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Abstract

In this paper we study the asymptotic behavior of the Vlasov-Maxwell
equations with strong magnetic field. More precisely we investigate the Cauchy
problems associated to strong initial magnetic fields. We justify the conver-
gence towards the so-called ”guiding center approximation” when the dynam-
ics is observed on a slower time scale than the plasma frequency. Our proofs

rely on the modulated energy method.
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1 Introduction

The main motivations and applications in plasma physics concern the energy pro-
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duction through the thermonuclear fusion process. Two ways are currently explored
for this: the inertial confinement fusion (ICF) and the magnetic confinement fusion
(MCF). The magnetic confinement is performed in large toroidal devices, called
tokamaks, by using strong magnetic fields. Besides studying these phenomena by
direct observation and measurements, the numerical simulation of them is of crucial
importance.

The dynamics of charged particles is described in terms of a number density by
the Vlasov equation, coupled to the Maxwell equations for the electro-magnetic field.
Generally the numerical resolution of this model requires important computational
efforts, since we are working in a phase space with three spatial dimensions and three
momentum dimensions. Moreover new difficulties appear when studying strong
magnetic field regimes: large magnetic fields introduce a new time scale, related
to the period of rotation of the particles around the magnetic field lines. Since the
cyclotron period is proportional to the inverse of the magnitude of the magnetic field,
the above time scale is very restrictive from the numerical point of view. Hence it
is worth looking for simpler approximate models, like the gyro-kinetic model or the
guiding center model [15], [19]. The limits of the Vlasov or Vlasov-Poisson equations
with strong external magnetic fields have been investigated recently [7], [11], [8], [3].
For related works we refer to [16], [17].

For understanding the effects of strong magnetic fields let us start by analyzing
the motion of individual charged particles under the action of constant electro-
magnetic field (£, B). The motion equations of a particle of mass m and charge ¢

are given by
dX
ds

where (X(s),V(s)) represent the position and velocity at time s. Projecting on the

V(s). % =L 1v)an),

direction of B it is easily seen that

d B ¢ E-B
vy =)= 222
ds< (s) \B!) m B

saying that the particle is advected with the acceleration <22

%ﬁ in the direction of



B. Note that this acceleration do not depend on the magnitude of B. For analyzing
the motion in the plane orthogonal to B it is convenient to represent the velocity as

V(s) = 228 1+ U(s) where U satisfies

|BJ*

v q

— m((E B)%nLU( )/\B).

We denote by U, the projection of U on the plane orthogonal to B

B B
Ui(s) = <— A U(s)) A —.
| B| | B
A straightforward computation shows that U, verifies

2
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implying that

UL (5) = R(—wes)U1(0) = R{—wys) (VL(O) _EAB ) ,

|B?

where w, = |%|B| is the cyclotron frequency and for any 6 € R we denote by R(6)

the rotation of angle € in the plane orthogonal to B, oriented by ¢B. We deduce
that

E/\B

X)) = X000 R (5) VL0 +155

We

+ R( wet + >UL(0)

The particles move on a helix with axis parallel to B and radius (called the Larmor

radius) proportional to wi = Wn%l' Therefore, when the magnetic field is large, the

Larmor radius goes to zero and the particle motion can be approximated by the

EAB
[B]2

motion of the axis, whose velocity in the plane orthogonal to B, given by is
called the drift velocity. Notice that the drift velocity associated to strong magnetic
fields B = O(1/¢) is small ?Q‘Jf = O(e). Hence the motion of the axis becomes
significant only for large observation time O(1/¢).

We consider a population of relativistic electrons whose density in the phase
space is denoted by f. We neglect the collisions between particles assuming that

they interact only by electro-magnetic fields created collectively. The particle density
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depends on time ¢ € R, position z € R3, momentum p € R3 and satisfies the Vlasov

equation

Oif +v(p) - Vaf —e(E(t,2) +v(p) AB(t,2)) - Vp [ =0, (1)

where —e < 0 is the electron charge, v(p) is the relativistic velocity associated to

o(p) = - (1+ LS )é,

me m2ct

the momentum p

me is the electron mass and c¢g is the vacuum light speed. The electro-magnetic field

is defined in a self-consistent way by the Maxwell equations

OE — ¢ curl, B = ; v(p)f(t,z,p) dp, (2)
0 Jrs
OB+ curl, £ = 0, (3)
div, F = ; <n — | f(t,x,p) dp) , div,B =0, (4)
0 R3

where g is the vacuum permittivity and n is the concentration of a background ion
distribution (i.e., the number of ions per volume unit). Let us write the equations

KpTin
e

in dimensionless form. We define the thermal potential by Uy, = where Kp

is the Boltzmann constant and 73y, is the temperature. The thermal momentum pyy,

P \?
MeCh (1+ ;hQ) — 1| = KT,
meCy

pin = (KgTw)?/cy + 2K gTinme)

is given by

which leads to

N

We introduce a length unit L and a time unit 7. As momentum unit we set P = pyy,.

We define dimensionless variables and unknowns by the relations

t=Tt, v=1Lx', p=pwp,

e t x p Ui t x 1m, t x
t = —f(=,=,—), Et = ——"F(=,2), Bt = — B(=,=
f( 7x7p) p?h (T’L’pth)’ (7x> L (T’L)’ (7x) E@Tp (T’L)’



1/2
where T, = (’;2;:) is the inverse of the plasma frequency, n. is the average of the
electron concentration and € > 0 is a small parameter. We assume that the plasma
is globally neutral and therefore we have n, = n. We set

pfh p?h 2 -
UI p/ — p/<1 _'_ p/ ) )
() meKpTh m203| |

e

[N

As a matter of fact note that v(p) = Z2Tny/(p/py,). We also introduce the Debye

Pth

length

Notice that we have KpTy/me = (Ap/Tp)?. Then the equations become having

dropped the primes

KBﬂhT KBﬂhT ( Lme B(t,l’))
of+ —v(p) - Vo f — — | E(t,x) + v(p) A -V, f =0,
f P L (p) / P L ( ) Tppin (p) pf
T mec? B L\’ KgTi, T
oOFE — — eocurh(—)z(—) —j(t, x),
T, KT e ) om0

B T (Ap\°
8t <;) + Tp (TD) Curle = 0,

I\2

div, E = (—) (1 —p(t,x)), div,B =0,
AD

where p(t,z) = [oaf(t,z,p) dp, j(t,x) = [osv(p)f(t, 2, p) dp. We take as length

unit L = Ap and as time unit T = % Observe that

N

KpTn 1) _ ADMe _ (KBTth +2)_
Pth AD Tppth meC%

Finally we obtain the equations

of + 20 s = 2 (B0 + @) 20D w0 )
OE — %Cllﬂx (g) = %J’(t, ), (6)
0, (E> + 1CurlmE’ =0, (7)

9 g
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div, £ =1—p(t,x), div,B =0, (8)

with 8 = £2I8 and v(p) = & (1 + %|p|2)71/2. We are concerned with the asymp-
eCh
totic behavior of (5), (6), (7), (8) when £ \, 0, 5 = O(1) and therefore o = O(1).

In order to simplify our computations we will study the systems

1 1 Be(t, )

o f* + gv(p) Vo ff — B (Es(t,a:) +v(p) A %) -Vpff=0, 9)

1 B\ 1.
O E° — gcurLD <?) = (t,z), (10)
o, (B;) ) (11)

5 €
div,E* =1— p°(t,z), div,B* =0, (12)
i = [ s = [ o o) = (13)
RS R? (1+p[?)>

which has the same structure as (5), (6), (7), (8). We prescribe also the initial

conditions
f2(0,2z,p) = f5(z,p), (E°,B%)(0,z)= (EG, Bg)(z)- (14)

We assume also periodicity in the space variable z € T where T? = R¢/Z<, equipped
with the restriction of the Lebesgue measure of R? on [0,1[%, d € {1,2,3}. The
subject matter of this paper concerns the stability of the solutions (f¢, E¢, B®).o
for well prepared initial conditions (fg, Ef, Bj)->0, where ¢ > 0 is a small parameter.
In particular we are looking for problems with initial magnetic fields B; close to some
constant magnetic field By. In this case it is easily seen that at any time ¢t € R the
magnetic field B® remains close to By. Indeed, consider a constant magnetic field

By € R? and observe that (10), (11) can be written in the form

1 B - B € (t
O, E° — —curl, ( 0) =7 ( ,x)) (15)
€ € €
Bt — B 1
éh (TO) + ECUI"LEE'5 = 0. (16)



Multiplying (9) by (1+ |p|?)2 — 1, (15) by E and (16) by (2=50) one gets as usual

2) dx} =0, (17)

dr < 2 / 3 / (U pP)E = 1)fi,p) dp dr

Bi(z) — By |’
+ /|E§(g;)|2 dm+/ Bi@) = By
T3 T3

In particular we deduce that sup..er, [7s€ *|B*(t,2) — Bo|* dz < +o0 for initial

the conservation

d 1 B — B
a //<<1+|p|2>%—1>ffdpdx+—/ By |P
dt T3JR3 2 T3 £

implying that

/ B(t,z) — By
T3

€

dx.

conditions satisfying

1 1 1
sup{//((1+|pl2)2—1)f8 dpdo+ [P da g [
e>0 T3JR3 T3 T3

Recalling that the unit for the magnetic field was chosen proportional to 1/e, the

B — By
g

2
da:} < +00.

above arguments say that if initially the (unscaled) magnetic field is close to %, then
at any time ¢ > 0 the (unscaled) magnetic field remains close to %; we are dealing
with a strong magnetic field regime. As a matter of fact this regime is consistent with
the Vlasov-Poisson equations with strong external magnetic field. This asymptotic
regime has been investigated in [11] by appealing to compactness methods. In the
two dimensional case the authors justified the convergence towards the vorticity
formulation of the incompressible Euler equations with a right-hand side involving
a defect measure. Another approach uses modulated energy (or relative entropy)
methods, as introduced in [24]. By this technique one gets strong convergences,
provided that the solution of the limit system is smooth. Results for the Vlasov-
Poisson equations with strong magnetic field have been obtained recently in [3],
[12]. More generally the relative entropy method allows the treatement of various
asymptotic questions in plasma physics [4], [14], 2], gas dynamics [22], [1], fluid-
particles interaction [13].

We intend to address the Vlasov-Maxwell system with strong initial magnetic

field by the method of relative entropy. We follow the ideas in [3] by adapting the
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arguments to the relativistic case with self-consistent magnetic field. This general-
ization is important from the physical point of view since we are dealing with a more
realistic model. Besides, this work shows how robust the relative entropy method is,
which is interesting from the mathematical point of view. A complete convergence
result is obtained in the two dimensional case, see Theorem 2.1. As in [11] we ob-
tain as limit model the vorticity formulation of the incompressible Euler equations,
this time without any defect measure since the modulated energy method provides
strong convergences. Both the relativistic and non relativistic cases are treated by
this method. The computations are basically the same, the only main difference
concerning the definition of the modulated energy. We highlight that it is also pos-
sible to handle measure solutions of the Vlasov equation. For example we obtain a
convergence result for particle densities depending on macroscopic charge densities
and mean velocities. We remind that the method in [11] do not allow the treatment
of such situations since it relies on the uniform boundedness in L* of the family of
particle densities. Another original point of this paper is that more accurate limit
models can be derived by using relative entropy techniques. We identify higher limit
models by standard Hilbert expansions. Surely the difficult task is to check the ac-
curacy of these models and this can be done by defining suitable modulated energy
versions, see Theorem 4.1.

The paper is organized as follows. The relativistic Vlasov-Maxwell system in two
dimensions is treated in Section 2. After a formal derivation of the limit system we
introduce the modulated energy. We study the time evolution of it and we deduce
strong convergence for the electro-magnetic field. We obtain also convergence in
the distribution sense for the macroscopic quantities like the charge and current
densities. Section 3 is devoted to other systems, as the non relativistic case or cases
with particle densities depending on macroscopic charge densities and bulk velocities.
In the last section we justify the second order approximation. We construct a more
detailed version for the modulated energy by taking into account the first order

correction terms.



2 The two dimensional case

We consider the Vlasov-Maxwell system (9), (10), (11), (12) in two dimensions.
For any € > 0 we are looking for a solution with particle density f¢ = f¢(¢,z,p),
(t,z,p) € Ry x T?xR? and electro-magnetic field of the form ((E%, E5,0), (0,0, BS)).
It is convenient to introduce the new momentum variable v = £ and the new density

function

Fe(t,z,u) = e f(t,x,eu), (t,r,u) € Ry x T* x R%.

Observe that these distributions have the same charge densities

pS(t,x) = | f°(t,x,p) dp= / Fe(t,z,u) du,
R2 R2

and that the current densities are related by

J(t,x) = /RQv(p)fE(t,:C,p) dp = 5/R v (u)FE(t, z,u) du = eJ*(t, x),

2

where the velocity v° is given by v*(u) = u/(1 + £2|u|?)2. We use the notation
Lo = (vg,—vy), V v = (v1,v2) € R%. With these notations the two dimensional

Vlasov-Maxwell system becomes

1
8tF5+v5(u)-VxF5—?(E5(t,x)+B§(t,x) L% (u)) Vo FF =0, (t,z,u) € RyxT*xR?,

(18)
£ 1 B§ £ 2
O E; — g@m - = Ji(t,z), (t,x) e Ry x T~ (19)
£ 1 B§ € 2
8tE2 + gaml ? = J2 (t,%), (t, .CC) S R+ x T , (20)
B§ 1 5 5 2
at — | + _(al‘lEQ - aﬂczEl) = Oa <t7$> € R-ﬁ- x T ) (21)
5 €
amlE]E_ + a’L“QE; =1- pa(tax>7 (tam) € RJr X T27 (22)
with the initial conditions
Fe(0,z,u) = 52f§(x,5u) =: F5(z,u), (t,z,u) € Ry x T? x R?, (23)
(Ei E3, B;)(O, $) = (Eg,la ES,Q? BS,S)(I‘)’ x e T (24)
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We make the following hypotheses on the initial conditions (f§, £ 1, £5 2, B§ 3)

H1) f6 >0, [ro g f5 (2, p) dp dx = 1;

H2) lima o fra fge (14 [p2)2 = 1) (2, p) dp da = 0;

H3) (E§,, Ej o, Bjs) € L*(T?)® and div, E§ = 1 — p§ where pfj = [p.f§ dp;

H4) there are Ey = (FEy1, Ego) € L*(T?)? verifying 0,,Fo2 — 0z, E01 = 0 and a
constant magnetic field (0,0, By 3) with By 3 # 0 such that

)1 c 1 Bj4(x) — By
ll\l"I(l){§/r2|E0({L‘)—Eg($)|2 da:—l—i/ﬂ(o’sf) dr y =0.

Since div,E5 = 1 — pf and lim~ o E§ = Fy in L*(T?)? we deduce that lim.\ g p§ =
1 — div,Ep in D'(T?) and therefore the electric field Ey € L*(T?)? in H4 solves the
problem

diviEy =0, div,Fy=1-— lim pi in D'(T?).

Assume that the initial charge densities (p§).~o are bounded in L"(T?) for some finite
r > 1 and consider a sequence (e; ) converging towards zero such that limg_ ;o pg" =
po weakly in L"(T?). In this case the electric field appearing in H4 is unique up to
two constants ey = (eg1,€02) € R?, FEy = V.o + €o where ¢g € W>"(T?) is the

unique solution of
_Ax¢0 = po(l‘) - 17 YIS TQv ¢0(‘7;) dr = 0.
T2
Notice that H1, H2 are equivalent to

F5 >0, //Fg(x,u) du dr =1, lim// ((1+52]u\2)%—1)F05(x,u) du dx = 0.
T2.JR2 eNO J12 JR2

The theory for the existence and uniqueness of global classical solution for the rel-

ativistic Vlasov-Maxwell system is now well developed in two dimensions cf. [10].
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2.1 Analysis of the limit system

Let (F©, E5, E5, BS).~0 be smooth solutions for (18), (19), (20), (21), (22) with

smooth initial conditions (23),(24). The conservation of the total energy implies

]_ BE t _ B 2
82/ Ef(u)Fe(t, x,u) du dx + —/ |E=(t,2)|2 + 5(t,x) — Bogs dx
T2 R2 2 T2 6

Be - B 2
= 82/ £°(u)FE (w,u) du dx+1/ B2 ()2 + (M) iz,
T2JR2 2 Jt2 c

where £(u) = e 2((1 + 2[u[?)2 — 1) is the energy associated to the velocity v*(u)

(i.e., V4,5 = v°(u)) and By 3 is the constant appearing in H4. We deduce that

1 B5(t,x) — Bos\”
sup 52/ /Sg(u)FE du dx+—/ {\Eg(t,x)IQ + ( it 2) 0’3) } dr < +o0.
e>0teR:  JT2JR2 2 Jr €

(25)
In particular there is a sequence (gy); converging towards zero such that
Bi* — B
lim (B ESh 2 00 ) — (B, By, by),
i (B Eg, ) (5, )

weakly in L?(]0, T[xT?)?, ¥V T > 0. We use also the conservations of the mass and
momentum

Oyp° + div,J* = 0, (26)

528t/ ukF* du—i—stivx/ (u@v(u))F® du+p*(t,z)E°(t,x) + B5(t, z) = J(t, x) = 0.
R2 R2

(27)
By equation (25) we deduce that lim. g B5(t,-) = Bos in L*(T?) uniformly with

respect to t € R, and thus from (27) we expect that at the limit for £ \, 0 one gets
p(t,2)E(t,z) + By J(t,x) = 0.
Moreover from (21) and (25) we deduce that
Op, B — 0, E1 = 0. (28)
Combining with the continuity equation (26) and (22) we obtain the limit system

E
J=p—010:  diviE =0, (29)



LE

Op + div, (p—) =0, (30)
By

div,E =1—p(t, z). (31)

The above equations can be written
1

E
Olp =1+ 5— Valp—1) =0,
0,3

p(t,x) — 1 = —div,E = 0y, (*E)y — 05, (FE)y, diviE = 0.

We recognize here the Euler equations written in the so-called vorticity formulation
with p — 1 standing for the vorticity and the velocity *E. For the existence theory
of classical solutions to the equations of ideal fluid flow we refer to [18], [23], [5],
[20], [21].

The previous equations are supplemented with the initial condition Ej given in
H4, the initial condition for p being py = 1 — div, Fy. It is easily seen by standard
computation that 1 [,|E(t,z)|* dz is preserved in time. Notice also that when e
goes to zero we expect that the total kinetic and electric energy [, [oa((1+ Ip[2)z —
1)f¢ dp dz + § .| E¢|?* dx is conserved since @ ~ 0 (actually this happens for
the Vlasov-Poisson equations with strong external magnetic field %) Therefore
we can interpret the hypotheses H2, H4 as follows: as € goes to zero the total kinetic
and electric energy of the conditions (f§, E§) converges towards the electric energy
of Ey and the magnetic energy of w goes to zero. We will see that under
these hypotheses we can prove strong convergences in L? for the fields and also
convergences in distributions sense for the charge and current densities. The same

limit system has been obtained in [11], [3].

Theorem 2.1 Assume that the initial conditions (f§, £, Ef 5, B 3)e>0 are smooth
and satisfy the hypotheses H1-Hj. We denote by (f¢, E5, ES, BS).~o the solutions
of the two dimensional problems (9), (10), (11), (12), (13), (14) and we suppose
that the limit system (29), (30), (31) corresponding to the initial electric field Ey

12



appearing in Hj has a smooth solution (p, J, E). Then for any T € Ry we have
1
i [ [ (@) - Do) dpda s [ E() - Bt da
5\0 T2JR2 2 T2
1

B5(t,x) — Bos )\’
n 5/( 3(’372 0’3) dx =0, wuniformly fort € [0,T],
T2

L. . J° ey 2
1 =p, limZ =J inD' (R, x T?),
ligs = ol o =7 DR <)

li{% fe(t,z,p) = p(t,x)d(p), vaguely in Mi(TQ x R?), uniformly for t € [0,T),
where we denote by ML (X) the set of bounded Radon non negative measures on X

and by & the Dirac mass located at the origin of R2.

One of the hypotheses of the above statement concerns the existence of smooth
solutions for the limit system (29), (30), (31). A very simple situation is that when
the initial conditions depend only on ;. In this case the limit system can be solved
explicitly and it is easily seen that the smoothness of the initial conditions propagates
globally in time. This situation arises when studying the Vlasov-Maxwell equations
in the one and one-half dimensional setting [9] that is, the particle density depends
on t,x1,p1, pe and the fields depend on ¢, 1. We are looking now for solutions of the
limit system depending only on ¢ and z;. For any 1-periodic function v = u(z;) we
denote by (u) its average over one period (u) := [;,u(x1) dzy. From (28) we deduce
that 0,, E» = 0. Integrating now (20) with respect to x; € T! yields

d

G | Bty do = [ Fitean) dn = 5000

and after passing to the limit we expect that

%Eg(t) = /Tng(t,xl) dr, = —%. (32)

Combining (19), (22) we find

. p(t, x1)Es(t) Ey(1)
o F1 = lim Ji (¢, =——+=(1-0,F ,
t1 51{% i (t @) Bos ( 1) Bos
implying that ” @
Es(t Es(t
oFE 0., B = . 33
i L+ Bos I Bos (33)
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In this case the continuity equation becomes

Ealt), p=0. (34)

op + -
T By

Multiplying (33) by p and (34) by E; one gets

Es(t) Es(t)

E —20,,(pEy) = t,xy1),
O (pEr) + Bos Oy (PEN) Bos p(t, z1)
and therefore by taking the average we obtain
d Es(t) Es(t)
—(p(t)E1(t)) = t) = . 35
FDB) = o) = (3)

Therefore (32), (35) can be solved with respect to Fy and (pE;) and thus
Ey(t) = E (t)<E)'(t)
= cos | — | — sin [ — | .
2 0,2 30,3 PoLip,1 Bo,g
By H3, H4 E, satisfies diVjEO = 0, saying that indeed Ej2 do not depend on z;,

and div,FEy = 1 — pyp which becomes
axlEgJ =1- po(l’l), xr1 € Tl.

Multiplying by Ep; and integrating over T' yields (poEo1) = (Ep1) and we can

eliminate the function py in the expression of F,

t i t
EQ(t) = EO,Q COS (@) — <E0’1> Sin <%> .

The other unknowns can be easily expressed in terms of the characteristics X (s; ¢, z1)

Eo>

associated to 5
0,3

d FE5(s
L ¥ (sitan) = 22

given by
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2.2 Evolution of the modulated energy

In this paragraph we consider smooth solutions (f¢, Ef, E5, BS).>¢ for the two di-
mensional relativistic Vlasov-Maxwell system associated to smooth initial conditions
(F5, E51, EG 2, Bj 3)e>0 satisfying the hypotheses H1-H4. We assume also that the
limit system (29), (30), (31) has a smooth solution (p, J, E'). Notice that the solu-
tion of the limit system satisfies div,(0;£ — J) = 0 and therefore there is a periodic

function A3 = As(t,x) such that
OFEy — 0y, A3 = J1, OEs + 0, Az = Js. (36)
Actually Aj solves the elliptic space periodic problem
—Ay Az = Opy 1 — Opy Jo,

which has a unique periodic solution, up to an additive constant. In order to fix the

constant we choose the solution with zero space average

/Ag(t,x) dr =0, teR,.
T2

We assume that As is smooth. The proof of Theorem 2.1 relies essentially on the

following proposition.

Proposition 2.1 There is a constant C' depending on || E||w1.0c o 71x72), | A3l o, 11xT2)

such that for any 0 < e < e(C), t € [0,T] we have

e . 2
52/ E (P (1) du di -+ / |E5(t, ) — B(t, o) + (B?’ (t.2) BO’?’) dx
T2JR? 2 J12 -

1 Bt. — Bys\?2
SC’l(t){e—l—az/ £ (u)FE du dx+—/ {|E§—E0|2+ (03—03) } dx},
T2 R2 2 T2 13

where C1(t) = (34 2C (4 +11))e2“ t € [0, 7).

The above proposition is the consequence of several lemmas which are postponed to

the end of this section.
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Proof. (of Theorem 2.1) The first statement comes by Proposition 2.1. The con-
vergence of the charge densities (p°).~o follows easily by (22), (31) since for any

v € CHR, x T?) we have

ll{%/m/ﬂp_ptx o(t, ) dxdt—?{%/ /T2 ) - Vi dedt = 0.

For the convergence of the current densities (J).s¢ = (];)DO we use the momentum

conservation (27). It is easily seen by Proposition 2.1 and the inequalities

elul < e2&(u)+1, Ve >0, (37)
2 €

£ (u) > |ul _ Jullv (U)I’ Veso, (38)
2(1 + [uf?)? 2

that

lim £20), / uF® du=0 in D'(R; x T?)?
e\.0 R2

lim gzdivx/ (u @ v (u))F* du =0 in D'(R, x T?)?
R2

e\0
We introduce the quadratic form F(w) = div,w w —divew ~w. By using (19), (20),
(21), (22) one gets

1_ (B;—B B — B
div,E°E° — (BS — Bys)*“J® = F(E°) — 5Va (T“) — £, { (3703) LEE} .

Notice that F(E?) = div,(E° ® E) — $V,|E|* and since we know that (E¢).-
converges strongly towards F in L?(]0, T[xT?)? we deduce that
n{% F(E°) = F(E) =div,E E in D'(R, x T?)%

Similarly, as lim.\ g (@) =0 in L*(]0, T[xT?) we have
B — Bys\ ’ B — B
lim vx<3—°’3) = lim 0, { (3—03> LE&} =0 in D'(R; x T?),
e\0 £ e\0 £
and therefore
1%{divxE5 E° — (B; — Bys) LJFY =div,E E in D'(Ry x T?)?

16



Passing now to the limit in (27) one gets in D'(R, x T?)?

: Lge 7 £ 1€ € _ L ge
lli%Bo,s Jo = l{%{,@E + (B — Bos) ~J°}

— _ N € 3 : e e e 1 7e
=~ lim B+ lim{div, B* E* — (Bj — Bos) *J°}

= —F+div,EF E=—pFE,

saying that lima\ o J¢ = p% = J in D'(R, x T?)?. Take vp € CY(T? x R?), n > 0

and consider r = r(n) > 0 such that

(2, p) — (x,0)] <n, ¥ (z,p) € T x R, |p| <

Obviously for any [p| > r we have the inequality

() = (@, 0)] < Co ) (L4 pDE —1)),

—1
with C'(n,¢) = 2||¥]|co <(1 +7r2)z — 1) and therefore we can write

/'I'?/R2f€¢ dpdiﬁ—/szw(x,O) d

<

[ (e = plt. )i, 0) da

+ n//f€1{|p|<r} dp az
T2 R2
) [ [ (P 1) £ Lyndp do.
T2JR2

Combining the previous assertions of Theorem 2.1 yields the convergence
h{% fe(t,z,p) = p(t,x)d(p), vaguely in M’ (T? x R?), uniformly for ¢ € [0, T].

[

We detail now some lemmas necessary in the proof of Proposition 2.1. We introduce
the modulated energy

|DP?

HE(t) = 52/T2/RQ(58(U)—D-1L+DT)Fa(t,x,u)dudm

+ %/T2{|E5(t,x)—E(t,x)\2+ (Bg(t’xi_BOf’f} da,

17




where D(t,x) = % = % We give some explanations concerning the construc-
tion of this modulated energy. Clearly the second integral measures the distance
between the electro-magnetic fields (E¢, e 'B5) and (E,e 'Byz). The first inte-
gral represents the kinetic energy of the particles, with velocities computed with
respect to the mean velocity. Actually this is the standard choice for the mod-

ulated kinetic energy cf. [3]. Indeed, at least in the non relativistic case (i.e.,

he(t,x,u) = 3|lu — D(t,z)|?), changing back u with respect to p yields

1
[ [ rts P o dude= [ [ S Do)l s o) dp do
T2 RZ T2 R22

and our claim follows by observing that for € small one has
JeeP St p) dp g (tx)  J(tx)  J(tx)
= =€ ~e
Je e, p) dp  po(t ) " pE(tw) p(t )

Generally, further computations (see Lemma 2.4) will show that the modulated

=eD(t,x).

energy H¢(t) has a good behavior if the function h® satisfies V,,h* = v*(u) — D(t, ).
Therefore we take h* = J|ul> — D(t,z) - u + 5| D(t, )|* in the non relativistic case
and h® = £%(u) — D(t,x) - u + 1| D(t, z)]* in the relativistic case.

We intend to study the time evolution of H®. For this we multiply the Vlasov
equation (18) by the smooth function h®(t,z,u) = £(u) — D(t,x) - u + |D(tm . We
perform our computations in several steps by observing that the Vlasov equation

can be written

(0 F+ div, (v (w) F°)) — div, ((E(t,z) + Bog “v°(u))F?) (39)
—div,, ((E°(t,z) — E(t,z) + (B5(t,z) — Boys) ~v"(u))F*) = 0.

Lemma 2.1 Forany0<e <1, T € Ry, t € [0,T] we have the inequality
(1— 60)62/ E(u)F* dudr —eC < / / h*F*¢ du dx (40)
T2 R2 T2 R2
< (1+e0)e / / E(u)F* du dzx + eC,
T2JR2

where C' is a constant depending on || D||peqorx72). In particular

//55 VFE du dz—eC < & //hF du dg;gg?//ga(u)Ff du dz+eC.
T2.JR2 R2 T2.JR2

18



Proof. We use the inequality (37) and therefore we can write

< 5HDHLOC// (e2&%(u) + 1) F*© du dx

_ aHDHLmeSQ//é’E(u)FE du di + 2| D 1,
T2.JR2

52

/ D - uF® du dz
T2 R2

implying that

82/ / heF* du d:c—eQ/ E°(u)F* du dx
T2 JR2 T2 JR2

< ¢

/ D uF* dudx
T2JR2

DJ?
+ 52/ |T|F€d'l,bdflf
T

2 R2
5||D||Looz-:2/ / E°(u)F® du dx
T2 R2

g2 )
+ el| D]z~ + §|\D\|Loo,

IN

and the first statement follows. The second one comes easily by using also the total

energy conservation (25). O

Lemma 2.2 Forany0<e <1, T € Ry, t€[0,T] we have

/ / e2(0,F° + div, (v:(u)F*))hf du dv = ¢ —/ / hEF® du dx — Q1 (t), (41)
T2 JR2 T2.JR2
where

|Q1(t)] < 082/ EF(u)F*(t, z,u) du dx + Ce,

T2 R2

for some constant depending on || D||w1.qo,r[xT2)-

Proof. Integrating by parts with respect to x we deduce that the term @ (t) in
(41) has the form

£ = g2 / / FE(OF + v () - Vo) du da.
T2 R2
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Using the inequality (38) we deduce that

@@|s¥LL@Mﬂwwwmmwﬂmwmm

IA

SgllatDHLoollDllLoo+€||3tD||Loo//(8255(U)+1)F€ du dx

T2JR2

+ €HVIDHL°<>HDHLOO+2€2|!VxDHLoo//58(U)F5 du dx
T2.JR2

< 052/ ES(u)F*® du dx + Ce.
T2JR2

1
Lemma 2.3 For anye >0, t € R, we have
—/ / div, ((E + Bogs “v°(u))F°) h(t, 2, u) du dz = 0. (42)
T2JR2
Proof. We have
€ e 1 (L 1€ 1 E 1 e 1 + 1. e
Vuh® =v*(u)—D == (-D—"v"(u)) = | ——=— —v°(v) | = ——=— (E+Bys v°(u)),
By s Bos
and our conclusion follows easily by integration by parts. O
Lemma 2.4 Forany0<e <1, T € Ry, t €[0,T] we have
—/ / div, [(E° — E + (B§ — Boys) “v°(w))F°] h* du dx
T2 R2
1d B; — Bos\’
= -= EF—EP 4 (2202 d
2 dt T2 {| | * ( £ o
d B — B
- o [ (B w-a. @
dt T2 £

where Q9 satisfies

]_ BE_B 2
|Q2(t)] < 052+0/ 3 {IEE — B+ <3TO3) } iz,
T2

for some constant C' depending on || As|lw1.0cqo,rix12)s || D|lwieeqo,rxr2)-
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Proof. After integration by parts with respect to u and by taking into account that
Vuhe = v (u) — D(t, ) one gets

_/Q/Qdivu [(E€ — E+ (B — Boj3) Lve(u))Fﬂ he du da (44)
= /I_Q/RQF'E(E"E —E+ (Bg _BO,3) Lve(u))(ve(u) . D) du du
(5 -

_/T2

- / (B~ E) - (J° — Jyde— [D-[(E° — E)(¢* — p) +* (J° — J)(B5 — Boa)] du,

2 T2

E)(J® — p°D) dx — / +J°. D (B — By3) dx

T2

since D - +J = 0. Combining (19), (20), (21), (36) yields

1. (Bi—B
O(B; — Ey) = ~0n, (%“) + On Ay = J; — i, (45)
1. (Bi-B
3t(E§ — EQ) + gaxl <STO73) - a:leS = JQE - J27 (46)
B — B 1 1
o0 (B2 ) 4 20u (85 - B2) - 20(E - B) =0, (1)

Notice that in the last equation we have used 0., Ey — 0., F1 = 0. Multiplying (45)
by E — Ey, (46) by E5 — E, and (47) by e ' (B5 — By 3) implies

1d

B: — Bys\ >
il {|E5 —EP’+ (3—“3) } dz + [ {(ES — E1)8,,As — (ES — E5)0,, A3} dx
2dt T2 5 T2

_ /(JE—J)-(EE—E)dx.

Using one more time (21) we can write
/ (E{0y, A3 — E50,,A3) de = / A3(0y B5 — 04, EY) dx
T2 T2

= — A3at<B§ — Bo,g) dx
T2

d B — B B — B
= —e— | Aj (3—03) dx—i—E/ 0, As (3—03) dx.
dt Jt2 € T2 €

Since [1, (E10y,As — E30,, Ag) do = 0 finally one gets

1d B — Bys\’
/T2(E€—E).(J€—J) de = oo T2{|E€—E|2+<3T°’3) } da (48)

d B — B Bt — B,
A (—> do+ e / 0,4, <—) d.
dt J+o € T2 €
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We transform now the last term in (44) using (45), (46), (47) and (22), (31). We

have

—(p° = p)(E° — E) — (B; — Bos)"(J° — J) = div,(E° — E) (E° — E)
— (B:— Bys) {a;(Ef “E)+ évz (M) _ vag}

= div,(E° — E) (E° — E) + 0,(B5 — Bos) “(E° — E) — 0,((B§ — Bys)"(E° — E))

B — B B — B
_ (3—03) v (3—03> + (BS — Bys)VaAs

£ e

1_ (B:— B3\’
= div,(E° — E) (E° — B) — divi(E° — B) *(E° — E) - gvm(za_(m»)

3

B — B B — B
— 20, (3703 LB — E)> +e (3703) V. As. (49)

We have the identity
1
div,w w — diviw *w = div,(w @ w) — §Vx|w|2,

for any w = (wy,wy) € C*(R?)2. Multiplying (49) by D and integrating by parts
with respect to x yields

D [(p° = p)(E° = E) + (B5 — Bog) ~(J° = J)] dz

T2

- /TQ(VID(EE — E))(E° — E) dx + % /Tz(divxD) {|E5 —E*+ (@) 2} dx

_ d D L(E? _E)<M) dw+€/8tD-l(E€—E)(M> dx
dt € T2 €
B - B
- / (D - V,As) <3—03) dz. (50)
T2

£
Combining (44), (48), (50) and observing that div, D = 0 we deduce that the term
Q2(t) in (43) has the form

B — B BE_ B
_QQ =& atA3 + D v AS) (3TO’S> dl' + ¢ 8tD _L (Ee o E) ( 3 0,3) dl‘

T2 T2 €

/ (V,D(E° — E)) - (E* — E)dx.

T2

By using the inequality

B — B 2 1/Bs— B 2
e|(04As + D - V, A3) (%) ’ < %|8tA3+D'VxA3\2+§( 3 0,3) 7

3

22



we obtain

€ __ 2
Q:(0)] §C€2+C/ %{!EE—E|2+ <@) } i,
T2

for some constant depending on || As ||y jo,r(xT2), || D]lwieeqo,r1xT2)- O

Proof. (of Proposition 2.1) Using the Lemmas 2.2, 2.3, 2.4 in (39) yields

SHD) — e RE(E) = Qult) + Qull) < O+ OWF(h), 51)
t dt
where
cr _ - B3 — Bos -
R (t)_/Tz(AngD L (E° - E)) (—3 . ) dz,
and

1 B — Bys\ °
We(t) = 52/ / E°(W)F* du dx + —/ |E° — B>+ (—3 03) dr.
T2JR2 2 T2 c

By Lemma 2.1 we deduce that |H*(t) — W°(t)] < Ce. Observe also that we have
|Re(t)] < C(1+ We(t)). Integrating (51) over [0, ¢] one gets

t
HE(t) —eR°(t) < H(0) —eR*(0) + Cet + C/ Wre(s), te€l[0,T].  (52)
0
Notice that for any € < 1/(2C') we have

HE(t) — eRE(t) = WE(t) — 2Ce — eCWe(t) > = WE(t) — 2Ck,

DO | —

and

3
HE(0) — eR°(0) < W*H(0) + 2Ce + eCW?(0) < §W5(0) + 2Cke.
Combining the above inequalities with (52) implies
1 g 3 15 ! I
0
and the conclusion follows easily by Gronwall lemma. O

. . . . . . . BE—DBg =
We end this section with a convergence result in distribution sense for <ST°“> £>0-
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Corollary 2.1 Besides the hypotheses of Theorem 2.1 assume that the following

condition holds
x)—Bo,3

H5) lim g [, 202 de = 0.

2

Then we have the convergence lim.\ o BE;B‘W = Az in D'(Ry x T?).

Proof. Combining (45), (46) we have
O(E° — E) =+ V(A5 — As) = J° — J,

B5—Bo,3
52

where A§ := . We deduce easily that

lim/ / (A5 — A3)Vap dudt =0, ¥ ¢ € CL(R, x T2).
N0 SRy JT12

In particular we have lim.\o [, [ (A5 — A3)divee dudt = 0 for any ¢ € C; (R4 x
T?)?. Take now ) € C°(R, x T?) satisfying [, (t,2) dv =0, t € R, and denote
by u the solution of —Ayu(t) = ¥(t,x), v € T? t € Ry, verifying [u(t,z) dz =
0,t € R,. We have

lim / / (A5 — A3)(t,2) dedt = — lim / / (A5 — Ag)div, (Vu) dedt = 0.
N0 JRy JT2 N0 JRy JT2

Take now 1) € C=°(R, x T?) and observing that ¢ — fTQw dx has zero space average
we obtain

lim /R+/T2(A§ — A3)Y(t,x) dedt = lim /R+/T2(A§ — As) (¢ — (¥) + (¢)) dzdt

e\0 eN\.0

— lim [ (W) /T (A5 = Ay) dudt

e\o0 R4
Recall that by definition [,As(t,z) dz = 0, t € R, and by integrating (47) we

deduce that <

% J72A5(t, 2) dov = 0. Therefore the hypothesis H5 yields

liny /R + /T (45— Ayt ) det =l [ (u0) /T A5(0,) ddt = 0.
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3 Other systems

The same method applies for studying other models. We consider here the Vlasov-

Maxwell system in the non relativistic setting and mono-kinetic models.

3.1 Non relativistic model

In the two dimensional case the non relativistic Vlasov equation (9) becomes

8tf€—|—§‘vmf€— % (Es(t,:c) + @ l10) Vofe=0, (t,z,p) € Ry x T? x R?,

(53)
where (Ef, E5, B5).>o solve the two dimensional Maxwell equations with the charge
density fR2 fedp and the current density fRQp fedp. Rescaling the momentum by
p = eu and the particle density by F¢(t,x,u) = &2f(t,z,eu) leads to the same
equations as those in (18), (19), (20), (21), (22) with v*(u) replaced by u and
Je(t, ) replaced by [o,uF*(t,z,u) du. We assume that the hypotheses H1, H3, H4
hold and we replace H2 by

lim// ’p‘2f0 (z,p) dp dz =0,
5\0 T2JR2

lim &2 //—Faxu ) du dz = 0.
e\o T2.JR2

Following the previous method we show the convergence towards a solution (p, J, E)

of (29), (30), (31). The modulated energy is given by

H5(t) = /1'2/R2 lu — D(t,7)|*F*(t,z,u) du dx

N 2/T2{|EE(M) Blt.o) + (Bﬁ(txz: Bog)}dx’

where D(t,x) = i ((:z)) = —ngf).

or equivalently by

Proposition 3.1 There is a constant C' such that for any € > 0 small enough and
t €10, T] we have
H5(t) < O(* + H5(0)). (54)
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Moreover if

2 1 B — Bos\’
supe 2 / ﬂfé(:fn,p) dpdx+ = | |E5 — Eof* + =8 08 gy b < 400,
T2 JR2 2 T2 £

e>0 2
then
—2q ¢
sup ¢ “H5(t) < +oo, VT € Ry (55)
e>0,t€[0,T]
In particular
B - B

supe || B — E|| e qo,7;22(T2)2) + sup || =3 < 400,

e>0 e>0 € L(]0,T[;L2(T2))
and

sup e [|p° — pll oeqorpm—1(12)) + sup e JE = Jllw-rigozpr2yz < +00.

e>0 e>0
Proof. Let us give some details. Asin Lemma 2.2, by using the inequality |u— D| <
1/2 + |u — D|?/2 we have

2 2.d 5
//6—(8tF5+divx(uF5))\u—D]2 duda:—g——//FE\u—D]Q du dz — O\ (t),
T2.JR2 2 2 dt T2.JR2

where
- 1
10:()] < 052/ / SJu— DPF® dudr + O,
T2 R2

for some constant depending on || D||y1.o,rxT2)2. Exactly as in the relativistic

case (see Lemmas 2.3,2.4) we have

1
—/ / div, ((E 4 Bos™u)F®) =|u — D|? du dx = 0,
T2JR2 2
and

1
—/ / div, ((E° — E+ (B — Bos)™u)F°) =|u — D|* du dx
T2JR2 2

1d BE — Bys\ *
= —— Ec — E|? 237 703 d
2dt -|-2<‘ ‘+( 19 v

B — B ~
—) d — Q).

3

d 1 €
— eg [+ D (B —E))(
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where

- 1 BS — Bys\ 2
0:(1)] < 0/ 5 (|E€—E|2+ (3703) ) dx + C&?,
T2

for some constant C' depending on || As|[yw1.00 o, 7(x72): || D|lw.0(jo,71x12)2. Combining

the above computations yields
H5(t) — R < O + OH5(t)
dt” 2 8dt 2 c 20

where R5(t) = [, (A3 + D -+ (E° — E)) <w) dz. The inequality (59) follows

£

immediately by Gronwall lemma, using that

e 2 2 1 B3 — Bogs ’ e
e|R5(t)] < ¢ |As(t, x)|* dx + 1 T’ dx + CeH5(t)
T2 T2

< (% + Ca) HE() + C2 < %H;(t) + 0

for € small enough. The bound of (@) in L>°(]0, T[; H*(T?)) is obvious. The

e>0

L=T)

estimate for ( .o [ollows by combining the arguments in Theorem 2.1 and (55).

Indeed, by the non relativistic version of (27) we have

Bost(JF—J) = —¢€° (8,5/ ukF* du+divw/(u®u)F6 du)
R2 R2

— (Ef — E) +div, E°E° — (B — Byz)*J® — div,FE.
For any ¢ € W1(]0, T[xT?)? we have by (55)

sup 2
e>0

<8t/ ukF* du—kdivx/ (u®u)F* du, <,0>‘ < C||pllwrosr, xT2)2,
R2 R2

and |[(E° — E, )| < Cell@||Le(r, xT2)2. As in the proof of Theorem 2.1 we can write

S¢ = div,E°E* — (B — Boz)*"J° — div,EE
1 Bt — Bys\ B: — B
= F(E°)— F(E) - va(—?’ 0’3) — &0, { (—3 0’3) LEﬁ} .

9 9

It is easily seen that |(S%, )| < Cel|p||wroer, x12)2. Finally one gets

|Bos(*(J° — J), 0} < Cellpllwroeqorixr2,
saying that sup,.e™'|J® — J|lw-11g071xT2)2 < +00. O
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Remark 3.1 The previous result says that the solution of the limit system is a first

order approximation for the non relativistic system (53), (19), (20), (21), (22), i.e.,
B B
Ef=FE+:0(e), ?3 = % +e0(e), p°=p+e0(e), J°=J+0(e),

in the corresponding spaces.

3.2 Mono-kinetic model
As in [16] we analyze also the case of distribution functions of the form
Fe(t,z,u) = p°(t,2)0(u — u(t,z)), (t,z,u) € R, x T? x R?
with a macroscopic density p®(¢, ) and a bulk velocity u®(t, z), or equivalently
fe(t,z,p) = p°(t,2)0(p — eu®(t, ), (t,x,p) € Ry x T? x R?.
Following [6] the mass and momentum conservations lead to the equations
Op° +divy(p°uf) =0, (t,x) € Ry x T?, (56)

1
(9t(pau5)+divx(p€(u5®u5))+;p‘s(Ee(t,a:)—l—Bg(t,a:) Luf(t,2)) =0, (t,x) € Ry xT?
(57)
coupled to the Maxwell equations (19), (20), (21), (22) with Jé(¢, z) = p°(t, x)u®(t, x).

By standard computations we obtain the conservation of the total energy

d 52 € 2 € ]- € 2 Bg(t,x) —B073 2
@{/TJW (t,x)lp(t,x)d:c+§/T2<lE (t, )] +< ; dz p =0.

(58)
We obtain the same limit system
LE(t ‘E
u(t,z) = M, diviE =0, Op+—=—Vep=0, div,E =1—p, (t,z) € R xT?
By s Bos

We work with smooth solutions (p°, u®, ES, ES, BS).>0, (p,u, F) and we define the

modulated energy

2
1
i) = [ St — )P dos g [ 1F ) - Bl dr

e 2
n 1/ (B3(t,a:)—Bo,3) .
2 T2 9
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We assume that the initial conditions satisfy the hypotheses

€ 2
sz 0 [ i =1 e [ 90050 00—,
T2 5\0 T2 2

and H3, H4.

Proposition 3.2 There is a constant C' such that for any € > 0 small enough and

t €10,T] we have

H;(t) < O(* + H5(0)). (59)
In particular
B —B
lim HEE — EHLOO(]O,T[;LQ(TQ)Q) = lim St < 400 =0,
N0 N0 ¢ L= (0T L3 (T2))
and
lim p° = p, lim(p°u®) = pu = E D'(R, x T?)
i " =y L") = pu = pp = in + :

Proof. We study the time evolution of H§ by using the equations for (p°, u®, E5, ES, BS)
and (p,u, F'). By using (56) notice that (57) can be written

1
O + (u® - Vy)u® + g(EE(t, x) 4 B5(t, z) u (t,x)) = 0. (60)

We deduce that

O(u® —u) + (u - Vi) (u® —u) + 8—12(E€(t, x) + Bi(t, x) uf(t,x)) = —0u — (u° - Vy)u.

Multiplying by p®(u® — u) yields
£ . . ()
“(uf - Vo) |uf —ul? + -

= —p O+ (W€ - V)u) - (u€ — ). (61)

%8t|u5 —ul?® + (B + B5*uf) - (uf — u)

Adding to the above equation the equation (56) multiplied by |u® —u|*/2 we deduce
that

1 1 €
§8t(p5\u5 —aul?) + §divx(p5\u5 — ul?u®) + g—z(E8 + B§Lu5) (uf —u)
= —p (O + (u° - Vy)u) - (u° —u). (62)
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Notice that *(u® — u) =+ u® + % and thus (E + Bos tuf) - (uf — u) = 0, implying

that
p°(E° + B *uf) - (uf —u) = (E°—E)-(p°u® — pu) +div(E° — E) (E° — E) -u
— (B5 = Bos) “(p'u’ — pu) - u. (63)
Using now the equations
(B - £ - 201, (B22) 4 00,0 = it -

BS — By s

. 1
0y(E5 — Ey) + gaxl ( .

> — O, Az = pPuy — pus,
€

B:—B 1 1
5 (s_w) + 200, (B — Fy) = 20,,(F5 — B1) =0,

one gets as before

and

/T {diva(B* — B) (B — F) ~ (B; ~ Bog) (5w — pu)} -u dr

€ € d B?E)_B(]73
— - [V - By (- e - e [ (B

B; - B B; - B
n 8/ (3—0’3)l(E5—E)~8tud:c+8/ (3—03) V.As-udr. (65)
T2 e T2 €

Combining (62), (63), (64), (65) and the energy conservation (58) we obtain

)i(Es—E)-udx

HE() < C(e2 + HE(0)) + C / He(s) ds.

implying by Gronwall lemma that lim.\ o H5(¢) = 0 uniformly on compact subsets

of R,. Therefore we deduce the convergences

B5(t) — Bos

lim <Ef(t) — Ei(t), E5(t) — Ex(t), .

e\0

) =(0,0,0) strongly in L*(T?)?,
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uniformly for ¢ in compact subsets of R,. We can show as before the convergence
of the charge and current densities in D'(R, x T?)

limp® =p, lim(p°u) = pu = p—.
lim o* = p, al\rg(pw =g

4 Second order approximation

It was shown that the guiding-center approximation applies for very large initial
magnetic fields, i.e., for very small values of the parameter . But situations with e
not so small could occur and in these cases the above approximations are not good
enough; a higher order analysis is required. In this section we discuss the second
order approximation. In order to simplify the computations we consider the non

relativistic case

1
O F® +u-V,F* — Q(Ea(t, x) + Bi(t,z) u) - V, F© =0, (66)
1 Bs
OE° — —+V, (—3) = J°(t, z), (67)
£ e
B 1
o (—3) + ~div, " E° = 0, (68)
g g
div, E° =1 — p°(t, z), (69)

where F&(t,z,u) = e2f¢(t,x,p), p = cu. As usual we start with a formal analysis.

Let us search for

FE=F+4eFY 4 2F® 4
Ef=FE+eEW 4+ 2@
B§ = B(),g + 62143 + 8314:(),1) + ...

Notice that since lim.\ BimPos — (0 in L2(]0,T[; L2(T?)) for any T € R, there

£

is no first order term in the expansion of B5. We denote by (p,J), (p®, J®)),
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the charge and current densities of F, (F (k))k21- Since 0;p° + div,J* = 0 we have
Owp + divyJ = 0 and 9,p™® + div,J® = 0 for any k > 1. Plugging these ansatz into
the Vlasov equation (66) yields

—(E + Bystu) -V, F =0, (70)

—(E 4+ Bys*u) -V ,FY - BV . v, F =0, (71)
OF4u-V,F —(E+Bysu) -V, F? -EW. v, FO _(E® 4 Astw)-V,F =0. (72)
Multiplying (70), (71) by u and integrating with respect to u yields

pE 4+ Bys™J =0, pVE + BO’?)LJ(U +pEM =,

which is equivalent to

Multiplying now (72) by u we obtain after integration with respect to u
oy J + div, / 2(u @u)F du+ p? E + BystJ® 4+ pMEW 4 pE@ 1 A3t =0,
R
which is equivalent to
Ot J +div, / z(iu®u)F du+p@+E—By3J? +pWEEV 4 ot E@ Ay ] = 0. (74)
R

Multiplying now (70) by u? and ujus implies

EiJq FE\E,
U F du = — =— , 75
/R2 12 B073 p(BO73)2 ( )
and
ErJo + By (E2)? — (Ey)?
| 5 wyp = P (76)
We deduce that
1
(Ve ® V,): / (Cu@u)F du=———(V,®@V,): (p"E®E),  (77)
R? (Bo3)
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and finally by taking the divergence in (74) we find

1
OydiviJ — Boa)? (V. ®V,): (ptE ® E) + div,(p?+E) — Bysdiv,J?
0,3
+ div, (pWEEW) + div, (p E®) — div,(A4sJ) = 0. (78)

Plugging now the asymptotic expansions into the Maxwell equations (67), (68), (69)

and combining with the previous equations yields the systems

1

E
J = P OE —*+V,As=J, diviE =0, div,E =1—p, (79)

0,3

GOy 2 L g
JO = P B+ P , o,EM —+ VxAgl) = Jo dleE =0, div, EM = —p(l),
0,3

(80)

)
O, As +diviE® =0, div,E® = —p®

Bos0ip? + E - Vop® ++ E® . Vop = =0 div, T+ —— (Vo @ V,) : (0" E® E)

(Boa)?

—1EW . V,pW 4 div,(As]) + pd;As.
(81)

Obviously the system (79) is exactly the limit system (29), (30), (31). In order to

solve the second system it is convenient to eliminate J) by taking the divergence
of the time evolution equation for E(!) (or by using the continuity equation d;p(") +

div,J®" = 0). We obtain
BospM +1 E-V,pM ++ BV .V, p=0, div,"EY =0, div,EV = —pW.

The last equation of the third system was obtained by eliminating J in (78) using
the continuity equation &gp ) +div,J® = 0. The equations div, E = div,tEM =0
and div,"E® = —0,A5 have been used as well. We assume that all these sys-
tems have smooth solutions (essentially we need that these solutions belong to

W22 (10, T[xT?) for any T € R, ). We define the modulated energy

/T2/R :

1 B — B 2
+ |E° — E—eEVP(,x) do+ = / =803 e Ay ) () da
2 T2 2 T2 19

LE+eEW
u— e )' Fe(t,z,u) du dz
By
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We assume that sup,.,e *H3(0) < +o0, which is equivalent to

sup e 4{/ /
e>0 T2 R2

2

1
FE du dz + 5/ |ES — Ey — eEV? da
T2

1 Bi,— B 2
2 T2 9

The following results establishes that <E +eBW), % + €A3> (p+epM, J+eJM)
are second order approximations for <E5, %), (p°, J?) where (p, J, E), (pM), JO ED)

solve
atp+%-v ,0:0 div,~E = 0, div,E=1—p,
1 (1) . .
o0 + 5L Vap!) + o Vap =0, div, EW =0, div, EO = —p),
J = pzt J) — e Byt BO

Bo,3’ Bo,3 ’

(82)
with the initial conditions E(0,-) = E,, EM(0,.) = Eél).

Theorem 4.1 Assume that the initial conditions are smooth and satisfy the hy-
potheses H1, H3. We suppose that the limit systems (79), (80), (81) have smooth
solutions. Then for any T € R, there is a constant C' such that for ¢ > 0 small
enough, t € [0,T] we have H5(t) < C(e* + H5(0)). Moreover if the hypotheses H6

holds then sup..g cjor € “Hi(t) < 400 for any T € Ry In particular

B — B
supe ?||EF—E— B HLoo OT[LQ(T2)2)+Sup8 2| 2293 _ o4, < 400,
>0 € Lo (J0,T[L2(T2))
and

sup 2 pf—p—epV) | Loo o,y m-1(T2)) + Sup 2| JE—J—eJW lw—110,71xT2)2 < 4-00.
£> >

Before starting the proof of Theorem 4.1 we give some preliminary results. We write

the Vlasov equation (66) in the form

(O, F° + div,(Feu)) — div, (FF(E + eEW + (Bog + £2A35) )

— div, (FF(E° — E —eEW + (B — Byz — e?43)"u)) = 0.
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2
, Where

We multiply the above equation by hi(t,z,u) = % {u — (D +eDW)(t,z)
D = ;OZ ., DM = LBFT?’ and we perform integration by parts. The computations
are standard but long. Therefore we split them into three lemmas. The notation C
stands for generic constants depending only on the W%>(]0, T[xT?) norms of the

solutions to the limit systems and 7. These constants are allowed to change from

line to line.

Lemma 4.1 Forany0<e <1, T e Ry, t€[0,T] we have

// (O F° + div, (Ffu))hg du de = —Q3(t +€—//hEF5dudx
T2 R2 T2J/R?

- {5/uF€du+ (B;—Bos)* (E°—E—cEW)} -+ (9,D° +(V,D?)Df) du,
ngdt T2

where D° = D 4+ DWW and |Q5(t)| < Ce* + CHS(1).

Proof. We have
2

@t g [ / Fedu+(B5—Bog) " (B* = E—eEV)} -+ (9,D°+(V,.D°) D7) da
03 T2 2

= ¢ //Fs(ﬁthi+u~vxhi)dudx
T2 JR2

_ F(u 8,D° + (V,D°)D?) du d
=D @D+ (9.09)D°) duda
/ / Fe(u— DF) - (Vo D*)(u — DF) du dz
=: +Q5 (83)

It is easily seen that
|Q5(t)] < 062/ / h3F*© du dx. (84)
T2JR2

Observe that we have
Qu(t) = —&2 /T (= D) (D + (V.DF)DF)
We check easily that
J—pDf=J —J—eJY — (pf — p—epM)DF — 2p1 DO, (85)
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Using now the equation div,(E* — E —eEW) = —(p° — p — ep™) we deduce that

82

/ (0° = p—epV)D* - (8,D° + (VD) D7) dx
T2

<Ce?| |[EF—E—ecEW|dx  (86)
T2

1
§054—|—C'/ §|E8 — E—cEW %z,

T2

Obviously we have

2

€ < et (87)

/ e2pWDW . (9,DF + (V,D?)D?) dx
T2

It remains to analyze the term &2 [,(J¢ — J —eJW) - (0,D° + (V,D?)D*) dz. Using

the momentum conservation
g2 ((%/ Feu du + divx/ Feu®u) du) + p°E° ++ J°B; =0,
R? R2

we obtain

Bost(JF — J —eJW) = —Ts — Ty + T, (88)
where
Ty = €2 (at /RFU du + div, /R2F€(u ® u) du) , Ty =FE —E—¢EW,
Ty = div, E°E° — div, EE — e(div, EEW + div, EVE) — (B — Bys)* J°.
We can write by (88)
g [ (=T = eJ0) - (D + (VD)D) dz = ~Quft) = Qr(t) + Qa(0)
where Q; = ¢? [,T; - +(8,D° + (V,D?)D*) dx, j € {6,7,8}. It is casily seen that

)—¢€ —/ / “u-(0,D° + (V,D?)D?) du dx
T2JR2

< Cet —I—Cs//hEFEdudx

and

1
Q7(1)] < Ce + 0/ S| F = E - eEW? dx. (90)

T2
For any w € C*(T?)? we use the notation F(w) = div,w w — div,>w tw. We have

Tg = Tg + T10 with

Ty = F(E°—FE —<cEW) +div,(F° — E — cEW)(E +cEW)

+ divy(E 4+ eEW)(E* — E — eEW) + 2div, EVEW,
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and

Tyo = div,“E5 H(E° — E — eEW) — (BS — Bys)*J-.

Since for any w € C*(T?)? we have F(w) = div,(w ® w) — 3V, |w|* we check easily
that

Qo(t)] = &

/ Ty - +(8,D° + (VD)D) dx
T2

1
< Cet 4 O/ Sl =B - eEW? dx. (91)
T2

For estimating the term 7o we use the equations

1 B — B
O(E° — FE —eEW) - —tv, (3—03 - aAg) =J = J—eJV — ety Al
13 19
and
B: — B 1
) (3—03) + =diviEF = 0.
E 19
We obtain
Tio + (B — Bos) " (J + eJV + v, AY) = —0,{(B5 — Bos)"(E° — E — cEW)}
1 B:— B 2
— —VI ( 3 0,3 — €A3>
2 €
B: - B
— eA3VY, ( 3 203 A3>
19

Therefore we deduce that the term Qqo := €2 [, T10-+ (8, D +(V,D?) D?) dx satisfies

d
(Quolt) + 5 | (B5 = Boa)" (E° — B —cBW) (D" + (Vo D)D) da| < C='

1 (/B;—B 2
+ 0/ 5 (370’3—&43) dz. (92)
T2

Combining the partial computations (83 — 92) we deduce that |Qs(t)] < Ce* +
CH;(). =

Remark 4.1 Using the computations of the previous proof yields also the inequali-

ties

67 = p = &Pl gorin-r1(r2y) < CIIE* = B = eBW |1 o rizacroye),
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and
|76 =T —eJ W ly-11qorixr2y2 < Ce*+C|| BF—E—eEW|| oo qorr2r2)2)+C || H | Lo o, -

For further computations we retain also the following estimate. Consider a smooth
function ¢ € WH(]0, T[xT?)2. Then there is a constant C, depending also on

|¢llwr.eejo,r1xT2)2 such that for any ¢ € [0, 7] we have

2 d
sQ/L(Ja—J B () WPy P (52/uF5du+(B§—BO3)L(E5—E—5E(1)))-gpdx
T2 B[)73 dt T2 R2 '

< Ce' + CH5(1). (93)

The above inequality follows by similar computations as those in the proof of Lemma
4.1: start with the equality (88) and then transform the terms Tg, 17, Ty, Tho per-

forming eventually integration by parts.
Lemma 4.2 For anye > 0,7 € R, ,t € [0,T] we have
— / / leu (Fa(E + EE(I) + <B073 + 62A3)LU)) hi du dx + ng(t)
T2JR2

d A3 D¢
- 52_/ i (52/ Feudu+ (B — Bos) " (E° — E — 5E(1))> dr,
dt Jv2 Bog R2

where |Q13(t)| < Cet + CH(t).
Proof. Observe that for any v € R? we have
(E +eEY + Bystu) - (u— D?) = 0.
Thus integrating by parts and using (85) we obtain
— /TQ/RQdivu(FE(E +eEW 4 (Bys+ € Ag) w))hs du dz
_ _52/2A3Da_¢ua — FDf) dx
= —Qu(Tt) + Qu2(1),
where

Qu(t) = 52/ AsD® A (JF — T —eJW) d, Quat) = 54/ A3DF - (pVDWY da,
T2

T2
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Obviously we have |Q12(t)] < Ce* and by (93) we deduce that

A £
Qu+e¢ AP 82/ Feudu+ (B — Bos)“(E° — E —eEW) ) dz| < Ce*
dt T2 BO 3 R2 ’
+CH(1),
which implies our conclusion. O
Lemma 4.3 Forany0<e <1, T eR,, t €0,T] we have
— / / div, ((E° — E — eEW + (B — By — 2 A3) ) F°) b} du dx
T2JR2
B;—B ?
= |E°—FE —cEW —2E@P 4 [ 203 _ o4, — 52A§1) dx
2 dt T2 g
d 1 E@®)
- (B — By — e2A3)H(E* — E — cEW) . [ D° + &2 dx
dt Bos
gt d
— LE®. /Fﬁudu+A3L(E€—E—gE N ) dr — Qu(t),
B(] 3 dt T2 R2

where |Qan(t)| < Cet + CHI(1).
Proof. Integrating by parts with respect to u and using (85) yields

_/TQ/RZdiVu((EE_ —eEW + (B; — By — €?A3) " u) F®) hs du dx

- /T2/Fz2 (B° = E—eEW + (B — Bos — €’ A3) " u) - (u— D°)F* du du

— / c— E—cEW). (JF — pFDF) dx_/TQ(Bg_Bo’g_ngg)Dg,LJs s
= QT14(’5) — Q15(t) + Qus(2), (94)

where
Q14:/( —E—eEW).(J =T —eJW)dux, Q15(t):52/ pV(Ef—E—-eEW).DW dg,
T2 T2

Qio = — |D*((p° — p—ep")(E* — E — eEW) + (B — By — €2 A3)*(J° — p°D*)) da.

T2

It is easily seen that

1
1Qu5(1)] < Cs4+0/ 5|E€—E—5E<1>|2 dz. (95)
T2
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We use now the equations

—eAy—§A9>=aF—J%Jm—§@E@%
(96)

B — B 1
9, (—3 08 _ Ay — 52A§1)> o divy (B - E—eEW -2 E0) = —9, A0, (97)

1 €
O (EF—FE—cEW _2E®)— Va (B3 — By

9 9

£

and we deduce that

1d B; - B ?
S (]Es—E—aE(l) — 2B ¢ (3703 —cA3 —52A§1)> ) dx
T2

= / (JF—J —eJO —29,E®) . (E° — E—cEY — 2E®) du
T2

B — B
— & atA:(al) (3703 — Az — 82A§1)) dx =: Q17(t). (98)
T2

By using (93) we obtain

— el J_E(Q / Fe
Q17(t) Q14(1) BOS o /T2 5 w du dx

e? d
E;aﬂyﬁ—&@aﬁ—E—dwn FEY dr+ Qus(t). (99)

where |Q13(t)| < Ce* + CH5(t). Using now (85) yields

Qus(t) = D (divy(E* — E —eEW)(E* — E — eEW)
T2
— (B — By — 2 A3)H(J° — J —eJW)) da

+ 52/(35, — Bys — €*A3)D* - (o DW) dx
T2

= Quo(t) + Q20(t). (100)
Taking into account that

B;— B
LI = T —edV) = 4 HEF - B — eEW) 4 L2 (—03

3

— 5A3> — eV, A(l)

3
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we deduce that
div,(E* — E — eEW)(E* — E —eEW) — (B — By — 2 A3) (J° — J — eJW)
= F(Ef — E—eEWY) +div,"(F* — E — cEW) H(EF* — E — cEW)

1_ (Bi—B
— (B§— Bz —°4;) <6#(E€ ~ E—cEW) ¢ Vo (3703 - 5A3> - evag”)

B:— B 2 B:— B
= F(EF—E—e¢EW) - —v <3—“3 - sAg) + &2 (3—03 - EAg) v, AW
g g
— 0, {(B5 — Bos — e A3)*(E° — E —eEW)} — 29, A, (E° — E — cEW),
and therefore we obtain

Qo) = =2

- / (B — Bos — €*A3) (E° — E —eEW) - D° dx + Qu(t), (101)

where

1 B: — B 2
|Q21(t>| S 054+C/ B {|E'E —EE(1)|2—}— <STO’3 _€A3) } dzx.
T2

Observe also that we have

1 (B;—B ?
|Q(t)] < Ce* + 0/ (3—03 - gAg) dx,
T2 2 g
and finally combining (94), (95), (99 — 101) yields our conclusion. O

The previous lemmas allow us to justify the Theorem 4.1

Proof. (of Theorem 4.1) By Lemmas 4.1, 4.2, 4.3 we deduce that

d
/ / hSF® dudr + — |E8 —eEW —2E@2 gy
12 JR2 dt

+ /TQ% (@ — A3 — 52A§,}>)2 dr — %RZ
< Ce' 4+ CHY(),
where
Boait) = [ ([ Fudus 55— o5 o5
L(9,DF + (V,D)DF + Ay*D#) du
+ /T2(B§ — Bos — A3)H(F° — E —eEW) - (BysD* + > E?) dx

- g4/ LE® (/ Fou du+ Ast(E° — E — eE( )) dx.
T2 R2
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We check easily that |R5(¢)] < Ce* + CeHi(t). Observe also that
| | |[E°—E —cEW —22EP? dx —/ |E° — FE — cEW)? dx| < 354/ |[EP|? da
T2 T2 T2
1
+ = [ |E° = E—-eEW)?dx,
2 Jr

implying that

1
—Ce + §/ |Ef — E—eEW)Pdr < / |EF — E —eEW — 2E®? dx
T2 T2

IN

3
Ce' + —/ |Ef — E — eEW)? du.
2 Jy2

Similarly we have

1 [ (B;—B 2 B;- B ?
—Ce* + = / (3—03 - 5A3) dv < / <—3 22 _ed; - 52,453)) dx
2 T2 9 T2 €

3 B: — B, 2
<ol [ (Bt )
T2 g

Finally we deduce that
t
H5(t) < Ce* + CHS5(0) +/ H5(s) ds, t€10,T).
0

Our conclusion follows immediately by Gronwall lemma and Remark 4.1. O

Acknowledgement: The author is thankful to Prof. E. Sonnendriicker for helpful

remarks and advices.
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