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Abstract. This paper is devoted to the finite Larmor radius approximation of the
Fokker-Planck-Landau equation, which plays a major role in plasma physics. We obtain
a completely explicit form for the gyroaverage of the Fokker-Planck-Landau kernel, ac-
counting for diffusion and convolution with respect to both velocity and (perpendicular)
position coordinates. We show that the new collision operator enjoys the usual physi-
cal properties ; the averaged kernel balances the mass, momentum, kinetic energy and

dissipates the entropy, globally in velocity and perpendicular position coordinates.

1. Introduction.
Motivated by the energy production through thermonuclear fusion, the magnetic con-
finement represents an important issue in plasma physics. A tokamak plasma is controlled

when subject to a strong magnetic field. We neglect the self-consistent electro-magnetic
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field with respect to the external one, given by
B
E=-V,¢, B*= % b(l‘), |b| =1

when € > 0 is a small parameter, destinated to converge to 0, in order to describe strong
magnetic fields. The scalar function ¢ stands for the electric potential, B(z) > 0 is the
rescaled magnitude of the magnetic field and b(x) denotes its direction. The presence
density f¢ = fe(t,z,v) > 0 of the population of charged particles with mass m and

charge ¢ satisfies

Ohfe+v-Vofs+ —(E+vAB%) -V, f=Qrpr(f%), (t,z,v) €R, xR*xR® (1.1)

4
m
20, z,0) = f(z,v), (v,v) € R®xR3 (1.2)
where Q ppr, denotes the bilinear Fokker-Planck-Landau collision kernel. In the collision-
less case the limit model as € \, 0 comes by averaging with respect to the fast cyclotronic
motion [14, 16, 10, 1, 2, 3, 11, 12]. Linear collision kernels (relaxation, Fokker-Planck)
have been gyroaveraged in [5], [4], [17], [13].
We study here the finite Larmor radius scaling i.e., the typical perpendicular spatial
length is of the same order as the Larmor radius and the parallel spatial length is much

larger. Assuming that the magnetic field is homogeneous and stationary

B
B = (0,0, )
9

for some constant B > 0, the equation (1.1) writes

1 C £ 15 €
atf8+gwlamffwamff)+vgamff+%E-vvfw%(vzamf — 010, ) = Qrpr(f9)

(1.3)
where w. = ¢B/m stands for the rescaled cyclotronic frequency. The density f¢ is
decomposed into a dominant density f and fluctuations of orders ¢, €2, ...

fe=f4eft+22 + .. (1.4)

Combining (1.3), (1.4) yields, with the notations T = (x1,22),0 = (v1,v2), 70 =

(UQ, _vl)

Tf:=0-Vaf +w. 7 -Vuf=0 (1.5)
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Orf + 30z, f + %E Vof +Tf'=Qrpr(f) (1.6)

The equation (1.5) appears as a divergence constraint
div, . {f(@,0,w. +7,0)} = 0.

It says that at any time ¢ the density f(¢,-,-) is left invariant by the flow associated to

— =V(s), =0, — =w, V(s), % =0 (1.7)
S

and therefore, at any time ¢, the density f(¢,-,-) depends only on the invariants of (1.7)

v v
f(t,l',’()) =g <t,LE1 + 72;:172 - 7171‘377” = U|703) .
We We
The dynamics for f comes by eliminating f! in (1.6), after projecting onto the kernel

of 7. This projection appears as the average along the characteristic flow (1.7). If (-)

stands for this projection, we obtain
<8tf 4 30, f + %E : va> = (Qrpr(f)), (tz,v) € Ry x R x RS, (1.8)

Averaging 0; + v30;, + L E -V, leads to another transport operator

-
(00 + 000,84+ L) =00 + L Vaf b vy g+ L (B 0,1
m B m

We also need to average the collision kernel. Our main motivation concerns the bilinear

Fokker-Planck-Landau equation, more exactly how to average kernels like

Qrpr(f, f)(v) = div, {/RB a(jv=v")S(v =) [f(W)Vuf(v) — fF(v)V f(V')] dv'}

wRwW

where o denotes the scattering cross section and S(w) = I — T

is the orthogonal
projection on the plane of normal w, cf. [15]. Recall that Qppy satisfies the mass,

momentum and kinetic energy balances

[v]?

[ @rrutrnyav=o. [ w@eestrsyav=o. [ Sr@eeus.s)av=o
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Moreover it decreases the entropy fIn f since, by standard computations, we obtain

[ 15 Qeratsp) do

1 o ttor @ = I (Vo ln f(v) = Vo In f))2
-5 [ [erwsw) dv'dv < 0.

v — ]2

We expect that the averaged Fokker-Planck-Landau operator satisfies the same prop-
erties. Nevertheless we will see that all of them hold true only globally in velocity and
perpendicular position coordinates. Indeed, the averaged collision kernel will account
for the interactions between Larmor circles (characterized by the center T + ¥ /w. and
the radius |v]/|w.|) rather than between particles. We show that the averaged Fokker-

Planck-Landau kernel has the form

(QrpL) (f, f):

(Qrpr(f, f)) (z,v)
dive, .0 {wf /Rz/RsUXf(?’ 23,V VATV w0 f(T,0) dU’dx'ldxlz}

— divg.pw {wf/ / oxf(x, V) A"V o v [(@,23,0") dv’dx'ldzlz}
R2.JR3

(1.9)

with 2z = W.T + 10 — (W’ + V'), 0 = (/|22 + (v3 — v4)?), x = x([7], ||, 2) and

L{jr—r/|<|z|<r+r)

Y B N g e Pl

4
O-XAJF(Ta U3, T/a ’Ué, Z) = Z gl(fa v, ?a rU,) ® gl(f7 U,?, ’Ul)
i=1

x(r, 1’ 2) = rr €Ry, ze€R2

4
oA (r,v3,7 05, 2) = Zaigi(f,v,?, V) @ (2, v, T, v)

i=1
for some vector fields (£)1<ij<4 and €1 = €9 = —1,e5 = g4 = 1, see Proposition 4.10.
Actually AT, A~ have only zero entries on the third line and column and therefore, aver-
aging the Fokker-Planck-Landau kernel leads to diffusion (and convolution) with respect
to velocity but also perpendicular position coordinates. To the best of our knowledge,
this is the first completely explicit result on this topic. In particular, the above colli-

sional kernel decreases the entropy fIn f since, by standard computations we obtain (see
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Proposition 4.11)

L, L7 (@rpud (1.5 dvdondas = _w;i/R/R/R/Rff

x (€ Vinf—¢g(&) V'n f')2 dv'dzdz dvdzidas <0, 23 € R.

Here, for any &, € RS, the notations ¢ ® n stands for the matrix whose entries are

(ERN) K = &em, 1 < k,1 < 6. We obtain formally the following stability result

THEOREM 1.1. Let us consider fi* > 0, (1 + |In fi])f" € L}(R® x R?) and denote by

f¢ the solution of (1.3), (1.2), for any € > 0. Then the limit f = lim.\ o f° satisfies

6t B ;Z 36$3.} m E3 C('USJ Q11L> (J’J)7 (1’1.71)) S X X

f(0,z,v) = <fi“> (z,v), (x,v)€ R3 x R3 (1.11)

where the averaged Fokker-Planck-Landau operator is given by (1.9).

Our paper is organized as follows. In Section 2 we recall briefly the notion of average
along a characteristic flow. Its main properties are stated in Section 3. The gyroaverage
of the Fokker-Planck-Landau kernel is discussed in Section 4, Theorem 1.1. We give a
explicit form of its average and check the main physical properties. We prove the mass,
momentum and total energy conservations for smooth solutions of the averaged Fokker-
Planck-Landau equation coupled to the Poisson equation for the electric field. We also
show that the mean Larmor circle center and power (with respect to the origin) are left

invariant. Up to our knowledge this has not been reported yet.

2. Average operator. Consider the transport operator 7 in the L?(R3 xR3) setting,
defined by

Tu=divg,(ubd), b= (7,0,w, 15,0), we=——

for any function v in the domain

D(T) = {u(z,v) € L*(R® x R®) : div,,(ub) € L*(R® x R?)}.
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We denote by || - || the standard norm of L?(R3 x R3).The characteristics (X, V)(s;z, )

associated to U - Vz + w17 - Vg, see (1.7), satisfy

1y VvV )
d{X+ V}:o, W, o 5
ds We s s

implying that

V(s) = R(—w.s)v, X(s)=7+

We We

where R(«) stands for the rotation of angle o

cosa —sina
R(a) =

sin o COS &

All the trajectories are T, = 27 /w, periodic and we introduce the average operator, see

[2], for any function u € L?(R3 x R3)

(u) (z, v)

T
Ti/ u(X(s;z,v),V(s;z,v)) ds
cJo
1 2

1= 1 I
= — u (gg L 7{R(Q)v},x3,R(a)§, v3> da.
2T 0 We We

It is convenient to introduce the notation e for the R? vector (cosp,sin ). Assume

that the vector ¥ writes © = [7]e*?. Then R(a)v = |7]e’(®*t¥) and the expression for (u)

becomes
1 2 1= Lfim|ailate) ]
W = 5 [u(m ot - T e ) da
1 2 1= 1 fi5] ot )
= — u<x+ v _ APl },z3,|v|em,v3) da. (2.1)
21 Jo We We

Notice that (u) depends only on the invariants T + ?, [7], z3, v3 and therefore belongs

to ker 7. The following two results are borrowed from [3], Propositions 2.1, 2.2.

ProposiTiON 2.1. The average operator is linear continuous. Moreover it coincides with

the orthogonal projection on the kernel of 7 i.e.,

(uy € ker T and / /(u —(u))pdvder =0, V¢ €kerT. (2.2)
Rr3JR3
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REMARK 2.1. Notice that (X, V') depends only on s and (Z,?) and thus the variational
characterization in (2.2) holds true at any fixed (x3,v3) € R?. Indeed, for any ¢ € ker 7,

(73,v3) € R? we have

1 [T o B
/ /(W’)(%U) dvde = 7/ / /u(x’v)@(X(_S?x’U%xs,V(—s;x,v),v?,) dodzds
R2.JR2 .y -
= —/ / / S Z, 'U 1’3,?(8;%,1}),1)3)90(3370) d@dfds
R2 JR2

/]Rz /RZ<“> (z,v)p(x,v) dudz.

We have the orthogonal decomposition of L?(R? x R?) into invariant functions along

the characteristics (1.7) and zero average functions

u=(u)+ //u— ) dvdx = 0.
Rr3JR3

Since 7* = —7 we have
ker (-) = ker Projy,, 7 = (ker 7)* = (ker 7*)* = Range 7

implying Range T C ker (). Actually we show that Range 7 is closed, which will give a

solvability condition for Tu = w (cf. [3], Propositions 2.2).

PROPOSITION 2.2. The restriction of 7 to ker (-) is one to one map onto ker (-). Its

inverse belongs to L(ker (-) ,ker (-)) and we have the Poincaré inequality

B
v 9B g
m

lul < |1 Tull,

|c|

for any u € D(7) Nker ().

3. Average and first order differential operators. In order to average transport
operators, see (1.8), and the Fokker-Planck-Landau kernel, it is convenient to identify
derivations which leave invariant ker 7. It turns out that these derivations are those
along the invariants

1/11—9€1+ ; 1#2—562**1, 3 =3, s =/(v1)?+ (v2)%, V5 = vs.

C
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We introduce also ¢g = — -, with v = [v]e’”, a € [0,27]. Notice that 1)y has a jump of

i—: across U € Ry x {0} but not its gradient with respect to T

1z

Vza = ——, Vzihg = Tipo = 1.
o]

e[v]?”

The idea is to consider the fields (bi)ogigs such that
Vaot; =05, 0<4,j <5,
Indeed, the map (z,v) — (¢;(x,v))o<i<s defines a change of coordinates
Ty =1+ % sin(wetb), @2 =2 + % cos(wetho), T3 =3

v1 = hg cos(wetho), v2 = —ysin(weth), v3 = Vs.
Therefore any function v = u(x,v) can be written u(z,v) = U(¢(z,v)), ¥ = (¥:i)o<i<s

and thus, for any ¢ € {0,1,...,5} we have

) oU
b - m,u Z aqu vx,v'(/)j = %(w(lﬁv))

In other words the derivations b® - V. act like Oy,,0 <4 < 5. In particular if u € ker 7,
meaning that U does not depend on ¢, then b* -V, ,u = 9y, U(¢(x,v)) does not depend
on 1, saying that ker 7 is left invariant by b* - V, ,, 0 < i < 5. The following result
comes by direct computation and is left to the reader. For any smooth vector fields &, n

on RS, the notation [£, 7] stands for their Poisson bracket i.e.,
[5777] = (§ : vr,v)n - (77 : vm,v)§~

PROPOSITION 3.1. The fields (b%)o<;<5 satisfying b’ - V, ,1p; = 6;, 0 <i,j <5 are given

by

bo'vz,v:@'VE‘i’ch—ﬁ'Vﬁ, b1~Vm,: 215 b2’vm,v: e s bS'VI,v:a:vg
=
b4'vw,v:—7,'V§+?'V@ b5~VI7U: s -

we (7]

<

Moreover the Poisson brackets between (bi)ogig 5 vanishes or equivalently the derivations

bt - Vazw, 0 < i <5 are commuting.

1

REMARK 3.1. Notice that (b);z4 are divergence free and div, ,b* = -
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We claim that the operators u — div, ,(ub’), with domain
D(div,,(- b") = {u € L*(R* x R3) : div, . (ub’) € L*(R®* xR?*)}, 0<i<5

are commuting with the average operator. More generally we establish the following

result cf. [5].

PROPOSITION 3.2. Assume that the field ¢V, , is in involution with b-V, , =7- Vg +
we 10 - Vg d.e., [e,b] = 0. Then the operator div,, (- ¢) is commuting with the average
operator associated to the flow of b -V, , that is, for any function u € D(div, . (- ¢)) its

average (u) belongs to D(div, (- ¢)) and

divg, ((u) ¢) = (divy »(uc)) .

Another useful tool is the following commutation formula between average and diver-

gence cf. [5].

PROPOSITION 3.3. For any smooth field ¢ = (&,,&,) € RS we have the equality

1 I -
(divg. ) = divz{<§z j”>+<§v~ |v1|)> wv|v| <§v~||> v }+8z3 (€2s)

welD]
1z\ 1
ave { (s ) i+ {6 1) i+ 0 60

In particular we have for any smooth field &, € R?

+

<leZL’§ZL’> = div, <€z>

and for any smooth field ¢, € R?

L& o\ © 1z
(divgy) = dived (=2 ) + (& — b 2y —2
o)+ (o m) o (& ) o)
1\ 1g
divy R v Ovs (Evg) -
* {<§ |v|>|| <5 |>||}+ (6o

A direct consequence of Proposition 3.3 is the computation of the average for the

transport operator in (1.6).
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PRrROPOSITION 3.4. Assume that the electric field derives from a smooth potential i.e.,

E = —V,¢. Then for any f € C}(R?® x R*) Nker 7 we have

(*E)

(Of +vady, f + 1p.v.f +Tf) =0f+ Vaf + 030y, f + - (Eg) O, f.
4. The Fokker-Planck-Landau operator. In this section we focus on the Fokker-

Planck-Landau equation [6, 7, 8, 9]. The rate of change of the density fs, corresponding

to a population of charged particles of specie s, due to collisions with charge particles of

specie s’ writes

1
Qrprr(fs, fsr) = lev/ N?s'ass/(|U*UI|)|v*UI|3
m R3

S

x S(v— 'U/) (nisfs’ (U/)(vas)(v) - 7?113/ fS(U)(Vv’fS’>(U/)> dv’

MM/ e o . _ s
where pgy = T 1S the reduced mass of the pair {ms,ms}, 055 = 055 > 0 is

the scattering cross section between species {s, s’} and the matrix S(w) = (I - Tﬁé")
corresponds to the orthogonal projection on the plane orthogonal to w. As the electron
mass is much smaller than the ion mass, we consider only the collisions between ions,

whose distribution function is denoted by f¢ and satisfies

atfaé(@-vzwc Lﬁ-%)f%vgamf%%ﬂvvff = Qrrr(f% [7), (t,z,v) € Ry xR*xR?
(4.1)
where g > 0 is the ion charge and m is the ion mass. The limit model comes by averaging
the collision kernel Qppr. The treatment of the Fokker-Planck-Landau kernel is very
elaborated. Therefore we content ourselves of formal computations. The main properties

of the Fokker-Planck-Landau operator are summarized below
ProPOSITION 4.1. Consider the Fokker-Planck-Landau kernel between ions

Qrralf.f) = 3div, [ aullo=v/ o= PS(o=) FWNTu)(0) = F@)(T )W) '

Then the mass, momentum and kinetic energy balances hold true

| 2

[ meeenepyav=o0. [ moQeerpar=o. [ wlS-Qrra(s.p) o =o
R3 R3 R3
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Moreover the entropy production D := — fRS(l +1n f)Qrpr(f, f) dv is non negative
1
D=5 [ [ ot =oDlo= 7@ )0 =) AT, In f(0) = Vo I f))? d'do 2 0.
R3JR3

Proof. All statements come easily by integration by parts, observing that A;;(v,v") +
Aii(v',v) = 0, where A;i(v,v") = oii([v—v') =" PS(v—0") (f (V") Vo f (v) = f () Vor f(v'))
and S(v —v')(v—2") =0. O
With the notation o(|v — v'|) = 20;(Jv — v'[)|v — v'|* the collision kernel becomes

QrpL(f, f)(v) = div, /RS o(lv =v'[)S(v =) (f (W) (Vo f)(v) = f0)(Vo )(0)) dv'.

4.1. Preliminary computations. The Fokker-Planck-Landau operator combines con-
volution and differential operators in v. Therefore its average can be determined by
studying the commutation properties between convolution and derivation with respect
to the average. First we apply the commutation formula between divergence and average.
Next we are looking for commutation between convolution and average. It is convenient
to split Qrpyr into its gain and loss parts Qf pr- We introduce the following notations,

for any function g and vectors w1, ws

hos = { [ atetholo = oS- ) )

(9,w1),g = </R3 g(z,v")o(jv —v')S(v —v")w; dv’>

(rnsuahys = { [ ot ol = VDS =) i w @z ).

Let us establish some useful formulae based on [5] Proposition 4.2. We consider functions
C which are left invariant by any rotation around es = (0,0,1). Therefore we assume

that for any orthogonal matrix O € M3(R) such that Oes = e3 we have
C(t0v,'Ov") = C(v,v'), v,v" € R, (4.2)

These functions are precisely those depending only on [v],vs, [v’], v} and the angle be-

tween v and v’

C(v,v') = C([v],vs, [V'], 5, ), @ =argv’ — arg®.
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PROPOSITION 4.2. (4.2, [5]) Assume that the function C'(v,v") satisfies (4.2) and belongs

to the space L?(dvdv’). Then for any function f € ker 7 we have

< C(v,v') f (") dv'>(w7v)=wf/ /C(Iﬁlavs,IUI,vé,Z)f(w’,xs,v’) dv’da’ day
R3 Rr2JR3
(4.3)

where z = w.T + 0 — (wea’ + +v')
é ) ) /a ,7 + é ) ) /7 /7_
C(T, U3, T‘/, Uév Z) = (T LML (p) 2 (r LI <p) X(ﬁ 7"/7 Z)

1{\r—r/|<|z|<r+r’}
w2\/[22 = (r = )2/ (r +17)2 = [2]?

and for any |z| € (|r — 7|, + '), ¢ € (0,7) is the unique angle such that

X(r7 ,,1/7 Z) =

2

|22 = r% + ()% — 2r1 cos .

For any orthogonal matrix O € M3(R) we consider the application (v,v") — S(*Ov —

tOv'). Tt is easily seen that
S(tOv —tOv) =t0S(v —v")O.

Notice also that for any orthogonal matrix O € M3(R) such that Oes = e3 we have
(tOv,0) = tO(7,0) and (+t0v,0) = ‘O(*7,0) for any v € R3.

LEMMA 4.1. The following applications are left invariant by any rotation around ez, that

is they satisfy (4.2)
S(v—v"):(7,0)® (7,0), S(v—"2"):(T,0)(*7,0), Sv-2"):(17,0) @ (17,0)
S:(@,0)® (3,0), S: (v,0)® (17,0), S:(+v,0)® (7,0), S: (*+v/,0)® (17,0).
Proof. For any rotation O around es we have

S(tOv —t0v") : (t0v,0) ® (tOv,0) ='0S(v — v )O : 'O(T,0) ® 'O(7,0)

=S(wv—2"):(v,0)® (7,0).

The other invariances follow similarly. O

Therefore the formula in Proposition 4.2 applies to all previous functions and we obtain
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PROPOSITION 4.3. For any z € R? such that |[r—r'| < |z| < r+r we denote by ¢ € (0, 27)
the angle satisfying 72 + (/)2 — 2r1’ cos p = |z|?. Then for any function f € ker7 we
have, with the notation z = (w.Z + ) — (wea’ + +0')
)
1. @0, @0)5 = [ [ o /lsf+ (o0 = ) 1@ 0, (0171, 2)
R
r — 1’ cosp)
X {r |z|2} dv'dz dz)

+ (v3 — v3)?

<fa (@,0)7(L§’0)>US = <f’( v O) (U 0)>US :O

70 50), 6 = [ [ o /lsP o+ =) )@ (7, 2)
2 (r')?sin® ¢
X {7' |2;|2(U3—'U>} d'U dl’leQ
3

(00, @.00) 5 =2 [ [ oI+ (oa = 05 )@ (1 7.2

Lot cos o rr’(rcos —r')(r —/ ' cos ) v/ e, e,
|2]? + (vs — v3)?

<f7 (Uv 0)7 ( L@v 0)>0'S = <f’ ( J_Fv 0)7 (67 0)>US =0
()
(FCT0.(.0) 5 =2 [ [ o+ (oa = o)) F@. 0,031 7.2
_r2(r)?sin® o

x < rr’ cos dv'dz! dzl,.
{ SRPE <v3—v3>2} 1

Proof. We need to compute the functions C, C defined in Proposition 4.2. In each case

we have
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C(v,v") = o(lv —=v')S(v —2') : (7,0) ® (7,0) = o(jv — ') {|v|2 - KU—UW}

|lv —v'|?

- 72 — 11’ cos @)?
Clrvn, 't 9) = o724 (7 —2rrrcosipt (s — o) {2 = (20D
3

r2(r — r' cos p)?
|22 + (v3 —v3)* |

Cr,vs, v’ vh, 2) = x(r,r', 2)a(1/]2]> + (vs — v4)?) {r2

2.
Clo') = oo — o'|)S(w — ') : (3,0) @ (+7,0)
S (v - ") '|Z)J][(:J)l|; V) - 1o
Clr 5,7 Wy, @) = —a(y/]2]2 + (vs — V)2 )(7’2 |Z|;"ic((z)2ga_)r?g)s;in<p
C=0
3.
Cv,v") =o(lv—2"))S(v—2"): (*9,0)® (*2,0) = o(jv — ') {|v2 a (r;’ _:1)22 }
Cr,vs,7 05, 0) = o (y/ |22 + (v3 —v5)?) {TQ _ M}
Cm%wwga:xmwaw<uw+wyﬂ@n{ﬂ_djﬂif2¥}
4.
Clv,v') = o(lv—=v')S(v ') : (v/,0) @ (v,0)
=o(jv—1')) {v’ T — (@~ 1/)|'U”/_} 1[)('7|J2 v') - 7] }
C(r,vs,7" 0%, 0) =0 {7,7,/ cosp — (rr' cos TZ‘—Q S"'()Z(fv;)gr’ cos @) }
C(r,vs, 1, vy, 2) = x(r,7', 2)0 {rr’ cos g — G CE;";(Q” ;é;“; cos ) } _

5.

C(v,v") =o(jv—v)S(v—v"): (v,0)® (17,0)
(T =) -] [[@ =) - LU]}

v —v'|?

=o(jv—"7)) {v’ 15—
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(rr' cos o — (r")2)rr’ singa}

C(r,vs, ', v5,9) = o(y/|27 + (v3 — v4)?) {_”"/ S0P = TR (s — 00)?

C(r,vs, 7", v5,2) = 0.

C(v,v") =o(lv—v')S(v —v"): (+v7,0) @ (17,0)
- @=2)- = [T -0)- LU]}

12 —
:U(|v—v|){v~v— P

C(r,vg, 7", v5,0) = o(y/ |22 + (v3 — v4)?) {7"7”/ cos p —

r? (r’()2 sin® }

212 + (v3 — v3)?

r2(r')? sin? o }

/ /! / !/
C(r,vs,7",v5,2) = x(r,7", 2)o(1/|2]? + (v3 — v§)?) {rr cosp — m

O

We also need to compute the averages

<fa (5’ O)>aS ’ <f7 ( LE’ O)>G‘S ) <fa (F’ 0)>0S ’ <fa ( LF’ O)>US : (4'4)

Notice that the functions o.S(v — v')(7,0),08(v — v')( +7,0),08(v — v')(v/,0),05(v —

v") (107, 0) writes

S

D(v,v") = (DT + D' v/, D3 vs + D} v})

for some scalar functions D, D’, D3, D4 depending on [v],vs, [v/[,v4 and ¢, the angle
between (7, 0), (v/,0). Performing the same steps as in the proof of Proposition 4.2 we

obtain (see Appendix A for proof details)

PROPOSITION 4.4. Consider D = D([5],vs, [0/, v}, ¢), D' = D'(|5],vs, [v], vh, ) two
functions and
D(v,v') = DT+ D' v/, Ds(v,v') =D vs+ D' v}.
Then for any f € ker 7 we have
(1)
< D(w, ') f(z,v) dv’> :wg/ /D(|5|,v3,|ﬁ|,vg,(wcf+ L5) — (o + L07Y)
R3 R2JR3

X f(z',w3,0") dv'da)dal
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where

zZ9 Al
ro _ —*1 Z2 D o —i D AW i)
D(T‘, U3, T 7”372) - 2‘Z| [ (T7 U3, T ,1)3,(,0)7“6 + (T7 v3, T, V3, QO)T'G

+ D' (r,vs, 7", v, @)1 € P™Y) & D' (r, 03,1, vh, —@)r' e ¥V
x x(r, 7', 2).
(2)
< Ds(v, ') f(z,0') dv’> :wg/ /Dg(\@|,us,|?|,ug,(w@+ 15) — (wed + L7))
R3 R2JR3
X f(z',w3,0") dv'da)dal
where

DS(Tv U3, T/a Uéa Z) = [(D(Tv U3, 7‘/, Uéa 90) =+ D(Ta U3, T/a Uéa _@))U?)

N —

+ (D' (r,v3, 7", vk, ) + D' (r,vs, 7, v, —p))0h]x (r, 7, 2).

The angles ¢, € (0,7) are such that |2 = 7% + (/)2 — 2rr’ cos ¢, (r')? = r% + |2]? +
2r|z| cos 1.

It is worth analyzing the case of even/odd coefficients D,D'.

PROPOSITION 4.5. With the same notations as in Proposition 4.4 assume that the func-
tions D, D' are even with respect to . Then we have

(1)

Lz

D(r,vs,1",v3,2) = [(D(g) + D'(¢)) rcos ) + 2D (9)x (17", AT

Ds(r, v3,7", 05, 2) = [(D() + D' (9)) v3 + D' () (v = v3)]x(r, 7", 2).
Proof. 1. Clearly we have

[D(r, v, ', V%, Q) re W + [)(r, v, 7’ V5, —p) rew] = D(T, v, ', vh, ) r(cos,0)

N | =
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and

(D' (r, v, 1", v%, @) ') 4 D' (r vs, 7, v, —p) e PV = D' 1/ (cos(v — ¢),0).

N | =

Consider now the triangle of vertices O = (0,0), A = (r,0), 4’ = r’e*¥ in R%. The
definitions for o, assure that |z| = |AA’| and that ¢ is the supplement of the angle
opposite to OA’. Applying the cosine theorem with respect to the angle opposite to OA
one gets

r? = ()2 4 |22 — 20| 2| cos(v) — @). (4.5)
Combining with the definition of v yields

0 = 2|z% — 2'|2| cos(v) — ) + 2r|2| cos

implying
rcost — 1’ cos(yp — @) + |z| = 0. (4.6)
Finally one gets
1
D(r, 03,1, 0%, 2) = [D(p) rcos vy + D'(p) 1’ cos(v) — @) |x(r,7", )W
~ - - 1
— [(D(¢) + D'()) rcos b + D' () (1" cos(vs — ) — 7 cos ) ]x(r, ", )W
_ - - 1
— [(D(p) + D'(¢)) rcos b + |2 D' ()] x(r, 7, >W

2. It follows immediately observing that

Ds(r,v3,7",v3,2) = (D(p) vs + D'() v3)x(r, 7", 2)

= [(D(p) +D'(¢)) vs + D' () (v5 — v3)x(r,7", 2).

O

PROPOSITION 4.6. With the same notations as in Proposition 4.4 assume that the func-

tions D, D’ are odd with respect to ¢. Then we have

(1)
D(r,vs, 7', 0%, 2) = =[D(¢) + D' ()] rsinp x(r, 1", 2) ﬂ
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D3(r,vs, 7", v5,2) = 0.

Proof. 1. We have

1 -~ . ~ . ~

5 [D(Ta U3, T/a Uéa 30) Te_“p + D(’I", U3, 7‘/7 vil’,a —QO) Tezw] = _(07 D(T7 U3, rla ’Ué, @) T sin ¢)
and
1 - _ - A .
i[D/(T’ v, ', V5, @) Petle=¥) 4 D'(r,vs, 7", v5, —p) r'eﬂ(“’*w)] = —(0,D" 7' sin(y) — )).

The sine theorem applied in the triangle of vertices O = (0,0), 4 = (r,0), A’ = r'e®
implies
rsiny = r'sin(y — @).

We deduce that

Dlr, v, ', 4, 2) = ~[D(e) rsinw + /() 7' sin = )] x(r7',2)

z
= ~D(9) + D' (@) rsine x(r7',2) -

2. Clearly we have D(¢p) 4+ D(—¢) = D'(p) + D'(—¢) = 0 and therefore D5 = 0. O

The averages in (4.4) come immediately appealing to Propositions 4.5, 4.6.

COROLLARY 4.1. With the notations in Proposition 4.4 we have for any function f €

ker T
(1)
r2—rr'cosp [ (v3—v})?
(f,(v,0)) /IR2/R3 |z\2 (v5 — u1)? < |z|23 Lz vg —vh | do'daldal

- —rr'cosp [ (vg—vh)? |
<f»( ! 0 = w7 /R2/R3 |Z|2 — o) ( EE z,v3 —vg | do’dzda)
(3)
<f7 ( Lf) = We / / T — rr|2COSS0 (Z, 0) dvldfﬁlldll?/Q
R3
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(4)
— — 71’ cos
(f,(+v,0 = —w; / / Uf 5 L4 (2,0) dov'dz}dz).
R2JR3 ‘ |

Proof. 1. We consider the function D(v,v") = a(|v — v/[)S(v — v')(@,0) = (D T +
D' v/, D' (v — v3)) where
r? —rr’ cos
— 2rr' cos @ + (v3 — vh)?

D(T‘7 U3,7‘/>U:/3790) =0 (1 - r2 + (7,/)2

r2 —rr’ cos

2+ (r')2 — 2rr' cos p + (vs — v4)?

ﬁ/(’l“, U3,T/, Uév %0) =0

2
Thanks to Proposition 4.5 and the identity r cost = % we obtain

</]RS(I~)U+D’ ) f(z,0") dv'> =w? /R2/Rsof(x’1,x'2,x37v')x

2 1
7T COS z
X (7' COS/lb —+ |Z|||2(U3)2> m dv’dx/ldirlz

= —W, / /Uf 1‘1,3)2,1‘3, )X
R2JR3

)2J_
—dvdm dat
TP (v —v3)* 2| |7 e

< RLEI > =t [ [ ottt aban i

T —rr’ COs ¢

r2 —rr'cosg  (v3 — v}

and also

W(UI ) dU/d.’Ellde'/Q
3

which justifies the first statement.
2. We take D(v,v") = o(|v —v'|)S(v — v')(v',0) = (D T+ D’ v/, D(vs — v})) where

(r')? —rr' cos ¢
r2 4+ (17)2 = 2rr’ cos ¢ + (vs — v§)?

] )2 — r1’ cos ¢
D/ T,U3,7"/7/U‘/7 :U<1_ (
( 5:%) 124 (1) = 217 cos g + (v3 — vh)?

D(Ta ’03,7’/,113,80) =0

Notice that by (4.5), (4.6) we have

)2 4+ |2]% — r2 )2 —rr' cos ¢
rcos1/1+\z|=r'cos(w—g0):( ) 2||z| _ E
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and in this case we obtain

< Rg(f)@—i—f)’ ) f(z,0") dv'> =w? /R2/Rgaf(m’1,x’2,x37v’)x

N2 _ .t 1
X [rcosw + 2] (1 - W)} = dv’dz! daf

+(va —v3)? /| 2]
= We / /Uf Il,xz,l‘37 )
R2JR3

_ _ 2L,
(r") L rr! cosgz; (vs —v3)° 2 ? A’ i

2 + (vs —v5)?  [z] [

and
</ D(’U3 - Ué)f(.’E,U /> = W, / / Uf $1,$2,I3, )
R3 Rr2.JR3
()" —rrfcos¢ vy) dv'dz! dz)

X —(v
|2]? + (v3 — v5)?
justifying the second statement.

3. We take D(v,v') = —o(|v — v'\)wﬁ- ,0) = (D ©+ D' v/, Dvs + D'v})

lv—v’[?
where
rr’sing
o
r2 4+ (r")2 — 2rr' cos p + (v3 — v§)?
By Proposition 4.6 we deduce that <fR3 D(v,v") f(z,v) dv’> = (. Therefore

00 = ([ otlo = D700 ).

Applying now Proposition 4.5 with D =0, D’ =0 we obtain

L
</ a(jv =) f(z,v" )0 dv’> = wf/ / afx rcosw—z dv'dz! da),
R3 R2JR3 2]
(2,0 dv'dzdab

and finally
<f7 (liv 0)>0'S = —OJE/ / Z| |

= w? // - _TTQCOS('O( ,0) dv’da)das,.
R2JR3 2]

4. As before, by Proposition 4.6 we have

</R ol — ) 0y LB W= V) dv’> —0

v — |2

D(r, vg, T V5, ) = — =-D.
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and by Proposition 4.5 we obtain

</ o(lv —v'|) fla, v )V dv’> = wz/ / afx (rcosy + |Z)TZ| dv'dz!dz)
R3

2 —rr’ cos
= w; / /O’f 5 AL AEL z dv'dz! dz).
Rz JRS ||

At the end one gets

(f,(T0,0)) = -w? /RQ/Rsan _‘72 COSSQ( ,0) dv'dx|dx).

O
The last average we will need is (f), ¢ = (fgs f(2,v")o(Jv — v'|)S(v — v') dv’). By similar
computations as those in the proofs of Propositions 4.2, 4.4 we obtain (see Appendix A

for details)

PROPOSITION 4.7. For any function f € ker 7 we have
i [ [ oIsf o+ (va = o) )£z o 01 71,20 (42,05 -0m) ) o't
R2JR

4.2. The averaged Fokker-Planck-Landau operator. We are ready to determine the
average of the Fokker-Planck-Landau kernel. For the sake of presentation we treat
separately the gain and loss parts. Recall that the Fokker-Planck-Landau gain part

appears as a velocity diffusion, where the diffusion matrix is a convolution in velocity

Qa0 =i, { [ o= DSt = )10 a0 Tupw)}.

The averaged Fokker-Planck-Landau kernel will keep the same structure, nevertheless
diffusion and convolution have to be considered both in velocity and space perpendicular

directions. The proof is postponed to Appendix B.

PROPOSITION 4.8. For any function f = f(x,v) satisfying the constraint 7f = 0 we

have

(Qbpr(f 1)) = divwcm,v{wi/ /,0(\/\z|2 + (v — v4)2 ) f (2, o, z3,0") x([T], [V, 2)
R2JR3

X ATV, oo f(z,v) dv'dzdal} (4.7)
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va

We

with dive, o = 2divg, Ve, =
.

At (r,v3, 7" v, 2) =

()2 sin’ p (vg = v5)° ((v, 0) (‘. 0))®2

212127 + (vs —v3)?] \ o] * [7]

. [r—r’cosgo <(v,0) (%,o)) . <<l|zz’|0)’0)]®2+ (r')?sin® o <(Lv,0)7_(v,0))®2

2| ol " (7] |22 ol ]

(1" cos i — ) (v3 — ) ((im) _<v7o>) (03 = ) G ~lzles)
|2y |2]2 + (vs — v3)? ] [2]% + (vs — v})2

where 2z = (W.T + 10) — (wez’ + +0/) and for any 7,7’ € Ry, z € R? such that |r —r'| <

|z| <r+1/, the angle ¢ € (0,7) is given by |2|? =72 + (r')? — 277’ cos ¢.

REMARK 4.2. Clearly AT is symmetric and positive. Notice also that the vectors

(e3,0) and ( (z,0),(—1z,v3 — v}) ) are orthogonal on

((0,0) (J-v,O))’ ((L'v,O) _(U7O)>7 ((LZ,O)J))’ (05 = 04 2, ~ zles)

ol (7] o [l z| |22 + (v — v})?
saying that

At (e3,0) = AT((2,0), (= 2,03 —v}) ) = 0.

Actually we have for any z # 0

ker AT (r,vs, 7, v}, 2) = span{(es3,0), ((z,0), (=12, v3 —v}))}.

A similar result can be carried out for the loss part Qnp; (see Appendix B for the

proof).

PROPOSITION 4.9. For any function f = f(x,v) satisfying the constraint 7f = 0 we

have

(@rpslF 1)) = dvcnsf [ [ o/l + (0a =057 )0 (oL, 7.2

X A7V o0 [(2), 25, 23,0") dv'dadah} (4.8)
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with
AT v, v, 2) = ||[|I|1 o :Zi))ﬂ (B %) e (T lﬂim)
r—r'cosp ((v,0) (+7,0) (+2,0)
I
®{ B <| T >+< 2l °>]

+rr’sin2<p ((Lv,O) _(v,O)) © ((iv',o) ( ’,0))

EE ol

[ (2,0)
L |0 eosp—r)(es —uh) ((lv,m <v,o>)+ (03 = ) G ~lzles)
VP + s —op)2 \ ol 7 [ol 2 + (v — v})2
i — — (2,0)
(r' = rcos ) (vs — v}) (( 107,0) (vco>> (03 = ) 5~ zles)
® )+
2P+ (s —vp)? \ [V] [V VI + (s — v5)?

where z = (W.T + 10) — (w2’ + 1v') and for any 7,7" € Ry, z € R? such that |r — 7| <

|z] <7 +1', the angle p € (0,7) is given by |z|2 = 72 + (r')? — 271’ cos .

For any T = (w1, 12), 2" = (2, 25) € R%, v,v" € R? we introduce the fields

e =t s (G955
(70, 7,0') = {ox}/? [r —1r'cos ((U,O)’ (L?, 0)) N <(J-z70)70)}

|2 i |2

3zu 2 v) = {o 127 sing ((+9,0)  (v,0)
(@0, 7,0) = {ox} ( | )

K o 7 ol

_ (2,0)
@, v, ,v") (1" cosp —r)(vs — v) ((lv,O) (v70)) N (v3 —vg) 7 —lzles
{ox}1/? |z[\/]2]? + (vs — v})? /] V22 + (vs — v})?
where 7 = [ol, 1" = [7],2 = (e + 10) — (T + “7),0 = o/[TFF (55— oA =
x(r,7',2z) and o € (0, ) is given by |2]? = 72 + (r")% — 2r1/ cos p, |r — | < |z| <7+ 1.

Thanks to Propositions 4.8, 4.9 we obtain the representation formula

PROPOSITION 4.10. Consider a function f = f(z,v) satisfying the constraint 7 f = 0.

Then
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1. The averaged Fokker-Planck-Landau operator writes

w2 (QrpL(f 1)) (w,0) =

4

dive, a0 {/ / Z f@ 23,0 (7, v,27,0") @ E(T, v, 2,0 ) Vw0 f(2,0) dv’dx’ldxé}
R2JRS 51
4

—dinC:L’,v {/ / Zf($7v)£i(f7v7?7 ’U/) ®5i§i(?, ’Ul,f,’l))vwcw/,vzf(?7 .%'3,1)’) d’()’dxlldxé}

R2JR? =1

(4.9)

where 61 =69 = —1,e3 =4 = 1.

2. The following properties hold true for any fixed 3 € R

[ [ @erts.p) o) dvdardzs =0, [ [ 0(@erpi(f. ) w.0) dodardas =0

2
/ P Qrpn(f, ) (2. ) duodaydes =0, / / I f (Qrpr(f, 1) (2. v) dodardas < 0.
R2 R2JR3

s 2

Proof. 1. By Proposition 4.8 we know that

w;2 <Q;PL(fvf)> (J),’U) = (410)

4
divy, o0 {/ / Zf(?7 £E3,’U/)(§i)®2(f7v7?7 U/)Vwcz,vf(%“) dﬂldxlldxé} .
R2JR3 i=1

Observe that we have x(r',r,—z) = x(r,7’,2). Therefore the permutation (Z,v) «—

(2/,v") leads to

rsingp (Ué — ’Ug) ((1)/7 0) ( LF, O>>
2V + (s —05)2 \ '] 7 ]

@, 7,0) = {oy} V2 [r’ —7rcosp ((v’, 0) (+v, 0)) B ((lz,0)70)]

|| T —r 2|

& @ v 7,0) = {ox} 20 E << 0,0 (W, 0))

H Ci

— _ _ z,0
@0, T,0)  (reose — 1) (vh — vs) (( 17,0) (v’,0)> ((vs = 04) G2, ~I2les)
'] |2[* + (vs — v3)?

{32 J2ly/[2P + (vs — 05)?

I
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where z = (W.T + 19) — (w2’ + Tv’). By Proposition 4.9 one gets
_9 _ o
we (Qrpr(f. 1)) (2,0) = (4.11)
4 .
divy, a0 / / Z f(z, ) (F,v,2,v") @ g6 (2,0, 7, 0) Va0 [ (2, 23,0") dv'da da)y
o UR R A o

and the first statement follows combining (4.10) and (4.11).

2. The mass, third momentum component and kinetic energy balances for the averaged

Fokker-Planck-Landau operator come by the corresponding properties of the Fokker-
|v

2
Planck-Landau kernel. Indeed, since 1, wvs, Tl belong to ker 7, we can write for any

z3 € R, thanks to Remark 2.1

2 2
/RQ/RS{L'U& |U2|} <QFPL(f, f)> d’Udl’1df£2 = /RQ/R:;{LUS’ |U2|}QFPL(f, f) dUdCL’ldLL‘Q

= (0,0,0).
Similarly since In f € ker 7 one gets
[ [ 107 1Qersr 1)) avasidse = [ [ 10f Qepn(s.1) dvdeiday (112)
R2JR3 R2JR3
o _ , 2
= 1/ / / o(lv =) f(z,v)f(z,0") (0 =v)A(Volnf =V inf) dv’ dvdzydzy < 0.
2 R2JR3JR3 |U_vl|2

Finally observe that (v1) = (v2) =0, (QrpL(f, f)) € ker T and thus trivially

/ /(’01,1}2) <QFPL(f7 f)> dvdxldxg = (0,0)
R2JR3

We establish formally the limit model stated in Theorem 1.1.
Proof. (of Theorem 1.1) Plugging the Ansatz f¢ = f +ef! +2f% + ... into (4.1) we

obtain
(3 a0y + LBV, 1) (b2 ) = Qernl1. )
b oQernlf )+ Qrrr(f' ) +
implying that

Tf=0, Of +v30u,f + %E-va+’ff1 = Qrprlf, f).
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Applying the average operator, we deduce by Propositions 3.4, 4.10 that f satisfies

L
O f + < BE> “Vzf +v30:, f + % (E3) Ous [ = (QrpL) (f, f)-

|
We are searching for extensions of the averaged Fokker-Planck-Landau operator to the
whole space of densities f = f(x,v), not necessarily in the kernel of 7. One possibility

is to consider the extension (Qrpr) obtained thanks to (4.9), that is for any f
w. 2 (QrprL) (f, f) =

4
divy,.z.v {/2/3 Z f@ 23,0 (T, v, 2" ,0") @ E(T, v, 27,0 )V z0 f(2,0) dv'dx'ldxg}
REJRY =1

4
,divwcx,v {/ / Zf(l’7v)£i(f7v,?7 U/) ®gi§i(;, U’,f,v)vwcz/m/f(?, IE37U/) dvldxlldl’/z} .
R2JR3 5
(4.13)

What is remarkable is that this extension still satisfies the mass, third momentum com-

ponent, kinetic energy balances and decreases the entropy fln f, globally in (T, v).

PROPOSITION 4.11. Consider two functions f = f(x,v), ¢ = ¢(x,v). For any z3 € R we
have

2
Ye o

/RZ/RS<QFPL> (f, £l dvdzdas = — 5 (4.14)

4
> / / / FFE-Vinf—eg(&)YV Inf)E - Ve —e(€) V') dv'dadal dvdz;day
i—1 R2JR3JR2JR3
where
f = f(.%',U), f/ = f,($ll,$/27$3,’l}/), VSD = VWCLUQD(.%',U), v/ ' = Vwcx’,v’<P(CL’/17$/27w37U/)

gi = fi(xl,wg,v,x/l,x;,vl), (52)/ = fi(xll,x/27v/,x1,x2,v).

In particular the averaged Fokker-Planck-Landau operator satisfies the mass, third mo-

mentum component, kinetic energy balances (globally in (z1,22,v))

U2
/ / <17vs,| | )(QFPL) (f, f) dvdzidzs = (0,0,0)
R2JR3 2
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and decreases the entropy fln f (globally in (z1, 22, v))

/ / In f(Qrpr) (f, f) dvdzidzs < 0.
R2.JR3

Proof. Notice that for any 1 < i < 4 we have £+ (e3,0) = 0 and therefore the operator
div,, » v acts only in (z1,x2,v). Thus, for any fixed z3 € R we can perform integration

by parts with respect to (z1, z2,v).

/R2 R3<QFPL> (f, [y dvdzdey = _gwg /Rz/Rg/Rz/Rgff/ (4.15)

x{(& V)& - VInf)—e(& Vo) (&) -V'Inf)} dv'deday dvdzidas.

Performing the change of variables (2, 25, v") < (21, x2,v) yields

/Rz/RS@FPLﬂf,f)wdvdxldxz = _éwg/ﬂzz/ﬂg?’/ﬂp/ﬂwff/ (4.16)

< () - V')(E) - V' Inf) —ei((€) - V') - VInf)} dvduiday dv'da’da).
Combining (4.15), (4.16) one gets by Fubini theorem

2 4 )
[ ] @rra s 900 vtz = =525~ [ [ [ [ 1t avasiash dvdesaz,
r2JR3 = Jr2Jre/R2 SR8

where
T = (& Vo—g(&) V') (&-Vinf—e() -V Inf), 1<i<4

Clearly, the divergence form of (Qrpr) guarantees the mass conservation and (4.14)

applied with ¢ = In f ensures that the entropy fIn f is decreasing
/ / In f{Qrpr) (f, f) dvdzidry = ——5 Z/ / / /
RS R2JR3JR2JR3
x (€ Vinf—&(g) V' f/) dv'dzdah dvdzida, <0, 23 € R.

It remains to show the kinetic energy and third momentum component balances. Thanks

to formula (4.14) it is sufficient to check that

3EY
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The above condition is trivially satisfied for ¢ € {1,2}. For i = 3 we have

2 112
g v ey v = oy

r'sin ¢

|2l

rsin ¢

|2l

r+ {ox}/? r’ = 0.

Finally, when ¢ = 4 we obtain

1)2 ,U/Q
54 . v% o 54(54)/ . v/%

o2 (r' cosp —r)(vs —vh)r + |z[Pvs  (rcose — 1) (vh —v3)r’ + |z]?0}
|21V 12]? + (vs — v3)? 2lV/12]? + (vs — vg)?
vy — v

|2|* + (vs — v5)?

= {ox}'/? (7% + (r')* = 2rr" cos o — |2[*] = 0.

Notice also that for any ¢ € {1,2, 3,4} we have
§ Vs — (&) -V =0
saying that (Qrpy) satisfies

/ / v3(Qrpr) (f, f) dvdzydzs = 0.
Rr2JR3

O
REMARK 4.3. By the formula (4.14) we deduce that the positive smooth functions f

satisfying (Qrpr) (f, f) = 0 are those verifying
€ Vinf—g(&) -Vinf =0, ic€{1,23,4}. (4.17)

In particular (4.17) holds true for any Maxwellian f which belongs to ker 7', since in that

case

(QrpL) (f. f) = (QrpL(f, f)) = (0) =0.

We deduce that
€ Vo —ei(&) V¢ =0, i€{1,23,4} (4.18)

for any function p(z,v) = a(z)|v]? + B(x) - v + () satisfying T = 0, and in particular

for the functions

7|7 9|2

5 -
We

1= 1
‘ We
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Notice that T + ? is the center of the circle obtained by projecting the Larmor circle

Cy onto (2}, ) and |7|? + 27 - ? is the power of the origin (0,0) with respect to the

same circle. We obtain, thanks to (4.14) and (4.18), the balances

WA

1=
/Rz/RS<|$|2 + 27 - U) (Qrpr) (f, f) dvdzidas =0

We

=
w ) <QFPL> (f, f) dvdmldxg = (0,0)

for any smooth function f.
The previous identities allow us to establish the mass, momentum, total energy, Larmor
circle center and power conservations for smooth solutions of (1.10), (1.11) coupled with
the Poisson equation for the electric field
E=-V,p, codiv,E(t,x) =q [ f(t,x,v)dv=:p(t,z), (t,2) € Ry x R3.  (4.19)
R3
THEOREM 4.4. Assume that (f, F) is a smooth solution for

+E
8tf+< B >V5f+v38zsf+% <E3> av;;f = <QFPL> (fa f)7 Tf = 0’ (t7x’v) € R“'XRBXRS

codivpE(t,x) =q [ f(t,z,v)dv, E=—V,¢, (t,2) € R, xR
R3

Then we have

d d d
— dvdr =0, — Tf dvde =0, — dvdz =0
dt /]R3 Re,f v Todt /Rs/Rsmf ver Todt /Rs/Rsvf ver

d 2 d —12 1
- 6f(’/ IE\QdH/ mﬁfdvdz =0, —// @+E- %) £ dvdz = 0.
dt | 2 R3 R3JR3 2 dt r3Jra\ 2 We

Proof. The mass conservation comes by the conservative formulation of the Vlasov

equation, which writes
) 4 _
0uf +dive{ FA b4 Oufus) + Lo, (f (B} = @erp) (£.0). (420)

Multiplying (4.20) by v and integrating with respect to (z,v) yield

g/ /vfdvdx—/ gf(E;g)egdz)dslc:O
dt R3JR3 R3JR3MM
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since for functions in ker 7 we can write

/RS/RSU (Qrpr) (f, f) dvdz = /RB/R;) (Qrpr(f, f)) dvdz = /}RS/W(U) Qrpr(f, f) dvde

— [ ©0.0.)Qere(s. 1) dods =0,
RrR3JR3
Using the Poisson equation and the identity
1
div,E E =div,(E®E) — §ng|E\2 (4.21)
we obtain, taking into account that f € ker 7

/ / FEs) dvdz = L FEy dvde = 22 | By div,E da
r3JR3M R3JR3 m Jgrs
€0

1
== dive(EsE) — Z0,.|E)?} de =0
mRB{”W) ! 3||} :

and thus <& [o; [osvf dvdz = 0. Multiplying (4.20) by ™

® and integrating with respect
to (z,v) yield

d mlv|?

f dvdx 7/ / qfvs (E3) dvdx = 0.
R3 JR3

Thanks to the continuity equation

. (TE)
Oy fdv+d1vf/ f dv—i—c‘?ms/ fvsdv =0
]RS R3 B R3
we have
—q/ /ng (Es) dvdx = —q/ /fngg dvdx:q/ /fv38$3¢ dvdz
R3JR3 R3JR3 R3JR3
. (1E)
:—q/ (;58953/ fvgdvdxz/ 10) &gp—i—qdlvg/ f—Fdv, dx
R3 R3 R3 R3 B
| (1E)
= ¢ O¢(godiv,E) dz — ¢ / Ve - 7]” dvdz
RS R3JR3
15
E
=— Vq/) at(soE)dx—i—q/ (E) - < >fdac
_ & d 2
=3 dt/ |E|* dx
implying

{50 |E\2dx+/ / fdvda:}
R3 R3JR3
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By Remark 4.3 we know that

]
w

/]RS/R3f<QFPL> (f, f) dvdx = /H{3/]R3<x+ - > (QrpL) (f, f) dvdz

11—
7‘/R‘5/]R$UJZ} <QFPL>(faf)dUd:17:O

and therefore, multiplying (4.20) by T one gets

g/ ffdvdx—/ f@ dvdx =0
dt R3JR3 RrR3JR3 B o

Appealing to the Poisson equation we have

q/ f <E> dvdx = q/ / fE dvdx = /pﬁ =€ div,EE dx =
R3JR3 R3JR3 R3

— 1
R3 2

and therefore % fR3 ng fT dvdz = 0. In particular the mean Larmor circle center is left

invariant

d | JzsJes f (E—l— :—?) dvdz .
dt Jgs Jgs f dvdz e

By Remark 4.3 we know that

/ / (W2[Z]? + 2w.T - 9) (Qrpr) (f, f) dvdz =0
RS JR3

and for any ¥ (x) € C1(R3) we can write

Y(z) divyg | fodvdz = —/ fU-Vz dvde
R3 RS R3JR3

z—/ f’T?j}dvdx:/ Y T fdvde =0
R3JRS R3 JRS
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saying that divz [, f0 dv = 0. Therefore we deduce

=2 1z 1E 1=
d//(|$|+ )fddm—/ > (x+ U) dvdz
dt R3JR3 2 R3.JR3 w

C

LE 1y #(z)
/Rg B <x+w> ver /]Rs RafB Tdvde 4 | podive | fUdede

c R3 We R3

€0 €0

— 1
= TTB/R zZ- E div,F dxf—q—B g iz (divm(E®E)2V$|E|2> dz

3
= - xQZa E1 7.%1231]. (EQE]) dx
j=1

3
€0 833‘2 8.131
=— | Y S CEE - - EE; d
B/R3j=1{8xj 1= &rj 2 J} v
=0

implying that the mean Larmor circle power (with respect to the origin) is left invariant.

O

Appendix A. Proofs of Propositions 4.4, 4.7.

Proof. (of Proposition 4.4) We follow the same arguments as those in the proof of
Proposition 4.2. The details are left to the reader.

1. Using cylindrical coordinates we obtain

1 2m ™
J = < D(’l},’l)/)f(LU’U/) dvl> = 7/ / / D(|5|€w( Vs, r/e’(“"'m) )
R3 2w Jo JrJ-n Jr,

1= N i
X f( v 7{‘7}'6 } Lz, 7!ty )rdr dpdvida

27
// D([v]e®, vs, e+ yl)
—m JRy

(m L > J‘{|U|ew‘} J_{,r/ei(thra)}
We

We We

, 23,7, vé) r'dr'dpdvyda (A1)

where in the last equality we have used the constraint f € ker 7 i.e., there is g such that
J_f

fa =g v+ 27,

c

zs3, |U|,’U3> 5 («I,’U) S Rs X RS.
We have r/e!#+®) — [glei® = [e/(¥+2) where 12 = 72 + ()2 — 2r1' cos @, r = [0] and

(r")? = r? + 1% + 2rlcosy. Notice that 1 € (0,7) if ¢ € (0,7) and ¢ € (—m,0) if
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¢ € (—m,0). Also ¢ = ¢(p) is odd with respect to ¢ that is ¥(—¢) = —1(p). By

hypothesis we deduce that

#+),1f) =

2 /o o N/ ’oa! ! i(pta
—D(T7U37T7’U37§0)T€ —|—D(’I",U3,’I“,’U37<p)7"€(<p )

D(re', vg, r'el
and thus, if we denote by R(«) the rotation of angle o in R? one gets

27
o / / / R(a+)[D(r,vs,1", 05, 0) re~ " + D'(r, v3,1", 03, ) /e’ =]
™ —m JRy
7 L{leilaty)
( + % z3,T ,vé) r’dr’d<pdvéda

2m
/ / R T U37T ’U3,<,O) re i + D/(T ’U3,7’ U?ﬂ@) r/ei(%’—w)]
—T R+

a5 €L l 1o’
(x +— v + {le 3,7, vé) r'dr'dedvida.
w

C C

Using the symmetry of ¢ with respect to ¢ and changing ¢ against [ yield

27
// / 7' ’1)3,7’ UB’SD) reiiw—'—D(raUBvrlvvév_w) Teiw
Ry
+ D,(T7 U37 T’? 0/37 <)0) ,r,el(kpiw) + El(r7 v37 Tl? vé? _<)O) ,r/eil(gpiw)]

2 €L lete
( {; i , 3,7, 03) r'dr’dpdvida

27 r+r B ) B )
/ / /I ‘ ()[D(r,vs, 7", v, @) re™™ + D(r,v3, 7", v}, —p) eV
r—r!

+ D' (7, vs, 7, 0%, ©) r’ei(‘/’_w) + D' (r, v, v}, —) e 1 FV)]
x ( LT ey ) rdr’ 1dl dvpda
T 3,1, V! .
g We We 3 )= (=2 Jr+r)2 -2

Notice that R(a) = e; ® €7 — ea ® e~ and for any o’ € [0,27) we have

We c c We

1= L]ei 1z L]ei 1y ial o,
g(x-i— v+ {; },xg,r’,vé):f<x+w {te } {r'e },wgmlew‘,vé).
c
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Performing the change of coordinates v’ = (1€’ | v}) and —z = +{le?} leads to

2m 2m
[ [ tese—aste =) e+ by re
o Jr, JrJo Jr,

+ b/(Qp) retlP=¥) 4 D'(—go) r/e—i(cp—ll))]

We We We

— iz Lo
:/ / D([v], v, V'], v5, 2) f <x+ - ,xg,v’> dv'dz
r2 Jr3 We  We @ We

= wf/ / D([T], vs, [V7], vk, (WeT + *T) — (wea’ + L)) (2], 2h, x3,0") dv'da dah.
R2JR3

1= 1 l i Lyt i o, )
x f <1:+ L {te®}  Ar'e },xg,r'em ,vé) x(ry !, =+ {1’} ) dr’ do/ dvgldida

The statement in 2. follows similarly. (Il

Proof. (of Proposition 4.7) Observe that

(v=2")® (-1 dv'>.

v — |2

Dos = ([ #1ato = v a0') 1=( [ slaahotlo~ )

Applying Proposition 4.2 with C' = 1 one gets { [ps fo dv') = w? [g, [os 0 fx dv'da)da).
It remains to compute the second average. Using cylindrical coordinates and the con-

straint 7f =0 i.e., f(z,v) =g (Jc—|— , T3, |7, v3) we obtain

oy o/
- < [ snoto v E=E R a0
2m io _ 0 i(pta !
/ / / | (|o)e r'e (p+a) yg — ) |) (mem — leileta) o v§)®2
e tr, | ([plete —rleilera) fug —ug) |2
75 1 1Y
X f( 7{|U|6 ! ,xg, et g >r'dr’d<,0dv§,da
27 it _
|v|e el e te) s —h) |) (mem — eileta) e v§)®2
.y |v e — P vy — v}

I €1 e L i(pta)
(m + — {[ole } {r'e },x37r’7v§) r’'dr'dpdvida.
We

We We

We introduce 1,4 such that r'e!#+®) — |gle’® = [e/¥+) We have the relations [? =

72+ (r")2 —2rr' cos , r = || and (1')? = 72+ 12+ 2rl cos 1. Since [, are not depending



FINITE LARMOR RADIUS REGIME FOR COLLISIONAL MAGNETIC CONFINEMENT 35

27
/ / / (vg — 1)3) ) (lei(a-m/))’vé _ Us) ®2
—m JRy l + U3 - U3)

= L{Zez(a+¢)}
(ac SR I D o v3) r'dr'dpdvyda

27/ / l2 (vs —Ug) ) (leia o 71}3)@2
—T R+ 12 3 - U3) e

a7 J_ l 1o’
X g ( + { e} x:»,,r’,vé) r'dr'dpdvlda.

C c

on « one gets

Since [ is even with respect to ¢ we obtain, after changing ¢ against [

/2”// [ e

( L{le""}

// /"“*’" / VPH =P (o g e

|r—r Ry 12 + U3 - IUS) e
" (m—i— N H{le*} e ! v’) r'dr’ 1dl dvhda

g We We s 8 \/12 T*’I” \/(T+T/)27l2'
For any o/ € [0,27) we have

N 1z L 1 foicd
ll(X l’L(X 0% L
g(x-i- U—l— {te },l'g,T/,Ué):f<{L'+ {e} {r'e },xgmle”,vé).
w

c c c We We

, w3, v3> r'dr'dpdvyda

Performing the change of coordinates v’ = (1€’ v}) and z = —+{lei®} leads to

2m 2m lQ — )
h= // /// o VPl —wiP )(lemvvé—v?))m
Ry Ry ! (v — v5)?

I L l 1o L et o, )
x f ( v {le}y  Ar'e },xg,r'em ,vé) x(ry ', —=H{le"*})r' dr’ do/ dvildlda
We

(& wC

V122 + (vs — v4)? o 2z =4
/2 /3 |z||2| 3 — v3) )( Loz vl —vg)®2 f (m—i— - — - ,acg,v') x dv'dz
r2 JR

2
(v3 — v}) We — We We

®2
— 2 2 a2 o 4 do’dz’ dx’ .
We /]R?/]R;T(v |Z‘ + (U3 ’U3) )f(ZEl,IQ,l‘g,U ) X |Z‘2 + (’03 _Ué)g U AT ATy
Finally we obtain
2 [ olel + (s — 05 )t ahea ) xS (H2vh =) ) ',

O
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Appendix B. Proofs of Propositions 4.8, 4.9.

Proof. (of Proposition 4.8) Let us introduce the notation

&o(z,v) = /R3 o(lv = '))S(v =) f(z,v" )V, fz,v) dv'.

Thanks to Proposition 3.3 we have

(QFpL(f. 1)) = (div, &) = dwm{ < _ Lv>

: K ‘<||>
rav{ (e 5 ) 5+ (5 ) o

We need to compute (&5), (&7 0), (& - +0). By Proposition 3.1 we know that Z?:o b'®

=l 4

il

= =

V0¥ = I and thus

1
8v1f Zavlwl b Vz vf | | bo : Vr,vf - ;b2 : vz,vf + 2 b4 : v:c,vf'

= ol

Similarly we have

5
; 1
Ouyf =D Ouyti V' - Voo f = — vi2 bO.me+w—b “f+|

i=0 el

| Vool

leading to

Vof = b vaz,vf (LELO) + <_lZ$fvav3f) v , (57 0) .

we|v]? c ]

Taking into account that all derivations b° - V0,0 <4 <5 leave invariant ker 7, cf.

Proposition 3.1, we obtain
€ = (1 G0, el gy (25 o) g o, e
v/ — 9 ’ oS WC|@|2 oS We U3 ) ) oS

{<f,(Lv, Das . ((v,O), (Lv,0)> 00 ((lvv 0 _@ O))}VM,J

ol /o ol

- <f>g'S (E7 —e€3 & 63)vwcm,'uf
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where the lines of the matrix E € M3(R) are ep, —eq, 0. Similarly, thanks to the identities
(,(5,0),(45,0)), ¢ = (f, (+5,0),(7,0)), s = 0 we obtain

_ (v;}(l))h,s , (lzzf,avsf) L@ 0|)1;|(2v70)>0_5 BV, f

_ 7<f’ (670)’<570)>0’S (J_@vo) 7(670) <f7 (5’0)>0‘S e e <f’ (670»05
‘{ [of? ( B Tl >+<E R >}
'Vwca:,vf

and

fo0)= (e 5)

_HU,0,(49,0)),5 8- Vaof  (H(5,0),6 (vaf 5 f>

o2 we 0] ]

1T T T b} (1,
_ {<f,< ’0|);|<2 10))ys (( ;ff)’ ( LmO)) + <E<f<||0>>o> } Vel

In the last equality we have taken into account that
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Af Al
Clearly (QFp.(f, f)) has the form in (4.7) with AT = ( o o ) where
AL A

(A7

xrx)

At = r—1'cosp (1z,0) o ((v,O) (iv,o))

|| 2|

(=1’ cosip)(vs = v5)? (0) ((iv, 0 @ o>)

TR+ (s — )] Tl
sty O\ @0)  ((@0) (‘7,0)

*(l z|2+<v3—vg>2> ®( 7 >

r—1r'cosp (7,0) (+2,0)

TR W ®< ’°>

/UD
212 + (vs —w3)? ) [

0) o <(Lv,0) (v,O))

ol 7 [l

(2,0)
(= osg)vs —up) (“o,0) (3 = D F eles)
ENEEACET T (o5 =

+ (*ES( (J‘z,vé —wv3) JE,ES( (J‘z,vé —v3) Jes ® e3) (B.1)

and

(A+ Am:@ (r')?sin® ¢ )(lv,0>®((v,0) (lv,0)>

v 2P+ (vs —v5)?
/ 1= 1
— 0 0
rrleosp (70, )®<( z, )70)
2] ] 2]

B (r—r"cosp)? \ (7,0) (+9,0) (3,0)
( )5 )

R (v —wh)?

(2,0)
N (r —r'cos)(vz —vh) (v,0) @ ((U?’ — v3) Tz| 7_|Z|e3)
l2|\/2[7 + (vs —v5)? [0l |2]2 + (vs — v3)?
! , o 1= a7
N (r — 1" cosp)(vz — v3) 65 ® (( v,0) (v,0)>

212 + (vs — v3)? ol 7 [l

+ (—e3 @ e3S( (fz,05 —v3) )E,e3 @ e3S( (fz,05 —v3) Jes @es).  (B.2)
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It is easily seen that the matrix AT writes
(17,00
) ( \U| ] )
(r — 1" cos p)? ~ (©,0) @2
+ 11— o —
|2 + (vs *1)3 o]
— v,0
LT r’ cos ( > < g ))
|| ol 7 [9|
— 0 17,0 2,0
LT rcosw((v)(v))®(< o)
|2| [v] ] |2|

_ (r—=1"cosp)(vs — v3) <(v3 - Ué)%’ _|Z‘e3) ® (( 3,0) (@, O))
2[V122 + (v3 —v3)? V]2 + (v3 — v5)? | v

o rom ol 5 (100 _@.0) G ),

At = 2sin?
- |Z|2 (v3 —v3)

,—

|2[/[2]? 4 (v3 — v5)? 7| gl |2]2 + (v3 — v3)?
+ Bt = AT + A] + A + A + A + A+ BT (B.3)
where
B tES((tz,vf —v3) )E ES( (fz,v5 —v3) Jes @ e3

—e3®e3S((t2,v5 —v3) )E ez ®e3S((L2,v5 —v3) Jes ®es

Observe that for any z € R?, v3,v} € R the family

(2,0) V3 — U4 1z |z] (t2,v5 — v3)
2| VIEE + (s — 05)2 21" /22 + (vs — v})? |22 + (v3 — v3)?

is a orthonormal basis of R?. Therefore we have

®2
0) _(z,0) v3 — v} Lz |z
S 1 , I — (Z? ® ) + 3 =
(2w =) |2] |2] VI + (vs — v5)2 217 /22 + (vs — v5)?

implying that for any & = (&;,&,) € RS

(B+£’§) = S( (J_Z US - U3) ) (nga fvz) (Lffa _§v3)

®2
12,0 @2 vy — Uk 2,0 zles
= 0 + 3 - E®E
2 22+ (vs —v5)% |2l 7 /]2 + (vg — 05)?
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and thus

1 ®2 o ®2
Bt (( 270)’0) +< | |2v3 vh (z,O)’_ |z]es ) > =: B +B;.
z

2| + (v3 —v3)? |2 |2[2 + (v3 — v5)?
(B.4)

Observe that

e e e (Psinte (= ) ((3,0) (47,0)
AT+ AT+ AT E B MﬂkQ(%%V1<IM WI>
)

+ {’”TZTO# <(Ivl o |v| )> " <(l|z’|0)70)]®2 >3

’ 2
since (© leiow) =1 (Psin’e )I Tz“ ® and

N2 i 2 1o I ®2
AJ—%A;—%Ag—%B;::(T)jglgj((|ﬁOX—XTJD)
z v v

0) ®2
(r— 1 cos ) (vs — v}) (“v’ 0) _(vvo)) (s = 5P ) . (B
2V 12[% + (vs —vg)? CI V12 A+ (vs —v3)?

]
Our conclusion follows by combining (B.3), (B.4), (B.5), (B.6). O

Proof. (of Proposition 4.9) We consider

&z, v) = /}R3 a(jv =0 )S(v =) f(x,v)Vy flz,v") dv'.

By Proposition 3.3 we have

(QrpL(f, ) = (div, &) = wcdivz{<Lgv> i <5v . U> % _ <5v, |Z|> ?I)}
sl ) 2o 2) e
v, 7, 7, 17,
~ s {<E£”> i <€”' = 7] O)> (Iv(IJ) A\ (|v(|))> : IUIO)}

+ div, {<5v- (lv,0)> (LZ]O) N <§v_ (v,0)> ©0) (es ®63§v>}.

0] vl vl
As in the proof of Proposition 4.8 we obtain

(v/,0)

’ pu—
xT,v |’Ul|

Vo f(z,v") =0"- Voo f

(+v,0) N (_lvzf

welv']?

,%Q+w

(6]
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and therefore

0. , _
& =t ("2l (v) —fao(ha) e (%)
("‘)C|v oS w oS We oS

C

4 , _
+ﬂ%@@%ﬂ@%s+ﬂ%w<b$“fxwﬂ»
oS

r_ " L7
= 7w(2:/ / Uf(I,U)XT T Ccos (270) ® <('U,O)7 ( ga O)> vucx,u/f dv/dxlldz/2
R2.JR3 |Z| |Z‘ |

v'| V']

!/ ! !
—it [ [ sl ) (i
e oo ERE T AT

L7 oy
® (( U7O),_(U’O)>Vwcw,v’f dvldx&dxé
V'] V']

_ wz/ / o f(z,v)xS( (fz,v5 —v3) )(E, —e3® €3) Vo f dv'de,dz).
R2JR3

Similarly, thanks to the identities

bo'vzv’f i — b4'vmv’f — _
<I’2,(J‘v’,0),(v,0)> :<’,(v’,0)7(Lv,0)> =0
wc‘/l)| oS oS

V']
we obtain
(©,0)\ _ Oy f (@, V") O, [ (@, V')
(65 ) = s (22 o)) -t o (LD @) -
+ f(;L‘ﬂ)) <Wﬂ (57 O)> -e3 + f(xvv) <W7 (F, 0)’ (57 0)>
|U| oS |’U| |U/| oS

’ . ) Y, 0
wz/ / o,fX (T COE(P T)(US/ zvj) (U?) US (Za )’_63) . vwcaj’v/f (1/0/(:1x/1d.:1:/2
Rz JR3 |21? + (vs — v3) E{NE]

7w2/ /fo <COS¢+ (rr’coscp)(r’rcoscp)) ((lv',o) (”'70))
¢ Jr2Jrs 2% + (vs — v3)? Cd—l

Veoww [ dv'dzda)

and

<§v.<75f”> =-—f@zv><6%?ixﬂvq’<lv“”>ggel*’f“””)<6%Lf@%vq’(lvin>vée2

we|T]
+fmﬂo<&4ﬁj”)mlmm> ﬁ3+f@ﬂ0<w.VLMﬂ%quLVJW(L%®>
oS

we[o] [v'[?

/ _ 1
_ *WE/ UfXT Co|s<,|0 r (( |Z,|0)’0> Vowor f A0 e
2 : z z

R2JR3
i i)
+ W / /afx (cosgo 2” sin® ¢ ) <(U’O), ( v 0)> Ve [ dv'dzidasy.
R2JR3 |22 + (v3 — v3)? V']

V']

oS
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AL A

VU

Obviously <Q;PL(f, f)> has the form in (4.8) with A~ = ( N ) where

(A A_)__r’—rcosgo (Lz,0)®<(v’,0) (J‘zﬂ,O))
(r" — rcos p)(vs — v4)? (2,0) @ (( +07,0) 7(?, 0)>
|2I[ 12> + (vs —v5)*] |2 I
' sin? ¢ (©,0) ((v’, 0) (+v, O))
_ Q== =
+ (cosw 2|2 + (vs _013)2> |7 || [v/]
r—r'cosp (T,0) (+2,0)
I e (S
(r—r’cosgp)(r'—rcosg&)) (+9,0) ((L’U/,O) _(U’,O))
(oot R o Y\ T
_ (r—r"cosp)(vs —v5) ( 19,0) . <U3 — v} (2,0) _63)
|2]% + (vs — v3)? ] lal  f2]
— BS((*2,v5 —v3) )(E, —e3 ® e3) (B.7)
and

|z|271"'(92:2_¢vé)2) (72,0 ® <(UI’0) (LZ’ 0)>
o - X

L roricosy (19,0) 2 (( |zz,|0)’0> ] 7

_ <cos<p G T‘;'Zoiq()z)ir’_—vg;os w)) (1[;}?) o (( 17.0) _(%0))
R (o (g ()

g e (S G)

|2l ol

—e3®es S( (LZﬂ)é—?)g) )(E,—63®€3). (B.8)
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It is easily seen that the matrix A~ writes

‘4=(ww—z«iﬁiiw)(%9”7Zm)®0ﬁ?‘7ﬁm)

(e ) (30, 60) (0 )
r’ —rcos Lz v Lo’

- (S e ()

() (5

<r'—-rcosqn<v3-vg>(<v3‘*1%>(i?v‘*"e3>(® (! ll“’0>._<”“0)>
[2[V/12[2 + (v = 05)2 /]2 + (v3 — )2

_w—Wwwmw—%W?%w>_m®) (O i)
|z]v/|2]% + (vs — v5)? I |22 + (v3 — v3)?

+ BT = A] +A; + Ay + A7 + A5 + Ay + B~ (B.9)

where, cf. (B.4)

tES((fz,vh —v3) )E ES((Ltz,vh —v3))es ®e
- ((Fz,v5 —v3)) ((Tz,v53—v3) Jes®es (B.10)

—e3®@e3S( (tz,v5 —v3) )E ez ®e3S((Lz,v5 —v3) Jez ® e3

®2
1 ’0 ®2 o 7O
_ (( z ),O> N | |2vs vl (2,0) |z|es ) BT 1 B;.
z

|2] + (v —v5)2 2] 7 |22 + (vs —v5)?

Observe that

Ar Az 4 A7 4B = TSR (s m k) ((0,0) (7D.0))
2L 1217+ (s —v3)%] \ o] * [ol

(
N [r—r’cosga ((U,O), (%,0)) N CT’O),O)]

2| ol "~ [ol z|

®[mﬁf_ﬂ<%ﬁxwﬁf0+<Gamﬁﬂ (B.1)

since

' sin? ¢ (v3 — v4)? (r—r'cosp)(rcosp —1') rr’ sin?
=cosp— T ——
2120122 + (vs — v3)? ] |22 212 + (v3 = v3)?
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and
_ _ _ _ rr'sin® e (( 19,0) (7, 0)) (( Lv0) (v, 0))
Ay + Ay + A5 + By = —, | ® = =
N 212 el ] '] ']
i (2,0)
L[ eosppms —w) <<Lv, )0y (3 = 05) G ~Jelea)
|2[/12]% + (v3 — v5)? ol 7|7l 122 + (vs — v})?
o | (reose —r")(ws —vf) << W0 (@, o>) (2 = o§) 5 Izl (B.12)
2P+ (s —o3)2 X ] 7 ] \/m
since
rr'sin® g (r'cosp — 1) (r' —rcosp)(vy —vh)? (r—r"cosp)(r' —rcosyp)
EE PP+ 2] T T P (- )
Our conclusion follows by combining (B.9), (B.10), (B.11), (B.12). O
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