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Abstract

We prove the existence and uniqueness of renormalized solutions of
the Liouville equation for n particles with a interaction potential in BV,
execpt at the origin. This implies the existence and uniqueness of a a.e.
flow solution of the associated ODE.

We consider the Liouville (or transport) equation

a n

with initial conditions
fO,z1,...,Zn,01,...,00) = fo(.z'l, ey Ty ULy .., Un) (2)

Here n € N, each z; and v; belongs to R? for some d > 1, f is a real
function defined on [0, 00) x R?#". We shall always assume that the in-
teraction potential V is such that VV € BVjoe(R* — 0). Our goal here is
to show the existence and uniqueness of solutions (in a sense to be made
more precise) of (1)-(2) for each f° € L}, (R%*").

As is well know, this equation is in some sense equivalent to the system
of ODE

{ Xl(t) =V
V;(t) = - Ei;éj VV(Xl(t) - Xj (t))

We shall also prove the existence and the uniqueness of a flow solution of
(3) (in a sense to be made more precise).

Vi<i<n (3)



Here, we will use the method of resolution of transport equations and
associated ODE introduced by R. DiPerna and P.L. Lions in 1989 in [3].
In this paper, they prove the existence and the uniqueness of the solution
of a transport equation when the vector field belongs to Wﬁwl , and use this
to obtain a unique flow solution of the ODE. In the note [5], P.L. Lions
extend this result to piecewise W' vector-field and give a clearer proof
of the equivalence between the existence and uniqueness of a solution of
the transport equation and the existence and the uniqueness of a flow
solution of the ODE. In [1], F. Bouchut extend the result to the kinetic
case with a force field in BV},. and we will use this result in this article
(see theorem 1). In the case of two dimensionnal vector-field, we also
refer to the work of F. Bouchut and L. Desvillettes [3] in which the case
of divergence free vector-field with continuous coefficient is treated, and
to my precedent work [4] in which this result is extented to vector-field
with L, coefficients with a condition of regularity on the direction of the
vector-field, and to the one dimensionnal kinetic case with a force in L}, .

Let us now define precisely what we mean by a solution of (1)-(2).

Definition 1. Given an initial condition in L™, a solution of (1)-(2) is a
function f € 1L ([0, 0o) x R**™) satisfying for all ¢ € C° ([0, oo) x R*™ —T)

n
/ P2+ 0 Vard = Y WV (i — ) Vg
[0,00) xR2dn b= P
=- °60,-)  (4)
R2dn
where I = {(z1,...,%n,v1,...,0n)|3 # j§, i = x;}, the set of all con-
figurations in which at least two particles are at the same location.

We will also use the notion of solution on the whole space. By this
we mean a function f € L= ([0,00) x R¥™) satisfying (4) for all ¢ €
C ([0, 00) x R*™).

Remark that usually, the definition of solution is the second one. In-
deed, as we shall see later, this two definitions are equivalent if VV € L!
near the origin. But we shall also deal with potentials that do not sat-
isfy this condition, and then the quantities in (4) are not defined for any
¢ € C3°. This is why we introduce this two notions of solution. Moreover,
we want to find solution for every initial conditions in Lj,,, but with this
assumption, the products in (4) are not necessary well defined. Thus, we
introduced below the notion of renormalized solution.

Definition 2. We shall say that a mesurable function f is a renormalized
solution (resp. a renormalized solution on the whole space) if B(f) is a
solution (resp. a solution on the whole space) of (1) with initial conditions
B(f°), for all B € CE(R), the set of differentiable functions from R into R
with a bounded continuous derivative.

In our proof, we will often use the following result, proved by F.
Bouchut in [1],



Theorem 1. Let f € L™ be a solution of the following equation on
Q x R™, where ) is an open subset of R™

f+v-Vof + F(t,z) - Vof =0 (5)

where the force field F belongs to BViec(Q). Then, this solution is also a
renormalized one. In other words, B(f) is also a solution of the equation
(5) for every B € CE(R).

This kind of result is very useful, because it implies the existence and
the uniqueness of the solution of the transport equation and of a flow
solution of the associated ODE (in a sense which will be defined later on).
Here, we shall extend the result of F. Bouchut to vector-fields with one
singularity at the origin.

1 Existence and uniqueness of the solu-
tions of the Liouville equation

Theorem 2. Assume that d > 2, VV € BVi,o(R¢ —0), VV € L, near
the origin, and that there exists a positive constant C such that V(z) >
—C(1+|z|?) a-e.. Then, for every initial condition in L}, there exists a
unique renormalized solution to (1)-(2).

Proof. First, we will prove that in this case, a bounded solution is always
a solution on the whole space.
Step 1. Equivalence between the two notions of solution.

Let f € L (R x R?*™) be a solution of (1). We want to prove that it is
also a solution on the whole space. In order to show this fact, we choose a
¢ € C°(R%) such that (1 — ¢) has his support in B(0,1), the open ball of
radius one centered at the origin, and that [(1 — ¢) =1, and we defined,
for every € > 0, ¢. = ¢(-/€). Moreover, we denote

(b(il?l,. . ,.’Kn) = Hd)fi,j (‘Ccz _:Ll])

where the product run over all the set of two indices {1, j} except the set
{1,2}, and where ¢; ; depends of {7,j}. We also choose an €; > that we
will denote by p for simplification in the following.

Next, we choose a test function ¥ € C°(R x R?¥™). Since Ud¢, (z1 —
x2) has is support in R x (R?**™ — I) we can write,

ow S
/]RX]R2dn fou(x1—x2) E‘I’ + ;’Ui Ve (TP) + ; dVV (zi — ;) Vo, ¥
—

1 I
+/ fOU—p(——
R x R2dn M ( ©

When p goes to 0, the first integral goes to

) (v —v2) =0 (6)

ov o
il i+ Ve (TP P i—2:) -V, U
/le]Ranf ot +;’U Vi ( )+§ VV(zi — ;) Vo,



For the second integral, we may write

1 — M

/ FEU—p(P 2y (o —w)| < = v

R xR2dn © H H Sz —zg|<p
< Myt

and since d > 2, the second integral goes to zero.
Then, we have that

ov ”
/][‘kx][ﬂdﬂf Eq’-i-l:zlvzle(‘l’@)—Z‘PVV(m—xJ)Vvlqﬁ =0

i#]
(7)

Next, we can write ® = ®'¢.1 3. It is possible only if n > 3, but in the
case n = 2, ® = 1 and we have already prove what we want. We make
the same argument. Let as above €1,3 going to zero and obtain (7) with
® replaced by ®'. At this point, we can go on and do this with all the
couple (¢,7), with 7 # j. At the end, we can delete ® in the equality (6).
We obtain the equation (4). Then, f is a solution on the whole space.

Step 2. Every L>°-solution is a renormalized solution on the whole
space.
Let f € L™ be a solution of (1). We choose a 8 € C;(R). By using the
theorem 1 and because the notion of renormalisation is local, we obtain
that 8(f) is a solution of (1). But by the step one, we know that 3(f) is
a solution on the whole space. Since this is true for every 8 € C; (R), f is
a renormalized solution on the whole space.

Step 3. Uniqueness for solution in L™ ([0, 4-00) x R?™).
We choose two solutions f and g € L™ ([0, +00) x R?*™) of (1) with the
same initial condition, and a 8 € Ci (R, R), non-negative, with 5(0) = 0.
By step 2 and the linearity of the equation, h = B(f — g) is also a solution
on the whole space of (1) with vanishing initial conditions.

Next, we choose a function ¢ € C3°(R) such that ¢ = 1 on (—o0, 1) and
¥ = 0 on (2, 4+00). We also define on R?**™ the energy E of a configuration
which is given by

1 " |2
o, v, ) = 3 Ve —a) + 30
i i=1

Remark that the assumption V(z) > —C(1 + |z|?) implies that there
exists another constant C' > 0 such that if £ < R? and all the |2;| < R
for all ¢, then |v;| < C(1 + R) for all i. Roughly, if our particles are
initially in a bounded region, their speeds will remain bounded on every
compact interval of time. We will use this fact to prove the uniqueness.
For every T > 0 and R > 0, we define ¢r,r = ¥(\/1+ > |z:|> — (R+
1) (T=9) _2)y(B/R?), with C' = nC. dipr1 € LS, Va,drr € L' and
Vv, ¢r,r € L., s0 we may multiply the distribution h by the function
¢r,r. We compute

O(hor,T) Oh  O¢r,r

TR i Tl (8)



and we obtain

% =—¢rr | Y vi-Va,h =Y VV(zi—g;) Vo
=1 i#£]
O¢r,T
+ =5 h (9)

Then, if we integrate by parts this equation, we obtain

2 ( / 2dﬂh(t,-)¢R,T> -
/Wh(t, W1+ 3 fail? = (R +1)eC T — 2)p(B/R?) x ...

(Y wiBi = C(R+3)e""") (10)

where the term |B;| = [0;(\/(1 + > |zi]|?)| = |z:|/+/ (1 + Y |xs|? is bounded

by 1. It is useful there to use the energy in the test function because many
terms vanish when we perform the computation, since E is invariant by
the flow. Then, we deduce that we have

because when ®g v do not vanish, £ < R? and |z;| < R for all i. And
in this conditions we have Y w; - B; — C(R + 3)e°"™9 < 0 and ¢/ is
nonpositive. Since h vanishes at t = 0, this means that

/ T, )prT =0
]R2dn

Since this is true for every R and every T', and since h is nonnegative, we
obtain that h vanishes almost everywhere on [0, c0) x R?#". This is true
for every 3 € CL(R) satisfying 3(0) = 0. Therefore, f = g a.e..

Step 4. Existence and uniqueness for initial conditions in L}, .
First, we remark that if f© € L™, it is easy to obtain a solution on the
whole space of (1)-(2) by regularisation of the force field and the use of
weak limits. In addition, in view of the result obtained in step 3, we
obtain that, if f© € L°°, there exists a unique solution of (1)-(2) which is
also a renormalized solution on the whole space.

Next, let f° € Ij,.. For m € N, we define B, (z) = (x Am)V —m ,
and we remark that 8,, o Bp = Bp, if p > m. For all m € N, there exists a
unique solution of (1)-(2) corresponding to the initial condition B, (f°).
We denote it by f,. For every p € N, f, is a renormalized solution
on the whole space, then B, (fp) is a solution with intitial conditions
B (Bo(f%)) = B (f°). Of course, B, do not belongs to Ci (R) but it can be
shown that the renormalisation property is still true for Lipschitz function
by regularisation of those functions (see [1]). Then, by the uniqueness
of the solution of (1)-(2) when the initial condition belongs to L™, we
obtain that B (fp) = fm, for all p > m. This allows us to define almost
everywhere



This measurable function f satisfies Bm(f) = fm for all m € N. And f is
a renormalized solution corresponding to the initial condition f° because
for every 8 € Ci(R), B o Bm(x) goes to B(z) a.e. in z when m goes to
+oo. Then, the solution B o 8n(f) of (1)-(2) with the initial condition
B 0 B (f°) goes a.e. to B(f) which is still a solution of (1)-(2) with the
initial condition B(f°), because this linear equation is always satisfied
by a weak limit of solutions. This shows the existence of the solution.
For the uniqueness, if there existed two solutions f, g for the same initial
conditions f°, there would be a m € N such that 8. (f) # Bm(g), and
Bm (f),Bm(g) would be two distinct solutions in L*° with the same initial
conditions. This would contradict the uniqueness of solutions already
proved in that case.

Finally, we remark that we can say something about the integrability
of the solution f. Since the speed of propagation is finite on the sets
of bounded energy, fxe<m € L& (R, L},.), for all m € R, where xg<m
denote the characteristic function of the set of all the configurations with
an energy less than m. O

Theorem 3. Assume now that VV € BViy.(R* —0), that V' is bounded
on all compact sets of RY — 0, that V satisfies V(z) > C(1 + |z|*) a.e.
and that V' goes to +oco when |x| goes to 0. Then, there ezists a unique
renormalized solution of (1)-(2).

Proof. The proof will follow the same sketch that the one of the theorem
2, but the difficulties are at others places. First, the existence of solution
by regularisation is not so obvious here, because we cannot work on the
whole space.

Step 1. Existence of solution with initial condition in L*°.
We choose a smooth f° € I.°. We shall show the existence of a solution
with this initial condition by regularisation. We choose a regularisation
kernel p € C°(R%), such that Supp(p) C Bi, and that [p = 1. We also
choose a smooth function « from R” into R satisfying a(z) < min(1, |z|/2)
for all . We denote p. = p(-/€) and define for all integer n > 1

V@) = [ V@pr-rae(e—9)dy

It is a sort of convolution, in which the radius of the ball on which we
average V depends on z so that 0 is never in that ball. Hence V,, is well
defined in R — 0, belongs to C°(R¢ — 0) and satisfies also V,,(z) — +oo
when |z| — 0. Moreover, VV;, — VV in BVioc(R* — 0) when n — co.

Then, if Y = (X, V) is such that X ¢ I, there exists a unique maximal
solution to the ODE with value (X,V) at time ¢ = 0. Because of the
conservation of the energy, it cannot reaches I and because of property of
Va, it cannot go to infinity in a finite time. Then, this maximal solution
is defined for every time. This allows us to define a smooth flow Y7, (¢, )
in R*" — 1. And f, = f°(Y,) satisfies the Liouville equation in the
classical sense on R?*™ —J. Then, f, also satisfies (4), for all test functions
¢ € C(R*™™ — 1.

Moreover, the sequence (f,) is bounded by ||f°|lcc in L, then, up
to an extraction, we can assume that f, — f weakly in L™ — wx. And



we can pass to the limit in (4) and obtain that f is a solution of (1)-(2).
For non smooth initial condition f° € IL°°, we obtain the existence of the
solution by regularistion of f° and by taking weak limit.
Step 2. Uniqueness of solution for initial conditions in L.*°.

Here we choose an h solution of (1) with vanishing intial conditions. Now,
with our assumption that V(z) — +oo when |z| — 0, the support of
function is included in R2%™ —I. As in the proof of the theorem 2, we may
write the equations (8) and (9), and not only for test functions vanish-
ing on I, but for every smooth functions with compact support in R4,
because of the property of the support of ¢r,r. So, we obtain (10), and

then that,
1o}
- h(t.- <
ot (/I;Zdn ® )¢R’T> <0

And this implies the uniqueness of the solution.
The last step about existence and uniqueness of the solution with
initial conditions in Lj;, is the same that in the theorem 2. O

2 Resolution of the ordinary differential
equation

We are now looking for a solution to the ODE associated to the transport
equation. Since the vector-field used in this ODE is not defined every-
where, we cannot solve this ODE for every initial condition. Then, we
will solve it globally with a flow, namely a application Y from R x R?#" to
R24™ such that Y (t, Y5) is the position in the phase space at time ¢ when we
start from Yy at time 0. Of course, this flow will be defined only almost ev-
erywhere. Here we use the notation Y = (X, V) = (21,...,%n,v1,...,0n),
where X,V € R¥™ and z;,u; € R? for all 5. This flow shall solve the fol-
lowing system

.’I,:q;(t,Y) = v;
U (t,Y) = _Ej;éi VV(z; — x;) (12)
Y(0,X,V)=(X,V)

If we denote by B the vector-field defined below on R?#" | we may rewrite
the two first equations

Y = B(Y)
where B(Y) = (vi,...,Vn, —ZVV(:cl — xj),...,—ZVV(mn —x;))
J#1 j#n

In our situation of a vector field with low regularity, we have to say more
precisely what we will mean by a flow, and in which sense we look at the
equation (12). This is the aim of the following definition, in which xE<m
denote the characteristic function of the set of all the configurations with
energy less than m.

Definition 3. A flow defined almost everywhere (a.e. flow) solution of
the ODE (3) is a function Y from R x R?®™ ¢o R*"™ such that

i. Yxp<m € C(R, L)%™ N L, (R¥" ), vm € R



=

i [ (Y (t,X,V)dXdV = [ $(X,V)dXdV, VéeC®, VieR
. Y(t+s,Y)=Y(#Y(s,Y') ae. inY', Vs,teR
w. BEoY(t,Y') = E(Y') (the energy is preserved by the flow).

v. Yxg<m = B(Y)XE<m is satisfied in the sense of the distributions
for allm € R, and Y (0,X,V) = (X,V) a.e. on R*".

Remark. We use the truncation x g<m because in the region where F
is large, the particles may go to infinity very quickly and we cannot expect
Y to be integrable. It has the avantage to allow us to give a sense to the
EDO without using renormalization, like in [3]. But, this definition is not
completely satisfactory because we like the part iv. to be a consequence
of the others points, but I do not know how to do this.

Using the results of the first section, we will prove the existence and
the uniqueness of an a.e. flow in the two case seen above. For this, we
use the method introduced by R. DiPerna and P.L. Lions in [3]. Indeed,
we just adapt the argument introduced in [5] for periodic vector-fields.

Theorem 4. Under the two kind of assumptions made in the section 1,
there exists a unique a.e. flow solution of (12).

Proof. We first remark, that in the case when V is smooth, a flow solution
of an ODE is also a solution of the transport equation (more precisely each
component Y; is the unique solution corresponding to the initial condition
f(Y) = Yi). Here, we will use this remark, and the fact that we know
how to solve the transport equation. We thus denote by Y the solution
of the transport equation (1) for the initial condition f°(Y) =Y. We will
prove that this defined an a.e. flow solution of (12).

In the first section, we have shown that Y is a renormalized solution
of (1). Let us recall that it means that 8(f) is a solution of the liouville
equation, for every 8 € C'. But here the initial condition belongs to

o, And we point out that in both cases of section 1, we have proved
that the speed of propagation is finite on the set where the energy is
bounded. Then, assume that f is a solution with an initial condition
given by f° € I2,. We choose a smooth function ¢ € C°(R). We may
prove adapting the argument made in section 1, that for every R and
T € R, there exists a constant R’ > 0 such that

f BUF(E,Y)) 4" (B)dY < / B(FO) ™ (B) dY
|z;],|v; |[<R

|zil,|vi[<R!

for all B € Cf, and all n € N. Since this is true for all n and all 8 we
obtain that for every m € R, fxp<m € L& (R?**"*+1). This implies that
fXE<m is a solution (not only a renormalized solution) of (1).

Next, we shall show that we can extend the renormalisation property to
functions of several variables. More precisely, if G € C(R*) and fi,..., fx
are solution in L7, then G(fi,...,fr) is also a solution of the same
equation, with initial conditions G(f?,..., fr). Let us show the proof
for k = 2 for example. Thus, take f and g € Lj;. two solutions of the

transport equation (1). Next, (f+g), (f—g) are also solutions by linearity,

and so are (f +9)%,(f — ), and finally fg = (1/4)[(f +9)* — (f — 9)*].
Doing this again, we can show that P(f,g) is also a solution for all P



polynomial in two variables. And using the density of the polynomials,
we finally obtain that G(f,g) is a solution for every continious G.

Then, for all f° € C°(R*™), fO(Y (t,Y'))XE<m is the solution with
initial conditions f°xg<m. Letting m going to co, we obtain that (Y (t,Y"))
is the solution with initial conditions f°. And this is true for every
f° € L™ by approximation. Next, since the Liouville equation preserves
the total mass, we obtain that [ f(Y (¢, Y"))dY’ = [ f(Y')dY’, for every
smooth f. This implies the part ii. of the definition of an a.e. flow (the
conservation of the Lebesgue measure).

For the group property Y (s + ,Y’) = Y(¢,Y(s,Y’)) a.e. in Y,
we choose a fixed t and a sequence of smooth function going to Y (¢,-)
in Lj,,. Because of the part ii. of the definition, f(¥ (s,-)) goes to
Y(t,Y(s,:)). But, since f goes to Y(t,-) in L},,, f(t,-)XxE<m goes in
L},. to the solution of (1) with initial conditions Y (t,")Xr<m at time s.
This is Y(s + t,-)xE<m. And the group properties follows.

To show that the energy FE is invariant by the flow (part iv.), remark
that EoY and E are two solutions of (1) with the same initial conditions
E. Then, they are equal.

In order to show the part v., we choose ¢ € C°(R*™) and ¢ € C°(R).
We will use the function ¢ as test function. It is sufficient to use only
this type of functions to show that f satisfy the equation, because linear
combinations of such functions are dense in the space C}(R x R?*™). We
compute for all ¢ < 2dn, where the index 7 denote the ¢ — th component
of vector in R

A

/ K(t,Y’)xE<m¢(Y’)a—(t) dydt
R xR2dn t

= [ VY oY) S (b)Y
R x R2dn t

= [ Y DY G () dY e
R xR2dn ot
To obtain the second equation from the first, we use the change of variable
Y (t,-). And we remark that xE<m ©Y = XE<m, since the energy is
invariant by the flow.
Moreover, we know that ¢(Y (t,Y”)) is the solution of the transport
equation (1) with initial conditions ¢. We use this to write

/ Yi(tyY’)XE<m¢(Y')?9—1f(t)dY’dt
R x R2dn
=- / H(Y (1Y) xe<mBi(Y')p(—t) dY'dt
R xR2dn
=- / Bi(Y(—t,Y"))xp<mo(Y")(—t)dY"dt
R xR2dn
B _/R o B Y xm<m (Y )() dY

And this shows the part iv.. Therefore, the existence of such a solution is
proven. Remark that in the second case we can delete xp<m if we only
use test functions whose support does not contain 0.



For the uniqueness of the a.e. flow, we will show that the five properties
satisfied by this flow implies that all his components are solutions of the
Liouville equation. This is sufficient to show the uniqueness of an a.e. flow
because we already know the uniqueness of the solution of the Liouville
equation.

We choose ¢ € C°(R?**™) and ¢ € C°(R) and use ¢t as test function.
We have for all ¢ < 2dn that

[ Y Y60 men Gy ()Y at
Rszd"
=/ Y;.',¢(Y(—t,Y,))XE<m%—1f(t)dY,dt
R xR2dn
= —/ Yi’XE<m%(¢(Y(—t,Y’)))¢(t) dY'dt
R X R2dn

In the first equality we use the change of variable Y’ =Y (t,Y”’), and the
second one is deduced by an integration by parts. Remark that we use
the preservation of the energy by the flow in every change of variable. But
we can show that in a I}, -sense,

0
57 (Y (=Y ))xB<m) = V(Y (=1,Y")) - B(Y (=1, Y"))xB<m
This, because for t fixed, wXEQ" — B(Y(t,Y"))xE<m in
LY. (R?*™) when h — 0. Let us show this fact. Indeed, if we look at the

five properties satistied by an a.e. flow, we can show that
¢
Y(t,Y)XE<m =Y XE<m +/ B(s,Y(s,Y')ds a.e. inY’, Vt€ER.
0
It remains to show that xr<mB(Y) € C(R,Lj,.) to obtain the result. For
this, if B is replaced by a smooth and bounded B, this is true, because
YXE<m € C(R,L},.). And this is still true for B because Y preserves the

Lebesgue measure and because the energy is preserved by the flow.
Then, we obtain if we use the change of variables backwards

/ Yi(t, Y’)XE<m¢(YI)—?;f (t)dY'dt
R xR2dn
= / Yi(t, Y )xm<mB(z) - Vé(z)p(t)dY'dt (13)
R x R2dn

And Y;(¢,Y’) satisfies (1) and the proof is complete.
O
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