A, <, app, k, s) where:

@ (A, <)is a poset @ app : (a, b) — ab is monotonic
@ kab< a @ sabc < ac(bc)

If A is an OCA, a filter over A is a subset ® C A s.t.:
0o kedands e ® @ & is closed under application

Krivine Ordered Combinatory Algebra

A KOCA is given by (A, <, app, imp, k, s, e, ¢, ®) where:
(A, <,®) is a filtered OCA @eccd
imp : (a, b) — a — b is monotonic from AP X A — A

c<((a—b)—>a —a

a<b—>c = ab<c and ab<c = ea<b—oc
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Connecting the dots
From AKS to XOCA
If (A, I1, app, push, k_, k, s, cc, PL, 1) is an AKS, then

(PL(T), <, app’, imp’, {k}X, {s}L, {cc}™, {e}*, ) is a KOCA, with:

e X<Y = X2V
e X YE{t-mell:te Xt Are YL,

e ®2 (XePy :3tePLLIX}
From XOCA to AKS
If (A, <,appa,imp g, k,s, c,e, ) is a KOCA,
then (A, A, app, push, k_, K, s, c, PL, 1L) is an AKS where:

o tum2t<m ok,,éir—>J_;

@ app(t, u) = app4(t, u) = tu;
e PL £ @,

e push(t,7) £ t — ;
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Connecting the dots
From AKS to XOCA
If (A, II, app, push, k_, k, s, cc, PL, 1L) is an AKS, then

(PL(]), <, app’, imp’, {k}™, {s}™, {cc} ™, {e}, @) is a KOCA, with:

£ X2V,

e XY =
L{t-mell:te Xt Ame Y}ty

e X—>Y
e D& (XePy :ItePLLIX}

From ®OCA to AKS

If (A, <,appa,imp g, k,s, c, e, ®) is a KOCA,

then (A, A, app, push, k_, K, s, c, PL, 1L) is an AKS where:
ok, &1 — 1

o tUr2t< T
e app(t, u) = appx(t, u) = tu;
e PL £ @,
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Connecting the dots
From AKS to XOCA
If (A, I, app, push, k_, k, s, cc, PL, 1L) is an AKS, then

(P.(0), <, app’, imp”, {k}™, {s}, {cc} L, {e}L, @) is a KOCA, with:

e X<Y £ X2V
Lt mel:te Xt Ame Y}t

e X—>Y
e dE (XePy :ItePLLIX}

From XOCA to AKS

If (A, <,appga,imp g, k,s, c, e, d) is a KOCA,

then (A, A, app, push, k_, Kk, s, c, PL, 1L) is an AKS where:
ok, 2nm—> 1;

etlr2t< T
o app(t, u) = app #(t, u) = tu;
e PL £ @,
13/ 51
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Observations

@ Everything lays in the order:

tLAZt<A (AKS to KOCA)
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14/ 51



Krivine realizability
000000

Observations

@ Everything lays in the order:
tLAZ <A (AKS to KOCA)

@ In particular, t1LA — B2 t < A — B implies that tA < B
but the converse implication requires e.

@ Closure required when defining the AKS:

P.X)E{YcXx:Yy=YylH
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Krivine realizability
000000

Observations

@ Everything lays in the order:
tLAZ <A (AKS to KOCA)

@ In particular, t1LA — B2 t < A— B implies that tA < B
but the converse implication requires e.

@ Closure required when defining the AKS:
P, (X)E{YcX:y=ytHy

@ From a filtered OCA, one can define a tripos

Set®” — HA
7_{ Lo

endowed with the following entailment relation:

oryY 2 lop—>Y|NPL#O
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Implicative algebras
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Underlying lattice structures

Subtyping relation:

F'ep: T T<:U U<Ti Th< U
(Sus) (S-ARR)
F'rp:U - Th<U—-U

Classical realizability:

if A<: B, for any pole, if t |- A then ¢t I~ B.
In terms of truth values:

Subtyping A<y B = |IB| c Al
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Underlying lattice structures

Subtyping relation:

F'ep: T T<:U U<Ti Th< U
(Sus) (S-ARR)
F'rp:U - Th<U—-U

Classical realizability:
if A<: B, for any pole, if t |- A then ¢t I~ B.
In terms of truth values:
Subtyping A<y B = |8l c Al
Induces a structure of complete lattice, where A\ =, as in:

IvxAll, 2 | 1AGx = n}l = \{IA(x = nll < n e N}

nelN

Realizability: V=A A =X =Y V= +
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Underlying lattice structures

L <: U (S-ARR)

Subtyping relation:
F'ep: T T<:US U< T
I'ep:U (Sue) T—-> < U - U
Classical realizability:
Subtyping A<y B £ |B| C Al
Realizability: V= A A =X I=Y V=4
Boolean algebras:
quantifiers and connectives both interpreted by meets and joins
IVx.All = [JAO) AA(D A ... AAN) A .|| = A [|A(n)]|
neN
V=A= A IJ=v=Y
16/ 51
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Curry-Howard, one step further

Types Formulas

Proofs

A-terms
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Curry-Howard, one step further

Types Formulas

A-terms Proofs

In particular, a < b reads:
@ ais a subtype of b
@ ais a realizer of b

o the realizer a is more defined than b
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Implicative Structures

Implicative algebras: a new (...)
Alexandre Miquel [2018]

Definition:

Complete meet-semilattice (A, <, —) s.t.:
@ ifay<a and b < by then (a — b) < (ay — by) (Variance)
® fpepgla—m b)=a— A\pph (Distributivity)
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Implicative Structures

Implicative algebras: a new (...)
Alexandre Miquel [2018]

Definition:

Complete meet-semilattice (A, <, —) s.t.:
@ ifag<a and b < bythen (a— b) < (ay — by) (Variance)
® fpegla— b)=a— h\peph (Distributivity)

Examples:
@ complete Heyting/Boolean algebras

If H is complete,at> b=Y{x € H:aAx < b}.

@ Ordered Combinatory Algebras

Complete lattice P(A) equipped with A+ B = {r € A :Va e A.ra € B}.

@ Abstract Krivine Structures
Complete lattice P(IT), equipped with:

a<b&adb a— b2at - b={t-m:teat nebh}
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Interpretation of A-terms

Application:

a®bh & \{ceA:a<xbh—c}

Abstraction:

A £ Kaeala = f(@)
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Interpretation of A-terms

Application:

a®bh & \{ceA:a<xbh—c}

Abstraction:

M 2 Neala— f(@)

Q Ift —p u, then t < o (B-reduction)
Q Ift -, u, then v x t7. (n-expansion)

Q@ abb<xc & axbc (Adjunction)
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Interpretation of formulas

Formulas with parameters:
ABi=a|X|A= B|VX.A (a€ A)

Embedding of closed formulas with parameters:

a’t £ g (if a € A)
(A= BN £ AR - A
VXA 2 L ealAX = a7
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Interpretation of formulas

Formulas with parameters:
AB:i=al|X|A= B|VX.A (aeA)

Embedding of closed formulas with parameters:

a® £ a (if a e A)
(A=>B)‘?{ Y AA 5 gA
(VXA 2 KpealAX = ah)”
Adequacy: If rt:A then t' < A7
In particular:
K= Aa,be&’((a —b—a)
sA = Aa,b,ceﬂ((a_) b—c)—(a— b —a— o)
cc = Aapeal((a— b) — a) — a)
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Implicative algebras

Separator S:
Q eS,sMe S,(cc e S) (Combinators)
Q Ifae Sanda < b,then b € S. (Upwards closure)
Q If(a—> b)eSandac S,thenbe S. (Modus ponens)

Implicative algebras:

(A,<,—) + separator S
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Implicative algebras

Separator S:
Q kA e S, s e S,(cc e S) (Combinators)
Q Ifae Sanda< b,then b € S. (Upwards closure)
Q If(a—> b)eSandac S,thenbe S. (Modus ponens)

Implicative algebras:

(A,<,—) + separator S

Examples:

@ Complete Boolean algebras

For all A-term t, t® = T and a@b = a A b. Thus, T or any filter define separators.
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Implicative algebras

Separator S:
Q kA e S, s e S,(cc e S) (Combinators)
Q Ifae Sanda< b,then b € S. (Upwards closure)
Q If(a—> b)eSandac S,thenbe S. (Modus ponens)

Implicative algebras:

(A,<,—) + separator S
Examples:
@ Complete Boolean algebras

For all A-term t, t® = T and a@b = a A b. Thus, T or any filter define separators.

@ Abstract Krivine structures
The set S = {a € P(TI) : a*- NPL # 0} is a separator.
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Internal logic

Entailment: arsh & a—beS

@ s isapreorder
Q ifax bthenatg b (Subtyping)
Q ifargsbandae Sthenbe S (Closure under )
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Internal logic

Entailment: arsh & a—beS

@ rgsis a preorder

Q ifa< bthenatg b (Subtyping)
©Q ifarsbandae Sthenbe S (Closure under +g)
Quantifiers:
Va 2 \a Ha 2 \\@—09-0
i€l iel iel ceA iel

Semantic rules:

T'rt:a foralliel Trt:Viga ivel
Fi—t:ViE,a,- I‘I—t:a,o
F'rtiay, i€l Trt:dicgaj T,x:aru:c (foralliel)

T+ Ax.xt : Jies a; I+ t(Ax.u):c

22/ 51



Implicative algebras
0000000e0000000

Internal logic

Entailment: arsh & a—beS

Properties

@ rgsis a preorder

Q ifa< bthenatg b (Subtyping)
©Q ifarsbandae Sthenbe S (Closure under +g)
Connectives:
axb & A((a—>b—>c)—>c) a+b & A((a—>c)—>(b—>c)—>c)
cedA ceA

Semantic rules:

ITrt:a Tru:b I'tt:a+b TI',x:aru:c T,y:brv:c
T+Azztu:axb Tk t(Ax.u)(Ay.v): ¢
F-t:axb Frt:axb IF'rt:a Frt:b

I'ktm:a Tritm:b T'rAlrdt:a+ b TrAlrrt:a+ b
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Internal logic

Entailment: arsh & a—beS

Properties

@ rgsis a preorder

Q ifa< bthenatg b (Subtyping)
©Q ifarsbandae Sthenbe S (Closure under +g)
Connectives:
axb & A((a—>b—>c)—>c) a+b & A((a—>c)—>(b—>c)—>c)
cedA ceA

Adjunction

ars b— ¢ if and only if axXbtrgsc
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Advertisement

Up to this point, everything you saw has been formalized in Coq.
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Advertisement

Implicative Structures:

Complete meet-semilattice (A, <, —) s.t.:
@ ifay < a and b < by then (a — b) X (ay — by) (Variance)
@ fpepgla—m b)=a— hppb (Distributivity)

Class ImplicativeStructure *{CL:CompleteLattice} := {
=X = X = X
arrow_mon_l:Vaa b, aga —am—b<xgar—hb
arrow_mon_r:VYabb', bxb —mar—b<xgar b}
arrow_meet : V aB, A\pcglar>b)=ar Ayph

}.
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Advertisement

Application:
a®b & f\{ce A:a< b c}

Definitionappab:= A (func=a<xbm c).

Abstraction:
M £ Ageala— f(a)

Definitionabs f:= A (funx= Ja,x=a — fa).
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Advertisement

Adequacy:
Ft:T = tA=x = TAo=za = x<a

Theorem adequacy_empty:
Vt T xa, fv_typ T = {} — typing_trmempty t T—
translated t x — translated_typTa— x < a.
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Advertisement

https://gitlab.com/emiquey/ImplicativeAlgebras/
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Implicative algebras
00000000080 0000

A incredibly nice framework

Adjunction

ars b ¢ if and only if axbtrg c.

Proof. (=) Assume thatt := a+> b+ c € 8. We shall find u € S s.t.:

usaxbm c
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A incredibly nice framework

Adjunction

ars b ¢ if and only if axbtrg c.

Proof. (=) Assume thatt := a+> b+ c € 8. We shall find u € S s.t.:

u<(A(a|—>b»—>d)|—>d)»—>c
deA
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A incredibly nice framework

Adjunction

ars b ¢ if and only if axbtrg c.

Proof. (=) Assume thatt := a+> b+> c € S. Let us prove that:

(Axy.yx)0t < (Ageqlar> b d)—>d) - c
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A incredibly nice framework

Adjunction

ars b ¢ if and only if axbtrg c.

Proof. (=) Assume thatt := a+> b+> c € S. Let us prove that:
(Axy.yx)0t X (Ageqlar> b d)>d) - ¢
& Ay.yla— b o) S (Agealar b= d) > d)—> ¢ (Breduction)
& (Ay.ylar b= 0)O(A\yjeqlar b= d)—d) < c (adjunction)

& (Adeﬂ(a b d)— d)@a— b o)< c (B-reduction)
< (Adeﬂ(a b dHd (@b c (adjunction)
= (aHb b o cx(a—m b )¢ (meet def.)

O
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A incredibly nice framework

Adjunction

ars b ¢ if and only if axbtrg c.

Proof. (=) Assume thatt := a+> b+ c € S. It suffices to prove that:

Axy.yx X (a—> b ¢) > (ax b)— ¢

(&) Assume that (a X b) — c € S. It suffices to prove that:
Mab.f(Az.zab) < ((aX b) — ¢) — (a— b ¢)
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A incredibly nice framework

Adjunction

ars b ¢ if and only if axbtrg c.

Proof. (=) Assume thatt := a+> b+ c € S. It suffices to prove that:

Axy.yx X (a—> b ¢) > (ax b)— ¢

(&) Assume that (a X b) — c € S. It suffices to prove that:
Mab.f(Az.zab) < ((aX b) — ¢) — (a— b ¢)

Within Coq:

Proof. intros a b c;split;introH.

— ... . realizer (A+ A+ [$0] $1).

— ... . realizer (A+ A+ A+ [$2] (A+ ([[$0] $2] $1))).
Qed.@
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Implicative tripos

Adjunction

ars b—c if and only if axbtrgc

(% (A/S, ks, X, +,—) is a Heyting algebra)

Tripos:
7. Set”” — HA
ol - A'S[I]
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Implicative tripos

Adjunction

ars b—c if and only if axbtrgc

(% (A/S, ks, X, +,—) is a Heyting algebra)
Tripos:

7. Set”” — HA
1 — A'/S[N

Collapse criteria

The following are equivalent:
@ 7 is isomorphic to a forcing tripos
@ S C A s a principal filter of A.
© S C A isfinitely generated and rh € S.
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Completeness of implicative triposes

Theorem [Miquel 18]

Each Set-based tripos is (isomorphic to) an implicative tripos.

The proof is based on several observations:

@ generic predicate: there exists X and tr € 7(2) s.t.

[lx - { X S T(X)
1 6 > TO)(tr)

% each predicate on X has a code in 32X

is surjective

@ we can define codes A, V, = for connectives
V,3 for quantifiers
@ this almost endows X with a structure of complete HA

o it “leads” to an implicative algebra
Y the corresponding tripos is isomorphic to the original one
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Categorifying a bit more

We have:
A
~—
AKS IA
\/
K
Questions:

@ Can we define categories for JA /| AKS?

@ Does this diagram have a categorical meaning?
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The category of Implicative Algebras

The category of Implicative
Algebras and Realizability
Assume two lAs ﬂ and B W. Ferrer, O. Malherbe [2018]

Applicative morphism

f: A — B with r € Sg such that:

Q f(Sa) < Sz
Q Ifard,thenr < f(a— a) — f(a) — f(a) (Ya,a’ € A)
Q f(AP)= A{f(x): x € P} (VP C A)

Computationally dense morphism

f: A — B applicative with h : Sg — S# monotonic, t € Sg s.t.:
t < f(h(b)) — b (Vb€ Sg)

The two notions give rise to categories IA / IAc.
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The category of Implicative Algebras

he category of Implicative
Lgebratsgan(}/ Rea:izszi[itf/
W. Ferrer, O. Malherbe [2018]

Good news:

@ The two notions also give rise to categories AKS / AKSc.
@ The maps A: AKS — JA and K : TA — AKS extend to

functors:
A A
/T — N
AKS 1A AKSc IAc
u v
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The category of Implicative Algebras -
Nscbrasand Rty
W. Ferrer, O. Malherbe [2018]

Good news:

@ The two notions also give rise to categories AKS / AKSc.
@ The maps A: AKS — JA and K : TA — AKS extend to

functors:
A A
/T — N
AKS 4 1A AKSc L IAc
v v
K K

These functors form an adjoint pair.
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The end?

Implicative structures:
@ simple algebraic structures

@ adequate embedding of types and terms
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The end?

Implicative structures:
@ simple algebraic structures
@ adequate embedding of types and terms
Implicative algebras:
@ encompass usual approaches to realizability
@ generalize Boolean algebras and forcing

@ complete w.r.t. Set-based triposes
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The end?

Implicative structures:
@ simple algebraic structures
@ adequate embedding of types and terms
Implicative algebras:
@ encompass usual approaches to realizability
@ generalize Boolean algebras and forcing

@ complete w.r.t. Set-based triposes

Does the quest of algebraic foundations
for classical realizability stop here?
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The end?

Implicative structures:
@ simple algebraic structures
@ adequate embedding of types and terms
Implicative algebras:
@ encompass usual approaches to realizability
@ generalize Boolean algebras and forcing

@ complete w.r.t. Set-based triposes

Does the quest of algebraic foundations
for classical realizability stop here?

Questions:
@ logic=V,—7? @ call-by-name A.-calculus ?

29/ 51
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L]

Disjunctive algebras
(fast-tracked)
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Decomposing the arrow

Logic:
A—-B £ -AVB
Different axiomatic:
S1 : (AVA - A S3 : (AVB)— (BVA)
S2 : A—>(AVB) S4 : (A—> B)—> ((CVvA) —(CVB)
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Decomposing the arrow

Logic:
A—-B £ -AVB
Different axiomatic:
S1 : (AVA - A S3 : (AVB)— (BVA)
S2 : A—>(AVB) S4 : (A—> B)—> ((CVvA) —(CVB)

A-calculus:

Ax.t 2 A(x], B)AE] B) : AT B

o L7 fragment of Munch-Maccagnoni’s system L

@ embedding of the call-by-name A-calculus
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Focusing on disjunction: L

Focalisation and Classical Realisability

Syntax: Guillaume Munch-Maccagnoni [2009]
Contexts e = a| (e,e) | [t] |px.c
Terms t = x| play,ap).c| plx].c| pa.c
Commands c == (t]e)
Types AB:=X|A®B|-A|VX.A

Type system:
I'rt:A|A Tle:ArA

(Cur)
(t|e):TrA
IF'leig:ArA Tle:BrA c:THA a1 : A ar: B
(@) (+%)
I'|(e,e): ABBFA Tk p(ar,ap).c: A B|A
Trt:A|A c:T,x:ArA

)

-+ +-)
T|[t]:=AFA TFplx]c:=A|A

32/ 51



Disjunctive algebras
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Disjunctive structures

Complete meet-semilattice (A, <, %, —):
@ - is anti-monotonic
Q@ 72 is monotonic
Q Apep(a®b)=aZB (Kpegh) and  Apep(bB @) = (Apepb) T a
Q ~ heeaa=Ygena
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Disjunctive structures

Complete meet-semilattice (A, <, %, -):
@ - is anti-monotonic

Q % is monotonic
o AbeB(a Xb)=a? (AbeB b) and AbeB(b Na) = (AbeB b) % a
Q- AaeA a= YaeA -a

Examples:

@ complete Boolean algebras

a%b2avhb -a£ —a
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Disjunctive structures

Complete meet-semilattice (A, <, %, -):
@ - is anti-monotonic

@ 7 is monotonic
Q Appa®b)=a®(N\pegb) and A\pcp(bB a)=(Apepb) B a
o _‘AaeAa: YaeA -a

Examples:
@ complete Boolean algebras
o classical realizability in L7

o AL P) o a® b2 (ab)

ea<b=a2b o —a2 [at]
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Disjunctive algebras
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Disjunctive structures

Complete meet-semilattice (A, <, %, —):
@ - is anti-monotonic
Q@ 72 is monotonic
Q Apep(a®b)=aB (\pepb) and  Apep(bB @) = (Apeph) B a
Q ~heen@=Y,ena

Examples:
@ complete Boolean algebras

o classical realizability in L7

Induced implication

(A, =<, ) witha > b2 —a?® bis an implicative structure
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Interpreting L

E
(>

Intuition:
tlFA if t7 g AN and t g if t"Agah
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Interpreting L

1 £ {(te):t=<e}

Terms: Contexts:
@yt hyeqla:cla)e 1L} ® (ab)2aBb
° yo.céka’beﬂ{a:’?b:c(a,b)eJL} o [a £ -a
o et Npemia: c(a)e 1} ® yt.c 2 Y enfa: cla) e 1}
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Interpreting L

1 £ {(te):t=<e}
Terms: Contexts:
@yt hyeqla:cla)e 1L} ® (ab)2aBb
° p().céka’beﬂ{a:’?b:c(a,b)eJL} o [a £ -a
o w2 \cql-a:c(a)e 1} @ pt.c 2 Y eqla:cla)e 1L}
Properties:
If ¢; =g ¢ then cf‘ < cf‘. (B-reduction)

Adequacy
@ foranytermt,if T +t:A|A, then (t{o])? < Alo]™;
Q forany context e, if T | e: A+ A, then (e[a])? = Alo]™;
@ for any command ¢, if ¢: (T'+ A), then (c[c])™ € L.
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Interpreting L

1 2 {(tey:t<e}
Terms: Contexts:
@yt hyeqla:cla)e 1L} ® (ab)2aBb
° y().céka’beﬂ{a:’?b:c(a,b)eJJ_} o [a £ -a
o w2 \cql-a:c(a)e 1} @ pt.c 2 Y eqla:cla)e 1L}
Properties:
[1
A-calculus ————> |7
1 1% (Soundness)

(A, %, —) —> (A%, 1.7, )
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Disjunctive algebras

Russel’s axioms:

ST 2 Nuea [@Ba)— 4

7 £ Aapen lar (a® b)]

s £ Aa,beﬂ [(a? b) — (b a)]

Sy £ Aa,b’ceﬂ[(a»ﬁb)|—>(c75’a)|—>(c7?b)]

se £ Aa,b’ceﬂ[(a@(b@c))lﬁ((a??b)75’c)]

Separator S:

Q@ IfacSanda< bthenbe S (upward closure)
Q s1,52,53,54 and s5 are in S (combinators)

Q@ Ifa>becSandac Sthenbe S (modus ponens)
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Disjunctive algebras

T 2 hwea (@B a)— d
3 £ Aapea lar (@%b
3 = Aapea (@B b)— (b7 a)]
5 L Aabceall@ar by (¢ a) - (¢ b))
se £ Aa,b,céﬂ [(@® (b c)— ((a® b) % c)]
Separator S:
@ IfacSanda< bthenbe S (upward closure)
© s1,52,53,54 and s5 are in S (combinators)
Q@ IfabbeSandaec Sthenbe S (modus ponens)
Examples:

@ Complete Boolean algebras

All combinators verify (s;)® = T, thus T or any filter define separators.
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Disjunctive algebras

T 2 hwea (@B a)— d
3 £ Aapea lar (@%b
3 = Aapea (@B b)— (b7 a)]
5 L Aabceall@ar by (¢ a) - (¢ b))
se £ Aa,b,céﬂ [(@® (b c)— ((a® b) % c)]
Separator S:
Q IfaeSanda<x bthenbe S (upward closure)
© s1,52,53,54 and s5 are in S (combinators)
Q IfabbeSandac Sthenbe S (modus ponens)
Examples:

@ Complete Boolean algebras
e realizability models in L'?

The set of realized falsity values is again a separator.
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Internal logic

Recall:
arsh & a>beS
Sum type:
@ a¥%brsa+b @a+brsa®b
Negation:
o—|a|—3a|3>J_ @ atg a

oaﬁ)J_l—S—‘a @ "atga
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Internal logic

Recall:
arsh & a>beS
Sum type:
@ a®brsa+b @ a+brsa®b
Negation:
o—|a|—3a|3>J_ @ atg a
oaﬁ)J_l—S—'a @ "atga

Combinators:

K,S,cc €S

Theorem

S is an implicative separator
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Internal logic

Recall:
arsh & a>beS
Sum type:
@ a¥%brsa+b @a+brsa®b
Negation:
o—|a|—3a|3>J_ @ atg a
oalzJ_l—Sﬂa @ "atga

In an implicative structure, we don’t have in general:

ANa+pZar (A  Ab+aZ(A\b+a (Aa—1ZY@—1)

beB beB beB beB acA acA

% Implicative algebras are more general !
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Disjunctive structures:
@ induced by classical realizability
o allow to adequately embed L”

@ are implicative structures
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Disjunctive structures:
@ induced by classical realizability
o allow to adequately embed L”

@ are implicative structures

Disjunctive algebras:
@ are intrinsically classical
@ are implicative algebras

@ do not necessarily collapse to a forcing situation
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Disjunctive algebras

000000e

Disjunctive structures:
@ induced by classical realizability
e allow to adequately embed L?

@ are implicative structures

Disjunctive algebras:
@ are intrinsically classical
@ are implicative algebras

@ do not necessarily collapse to a forcing situation

Conclusion

Implicative algebras are more general.
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Conjunctive algebras

(entering call-by-value)
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Conjunctive algebras

Logic:
A—>B £ <(AA-B)
A-calculus:
Ax.t 2 [u(x, [a])t] @)] : ~(A® —B)
% L® fragment % call-by-value A-calculus

Same process:
@ Conjunctive structures (A, <%, ®, )
@ Adequate embedding of L®

© Conjunctive algebras
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Conjunctive structures

Complete meet-semilattice (A, <, ®, —):
@ - is anti-monotonic
@ ® is monotonic
Q Y,p(a®b)=a®(Ypeph) and Y,pb®a)=(Y,ppb) ®a
Q ~Yoena= koeaa
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Conjunctive structures

Complete meet-semilattice (A, <, ®, —):
@ - is anti-monotonic
@ ® is monotonic
Q Y,p(a®b)=a®(Ypeph) and Y,z(b®a)=(Y,ppb) ®a
Q ~Yiena= kgeaa

Examples:
@ complete Boolean algebras

a®b2anb -a 2 -a
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Conjunctive structures

Complete meet-semilattice (A, <, ®, —):
@ - is anti-monotonic
@ ® is monotonic
Q Y,p(a®b)=a®(Ypeph) and Y,z(b®a)=(Y,ppb) ®a
Q ~Yiena= kgeaa
Examples:

@ complete Boolean algebras
o classical realizability in L®

o AL P(V) o a® b= (a,b)

ea<b=ach o —a 2 [at]
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Conjunctive structures

Complete meet-semilattice (A, <, ®, —):
@ - is anti-monotonic
@ ® is monotonic
Q Y,p(a®b)=a®(Ypeph) and Y,pb®a)=(Y,ppb) ®a
Q ~Yoena= koeaa

Examples:
@ complete Boolean algebras

o classical realizability in L®

Q@ (A, <,®,-) conjunctive str. = (A, =, ®, —) disjunctive str.
Q (A, =<, %, -)disjunctive str. = (A, =, %, —) conjunctive str.
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Conjunctive algebras ?

Russel’s axioms:

2 2 fpeala (@a®a)]
®,

5 = Aepeall@®b)r>dl

3 2 Aapenl(@®b) > (b )

g £ Aa,b,ce.?{ [(@a¥> b) ¥ (c®a) v (c® b)]

sg = Aabeeall@® (b® c) S ((a® b) ® 0))]

Separator S:

(1) faeSanda< bthenb e S (upward closure)
(2) s%,s5,55,s5 and st arein S (combinators)
(3) Ifar>beSandac Sthenbe S (modus ponens)
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Conjunctive algebras ?

Russel’s axioms:

2 2 fpeala (@a®a)]
®

$3 = Aavenl(@®b) >l

2 2 Agpeal(@a®b) > (b® a)]

g % Aa,b’ceﬂ [(a¥> b) ¥ (c? a) ¥ (c® b)]

sy = Amb’ceﬂ [(a®(b® )= ((a® b) ® ¢))]

Separator S:

(1) faeSanda< bthenb e S (upward closure)
(2) s%,s5,55,s5 and st arein S (combinators)
(3) Ifar> be Sandae Sthenbe S (modus ponens)

Reversed disjunctive algebra

If (A, <,%,-,8) is a disjunctive algebra, then (A, =, %, -, =~ 1(S))
is a conjunctive algebra.
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Conjunctive algebras

Reversed disjunctive algebra

If (A, <,%,-,8) is a disjunctive algebra, then (A, =, %, =, =~ (S))
is a conjunctive algebra.

C’était trop beau pour étre vrai

The converse seems impossible to prove...
Technically, we are missing the adjunction:
a<xbSc @ a®®b<c
Indeed we have:
A(argb);?&argkb A@> b =Y ab

Intuitions:
@ conjunctive «~ positive «~ joins Y, yet axioms with ¥/ A
@ values are not closed by application (MP flawed)
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Inspecting L¥deduction system

F'rt:A|A Tle:ArA
(Cur)

(tle):TrHA
(x:A)eA () (x:A) el a0
F'la:ArA F'rx:A|A
c:Fl—A,x:A(F) c:F,a:AI—A(F)
g I‘F,ua.c:AlA'u

I'|px.c:ArA
'rt:A|A Tru:B|A
(F®)
Tr(t,u): A®QB| A

C:(F,X:A,X’:BI—A)(
T'|px,x).c: AQBFA

IF'le:ArA

e Trle] <ArA"”

c:(T,x:ArA)
I'|plal.c:=AFA
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Inspecting L¥deduction system

'rAA T,A+A

T A (Cur)
A€A (axt) AeT (Fax)
IArA I'rAA
I ABFA (oh) I'rAA FI—B,A(H@)
INA® B+ A T'rA® B,A
I'rAA I A A

T,-ArA" Tr-AA"
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Inspecting L¥deduction system

One-sided sequents, inlining cuts and contexts

IAFA

I''rA T+B
THrA®B

I'AAB-C T,A B+-=C
I'-(AQ® B)

IArC T,Ar-C
I'r-A
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Inspecting L¥deduction system

One-sided sequents, inlining cuts and contexts

IAFA

I''rA T+B
THrA®B

IAB-C T,A B+-C
I't~(AQ® B)

ILARC T,A+r-C
T'r-A

% this is a calculus of contradiction
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Conjunctive algebras

Axioms through contradictions:

S % Aaea ' [m(a® a) ® a]

3 N Aaben 7 [na® (a® b)]

3 = Aapea~[~(a®b)® (b® a)

g f Aabcea[7(ma®b) ® (=(c® a) ® (c® b))]

st = Aabcea[(a®(b®c)®((a®b)® )]

Separator S:

Q@ IfacSanda< bthenbe S. (upward closure)
Q s%,s3,53,s; and st are in S. (combinators)
Q [If~(a®b)c Sandac Sthen-be S| (deduction)
Q IfaecSand be Sthena® b e S. (pairs)

Classical: If ~——a € S thena € S.
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Conjunctive algebras

2 £ fpea—[-(a®a) ®ad

s3 = Aapes 7 [ma® (a® b)]

S £ ANaven[~(a®b)® (b a)]

s5 £ Nabcea["(ma®b)® (~(c® a) ® (c ® b))]

2 L2 Nabeea["(a®(b® )@ (a®b)® )]

Separator S:

Q@ IfacSanda=< bthenbe S. (upward closure)
Q s%,s3,53,s; and st are in S. (combinators)
Q If<(a®b)cSandac S then-beS. (deduction)
Q IfacSandbe Sthena® be S. (pairs)

Classical: If ~——a € S thena € S.

Examples:
@ Complete Boolean algebras @ realizability models in L®
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Conjunctive algebras

2 £ fpea—[-(a®a) ®ad

s3 = Aapes 7 [ma® (a® b)]

S £ ANaven[~(a®b)® (b a)]

s5 £ Nabcea["(ma®b)® (~(c® a) ® (c ® b))]

2 L2 Nabeea["(a®(b® )@ (a®b)® )]

Separator S:

Q@ IfacSanda=< bthenbe S. (upward closure)
Q s%,s3,53,s; and st are in S. (combinators)
Q If<(a®b)cSandac S then-beS. (deduction)
Q IfacSandbe Sthena® be S. (pairs)

Classical: If ~——a € S thena € S.

Examples:
@ Complete Boolean algebras @ realizability models in L®
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Internal logic

Remark:

. ars b ace S
@ in general, we only have: T _hesS

@ atg bcan be composed:

arsb and brsc implies argc
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Internal logic

Remark:

arsbh ae8S
@ in general, we only have: T _hesS

@ atg bcan be composed:

arsb and brsc implies argc

Negation:

o—|a|-3a£>J_ @ akFg 7a

oargJ_l—S—'a @ atga
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Internal logic

Remark:

arsbh ae8S
@ in general, we only have: T ShesS

@ atg bcan be composed:

arsb and brsc implies argc

Negation:

o—|al-3a£>J_ @ akFg 7a

oargJ_l—S—'a @ atga
Heyting Algebra axb=a®banda+ b= ~(-a® —b)
@ axbtsa Q arsa+b @ ars h> ¢ iff

Q@ axbtrg b Q brsa+b axXbtrg c
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A-calculus

A-calculus

Af & A(argf(a)) abéA{—'—'c:aﬁb&c}

acA

Properties

@ Ifae Sand b€ S thenab € S.
° (Af)a< ——f(a)
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A-calculus

A-calculus

Af & A(argf(a)) abéA{—'—'c:aﬁbﬁ)c}

acA

Properties

@ Ifae Sand b€ S thenab € S.
° (Af)a< ——f(a)

Combinators

Q@ scS Q keS

A-calculus

If S is classical and ¢ is a closed A-term, then t7! € S.
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Conjunctive tripos

Great news:

Theorem

If (A, <, —,S) is a classical conjunctive algebra, the functor:

AS[ - ASU]

T 1 A'/S[I T(f) :
s o {[(ai)iel] = [(ar)je/]

(where f : J — ) defines a tripos.
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Duality, the come-back

Structures

Q@ (A, <,®,-) conjunctive str. = (A, =, ®, —) disjunctive str.
Q (A, =<,%,-)disjunctive str. = (A, =, %, =) conjunctive str.
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Algebras
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Duality, the come-back

Structures
Q@ (A, <,®,-) conjunctive str. = (A, =, ®, —) disjunctive str.
Q (A, =<,%,-)disjunctive str. = (A, =, %, =) conjunctive str.
Algebras
Q If (A%, 8%)is a ¥-algebra, then =~ '(S?) = {a: ~a€ 8®} isa

valid separator for the dual ®-structure.
Q If (A®,8%)is a ®-algebra, then = 1(S®) = {a: —a€ S®}isa
valid separator for the dual 7-structure.
Triposes
Let (A, S) be a X-algebra and (A, S) its dual ®-algebra. The family:

.{ﬁ/S‘[I] - A/S[]
1 el e [l

defines a tripos isomorphism.
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Final picture

N
~ ’ N
“-algebras . \
—-algebras ~. :
8 a8 . /®-algebras'
\ \ S L- \
N N =" \
S \‘k - 1 \
e 7¥-algebras: . !
/\6 S ‘. 1 I )
)’\n\"‘~_ PR PO 1>
Ame - - T 'S
- - > translation \® -algebras i
\ 1
—> instance / ,'QQ
\ NS
Boolean algebras AN e
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Fun fact

Oliva & Streicher (2008)

Krivine = Kleene o Friedman

Definition 8.1 (Definition of the negative translation). The formula A+ is defined by
induction on A by the equations

(X(er,...,ex))t = X(eq,...,ex) (null(e))* = null(neg(e))
(A= B)t =A"ABt (Vo At =3z AL
({e} = B)* = nat(e) A B+ (VX At =3x AL

(using the unary function ‘neg’ defined in section 2.1), whereas the formula A™" is defined
as A7 = —pA+ = AL = R.
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Fun fact

Oliva & Streicher (2008)

Krivine = Kleene o Friedman

Definition 8.1 (Definition of the negative translation). The formula A+ is defined by
induction on A by the equations

(X(er,...,ex))t = X(eq,...,ex) (null(e))* = null(neg(e))
(A= B)t =A"ABt (Vo At =3z AL
({e} = B)* = nat(e) A B+ (VX At =3x AL

(using the unary function ‘neg’ defined in section 2.1), whereas the formula A™" is defined
as A7 = —pA+ = AL = R.

—-algebras

\ W’ ®-algebras

%-algebras

In our setting:

- - > translation SR

— instance ® -algebras
Boolean algebras
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Conclusion

What we have:

@ Disjunctive algebras, particular cases of implicative ones
@ Conjunctive algebras, harder to handle

@ Duality between conjunctive and disjunctive algebras
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Conclusion

What we have:

@ Disjunctive algebras, particular cases of implicative ones
@ Conjunctive algebras, harder to handle

@ Duality between conjunctive and disjunctive algebras

What is left:
@ By-value implicative algebras:
o Does it exist?
o Relation to (by-name) implicative algebras?
e Tripos equivalence ?
© Combination of disjunctive and conjunctive algebras:
e Would it collapse to a forcing situation?
e Any chance to get call-by-push-value algebras?
© Algebraic counterpart of strategy/side-effects ? (lazy? memory?)
@ What about toposes? (remark from Van Oosten/Zou’s paper)
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