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Linearity

I linearity = additivity: f (x + y) = f (x) + f (y)
→ di�erential calculus (�rst order)

I linearity = consumption of resource (e.g. automaton)

→ linear logic (higher order)

Needs an operational semantics for counting the uses of

resources
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Operational semantics

CBV
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Sum as non deterministic choice

X1 + X2  Xi

P[X1 + X2] ∼ P[Xi ]

P linear: has one (linear) occurence of x

P{(X1 + X2)/x} = P[X1 + X2] ∼ P[Xi ]

P{X1/x}+ P{X2/x} ∼ P{Xi/x} = P[Xi ]

P bilinear: has 2 (linear) occurrences of x

P{(X1 + X2)/x} ∼ P[X1 + X2,X1 + X2] ∼ P[Xi ,Xj ]

P{X1/x}+ P{X2/x} ∼ P{Xi/x} = P[Xi ,Xi ]



Sum as non deterministic choice

X1 + X2  Xi

P[X1 + X2] ∼ P[Xi ]

P linear: has one (linear) occurence of x

P{(X1 + X2)/x} = P[X1 + X2] ∼ P[Xi ]

P{X1/x}+ P{X2/x} ∼ P{Xi/x} = P[Xi ]

P bilinear: has 2 (linear) occurrences of x

P{(X1 + X2)/x} ∼ P[X1 + X2,X1 + X2] ∼ P[Xi ,Xj ]

P{X1/x}+ P{X2/x} ∼ P{Xi/x} = P[Xi ,Xi ]



Sum as non deterministic choice

X1 + X2  Xi

P[X1 + X2] ∼ P[Xi ]

P linear: has one (linear) occurence of x

P{(X1 + X2)/x} = P[X1 + X2] ∼ P[Xi ]

P{X1/x}+ P{X2/x} ∼ P{Xi/x} = P[Xi ]

P bilinear: has 2 (linear) occurrences of x

P{(X1 + X2)/x} ∼ P[X1 + X2,X1 + X2] ∼ P[Xi ,Xj ]

P{X1/x}+ P{X2/x} ∼ P{Xi/x} = P[Xi ,Xi ]



Sum as non deterministic choice

Remark
Can keep sums without commiting choices, e.g. instead of

X1 + X2  Xi

P[X1 + X2] ∼ P[Xi ]

have

P[X1 + X2] ∼ P[X1] + P[X2]



Linearity in lambda-calculus

Lambda-calculus application is not linear:

(P1 + P2)Q = P1Q + P2Q

but

P(Q1 + Q2) 6= PQ1 + PQ2

(e.g. composition f ◦ g in an additive category is only left linear)



Di�erentiation

I di�erentiation = approximation by linear map

I di�erentiation = forcing an input to be linear

Linear substitution

∂P

∂x
· Q = �P in which Q is substituted linearly for x�

Example:

if P = x2 = x .x then

∂P

∂x
· Q = Q.x + x .Q (= 2x .Q)



Di�erentiation

I di�erentiation = approximation by linear map

I di�erentiation = forcing an input to be linear

Linear substitution

∂P

∂x
· Q = �P in which Q is substituted linearly for x�

Example:

if P = x2 = x .x then

∂P

∂x
· Q = Q.x + x .Q (= 2x .Q)



Di�erentiation

I di�erentiation = approximation by linear map

I di�erentiation = forcing an input to be linear

Linear substitution

∂P

∂x
· Q = �P in which Q is substituted linearly for x�

Example:

if P = x2 = x .x then

∂P

∂x
· Q = Q.x + x .Q (= 2x .Q)



Di�erentiation

I di�erentiation = approximation by linear map

I di�erentiation = forcing an input to be linear

Linear substitution

∂P

∂x
· Q = �P in which Q is substituted linearly for x�

Example:

if P = x2 = x .x then

∂P

∂x
· Q = Q.x + x .Q (= 2x .Q)



Di�erential lambda-calculus

Syntax

T = x | λxT | T1T2 | 0 | T1 + T2 | DT1 . T2

Associativity, commutativity

Linearity

λx (P1 + P2) = λx P1 + λx P2

(P1 + P2)Q = P1Q + P2Q

D(P1 + P2) . Q = DP1 . Q + DP2 . Q

DP . (Q1 + Q2) = DP . Q1 + DP . Q2



Notation

I Di�erential calculus: if f : Rn 7→ R then Df (x) : Rn 7→ R
linear

Df : Rn → (Rn ( R)

∼= Rn ( (Rn → R)

Df (x).u = di� of f at x in direction u

I Di�erential lambda-calculus: if P : E → F then

DP : E ( (E → F )

(DP . Q)X = di� of P in direction Q at X

 DP . Q as a linearization of PQ
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The chain rule

If F : Rp 7→ R and U : Rn 7→ Rp are di�erentiable then (with

standard notations):

∂F ◦ U
∂xi

(~x) = DF (U(~x)) .
∂U

∂xi
(~x)

If P1 doesn't depend on x so that ∂P1

∂x · Q = 0 then (with l-di�

notations):

∂P1P2

∂x
· Q =

(
DP1 .

(
∂P2

∂x
· Q
))

P2



Dynamics

Reduction

(λx P)Q  P{Q/x}

Dλx P . Q  λx
∂P

∂x
· Q



Taylor expansion

Di�erential calculus

f (x) =
∑
n≥0

1

n!
D

nf (0) . xn

Di�erential lambda-calculus

PQ =
∑
n≥0

1

n!
(DnP.Qn) 0

P{Q/x} =
∑
n≥0

1

n!

(
∂nP

∂xn
· Qn

)
{0/x}

And now let's move to the full Taylor expansion
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Resource calculus

Syntax

s = x | λx s | 〈s〉B
B = 1 | s1 . . . sn

+ linearity conditions

Remark

〈s〉B = (Dns . B)0 where deg(B) = n
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Linear substitution

∂x

∂x
· t = t

∂y

∂x
· t = 0

∂λy s

∂x
· t = λy

∂s

∂x
· t

∂ 〈s〉B
∂x

· t =

〈
∂s

∂x
· t
〉
B + 〈s〉 ∂B

∂x
· t

∂s1 . . . sn
∂x

· t =
n∑

i=1

s1 . . .

(
∂si
∂x
· t
)
. . . sn



Reduction

〈λx s〉 s1 . . . sn  0 if degx(s) 6= n

 
∂ns

∂xn
· s1 . . . sn =

∑
σ∈Sn

s[sσ1 . . . sσn]



Uniformity

Uniform resource term = lambda-term approximant

Approximations

λx x x  λx 〈x〉 xn

λf f (λg gλz z) λf 〈f 〉 1
 λf 〈f 〉λg 〈g〉 1
 λf 〈f 〉λg 〈g〉 1 . λg 〈g〉λzz
 λf 〈f 〉λg 〈g〉 1 . λg 〈g〉λz z . λg 〈g〉 (λz z)2



Reduction vs beta-reduction

Theorem
If S →β S0 (normal form) and s0 ∈ T (S0) then

there is a unique s ∈ T (S) s.t. s  s0.

S s ∈ T (S)

S0 s0 ∈ T (S0)

∗

β

∗



Full Taylor expansion

Let S be a lambda-term;

S∗ =
∑

s∈T (S)

1

m(s)
s

m(s) is the multiplicity coe�cient of s:

Theorem

(PQ)∗ =
∑
n≥0

1

n!
〈P∗〉Q∗n
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