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Abstract

We study a model for visco-elasto-plastic deformation with fracture,
in which fracture is approximated via a diffuse interface model. We
show that a discretized (in time) quasistatic evolution, converges to a
solution of the continuous (in time) evolution, proving existence of a
solution to our model.

Introduction

This paper deals with a visco-elasto-plastic model with regularized fracture.
The model predicting fracture is based on Griffith’s criterion [13] that crack
path and crack growth are determined by the competition between the elas-
tic energy and the energy dissipated to produce a crack. The variational
approach to fracture mechanics and a mathematical model have been devel-
oped by Francfort and Marigo [12], based on this idea. This approach has
been then adapted by Dal Maso and Toader [9] to the study of fracture prob-
lems in elasto-plastic materials with cracks in the case of planar small strain
elasto-plasticity where the fracture is represented by the compact crack set
I' C Q verifying an irrevesibility condition.

In Larsen, Ortner, Suli [16] existence and convergence results are proved
for a regularized model of dynamic brittle fracture based on the Ambrosio-
Tortorelli approximation. This model couples an elastodynamic equation
with regularized fracture. Babadjian, Francfort, Mora [2|, and Babadjian,
Mora [3] study the approximation of dynamic and quasistatic evolution prob-
lems in elasto-plasticity via viscosity regularization.

The goal of this paper is to propose a model that takes into considera-
tion three dissipative terms: plastic flow, fracture and viscous dissipation.
This is motivated by the modeling of the Earth crust considered as a visco-
elasto-plastic solid in which cracks are allowed to propagate. This hypoth-
esis is qualitatevely supported by analogue 2D-experiments of Peltzer and
Tapponnier [17] that show faults propagation in a layer of plasticine. We
study from mathematical point of view a model in R? of visco-elasto-plastic



material that may account for the behaviour observed in the plasticine ex-
periments, but our results extend to any dimension. The main objective is
to understand by which mechanisms energy can be dissipated in such model.

In this model the fracture is obtained via Ambrosio-Tortorelli regular-
ization. We only consider fracture via a diffuse interface model. In other
words, the geometry of possible cracks is captured by a function v with val-
ues between 0 and 1, v = 1 in the healthy parts that do not contain cracks.
The length of the cracks, a quantity that contributes to the total energy, is
approximated via a functional introduced by Ambrosio and Tortorelli [1]. In
other words, the continuous model is obtained coupling visco-elasto-plastic
behaviour with regularized fracture evolution of the model of Larsen, Ortner
and Suli [16].

A convenience of a such model is the fact, that it can be studied numeri-
cally thanks to the presence of regularized fracture. For more details, see [6],
[7], [8] for the numerical studies in elastic case and [4], [15] for the numerical
studies of our models in the case of traction and plasticine experiments.

In this paper, we propose the mathematical analysis of a such model via
a semi-discrete time procedure. We approximate a continuous time evolu-
tion, via semi-discrete time evolutions obtained solving incremental mini-
mum problems. We then prove an existence result to the continuous model
when a time discretization parameter converges to zero. The main difficulty
is pass to the limit in the discrete plastic flow rule and discrete crack propaga-
tion condition. For this reason, we prove particularly a strong compactness
result for elastic strain (Proposition 2.11). As in [3|, we prove that the
discrete-time elastic strain e, converges strongly in L?(0, Ty, L*(€, Mg;n%)),
but the presence of v in our model requires the analysis and control of some
additional terms associated to v.

The paper is organised as follows. After a short Introduction, Section 1 is
devoted to the definitions, mathematical and mechanical settings necessary
to the description of our model. The main result is then presented in Section
2. Firstly, we prove the existence of solutions for discrete minimum problem
in Proposition 2.2 and Proposition 2.4. Then, we study the convergence of
these approximate evolutions as the time step h — 0. The main result of
this paper is presented as follows : There exists at least one limit evolution
(u,v,e,p) that satisfies initial and irreversibility conditions, the equilibrium
equation, plastic flow rule and crack propagation condition (Theorem 2.1).

1 Formulation of the model

1.1 Preliminaries and mathematical setting

Throughout the paper, Q is a bounded connected open set in R? with Lip-
schitz boundary 02 = 0Qp U 9Qx where 0Q2p, 0Qyn are disjoint open sets
in 9Q and H'(8Qp) > 0. Given Ty > 0, we denote by LP((0,T%),X),



WkP((0,Tf), X), the Lebesgue and Sobolev spaces involving time [see [11]
p. 285], where X is a Banach space. We will usually write u(t) := u(.,t) for
u € WEP((0,Ty), X).

The set of symmetric 2 x 2 matrices is denoted by ngxrg . For&, ¢ e ngxrﬁ
we define the scalar product between matrices ¢ : £ := Zij Gij&ij, and the
associated matrix norm by [£| := /€ : £. Let A be the fourth order tensor of
Lamé coefficients. We assume that for some constants 0 < a1 < ag < 00,
they satisfy the ellipticity conditions

Vee ngxn%, arle)* < Ae:e < aslel?.
For e € Mg;n% and z € ), we define |6]124($) = A(z)e:eand | e ||%:= [, e} dz.
We recall that the mechanical unknowns of our model are the displacement
field u : Q x [0,7T] — R?, the elastic strain e : Q x [0,7f] — ngxn%, the

plastic strain p : Q x [0,Ty] — M2x2. We assume u and Vu remain small.

So that the relation bewteen the deformation tensor F and the displacement
field is given by

1
Eu = §(Vu + vaul).
We also assume that Fu decomposes as an elastic part and a plastic part
Eu = e+p.

We also define the set of kinematically admissible fields by

Agam = {(u,e,p) € H'(Q,R?) x L*(Q,MZ2) x L*(Q,MZ3) -
Fu = e+p aeinQ u=0 a.e. on IQp}.

We denote H}, := {u € HY(Q,R?); u = 0 on dQp}. For a fixed constant
7 > 0, we define K := {qg € M3%% |¢| < 7} and H : MZ%3 — [0,00] the
support function of K by

H(p) := sup 0:p=rlp|.
€

For n > 0, the elastic energy is defined as

Eq o LP(Q,M22) x HY(Q,R) - R

sym

1
(e,v) — Eq(e,v) = 2/ (v2 +n) Ae : edz.
Q

In the following, we will define an evolution as a limit of time discretizations

with a time step h. In fact, p and pg represent the plastic deformation at

)

2 consecutive time steps, so that ~ p. In the same way, u and ug



o —
represent displacement field at 2 consecutive time steps, so that

The plastic dissipated energy is defined, by

&+ L(Q,M2X2) x L*(Q,M2%2) - R

sym Sym

(p,po) — Ep(p,po) = /QH(p — po) d.

Given 8 > 0, the viscoelastic dissipated energy is defined by
Eve + HY(Q,R?) x HY(Q,R?) = R

(u, up) — Epe(u,ug) = Qi / (Eu — Eug) : (Eu — Eug) dx.

The Griffith surface energy is approximated by the phase-field surface energy
Es : H'(Q,R) = R

N2
v Sg(v)—/£]Vv|2d:c+/ de.
Q Q 4e

It is shown in [5] that in the elastic anti-plane case, where the displacement
reduces to a scalar and Fu reduces to Vu, the Ambrosio-Tortorelli functional

E(Vu,v) = Eq(Vu,v) + Eg(v),

I'-converges, as 0 < n < € — 0, to the Griffith energy G, where

1 U2 XT 1 u
/QAV 12 do + H (S ().

G(u) := 5

Here, S(u) denotes the discontinuity set of u, and H! is the 1-dimensional
Hausdorff measure. In the case of n-dimensional elasticity the I'-convergence
result for Ambrosio-Tortorelli approximation has been proved recently by
TIurlano [14].

For f € C(0,Ty, L*(Q,R?)) and g € C(0, Ty, L*(02n,R?)), the exter-
nal forces at time t € [0,7] with Ty > 0 are collected into a functional
I(t) € (H})*, where (H})* denotes the dual of H}:

(I(t), ¥) ::/Qf(t).gpdaﬂ-/89 g(t).ods Yo € Hp,.

In the following framework, we approximate the continuous-time visco-elasto-
plastic evolution via discrete-time evolutions obtained by solving incremental
variational problems. Given Ty > 0 and a positive integer Ny, at each dis-
crete timet; = th,1 =1,..., Ny, with h = E,
Ny
mate visco-elasto-plastic evolution (u(t;—1),v(t;i—1),e(ti—1), p(ti—1)) is known

let us assume that the approxi-



at t;—1. We then define (u(t;),v(t;), e(t;), p(t;)) as follows: (u(t;),e(t;), p(t;))
is defined at time ¢; as a minimizer of a deformation energy:

Edef(u, U(ti_l), €,p) = Sel(e, ’U(ti_l)) + Sve(u, u(ti_l))
+ gp(pvp(ti—1>) - <l<ti)au>a

with v(t;—1) fixed and among all (u,e,p) triplets satisfying the kinematic
admissibility condition. Then v(¢;) is determined as a minimizer of the fol-
lowing variational problem:

v(t;) := argmin &g (e(t;),v) + Es(v).
v<v(ti—1)
In the following section, we describe a continuous time evolution of the pro-
posed model.

1.2 The visco-elasto-plastic evolution with regularized frac-
ture

We assume that the stress 0 = aAe+ Eu is the sum of two terms. The first
term represents the stress associated to elastic deformation. It is affected by
fracture via the factor a(x,t). The second term represents the effect of vis-
cous deformation. Let u € W1°°(0, Ty, H' (;R?)), v € WH(0, Ty, H'(; R)),
e € WHee(0, Ty, L2(; M2%2)), p € WHo°(0, Ty, L2(€; M2%2)). We call

Sym sym

(u,v,e,p) : Q x [0,Tf] — R?* x R x MZ%2 x M2%2

Sym Sym
a continuous evolution if it satisfies the following properties:

e (H1) Initial conditions: (u(0),v(0),e(0),p(0)) = (up,vo, €9, po) With
(10, €0,P0) € Adm, and vo € H'(Q) with vg = 1 on 9Qp and 0 < vg <
1 a.e. in Q. We suppose also (v3 + n)|Aeo| < 7.

H2) for every t € [0,T], v(t) =1 on INp, and 0 < v(t) < 1 a.e. in
f
Q.

o (H3) Irreversibility: for a.e. t € [0,T%], 0(t) <0 a.e. in Q,
e (H4) Kinematic compatibility: for every ¢t € [0,T¥], v(t) = 1 on 9Qp,

Eu(t) =e(t) + p(t) a.e. in @ and wu(t) =0 a.e. on IQp.

(H5) Equilibrium condition: for a.e. ¢t € [0, 7],

—div(o(t)) = f(t), a.e. in €,
o(t).n = g(t), a.e. on 0y,

where o(t) = a(t)Ae(t) + BEu(t) and a(t) = (v(t))? + .



e (H6) Plastic flow rule: for a.e. t € [0,TY],
a(t)Ae(t) € 0H(p(t)) for a.e. z €.

e (H7) Crack propagation condition: for a.e. ¢ € [0,TY],

gel(e(t)a U(t)) + ES(U(t)) = cH(Q) 1111)f 59 <u(t) gel(e(t)7 U) + ES(U)'
v , V= 1 DUV

2 Existence result

The main result of the paper is the existence result for the visco-elasto-plastic
model with fracture.

Theorem 2.1 Let 3 >0, 7>0,¢e >0, n>0. We suppose that vy satisfies
the crack propagation condition (H7) with eg i.e.

E.1(e0.v0) + Es(v0) = inf E.(e0.v) + E5(0).
1(€0,vo) + Es(vo) L. | S 1(eo,v) + Es(v)

Then, there exists at least one solution

u € WH(0, Ty, H (Q; R?)),
v e Whee(0, Ty, H (O R)),
e€ WLOOEO Ty, L*(Q M?;n%))

p € Whe(0, Ty, L2(; M2)2)),

sym

satisfying (H1)-(H7).

2.1 Time discretization

The proof of Theorem 2.1 is based on a time discretization procedure. We
consider a partition of the time interval [0, T] into N; sub-intervals of equal
length h:

Ty
0=1) <t <.<tP=nh<. <t =T, with h_Nf tn—tt 0.

We set 1)2 = 2, u% = uy, 62 = ep, pg = po. Note that in the whole text,
C > 0 denotes a generic constant which is independent of the discretization
parameters. For n =1,..., Ny, Ny > 2, we construct (u}, v}, e}, p) using an
alternate minimization procedure. We define the deformation energy

— 1 n— n
Eaef(eel ™ Eq) = / Vg du+ 6| Bz Bu s

n / g — e — (1(8), 2)

= el(vh 75) +gve(zau7}:_1) + & (q pZ 1) <l(tZ)7Z>7

with ap™ b= [v;;“l]Q +mn, 8 >0, 7>0. Since Sdef(.,vhfl,.,.) is strictly
convex, coercive and Agqm, 18 a convex closed set, we have



Proposition 2.2 Suppose that (qul,ezfl,pzfl) € Awdm- There exists
unique minimizer to the vartational problem

min  Eger(z, 071 E Q). 1

We now define (uy, ey, pj) as a solution of (1) and we derive the Euler-
Lagrange equation satisfied by this solution.

Proposition 2.3 Let (u}, e}, p}) € Agam be a solution to (1) with

n n—1
Eup — Euh

op = ay el + 8 - = a}" ' Ae} + BESu}. (2)
Then, for allm € {1,...,Ny¢}:
—div(o}) = f(t}), a.e. in £,
ot = g(ty), a.e on 0Ny,

af ' Aep € 0H(pp — pi ) a.e. in €.

Proof : Let (z,&,q) € Agam, then (u} + sz, e} + s&, pf + sq) € Aggm is an
admissible triplet for every 0 < s < 1. We have

Sdef(uZa U]Tllila 627}72) < gdef(uz + sz, U}?ila 62’ + Sgap;i =+ SQ)a

hence

Eu? — Byt
0 < s/azlAeZ:fders/Buhuh:(§+q)d:c
Q Q h
+ o7 /Q 10} + sq — | — [} — g Yda — s(U(EE), 2) + ofs).

Let (s) = 7 [ [P} + sq — p’,1’71|dx. Using the convexity of ¥ we have
U(s) —¥(0) < s(¥(1) —¥(0)). Dividing this inequality by s and letting s

tend to zero implies that

Eu? — But
/aZ_lAeZ Edx+ Q—h . h . (E+q)dx
b [ e =l gy
> <I(t]), 2> . (3)

Testing (3) with (2, €, q) = £(¢, E¢,0) for any ¢ € C°(Q,R?), we obtain

/Qa;;  B()dr =< I(£D), 6 > (4)



and —div(o}) = f(t}) a.e. in Q. Furher, picking ¢ € C°°(Q,R?), with
¢ =0 on dNp in +(¢, Ep,0) as a test function for (3) and integrating (4)
by parts, we also obtain that o}'.7i = g(t}) a.e. on 0Qy. Testing (3) with
0, —q+p; —pp ' q—py +pp ") for any g € L2(Q, M%), we have

Sym

r / qdz > 7 / Ipp — pi | da + / QA (g — (o) — P17 ) da,
Q Q Q

so that

7lgl = 7Iph(x) — o (@)] + ap T (@) Aef(2) = (a — (P (2) — P~ (2)))

()

for all ¢ € M2X2 and for a.e. = € Q, which by definition of the subdifferential

Sym

implies that
af ' Aef € 0H(py —pi”') a.e.in Q. (6)
U

Proposition 2.4 For given e} € LZ(Q,ngﬁg) there exists an unique mini-
mizer vy to

vy = argmin {&aley,v) + Es(v)}. (7)
veH(Q),v=1 on@QD,vng_l

Additionally, for all n € {1,..,Ny}, v} satisfies the following variational
inequality:

25/ VuopV(vy —¢)de + / vp Aey :ep(vy — ) dx
Q Q
+@) [ -D0E - <o, (9
Q

or any o € HX(Q), o =1 on Qp and ¢ < oL, Furthermore, v satisfies
ye ¥ ¥ h h
the comparison principle 0 < vy < U,?*l a.e. in €.

Proof : The existence and uniqueness of the solution of (7) follow from the
strict convexity and coercivity of the functional £ (e}, .) + Es(.), and since
{v e H(Q),v = 1ondQp, v < v} '} is a closed convex set. Let ¢ an
admissible function for (7), then ¢ = vj! +t(p —v}}) with 0 < ¢ < 1 is an
admissible function for (7). In fact, v € H* (), ¥ = 1 on 9Qp and

Y < op 4t o) = ol — 1)+t
< o1 =) +top =0t



By definition of v, E(e}, vi) + Es(vf) < Eale}, ) + Es(1p). We obtain:
26/ VupV(vy —@)dx + / vy Aey :ep (v — @) dx
Q Q
+ @) [ =10k - <o
Q

Testing (9) with ¢ = max(0,v}}) gives
26/ Vo Vouy de + / ()2 Aell - eft da
wr <0} v <0}
b2 / (W — 1l de <0,  (10)
{v} <0}

so that vy =0 a.e. on {vy < 0}. It follows that v} > 0 a.e. in €. O
Remark 1 Testing (9) with ¢ = vﬁ_l and with ¢ = 2v} — vz_l we derive
the equality

Q Q

+o(2e)! /Q(vg C ) — oY de = 0. (11)

2.2 A priori estimates

We define for all n > 1,

oup = —+——"— vy =

Proposition 2.5 There exists a constant C' > 0 independent of h and n
such that

mac (l0uh s oviillars, lloekllz, 19ph22) < € (12)
sV f

For the proof of Proposition 2.5 we need following lemma:

Lemma 2.6 For alln > 1, we have azflAez € K a.e. in Q. Additionally,
there exists a constant C > 0, independent of h and n such that

| Aep ||re=< C. (13)

Proof : Testing (5) with ¢’ = a}' " Ae(x) + pi(z) — p}~ () leads to
la "t Ae}(z)| < T for a.e. x € Q. Since < a}”(x) for all z € Q, we have
I A L=< C. O



Lemma 2.7 Forallqe K = {q" € Mg;"%; lg*| <7} and n > 1, we have
ay ' Aef : 5pf > q: 0pf,  ace. in Q. (14)
Proof : By convex duality
ay ' Aey € OH (pf — i) <= pi — p ' € OH* (" Ae}y)

where H*(¢*) = 1x(q*) denotes the convex conjugate of H. Since a} "' Ael! €
Ka.e.in Q, we have for all ¢ € K az_lAeZ :0py = q : 0py a.e. in (). O

Lemma 2.8 For alln € {1,..., Ny}, there exists a constant C' > 0 indepen-
dent of h and n such that

l6vR1Z2 + IVovillZe < Clloe]z.- (15)

Proof : We proceed as in the proof of Lemma 3.4 in [16]. We write inequal-
ity (9) at time ¢}~

25/ VotV (vt = p) dz + / o et e (ot — ) d

Q Q

+ (2¢)7! / (v =D (v = p)dx <0, (16)
Q

for any ¢ < inQ, ¢ € HY(Q), » =1 on dQp. We choose ¢ = vl < 0272
and divide (16) by h:

26/ Vo Vv dr + / v Aep e ouy d
Q Q
+ (20)7F / (v~ = 1)évj dx > 0. (17)
Q
We divide (11) by h and substract (17). Then we use the equality a? — b =

a—0b)“+2(a—0)b, the fact that ov;” < 0, and the Cauchy-Schwarz inequality
b)2 42 b)b, the f hat dv; < 0, and the Cauchy-Sch i li
to obtain

l6vplerlallz: +  (2e)7H[ovp Nz + (2e)[Vovg 12,
1 n— n n— n
< h/(eh - ’ehle)Uh 'Sujy dx
Q
1
= 5 [l = ey o da
h Jao
2
+ / Al — ey« efop 1oy do
h Jo
2 n n n—1 n—1 n
< g ) Uehlaloval) (o ll(eh™ = eq)la) da
< 2| (dvp)lenla Nz Il vp = 1oepla Il - (18)
The result follows from the Young inequality ab < a?/2 + b%/2. O

10



We now prove Proposition 2.5:

Proof : Testing (3) with (z,¢,q) = £(hdu}, E(héu}),0) where E(hduy) =
h(de} + 6p}), we obtain

/QazlAeZ L (ef — e ) dr + /QazlAez (pi = pp ) de + hB || BSul |3

n n—1

= <Il(th),up —up~ " >,

/Q ap M Aef s (b —ph T de = <I(th),up —upt > —hp || Bouj |72
- /QazlAe;; (e — ) da. (19)
Testing (3) with (0, hdp}, —hép}) yields
[atac: @h - hdozr [ h-pi N (20)
Combining (19) and (20), we get
[ ik s @ = o+ 13 | B [+ [ =0 o

< <), uf —ul > (21)

The first term on the left-hand side can be analysed in a similar way as in

[16]:
/Qaz_lAeﬁ :(ep — 62_1) dx = Eg(ep,vp) — Sel(ez_l,vz_l) (22)

1 1
+ GRRERe Al — 5 [ (@ - i e e

Further, we observe that
ap — aZ_l = (02)2 — (UZ_1)2 = h(vy, + vz_l)év,’f = 2hvy dvy, — h2\5v2|2.

Thanks to (11), we obtain

1 n n— n - n n n—
-5 | @ -k = 297 [ @ =)0k - de

1
+ 25/ Vo (Vo — Vup=b) da + ihZH(évg)\eZ\AH%%
Q
and rewriting v! — v}t = (v — 1) — (v}7! — 1), yields
1 n n—1\|,n|2 n n—1
—3 Q(% —a,)leplade = Eg(vy) — Es(vy ) (23)
1
+ b ((4e)HIovh Iz + el Vo lIZ2) + Sh?ll6vr IRl allZa-

11



Summing (21) for 1 <n < N and using (22) and (23) we obtain

Ealer,vp') + Es vy +Zh5 | Edujy |17 +Zh/ |0pp, | da

n=1
N
> < Utp),up —u ™t > +Ealeo, vo) + Es(vo),
n=1

where 1 < N < Ny. Using the Korn’s inequality we obtain the following
estimate

N N N
> h(i(th), oup) < (Z hlll(tZ)H?ng)*)”Q(Z h||Voup|72)"?
n=1

n=1

< Zhuz (R Eary y )2 ZhuEaunumw

n=1

For all N € {1,..., Ny} yields

N N
lea' 13 + [lon' 172 + IVoR 122 + > BB || Bouj; |3 +Zh/Q ophlde < C, (24

n=1 n=1

where C' > 0 is a constant independent of A and n. Let Ny such that
{He}]lvo||2+||vhOHLQ—FHVU,I°||L2} is maximal between 1 < N < Ny. Inequality
(24) is true for N = Ny, and N = Ny. Thus,

Ny Ny

1<n<Ny
n=1

Further, using the inequality aZ_l <1+mn, foralln e {1,..., Ny} we obtain
from Proposition 2.3

lon|2, = /Q\JZFdx:/QU}}:aZ_IAede+6/QU,’Z:E5ude
Clloplz2lellze + BACED), 6u)
Cllopllrzllenllz + CNLER) N )~ Bl Vour | L2
Cllopllrzllenllz + CNER) | )~ [ BESup | 12
Cllopllrzllenlirz + CNER) | )= (lorllz + llenlzz). — (26)
We thus deduce that

VAN VAN VAN VA

max _||oy |2 < C. 27
s Lokl (27)

It follows from (2), (25) and (27) that
{lmax |Edup||r2 < C. (28)

12

max {[[efll3 + 107172 + [ VoRllF2} + > hi || Eduj |13 +Zh/g |0pp| da < 2C.

(25)



We now estimate dej:
nail|def||z: < /Qaz_lAéeZ : 0ep dx
= /QaZ_IAéeZ : Eduy dx — /QaZ_IAdeZ : Opy, dx
< ClESRleloctz — | 6 A oy de

From Lemma 2.6 it follows that for n > 2, aZ_2AeZ_1 € K a.e. in Q. This
implies that azflAezfl € K a.e. in  and from Lemma 2.7 we deduce that
Jqay tAder : opP dx > 0, and thus [|6el|| 2 < C||Edup| 2. Since a)Ae) €
K, we also deduce from Lemma 2.7 that fQ a%A&e}L : 5p}L dxr > 0, and thus
|6et |2 < C||Eduj | 2. By the estimate (28) and since Edu} = del + dp}
we have

oey S < )
{lfnf}g;}(ll epllrz, 10ppll2) < C (29)

Applying Lemma 2.8 concludes the proof of Proposition 2.5. (]

2.3 Compactness results

Ny

. : : N
We now define piecewise affine interpolants of the sequences (u}!),, 2o, (V)20

n=0"

N N
(eZ)nim (PZ)nio by
up(t) up dup
vp(t) vy dup!
ap(t) | = | ap | +(t—t}) | da | for te[tyt ], n=1,..N;.
en(t) ey dep
pa(t) Ph P}

We define backward piecewise constant interpolant uZ(, t) by
uZ(t) =up, for te (tZ_l,tZ], n=1,.., Ny,

and similarly we define v;"(t), e/ (¢), p;f (t), [;f (¢).
We also define u; (0) = ug, v; (0) = vo, €; (0) = eg, p; (0) = py. The forward
piecewise constant interpolant a, (.,t) is defined by

a, (., t) = azfl, for te [tzfl,tZ), n=1,..,Ny.
Thanks to Proposition 2.5

lunllwioo 1,11 (0R2)) T [VRllwieeo.1;, 51 (2,R))

+ llenllwroory, 2 @uzszy + IPrlwr oy 2@z < ©

sym

13



Hence, there exists a subsequence h; N\, 0 (we just write h) and
u e Whee(0, Ty, HY(Q,R?)), v € WH>(0,Ty, H (Q,R)),
with 0 <wv(t) <1, v(t) =1 on 0Qp, 0(t) <0 a.e. in Q for a.e. t € (0,77%],

e € WHoe(0, Ty, L2(2, M2X%2

sym
Up, ﬂh—\ u, U
Vh, bh—\v, )
€eh, éh4 e, é

DPh, phépa p

weakly* in
weakly* in
weakly* in

weakly* in

), p € Whoo(0, Ty, L?(, M252)) such that

&
e
i
.
e

07 va Hl(Qﬂ RQ))?
07 va Hl(Qﬂ R))v
0, Ty, L*(2, M),

0, Ty, L*(, M2X2)).

sym

(30)

o~ o~ o~ o~

Using Arzela-Ascoli Theorem and Proposition 2.5, we have for all ¢ € [0, TY],

and for all ¢ € [0, T],

(u(t), e(t), p(t)) € Aadm.-

weakly in
weakly in
weakly in

weakly in

H'(Q,R?),
L2(Q, MZXZ),

Sym

LQ(Q, M2X2),

Sym

H'(Q,R),

(31)

(32)

Thanks to the previous convergences, we also have that for a.e. t € [0, 7],

(a(t), (1), p(t)) € Aadm-

(33)

Since vy, is uniformly bounded in W*°(0, T, H'(Q, R)), the Arzela-Ascoli
Theorem for metric spaces [10] implies that v, — v strongly in C(0, T, L*(Q, R)).
Since 0 < vp(t) < 1 a.e. in Q, for all ¢, this convergence implies a;, — a in
C(0,Ty, L*(92,R)). On the other hand, since for all ¢ € (0,7Y],

l|an(t)
llen(t)
llon(t)

we also have that

a, — a strongly in
ef—e weakly™ in
U;{A v weakly* in

ay, (D)2 < 2hljan(®)]l L2, (34)
@O)llz2 < hllen(®)]l 2, (35)
v, (D)2 < AV (8)] 22, (36)

L0, Ty, L*(Q,R)) with a=0v*+n,
L0, Ty, L*(Q,M212)),
L0, Ty, H(Q,R)).

From (31) and (35), we deduce that for all ¢ € [0, 7],

e, (t)—e(t)

weakly in

14

sym (37)
(38)
L2(Q,MZ32). (39)



2.4 Passage to the limit in the equilibrium condition

Theorem 2.9 For a.e. t € [0,T}],

—div(o(t)) = f(t), a.e. in €,
o(t).n = g(t), a.e. on O,

where o(t) = a(t)Ae(t) + BEU(t) and a(t) = [v(t)]? + 7.
Proof : With the previous notation, we can rewrite (4) as
/ (a5 () Ae} (1) + BEn()) : Edde =< IF (1), 6 >, Yo € HYVE € (0,T)).
Q
(40)

Integrating (40) on fixed [t1,t2] C [0,T}] we have

/tt2/ﬂ(ah(t)AeZ(t)+5Eu'h(t)):E¢dxdt=/t2 <UH(t), o> dt. (41)

t1

We now pass to the limit when h goes to zero in (41). For any fixed 1,2 €
[0,Ty], V¢ € H},, we write (41) as:

0 = /ttz/(ah(t)Ae;(t)+5Eu-h(t)):E¢dxdt—/t2 <), ¢ > di

t1

_ /f/ t) + BEun(t)) : Eddu— < I(t),d > dt (42)

. /t {/Q(ah () — a(t))Ae; (1) : Eqﬁd:c} dt

~ /t2 <) —1(t), 6 > db.

t1

We estimate the second term on the right-hand side of (42) thanks to the
Cauchy-Schwarz inequality

to

/ / 1) A (t) : E¢dedt (43)

t1
> ay, —a)Ed| 2o (0,Ty,L2) ”Aeh 22 ( (0,7,L2)"

Since (a; —a) — 0 a.e. in Q x (0,Ty), |a, —al*> <4, Vo[> € L' (Q x (0,Ty))
and using Lemma 2.6 we obtain by the Lebesgue dominated convergence

lin ; / (a7 (t) — a(t)) Ae} (1) : B da dt = 0. (44)

15



We estimate the last term on the right-hand side of (42) by
to .
/t <y () =U(t), ¢ > dt < h(tz — t)) Ul ) 0l (45)
1

Using (30), (37), (42), (44), (45) we deduce that V[tq,t2] C [0, TY],

/ . /Q (a(t) Ae(t) + BEA(D)) : Edda— < I(t), 6 > di = 0. (46)
0

2.5 Strong compactness result for the elastic strain

To pass to the limit in the discrete plastic flow rule and crack propagation
condition, we need the strong compactness result for the elastic strain con-
tained in the following lemma.

Lemma 2.10 Suppose that for all t € [0,T}), a;, (t) — a(t) in L*(Q) and
el (t) — e(t) weakly in L?(Q,M2X2). Then for allt € [0,T}), a;, (t)Ae;) (t) —

sym

a(t)Ae(t) weakly in L?(Q, M2%2).

sym

Proof : Let ¢ € L?(Q, M2X2) a test function. We can write

sym
/Q (ay, (t)Aey (t) — a(t)Ae(t)) : ¢ dx =
[ (@50 - att) A ) oo +
[ atack ) - acte: o

From Lemma 2.6 we deduce that for all ¢ € [0,T}), || Ae} () ||p=< C,
so that since a; (£) — a(t) in L*(Q) the first term on the right-hand side
converges to zero using the Cauchy-Schwarz inequality. Since 6; (t) — e(t)
in L?(Q, M2%2), the second term on the right-hand converges to zero. O

Sym
Proposition 2.11 The following strong convergences hold:

en. e —e strongly in  L*(0, Ty, L*(Q, M2X2)). (47)

sym

Proof : Given n € {1,.., Ny}, we define [t], == 7 if t € (¢}, 7). We
set t; = 0, to = [t]p and ¢ = up in (46) and (41), and substract these two
relations:

[tln
/0 /Q((a}:(s)AeZ(s) + BEuUp(s)) — (a(s)Ae(s) + BEU(s))) : Eup(s)dxds
[t]n
_ /0 < 1H(s) — U(s),uin(s) > ds (48)

16



We define

[t]n
1 () —/ /((a,:(s)AeZ(s)+,8Eu’h(s))—(a(s)Ae(s)—i—,BEu(s))) : Ep(s) dz ds.
0 Q

Using inequality (45) with ¢ = i}, and thanks to Proposition 2.5, we have
[tln
}lli{‘% ; < (s) = U(s),un(s) > ds =0,

and from (48) we deduce

}Ll{% fn(t) = 0.

We now estimate
@] < |l (a Aey + BEuR) — (adAe + BEQ) || 20.1y,22) || Etin 1 L2(0,15,22) -

From Proposition 2.5 we deduce that there exists some C' > 0 independent

of h such that |f,(t)| < C. Thanks to the Lebesgue dominated convergence
Ty

li = 0. 49

pm | fu(t)dt (49)

We rewrite fp,(t) as

[tn
) = /0 /Q((ah(s)Ae;(s) —a(s)Ae(s)) : Eup(s)dxds

[t]n
. T 9
+ B/O /Q]Euh(s) Eu(s)|* dx ds

+ B /0 o /Q (Enin(s) — Ea(s)) : Eu(s) de ds. (50)
We define
[tln
= ,6’/0 /Q(Euh(s) — Eu(s)) : Eu(s)dzds, (51)
which tends to 0 since Eiy, — Ei weakly in L?(0, Ty, L*(Q,MZ2):2)). Using
Proposition 2.5 and the Lebesgue dominated convergence theorem yields
Ty
}lli{f(l) gn(t)dt = 0. (52)
From (49), (50), we deduce that
Tt
}lli{‘% {/ / / a;, (s)Aef (s) — a(s)Ae(s)) : Enp(s) da ds dt
Ty rltln
+ ,8/0 /0 /Q\Euh(s)—Eu(s)Pda;dsdt} =0, (53)

17



so that

Ty [t]n
lim sup/ / / s)Aef (s) — a(s)Ae(s)) : Eup(s)dzdsdt < 0.
AN

(54)

We now estimate the integral in (54). We note that

Ty rltln
= a; (s)Ael (s) — a(s)Ae(s)) : Eup(s)dzds
B [ e)Ad () - als) de(s)) - Bin(o) do dse

Ty rltn
= / / /(ah(s)AeZ(s) —a(s)Ae(s)) : (Eup(s) — Eu(s)) dzdsdt
o Jo Ja
Ty rltn
+ / / /(a;(s)Ae}T(s) — a(s)Ae(s)) : Eu(s)dxdsdt
o Jo Ja
Ty rltn
= / / / a; (s)Aej (s) : (Bup(s) — Eu(s)) dxdsdt
o Jo Ja
Tf [t]h
- / / / a(s)Ae(s) : (Euin(s) — Bils)) da ds dt
o Jo Ja
Ty rltln
+ / / /(ah(s) — a(s))Ae;f (s) : Bu(s) dz ds dt
o Jo Ja
Ty rltln
+ / / / a(s)(Aet(s) — Ae(s)) : Ei(s) d ds dt
o Jo Ja
= I+ R+ + I (55)
Since By, — Ei weakly in L?(0, Ty, L*(Q,M2%2)), and ¢ — e weakly in
L2(0, Ty, L*(9, Mg;rg)), the Lebesque dominated convergence shows that

/Tf/t]h/ s)Ae(s) : (Eup(s) — Ei(s)) dv dsdt — 0.
/Tf/[t / — Ae(s)) : Bu(s) dx dsdt — 0.

Since a;, —a — 0 a.e. in Q x (0,7%) and a € L*>((0,7) x Q), and using
Lemma 2.6, Proposition 2.5, and Lebesgue’s dominated convergence theorem

imply
Ty rltln
= / / /(a;(s) — a(s))Ae;f (s) : Bu(s)dxdsdt — 0.
o Jo Q
We deduce that

limsup Ij, = limsup I} < 0. (56)
h\0 AN\0

18



By the kinematic compatibility, Euy, — Ei = (€, — é) + (pp, — p) we have

Ty rltn
limsup I} = limsup {/ / / a, (s)Aej (s) : (€n(s) — é(s)) dx dsdt
h\0 h\0 0 0 Q

Ty rltln
+ /Of /0 /Q ag(s)Ae;(s):(ph(s)—p(s))dxdsdt}, (57)

= hgl\sgp{K%K%}-
We can write
Ty rltln
Ky = /0 f/o /QGE(S)A‘?Z(S) : (en(s) — é(s))dxdsdt
T [t]n

- _/0 f/o /Q(ah(s) - a}:(s))AGZ(S) : (e'h(s) — 6(8)) dx ds dt
Ty rltln ' ‘

+ /0 /0 /Qah(S)AeZ(S) : (en(s) — é(s)) dxdsdt. (58)

From (34), we deduce that (a, —ap) — 0 a.e. in Q x (0,Tf). Lemma 2.6,
Proposition 2.5 and the Lebesgue’s dominated convergence give

Ty rltn
/0 f /0 /Q (an(s) — ay, (s))Aejf (s) : (€n(s) — é(s)) dudsdt =0,  (59)

so that (58) and (59) imply

Ty rltln
limsup K} = lim sup/ / / an(s)Ae) (s) : (€n(s) — é(s)) du ds dt. (60)
h\0 hN\0 0 0 Q

Furthermore,
Jbo= an(s)Aef (s) : (€n(s) — é(s)) dxdsdt

an(s)(Aejf (s) — Aep(s)) : (en(s) — é(s)) dx ds dt

Ty rltln
+ an(s)A(en(s) —e(s)) : (en(s) —é(s)) dx dsdt
Tf [t]h
+ (an(s) — a(s))Ae(s) : (en(s) — é(s)) drdsdt
Ty rltln
+ a(s)Ae(s) : (en(s) — é(s)) dr dsdt
0 0 Q
= L2+LS+ L] +15. (61)

19



The strong convergence ey, — e, — 0 in L?(0, Ty, L?(Q,M2%2)) (see (35)),

Sym

the weak convergence €j, — ¢ in L%(0, T}, L*(Q, M2X2)), Propostion 2.5 and

sym
Lebesgue convergence dominated theorem yield to

[t
5. /Tf/ /ah ~ Aen(s)) : (en(s) — é(s)) dzdsdt — 0, (62)

8 Ty rltln o W
5= /O /0 /Q a(s)Ae(s) : (€n(s) — é(s)) dudsdt — 0. (63)

We now estimate

Ty rltln . ‘
/0 /o /Q(ah(s) —a(s))Ae(s) : (en(s) — €(s)) dx ds di.

/mh/“h ) — a(s))Ae(s) : (€n(s) — é(s)) dx ds

< [ (an — a)Ae | L20.1;,22) | €0 — € [lL2(0,7y.22) -

We have

From Proposition 2.5 we deduce that there exists some C' > 0 independent
of h such that

[tIh
/0 /Q (an(s) — a(s)) Ae(s) : (€n(s) — &(s)) dwds < C | (an — @) Ae 20z, 1)

Since ap(t) € L>®(Q), (ap, —a) — 0 a.e. in Q x (0,Tf), the Lebesgue’s
dominated convergence gives that

L,Z — 0. (64)
From (60), (61), (62), we deduce that
Ty rlths
limsup K} = lim sup/ / / an(s —e(s))(en(s) — é(s)) dx dsdt.
AN )
(65)

We now estimate Kj: 2.

T [t]n

/ f/ / Aeh : (pr(s) — p(s)) dxdsdt (66)
T [tln

/0 f/O /Q(af_L(S)AeZ(s) cpn(s)) — (a;(S)Ae:(s) . p(s)) da ds dt

Using Lemma 2.10, we have a, Aej (t) — ade(t) weakly in L*(Q, ngxn%)
Thanks to Lemma 2.6, we also have that for all ¢ € [0,T), a, (t)Ae} (t) € K
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a.e. in €2, with K a convex closed set. We obtain that for all ¢ € [0,T7%),
a(t)Ae(t) € K ae. in Q. By Lemma 2.7, we have for all ¢t € (0,T}),
ay (t)Ae;f (t) : pr(t) = a(t)Ae(t) : pp(t) a.e. in Q. So that we have

Ty rltla
K} > /0 f/o /Qa(s)Ae(s) : pn(s) — aj (s)Aej (s) : p(s) dz ds dt

- / v / v [ ats)e(s) : n(s) = i) o ds
N /Tf/[t/ 5)Ae(s) — a; (s) A (s)) : pl(s) dudsdt.  (67)

Since pj, — p weakly in L*(0, Ty, L*(£2, M2%2)),

sym

Ty rltn
/O f/o /Qa(s)Ae(S) : (pn(s) — p(s)) dxdsdt — 0. (68)

Since a, Ae}” — aAe weakly in L2(0, Ty, L*(Q,MZ2%2)),

sym

/Tf/t]h/ s)Ae(s) — a (s )Aeh( s)) : p(s)dzdsdt — 0. (69)

From (56), (57), (65), (67), (68), (69) we deduce that

Tf [t
limsup I, > limsup/ / /ah —e(s)) : (en(s) —é(s)) dx dsdt.

ANO AN\O
(70)

Integrating by parts and using the fact that e, (0) = eg, we get

/[t / an(s —e(s)) : (en(s) — é(s)) dx ds
= / San([tln)Alen([t]n) — e([t]n)) : (en([t]n) — e([t]n)) d
/ﬂh / dn (s —e(s)) : (en(s) — e(s)) dzds.  (71)
Since Vt € (0,T] and a.e. in Q, ap(.,t) <0,

T [tln
_/0 f/o /Qa'h(S)A(eh(s)—e(s)):(eh(s)—e(s))d:rdsdt>0

Since ap(t) = n for all t € [0, T], using the ellipticity hypothesis
Ae : e > aglel?, we deduce from (70), and (71) that

1 T
limsupl, > —no limsup/ /|eh ([tln)|? dzdt.  (72)
R\O 2 R\O
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By definition we have ey ([t],) = €/ (t). Since e € WH°(0, Ty, L*(Q,M2%2)),

sym
we now estimate e(t) — e([t]n) in L2 using Cauchy-Schwarz inequality and
Fubini theorem:
[t]n 2
/ le( |2d:p</ / é(s)ds| dx
Q|Jt
< h1/2// ()P dsdz < ChY2 || é || poeqo,ry 1) - (73)

We define for t € (0,7}], e"(t) := e([t]n). From (73) we deduce that e — e
strongly in L>(0, Ty, L?(Q, M2%2)). Since ep,([t]n)—e([t]n) = e (t)—e([t]n) =

sym

el (t) —e(t) +e(t) — e([t]n), we deduce from (54) and (72) that

Ty
0 > limsupl, > e lim sup {/ e} () — e(t)|72 dt (74)
A\O AN 0

g T
T 2/0 f/ﬂ(ei(t)—e(t)) : (e(t)—e([t]h))dxdt+/0 f||e([t]h)—e(t)lliz dt}-

Since e — e strongly in L>(0,T}, L*(1, ngﬁg)) and e — e weakly*
L>®(0, Ty, L?(2, M2%2)), it follows that

T
/f/(e;(t)—e(t))  (elt) — e([t]y)) dw dt — 0, (75)
0 Q
Ty
/O le(thn) — e(t)|2 dt — 0. (76)

We deduce from (74), (75), (76) that

Ty Ty
0> limsup/ et (1) — e(t)|22 dt > liminf/ ler(6) — e(t)|2 dt > 0
o Jo N0 g

We conclude that

Ty
. 2
tim [ e () = (o) de =, (77)
and as a consequence of (35) we deduce
Ty

i [ en(t) — e(t) e = 0. (78)

We now derive the plastic flow rule and the minimality of v.
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2.6 Passage to the limit in the plastic flow rule

Corollary 2.12 For a.e. t € [0,Ty],
a(t)Ae(t) € 0H(p(t)) a.e.inl. (79)

Proof : For all ¢ € L([0,Ty], L*(2, K)), we have that

T
j/jl/ka;(wfk%(ﬂ——q):th)dxth:O. (80)
0 Q

We can rewrite
T
[ [aacto - o o
0 Q
T
- /f/@ﬂ*ﬂwmﬁwmmmmt
0 Q
T
- /o f /Qa(t)(Ae;(t) —e(t)) : pu(t) dx dt

_|_

Ty
| [ @®aet) - 0 iney do
0 Q
= TY+Tr+T;.
By Lebesgue dominated convergence theorem, Proposition 2.5 and Lemma 2.6,
Ty converges to zero. Thanks to Propostion 2.11, T, converges to zero. Since

pn — p weakly in L*(0, Ty, L?), T5 — fOTf Jola(t)Ae(t) — q) : p(t) dx dt. We
obtain

Ty
/Q/W@M@—@mMMﬁ>O (81)
o Ja
Since a(t)Ae(t) € K a.e. in Q for all t € [0,T}), inequality (81) gives that
for a.e. t € [0, T, p(t) € 01k (a(t)Ae(t)) = OH*(a(t)Ae(t)) a.e. in . And

we conclude by convex duality. O

2.7 Passage to the limit in the crack propagation condition

Corollary 2.13 For a.e. t € [0,Ty],
25/ Vo)V (v(t) — ¢)dx + / v(t)Ae(t) : e(t)(v(t) — ) dx (82)
Q Q
+ @7 [ o) - D) - e do <0,
Q

for any p € HY(Q), ¢ < v(t) and ¢ =1 on ONp.
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Proof : For all t € (0,Tf] we rewrite (8) as
25/ Vo (t ) — @) dr + /Q v () Aejf (t) = e () (v)F (t) — ) da
o /Q<vh<>—1>< (6) - ¢)de <0, (53)

for any ¢ € H' (), ¢ < v; () and ¢ = 1 on dQp. Since v} (t) is minimal
among all ¢ < v, (t), it is minimal among ¢ < v (¢). Integrating over
[0, T¥], we obtain

T
% /0 ’ /Q Vo (Vv () — @) da dt
T
/0 ! /Q o (D) A (8) < e (1) (v (1) — o) da dt
T
+ (25)1/0 f/ﬂ(fu;;(t) — D) (v (t) — ) dzdt <0, (84)
for any ¢ € H'(2), ¢ < ;7 (¢) and p = 1 on 90p. Let a € L*(0, Ty, H(Q))

with a(.,t) > 0 and «(.,t) = 0 on 0Qp for all t € [0,Ty]. Testing (84) with
admissible test function ¢ = v} (t) — a(t) we obtain

T T
2¢ /0 ! /Q Vo (H)Va(t) de dt + /0 ! /Q o (DA (1) : ¢ (B)alt) d dt
T
(25)—1/0 f/ﬂ(v;[(t)—l)oz(t) d dt < 0, (85)

for any o € L?(0,Tf, H'(Q)) with a(.,t) > 0 and «(.,t) = 0 on 9Qp
for all t € [0,7}]. Since v;{ X v in L>(0,T¢, HY), e; — e strongly in
L2(0,Ty, L*(Q,M2%2)) and v} — v a.e. in Q x (0,Ty) we obtain

Sym

2¢ / N / Vo(t)Val(t) de dt + /0 N /Q o(t) Ae(t) : e(t)alt) dz dt
(20) / / 1) dadt <0, (86)

for any a € L*(0, Ty, H'(2)) with a(.,) > 0 and «(.,t) = 0 on 92 for all
t €[0,Ty]. Weset a(t) = v(t)—p(t) with (., 1) < v(.,t), ¢ € L*(0, Ty, H (Q))
and ¢(.,t) =1 on 0Qp. O

3 Conclusion

In this paper, we proved an existence result for a visco-elasto-plastic model
with fracture. We studied an associated discrete time evolution model. We
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proved that as discretization time step converges to zero, the discrete time
evolution solutions converge to limit that is a solution of continuous time
visco-elasto-plastic model with fracture. In other words, the limit evolution
satisfies (H1)-(HT).
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