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Abstract. Baiocchi et al. generalized a few years ago a classical theorem
of Ingham and Beurling by means of divided differences. The optimality of
their assumption has been proven by the third author of this note. The purpose
of this note is to extend these results to vector coeflicient sums.

1. Introduction

Let Q := (wg ) ez be a family of real numbers satisfying the gap condi-
tion
1.1 = inf oy —wy| > 0.
(1.1) 14 ko |k nl

Let us denote by Dt = D*(Q) its PSlya upper density, defined by the formula
D* :=1lim,_ oo r~In*(r), where n*(r) = n*(Q, r) denotes the largest number
of terms of the sequence (wy )iz contained in an interval of length r.

Let (Uy)r ez be a corresponding family of unit vectors in some complex
Hilbert space H and consider the sums

x(t) = Zxk Uy '@k
keZ

with square summable complex coefficients x;. We are interested in the
validity of the estimates

(1.2) /le(t)I%; dt <) xl?

keZ
AMS Subject Classification (2000): primary 42B99; secondary 42A99

2010. oktdber 24. —15:41 1



2 ALIA BARHOUMI, VILMOS KOMORNIK, MICHEL MEHRENBERGER

where [ is a bounded interval of length denoted by |I| and where we write
A =< B if there exist two positive constants ¢y, ¢y satisfying cjA < B < ¢y A.

The following result generalizes a theorem of Ingham [4]; for d = 1 it
reduces to a theorem of Beurling [2].

THEOREM 1.1. Let Q := (wy)recz be a family of real numbers satisty-
ing (1.1).

(a) If |I| > 2t D*, then the estimates (1.2) hold.

(b) If the estimates (1.2) hold true and H has a finite dimension d, then
|I| > 2xD*/d.

The optimality of Theorem 1.1 will be deduced from the following result:

THEOREM 1.2. Let Q be a set of real numbers with a finite upper density
D* and let ay,a,,... be a finite or infinite sequence of numbers in [0, 1]
satistying a1 + ap + - -+ > 1. Then there exists a partition Q=Q U Qy U ---
of Q such that the upper density D*; of Q; is equal to a; D* for every j.

REMARK. It follows from the definition of the upper density that if Q =
=Q[ ULy U---is a finite or infinite partition of €, then

(1.3)  max{D*(Q), D*(Q),...} < D*(Q) < D*(Q;)+ D*(Q) +---.

This implies the necessity of the conditions ¢; < 1 and ¢y +az+--- > lin
the theorem.

Now we have the following corollary:

COROLLARY 1.3. Let Q := (wy )xecz be a family of real numbers satisfy-
ing (1.1), and H a finite-dimensional Hilbert space. Given any real number

é < a <1 whered = dim H, there exists a family (Uy )¢z of unit vectors

in H such that the estimates (1.2) hold if |I| > 2na D", and they fail if
|I| < 2maD*.

We prove Theorem 1.1 in the next section and we extend it to the case
of a weakened gap condition in Section 3. Theorem 1.2 and Corollary 1.3 are
proved in Sections 4—6.

We refer to [5] for various control theoretical applications of theorems
of this type.
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2. Proof of Theorem 1.1

Part (a) readily follows from the scalar case. Indeed, fixing an orthonor-
mal basis (Ey), cn of the closed linear hull of (U )iez in H and developing
the vectors Uy into Fourier series: Uy = Y, < UknEn, for |I| > 2nD* we
have

2

/ Zxk Ukeiwkt dt =
1
H

keZ

Z /‘Zxkukneiwkt‘z dr <
1

neN keZ

= Z Z |xk“kn|2 =

neEN keZ

=>

kez

For the proof of part (b) we adapt the approach developed in [3] and [6].

We set y; := 2 |I|~ 'k for brevity. Given three real numbers y,r, R with
r, R > 0, we introduce the orthogonal projections

Py LPULH) = Vy, and Qg : L(ILH) — Wy i
onto the finite-dimensional linear subspaces

Vyr = Vect{Ukeiw/\'t Do —y| < r}

and
Wyr+R 1= Vect{Ue"Vk’ Sk —y|<r+R and U € H}.
Note that
(2.1) n*t@r) = supdim Vj ,
y
and
2.2) Qr+ 2R)d% <dim W) ,1g < (2r +2R+ l)d%_

Setting
Sy,r,R =Py, o Qy,r+R ol

where i denotes the injection i : Vy , A— I*(I, H), we obtain a linear map
of Vy , into itself. We are going to study its trace.

2010. oktéber 24. —15:41 3
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LEMMA 2.1. We have
‘tr(Sy,r,R)‘ < dim W/y,r+R-
PROOF. We have

HS)'J;R ‘ : HQy,r+RH <1

Hence the eigenvalues of S , g have modulus < 1 and therefore

| < 1B

‘tr(Sy,r,R)‘ < rang(Sf,r,R) < dim("Vy,r+R)- 1

LEMMA 2.2. Writing ey (t) := Uy e!“k! for brevity, there exists (Prkez a
bounded biorthogonal family to (e )¢z in L*(I, H) and we have

w(Sy,rR) =dim Vi + D (Qrer — 1dew, Prrpi)

o —yl<r

PROOF. The existence of a bounded biorthogonal family comes from (1.2)
(see [5] for a proof). We then write S, , gey = Z|wj P Sk jej- Since (o)

is biorthogonal, we have (Syr,rek, Pk) 2.y gy = Sk,k and thus
WSy R = Y, Sek= Y (Syrre P2 py
|owj —y|<r o —y|<r
so that
WSy = D Bures )20 my*

o —y|<r

Y (Br(Q ek — 1der, 01 127 gy

log—yl<r

Since Py ;ei = e, we have (I))”rek"pk)LZ(I,H) =1 and the result follows.

LEMMA 2.3. For R — oo we have
1(Qy,r+r — 1d)er|| = OC1/VR)
uniformly for ally € R, r > 0 and k satisfying |y, —y| <r.

PROOF. Fixing an orthonormal basis Ej,..., E; of H and setting

fug 0 = 1712yt

2010. oktéber 24. —15:41 4
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we have

d
€k = Z Z(ek’fnJ)LZ(I,H)ﬁlJ

nez j=1

and

d
Qy,r+REK = Z Z(ekaﬁlJ)LZ(I,H)ﬁu'

lyn—y|<r+Rj=1

Applying Parseval’s equality it follows that

d 2
H(Qy,r+R - Id)ek H2 = Z Z ‘(ekaﬁlJ)LZ(I,H)‘ .

lyn—y|>r+R j=1
Since

2|I|_1/2

@3) |(erofui)p2erim| = 1—1/2\/(U,E-> eI | < :
kfnzl L2(1,H) | | I k> i )H |wk_7n|

and |wg — y| < r, then we obtain that

1
1(Qy ek — ey ||* <dar™' Y P

a) —
[yn—y|>r+R | k= ¥n

Note that from |y, —y| > r + R and |wy — y| < r, we get |y, —wi| > R, and
thus

1
|27 |I|~1n + R

oo
1(Qy.rer — 1)er | < 8alT 7'y
n=0

Since the last expression doesn’t depend on r,y and is O(1/R) as R —
— 00, the lemma follows. ]
Now the proof of part (b) of Theorem 1.1 can be completed as follows.
By the above lemmas we have
dim W, g > [t(S)| =
= |dim Vi, + > (Q ek — Ide, P | >
|wg —y|<r

> dim Vy,, — O(1/VR)dim V.

2010. oktéber 24. —15:41 5
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Hence
dim Vy, < (1+O(1/VR)dim W, ,4g, R — o0,
and using (2.1)-(2.2) we conclude that

nt(2r) < (1+ 0(1/@))d%(2r +2R+1), R— oo

It follows that

+
D* = lim 30 <
r—oo 2r

< (1+00/VRydL i 2 H2R*T
27 r—o0 2r
I

— (1+0(1/VRyaL)
27

for all R > 0. Letting R — oo we conclude that |I| > 27 D" /d.

3. The case of the divided differences

The gap condition (1.1) of the theorem may be weakened. Following [1]
let (wy )k ez be a nondecreasing sequence of real numbers satisfying for some
positive integer M and for some positive real number y’ the weakened gap
condition

(3.1 Wrep — 0 > My’ forall k € Z.
This implies that D¥ < oo. We say that OmseeesOpyj—1 18 A y'-close
exponent chain (m € Z,j =1,...,M) if
Wm — Wy —1 > V/a
wp —wr_1 <y fork=m+1,....m+j —1,
Om+j — Oy —1 2 7/-
Then we define the divided differences fy = [@w, . .., ®¢] by the formula
1
[wm1(7) :=exp(iwm?), [(Um’a)m+1](f)3:it/exp(i [sm(Wpms1 —Om) +Om]t)dsp,
0
and for =m+2,....m+j — 1,

1 Sm Sp_
[y 0 A1) = (1) / / / 2
0 0 0

eXp(i[S(_l(a)( - (1)/_1) +...+ s;n(a)’»n+1 - a);n) +a);n)]t) dS(_l e dSm.

2010. oktéber 24. —15:41 6
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We can now state a generalization of Theorem 1.1:

THEOREM 3.1. Theorem 1.1 holds true if (1.1) is replaced by (1.3) and
e!®k! js replaced by fi (t).

PROOF. Most of the proof of Theorem 1.1 may be easily adapted. For
part (b) we have to replace the estimate (2.3) by the following:

62 | [ WeBupwe ] < | [ pwemal < S
I I |k =¥l

with a constant C depending only on y’, M and I. This is shown by arguing
similarly as in [6]. We have

A= /fk(t)e—%fdz=/g(z)e"wkfe—"wdz
I I
with

gt) =[wm —wp,...,0 —o](1).

Integrating by parts in I = (a,b) we obtain that

b
1 . . 1 . .
A= | g(t)e""k’e"ynt} - / —————g'(t)e' ke 1.
W — WYn a I1W —1Yn

Now a direct computation shows that for any real numbers fq,...,u, the
divided differences satisfy the inequality

(r— "2 !

Wﬂwr —Mr_1|+---+|ﬂz—M1|+|M1|)m-

LLC],. . ->;ur]/(t) <
Thus, in our case, thanks to the y’-close exponent property, we have
k—m—1 , k—m
+(k — —_—
I

/
lg' ()| < (k — m)m
and this yields (3.2). ]

2010. oktéber 24. —15:41 7
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4. Proof of Theorem 1.2 for a; +ay +--- =1

Assume that the theorem holds for sets €2 which are bounded from below.
Then by changing € to —€ we obtain that the theorem also holds if Q is
bounded from above. Finally, if infQ = —oo and sup € = oo, then applying
these two special cases of the theorem to

Q =QN(-00,0) and Q' :=QNJ[0, )
we obtain two partitions
Q =QUQ HU--- and Q"=Q"UQ%HU---
satisfying
D' (Q7j)=a;D"(Q7) and D™ (Q"})=a;D"(Q)
for all j. Then setting €; :=Q7; U Q+j we obtain a partition of € with the

required properties. This follows by applying the following lemma for the
partitions Q := Q™ UQ" and Q; :=Q7; UQT;.

LEMMA 4.1. For any set A of real numbers, setting A~ = AN (—00,0)
and A* := AN [0,00) we have
D*(A) = max{D" (A7), D*(A")}.
PROOF. The easy inequality > follows from (1.3). Setting
M :=max{D*(A7), D" (A")}
for brevity, for the converse inequality it is sufficient to show that
Card(AN[—r,s])

lim sup <M.
r,s,>0,r+s—o00 r+s

The case M = oo is obvious. Assume henceforth that M < oco. For any
fixed ¢ > 0 we may fix two positive numbers r¢, s¢ satisfying

Card(A~ N[—r,0]) < (D*(A7)+e)r forall r > re
and
Card(AT N[0,s5]) < (DT (AY)+¢e)s forall s > s;.

Adding the two inequalities and setting K := Card(A N [—r¢,s¢]) it follows
that

CardlAN[—=r,sD < (M+e)r+s)+ K

2010. oktéber 24. —15:41 8



A VECTORIAL INGHAM-BEURLING TYPE THEOREM 9

for all r,s > 0. Dividing by r + s and letting r + s — oo we conclude that

AN[—
lim sup Card(A NI r’s])§M+e

r,s,>0,r+s—o00 r+s

for all ¢ > 0, and the lemma follows. |

Henceforth we assume that Q is bounded from below. If DT = 0, then
every partition of Q has the required property because all upper densities are
equal to zero. Henceforth we assume also that 0 < DT < oo; then Q is
an unbounded set and we may enumerate the elements of € into a strictly
increasing infinite sequence w; < wp < ---. Finally, by choosing Q; = ()
whenever a; = 0 we may assume without loss of generality that 0 < «a; <1
for all j.

In order to explain the idea of the proof first we consider the special
case of a finite sequence 1, ...,  consisting of rational numbers. We fix a
positive integer N such that Nay,..., Na, are all integers, and we represent
Q) as the union of the disjoint blocks

4.1) B, ={w €Q : k=nN+1,nN+2,...,(n+ )N}, n=0,1,....

Notice that each By has N elements. Therefore, since Naj+---+ Nayg = N,
we may define a partition Q =Q U --- U Q,; of Q such that

4.2) Card(B,; N Qj) = Na; for all n and j.

We claim that D+j <aq; D for each j. This is obvious if D+J- =0.If D+j >0
for some j, then we choose a sequence of bounded intervals (I,{,) satisfying

|1j,] — oo and

Card(Qj N I},)
—ArdeS Vom)
||

D+

Since D+j > 0, hence Card(Qj N I,J,.,) — oo and therefore k;; — oo where k;,

denotes the number of (consecutive) blocks B, contained in I,J,.,. Since I,{, nQ
is contained in the union of at most k;, + 2 blocks By, using (4.2) it follows

2010. oktéber 24. —15:41 9
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that
Card(QJ.- NIL,) . 2N+kmNaj -
L] L]
_ 2N +knNej  Card@n) ) -
L] kmN - =

< 2 +kmaj ) n+(Q, |IrJn|)
~ o km |, |

for every m. Letting m — oo we conclude that D*; < a; D™.

In fact D+j = q; D for all j. Indeed, if the inequalities D+j < a; D+
were not all equalities, then using (1.3) we would obtain a contradiction:

D*<D* ' +.---+D';<a;D*+---+ayD* = D*.

Now we turn to the general case. We write J = {1,...,d} in the finite
case ay +---+ag=1and J ={1,2,...} in the infinite case.

Let

(k,j):{1,2,...} —={1,2,...} xJ
be the lexicographically strictly increasing enumeration of the pairs
(k,j) € {1,2,...} x J satisfying [ka;] > [(k — D],

where [x] denotes the integer part of x. This enumeration is possible because

for each fixed k only finitely many indices j € J may satisfy this inequality.
Indeed, by the convergence of the series ZJ- cs@j we have ka; <1 and thus

[kaj] =[(k — l)aj] = 0 for all sufficiently large indices j.
Observe that

1 . 1= J1 if (k,j) belongs to the sequence;
lkaj] = [k = Dyl {0 otherwise.

For each j € J we set
Q; ={ws : js)=j}.
We claim that D¥; = ¢; D" forall j € J.
First we prove that D¥; < @; D" for each fixed j € J. The case of

D+J- = 0 is obvious. Let D+J- > 0 and choose a sequence (I,{,) of bounded
intervals such that

Card(Q; N I,)

. — D*
|, |

|I,] — oo and

2010. oktéber 24. —15:41
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Writing Q N I,{l ={Wgy,--->Dp, } We have
Cm = k(tm) — k(sm) = Card(Qj N I;Jn) — 003

the first inequality follows from the definition of €2;, while the second follows

from our assumptions D¥; > 0 and |I),| — oc.

Now we have

i k(tm)
Card(@ NI < Y (kayl = [(k — Dajl) =
k=k(sm)
= [k(tm)e] = [(k(sm) — Dazj] <
< (maj +1

by the definition of €2;. Furthermore, we have

i k(tm)—1
Card@QnN L) > > > (kan] = [k — Day)) =
n<\/bn k=k(sm)+1

= Z ([k(tm) — Dan] — [k(sm)an]) >

n<vn
> Z (€nan —2) 2
n<vn
> (m< Z an) =2V ln.
n<Vn

Since ¢, — oo and ) a, =1, it follows from the above two estimates that
Card(@) N By) < b () +0(1))

and

Card( QN ) > € (1 = o(1))

2010. oktéber 24. —15:41 11
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as m — oo. Hence

Card(Q{- NIL,) . tn (a T}_O(l)) -
L] L]
_ (¢ fro(l)) Card@n 1) )
Z,| tm (1 —o(1))

aj +o(l) Card(QﬂI/n)
1 —o(l) |IJ |

Letting m — oo we conclude that

Card( QN )

D+j < @; limsup 7
| I

. +
_ajD.

It remains to show that none of the inequalities D i < qj Dt is strict.
However, in this case using (1.3) we would obtain the contradiction

D*<D*'W+D"+---<a D" +ayD*+---= D",

5. Proof of Corollary 1.3

Fix 1/d < a < 1 arbitrarily and then choose a1,...,a; > 0 such that
ay+---+ag=1 and max{ay,...,ag}=qa.

Applying the already proved part of Theorem 1.2 we obtain a partition Q =
=QU---UQy of Q such that D¥(Q;) = @; D" for all j. Fix an orthonormal
basis Ej,..., Ey of H and set Uy = E; if wy € ;. Then using the identity

2

/ Zkake’wkt dt—Z/‘ Z xke’w/\t‘ dt

k€EZ oy EQ

and applying the scalar case of the theorem we conclude that the estimates
(1.2) hold if |I| > 2wa D™, and they do not hold if || < 2ma D™.

2010. oktéber 24. —15:41 12
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6. Proof of Theorem 1.2 fora| +ay+--- > 1

By the same reasoning as at the beginning of Section 6, we may assume

that 0 < DT < o0, 0 < aj < 1 for all j, and that the elements of € form a

strictly increasing infinite sequence w| < wy < - - -.
First we choose a positive integer N such that

6.1) > ([(n+1Na;]—[nNe;]) > N forall n=0,1,....

J
For this first we choose a positive integer k satisfying oy +---+ o} > 1, and
then a positive integer N such that

k
—<ar+---+ap — 1.
N =4 %k

Then using the inequality [x +y] > [x]+[y] we obtain the following estimate
foralln =0,1,...:

k
1 1
~ > ([(n+ DNe;] - [nNe]) > ~ > [Ngj] >
J j=l1

k
1
>~ > (Na; —1)=
Jj=1
=ap+---+a k >
=1 k N
> 1.
Note that
(6.2) 0<[(n+1)Naj]—[nNaj] <N
for all n and j because using the condition ¢; < 1 we have
[((n +1)Na;]=[nNa; + Naj] < [nNaj + N]=[nNa;] +N.
Next we represent £ again as the union of the disjoint blocks B, of
N elements as in (4.1). Since the upper density of Q does not change if

we remove a finite number of initial terms, we may define by recurrence a
sequence of bounded intervals (I,;;) having the following four properties:

sup I, < infl, ; for all m;

no block B,, belongs to more than one interval I;;

2010. oktéber 24. —15:41
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|Im| — 00,
Card(Q N IL;)
- O OO0

D*.
| Im|

6.3)

Let us also introduce a sequence of positive integers containing each
index j infinitely many times, for example

(bﬂl) ::1...d 1...d 1...d .
in case of a finite sequence «1,...,a 4, and
(b)) :=12 123 1234 12345 12...

in case of an infinite sequence a1,a2,....

Now, thanks to (6.1) and (6.2) we may define a partition Q = Q;UQ,U- -
having the following properties, where we denote by B, the union of the ky,
consecutive blocks B, ,1,..., By, +k,, contained in Iy:

(6.4)Card(B,, N Qj) <[(n+1)Nea;] — [nNa;] for all n and j;
(6.5)Card(B, N ;) =[(n + )Na;] — [nNe;] if B, C B! andj = by,.

We claim that D¥; < a; D" for each j. The proof is similar to that in
part (a). The case D+J- = 0 is obvious. If D+j > 0 for some j, then let us

choose a sequence of bounded intervals (I,ﬁ.,) satisfying |I,£,| — 00 and

Card(Q; N I,)
Lard@s m) |
||

D+

Since D+j > 0, hence Card(Qj N L{l) — oo and therefore k;; — oo. Since

I,z, M Q is contained in the union of the k;; + 2 blocks By, ..., By, 1kn+1s
using (6.4) and the inequality

x+yl—[xI<DlI+1<y+1<y+N

2010. oktéber 24. —15:41
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it follows that

Card(Q; N E, 1 nm-+kim
M <— 2N+ > [n+1Na;] - [nNej] | =
|II’I’L | |II11 | n=nm+1
_ 2N + 1[Gt +kn + DNey] — [ + DNgy]
L] -
3N +kyu Na;
< # <
A
_3N+knNoj Card@nf) _
A kN

< 3 +kna; ‘ n*(Q, |L{z|)
o A

for every m. Letting m — oo we conclude that D¥; < «; D™.

We claim that D¥; > a; D" and thus D¥; = ;D for each j. Indeed,
for each fixed j there exist arbitrarily long intervals I, for which b,, =j. For
these intervals, using (6.5) and the inequality

(x+yl-[x]I>l>y—-1>y-N
we obtain
Card(Q;j N L) > Card(B,, N Q) =
nm+km

> [n+1Najl - [nNa;] =

n=nm+1
[ + km + DNa;j] = [(nn + DNaj] >
> kmNaj -N

and therefore
Card(Qj N ILy) S kmNaj — N

| T | - [ I | B
kmNaj — N Card(QnN L) _
= |l Gm+2N
_kmaj =1 Card(QnN Iy)
T kmt2 |1 |

2010. oktéber 24. —15:41



16 ALIA BARHOUMI, VILMOS KOMORNIK, MICHEL MEHRENBERGER

It follows that

n+j(Q'a | Zn]) > kmaj -1 ' Card(Q N I;)
| I | T k2 | I |

Since D* > 0 and || — oo, by (6.3) we have Card(Q N I,;) — oo
and therefore k,, — oo. Therefore, letting || — oo we conclude that
D+j Z aj D+.
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