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The relational model

nd relations

Typed A-calculi

Terms
s,¢tu=x|alAxs|st
Typing
(Var) ac€lrh
Ax:AFEx:A AFa:A(onSt)

Ax:AFs:B (Abs) AFs:A—B AFt:A

AFAxs:A— B AFst:B (App)

Conversions
Axs)t—sx:=t], ...

We could add products and unit type with the corresponding term
constructions and conversions.
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The relational model

The cartesian closed category of sets and relations

onal model of typed A-calculi

A category of sets and multi-relations
Definition (The category Rel)

Objects: Sets
Morphisms: Rel(A,B) =% (A! X B) (A! n= Miin (A))
Identities: ida = {([a], &); o € A}
Composition: If f € Rel(A,B) and g € Rel(B, C),

gof:{<ZOC1,Y> Bh )Bn])Y)eg/\Vi) ((Xi,f)i)Ef}

Intuition: resources
(l1y..oynl, B) € f means:
f can produce result 3 consuming data o1, ..., 0.
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The relational model

The closed categ; of sets and relations

al model of typed A-calculi

A category of sets and multi-relations
Definition (The category Rel)

Objects: Sets
Morphisms: Rel(A,B) =% (A! X B) (A! n= Miin (A))
Identities: ida = {([a], &); o € A}
Composition: If f € Rel(A,B) and g € Rel(B, C),

gof:{<ZOC1,Y> Bl) )Bn])Y)Eg/\Viv (o‘bf’i)ef}

Folklore
Rel is cartesian closed (with product the disjoint sum of sets).

|

Rel can be constructed as the co-Kleisly of the co-monad —' in the
category Rely of sets and relations, which is a model of linear logic.
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The relational model

E category of sets and relations
onal model of typed A-calculi

Features

The relational model of typed A-calculi

On types
Fix [X] any set. Then [A — B] = [A]' x [B].

On terms
Ifx1: A, . .y%xn: An b s A we (will soon) define
[s] € Atf x --- x An' x AL

Notation
Write X7t Ay .. X3t Ay B s® A for (®, ..., &, &) € [s] so
that B

[[s]]:{(&h...,&n,oc); X7 :A1,...,x$f“:Anl—s°‘:A}

Cf. experiments in linear logic proof nets.
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The relational model

cartesian closed category of sets and relations

al model of typed A-calculi

Computing points in the relational model

HVar]] ac Q:A xX € [[(1]]
Al xld A X A AT o A [Const]
Nx*:AkFsP:B [Abs]
M-Aaxs®f:A 5B
Rk slxmadBl oA 5B Iyt A Mokt A
° T : [Appl
Yiohiksth:B

Notations

AV =T AL AL

F—I—F/:x?ﬁ&{ CAq,...
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The relational model

os
odel of typed \ calculi

Computing points in the relational model

[Var] acely «c[d]
AI])X[od AR XX A AL ar A [[Const]]
Lx*:AFsP:B [Abs]
M-Axs®P A B
r‘o '_ S([(X],..-yo‘k]»[?’) : A — B r] l_ 'l'_oC1 . A e rk |_ tock A
e ; [App]
2ioljFsth:B
Examples

[[AXA x]] —idx = {([od, ®); x € A

[ A = (0, 0, 05 e A)
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The relational model

os
odel of typed \ calculi

Computing points in the relational model

[Var] acely «c[d]
AI])X[od AR XX A AL ar A [[Const]]
Lx*:AFsP:B [Abs]
M-Axs®P A B
r‘o '_ S([(X],..-yo‘k]»[?’) : A — B r] l_ 'l'_oC1 . A e rk |_ tock A
e ; [App]
2ioljFsth:B
Examples

[N (e (xy))|

:{([([oq,...,ocn],oc),(oq,oq),...,(ocn,ocn)],Zoq,oc); }
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The relational model

cartesian closed category of sets and relations
ional model of typed A-calculi

Computing points in the relational model

HVar]] ac Q:A xX € [[(1]]
Al xld A X A AT o A [Const]
Nx*:AkFsP:B [Abs]
M-Aaxs®f:A 5B
Rk slaomdBlo A 5B EtM A 0 Rt A
: ] . [App]

YK oTsth:B
Invariance

If s — t then [s] = [t].
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The relational model

an closed category of sets and relations
al model of typed A-calculi

Features
Fixpoints
Straightforward: pf = 5o - 0.
Least fixpoint operator: Fixa = Uy ]:ixgq, where ]:ing) =0
and Fix ™ = [ar (£ (Fixl1))] =
{(llen, .y el )]+ X1 iy ) iy (@ 00) € Fixy ).
Reflexive objects
Fix Dy and take D = (J,, Dn with Dy = Dn U (D' x Dy).
Extensional variant: {(Si)ieN S DTI?T; &; =[] for almost all i}.

Non uniformity

Models some form of intrinsic non-determinism: introduce term
constructs 0 and s+t and [0] =0 and s + t] = [s] U [t].
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The relational model
The

and relations
The of typed i
Features

Features

Resource
Models Ehrhard—Regnier’s differential A-calculus with

[Ds - t] ={(,B); (&@+[x'],B) € [s] Ao € [t]}

Implicit complexity
The size of the semantics is related with execution time in abstract
machines (Carvalho, 2007).

An ubiquitous concept

Underlies all web based denotational semantics; coherence,
correllation, probabilistic coherence, finiteness. ..

Very similar to intersection type systems (Carvalho, 2007).

Related with domains a la Scott via an extensional collapse (Ehrhard, 2009).
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Interpreting the type of natural numbers

System T A relational semantics of system T

Uniformity of iteration

What about data types 7

ary Relational Semanticsof System T



ural numbers
ystem T

System T
Add a base type Nat, with O : Nat, S : Nat — Nat, and one of:

Iterator
Io :Nat — (A — A) — A — A with conversions

[(O)uv —v [(Sthuv —u(ltuv)

Or the tail-recursive variant.

Recursor
Ra of type Nat — (Nat - A — A) — A — A with conversions

R(O)uv—v R(St)uv - ut(Rtuv)

Notice | ~ AxAy Az (Rx (Ax'y) z).

Using products, one can recover R from |, but only by values.
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Interpreting the type of natural numbers
A |e|1t| emantics of system T

Uniformity iteration

A naive interpretation
We are tempted to set:

[Nat] =N [O] ={0} [S] ={(Inl,n+1); neNj

But this would fail: because the successor is linear,

[[I (Sx) (7\9/9) Z]]x;Nat,g:A,z:A - [[UHX:Nat,y:A,Z:A
= 0,1, 0, o)y o€ A}

enforces:
[ = {0 )], 0, «); e A}

hence:

[1O] 2 {(I(0,x)],0,x); x €A}
which would contradict:

[10] = Ay Azz] ={(l, [ed, &); ox € [[A][}
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Interpretmg the type of natural numbers
tics of system T
tion

System T

Lazy integers

The successor cannot be strict: without looking at x, we should
know S x is greater than O.

Greater than. ..
Take a new copy of Nat: Nat™ = {n”; n € Nat}.
n~ stands for an undetermined integer, greater than n.

Interpretation
Let
[Nat] = NUN~
[O] = {0}
[S] = {(0,07)}u{(v],v"); v e[Nat]}

withnt=n+1land (M”)" = (n+1)"
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Interpreting the type of natural numbers
system T

System T

Pattern matching lazy natural numbers

Syntax

A new constant C: Nat — (Nat = A) - A — A
with conversions

COtu—uand C(Ss)tu —ts

Idea:
. O — u
C stu = match s with { Ss’ o ts
Semantics
IC] = {(o1,0, o, a); «cl|Al}

u {(I071+vH (v, )], 0,x); Ve [Natf] N € A}
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type of natural numbers
antics of system T

iteration

Interpretation of system T

Recursor
Recall: R(O)uv—v R(St)uv - ut(Rtuv)

Then set:

[R] = Fix [[?\f AxNat pyNat=A=AR A (C x (?\X’A (yx' (fx'y z))) z)ﬂ

[terator
Take:
[ = [{AXNat AyNat—A—A ) A (Rx (W' y) Z)ﬂ

Theorem
Rel is a model of system T.
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A uniformity property of iteration

Definition
fkeN, ki=8SFO ={1"; L<k}U{k} € T (M).
Say n. € § (M) is uniform if n C k for some k.

Lemma
[[I]] = Uk>OI(k)' where I(O) = {([O] y D ) [od y (X), x € |A|} and
Tt1) — 7(0)

(071 + X 5 oy ey o]y )] + S @, Y1 iy 1)
Viy (Viaﬁi)ai) 0(1',) € I(k)b

Theorem
If (v, 9, & «) € ZN\ T (22D = () then Supp(v) C k.
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of the relational interpretation

Finiteness spaces ot e L
of primitive recursion

Polar construction: coherence spaces
For a,a’ C A, write ala’ when # (ana’) <1
Polar
fFCP(A), let F-={a’ CA; Vaeg, ala’}
For all § C B (A):
» FC
» if & CF, F ol
> SL — SLLL.
A coherence on A is § such that §++ = 3.
Definition
A coherence space is a pair A = (JA|,F (A))

where § (A) is a coherence on | A|.
The elements of § (A) are called the cliques of A.
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of the relational interpretation

Finiteness spaces ot e L
of primitive recursion

Polar construction
For a,a’ C A, write ala’ when ...
Polar
fFCP(A), let F-={a’ CA; Vaeg, ala’}
For all § C B (A):
» F Ot
»ifBCF 3 Cceh
> SL — SLLL.
A ...on Ais § such that 3+ =3.
Definition
A ... isapair A= (|A],F(A)

where §(A) isa ... on |A|
The elements of § (A) are called the ... of A.
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of the relational interpretation
of primitive recursion

Finiteness spaces

Polar construction: sets
For a,a’ C A, write ala’ always
Polar
fFCP(A), let F-={a’ CA; Vaeg, ala’}
For all § C B (A):
» F Ot
»ifBCF, FCoh
> SL — SLLL.
The powerset of A is the only § such that §+- = 3.
Definition
A set is a pair A = (JA]|,F (A))

where § (A) is the powerset of | A|.
The elements of § (A) are called the subsets of A.
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of the relational interpretation

Finiteness spaces ot e L
of primitive recursion

Polar construction: finiteness spaces
For a,a’ C A, write ala’ when ana’ is finite
Polar
fFCP(A), let F-={a’ CA; Vaeg, ala’}
For all § C B (A):
> FC
»if 3 CF FC ol
> SL — SLLL.
A finiteness structure on A is § such that §++ = 3.
Definition
A finiteness space is a pair A = (|A|,F (A))

where § (A) is finiteness structure on | A|.
The elements of § (A) are called the finitary subsets of A.
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of the relational interpretation
of primitive recursion

Finiteness spaces

A category of finiteness spaces

Finitary multi-relations

If A and B are finiteness spaces, define A= B by
A= Bl =]Al x|B|and f € F (A= B) iff

Va e F(A), f-a'eF(B)
and VB € |B|, (f--{B}) Na'is finite

Theorem

Finitary multi-relations compose and id|4 € § (A = A). Hence we
can define the category Fin of finiteness spaces and finitary
multi-relations.
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Def|n|t|on<
eness of the relational |nterpretatlon
Finiteness of primitive recursion

Finiteness spaces

A finiteness property of the relational model

Theorem
Fin is cartesian closed, with the same constructions as Rel, with
product A x B such that |A x B| = |A|W|B| and
FAxB)={awb; aeF(A) AbeF(B).
Fin is also the co-Kleisly of a co-monad | in the category Fing of finiteness spaces and finitary relations:
f € Fing (A, B) iffVa € §(A), f-a € F(B)andVbe§ (B ) fL.beg (.\ )
LAl = A" and § (1A) = {u; 3a € F(A), uCa'}.

Interpretation of pure typed A-calculus

For all base type A, fix § (A ) a finiteness structure on [A]. Then
set § (A — B) = ([A], T (A)) = ([B],3 (B

Theorem
Assume, foralla € €5, a € F(A). Ifx1 1 Aq,...,xn Ak s A
then [s] € § (A1 — - = Ay — A).
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Definitions
Finiteness of the relational interpretation
Finiteness of primitive recursion

Finiteness spaces

Finiteness of system T

Finitary lazy integers

Let n € § (Nat) iff n is finite.

Then [O] = {0} € § (Nat) and

[S] ={(0,07)}u{(v],vF); v € [Nat]} € § (Nat — Nat).

Theorem
We also have: [I] € §(Nat — (A - A) - A — A) and
[R] € §(Nat —» (Nat 2 A - A) 5 A = A).

Not immediate because, in general, Fix| 4 is not finitary in
(A= A) = A. For instance Fixnay [S] = Nat”.
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ess of the relational mtcrpiet ation

Finiteness spaces o
P Finiteness of primitive recursion

Proof (i) the image of a finitary subset is finitary

Notation

Write [R] = Uyso R™), where RO = {([0], 11, [od, a); o € [A]}
and R = @F (RO) with @ = ...

For all k, R™ e §(Nat — (Nat 5 A - A) - A — A).

Lemma
For ally = (v, ¢, &, &) € [R], y € Rmax())

Corollary
Ifn € §(Nat), then [R] -n' C R™axM) .1 which is finitary.
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Definitions

- Finiteness of the relational interpretation
Finiteness spaces

Finiteness of primitive recursion

Proof (ii) the preimage of a singleton is antifinitary

Notation
# ([0, ... 0q]) =k
#t ((V1,00,01), oy (Vi By 1)) 1= 30 # (5).

Lemma

Forally = (v, ¢, &, &) € [R], # (v) = # (&) + # (@) + #+# (9).
Corollary

For alln € F ([Nat])), and all 6 = (@, &, «),

(IRI- - 18)) Nt = {¥ € s #(v) = # (@) + # (@) + #4 ()}

is finite.
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Motivations and Perspectives

Quantitative semantics

Idea
Interpret s by a linear combination: (s) =3, cq(shac
so that application is given by:

(st) = Z () (x,p) (t)*B
(,B)els]
where (t) 1% = () oy - -+ (t) ey -
We need some notion of convergence !

In finiteness spaces

Because [s] € § (A = B) and [t] € §(A), we have: for all
B € [B], there are finitely many & € [t]' such that (&, B) € [s].

Such a model grounded the introduction of differential A-calculus.

L. Vaux A Non-Uniform Finitary Relational Semanticsof System T



Motivations and Perspectives

Towards a quantitative semantics of system T

Roadmap

» Find a correct quantitative semantics of C (easy).

> See that it defines a quantitative semantics of R and | (this is
not automatic, because fixpoints are not finitary).

A differential system T

What's the point ?

Maybe interesting expressivity results.
Think of a language where you can define

AXNat—)Nat }\y Nat )\ZNat (DX . y) 7.

L. Vaux A Non-Uniform Finitary Relational Semanticsof System T



Motivations and Perspectives

Type fixpoints in finiteness spaces

Ongoing work with Christine Tasson (PPS, Paris).

Data types

The finitary relational interpretation should be feasible for arbitrary
datatype, at least when expressed as fixpoints of positive functors.
This is not trivial, because we must generalize laziness.

Idea: use uXF(1 & X) rather than uXF(X).

Good tempered morphisms

An interesting problem: characterize those finitary morphisms
which admit finitary fixpoints (all of them, or at least a large class).
Recursors for arbitrary data types should belong there.

L. Vaux A Non-Uniform Finitary Relational Semanticsof System T



Motivations and Perspectives

The end.

ary Relational Semanticsof System T
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