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Abstract

In this paper we investigate the continuous dependence with respect to the
initial data of the solutions for the 1D and 1.5D relativistic Vlasov-Maxwell
system. More precisely we prove that these solutions propagate with finite
speed. We formulate our results in the framework of mild solutions, i.e.,
the particle densities are solutions by characteristics and the electro-magnetic

fields are Lipschitz continuous functions.
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1 Introduction

Consider a population of charged particles with mass m and charge ¢ interacting
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through their self-consistent electro-magnetic field. We assume that the collisions are
so rare such that we can neglect them. Let us denote by f (¢, z, p) the particle density,
depending on the time ¢ € [0, +o00[, position z € R?* and momentum p € R? meaning
that at any time ¢ the number of particles having the position and momentum inside
the phase space infinitesimal volume dxdp around (z,p) is f(t,z,p) dxdp. The

particle density f satisfies the Vlasov equation

Of +v(p)-Vof +q(E(t,z)+v(p) NB(t,z)) - V,f =0, (1)
w2 \ V2. o : :
where v(p) = £ (1 + mTc2> is the relativistic velocity associated to the momen-

tum p and c is the light speed in the vacuum. Notice that v(p) = V,E(p) where

1/2
E(p) = mc? ((1 4 P ) — 1) is the relativistic kinetic energy. The Vlasov

m2c?

equation expresses formally the invariance of the density f along the trajectories

(X(s), P(s)) in the phase space

d
d—{f(S,X(S), P(s))} =0,
s
where (X, P) are given by the motion equations under the action of the electro-
magnetic field (E, B)

C;_f — v(P(s)), le—]: = q(E(s, X(5)) +v(P(s)) A B(s, X (5)))-

We introduce the charge and current densities p and j given by

plte) =a [ ftp)dp. tta) = [ oritap) do

3

The self-consistent electro-magnetic field (£, B) satisfies the Maxwell equations

(T
OE — rotB = — 28 9B 4 rotE — 0, (2)
€0
dive = AL T Peal®) g, (3)
€0

The system (1), (2), (3) is called the tri-dimensional Vlasov-Maxwell model. It plays

a central role in plasma physics and the study of charged particle beam propagation.



Here gy stands for the dielectric permittivity of the vacuum and pe is the charge
density of a background distribution of opposite sign particles. We prescribe initial

data
£(0,z,p) = fo(z,p), (z,p) €R®*xR3 (E,B)0,r)=(Ey,By)(z), x € R® (4)

satisfying the compatibility constraints

+ Pext (ZL’)

divEy — 2 , divBy =0, z€R3, (5)
€0
and the global neutrality condition
o[ [ dwp dpdss | o) do =0 (6)
R3.JR3 R3

It is easily seen, by using the continuity equation d;p + divj = 0 and (6), that the
global neutrality condition holds at any time ¢ > 0. By taking the divergence in (2)
and by using one more time the continuity equation, notice that (3) are consequences
of (5).

The main global existence result of weak solution for the tri-dimensional Vlasov-
Maxwell model was obtained in [7]. One of the crucial points here was the smoothing
effect by velocity averaging, see also [13]. The boundary value problems were studied
as well [19], [16], [1]. The global existence of classical solutions is still an open
problem. For a conditional result we can refer to the Glassey-Strauss theorem [12]:
the global existence of smooth solution holds provided that the particle density is
compactly supported in momentum. The same problem has been investigated by
other authors using different approaches [18], [4]. For results in lower dimensions
we can refer to [2], [6], [9], [10], [11].

Recently a reduced Vlasov-Maxwell system was introduced by physicists for
studying the laser-plasma interaction [17], [5], [3]. Other reduced models are ob-
tained by considering asymptotic regimes as the intensity of the external magnetic
field tends to infinity, leading to the ”guiding center approximation” [14], [15].

Let us come back to the tri-dimensional relativistic Vlasov-Maxwell system. We

consider physical units such that m = 1, ¢ = —1 (f is a density of negative particles),
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g0 = 1,¢ = 1. Assume for the moment that (f, E, B) is a smooth solution of (1),

(2). Multiplying (1) by £(p) and (2) by (E, B) one gets the formula

1
O {/ E(p)f dp + §(|E|2 + |B|2)} —|—div/ v(p)E(p)f dp+rotE- B —rotB-E = 0.
R3 R3
(7)
For any R > 0 consider the set Kr = {(s,z) : s € [0,R],|z] < R — s} and
denote by (n¢, n;) the outward unit normal on 0Kg. As usually, integrating (7) over

Kg(t) ={(s,z) € Kp : s <t} yields for any ¢ € [0, R]

[ { Jewsars s0mewimp far [ focsn e dots.z)
o [ {UBE+1BR) + (A ) - Bao
= /BR{ Rgg(p)foder%(!EoFJr |BO|2>}dI,

where Yz(t) = {(s,z) : s € [0,t],]z] = R—s} and Bg = {x € R? : |z| < R}. Taking
into account that |n,| = n; on Xg(t) and |v(p)| < 1, we deduce the well known

inequality

1 1
[ A ewsap+ 5082+ 152 o< [ e+ 5052 + 150 |
Br_¢ R3 2 Br R3 2
(8)
In particular if fo|p,xrs = 0, (Eo, Bo)|s, = (0,0) then f|x,«rs = 0and (E, B)|k, =

(0,0). Motivated by this standard result we inquire about a more general property

whose statement, in a simplified form, could be

Property 1.1 Assume that (f*, E*, B¥)eq12) are two solutions of the relativistic
Vlasov-Mazwell equations satisfying (f1(0)—f2(0))|p,xrs = 0, (E'(0)—E?(0), B*(0)—
B*(0))|s, = (0,0). Then we have (f' — f*)|xpxrs = 0, (E' — E?, Bt — B?)|g,, =
(0,0).

We recognize here the finite speed propagation for the solution of the Vlasov-
Maxwell equations. The propagation speed do not exceed the light speed, here

normalized to the unity. The purpose in this paper is to establish this property
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for the relativistic Vlasov-Maxwell equations in the one dimensional case (1D) (see
Theorem 2.1) and the one and one half dimensional case (1.5D) (see Theorem 3.1).
Obviously this feature inherits from the hyperbolic structure of the Maxwell equa-
tions combined with the relativistic character of the particle dynamics. Although
this property seems very natural we think that it is important to perform a rigorous
analysis of it. This leads to a better understanding of the transport of relativistic
charged particles: we justify the existence of a dependence domain in space. For the
numerical point of view this property has important consequences: it shows that
the numerical approximation of these equations can be localized with respect to the
space variable.

An interesting question concerns the validity of this result in the general frame-
work of the tri-dimensional relativistic Vlasov-Maxwell system as suggested by (8).
We expect that this holds true at least for solutions compactly supported in mo-
mentum. Probably combining our techniques with the representation formula for
the electro-magnetic field obtained in [12] would provide the desired result.

The paper is organized as follows. In Section 2 we recall a basic existence and
uniqueness result for the mild solution of the relativistic 1D Vlasov-Maxwell equa-
tions. The main tool here is the formulation by characteristics. Adapting the above
method yields also a continuous dependence result with respect to the initial data. In
particular we establish the finite speed propagation property. In Section 3 the same
program is carried out for the relativistic 1.5D Vlasov-Maxwell equations. Basically
we follow the same steps but some of the computations are much more difficult in

this case.

2 The 1D relativistic Vlasov-Maxwell equations

We assume that the unknowns depend on time, on one spatial coordinate x € R

and one momentum coordinate p € R. In this case we obtain the system
Of +v(p)onf — E(t,2)d,f =0, (t,z,p) € RT x R?, (9)
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OHE = j(t,z), 0.FE = pexi(1) — p(t, ), (t,7) € RT x R, (10)
£(0,z,p) = fo(z,p), (z,p) €R?* E(0,7)= Ey(z), =R, (11)

where p = fR fdp, 5= va(p) f dp. We assume that the initial conditions and peyt
verify the hypotheses

H1) there is a function gy € L'(R)NL>*(R) non decreasing on R~ and non increasing
on RT such that 0 < fo(z,p) < go(p), V (z,p) € R?;

H2) E, belongs to L>®(R) such that Ej = pex. — po, where pg = [ fo dp ;

H3) pext = 0, pexs belongs to L2(R).

Observe that H1 implies py € L®(R) and therefore £, € W1*°(R). Under the above
hypotheses there is a unique mild solution (f, E') (i.e., E' is Lipschitz continuous and
f is solution by characteristics) for (9), (10), (11), cf. [6], [2]. We recall here some
bounds for £ and its derivatives which will be useful in our further computations.

Let us introduce the system of characteristics for (9)

dX dP
= uP(s), =~ X(5)), (12)
with the conditions
X(t) ==z, P(t)=p. (13)

The solution of (12), (13) is denoted by (X (s;t,z,p), P(s;t,x,p)). Saying that f is
solution by characteristics for (9) means that f(t, z,p) = fo(X(0;¢,z,p), P(0;t,z,p)),
V (t,z,p) € RT x R% For any test function ¢ € L'(R) one gets by (10)

JEtn — Ewne de = [ [ [ sts.000wiote) do i ds

R

- /ot/R/RfO(X(O”’xvp%P(O;Svfc,p))v(p)so@c) dp dz ds.

Note that det (a(X(S;t"’gg’g(S;t’x’p))) =1, for any (s,t,z,p) € Rt x RT x R? and thus,



after change of variables along the characteristics we obtain
bdX
(B(t,2) — Bo(@)plw) dz = | [ folaw,p) [ S-(X(s) ds dp d
R RJR 0o @s
X(t:0,z,p)
= [ [#en [ e dedpar
RJR T

Observe that | X (¢;0,x,p) — x| <t and therefore we can write

X (t;0,2,p)
//fo/ o(u) dudp dx| < /’@(UN//fol{m—mg|X(t;o,x,p)_x} dp dx du
RJR x R RJR

< [ 1ol [ [ sop)gumsien dp do du
R RJR
< 2tlgollzrllelle.
We deduce that
1Bz~ < [l Bollz= + 2tlgollz: =: a(t). (15)

For estimating 0,F we denote by gft the function given by ¢f(p) = go(p + R) if
p < —R, glt(p) = go(p — R) if p> R and g¥(p) = go(0) if [p| < R. Observe that for
any (t,z,p) € [0,T] x R?* we have

t
|P(0;t,z,p) — p| < /HE(S)HLoo ds <Ta(T) =: R,
0

and thus we deduce by using the monotonicity of gy that go(P(0;¢,z,p)) < git(p),
V (t,z,p) € [0,T] x R%. We have

plt,x) = / Jo(X (0 t,2,p), P(0; t,2,p)) dp < / Go(P(0;t,2,p)) dp < / a(p) dp
R R R
= Jgollz: + 2Ta(T) g0l .

implying that for any 7" > 0 we have

max{ ||0, E|| oo qo,71xR)» [| O E|| oo qo,r1xR) } < | pext || oo+ goll 1 +2|| go || e Ta(T) =: b(T').
(16)

Theorem 2.1 Assume that (f§, E§)req1,2y satisfy the hypotheses HI-H3 and denote
by (f*, Ek)ke{lg} the global mild solutions of the 1D relativistic Vlasov-Mazwell sys-

tem corresponding to the initial conditions (fé“,Eé“)ke{Lg}. Then for any R > 0
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there is a constant Cg depending on R, maxgeq1 2y b*(R) such that for all t € [0, R],

lz| < R—t, p € R we have

|E' — E?|(t,z) + (X" = X?| + |[P' = P*)(0;t,z,p) < Cr(fs — fillig-rrxR)

+ 1By — E§llLeq-r.RD);

where (X*, P¥) are the characteristics associated to E*, k € {1,2}. In particular if
fo(z,p) = f&(z,p), V¥ (z,p) € [-R,R] X R and E}(z) = E3(z), V x € [-R, R] for
some R > 0 then for any t € [0, R] we have

fl(t,l',p) = f2(t,l',p), v (l’,p) S [_(R_t)’R_t] X R,
E'(t,z) = E*(t,z), Vo € [-(R—1t), R —1].

Proof. Take t € [0, R] and ¢ € C%([—(R —t), R — t]). By using formula (14) one

gets
ﬁﬁww—ﬁwmwmwxz ﬁ%mwfﬂwwmw (17)
2 XFE(t;0,2,p)
- Z(—l)k/R/Rfok(fﬂ,p)/ o(u) du dp dx.

Observe that for any s € [0,¢] we have

|X*(5;0,2,p) — 2| = / v(P¥(s;0,2,p)) ds| <s, ke {1,2},
0

which implies that X*(¢;0,z,p) > R—t for any (z,p) € [R, +oo[xR, k € {1,2} and
X*(t;0,2,p) < —R+t for any (z,p) €] — oo, —R] x R, k € {1,2}. Since the function

¢ has compact support in [—(R — t), R — t|, we obtain

XFE(t;0,,p) Xk (t;0,2,p)
t/ deuz/' () du Lgupenys k€ (1,2},



and therefore formula (17) yields

IN

/(El(t,x) B2t 2))e(x) da

R

JiEd @) - Bt da

; / [ /XXOO))< ) du dp d
' / [ - foxp>>/xzt§35)dpdx

< (Ifs = fillerg=rrixr) + 1By — EgllLeq-r.RD)

R
/ / A p)h(tx,p) dp d]
—R R

where h(t,x,p) f %2 ttoofpp ) ) du, ¥ (t,x,p) € [0, R] x R%2. We consider the set

X

lollir) +

K(t)={(z,p) € R* : 3X(t) € [0,1], MO)X'+ (1= X(1)X?|(t;0,2,p) < R —1}.

We claim that K (t) C K(s) or CK(s) € CK(t), for any s < t. Indeed, assume that
(z,p) ¢ K(s) for some s < t. Therefore min{X*'(s;0,z,p), X*(s;0,z,p)} > R — s
or max{X(s;0,z,p), X%(s;0,z,p)} < —(R — s). In the first case we deduce that

X*(t0,2,p) > X*(5;0,2,p) — (t—s) > R—t, ke{l,2},
whereas in the second case we have
X*(t0,2,p) < X*(5;0,2,p) + (t —s) < —=(R—1t), ke{1,2},

Therefore in both cases (x,p) ¢ K(t). Notice also that for any (x,p) ¢ K(t)
the segment between X(¢;0,z,p) and X?(£;0,x,p) has void intersection with the
support of ¢ which implies that A(t,z,p) = 0. We have proved that

h(twrup) = h(t,ﬂf,p) 1{($,p)€K(t)}7 v (taxvl)) € [07 R] X ]R2‘ (19)

Thus, when estimating h(t, z, p), it is sufficient to consider (z,p) € K(t). For such
(x,p) denote by A(s) € [0,1], V s € [0,¢], a number satisfying

Y (s) := A(s) X" (5;0,2,p) + (1 — A\(5))X?(5;0,2,p) € [-(R—5), R — s].
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By using the characteristic equations we obtain

%le(S)—X2(S)| < |P(s) — P*(s)], Vs € [0,1], (20)
d%ypl(s) — P(s)| < |E'Y(s,X'(s)) = E'(s,Y(s))| +|E"(s,Y(s)) — E*(s,Y(s))]
+ |E*(s,Y (s)) — E*(s, X?(s))]
< bM(E) [X(s) = Y ()| + (1) |Y(s) — XP(s)|
+ BN (s) = B*(s)|l e (r—s).m—sp> ¥ 5 € [0,1], (21)

where () = lpalli + loblloe + 20Ol 0) = Bl +
2t||g6 |l m), k € {1,2}. From (20), (21) one gets

d
X=X+ P =P} < (14 0(0))(1X(s) = X2 ()] + [PH(s) = P2(s)])
+ 1B (s) = E*(5)llz(-(r-s).Rs0): (22)
where b(t) = max{b*(¢),b*(t)}. By Gronwall lemma we obtain
X' (;0,2,p) = X*(t:0,2,p)| + |P'(£0,2,p) - P2(t;0,x,p)| < exp(t(1 +b()))

/ 1B (5) — E2(5) sy s s
—. (23)

X

and therefore, by using (19) one gets as before

R R
'/ /folh dpdz| < /|90(U)|/ /f()l]-{(x,p)eK(t)}1{|u_X1(t;07m’p)|§Q(t)} dp dx du
-k JR R -RJR
< /|<,0(U)I//fl(tXl,Pl)1{|u—><1|scz(t>}dp1 dX" du
R RJR

= /RIsO(U)I/Rpl(t,X1)1{|u—X1|<Q(t)}dX1 du
< 20()Q() ||l L1 (r)- (24)

Finally combining (18), (24) yields for any t € [0, R]

IEY(t) — E*(t) loe-rtyrp < Ifo = fillerg—rrixry + 1 By — EgllLoe(-r,RD)

/ |E*(s ()| oo (1= (R—s), R—sp S



where C}(R) = 2b0(R) exp((1 + b(R))R). We obtain

IEY(t) — E*(t)lzoq-rtyrp < (Ifo = f3llerg=rrixr) + |1 Eo — EgllLoe(-rRD)
X C2<R)7 (25)

where Cy(R) = exp(R C1(R)). Observe that for any (z,p) € [-(R—1t),R —t] xR
we have | X*(s;t,z,p)| < |z| +t—s < R—s, s€[0,t], ke {1,2}. Therefore we

can prove, by performing a similar decomposition as in (21), that

t
(IX1= X2+ [P = P2))(0; ,, p) Sexp(t(1 + b(1))) / 1B~ E?)(8) | 01— - sy

< exp(R(1+b(R))) R Co(R) (Ifs — follrg-rorixry + |1 g — Egllnq-r.rp) -

and the first statement of our theorem holds with Cr = Cy(R)(1 + Rexp(R(1 +
b(R)))). The second statement follows immediately by taking into account that for
any t € [0,R], |z| < R—t, p € R we have | X*(0;¢t,2,p)| < R,k € {1,2} and

therefore

it a.p) = fo(XY, PY(0st, 2, p) = f5 (X2, P?)(0st,2,p) = f2(t,z,p).

3 The relativistic Vlasov-Maxwell system in one
and one half dimension

We assume that the electron density f depends on the time ¢ > 0, one space coordi-
nate z € R and two momentum coordinates p = (p1, p2) € R%. We suppose also that
the electro-magnetic field is of the form E = (E\ (¢, z), Es(t, z),0), B = (0,0, B(t,))

for any (¢,z) € [0, +00[xR. In this case we obtain the equations
Orf+v1(p) 0 f —(Er(t, ) +02(p) B(t, 1)) 0y, f=(Ea(t, ©)—v1(p) B(t, )8, f = 0, (26)
OFE, = j1(t,x), 0.E1 = pext — p(t,x), (t,7) €]0, +oo[xR, (27)

11



OBy + 0. B = ja(t,z), (t,x) €]0,4+00[xR, (28)
OB+ 0,FEy =0, (t,x) €]0, +oo[xR, (29)

where pey > 0 is the charge density of the background ion population and p, j are

the charge and current densities of the electrons

plt,z)= [ flt.a,p)dp, j(t,z)= /zv(p)f(t,x,p) dp, (t,z) € [0,+00[xR.
R R
We supplement the above equations with the initial conditions

f(oamap) = f0<x>p)7 ($7p> € Rga (Ela E?a B)(O,IE) = (E(Lla EO,Qa Bo)(l’), YIS R.
(30)
We assume that the initial conditions and pey; satisfy the hypotheses H3 and

H4) there is a function go € L*(R*;u? du) N L°°(R™) non increasing on R such
that fo(z,p) < go([pl), ¥ (z,p) € R?;

H5) (Eo., Eos, Bo) € L®(R)? ;

H6) Ej, = pexi — JgoSo dp, (Eg, By) € L(R)%

Notice that H4 implies that [, (1+ [p|)fo(-,p) dp € L>(R). In particular we have
Eqy; € L(R). Under the hypotheses H3-H6, by using the method of [3] we prove the
existence of a unique mild solution (f, £, B) for the 1.5D relativistic Vlasov-Maxwell
system, satisfying (1 + |p|)f € L*(]0, T[xR; L'(R?)), (E, B) € Wh>=(]0, T[xR)3,
VT > 0. The system (26), (27), (28), (29), (30) was studied in [9], [8]. Let us recall
here the main steps for estimating the electro-magnetic field and its derivatives. We

denote by (X (s;t,x,p), P(s;t,x,p)) the characteristics of (26) given by

% = vl(P(s;t,:E,p)),
dP,
X = (Bals, X (51,2, 9)) + 0a(P(5: 1,7, ) Bls, X (s:1,,p),
U8~ (Bals, X(s:,,)) — wn (P55t ) Bls, X (s:1,, ).

satisfying the conditions X (¢;t,z,p) =z, P(t;t,x,p) = p.
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Lemma 3.1 (L bounds for the electro-magnetic field) Assume that the hypotheses
H3 — H6 hold and let (f, E, B) be the global mild solution for the 1.5D relativistic

Vlasov-Mazxwell system. Then for any t > 0 we have the estimates

[Er ()| < | Eoallze +2t/ go(lpl) dp =: ax(2). (31)
R2

max{[|Ey(t)|[ o, [[B(t)[[=} < [[Eozllee + | Bollz~ +t/2(1 +[pP%)2go(Ip|) dp
R
t
T3 (IEoll7 + [ Boll7) = aa(t). (32)
Proof. Solving (27), (28), (29) with respect to E1, Es, B yields
E1<t7$) = EO,1<='E> + Jl(t7 I)? (33)
1 1 1, 1

Er(t,2) = 5(Eop+ Bo)(z — 1) + 5(Eoz — Bo)(w +8) + 5 Jy (£, 2) + 55 (8, 2), (34)

B{t,2) = 5(Eoa + Bo)(z — 1) — 3 (Fos — Bo)w + 1) + 2 (1,2) = 3.J5 (1,7), (35)

where Jy(t,2) = [}ji(s,x) ds, J5(t,x) = [}ja(s,x F (t — s)) ds. Multiplying (33)
by a test function ¢ € L*(R), integrating with respect to z € R and changing the

variables along the characteristics yields, as in the 1D case (see (15)), the bound
B @)= < 1Bole +2t [ aulloh dp = an(0)
R2

For estimating (E,, B) we follow the ideas in [9]. Multiplying (26) by (1 + |p|?)2,
the first equation of (27) by F4, (28) by Es, (29) by B and integrating with respect
to p € R? implies

at{ Jo+ o+ 5081+ B?>}+ax { o+ rp|2>%fdp+EZB} —0. (36)

R2 2

Integrating (36) on {(s,y) : s € [0,], |z — y| <t — s} we deduce that
; /Ot /R2(1 + P22 (1+ (= 1)Fvi(p) f (s, 2 + (=1)*(t — 5),p) dp ds
T+t _—
< /x_t /R2(1 +|pl*)2 foly, p) dp dy + %/x (1 Eo(y)|2 + Bo(y)?) dy.

—t
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Observing that (14 |p|2)2(1 — |v1(p)]) = |va(p)| we obtain
- 1
[T (8 )| + |y (¢, )| < 2t /RQ(l +1pl*)2g0(lpl) dp +t (| EollZ + | Boll7),
implying that

max{|| Ex(t)]|e, |B()[[=} < [[Eoallze + | BollLe +f/RQ(1 +[p*)290(pl) dp

t
+ 5 (IBollz= + | Bollz=) = ax().

Lemma 3.2 (L bounds for the derivatives of the electro-magnetic field) With the
notations of Lemma 3.1 we denote by a(-) the function a(t) = (a;(t)? + ax(t)?)"/2.

Then under the hypotheses of Lemma 3.1 we have the inequalities

[ ma| | <sa@Pial+or [ a6
2 3 e 2
‘/ plf (¢, p) dp < 5 (ta(t))lgoll = + 27 /(u+ta(t)) go(u) du =: d(t).
R? L>=(R) 0
102 Edlli=oatomy < max{lla i, m(Ta(T) laalle + 27 [ gn(u)u+ Ta(?)) du)
= 0(T) (38)

max{||0; Ba |z qorixry » 10:Bllr=qorixry} < [ Epalliew) + 1By llzewy — (39)
+(0(T)+d(T)(24 T(a1(T) 4 6a2(T))) =: bo(T).

Proof. The charge density can be estimated as in the 1D case by using H4. Indeed,
by the characteristic equations we deduce that | |P(0;t,z,p)| — |p| | < ta(t) and

therefore we obtain
plt,a) = m&wmmf@mW»m;/MWQmwm@
R2 R2
+o00
< W(ta(t))2||g0||Loo + 27r/ go(u)(u + ta(t)) du.
0
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By the second equation in (27) one gets

—+00

10 Er | Lqorixr) < max{||pestloe, 7(Ta(T))’|| gol| s +2ﬂ/go(u)(u+Ta(T)) du}
0

In a similar way we can estimate k(t,z) = [o.|p|f(t, z,p) dp. We obtain

k(t,x) < Qg(m(t))?’HgoHLoo + 27 /0<+;0+ ta(t))*go(u) du = d(t).

We estimate now the z derivatives of Ji. The idea is to proceed by duality ap-
proach: we will check that for any ¢ > 0 there is a constant C' = C(t) such that
| s S5t 2)p'(z) dz| < C(t)||l¢llwr for any ¢ € CHR) which would imply that
9, J5 (t) € L®(R) and [0,J5 ()| z=r) < C(t). For any test function ¢ € CHR) we

write

/RJSE(t,x)cp’(x) dr — ///R L (t— $) f(s,2,p) dp dz ds (40)

_ /RZfOxp/Gi( ())(jS (X(s) + (t—5)) ds dp dx,

where G*(p) = pQ(_pljFl(j;jp D2 for any p € R% By direct computation we check
2

that
max{|G*(p)|,|V,G*(p), [V2:G*(p)|} < C(1+ Ip|), Vp € R?,

for some constant C. Integrating by parts with respect to s in (40) yields

[ @ = [ [16H PO ®) dpdo— [ [16* @)t 0) dp da

_ /R/RQfo(a:,p)/O %{Gi(P(s))}gp(X(s)j:(t—s)) ds dp dx
= T7 - Ty - Ty )

15



The terms 75" can be estimated as follows

T = | [ 0O POGHPO)X ) dp da

f(t,z,p)G*(p)p(x) dp dx

RJR2

< [ [ o)+ bhie] dpda

< el || [ (L+1p) (- p) dp
R? L (R)
< [lellrwy(ba(t) 4 d(t)). (42)
Similarly we obtain
T < NIl (01(0) + d(0)). (43)

In order to estimate T3 notice that for any s € [0,¢] we have

dP 1
: +(2+2(1+|P )

¥E < (a1(t) +6ax(t))(1+]P(s)]),

L) <

and therefore one gets
T < //f/ £) + 6aa(t)) (1 + |P(s) ) (X (5) £ (¢ — )| ds dp da
— (ar(t) + Gaslt) // F(s,2,p)(1+ Do = (¢ — )] dp de ds
R2

= t) + 6as(t //|<pxj: (t —9)|(p(s,x) + k(s,x)) dx ds
< (a1 (t) + 6ag(1)) ¢ [l 1y (02(2) + d(t)). (44)

Collecting the inequalities (42), (43), (44) yields

/J2(tx) "(z) da

R

< [lellprmy(02(2) + d(£))(2 + t(as(t) + 6ax (1)),

saying that [|0,J5°(t)|| peery < (b1(t) +d(2))(2+t(ar(t) +6ax(t))). Finally we deduce
by (34), (35)

max{ |0z Bl Lo qo,rixr) » 0Bz qorixr)} < 1 Egalle®) + | By llr)
+ (0(T) +d(T))(2+ T(ar(T) + 6ax(T))) = bao(T).
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For any R > 0 and ¢ € [0, R] let us introduce

E(t) = {(z.p) € : IA®) € [0.1), MOX" + (1= AH)X?|(5:0,2.p) < R~ 1},

where (X k,Pk)ke{l,z} are the characteristics associated to some smooth electro-
magnetic fields (Ek,Bk)ke{LQ}. We intend to establish a continuous dependence

result with respect to the electro-magnetic field for characteristics starting from

K(t) at s = 0.

Lemma 3.3 (Continuous dependence for the characteristics) Consider (E*, B¥)eq19) C
L>(]0, R[; W>°(R)) for some R > 0 and let us denote by (X", P*)1eq1y the corre-
sponding characteristics. Then for any 0 < s < t < R, (z,p) € K(t) we have the
iequality
t
X1(6) = X¥6)] +P(5) = PA(s)] < 2exp(0(2 + s () [ D) s, (45)
se|0,t 0
where DR(S> = HEl (S) — E2<S) |‘Loo(]_(R_S)7R_S[) —+ HBl(S) — BQ(S)||LW(}_(R_S)7R_SD CLTLd
C(s) = 2maxye1,2) |0: E* ()| poe +2 maxgen 2y [|0:B*()|| 1oo +4 maxye 12y || BF(S)]| -

Proof. As before we have K(t) C K(s) for all s € [0,¢] and thus for any
(s,z,p) € [0,t] x K(t), the segment between X(s;0,z,p), X2(s;0,z,p) has non
void intersection with [—(R — s), R — s]

Vs e[0,t,3N(s) €0,1],Y(s) := (A(8) X '+(1-\(5))X?)(5;0, 2, p) € [-(R—5), R—s].
Using the characteristic equations yields
d
TIX - X < 2PY(s) - PX(s), ¥ s € 0.1]
s

d%lpl — P*| < 2D%(s) + C(s){|X(s) = X*(s)| + |P'(s) — P*(s)[}, ¥ s € [0,1].
By Gronwall lemma we deduce that for any s € [0, ¢]
t
1 X1(s) — X2(s)| 4+ |P'(s) — P*(s)| < 2exp(t(2 + max C(s)))/ DE(s) ds.
0

s€[0,¢]
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We formulate now our main result for the relativistic 1.5D Vlasov-Maxwell system,
concerning the continuous dependence of the mild solution with respect to the ini-

tial conditions. A straightforward consequence will be the finite speed propagation

property.

Theorem 3.1 Assume that (f§, E¥, Bg)ke{m} satisfy the hypotheses H3-H6 and de-
note by (f*, E*, Bk)ke{l’g} the global mild solutions of the 1.5D relativistic Vlasov-
Mazwell system corresponding to the initial conditions (f§, Ey, BY)keqi2y. Then
for any R > 0 there is a constant Cg depending on R, maxgep oy {||Ef|lwi= +
| B lwree b, maxpeqn o {11951 R+ uzau) + |96 Lo } such that for all t € [0, R] we have

max _ (|E'— E?|+|B' — B?|)(t,2) + (| X' — X?|+|P* — P?|)(0;t,2,p) < CrD},

where (X*, P*) are the characteristics associated to (E*, B¥), k € {1,2} and

R
Df = [ [ (DI = £ do o+ 153 = BRllim- ey + 15 = Billim-

In particular if fo(z,p) = fi(z,p), ¥V (z,p) € [-R,R] x R and (E}, B})(z) =
(E2,B2)(x), YV x € [-R, R] for some R > 0 then for any t € [0, R] we have

fl(t,x,p) = fQ(t,l‘,p), (:E7p) € [_(R_t)’R_t] X R7
(EY, BY)(t,z) = (E* B*)(t,x), v € [-(R—1),R—1].

Proof. From now on the notation C'y stands for any constant as in the statement

of the above theorem. By the previous computations we know that

max{|| E* || Lo jo,r1xr), || B* | L= o,rixry } < a"(T), k€ {1,2},

max{[|8; E*[| oo gorixry, 10: B* [ L qorixry } < BX(T), k€ {1,2},

where @b = ((ah)? + (ah)2)1/2, 8 = ((B£)? + (B5)?)1"2, the coeffcients al(T), ah(T),
WY(T),b5(T) being defined as in (31), (32), (38), (39). As in the one dimensional

case, the main idea is to get estimates by duality approach. The computations are
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long, using heavily integration along the characteristics associated to the electro-
magnetic field. We split them into two steps. We start by estimating the difference
of the electric first components E? — E1.

Step 1. (Continuous dependence for the electric first component) For any 0 <t < R

there is a constant C'r such that

|E} — EY|lnoeq-retyr—tp < 1Eo1 — Edillieq-rrp + 16 — follrg-rRixR)
t
+ Cgr /DR(S) ds, s € |0,t]. (46)
0

Proof. (of Step 1.) Take ¢t € [0,R] and ¢ € C°(R) with compact support in
[—(R —t), R — t]. Multiplying (33) by ¢ and integrating with respect to x implies

XZ(tOCCp)
/ w) du dp dz

(47)

/ () (B? — EY) da| <

R
thOxp
+ // fo/ ) du dp dz| .
RJR2 1tOxp

Notice that if z < —R then X*(¢;0,7,p) < —R+t and if z > R then X*(#;0,2,p) >

/90( J(E2, — L) do| +

R

R — t. Taking into account that suppy C [—(R —t), R — t] we can restrict the
integrations with respect to x in the right hand side of (47) to [—R, R]. Therefore

we obtain

< el (1ES — Egalleq-rap + 115 = follrg-r.rixr2) + |T4l,
(48)

JECEAE

R

where T) = fRRfRQf(}(x,p) ;((1((:00;5 ©(u) du dp dz. Observe that if (x,p) ¢ K(t)
then le OTP) ) du = 0 and if (2, p) € K (t) then we have by (45)

(¢;0,2,p)

(X" = X2[+ P! = P*|)(t; 0,2, p) < 2exp(t(2 + 4a(t) + 4b(t))) /0 DR(s) ds = Q).

(49)

where a(t) = maxye1 2y a*(t), b(t) = maxyeqr 2 b¥(t). Therefore we can estimate 7}
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as in the one dimensional case

R X2(t;0,,p)
Ty = / f& (xap>1{(z7p)€k(t)} / o(u) du dp dx

—RJR2 X1(t;0,2z,p)

R

= /RMU) | / R/RZf 0 (D)Y@ ek X1 (0.sp)l<a P A du
t

< Crllelw [D"(5) ds. (50)
0

We deduce from (48), (50) that

IE} — Efllo~q-r-t)r—ty < IE51— Egilleeq-rry + 1o — follrg-rrixR)
t
+ Cgr /DR(S) ds, s € [0,t].
0

[

We estimate now the differences between the electric second components F3 — E}
and the magnetic components B? — B!,
Step 2. (Continuous dependence for the electric second component and the magnetic

component) For any 0 < ¢ < R there is a constant Cg such that
max{[| E3(t) — By (t)|| (- r—t).z—y; | B*(t) = B'(t)|| e (r-1).-1) }
< |1B5a(t) = Ego(t)lpeeq-rorp + 1B5(t) = By ()| L= -r,r0)

R t
L Cn / / (L [pDIfE — £l dp dz + Cin / D*(s) ds. (51)
—RJR2 0
Proof. (of Step 2.) By (34), (35) it is easily seen that
max{ || E3(t) — Ey(t)|| 1o (r-t),5-t0), | B*(t) = B'(t)|| Lo (1—(r—t).r~t)) }

1Ego(t) — Eg o ()| q-r.ap + |1B5(t) — By (8l oe—r.rp (52)

1 1, _ _
+ §||J2+’2(t) — I3 Oz (ret), Rt + §||J2 2() = Ty ()] poe = (R—t),R—1]):

IN

and therefore we need to estimate ||J32(t) — J;3 ' (£) | oo 0= (r—t),R—¢pp- Multiplying by
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¢ and integrating with respect to z yields as in (40)

= i(—l)’“//mfé“ /;2(Pk(3))<ﬁ(xk(8)i(t—s)) ds dp dx
- //R2f0 /Gi (P*(s ds /X):t(:);((tu;)du ds dp dx

Jo = g o

R

< ;H) [ ssew >/ ) ol >dudpcix
N / /R 2 I / {GE(P¥(s))} X):(;: ) ctluS)ds dp dx
= |T5]—{—]TG (53)

It is easily seen that for any s € [0,¢], || > R, p € R?, k € {1,2} the segment
between X*(t) and X*(s) £ (t — s) has void intersection with the support of ¢ and
thus the integrations with respect to x in the terms T5,Ts can be restricted over

[—R, R]. Performing similar computations as those in (24) and taking into account

that |GF(p)| < 1+ |p| and |p| < |PY(t;0,,p)| + ta(t) yields
X2(t;0,x,p)
/ (u) du

Ty < ||¢||L1/ /1+|p| 52— foldpdw+/ /1+|p| fo
X1(¢;0,2,p)

<t /1+|p1 2= Rldpde+ [ ot [ [ pext P

(14 ta(t) + [Pt 0,2, p) D10 x1(00.0p) <000 P T du

< Vel [+ lss - il dvde-+ Calilas [D7s) s, (54)

dp dx

X

The treatment of the term Ty requires a careful analysis of the characteristics. It is
convenient to introduce some notations. For any (z,p) € [-R, R] x R?, k € {1,2}
we define

s*(t,z,p) = sup{s € [0,#] : |X"(s;0,2,p)| < R— s}.

Observing that s — |X*(s;0,z,p)| — (R — s) is strictly increasing we deduce that
| X*(5:0,2,p)| < R—s,s € [0,s"(t, z,p)] and | X*(s;0,z,p)| > R—s, s €]s"(t,2,p),1].

In particular for any (z,p) € [~R, R] x R* we have (z,p) € K(s(t,z,p)), where
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s(t,z,p) = maxyeqi o) s"(t,x,p). Moreover for any (x,p) € [-R,R] x R%, s €
|s(t,z,p), t] the segment between X*(t), X*(s) £ (t — s) has void intersection with
the support of ¢ and thus the integration with respect to s in the term 7§ can be

restricted to [0, s(¢, z, p)]. We introduce the functions H* : R> — R given by

0G* 0G*

Hi(Pa e,b) = —(e1 +v2(p)b) oy (p) — (e2 —v1(p)b) 9Dy

(p), (p,e,b) € R2xR*xR.

By direct computation we check that there is a continuous function h : R — R

such that
max{|H=(p, e,b)|, |[VpenyH |} < (1+|p|)h(e,b), (p.e,b) € R. (55)

Actually the functions H* are the derivatives of G* along the characteristics

%Gi(P’“(s)) _ HE(PH(s), B (s, X*(s)), BE(s, X*(s))) = HEH(s), k € {1,2}.

Thanks to (55) we can write

2 XF(s)x(t—s) 2
> P () o(w) dul < Joll |S(-1FHERS)|  (56)
k— Xk(t) k=1
X2(t)
© Cr(1+ [P(s)) / o(u) du
X1(t)

X2(s)+(t—s)
+ CR(1+|P1(S)|)/ (1) dul .
X1(s)x(t—s)

Notice also that for any (z,p) € [-R, R] x R, s € [0,s(t,z,p)] we have (z,p) €
K(s(t,z,p)) € K(s) and thus there is A(s) € [0,1] such that Z(s) = A(s)X'(s) +
(1—X(s))X?%(s) € [-(R—s), R — s]. Using now (55), (49) one gets by intercalating
H=(P*(s), E*(s, Z(s)), B*(s, Z(s)))
|H*2 — H™ (s) < Cr(1+ [P (s)] +[P*(s))(|1X" = X?| +|P! = P?| + D(s))
< Cr(1+ |P(s)| + | P%(s)]) (DR(S) + /08 Df(7) dT) : (57)
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Combining (56), (57) yields the following bound for the term 7§

t PR
Tyl < Caliglu / / / (14 |PA())IS2 — f1] dp de ds
R2

n cRusoHLl/ L[ 1T 1P ()] + 1)) (DR /DRdT) ds dp di

s(t,z,p) X2(t)
+ CR/ / fo/ (14 |P(s) / o(u) du| ds dp dx
R2 X1(t)
s(t,z,p) X2(s)£(t—s)
+ C’R/ / fo/ (1+ |P(s) / o(u) du| ds dp dx
R2 X1(s)£(t—s)
= |T7| + |Ts[ + [T6] + [T1ol. (58)

We estimate now one by one the terms Ty, k € {7,8,9,10}. Taking into account
that 1+ |P?(s;0,z,p)| < Cr(1 + |p|) we deduce that

R
T < Caliele | [+ 0DIfE - il dp de (59

Since 1+ |PY(s;0,z,p)| + |P*(s;0,2,p)| < Cr(1+ |p|) one gets easily that

|T8|<OR||¢||L1// / (1+ o)) fowp< /DR )dpdxds
< Calls | (D%) + [ Dt ar) as [ [ gl dp

t
< Callells [ D"(s) s (60)
0

The analysis of Ty, Tho are similar to those of T, in (50). Notice that we can apply
(49) on [0, s(t, z, p)] for any (x,p) € [-R, R] x R?. We obtain

3]+ [Tl < Callel [ D7) ds. o1
Finally putting together (53), (54), (58), (59), (60), (61) we deduce that
17372 () — T3 ()| oo = (Rt Rt) < CR/_};/RQ + [pDIfs = fol dp dx + Cr OtDR ds,
and therefore (52) implies
max{|| B3 (t) — By (t) |2 (r-t).2-1p, [|1B*() = B' (1) |12~ (r-t).0-1 }
< N E62(t) — Eoo(t)llze-r.ry + 1B5() — Bo(t)llz=q-r.rp

R t
+ Co [ [ @alphifE - il dpdo+ Cr [ DUGs) s
—RJR2 0
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[

Based on the above two steps we can finish the proof of Theorem 3.1. Combining

(46), (51) yields

t
DE(t) < CrDE + Cr / D (s) ds,
0

which implies by Gronwall lemma that for any ¢ € [0, R] we have D®(t) < CrDF¥.

Finally observe that for any (z,p) € [-(R —t), R —t] x R? we have |X*(s;t,z,p)| <

R — s,V s €[0,t] and therefore we obtain as in the proof of (45)

t
(X — X2| + |P1 — P2|)(O;t,1‘,p) < Cp /DR(S) ds < C’RD(})%.
0
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