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0. Introduction
M : compoct irreducible oriented 3-maniSola

[Culler-Shalen '83]

An 1deoQ point ("co-point”)os HomGuM,SL2(C))
gves essential surSaces in M.

Today's Subject

An ideald point oF Hom(xM,SLa(C)) (N2 3)
grves "essential” Y- brancfled surSaces’in M .
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Overview of Culler-Shalen theory

(D [Stallings]
A nontriviad action of =M on atree T
gives essential surSaces in M .

(nontrivial) YseT®, (uM)s # mM

(@ [Bruhat-Tits, Serre]
cononica action oS SL,(F) on o tree
Sor adiscrete valuation Sield (F, 1)

e.g., Qowest degree : C(Y = &

(@ (Heart of Culler-Shalen theory)
The action oS mM on the tree asociated to

o tlead point oS Hom(mM.SL,©) is nontrivial.
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1. SL n-character variety

M : compact irreducibe oriented 3-maniSolol

Rn := Hom@M, SLa(C))
. aS5ine algebraic set / C

Xp:?flMﬁ(D, pé/z'h
T =t R
Xni= {Xpes CeRS
. SLa(©)-cRarpcter variety

II{:anC, Y € uM
X LR
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~) {I‘ﬁ.""ﬁp. %25,...?ih1sm : Xn— C

Theorem (Procesi). A

Y., -, ¥m$ : generator set of oM

g1ves afSine cooroinates. y

(Xn — /Qn// SLn(@) )

" Theorem (Menal-Ferrer - Porti).

~

M : fyperbolic 3-mamiSodd with L torus cusps

P, M= SLa(C) : 115t o5 a Aolomomy. representation
Ln - SLo(C)~ SLA(O) : irreducible representation

~ () XigeR 1S & SMooth point 0§ Xg.
(i) trreducible component containing Xin.e.

L 15 Lm-1-dimensional.




C: a55tne curve /C
~3cN—- CP®
U U 8.t. C~C :smooth
C > C
~ pownt o5 CNC 1S called an toeoQ point

Suppose = curve C C Xy

Xe€D>D CRn X : toleold point

T L Ll "
XeT > C € Xo D c Ry iSt oS C

~ (P s ©M = SLA (D) : tautological representation
T—= (P QRig)ig, CH)= (i)
Vx @ CDY— £ . discrete valuation at X




2. Nontrivial actions on buildings

[Bruhat-Tits, Iwahori-Matsumoto]
(F.v) : discrete valuation SieQd
~ cononical action o5 SLa(F)
on acontractible m-n-building B+ s.t.
Ae SLa(F)e = ASixes 6 pointwise

(B = {[AT: A : latticein F"}, A~ N\, ke )

9,1 : Q= 4 ’.
: 9-odlic valuation

SLQ(@) (Y - = B’Vz




Axiomatic definition R* \\xi

A n-simplicioQ complex

A\ . (tRin) cRamber complex
EHe:mximal = dimé =n

i) Aime = n-1 = 3olastinct 6,,62 2

§in dim 6 =olim 6'=n =36=6.~6,~- ~6,Q 6 : ad}acent

A\ . (thick) building
& A=UX, % {#Rin) cRamber complex s.t.
Y dim6 =n-1 = 3distinct 61,62,6326
ihVe,6’ 3X226.6
(N 6,6’ cny = Iz Fixing 6,6 pountwise
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X : tdead pownt oS & curve in Xn
~ P M = SLa(CD)) N Bus

VR C(D)*— &
oM NV Bz

Theorem A (Hara-K.).

~

(IV3Se BV s.t. Y

X = 1deall point o3 & CUrve in Xn

i tM N Byg @ nontrivial,
_ 1.e.,Y5€e BV, uM)s # M y

€ (mM)s = I4(X) e C

() + ProceSt =

(D

X € CP "\ N

LAY exM st I4(X) =00,



3. Construction of Y-branched surfaces

C M
¥ cM : connected 2-CW-Complex ‘{ 5

57 . Y-brancfeod SurSace N
22 (1) QocaQQu , > Qooks fike -
(i) YC ,NCO) NnZ =5*xY or [0.1]xY |
(i) Vs : orientable / \ /
3M

ole§
> :essential
222 (i) Yoomponent N oS M It N(E), tN— M :mot suriective
(”) VC, S,N ] I'C_771'|S . IlS_?IlN . Zﬂ}eCtZ’VQ

Remark.

AN essentirQ surSace 1S anessential Y-branched
surSoce (with 7o branch set).



> cM :essentiall Y-branced surSace

~ M - (2-stmplicial compQex) :
N3 ' Na
N — wvertex &
N(S) = edge s/ \'s.
N(C) = triomgle N, Na LS
~ A montrivied presentation oS mM L Nv Sz Na

os & 2-Complex o5 groups

Example. M = m-Sold cyclic branched cover of S
along a nonSibered knot (m=3)
S ¢ & : minimaQ genus SeiSert SurSece

S
M £ | Ei=SNBNG)
Ss 6\ S 21 = 4
. TN .

E '«D
SL,Lr S X

\)
e ul
L d



" Theorem B (Hara-K.).

n=13 or (N2%4 and oM + @)

oM Q B : contractible -1)-builoling s.t.
() Vs e B(O), Mg # oM

(N ve@mMde = ¥ Sixes 6 pointwise

-~ essential Y-branched sursaces in M

" Main Theorem (Theorem A + Theorem B).
N=3or (N24 ond oM + ¢)
X : ideaQ pont oS o curve M Xp

~ essential Y-brancRed surSaces in M




Idea of Proof of Theorem B
oke atriangulation oS M,

0 Constmct e tM-eguivaricnt simpliciaQ mop
M > B® (4 spineoSM, nB”=1)
~ 5 M— B®/xM , Y:iz Vacpe A
~ 5 Y- bromcﬁeo( SUrSaces L E D
(¢ mM v B :nontrivial)

@ Reduce 5'(Y) to be essentiad,
e.9., Suppose Kon (mC—mS)# 1 ~ Reploce 5lz

5 3 56) 5(2)
(gDq g




4. Further study

X% = {0 PeR, : abeliany

Proposition (Hara-K.).
K c §:nontrivipQ knot , M= S\ It N(K)
X : tdea potnt oS a cuvve in X%
~ A SeiSert surSace is obtained Srom X |
T)x: Xa= Xn ., n:SLO)~SLa(C) : irreducible

~

[

( Proposition (Hara-K.).
X+ tdeal point oS5 & curve C C X,
X" corresponoling tdeold point oS @C) C Xn
~ EssentinQ surSaces obtaine d Srom X
ae also obtoned Srom X”.

- J




Questions.

|[Boyer-Zhang, Motegi, Schanuel-Zhang]
3 essential sursnces not obtained Srom X,

@O Does Xn(n23)g1ve (non-bronched) essentiol
siwSaces not obtained Srom X,

[Cooper-Long-Thistlethwaite]

A Rolonomy representation @ : mM—>S50'3 1) cSL,(T)
oS some closed Ryperbollic maniSold com be deSormed in X, .

@ Fink a non-Hoken momiSold s.t. dim X2 > 1 .

@ Systematic woy to construct examples.
( [Fock-Goncharov, Garoufalidis-Goerner-Zickert] )



