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Study of the nodal feedback stabilization
of a string-beams network
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Abstract We consider a stabilization problem for a string-beams network. We prove
an exponential decay result. The method used is based on a frequency domain method
and combine a contradiction argument with the multiplier technique to carry out a
special analysis for the resolvent. Moreover, we give a numerical illustration based on
the methodology introduced in Ammari and Tucsnak (ESAIM Control Optim. Calc.
Var. 6, 361-386, 2001) where the exponential stability for the closed loop problem
is reduced to an observability estimate for the corresponding uncontrolled system
combined to a boundedness property of the transfer function of the associated open
loop system.
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1 Introduction and main results

We study a network of N beams and one string, where N > 1, see [17] (pages: 80-81,
for example) concerning the model. More precisely we consider the following initial
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and boundary value problem:

2u—32u=0, xe(0,0), 2u; +dfu; =0, x€(0,¢),
axu(tv()):alu(t’o)v axui(t’zi)=07 agui(t5£i)=8lui(tvzi)’

32u; (t,0) =0,
&) N
wt, O =ui(t,0), Y 8u;(1,0) +du(t. &) =0,
j=1
w©0,x)=u’(x),  JuO,x)=u'(x), xe€(0,0),
u; (0, x) = ud(x), dqui (0, x) =ul(x), x€(0,¢),t€(0,00),
foralli =1,..., N, where ¢; denote the length of the beam number i and ¢ is the

length of the string.

In the last years an important literature was devoted to the controllability and sta-
bilizability of string network or beam network, see [1-3, 5, 6, 8—11, 13, 14] and [16].
In this paper, we study a stabilization problem for a string-beams network. By a resol-
vent method, we prove an exponential stability result of the energy of the system (S).
Moreover, we give some numerical study for the stabilization problem, the method
used is based an the methodology introduced in Ammari and Tucsnak [7] where the
exponential stability for the closed loop problem is reduced to an observability esti-
mate for the corresponding uncontrolled system combined to a boundedness property
of the transfer function of the associated open loop system.

The paper is organized as follows. In this section we give precise statements of the
main results. Section 2 contains the proof of the main results. Numerical illustration
is given in the last section.

We define the energy of u = (u, uy, ..., uy) solution of (S) at instant z by

_Lf 2 2
Es) =35 | (1wt 0P + 1. 0F ) dx

1Lt
+ 5.21:/0 <I3zui(t,x)|2+
1=

92u; (¢ x)r) dx. (1.1)

Let H=1[V x (L0, £) x ]_[lNzl L2(0, ¢;))]" and let the topological supplement H of
Span(®g) in H, i.e.,

Span(®g) ® H =H, (1.2)
where ®9=(1,...,1,0,...,0) and
N
V=16eH" 0.0 x[[H*0.£:).0:¢i(£;) =0,(£) =¢;(0),¥j=1,.... N
i=1
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Then, the wellposedness space for (S) is H, equipped with the inner product
I Cldydz Nt (atyjd2n
(3, v); @ w))g = A gy T dx+z ; 3 oy tuiw) ) dx.

Denote

D(Ay)

N t
=!(ﬁ, 9 € <[vm (HZ(O,E) x HH4(0, mﬂ x V) NH, 9,u(0) = v(0),

i=1

N
i (L) = v; (), 07ui(0) =0,i=1,..., N, Y 93u;(0) + d,u(t) = 0}.
j=1

(1.4)

The corresponding operator Ag is defined by
t
As(ii, ) = (ﬁ, a)%u,—aﬁul,...,—ajuN) . V(i D) e D(Ay). (1.5)

For the well-posedness of the system (S), It can be seen easily that H endowed
with this inner product, given by (1.3), is a Hilbert space. We show that the oper-
ator (Ag, D(Ag)) defined by (1.4) and (1.5) generates a contraction semigroup on
the Hilbert space H.

We have the following fundamental result.

Theorem 1.1 The operator (.{ls, D(As)) generates a strongly continuous contrac-
tion semigroup (Ts(t));>0 on 'H.

Proof To show the dissipativity of Ag, let (i, V)’ € D(Ag). By the definition of Ag
we have

(As @, ), @, 0)")g

t
:<(5,a§u, —a;‘ul,...,—aj}u,v) ,(ﬁ,a)’>

H

¢ ¢ N ¢ ¢
:/ vaaxudx+/ afuvdx+2(f afujagvjdx—/ a;‘u,v,dx>
0 0 o o 0
¢ ¢ N ¢; ¢;
:—/ vafudx—i—/ Bfuidx—i—Z(/ Bﬁujv_jdx—/ Otu ) dx)
0 0 : 0 0
j=1

+v()oyu(€) — v(0)d,u(0)
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N
+ Z(afu,-(zj)axv, (€;) — 92u;(0)3,v;(0) — duj(€)v;(€))
j=1

+ 33u; (0)v;(0)).

Since 32u;(0) = 0,d,v;(£;) = 0,v;(0) = v(£), Ru;(¢;) = v(;),j=1,...,N,

3xu(0) = v(0) and dyu(£) = — 30, 83u;(0), we get

N
M As (i, D), G, 0)' ) =—wO)F = > v ),

j=1

which shows that Ag is dissipative.

Next, we show thgt Al —~Ag) is surjective for some A > 0.
Given a vector (f, g)' € H, we look for (i, v)" € D(Ay) such that

1 - Ap @0 = (7.3)

Hence by the definition of Ag, we obtain

Au—v=rf,
)»uj—vjzfj,
)»v—afu:g,

aj+dtuj =g, j=1,....N.
This is clearly equivalent to
v=2Au— f,
vj =Auj— fj,
Wu—u=g+1rf.
Wuj+dtuj=g;+af;, j=1....

Multiplying the third and the fourth identities by we V, and summing we get

¢ N e
/(; (Au — aﬁu)wdx + Z/o (Azuj + a;‘uj)w,- dx
j=1

¢ N ¢;
=/(g+/\f)wdx+§ / (gj +Afpwjdx, YweV.
0 ; 0
j=1

By formal integrations by parts, the left hand side is equal to

¢ L N g
/O(Azuw—i-Bxuaxw)dx—i—Z/O (A2u W + 9%u ;92w ) dx
j=1
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Study of the nodal feedback stabilization of a string-beams network

— du(Ow(0) + du(0)w(0)
N
+ ) (Fuj e w;E) — u 0w, (0) — dFu(€,)d,w; (€))
j=1
+ 32u; (0)3,w; (0)).
We thus find that
AGi, w) = F(), YweV, (1.7)

where

¢
A(ﬁ,ﬁ)):/ (8 uo w + A uw)(x)dx—i—Z/ (8 u;jd u)]+)» u]w])dx
0

N
+ 2 OWO0) + 2 Y i (L)W, ()
j=1

and

F(i)= / (g+Af)wdx+Z/ (g +Af))W, dx+f(0)w(0)~|—2f(£ V().

j=1

Since A is a continuous bilinear coercive form on V and F is a continuous linear
form V, by the Lax-Milgram lemma, problem (1.7) has a unique solution i € V.
Using some integrations by parts, we easily check that i satisfies

U —3u=g+Arf,
AMuj+dtu;=gj+rfj, j=1,...,N,

as well as we have setv=Au— f, andv; = Au; — f;, j =1,..., N. This means that

(1.6) holds and consequently, (Al — Ag) is surjective. The density of D(Ag) in H is
clear. Finally, the Lumer-Phillips theorem (see [21]) leads to the claim. g

The above theorem prov1des the well-posedness of the evolution equation (S).
More premsely, for every @@°, uY)! € H, the function (u(t) 0,u(t))! given by
Ts(1) @, ") is the mild solution of (S). In particular, for (i°,i')" € D(Ay), the
problem (S§) admits a unique classical solution

(ii, 3;ii)" € C([0, 00), D(Asg)) N C ([0, 00), H).

The well-posedness part follows from Theorem 1.1. In order to prove estimate (1.9) it
suffices to remark that, by simple integrations by parts, it holds for regular solutions
(i.e. (u, du)" € C([0, +00); D(As)). For mild solutions, we simply use the density
of D(Ag) in H.

Thus, we have the following proposition.
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Proposition 1.2 The following assertions hold true

1. If (i°, i') € H then the problem (S) admits a unique solution
N
i € C([0,+00); V)N C' ([0, +00); L2(0,0) x [ [ L2 (0, m)
i=1
such that u(-,0), u; (-, £;) € H](O, ), T>0,i=1,...,N, and

N
G- O 31 0.y + D i G D 0.7y < CIGS EDNZ,  (18)

i=1

for a constant C > 0.
Moreover u satisfies the energy identity:

t N
ES(O)—ES(I)=/ |9 (s, 0)|* ds + E / |9u; (s, €)1 ds. (1.9)
0 i=170

2. The estimate lim;_, », Es(t) = 0 holds true for any finite energy solution of (S).
Our main result can now be stated as follows.

Theorem 1.3 There exist constants C, w > 0 such that for all i°,u")" € H the so-
lution u of the system (S) satisfies:

Es(t) <Ce ™ Eg(0), Vt>0. (1.10)

2 Proof of the main result
In order to prove the strong stability we need to verify the following property.
Lemma 2.1 The spectrum of Ag contains no point on the imaginary axis.

Proof Since Ag has compact resolvent, its spectrum o (Ag), only consists of eigen-
values of .Ag. We will show that the equation

Asz=ipz 2.1

with z = (3, V)" € D(As) and B # 0 has only the trivial solution.
By taking the inner product of (2.1), with z € H and using

2
)

N
R (Asz, 2) g =— O =) Jv(¢)) 22)

j=1
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we obtain that v(0) =0,v;(£;) =0, j=1,..., N. From (2.1), we get
iB(3.0) = @, 02y, ¢ y1...., —dyn)".

Next, we eliminate v = iy to get:

d2
—B2y — d—xﬁ =0, (0, 0),

d*y;
—Bry+ 2 —0,0,¢)),

dx
d3 d?
Y0 = y;(0). Z y’<0>+—(£> “Ho=o0 @I
j=1
YO =0,  yiep=0, Loy=o, Pig)=o
E) ] ] ) dx E) dx j £

d®y; .
W;wn:o, j=1,...,N.

By a simple calculation we show that the above system only has trivial solution.

In fact, we have y(x) = Asin(8x), since y(0) = 0 and ,32y — d—} = 0. From

%(O) =0, we get A =0 and thus y(x) = 0. This implies that y; (0) = 0. We thus
have

Cdry; o dy; AP yj
y;j(0) = W(O) = E(@/) 3 (£j) = 24

d
Y — (). We can write

together with —p%y jt o=

¥j(x) = Ay exp(iy/Bx) + Azexp(—i/Bx) + Az exp(v/Bx) + Agexp(—y/B).

By using the conditions (2.4), we get A| = A, = A3 = A4 =0, and thus z=0 O

Proof of Proposition 1.2 As the imbedding of D(Ay) in H is obviously compact, in
order to prove the energy identity it suffices to remark that they hold true for regular
solutions (i.e. (u, 0;u)! € C([0, +00); D(Ag)) and to use the density of D(Ay) in
H). Since Ag is a maximal- dissipative operator in H, Ag has no purely imaginary
eigenvalues (see Lemma 2.1), and Ag has compact resolvent. Then, the strong sta-
bility estimate at the end of Proposition 1.2 can be obtained by applying the result in
Sect. 5 of [18] (see also [19]). Il

Proof of Theorem 1.3 By a classical result (see Huang [15] and Priiss [22]) it suffices
to show that A satisfies the following two conditions:

p(As) D{iB | B R} =iR, (2.5)
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and

limsup ||iBI — As) ™' < oo, (2.6)
|Bl—>+00
where p(Ag) denotes the resolvent set of the operator Ag.

By Lemma 2.1 the condition (2.5) is satisfied forall £,£; >0, j=1,..., N. Sup-
pose that the condition (2.6) is false. By the Banach-Steinhaus Theorem (see [12]),
there exist a sequence of real numbers 8, — oo and a sequence of vectors Z, =
(g:) € D(As) with || Z, || 5 = 1 such that

NGBuI — As)Zyllg — 0 asn— oo, 2.7
ie.,

iBu¥n —Up=fo—0 inV, (2.8)

d2
iBuvn — =22 =g, — 0 in L2(0, 0), (2.9)

dx

. d4yj,n _ . 2 .

l,Bnt,n"i_W:kj,n_)O inL“(0,¢;),j=1,...,N. (2.10)

Our goal is to derive from (2.7) that || Z, || converges to zero, thus, a contradiction.
The proof is divided in three steps:
First step. We notice that from (2.2) we have

N
R((GBal — A Zn, Zu) )| = 1w O + > [0jn(@))]

j=1

1GBad — A Zullig =

Then, by (2.7)

dSyj,n
dx3

vn (0) = 0, vjn(lj) =0, (€j) =vjn(t;)—0,

d
—y"(0)=vn(0)—>0, j=1,...,N.
dx

This further leads to

Bnyn(0) = —if,(0) —iv,(0) — 0, ﬁn}’j,n(gj) = _ifj,n(()) - ivj,n(o) — 0,
j=1,...,N, (2.11)

due to (2.8) and the trace theorem.

Second step. We express now vy, vj, in terms of y,,y;,,j =1,..., N, from
(2.8)—(2.10) and substitute it into (2.8)—(2.10) to get

d’y,
<_:3r%yn L2 ) = gn +iBnfn, (2.12)

dx?
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d*y; . .
(—ﬁ,%yj,wr dx{;"):kj,ﬁzﬁ,,f,,n, j=1,...,N. (2.13)

Next, we take the inner product of (2.12) with q(x)dy" in L2(0, ¢) where g(x) €
c! ([0, £]) and g (£) = 0. We obtain that

¢ d?y, d,,
f0<—ﬂ3yn— ) 0= Y

V4
=/ (g0 + i fo
0
Y4 Y4 d
=f g () din 4 —if qd—f"ﬁnyndx
0 X
. dqg  _ . _
—i / Sa L Bundx = i£2(0)g 0)B,50 (0. 2.14)
0 X

It is clear that the right-hand side of (2.14) converges to zero since f,,, g, converge to
zero in H' and L?, respectively.
By a straight-forward calculation,

¢ dy 1 1 ¢ d
’ Yn 2 q 2
.R —ﬂz d = — O 0 + = —_— d
{/ nYnd / x} 29( )lﬂnyn( )| 2/ / |/3n)’n| X
and

dq
dx. (2.15
I (2.15)

dyn
dx

¢ d2 dy dy
Yn Yn n
N — q dx = —q 0 0
' {/{) dx2 dx } ( )‘ ( )

2+1fg
2 Jo

According to (2.11), we simplify (2.14), then take its real parts. This leads to

¢ ¢

dq 2 dq

ke § d =
/0 dx Byl dx /(‘) dx

By taking g (x) = e*~t — 1, which satisfies |¢’(x)| < 1, x € [0, £], we obtain that

dyn
dx

dy [*

dx — 0. (2.16)
dx

1 By ||L2((),z) — 0, — 0, ”vn”LZ(O,Z) — 0. (2.17)

L2(0,0)

Similarly, we take the inner product of (2.12) with g (x) =%~ y’ " in L%(0, £;) withgq; €
C2([0, ¢; jDand g;j(0) =0, j=1,..., N, then repeat the above procedure, this will

give
n ? b dzyjnd2CIj dyjn
d 20 : —d
x /0 dx? dx2 dx

17 dg; 15 dq; dzy
| G P+ [ 350
0 dx 0 dx
@Springer
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2

d?
L] g€ >0, j=1.....N. (2.18)

-2 ;)

By integrating by parts, we get

b ldyjn? b dyjn y
Ej d2y y
=—A mﬂdé nw>’Um
1 b dyjn )’jn
Z_E[) Vj.n d2 f (I,Bn}’]n_vjn)
”"@)A@

Then, from the boundedness of v; ., iByyjn — Vjn. 2y in L2(0 £;), (2.17) and

dx et
(2.11), we have y"‘ converges to zero in LZ(O, £;),j=1,..., N, which implies
2
tidg; ti dg;|d*y; d
J 2 qj Yjn }’] n
— d +/ — dx — £ (L) —0,
/0 dx |Bny2,nl"dx 0 dx | dx2 X —— () q/( i)
j=1,...,N. (2.19)
Third step. Next, we show that y 5 (£;),j=1,..., N, converge to zero. We

take the inner product of (2.13) W1th WE o' h @) in LZ(O, £;) where ¢, =

1Bul hj(x)=€;—x,j=1,...,N.
This leads to

¢ 12, 1 _d4y- )
f (a»/ O ’)’j,n—we n thQ” dx—0, j=1,...,N. (220
0 b

Performing integration by parts to the second term on the left-hand side of (2.20), we
obtain

¢ 12, 1 1/2 d4 i

3/2 — aAYj,
/ <¢n/ P Y~ 1/2¢ ki J T |dx
0 O X

x:Ej ) x:(Zj
I R LY T | ot @ Vi
rll/z dx3 dx?

x=0 x=0

x={; —7.
| 2o = Win |7 [ o e*¢5/2(e~fX>y~n]x_£/.
dx x=0 Js x=0
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Note that yf’n(O) is bounded for k < 3, since y; , € H*(0, £;), that ¢, — oo, and

3., .
also that 24 (£;) — 0 and B, d;i'” (£;) — 0. We thus get that

dx3
£ 12 1 12, d%y;
/ ¢>,3,/2e*¢n hfyj’n——l 2e’¢" h.i—ya’n dx
0 o dx

d2)’j,n .
= S+ duyjn) + Ry j=1 N, 2.21)

where R;, — 0,n — +00,Vj =1,..., N. Thus, according to (2.11), we simplify
(2.21) to
dzyj,n
dx?

(j))—0, j=1,...,N.

Consequently we have:

i dg; Y dq;
J 2 qj

— n|7dx + 3—

/0 dx |Bnyjnl"dx /0 dx

Finally, we choose g;(x), j=1,..., N, so that %,j =1,..., N, is strictly nega-
tive. This can be done by taking

2
2
d yj,n

S5t dx—0. j=1..N. (2
X

gixy=e*—1, j=1,...,N.

Therefore, (2.22) implies

d2yj,n .
”ﬁn)’j,n”L?(O,Zj)_)O’ %) -0, j=1...,N.
L2(0,¢/)
In view of (2.8), we also get
||Uj,n||L2(0,4z_/-) -0, j=1...,N,
which clearly contradicts the normalization condition || Z, | 7 = 1. O

3 Numerical illustration

Another way to study the stabililization problem is to adopt the strategy introduced in
Ammari and Tucsnak [7] where the exponential stability for the closed loop problem
is reduced to an observability estimate for the corresponding uncontrolled system
combined to a boundedness property of the transfer function of the associated open
loop system. We give here some numerical illustration of this approach. A theoretical
study remains to be done.
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3.1 Some background on a class of dynamical systems

Let H be a Hilbert space with the norm ||.|| g, and let A : D(A) — H be a self-
adjoint, positive and boundedly invertible operator. We introduce the Hilbert space
Hy = D(A?), with the norm lzlly = IA2 2]l 7. The space H_, is defined by duality
with respect to the pivot space H.

Let the bounded linear operator B : U — H_ 1 where U is another Hilbert space
which will be identified with its dual.

The system we consider is described by

W)+ Aw(t) + By(t) =0,  wO) =wo, w0 =w;, te[0,00), (3.1)
y(t) = B*w(), te€l0,00). (3.2)

The system (3.1)—(3.2) is well-posed:
For (wg, w1) € H 1 X H, the problem (3.1)—(3.2) admits a unique solution

w e C([0,00); H) N c ([0, 00); H)

such that B*w(-) € H}

10 (0, 00; U). Moreover, w satisfies the energy identity, for all
t>0

2

ds.  (33)
U

dB* (s)
—_— ws
dt

1
1wo, wlIF7, xpr — W@, DO, o = 2/0
2 2

For (3.3) we remark that the mapping ¢ — [|(w(z), w(t)) ”%h « 18 non-increasing.
2

Consider the initial value problem:

¢(t) + Ap(r) =0, 34
¢(0) = wo, @(0) = wy. (3.5)

It is well known that (3.4)—(3.5) is well posed in Hj x H% and in H% x H.
Now, we consider the unbounded linear operator

r 0 1
Aq: DA — (Hy x H) Ad=<_A _BB*>, (3.6)

where
t
D(Ag) ={(u, V) € (H% x H) (Au+BB*ve H veH, }
The result below, proved in [7], shows that, under a certain regularity assumption, the
exponential stability of (3.1)—(3.2) is equivalent to a strong observability inequality

for (3.4)—(3.5). More precisely, we have:
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Theorem 3.1 (Ammari-Tucsnak [7]) Assume that for any y > 0 we have

sup |AB*(W2T + A)'B H < oo, 3.7)
ReAEV H L)

Then, there exist constants C,§ > 0 such that for all t > 0 and for all (wo, wl) IS
H 1 x H, we have

I @), wEa, xr < Ce™ [, wHla, xa,
2 2

if and only if there exist constants T, C > 0 such that: for all (wg, wy) € Hy X H% ,
we have

1B*¢" O 120,721y = € w0, wDll a1, (3.8)
2
where @(t) is the solution of the system (3.4)—(3.5).
We will study the inequalities (3.7) and (3.8) numerically.

3.2 Transfert function

LetA:V — V/,
d2
a=| ’

@ e H'(0.0). D% € HX0.6),

> dx?
_ . 2.
DA) =15 =y €V 2(0) =0, 22 (6;) =0, 2% (0) =0,
3. 3.
CH) =0, 2L, FH O+ E 0 =0

and B : RNt — V' Bk! = ADK',Vk = (k,ky, ..., ky) € RV where V' is the
dual space of V obtained by means of inner product in L%(0,0) x [—[lN: 1 L0, ¢;),
Dk' =W = (W, Wy, ..., Wy)! is the solution of

d*w
—— =0,(0,0),
e 0, 0)
d*w;
7 =0.0,4),
dw; d*w;

2)=0, 0)=0,
dx ( l) dx2 ( )
W(£) = W;(0),
dw 3w
—(0) =k, — ) =k,
Ty (0) 13 ;) =k
N

d3w; dw
0)+ — () =0.

; 5O +——©
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We have: B*p' = (p(0), p1(€1), ..., pn(Un))' VP e V.

Proposition 3.2 Let y > 0 and C, = {A € C | ®(\) = y). Then the function
HOk' = AB*(02 + A)~'BE', for k e RN is given, for R(A) > 0, by

} ) Ho(k")
HMWK" = [(H;,j(M))osi, j<n |k = . )

Hy (k")
Ho (k")
_ _ N N ki iwe: ki i .
iy —dke ™t kwdeT MY by =AY (— kel — W’(we/_)e’wef)hj
Asinh(10) + w3 cosh(10) Y

)‘ZN (kj wi; k; weiyg . — SN (K giwe 4 Kigwe;

- j=1{me"" — 4c0sh(w€,»)e ) Jj— Zj:l(Te +76 )

Asinh(10) + w3 cosh(10) Y i '
Hy (k"

- - ki iwe; kj i
. {—xcosh(u)ke Mt kwde ™ Y by — acosh(hl) YN, (— el — e LAY
=Mmp

Asinh(1€) + w3 cosh(10) YN h;

—»cosh(r&) Zj,\;l(l%gwel - ﬁéwznew‘f')hj — Acosh(A0) ZjV:l(%eiwlj + %ewei) }
»sinh(€) + w3 cosh(n0) YN 7

—kef)‘zm,,—l—)n _ I'(P eiwl,,_ . kP eiwlp mp
2iw3 4iw3 cosh(we p)

A k_ﬂew(fp _ kl’ ew@,, m,
2w?3 4w3 cosh(wt )

k k k : k
A PPy 4 lwlp+ 14 wlp , =1,...,N,
<2iw3 2w3 - 4iw3 cosh(wlp)e 4uw3 cosh(wlp)e P

where w is the unique complex number satisfying the conditions
; T
r=iw2, w=reé?, withr>0and6 ¢ i|—5,0|:

2sin(w¢ ;) cosh(w j)—cos(w ;) sinh(w¥ ;) __ 2cosh(wtp)+cos(wlp)

andhp, = Zcos(wi ;) cosh(w ) »Mp = Feostwi,) coshwe,) * P = L....,N.

Proof Let k € RN*1 It can be easily checked that j = (A> + A) ™! Bk’ satisfies:

d2
A2y(x) — ﬁ(x) =0, x€(0,0),R%0N) >0, 3.9)
2 d4yp
A yp(x) + e x)=0, =xe (O,Zp), RA) >0, (3.10)

dy d>y, dyp d*y,
Doy=k. uy=k,, Zey=0. Z2Zoy=0. 3.11
20 R =ky S 2O=0. (1D
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Fig.1 |H(W)|, for » = iw? 11
and w = ret? | with R(w) = y 108 b
102

against 6 for y =1
[\
| \ \ |
[\ Vo
A S )
[ .
098 LIl ] Vol
‘ (- _ \ [ ]

1.06 -

1.04 -

"transfert-1.dat" —— | ||

096 -

094 - }

092 -

09 I I I I I I I

N
d3yj

By 0)=0. (3.12)

0) =y,(0 @
y(&) =yp(0), E(H-‘

J

The solutions of (3.9)—(3.10) have the form

k —Ax
y(x) = Acosh(Ax) — Xe , x€(0,0),

k .
yp(x) = Apcosh(w(x — £,)) + B, cos(w(x — €,)) + ﬁe—lw(x—m
_ 5wt e 0, £))
2w3 ) E) p 9
where A, A, B, are constants. Then, for 9i(A) > 0, we get
Ay(0)
yn(0) U

We now investigate numerically the boundedness of the transfert function (3.7)
and then also the observability inequality (3.8).

3.3 Boundedness of the transfert function

On Figs. 1-3, we see the value of ||H(A)| := max; ;(|H; ;(A)]), for A = iw? and
w = re'?, with R(w) = y, for a given y. The plot is against §. We see that the
maximum is finite; the value approaches 1 as y increases and tends to co as y > 0
tends to 0. Note however that the function presents some pics for 6 near O or 7 /2, as
it is shown on Fig. 3 which can be difficult to see at a first glance.

We have taken N =2,/ =1.51,¢41 =14 and ¢, =1.2.
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Fig.2 |H(M)|, for » = iw? 250
and w =re'? with R(w) =y
against 6 for y =0.001

" ransfert-0.001 dat"——

150 -

100 -
\
/ \

50 - B

0 L L L L L L L
-16 14 12 1 0.8 0.6 04 0.2 0
Fig.3 ||HO)|, for A = iw? 450 e fort 0,00 s dat”

— ol with | _ ransfert-0.001r.dat" ——
and‘w =re'’, with R(w) =y 400 1 i
against 6 for y =0.001

350 - L
300 - i
250 - B
200 - L
150 [ 4
100 - ‘ L
0l [ | y
0 | | i,pz/‘ \\774,,/“&,4; A/‘Kir‘\_u‘k A M ‘M

-0.0008  -0.0007 -0.0006 -0.0005 -0.0004 -0.0003 -0.0002 -0.0001 0

3.4 Eigenvalues computation

In the case where the transfer function is bounded, the stabilization problem is re-
duced to study the associated conservative problem (see Sect. 3.1).

Thus, we investigate the observability inequality (3.8). Note that (3.8) concerns
the conservative system. The eigenvalues of the conservative system are computed
from the characteristic equation. Given the K smallest positive eigenvalues, we can
then define the matrix (my x/) f w1 by

GO0, 10+ 370 87 (€)1 (€))
1.kl 57l bnie 17

T
My g = f ei()»kf)uk/)tdt
’ 0

and compute the minimal eigenvalue Amin x of this positive definite symmetric ma-
trix. Note that we should have infx Amin, x > 0 in order to have the observability
inequality (3.8).

The eigenvalues are given by A, = z2

+,» where z,, is the n-th positive root of

N . .
z 2 sin(z¢;)  sinh(z€)\ 5 o
5 cos(z z); (COS(Z&) COSMZ&)) sin(z2¢) =0. (3.13)
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Fig. 4 Minimal eigenvalue 1

against K, for the matrix 00 ’h‘ minimal eigenvalue — |
(mk,k/)]fk’:l’ with N =2, ’ 0.198
¢=1.5,01=14,0p=1.2and 08 | |

T=31 ol

0.6 q
05 1

04t ‘ ]

03 L
02 1

The eigenfunctions are given by ®¢ = (1,1,...,1,0,0,...,0), @, = @u/lIpnll
Vn € N* where

1 1 1
¢)l’l: _d)’}l’—¢7%,1""’_¢721,N’¢l}l’¢n2,1""’¢l%,N N VneN*,
An An An

b, (x) = cos(z2x),

cos(z,%@) cosh(z, (x — ¢;)) cos(zﬁﬁ) cos(z,(x —£;))
2 cosh(z,¢;) 2cos(z,¥;)

¢r(x) =

)

and we have

2,2 20\ qin( 2
) cos~(z°0) £ ( 1 1 ) cos(z=£) sin(z=£)
L=l ———) = + + .
9y, 2 —2 cos>(z¢;)  cosh®(z¢;) 2z

On Fig. 4, we compute the minimal eigenvalue in the case where N =2, =1.5,¢; =
1.4,¢, =12 and T = 3.1, by using Python, with the library Scipy. We check that
the minimal eigenvalue is greater than 0.198 for A,, n < 3772, by using the test of
Cholesky.

3.5 Related questions

As we have already mentioned, a theoretical study of this approach of stabilization by
observability (for the conservative associated problem) remains to be done. Another
related question is to generalize the results to a class of evolutions equations with
unbounded feedbacks (see [23] and [20]), in particular to a general string-beam net-
work [4], by using the theoretical approach used here or the methodology developed
by Ammari-Tucsnak in [7].
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