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I Crot4 mom Lie aigebm and itz completion

Goldman Lie algebva
S comected oriented Surface
T =7(8):=[S\8)=TilS)/,,;  free loops on S
| 1: mISY—=7(]) ',emgefﬁnj the basepoint X
0(,(% €TIS) general position

[«,p] = %{npe(p;o(,p) lo B | € 270 =ZA1S)

elpap)eftl) Locak intersection numbey £=—|
Ap . Be em(S,p) éaudloop with asepoint p
Gotldman
(1) 0,3 well-defined
(2) (Zﬁ C, ]) > Lie afgebm - = Cgoldman lue alyebm of S




Action of a free loop om a poath
Ec(S dosed subset , E NS <

¥, x € E Fondamental
TTS (o) =S 40 ) = [([0.10,0,1), (S ko % )] groupord

C (S,E) grbupofal ob;[ed' X¢€ E/ MDyehfsm ye TTSI*a,x.)
S¥i= SV (E\aS)
déﬁ[g*), YellSl%.x) ™M 9enem( position
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ol ) (¥ ) ‘—w;;,,;(?’“’” Y p%p Koy, € LT o, %)
Kuno- K

(1) o: well-defined
(2) o Z?f(g*) — Der |ZE1S, EJ) Lie algebr homomorphasw'
| (3) o s injective 4f S compadt, EC2S and o E) 25 7, (5S )

Avosed S

Swmjective
mLs, E)= )) ¢ =S L ovt, pres. difteo - (F[@s)uE = ‘4(551 vE VZ;O;D)’{}’ g"““ﬁ
Mappinj dass group pointwise



,Dehn twists on an annulus S = E =i{x.%4¢c2S
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Yo = ¥el?% ¢ @ﬁ\s (%0 ,% )
N
logit. ) € Der QEIS.E))  devivation.

(%1) Log (1.} ¥) = § Log &
Log i) () = 0 N
= efl) (= 2 Jrllegie))” | =1, on QEISE)

Caobdwon Lie afﬁebrcx h=4

o (C*) () =nYx™, o [C*[x)=0 Y nzo
( 1) » n intersection points ) X,

- contribition of each point = + %
$00 : polynomial tn %
ol$1C)) (¥) = ¥ f'x)
a{4C)) () =0
C ompave (k1) and (X 2 ) Henwe

k4

& H(x) = Log X logtt,) = 2005 C) € Q7
1 1 2 ON
foo={ 3 Lgx dx = Ity x) € Qf
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g ! conected oviented surfm.z _ E <SS asabove

k=1

QALY (k) = | @1+ (Tm(S.g))k
where g€ S, 1emlS.q) constant loop.
I'IT,(S,Q ) = Kzr(@m(g,g)e (D ) 2 0xT H>2 Ox ' augmem‘ah'on ideal

e,

the RHS doec not depend on the choice of ¢
(QRIS) k), @A (S)e)] ¢ QF(S)(k+2-2) (k. Yoz )

2\ ’ A
QnlS) det ?—%:o QS )/Qﬁ(g)(k) the completed Goldman Lie a,/jebm\
(F2ge))
Q7S (k) 1= Ker | @7 (S) — @A) /15 (k) ) Lie subalgebra.

o1 ©B(S*) — Der| DCIS.E))

well-defined Lie algebra homomorphism
;‘n!‘-ed'ivt /44, AN L compadd , Ec38 ,

adng T, [E) T—ZE T, (38 ) Surfech've.
Nnely




Cc S*(= SN (Eved)) Srwple closed cuvve (SCC)
1 2 . S
=>  exp(alFlgC)?)) = t, on QE(S,E)

( Rem«rk i On‘gc‘nal formula was foi z-_g.l = , 921 (Kuno“K,)

[KMHD-K. p+E T Evot g,

P g
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- Massuyeau - Tuvaev gave another generalization of the oviginal fovmulq

C’/eomehf:‘c. Iobvnson homomoyphism

S: compard  cownected orrented sur{ncc with 9 =P¢
Ec’aS finite subset THIE] 577 To(2S)
A QTS 1%0,k1) —> OTS o, k) & QTR (¥0.%]  coproduck
Y &TTS [ %o. *,) —> Y@ X
TS, E) we @ALC)3) : Acul={cuwdam)A Y
- CD'” (S)  Lure suba,/ge,bm \Vfl Le"? C)Z

Rewmk L[5, 46)) = 69, the degree complebron
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xpoc . LYS,E)—= Aut (@(S,El) well-defined , Mjective
U —> g 77 Tl
Image (expos) < AM(Q@(S,E” Subgroup () BakeV'Campbe”’Hau;dayﬂfonmlz)
Mm(S):=m(S,E) = T, Diff[S, domals )
9(8) = Ker (M[S)— Aut (H(S.E! Z)) )
the "smallest" Tovellr gvoup I the sense of Putman

L¥(s,E) <57 At QeI E))
ETARN o //‘n]m:‘v-e [essentially due 4o Debm-Nielsen )

co19)
( ¥)  Putman's genevators of 3(S), Dehn twist formula (S"fa‘hdal:ove))

Tf (S.E) =%y, tx8) Zg,= (o IBred2y,
%

.93,/ = 9 (Zj-l ) —> L+(§'I. f*'l)
TNA)’\//’( <— B Sympluh'c Lxpansio n
-f-
Massuyoan's 31
+otad Tomsom m
grlT) =gv(T8) = the(ovriginal ) Jolmson homomorphism !
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ﬂ.-, Tmme\/ cobyacketl

S ‘ tonnected ovieuted surface | 1e7(S) constant Loop
Z{;/= Zﬁ’lS) 0'11—'427{"\/‘711 Lre djebra \‘5) 1€ Ceuten (217 ) )
[ ,/3 ZTT/(S)—? ZH/Z = 27?/ uotient prap

f 9 P

A
X €T in general positioh.

3 it,) D r=fltnt) € SIxS! ti#t, ait)=alt) ]
double pornts
Slo) 2 2 €lsuen dig) o, |'® o, | ¢ ZR 02T’
di‘,t . lt"f")éD" Tuvaev cobrackel”
X1t Z ElXtty),x1tz)) E{21Y Local Mtevsedhon number
/

G - Do P+ P PFD

—Tumel/
( ) 8z > ZTOUN well -defined
(2) (27?/,[, ],S) C Le bl‘algebn\ T Q'_ﬂ invotutive
§ extends to Q7

/\
Q7 : the completed Gotdman — Tumev Lie b:‘a(gebm



M (@,[.],5)‘: Lfe bn‘algebm @ kEY g < @ N L;‘e Subalgebka
( V) Con«paﬁbih‘-ty Axrom fov Lie bralgebva )

Theovem 1 (Kuno-K.)
S tompait connected oniented surface with 9 =f=¢

E €3S finite subset st T(E| = 'naraS)
=
FIL

(8l#)et =0 9(S) 2> LHS.E) -5 @Q7(S1® TFI18)

| ° injechvity of 0 Qﬁ -—?Der(QC(S.El) Y

) @ Vmappmj dass € M(S) Pveserves the Sel'f—mferuahonsaf any wrves sn S
A
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A. A tensonnl descriphion of the completed CGrotdman—Turaev Lie bialgebra

Crvoup-[ike expansion
T free group of fini'te rank
Hi= Hjm: Q) = Wabd%qz > [x]:= (X med Cn,ﬁ])é‘azl, (zeT )
? =_T—“"” = ﬁo Hak tompleted tensov aljebm
A:T—=>TET copoduct, XeH > AXI=XE1+18X

A A\
p2i. Tp:= ,;';’PH@" < T  two-sided ideal

D&i—_!m'ﬁ'on (Massuyeau )

i 7 —7 Group -Like expansion

E D Ve Biy)= by

2) Yxem Bi)= 1402 mod T,

3) YxemABim) = BB pix)  (group-Like element )

.

N: T T T
: e eylic s)/mme'fnzer Lyd:clzer

Nlpeo :=0
NLYi -Ye) 2 2 Y=Y Y~V (YGeH)

/1.
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S compart connected surfawe with P+
= T(S8) : free of fimite vank

H=HI(:Q)
T = T(H)
(KHMQ‘K.

Tov—/r\( Teonjugte @ )
b (S| — *? 9roup—lz'/ee expansion ( J ! )

= H (S L @misy) ) 2o H (T Toie)
[ Q. l

QA71S) TS NIT) Iyl— NBI¥)
i isomorphasm of iltered vedor spaces.
g
S: Zg,, = g“.’a *E?S, Céﬂ"(g,*) 9—100,9
% 9= |

Idem‘f{)/ H= H*, X=> (Y= X-Y) FPornare dualify (- ! intervsetion num ber)
W= 2 AcB:~BAr € HO? symplectic form
Independent of the choice of a symplectic basis 4 Ar. B(?,-?__, < H



/3
Der(?) P { D : contimuous devivation of _I[\-,‘ DW=D>
I%mm?)%hH?HCH®?£5H®?),DF»MH
Definition lMassuyeaM)

\

G: 'TT,lZg.,,*) — —/f Symple thc Lxpansion
g ) & Wllzg-l,*) ——7—? gmup-&be Lxpansion
2) ﬁ(g)z_—wxplw)é'?

Kuno‘k. B mi(2g.1, %) —?‘? Symplechc expansion

(I)=-N&: QF =5 N (—?—) = Dvel_{’\-) Lie algebra homomorphis m
N o <\

ta CD/'l\/T\ ® Qm — @m
~Npo 8 IS (S Pl

Dev, (T @ T, —>
w (Th® _Tdew‘varran_r N

L (3) W)LY Iy i) = B4 < Dery(T)

Remark Macsuyeau—Turaev : an alternakive proof using the homotopy mtevsechon form.




[%
sP: = ((—-l\le)é\ NB))2Se -NB Derw(':f\_) —> Devw(fr)g Derwl_?)
“Tuvaev cobracket
T heovem 2 (Massuyeau - Tuvaev, Kuno~ K., Independently ) VXI,“: X €H

SCINIX, X)) = Y |INIX-- X)) + higher tevms
wheve dejree k-2 degree = let|
SW(N{XI-"Y[(” = 1% (\(L"Xj) Nl)(m“‘)(j—,) @N()g}'"‘)(kx'"‘)([—i)
= N (XXX~ Xa | ® N X %)
L gdﬂedley’s obracket (&= gumiven theovy |
( ~) Massalyeau ~ Tuvaev 's tensorial descrphion of the homotopy mtersedion form )

alg,
V=2 The k™ Movita Prace Factors tirough 579
—~P 3e,ome+n‘c interprefation of e Mopvita +ruces ”Se,l-f -tntersections
Very ve (ethy

. _ al
E nomoto The Enomoto ~Satel tvaces doﬂ factor thvough 5 3._

( Theovem 3 (Kuno-K.)

1/l

Pygblem Do the Enomotos ~Satoh Hraes fachor theough —Buyherfzms ?
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! B m
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"z 2 28 =L 5,5

xe€9,S
L 4
*
(S, x) = (oL Xz, ¥ > Hee of rank M
xL =[x éH'—:Hllgf(D), [ rsm 1<Yeem é:l\' Dixe) =[x u,]
' A ¢ )=, Uy
Sder(_/IL) P = f D.'_/F—"ﬁl\" confumouns }

devivation = DIl i+2L+ -+ Am) =10

U A\ ~

Sdertf, {DéSder(T)’ 1<% em, Fu; e ZIHI<TIH)
Comrldzd tree [y e aljebrq
D) =02, u,
< A N
Y =£§; XioU € HOT =T, (/Cewtw
A

DSGDN(T) defined &y l; ) 1= (20, ur] saer T osuve

° uesd < ueN(T ~N 5/
ev (T) ) _N(TV(N' ")) ,(lm>

. “-—;::'Xl@l'{t U__Z.Z,&VL éN(T)
fH,UJ = N l,ézt ® [ Us Uy "‘vﬁu,( ) € N[—,/: )
- \N(—?), [,J) c Lre algebra ~

L ie algebra isom.
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1 heovem 4 (MaSSuyAau‘Tumev, Kuno =K, ;‘ndependewHyJ

C=Somu, m22, ¥€2 &

G:m(S, x)—=> :}\' grouf-—(fk-e expansion

1<¥%em FwieZ(H) Ply) = e eXe ™™

By L¥a)= € Nrx ot X (SPIU‘DJQ /AVHm /weak Ka:l«'wam*\/zrgne )
= —No: QA(S) ZNIT)  Lie algebra homomorphism
(PIL) « Kuno— K, twisted homo(ogj on [S,88)

K * Massuyeau—Tuvaev quiver theory  ---- Vj zo 'mzo ZTgme )

Ca.,p'p,‘ng -h/fc:k 9 : (Speu'af /A rh‘n/bueak KV)-exPansfon for Zo,m-/

50,' 96nu$ i Sympl&d‘l'c rxpanston

e

ngn.i. = F; Sywplebh'cwpﬂ"“o” JLDY §="\; Z’"-i
Hi=HIS:Q) >{AnBYL, sympletre basis

as I'n the left
Kev (ind : QS > @A) ) = <oyl 1 1sem>=H
== an alternatrve pwoof of afoh bace

@mkms_ia,rkeflhmm_% > divergence
[ > > cotycle

~N&: QFIS)/H = N(T)/H Lre algebya homom.



\/—\r J :
Symplectic £xpansion W%
/weak KV
wpmnsl‘dh
/'_\,' —

\U, f]/an 2 expansions
O: m(S x) — T /

A gvoup expansion

/7.

iA“' 31'5,21 U{Cj ‘11:;
a basio ¢ H)[S:Q)
uv e NIT)<TeH
U= iu.@A;-ru ‘® B, —f-i u-°®Cd-

V= i Vi®A; v e B+ ivag

r=j

G induces a Lie algebm stuctoe

on NIT)

- ﬁaﬁmaﬁ_zack_t
(u,v]= +N[zu’u” v/
* fc [ufvf Vf“j"))




(8.
0 mduces a4 e a!gcbm homomoyphism
A —
a: NIT) — DeYl©€{Zj.mH,E))
Intvoduce a devivation Duo om T 6y
DMD (At) — u‘(/
D“o ‘Bl) = — M,-/

DIG) = G -wG
- /\ = A
| hen, fon Vwe @ﬂij,,,ﬁ (%a,%,) = T , 024, b<n, we hare

&lw) A4 A=b="1
Tl (V) =\ DL (w) — Ut w A azl, b=0o
D2 (w) + wuf 4 a=0, b=z |

DS (w) — UPw + wu,p Y abzi



