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Abstract

The subject matter of this paper concerns the derivation of asymptotic models in collisional
plasma physics, under the action of strong magnetic fields, motivated by the magnetic fusion
context. The limit procedure reduces to averaging with respect to the fast giration motion of
particles around the magnetic lines. We investigate the Fokker-Planck collision operator and
we compute its gyroaverage. It is shown that the averaged collision operator still satisfies the
usual physical conservations (particle, momentum, energy) and ensures relaxation towards local
Maxwellian distributions. This formalism applies for inhomogeneous magnetic fields in three

dimensional setting.
Keywords: Fokker-Planck equation, Average operator, Gyrokinetic theory.

AMS classification: 35Q75, 7T8A35, 82D10.

1 Introduction

One of the main topics in plasma physics, motivated by the magnetic fusion, concerns the evolution
of charged particles in a tokamak, subject to very large magnetic fields. We appeal to kinetic models
of Fokker-Planck type, for several species of particles s € S (electrons and ions). We denote by
fs = fs(t,x,v) the distribution function of the species s, depending on time ¢, position z € R3 and
velocity v € R®. The quantity fs(¢,r,p) dzdv represents the particle number of species s at time ¢,
inside the infinitesimal volume dzdv around (z,v). The time evolution of the distribution fs, when
taking into account the collisions between all species, is described by the Fokker-Planck equation

Fs

S

atfs +U'vzfs +

'vva:Zst’(f57fs’)> (t,l’,?})ER+XR3XR3 (1)
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where m, denotes the mass of the species s, F; is the Lorentz force acting on the particles of species

s and Qs (fs, fs) is the Fokker-Planck collision operator between particles of species s and s’ cf. [14]
1.
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S(v — ) (ﬂ;fs«vl)(vvfs)(v) - fs(v)(vas')(v1)> du.

The equation (1) states that the rate of change of fs along the particle trajectories in the phase space
(z,v) are due to the collisions between particles. Here pse = msmg /(ms + my) is the reduced mass
of the pair {mgs, ms }, 055 = 055 > 0 stands for the scattering cross section and S(w) = I — W is
the projection onto the plane orthogonal to w € R?\ {0} (the notation v ® w, with v,w € R? stands

for the matrix (v;w;)1<; j<3). Obviously we have for any species s, s’

/ st/(fsa fs/)(v) dv = 0.
R3

Taking into account that div,Fs = 0, one gets after integration with respect to (x,v)

d
—/ fs(t,z,v) dvde =0, t € Ry (3)
dt R3JR3

saying that the particle number is conserved for any species. It is well known that the momentum
and energy are conserved as well when no force is applied. These statements are straightforward

consequences of the following standard results.

Lemma 1.1 Assume that (fs)s are smooth enough with sufficient rapid decay as |v| — +o0o. Then

we have

P = ZZ/:/RsmS’Ust’(fs,fs/)(’U) dv=0 (4)

W= ZZABmSWJQSS'(fs,fSI)(v) dv = 0. (5)

Proof. Notice that
mg st’ (fsa fs’)(v) = divv / Ass’ (U7 Ul) d’l)1

RS
with

A lv:00) = 10l = 0 Dlo = 0P80 = 00) (= )T £)(0) = 2o 0T )

Mg m

Taking into account that jise = figrs, Tssr = s, S(—w) = S(w), w € R3, it is easily seen that
Ass (v,01) + Agrs(v1,v) = 0.

Integrating by parts, interchanging the indexes s, s’ and the variables v,v; one gets by the previous
equality that P = —P. Similar manipulations yield, by taking into account that S(v—v1)(v—v1) =0,
that W = —W. 7



2
Assuming now that Fs; = 0 and multiplying (1) by mv, ms% one gets after integration with respect

to v

R3

O (Z Rsmsvfs dv) + div, (Z
(Z/ f dv) + div (Z |v|2vf dv) =W=0
S xT 2 s .

Integrating with respect to = implies the momentum and energy conservations

d d |v]2
d wfs dvde =0, & SO ¢ duda = 0.
dt;/RgRamvf vdx dt;/ﬂ@/ﬂ@gm 2f vdx

Another classical property of the Fokker-Planck operator is the relaxation towards a Maxwellian

msv®vfsdv> =P=0

equilibrium. The entropy dissipation rate > >, [os(1 4+ In fo)Qss (fs, fo)(v) dv is given by the

following lemma whose proof is left to the reader.

Lemma 1.2 Under the hypotheses of Lemma 1.1 we have

_ZZ/Rg(l +1nfs)st’(f57fs')(U) dv
320 [ [ hesss o=l il

2
V., In fq (v) — V., In fo (Ul))

dvidv > 0.
mg mgr

D:

(v—vl)/\(

Multiplying now (1) by 1+ In f; and observing that Fs - V,, fs In fs = div,(fs In fsFs), one gets after

integration with respect to v

O (Z /Rafs In f; dv) +divg (Z /R3vfs In f; dv) + D(t,x) = 0.

Integrating with respect to x yields the dissipation of the entropy H

dH
= E / fs(t,z,v)In fs(¢, z,v) dvde, — =— [ D(t,z) dx <0.
s R3JR3 dt R3
In particular we have H(t)+ fo fR3 ) dedr = H(0), implying, after standard manipulations, that

/ D(t,z) dzdt < +o0.
Ry JR3

Assuming that the distributions (fs)s relax towards some equilibriums (Fy)s as t — +o0, we deduce,

at least formally, that lim; | fRSD(t, x) dx = 0 saying that

;zz/ L oo atio=oiblo = ol o) Felon)

Vo In Fy Vyln Fy
(v—v1) A ( . ®(v) — — (vl)) dvidv dz = 0.
For any s,s' € S,z € R3,v,v; € R? we obtain
Vo n Fy Vyln Fo
T R ) ©)

We conclude by appealing to the following easy result



Lemma 1.3 Assume that F = F(v) > 0 is a smooth (C?) integrable function satisfying
(v —v1) A (Vo In Fy(v) — Vo In Fy (v1)) =0, v,v; € R, (7)
Then F is a Mazwellian.

Proof. For any w € R?, h € R, taking v; = v + hw in (7) implies

V,InF(v+ hw) — V, In F(v)
h

Aw =0

and therefore

(VZIn F(v)w) Aw =0, v,w € R>.

We deduce that for any v,w € R3 there is A(v,w) such that V2 In F(v)w = A(v, w)w. In particular

for the canonical basis {e1, ez, e3} of R? we have
V2F(v)e; = \(v)es, i€ {1,2,3}.

Since V21In F(v)(e1 + e2) = A(v,e1 + e2)(e1 + e2) we deduce that A\;(v) = A2(v) = A3(v) and finally,
for any v € R? there is A = A\(v) such that

V2In F(v) = A(v)I.

For any i € {1,2,3} we have 9,,V,In F = A(v)e; and thus 9,, In F' does not depend on vg,v3. We

deduce that A(v) = 92 In F' does not depend on vz, v3 and finally A(v) is a constant function
FXER such that V2InF(v) = M, v € R®.

Integrating with respect to v we deduce that In F' is a quadratic function of v and therefore F' is a

Maxwellian

n

mlv — ul? 3
F(v) = My y1(v) = ———— exp (—) , veER
( ) (27T /m)*/? 2T

parametrized by some concentration n, mean velocity w and temperature T' (m is the particle mass).

Notice that T" > 0, since F' is supposed to be integrable. O

Coming back in (6) with s = s’ we deduce that any distribution Fj is a local Maxwellian
FS(CL', U) = Mns(m)yus(fb)’Ts(m) (’U)7 (CL’, U) S R? x R3.

Taking now s’ # s one gets

VoInF, (2,0)

My My

= )

and (6) implies that all the distributions (Fs)s have the same temperature and mean velocity Ts =
Ty, us = uy. Finally there are u = u(z) and T'= T'(z) such that

ns(z) ~ ms|v —u(z)|
(2T (x) jma) % T ( 27 (x)

2
FS(JJ,U) = Mné(m),u(w),T(I)(U) = ) y VE R?,’S €S.



The Lorentz force

fs(t,x,v) =ds (E(tax) +UA B(l’))

corresponds to the electro-magnetic field (E,B), ¢s; being the charge of the species s. As usual, we

prescribe the initial distribution for each species s € S
fs(0,z,v) = fi%(z,v), (x,v) € R® x R3, (8)

Generally we close (1) by adding equations for the electro-magnetic field (F,B) (i.e., the Maxwell
equations or the Poisson equation). Here we neglect the self-consistent electro-magnetic field, assuming
that the magnetic field is stationary, divergence free and that the electric field derives from a given
electric potential E(t) = —V,¢(t). We investigate the asymptotic behaviour of (1), (8) when the

magnetic field becomes large

BS(z) = , B(z) = B(2)b(z), dive(Bb)=0, 0<e<<1

for some scalar positive function B(x) and some field of unitary vectors b(x). We assume that B,b
are smooth. Clearly, the dynamics in (1) is dominated by the transport operator

lqu(:E)

£ My

(v Ab(z)) - V.

Moreover, assuming that f¢ = f, +efl +2f2 + ... holds true for small € > 0 and letting ¢ \, 0, it is
easily seen that the leading order term f,; belongs to the kernel of 7; = %(I) (v Ab(z)) - V. Indeed,
plugging the above ansatz in (1) gives at the lowest order the divergence constraint 7, fs = 0 and to

the next order the evolution equation

S

Oifs +v-Vufs+ %E(t,m) Vo fs + Tstl = ZQSS’(fsva’)- (9)

Determining a closure for the dominant term f, requires to eliminate the first order distribution f}
in (9). For doing that, observe that the kernel and range of 7; are orthogonal and therefore, it is
sufficient to project (9) on the kernel of 7;. Moreover, it can be shown that the orthogonal projection
on ker 7; coincides with the average operator along the characteristic flow associated with 7 cf. [4].
Following the method in [5], averaging the left hand side of (9) leads to the transport operator

(O +As Vet Ay -Vo)fs =0fs +00w -V, fs + (qsb®bE+w(x,v) J‘v) “Vofs

S
where the frequency w(z,v) is given by

_ |v A b(x)] v

w(z,v) divyb — (v - b(z)) (8,01) b(x) - W AbE)]

), vAb(x) #£0

and for any (z,v) such that v A b(x) # 0 the symbol v stands for the velocity orthogonal to v in the
plane determined by b(z) and v such that its coordinate along b(x) is positive

v = (v-b(z))b(z)
o A b()|

To = [vAb(@)] b(z) (v b(x))



Neglecting for the moment the collisions, we obtain the limit model
8tf8 + Aw : szs + Av . vas = 0

whose particle trajectories (X (7), V(7)) in the phase space (x,v) are given by

% = A(X(0), V() = (6(X) - VX)) X), T = AKX (), V().

At the lowest order the particles are advected along the magnetic lines. The plasma is confined by
the magnetic field.

For rigorous studies of collisionless models for strongly magnetized plasmas we refer to [2], [3], [4],
[5]. The analysis of the Vlasov or Vlasov-Poisson equations with large external magnetic field has
been performed in [8], [9]. The nonlinear gyrokinetic theory of the Vlasov-Maxwell equations can be
carried out by appealing to Lagrangian and Hamiltonian methods [7], [15], [16]. It is also possible to
follow the general method of multiple time scale or averaging perturbation developped in [1]. For the
numerical approximation of the gyrokinetic models we refer to [13], [10], [11].

Coming back to (9), in the presence of collisions, we are left with the difficult task of averaging
the Fokker-Planck operator, in the right hand side. It is one of the key question for predicting the
confinement properties of magnetized plasmas, since the effect of collisions cannot be neglected. We
expect that averaging the collision operator will lead to a similar operator, satisfying the usual physical
properties : particle, momentum, energy conservations and the relaxation towards a local Maxwellian
equilibrium. It turns out that a linearized and gyroaveraged collision operator has been written in [18],
but the implementation of this operator seems very hard. We refer to [6] for a general guiding-center
bilinear Fokker-Planck collision operator. Another difficulty lies in the relaxation of the distribution
function towards a local Maxwellian equilibrium. Most of the available model operators, in particular
those which are linearized near a Maxwellian, are missing this property. Very recently a set of model
collision operators has been obtained in [12], based on entropy variational principles.

The aim of this paper is twofold. First we compute the effective Fokker-Planck collision operator,
averaging with respect to the fast gyromotion of charged particle moving in a nonuniform magnetic
field. This approach relies on a central result in ergodic theory i.e., von Neumann’s ergodic theorem
[17] pp. 57. Moreover, these calculations follow by basic manipulations and do not appeal to any
special mathematical tools, as the Lie-transform method, push-forward and pull-back transformations,
noncanonical Poisson brackets, action-angle coordinates, etc. Another advantage is that this method
provides an explicit formula for the averaged collision operator, expressed in terms of the standard
phase space coordinates (z,v), which facilitates its implementation in a simulation code. One deduces
the following expression for the averaged Fokker-Planck collision operator cf. Theorem 5.1

Qulfafe) ) = vy [ ol =ullo—unf

S

1

mgr

Sunlv — 1) (Wllf (0)(Vo o) (v) fs(v)(vas/)(v1)> du,

where S, ,(w) = S(v A b) o S(w).



Second, we investigate the main properties of the averaged collision operator. We establish the
particle, momentum, energy conservations and the relaxation towards a local Maxwellian equilibrium.
Therefore this reduced collision operator is well adapted for gyrokinetic simulations.

The outline of the paper is the following. In Section 2 we recall briefly the main properties of the
average operator. In Section 3 we investigate the transport operator in the Fokker-Planck equation.
Section 4 is devoted to the computation of the averaged collision operator. The main properties of

the averaged collision operator are discussed in Section 5.

2 Average operator

The concern of this section is to introduce the main tool of our study, the average operator cf. [4],
[5]. For the sake of the completeness we recall here the main results. We work in the L?(R? x R3)

framework and define the operator
Tu=div, (we(x) uv Ab(x)), uweD(T)

D(7) = {u(z,v) € L*(R® x R?) : div, (we(z) uv Ab(z)) € L*(R? x R3)}

where w.(z) =

%(1) is the rescaled cyclotronic frequency of a charged particle of mass m and charge

q. The notation || - || stands for the standard norm of L?(R3 x R3). We denote by (X, V)(s;z,v) the

characteristics associated to the vector field (0, w.(x)(v A b(z))), that means

dxX  av

T =0 g = welX(8) VI(s) Ab(X(s), (X, V)(0) = (z,v). (10)

It is easily seen that x, |v A b(z)|, (v - b(z)) are left invariant along the characteristic flow (10).

Straightforward computations yield the formulae X (s;z,p) =  and

V(s;x,p) = cos(we(x)s) b(x) A (v Ab(x)) + sin(we(x)s) v Ab(z) + (v-b(z)) b(x).

The trajectories (X, V)(s;x,v) are T.(x) = w?&) periodic for any initial condition (z,v) € R3 x R?

and therefore we introduce the average operator along these trajectories cf. [4]

1
T.(x)
= 2i u(x,|v Ab(x)| w+ (v-b(x)) b(x)) dw

T JS(x)

—~
£
B
<
S~—
I

Te(x)
/ (X (12, 0), V(s 2,0)) ds
0

for any function u € L*(R? x R?), where S(z) = {w € S? : b(z)-w = 0}. Notice that the kernel of

7T is given by the functions in L? invariant along the characteristics (10). Therefore we have
ker 7 = {u € L*(R®* x R®) : Jw such that u(z,v) = w(z, |[v Ab(z)|, (v-b(x)))}.

The proof of the next result can be found in [5].



Proposition 2.1 The average operator is linear continuous. Moreover it coincides with the orthogonal

projection on the kernel of T i.e.,

(u) € ker T : / /(u—<u>)gp dvdex =0, Vo €kerT.
R3JR3

The above result allows us to characterize the closure of the range of 7. Indeed, since (-) = Proj,., 7
and 7* = —7 we have
ker (-) = (ker 7)* = (ker 7*)* = Range 7.

Moreover we have the orthogonal decomposition of L?(R? x R3) into invariant functions along the

characteristics (10) and zero average functions i.e.,

w = (u) + (u— (), /R/R(u — (w)) (u) dvdz = 0.

If the magnetic field remains away from 0, the range of 7 is closed, leading to the equality Range 7 =

ker (-), which gives a solvability condition for 7u = v. We have the Poincaré inequality cf. [5]

Proposition 2.2 We assume that inf, crs B(x) > 0. Then T restricted to ker (-) is one to one map

onto ker (). Its inverse belongs to L(ker () ,ker (-}) and we have the Poincaré inequality

2 q
< —||7 = — inf B 11
Jull < eIl wo = L inf, B(x) #0 (1)

for any w € D(T) Nker (-).

3 The transport operator average

We intend to find a closure for the dominant distribution f; after eliminating the first order distribution
fLlin (9). The idea is to apply the average operator to (9). Indeed, discarding the species index here,

S

we have under the hypotheses of Proposition 2.2
T f' € Range T = ker (-)

saying that <T f 1> = 0. In this way, averaging (9) leads to a zeroth-order model whose left hand side

(coming by averaging the transport operator) is given by
<8tf+v~vxf+%E-va>:... (12)

Recall that the previous average is to be computed under the constraint 7 f = 0, implying that there
is a function g = g(¢,z,, z) depending on time ¢, and the invariants z,r = |v A b(z)|,z = (v - b(x))
such that

F(t2.0) = g(ta, [v A b(@)], (v b(2))). (13)

Certainly, the limit model should be completed by the average of the collision terms appearing in the

right hand side of (9). This will be done in the next section. Now we concentrate on the derivative



averages. It is easily seen that the time derivative and the average operator are commuting since the

characteristic system (10) is autonomous. Taking into account that f € ker 7 we obtain

(Ouf) = 0c (f) = Ouf- (14)

For computing the averages of the space and momentum derivatives we apply the chain rule to (13)
and we average only the derivatives of the invariants since the derivatives of g depend only on time

and the invariants and thus are constant along the characteristic flow (10). By direct computations

one gets
-b(x
U-fo:v-ng—&ng(;/\b((gc))) (Ozb v @)+ 0,9 (Oxb v QW)
and
__Oyg
Vof = m (I =b(z)®@b(z))v+ 0.9 b(x).

Here the notation U : V stands for the contraction Z?jzl u;;v;; of two matrices U = (uy5),V =
(vij) € M3sx3(R). It is easily seen that

oAb

5 (I —b(x) @ b(x)) + (v-b(z))? b(x) @ b(x).

(v) = (v-b(x)) b, (vOV)

Taking into account that ‘0,b b = 1V, [b]> = 0 we deduce that

(v-b(x)) [v A b(z)]
2

2
P AYDE g1 b .0 (15)

(v-Vuf) =blx) @b(x)v- Vg — div,b 0,9 +

and
(B -Vuf) = L(b(a)- B(t.x)) dsg. (16)
m m ’
Combining (12), (14), (15), (16) yields the following transport operator in the phase space (x,r,z) €
R3 xRy xR

2
Og+ 2z b(x) - Vyeg — % div,b 0,9 + (7"2 div,b + %(b(x) . E(t,x))) 0.9 = ... (17)

It is possible to write the left hand side of the previous equality in terms of the distribution f =
f(t,x,v) in the phase space (x,v). For this it is sufficient to express the derivatives of g with respect

to the derivatives of f

B B ~v—(v-b)b
atg - atfa azg - b(.’ﬂ) vaa arg - |’U A b| vvf
t0.b v
_ _(L,. z
leading to
Ouf +b(@) @ b(@)o - Vof + (Lb@bE +wla,v) “0) - Vof = .. (18)
where
L o v—(v-b)b
v=|vAblb— (v b)7|v/\b|
and
_Juabl)| o v
w(z,v) = — divyb — (v -b(z)) ( Oxb b(x) oAb )



4 The collision operator average

We average now the terms Qsy (fs, fsr) appearing in the right hand side of (9), under the constraints
Tsfs =0, Ty fs = 0. By the definitions of 75,7,/ , notice that ker 7, = ker 7;, and therefore fs, fs
satisfy the same constraint. The distributions fs, fs depend only on t,z, |v A b(z)|, (v - b(z)). Tt is
easily seen that the average operator is not depending on the species s and therefore we will omit the
index s when averaging i.e., (-), = (-) = (-),/-

The Fokker-Planck collision operator can be decomposed in gain and loss parts

st/(fsvfs/) = Q;/(fsvfs/) _Q;/(fsafs’)

where

msQ7L, (fs, fs)(v) = div, /RS AT, (v, v1) dvr, msQo, (fs, for)(v) = div, /R3 A, (v,01) duy

and
+ 2 3 1
Ay (0, 01) = g0 (Jv = vil)]o = 01 PS( = v1) — for (01) Vo £ (v)

1

Mg

fs(v)vvfs’ (1)1)~

AL (v,01) = p2aose (Jo —vi]) v — v1*S(v — v1)

Both gain and loss operator appearing as a divergence with respect to v, we start by establishing a

commuting relation between the operators (-) and div,.

Lemma 4.1 For any smooth field A = (A, As, A3)(x,v) we have

. _ div v —(v-b(z))b\ v— (v-b(x))b .
ivo) = v { (4 ORI ) L (4w

W, or simply e(v). By Proposition 2.1 we have for

Proof. We introduce the notation ej(v) =

any functions x = x(x), p(x,v) = ¥(Jv Ab(z)], (v - b(x)))
/]R3/1R3diVUA x(x)p(x,v) dvda = /Rs/R;diva) x(z)p(z,v) dvdz (19)

implying that

/ div, A p(x,v) dv = / (div,A) p(z,v) dv, z € R3. (20)
R3 R3

In the sequel we fix x € R? and we compute (div, A) (z,-) as function of v, using the characterization
(20). Integrating by parts, the left hand side of (20) becomes
[ AVpd = _/ A- (0 e(v) + 0. b) dv
R3 R3

- f/ 0, (A e(v)) dvf/ 8.0 (A-b) do. (21)
RB R3

In the last equality we have used the fact that 0,1, 0,1 depend only on the invariants r = [v Ab|, z =

(v-b). The next step consists in integrating by parts with respect to the cylindrical coordinates with

10



axis parallel to b. We obtain after computations

/RS@M? (A-e(v)) dv = /R/R+ B, (A - e(v)) 2mr drdz

- P(r,z) | Op (A-e(v)) + E (A-e(v)) ) 2mr drdz
/]R Ry ( r )

1

- /Rsnp(x,v) dive {(A - e(v)) e(v)} dv (22)

(A- e(v)>> dv

since divye(v) = 1/|v A b|. Similarly one gets

/Rﬁz?/’m'@ dv = /R/R .1 (A b) 2mr drdz

= —/ Y(r,z) 0, (A- by 2rr drdz
RJRy
= [ o) Vb b
R3
= —/R3<p(x,v) div, {(A4 - b) b} do. (23)

Combining (20), (21), (22), (23) yields

/ o dive [(A- e(v)) e(v) + (A - b) b} dv:/ o (divy A) dv
RS

R3

for any function ¢ depending only on r = |[v A b|,z = (v - b). Since the functions (div, A) and
1
v { (A - e(0) e(v) + (A-B) B} = B, (A- e(w) + - (A~ e(v)) + 0. (A-b)

satisfy the same property, we deduce that (div,A) = div,{(A4 -e(v))e(v) + (A - b) b}. O

In order to average the gain/loss collision operators, we apply Lemma 4.1 with A% (v) = fRS A;‘:S, (v,v1) doy.
We split these computations in four steps. The notation R, p, or simply R, stands for the rotation

of angle o around the axis parallel to b
Rov=cosabA (vAb)+sina (vAb)+ (v-b)b.

The map v — R,v is orthogonal for any a and the average operator also writes

1
T or

(u) (x,v) /o ! u(z, Royw) de, (z,v) € R? x R,

Lemma 4.2 Assume that f; = fs(v), fs = for(v) depend only on r = |v Ab| and z = (v-b). Then,

with the notation d = (v — v1)/|v — v1|, we have

1
(AFe) = [ il =il — ' fu(wr)
R3 mg

[(Vofs(v) - e(v)) [d A e()]* = (Vo fo(v) - 0)(d-b)(d - e(v))] dvr.

11



Proof. Observe that for any o we have e(Rov) = Rae(v),v € R? and S(Row)Rov = Ro(S(w)v),v,w €
R3. The computations follow by performing orthogonal change of variables and applying Fubini the-

orem

1 2m

(At e(v)) = o /. (AT (Ryv) - e(Ryv)) da

27
= 1 ( A;,(Rav7 Ryv1) - e(Rav) dvl) da
27T 0 3

R
1 27 )
= 5| [ terto—ubu-up

3
1
<SRa(v - vl)ﬁfs/ (Rov1)Voy fs(Rav) - Rae(v)> dv; da. (24)
Since fy(v1) = gs(|vr A b, (v1 - b)) we deduce that fo(Rqv1) = fo(vi). Similarly, since fs(v) =
gs(Jv A D], (v- b)) one gets V, fs = Orgse(v) + 9.9sb implying that

Vo fs(Rav) = 0rgsRae(v) + 0,95 = R (0rgse(v) + 0,9gsb).

Therefore, the calculations in (24) lead to
1
(A @) = [ oo = oDlo = 0P o f(0)@rge(o) + D:.8) - (S0 = v)e(w)) oy
Ri s

- / K0 = ol = ouf o fo ()
(Vo fa(v) - e(0)) |d A () — (Tofs(v) -B)(d-b)(d- e(v))] dur.

Lemma 4.3 Under the assumptions in Lemma 4.2 we have

(A0 = [ oo =ublo=uf —foon)
(Vo £a(0) - DI A = (Vuf(e) - e(w))(d - B)(d-e(w))] dur.

Proof. Using the same notations one gets
1 2m
AT ) = — AT (Ryv) - b) d
(470) = 5 | (¥ (R0 an
1 2
= — (/ A;,(Rav,Ravl)-bdvl) do
21 0 R3

1 27
= 5| [t —up—up

(SRa(U - Ul)mifs/(Ravl)vvfs(Rav) ' b) dv; de
1
— [ o Dl = el 00) (S0 — ) Begie(s) + 92.) )
R3 s

1
= [ (= vl = wuf o fo (o)
R3 ms

[(Vofs(w) - DId ADP = (Vo fs(v) - e(v))(d - b)(d - e(v))] dvs.
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Combining the expressions obtained in the Lemmas 4.2, 4.3 we deduce
Proposition 4.1 The average of the gain operator is given by
ms (Qiy (fs, for)) = divy, {/Ra pagTss ([0 = v1])]o — U1|3misfs' (01)Su,p(v — V1)V, fs(v) dvl}
where Sy p(w) = S(v A D) o S(w).
Proof. Applying Lemma 4.1 with the field AT one gets
e Qo)) = v { [ a0 oiDlo = onf o o()CF (0, 0)

where the field C*(v,v1) is given by

CH(v,v1) = [(Vofs(v) - e()) |dAe)]” = (Vofs(v) ) (d-b)(d - e(v))] e(v)
+ [(vvfs(v) ' b) |d A b|2 - (vvfs(v) ' 6(11)) (d : b)(d ' 6(’[}))] b.

Notice that CT = Cf + Cy where C]" = (V, fs(v) - e(v)) e(v) + (V, fs(v) - b) b and
Cy = ~[(Vufs(v) - e(v)) (d-e(v)) + (Vo fs(v) - b) (d-b)] [(d-e(v)) e(v) + (d-b) b].

Since the distribution f, satisfies the constraint (v Ab) - V,, fs = 0, we can write

Vo fs(v).

Cr:vvfs@)—(vvfs(v) ““’) unb

O VAN

For the same reason we have
Cy = —(Vofs() - d) [e(v) @ e(v) +b@bld = —(S(v Ab) o (d®d)) V, fs(v).
Finally, taking into account that V, fs(v) = S(v Ab)V, fs(v) one gets the formula
Ct(v,v1) = (S(AD) —SwAb)o(d®d)) Vyfs(v) = Spp(v —v1)Vyfs(v)

and our conclusion follows. O

Notice that the averaged gain operator has similar structure as the Fokker-Planck gain operator in (2),
the main point here being that the map .S should be replaced by S, ;. In this way the averaged gain
operator depends explicitly on z, through the direction of the magnetic field b = b(z). The collision
mechanism is not anymore uniform in space and depends on the magnetic shape. We expect a similar

expression for the loss operator. Actually we can prove

Proposition 4.2 The average of the loss operator is given by

1

mg

e (Qr (for o) = div, { /R sl = oDl = 0P (@) S0 — ) VS () dm} |

We need to establish analogous results for A~ (v) as those in the Lemmas 4.2, 4.3. The reader can

easily check

13



Lemma 4.4 Under the assumptions in Lemma 4.2 we have
(A e0)) = [ iyea(lo = oDl = orf' o £ (0
{(Vofor(v1) - e(v1))[ (e(v) - e(v1)) = (e(v) - d) (e(v1) - d) | = (Vo fo(v1) - b) (d-D)(d-e(v))} do

and

1

) = [ oo = ublo =l = £.0)
(Vo fs(v1) - b)(1—(b- d)?) — (Vo fe(v1) -e(vy)) (d-b)(d- e(v1))] doy.

’

We can establish now the conclusion in Proposition 4.2

Proof. (of Proposition 4.2) As for the gain operator we write

1

mgr

ms (Quy (fs, f&r)) = divy {/RS p2g0ss ([v = vi])[o = v1* — fs(v)C™ (v, 01) dvl}

where the field C~ (v, v7) is given by

C™ = {(Vuofs(v1) -e(v1)) [ (e(v) - e(v1)) = (e(v) - d) (e(v1) - d) | = (Vo fsr(v1) - ) (d- b)(d - e(v))} e(v)
+ [(Vofo(vr) - 0) (1= (d-b)*) = (Vufo(v1) - e(vr)) (d-b)(d - e(v1))] b

or equivalently C~ = C| + C5 with
Cr (v,01) = (Vo for(v1) - e(v1)) (e(v) - e(v1)) e(v) + (Vo for(v1) - ) b

Cy (w,01) = ~ (VoS (0r) - e(w))(d - e(01)) + (Vo fur (v1) - B)(d - B)] S0 A D),

Using the equality
(Vo fo(v1) - e(v1)) e(v1) + (Vo for(v1) - b) b= Vo for (01) (25)

it is easily seen that
Cy (v,v1) = S(WAD)V, for(v1), Cy (v,v1) = —=(Vyfe(vr)-d) S(vAb)d.

Finally one gets
C™ (v,v1) = (S(vAb)oS(v—v1))Vyfe(vr)

and our conclusion follows. O

5 The limit model

The computations in the previous sections allow us to derive, at least formally, a closed system for
the dominant distribution functions (fs)s. The rigorous justification of the asymptotic limit below is

beyond the scope of this study. More details can be found in [4]. The notation (Qss ) stands for the
averaged collision operator, i.e., (Qss) (fs, fsr) = (Qssr (fsy fsr))-

14



Theorem 5.1 For any £ > 0 we assume that (fS)s solve the problem
atfsﬂ.vmfw—E Vofe+ “’“( )( )-Vofe = ZQ% (fs, fsr), (t,z,v) € Ry xR3xR3 (26)

£20,2,0) = fi"(z,v), (z,0) eR*xR?, s€8

where wes(z) = qsB(x)/ms, s € S. Therefore the limit distributions fs = lim.\ o fS solve the problem

8tfs +bR@bv-Vyfs+ (g;b(@bEer(x,v) J_v> “Vofs = Z<st’> (fSafs’) (27)

s/

(Qss') (fsy fsr)(v) = midivv/Rsﬂgs/ass’Uv_U1|)|U_’U1|3

S

Salo — vn) (;f (01)(Vo ) (0) — <v><vvfs/><v1>) duy

under the constraints (v Ab(x)) -V, fs = 0,8 € S and with the initial conditions
fs(0,z,v) = <f;n> (z,v), (z,v) €eR®*xR3 se8.

Proof. The limit equation (27) follows immediately by applying the average operator to (9), for any
species s, and by replacing the expressions obtained in (18), Proposition 4.1, Proposition 4.2 for the
transport operator average and gain/loss operator averages. It remains to justify the initial conditions.
Multiplying (26) by the test function n(t)¢(z,v), with n € CH(Ry), ¢ € CLH(R?® x R3), such that the
constraint (v A b(x)) - V¢ = 0 holds true, we obtain easily after integration by parts and taking the
limit as € \, 0

e E-vao) dvdsc—i—Z/ /stl(fs,fsl)@ dvdz
s o7 JR3JRS

d
—/ fsgodvd:v:/ /fS <U~Vmcp+
dt R3.JR3 R3.JR3 m

and

lim fs(t, z,v)p(z,v) dode = / fin(z,v)e(x,v) dvde.

t\0 Jr3 /g3 R3JR3
Since the function ¢ satisfies the constraint (v A b(z)) - V¢ = 0, we have by the definition of the

/ fin(z,v)e(x,v dvdx—/ / ,v) dvdx
Rr3JR3 r3JR3

and thus the initial condition for fs (which satisfies the same constraint at any time ¢ € R, ) must be

fs(0) = (fin),seS. O

average op erator

In the sequel we inquire about the standard conservations of the model (27). We expect that the limit
solutions (fs)s satisfy the particle, momentum and energy conservations, when no force is applied. It
is easily checked, based on Lemma 1.1, that the averaged collision operators (Qss ) satisfy the same

conservations as the collision operators Qg .

Lemma 5.1 Under the hypotheses in Lemma 1.1 we have

Q) () do =0 (28)
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X [ e @) (e L) dw =0 (29)

v 2
SY [l @) e p @ =0, (30)

s s’
Proof. The first statement is obvious, since (Qss/) (fs, fs') is a divergence with respect to v. For the

second one we use the decomposition v = v — (v) + (v) = v — (v) + (v - b) b. Therefore

/ 0 (Qusr) (fur fir) v / (0— (W) + (0 B) B) (Quw (fur fir)) o
R3 R3

/RB(U ) 0(Qusr (s for)) dv
= / (v-b) bQss (fs, fsr) dv
R3

where in the last equality we have used the variational characterization of the average operator, with

the test function (v - b) b. Using now (4) one gets

XS:;/RSWS’U <st’> (f&fs’)(v) dv = XS:;/RSmS(U. b) sts’(fs,fsl)(’U) dv
- b®bZZ/RSmSUst/(fsafs/)(v) dv = 0.

The last statement comes easily in a similar manner from (5) by using the test function |v|?> =

lv AbI2+ (v-b)2 =

It remains to justify the relaxation towards a local Maxwellian. As usual we multiply the equation

(27) by 1+ In f; and we obtain

O(fsinf) +b@bv-Vo(fslnfy) + (:;b@)bE—i—w(xm) iv) Vo(fsIn f,)

= ) (L+Inf) (Qusr) (fsr fo).

s/

In order to perform integration by parts it is worth to write the above equation in conservative form.

By direct computations one gets

div, (b ® b v) + div, (ib@bEer(x,v) iv> = m@wbb. (v—(v-b)b))

and therefore we obtain

O(fslnfs) + divy(fsln fsb®bw) + div, {fs In f, (:;b ®bE+ w(z,v) J—v) }
(v-b(2))?

BRI

(@Ebb ('U - (U b) b)) +Z(]— +1nfs) <st’> (fsafs’)'

Notice that the extra term in the conservative form gives no contribution when integrating with respect
to (z,v) since fsIn fs depends only on the invariants and v — (v - b) b is zero average. Therefore we

deduce

d
dtZS:/RS Rsthlfs dvdx_zs:;/RB/R?’(l_Flnfs> <st’> (fSafs’) dvdx =0

16



and finally we obtain the same entropy dissipation as in Lemma 1.2 since

ZZ/RS/RBG +1n fo) (Qser) (fss for) dvda = —ZZ/RS/RSQ 10 £,)Qus (fs, for) dvda

2 - . ,
Z%/RS/RS/RSUSS’M—'Ul‘fs(v)fs'(’l}l) (U_’Ul)/\ (V’ul fs (1}) _ Vvl fé (vl))

dvido dz.
ms Mgt

The distributions (fs)s relax towards local Maxwellians with the same temperature and mean velocity.
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