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Abstract

The energy production through thermo-nuclear fusion requires the confine-
ment of the plasma into a bounded domain. In most of the cases, such config-
urations are obtained by using strong magnetic fields. Several models exist for
describing the evolution of a strongly magnetized plasma, i.e., guiding-center ap-
proximation, finite Larmor radius regime, etc. The topic of this paper concerns
a different approach leading to plasma confinement. More exactly we are inter-
ested in mathematical models with fast oscillating magnetic fields. We provide

rigorous derivations for this kind of models and analyze their properties.
Keywords: Vlasov equation, Average operator, Multi-scale analysis.

AMS classification: 35Q75, 7T8A35, 82D10.

1 Introduction

Motivated by the energy production through thermo-nuclear fusion, many research
programs concern plasma confinement models. It is well known that good confinement

properties are obtained under strong magnetic fields B = O(1/¢) with € > 0 a small
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parameter. Using the kinetic description and neglecting the particle collisions lead to

the Vlasov equation
@fﬂ+§¢vﬁﬁ+e(E%Lx)+£%AB%axg.vN%:cu(u%p)eR+xR?xR3(n
with the initial condition

f0,2,p) = f™(z,p), (z,p) € R® xR (2)

Here f¢ = fe(t,x,p) > 0 is the distribution function of the particles in the position-
momentum phase space (z,p) € R*xR3, m is the particle mass, e is the particle charge
and (E¢, B?) stands for the electro-magnetic field.

Standard configurations ensuring confinement are those obtained by applying strong
magnetic fields. For example, assuming that the electric field derives from a given
potential £ = —V ¢ and the magnetic field is stationary, divergence free

B(z)

B (z) = .

b(z), divy(Bb) =0, 0<e<<1

for some scalar positive function B(z) and some field of unitary vectors b(z), lead to

the Vlasov equation

of + L9, (eB) + 2y b)) Vo =0, o) = )

whose limit as € \, 0 is known as the guiding-center approximation. The particles
rotate around the magnetic lines and the radius of this circular motion, which is called
the Larmor radius py, is proportional to the inverse of the magnetic field. Therefore
when the magnetic field is strong, the typical Larmor radius vanishes and the particles
remain confined along the magnetic lines. But the frequency of these rotations, which is
called the cyclotronic frequency, is proportional with the magnetic field. Consequently,
high magnetic fields introduce small time scales, since the cyclotronic period is much
smaller than the observation time. Clearly, the transport equation (3) involves multiple
scales: fast motion around the magnetic lines driven by the Laplace force in WCT(m)(p A
b) - V,, and slow motion corresponding to the advection 2 -V, 4 eE -V,

From the numerical point of view, the efficient resolution of (3) requires multiple
scale analysis [3] or homogenization techniques. It is also possible to appeal to La-

grangian and Hamiltonian methods [9]. For a unified treatment of the main physical
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ideas and theoretical methods that have emerged on magnetic plasma confinement we
refer to [15].

The guiding-center approximation for the Vlasov-Maxwell system was studied in
[5] by the modulated energy method. The case of three dimensional general magnetic
shapes (3) has been studied in [7], using a general method, based on ergodicity, in-
troduced in [6]. It was proved in [7] that the limit density f = lim.\ o f© satisfies the

Vlasov equation
Of +b(z) @ b(m)% Vo f + (eb(x) @ b(x)E + w(@,p) p) - Vpf =0

where for any (z, p) with pAb(z) # 0 the symbol p stands for the orthogonal momentum
to p, contained in the plane determined by b(x) and p, and such that its coordinate
along b(x) is positive, that means

b(x) A (p Ab(x))

p=IpAb(x)]b(z) = (p-b(x))

[p A b(x)]
and the frequency w(z, p) is given by
_leAb(@)] . (p-b(x) (0D p
wiw.p) = 2m diveb m Ox (@) lpAb(x)] ) pAbz) 70

The analysis of the Vlasov or Vlasov-Poisson equations with large external magnetic
field have been carried out in [10], [12], [8], [11], [13]. The numerical approximation
of the gyrokinetic models has been performed in [14] using semi-Lagrangian schemes.
Other methods are based on the water bag representation of the distribution function
[16].

Notice that configurations with large magnetic field amplitude require huge energy
since the magnetic energy is quadratic with respect to |B*| = B/e.

We investigate here models with fast oscillating magnetic fields
B (t,x) = 0(t/e)B(z)b(x), 0 <e<<1 (4)

where 6 = 0(s) is a given T periodic profile of class C''. The magnetic energy dissipated
in this case is much lower than for the guiding-center approximation and remains of
order of |B|?. Therefore such models will be more interesting for real life applications,
provided they still have good confinement properties. At this stage we neglect the

gradient and curvature effects of the magnetic field, assuming that
B = B%(t) =0(t/<)(0,0, B)
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for some constant B > 0. The general model including gradient and curvature effects
will be discussed in Section 7. The vector potential corresponding to this magnetic

field, i.e., satisfying B¢ = curl, A®, div,A® = 0 is given by
€ B 1 1
A (t,l’)z—g «9(15/5) €, T = (x%_xla())'
Decomposing the electric field into gradient and rotational parts
Ef = —-V,¢ + curl,y®
we deduce, by Faraday’s law 0, B¢ + curl, £ = 0 that
curl, (0, A% + curl,¥®) = 0, div,(0,A° + curl,y)®) =0
and therefore the electric field induced by the time fluctuations of the magnetic field is
€ € B / 1
curl,y)* = —0,A° = — 0'(t/e) .
2e
The Vlasov equation becomes, with the notations *p = (ps, —p1,0) and £ = —V,¢
€ p 5 mwe / 1 1 e __
0%+ Lo Vo + (Bl 2) + 00 (1) + we 6(t/2) p) - Vol = 0. (5)

Here £ = —V,¢ is a given irrotational electric field or can be determined eventually
by solving the Poisson equation

(&

av,50) = -2,00 = < { [ Flesn) do-m(of, ter,, ce® @

The concentration ng(z) corresponds to a neutralizing background of charged particles
of opposite sign and & is the electric permittivity of the vacuum.

Our paper is organized as follows. The main results are presented in Section 2.
In Section 3 we introduce the mathematical tools that we need for our analysis. It
mainly concerns the average operator with respect to characteristic flows. We discuss
its main properties as range characterization, Poincaré and Sobolev inequalities. Some
commutation results are established in Section 4. Section 5 is devoted to the derivation
of the limit model, which follows in a natural way by appealing to the average operator
introduced before. We establish the conservation of the total energy and justify the
confinement properties for such a model. The asymptotic behaviour towards this limit
model is analyzed in Section 6. The general three dimensional setting is investigated

in the last section.



2 Presentation of the model and main results

The Vlasov equation (5) reduces to the characteristic system

dX®  P(t) dP?

= S = eB(LXU(1) + 0 (t/2) XU +wb(t/e) L. (7

It is convenient to introduce the fast variable s = t/e and the standard ansatz
Xe(t) = XOt, t)e) + e X (t, t/e) + ..., P(t) = P°(t,t/e) +eP(t, t/e) + ...

(here all dependences with respect to the fast variable s are supposed T' periodic, as

the profile # = 6(s)) leading to
0, 1o +o0 1, 1 1 P
O X"+ -0, X" +e(0 X + -0, X" )+...= —4+e—+ ...
£ £ m m
and

8tPO + laspo + 6(8,5P1 + laspl) to = GE(t’Xo + gXl + )

€ c mWe
2
+ wl(t/e) H(PP+eP' + ).

0'(t)e) H(XO+eX!+..)

At least formally one gets the equations

9,X° =0, 9,P° = %e’@) L X0 (8)
at the lowest order e~! and
0 1 P’ 0 1 0 Mwe 1yl 1 p0
X"+ 0, X =—, OP" +0,P =eE(t,X )—1—70 (s) "X 4+ wb(s) ~P"  (9)
m

at the next order £°. It follows that the quantities

MW,

XU 0:P0—
- Q =

(s) ~X°

depend only on t. Therefore, in order to obtain the characteristic equations satisfied
by the leading order terms (X P%) we write the equations (9) in terms of (X°, Q°)
and eliminate (X!, P!) by averaging with respect to the fast variable s over one period.

The first equation in (9) becomes

0
HXO 40X = L 4 Yegsytxo
m 2
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and therefore averaging with respect to s yields

dX°  Q(t)  we 1 w0
=L Sy o /9 (10)
Similarly, the second equation in (9) implies
) (QO + %0(3) LXo) +0,P' = eE(t,X°) + m“’ca (01x1) - "egis)a, L x?
mwc
+ wel(s) {Q° + —=6(s) T X%

= eB(t, X°) + Tas{eixl}

m 2

= %9@) L {Q—O +200(s) LXO - atxo}
+ ( )J_QO 092< )J_J_XO_

Finally one gets

mwc mwf 02(3) L1 x0

0Q° +9,P' = eB(t,X°) + 1

G{HLXH 0(s) ~Q° +

and therefore, averaging with respect to s yields

dQO 0 We 110 2 0 2
WO B X0(0) + 5 (9) LQU0) + T (6) L x0, (57) = / (5) ds.
(11)

We associate to the characteristic equations (10), (11) the transport equation

2
09"+ (= +55(0) ") - Vg + (eE(t, o)+ 5 (0) Fat T () “w) Vg = 0.

2 2 4
(12)
Since we have

(X3(0), () ~ (X°(11/2), PP(1.1/2) = (X°(0).Q°0) + "=0(1/2) *X°(1))
and assuming that X¢(0) = z, P¢(0) = p we can write
FE(t, X0t t)2), POt tfe)) = fo(t, X5(t), PA(t) = [™(x,p)

g"(t. XO(t t/e), PO(t t)e) — —=0(t/e) "X (t,t/e)) = g"(t, X (1), Q°(t)) = g™ (2, q)

and therefore we can expect that

mw,
felt,z,p) ~ ¢"(t,xz, g =p— —0(t/e) t2), ase \,0

provided that the initial conditions are well prepared. Introducing the density f°(¢, s, z,p) =
g°(t,z,p — mw.H(s)/2 +z) in the phase space (s,z,p) we deduce that f&(t,z,p) ~
POt 2,2, p) as € N\, 0.



Theorem 2.1 Assume that E € L (R ; L®(R?)), fi* € L2(R® x R?). For any e > 0

loc

let f© € L®(Ry; L*(R2 xR3)) be a weak solution of (5). Then there is a sequence (€,)n

converging to zero such that (f), two-scale converges towards a weak solution of

0+ (2 = 5 (0(s) — (0) ) - Vs (13)
b (eBa)+ ZE00) + (0) p+ () - 0°0) ) T =0
£(0.5..p) = f" (w0 = 52 (0(s) = 0(0)) “w ) € ker T. (14)

Consequently we have to study the confinement properties of the limit model (12)
(or (13)). Indeed, such models lead to confinement. For convincing ourselves let us
consider a particular case, that of vanishing electric potential ¢ = 0. The characteristic

system for (X°, Q%) becomes

dd_)f B Q:Lt) + % (0) ~X°), dd%o = % (0) Q1) + mT“ (67) +-X°(t)
implying that
X0 we d+ X0
T %((92> — (0)2) L XO(t) = w, (6) ' (15)

dt

0
Multiplying by e we obtain the conservation

d | 1]dX°
dt | 2| dt

If 0 is not a constant profile (i.e., the magnetic field oscillates in time), then

2 2

+ 2207 - <0>2>§|MX0|2} ~0.

(6~ (0) = £ (0 (9)7) > 0

and clearly the projection of X°(¢) on the orthogonal directions with respect to the
magnetic field oscillates around the magnetic lines. The oscillation frequencies can be
computed explicitely in this particular case. Observe that the components (X7, X5)

satisfy

X0+ (07) + 02X+ () - 07, =0

The roots of the characteristic polynomial are purely imaginary

i (V167 = (0))



and therefore the oscillation frequencies in the plane (z1, 72) are %= (1/(0?) £ (¢)). The
plasma remains confined along the magnetic lines. Generally we establish the following

result

Theorem 2.2 Assume that A € C*(R) is nonincreasing, nonnegative and vanishes on

[L,+o0[, for some L > 0. Let the initial condition f™ satisfy

F2 (@ p) < Mx(@,p = mwed(0)/2 “x) + eh(0, )

where
mwe 2 mw? Lx|?
X(0) = o fo+ T ) 2l + T (o) — (0?2
If the electric potential ¢ € CH(Ry x R?) satisfies
lim < eo(t,x) —/ sup{edio(s,y)} ds + e <92> —— p =400 (16)
|+ @|—+o0 0 yeR3 4 2

uniformly with respect tot € Ry, x3 € R, then there is a constant R > 0 such that for
any t € Ry, s € R the solution of the problem (13), (14) verifies

supp fo(t7$7 B) ) - {(.Z',p) : ‘J_ajl < R}
We also prove a strong convergence result

Theorem 2.3 Assume that E € L (R ;W>*(R3)), ,F € Li (Ry; L>®(R3)), the
initial condition f™ has compact support and belongs to W2>°(R3xR3). Let fO(t, s, x,p)
be the solution of (13), (14) and (f¢). the solutions of the problems (5), (2). Then for
any interval [0, I] C Ry there is a constant C(I) such that

1Fe(t, ) = ot t )2, ) n2rexrsy < C(I) e, t€[0,1], > 0.

3 Average operator

The previous considerations clearly show that the limit of the Vlasov equation with
fast oscillating magnetic field deals with multi-scale techniques and homogenization
arguments. For the rigorous derivation of the limit model (12) we appeal to a slightly

different method, based on Hilbert expansion at the density level

fe(t,z,p) =[Ot t/e,x,p) +ef'(t,t/e,x,p) + ... (17)
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In this section we assume that £ = —V ¢ is a given electric field. Plugging this ansatz

into (5) leads to

of' 200 4 (A 20 ) ot L (T 42V )

muw
E(t 0
+ (e (t2) + 2

(t/e) fx +wel(t/e) “p) - (Vpf’ +eV,fl +..) =0 (18)

and we obtain formally

MW,

0
Osf° + 5

—<0'(s) t2 -V, =0 (19)

1

at the lowest order ¢~ and

mw,

Ouf*+ Vo' + (Bt ) +wb(s) 'p) - Vpf + 0. +

0'(s) tx-V,f' =0 (20)

at the next order €°. The following operator will play a crucial role in our analysis

Tu = div(sy {u (1, m;CQ '(s) Lx)} (21)

with domain

MW,
2

D(T) = {u € L%(R; IA(RExRY)) : diva,) {u (1, 0'(s) La;)} € L4 (R,; L*(R3xR?))}

with L% (R,; X) the space of square integrable T' periodic functions u : R — (X, || - ||x),

([ 1o os) "

The notation || - || stands for the standard norm of L% (R,; L*(R3 x R?))

=[], rusxm?dpdxds)

We denote by (S, X,P) = (S,X,P)(r;s,z,p) the characteristics of the first order

endowed with the norm

1/2

differential operator 9, + ™20'(s) tz -V,

as dX dP  mw, 1
o= 1, e =0, p —=0'(S(7)) ~X(S(1)) (22)

with the conditions

S(0;s,2,p) =s, X(0;s,2,p) =2, P(0;s,2,p) =p.



It is easily seen that

S(t;s,x,p) =s+71, X(r;s,2,p) =z, P(r;s,z,p) =p+ %(9(3 +7) —0(s)) ‘.
(23)
Notice that {z,p — "*=0(s) L2} is a complete family of functional independent prime
integrals of (22). We introduce the average operator along the characteristic flow (23)
cf. [6]

1

W (ep) = 5 [ uS(rise) Xrisap). Plrsan)dr (@0

1 /7
= T/o u(s—i—r,x,p—i—%w(s—i—ﬂ—@(s))Lx) dr

1 /7
= T/o u (T,x,p - %«9(3) Lo+ %9(7’) L$> dr

for any function u € L% (Ry; L*(R3 x R?)).

Proposition 3.1 The average operator is linear continuous. It coincides with the

orthogonal projection on the kernel of T 1i.e.,

T
(u) € ker T : // / (u—(u))p dpdzrds =0, V¢ € ker 7.
0 Jr3JR3
Proof. For any function u € L% (R,; L*(R3 x R?)) we have

MW

2

[ (W) [*(s,2,p) < %/OT Jul® <5+77$,p+ O(s+71)—0(s)) Lx) dr

implying that

1 /7
= // / |u|? <s +7,2,p+ mwc(Q(s +7)—0(s)) Lx) dpdxdr
T 0 JR3JR3 2

1 (T
= —// |u|2(8+7',x,p) dpdzdr
T 0 Rlﬂ Rlﬂ

1
= . (25)

|1 Bes) apas

IN

Therefore we have
| (u) || < [lull, Vue Li(Ry;L*RE xRY))

saying that (-) € L(L%(Ry; L*(R3 x RY)), L2, (Ry; L*(RZ x R?))). It is well known that

the kernel of 7 is given by the functions invariant along the characteristics (23)

ker 7 = {u € Li(RS; L*(R? x ]Ri)) : J v such that u(s,z,p) =v (m,p — m;cﬁ(s) Lx) } .
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Clearly (u) depends only on x and p — ™0(s) *x, cf. (24), and thus (u) belongs to

ker 7. Pick a function ¢ € ker 7 i.e.,

mw,

—0(s) Lx)

30 plsp) = v (o -5

and let us compute [ = fOTfRS Jgs (u— (u))e dpdads. Using the change of coordinates

We

qg=p-— mTQ(S) L, for fixed (s, ), one gets

[ = /OT/R 3 /R (= (w) (s,x,q+m2“’”9(s) La:) ¥(w, q) dgdads

- / i) { / Cu (g () L) ds - T <u>} dgda
0

and therefore (u) = Projy, ru for any u € L} (Ry; L*(R3 x R?)). In particular (u) = u

for any u € ker 7. O

We investigate now the solvability of the equation 7u = v. We have a simple character-
ization in terms of the kernel of the average operator. Notice that if v = 7u € Range T

we have for any ¢ € ker 7

T T T
/ / / (v —0)p dpdzds = / / Tu ¢ dpdaxds = — / / / uT ¢ dpdrds =0
0 JR3JRS 0 JR3JRS 0 JR3JRS

saying by Proposition 3.1 that (v) = 0. Moreover we have

Proposition 3.2 The restriction of T to ker (-) is one to one map onto ker (). Its

inverse belongs to L(ker (-) ,ker (-)) and we have the Poincaré inequality
llul| < T||[Tul| for anyuwe D(T)Nker(-).

Proof. We already know that Range 7 C ker (-). Assume now that v € D(7) Nker (-)
such that 7u = 0. Since () = Proji.,+ we have u = (u) = 0 saying that 7 |iey) is
injective. Consider now v € ker (-) and let us prove that there is u € ker (-) N D(7)
such that 7u = v. For any o > 0 there is a unique u, € D(7) such that

a Uy + Tu, = . (26)

Indeed it is easily seen that the solutions (us)a>0 are given by

Ua(s,,p) = / e (s +7,x,p— m;CH(s) Lo+ %9(5 +7) L31:) dr.
R_
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Applying the average operator to (26) yields (u,) = 0 for any a > 0. We introduce

the function

0
V(r;s,x,p) = / v (S +rx,p— m;CQ(S) Lo+ %0(3 +7) Lx) dr.

Notice that for any fixed (s, z,p) the function 7 — V(7;s,x,p) is T periodic, because

(v) = 0 and thus ||V (7)|| < T||v|| for any 7 € R. Integrating by parts we obtain

Ua (s, x,p) = —/ e 70,V dr = / ae"V(r;s,z,p) ds

implying that
e | S/R ae®||V(r)lldr < Tlvf].

Extracting a sequence (ay,), such that lim, . a, = 0, lim, . u,, = u weakly in

L4(Ry; L*(R2 x R?)) we deduce easily that
we D(T), Tu=v, (u) =0, [ju] <Tlvl|

saying that (T\ker<.>)_1 is bounded linear operator and || (T\ker<.>)_1 | er(y ey < T

(I

Remark 3.1 Notice that T~ leaves invariant the set of zero average functions, with
compact support. Indeed, if v € ker(:) has compact support, let us say supp v C
{(s,z,p) : |z| < R,|p| < R} for some R > 0, it is easily seen that for any o > 0, the

function u, in (26) has compact support (uniformly with respect to «)
supp ta C {(s,2,p) : |z < R, |p| < (14 mlwe| [|0]|~)R}
and therefore the weak limit v = limy~ o uo has compact support.

Notice that we have the orthogonal decomposition of L2, (R,; L*(R3 xR?)) into invariant
functions along the characteristics (22) and zero average functions u = (u) + (u — (u)),

since by Proposition 3.1 we have

/OT/R3 /Rg(u — () (u) dpdzds = 0.

We end this section with the following Sobolev inequality
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Proposition 3.3 There is a constant C = C(T') such that for any function u € D(T)

we have
[l e (ry; 2 (rE xR3)) < C(T)(Jlull + ([ Tul]).

In particular for any function uw € D(T) Nker (-) we have
[l o s> gy < C(T)(L+ T[T ul].

Proof. Without loss of generality we can assume that the function w is smooth (the
general case follows by standard density arguments). For any s € R and ¢t € [s — T, s]

we have

dis {U (Su‘rap — m;c(g(t) —0(s)) Lx)} = (Tu) (s,x,p _

After integration one gets

u (s, z,p— m;‘f(e(t) —4(s)) La:) = ult, x,p)—i—/s Tu (T, 7.p = E(0(E) — 0(r) Lx)

t

implying that
lu(s, - M Zamaxrsy < 2llult, - ) Zamaxrs + 2T Tull*.
Averaging with respect to t over the period [s — T, s] yields
2 2, 2
HUHL;f(RS;LQ(Ring)) < fHUH + 27| T ul|

and the first statement follows with C(7) = max{+/2/T,v2T}. Moreover, if u €
D(T) Nker (-) we know by Proposition 3.2 that ||u|| < T||7ul|| and therefore

[l Lo oz xmy)) < CONTNTull + ([ Tull) = CT) A+ T)| T ul]

4 Commutation properties of the average with re-
spect to derivations

We have seen that 7 ! restricted to zero average functions is linear and continuous. In

view of further regularity that we need for the asymptotic analysis of (5) we investigate
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now the action of 71 and (-) over subspaces of smooth functions. We formulate our
statements in the general framework of a characteristic flow associated to smooth,

divergence free fields. Let b : R™ — R™ be a field satisfying

be WhX(R™), divyb=0

loc

and the growth condition
3C>0: [b(y)| <CA+yl), yeR™

Under the above hypotheses the characteristic flow Y = Y'(s;y) is well defined

dy
5 = W¥(s19)), (s,9) € R xR™
Y(0;9) =y, yeR™,

and has the regularity Y € Wl’oo(]R x R™). Since the field is divergence free, we deduce

loc

by Liouville’s theorem that for any s € R, the map y — Y (s;y) is measure preserving.
Notice that we don’t make any periodicity assumption on the flow Y. As usual the

notation b - V,, stands for the first order differential operator with domain
D(b-V,) ={ue L*(R™) : div,(u(y)b(y)) € L*(R™)}

which maps any v € D(b- V,) to the function div,(u(y)b(y)). The kernel of this

operator is given by L? functions which are constant along the flow Y
ker(b-V,) = {ue L*(R™) : u(Y(s;y)) =u(y), s €R, ae.y € R™}.
It is easily seen that for any function u € L2(R™) and any T > 0

H%iATuOﬁa))ds

and therefore we can expect compactness properties for the family of averages along

the flow Y i.e., {%fOTU(Y(S; -)) ds,T > 0}. Indeed, the mean ergodic theorem, or

S HUHLZ(Rm)
L2(R7n)

von Neumann’s ergodic theorem (see [18], pp. 57) allows us to construct the average

operator along the flow Y.

Proposition 4.1 For any function u € L*(R™) the averages %fOT u(Y(s;+)) ds con-

verge strongly in L*(R™), when T — +oo, towards some function denoted (u) €
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L*(R™). The map (-) : L*(R™) — L*(R™) is linear, continuous and coincides with

the orthogonal projection on ker(b- V)

(u) € ker(b- V) - / (uly) — ) ())(y) dy = 0, ¥ g € ker(b- V).

m

It is easily seen that Range (b-V,) C ker (-). Actually it is shown in [6] that Range (b- V) =
ker (-). We are searching now for derivations commuting with the average operator.
We prove that the average operator is commuting with any derivation c- V, associated
to a field ¢ in involution with b. We recall here the following basic results concern-
ing derivation operators along fields in R™. For any & = (&(y),...,&n(y)), where
y € R™, we denote by L¢ the operator {-V,. A direct computation shows that for any
smooth fields £, 7, the commutator between Lg, L, is still a first order operator, given

by [Le, Ly) := L¢L,) — L,,L¢ = L, where x is the Poisson bracket of { and 7

x =&l [Enli= (- Vy)n— (V)& = Le(mi) — Ly(&), i€ {1,....,m}.

It is well known (see [2], pp. 93) that L¢, L, commute (or equivalently the Poisson
bracket [£, 7] vanishes) iff the flows corresponding to &, 1, let say Z;, Zs, commute

Z1(s1; Za(s2;y)) = Za(s2; Z1(5139)), s1,52 €R, y € R™.
Consider a smooth field ¢ in involution with b and having bounded divergence

c € WEX(R™), divye € L°(R™), [c,b] =0

loc

and let us denote by Z the flow associated to ¢ (we assume that Z is well defined for

any (s,y) € R x R™). We claim that the following commutation property holds true.

Proposition 4.2 Assume that ¢ is a smooth field in involution with b, with bounded
divergence and well defined flow. Then the average operator commutes with the trans-

lations along the flow of ¢

(wo Z(h;+)) = (u) o Z(h;-), u e L*(R™), heR.
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Proof. The commutation property of the flows Y, Z and Proposition 4.1 allow us to

write the strong convergences in L*(R™)

T—+oc0

1t
(uoZ(h;+)) = lim T/o uo Z(h;Y(s;+)) ds

= lim l/Tqu(S;Z(h;~)) ds (27)

T—+oo

_ ( i /0 Tu(Y(s;-)) ds) o Z(h;") (28)

T—+oo T’
= (u)oZ(h;). (29)

Notice that the third equality in the above computations follows by changing the

variable along the flow Z and by using the boundedness of div,c. O

We denote by ¢ -V, the operator with the domain
D(c-V,) ={ue L*(R™) : div,(u(y)c(y)) € L*(R™)}
which maps any function v € D(c- V) to the function div,(uc) — u div,ec.

Proposition 4.3 Under the hypotheses of Proposition 4.2, assume that u € D(c-V,).
Then (u) € D(c-V,) and ¢-V, (u) = (¢ V,u).

Proof. For any h € R* we have

(upo Z(h; ) = (u) _ (uo Z(h;-)) = (u) _ <qu(h;~) —U>.

h - h h

Since u € D(c- V) we have the strong convergence limy,_q(uo Z(h;-) —u)/h = c¢-Vyu
in L?(R™) and by the continuity of the average operator, we deduce that

(u) 0 Z(h;-) — (u)

i h = (e~ Vyu)
strongly in L*(R™), saying that (u) € D(c-V,) and ¢V, (u) = {c- V,u). O

Similarly we can prove

Proposition 4.4 Assume that u € W'P([0,T]; L*(R™)) for some p € (1,+00). Then
the application (t,y) — (u(t,-)) (y) belongs to WP([0, T]; L*(R™)) and we have 0, (u) =
(8tu>
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We are ready now to study how the regularity propagates under the action of (b-V,) ™.

We make the following assumption (Poincaré inequality)

3 Cp > 0 such that [jul[z2@m) < Cp||b- Vyul|lr2@m), Y u € D(b-V,) Nker(-) (30)

meaning that the range of b- V,, is closed i.e., Range (b-V,) = Range (b- V) = ker (-)
and b -V, restricted to ker (-) is one to one map onto ker (-) with bounded inverse.
Notice that the above hypothesis is satisfied by the operator in (21), cf. Proposition
3.2.

Proposition 4.5 Under the hypotheses of Proposition 4.2 and (30) assume that v €
ker (-) N D(c-V,). Let us denote by u the unique zero average solution of b- V,u = v.

Then v € D(c- V) and ||c- Vyul|2@m) < Cpllc- Vvl r2@m).

Proof. For any h € R* we have uy, :== uoZ(h;-) € D(b-V,) and b-V, u, = (b-V,u), =
vp,. Therefore we deduce that b -V, (u, —u) = v, — v. Since the average is commuting

with the translations along the flow of ¢ we have
(tn — ) = {un) — (u) = (), — () =00 =0
and we can apply the Poincaré inequality (30)
lup — ul[L2@my < Cpllvn — V|| L2@@my, b € R

Therefore sup,cg- ||un — vl|L2@my/|h| < Cp|lc - Vyv|[L2@my saying that u € D(c- V)

and ||c- Vyul|p2@my < Cpllc- Vyv||L2mm). Notice also that we have
b-Vy(c-Vyu)=c-Vy(b-Vyu)=c-Vyw

with (¢- Vyu) = ¢V, (u) = 0 saying that (b-V,) " (c- V,0) =c- V,u. O

4.1 Regularity propagation under fast oscillating magnetic

fields

We apply the previous general results to the operator (21) acting on the phase space
(s,z,p) € R". We indicate a complete family of fields in involution with respect to

Os + ™=0(s) ta - V,. The reader can convince himself by direct computations.
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Proposition 4.6 The following fields are in involution with respect to Os+"5=0"(s) L.

Vo

MW,
70(8)81727 02 ’ v(57x7p) 8332 +

Mwe
2

1

c - V(ijyp) = axl — 9(5)8p1, 63 . V(szyp) = 8353

C4 ) V(S,I,p) = 8p17 05 ) V(s,x,p) = ap2’ C6 ’ V(S,IJJ) = ap3'

Proposition 4.7 Assume that v € ker(-) such that Vv, Vyv € (L3 (Ry; L*(RS x
R3)))%.  Let us denote by u the unique zero average solution of Tu = v. Then

Vo, Vyu € (L4 (Ry; L*(RE x R3)))? and
102y ull < T 02y 0| + mo|wel[|0]] oo @) [|Ops 0 }

10 ull < T 0, 0| + 2| we[|0]] oo 23 [|Opy 0 }

10wy ull < T Dyl |Op,u

| < Ty

|, ie{1,2,3}.

Proof. By the hypotheses we know that v € N%_ D(¢' - V(5 ,,)) and therefore Propo-

sition 4.5 implies
w€NiD( - Visap), I Viapul TN - Vieapoll, i€{1,...,6}.
In particular we have Vyu, Vyu € (L% (R,; L* (RS x R?)))?
10wy ull < TN Oyl NOp,ull < TN Gp0ll, @€ {1,2,3}

MW,
[0z, ul| = ||01'V(s,x,p>U+—9 Opyu|

|WC|

IN

le" - Vspyull + 101] oo ) | Oy

m|WC|

IA

Tt Vigapoll + T 101] oo (r3) || Op, V|

A\

T{|0wy 0l + m\wcll\9|\Lw(R3>HapQUH}

and similarly ||, ull < T{[|02,v]| + mlwe||0]| Loo @) [|Opy 0] }- O
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5 Limit model

We are ready now to investigate the limit model of (5) as e \, 0. We appeal to the
method introduced in [6] for general transport problems (see also [4]) which combines
Hilbert expansion and average properties. A rigorous convergence result is obtained
using the notion of two-scale convergence. We analyze the properties of the limit model,
in particular we establish the energy conservation and justify the confinement around

the magnetic lines. The terms in the Hilbert expansion (17) satisfy
Tf0=0 (31)

01"+ L V0 4 (eB(t, ) + wls) D) Vuf* 4 TS =0, (32)

The equation (31) says that at any time ¢t € R, the function (s,x,p) — f°(¢, s, z,p)
belongs to ker 7 and therefore

MW,
fot, s, 2, p) = ¢° (tw,p - 0(s) Lfv) :

The time evolution equation for f° is obtained from (32) after eliminating f'. Thanks

to Proposition 3.2 we have for any ¢t € R,
o f° + % Vaof' 4 (eE(t, ) +wh(s) “p) - V,f° € Range T = ker (-) .
Therefore (32) is equivalent to
<at £+ % Vo fO + (eB(t,x) + wa(s) Lp) - V, f0> —0, teR,. (33)

It is easily seen that (9;f°) = 0, (f°) = 0,f°. It remains to compute the averages of
the derivatives with respect to x and p. For simplifying the computations we assume
that fY is smooth but it can be shown that the limit model which we will obtain still

holds true in the distribution sense.

Lemma 5.1 Assume that f(s,z,p) =g (x,q =p— "520(s) Lx) s smooth. Then we

have

2
(2var) = (L4 %0 ) Vgt (2100 " 0) 0) - Vg

mw?

— (2__(0—@)){@).vxf+<%(9—<0>)ip+ 46(29<(9>—<92>—02)ux)~v,,f
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and

((eE(z) + wlb “p) -V, f) = eE-V,g+ (wc (0) +q+ mwa (6°) LLx) V49

= (B wcle) o4 () -0 0) ) Vo

Proof. We have, with the notation +V, = (9,,, —0,,,0)

Mwe
2

vacf = vxg + 8(‘9) qug

and therefore

<% : fo> =(p)- vﬂig + % (pl) - ~Vyg

since the derivatives of g are constant along the characteristic flow (22). By the defi-

nition of the average operator we have

(p) = l/OT {p—%e(s) Lx+%9(7) Lx} dr

T 2
= q+ e 0) *a
2
where ¢ = p — mzwc@(s) L2, Similarly we obtain
00 = % [ {p- 200 e "0 oot a
po) = 7 i p——0(s) "o+ —=0(r) “wp O(r) dr
mw,
= q(0) + — (6*) *x
and finally

(Lov.f)=(L+ =(6) o) Vg + (% (0)q+ mTwQ (6%) Lﬂf) + Vg

m m

The second statement follows easily observing that V,f = V, g and therefore

((eB(z) 4w "p)-V,f) = eB(x) Veg+w.(0 " p) Vg

i MWz o\ 11
= eE(x) -V + [w:(0) q—|—7<9 ) Tra) - Vg
1
Combining the previous computations yields the transport equation
We We mw?
B,° + (% + = () Lm) V.q' + (eE + 5 0) +q+ e < (6% LLx) V9" =0 (34)
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which is exactly (12). Performing the change of unknown f°(t,s,z,p) = ¢°(t,z,p —

meef(s) ta) leads to

0" + (= S 00s) = (0) w) - VoS (35)
+ (eE(t, ) + %(9(3) +(0)) *p+ mng(<62> — 0%(s)) lLaz) -V, [0 =0.

Based on the concept of two-scale convergence, introduced in [17] and developed in [1]
we prove a two-scale convergence result of the solutions in (5) towards (35), supple-

mented by an appropriate initial condition.

Definition 5.1 Let (f™(t,z,p))nen+ be a sequence in L*([0, I]; L*(R3 x R?)). We say
that (f")n two-scale converges towards some function fO € L*([0,I]; L3, (Ry; L*(RS x
R2))) iff we have

I Iy (T

i [ [ [ frepetaemp) ddste= [ 2 ] (000050 diedsa
n—-+4oo 0 JR3JR3 0 T 0 JR3JR3

for any test function ¢ € L*([0,I]; C%(Ry; L*(R* x R?))) (here CY(Ry; X) stands for

the set of continuous T' periodic functions with values in the normed linear space X ).
Adapting the arguments in [1] we obtain

Proposition 5.1 Let (f°(t,z,p))es0 be a bounded family in L*([0,I]; L*(R3 x R?)).
Then there is a sequence €, \, 0 and a function f® € L*([0,I]; L3 (Ry; L*(R3 x R?)))

such that (f"),, two-scale converges towards f°.

Proof. (of Theorem 2.1) We use the weak formulation of (5) with the test function
n(t)e(t/e, z,p) where n € CH(R,) and p € CH(R/TZ x R?® x R?). We obtain

=10) [ [ o) dte— [ w') [ [ Feame/enp dpdode
_/R:?/Rs Step) Eé’sw(t/ax,pH%-wa(t/e,x,p)] dpdzdt

mwe ,,

- [ L e+ o) bt wttefe) L] - Vyettfe ) dparar
= 0.

Multiplying the previous formulation by ¢, one gets by two-scale convergence (after

extraction eventually)
1 T
[ onog [ ] s an)Tots..0) dpdsdsit = o
Ry 1 JoJrsJgs
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saying that f°(¢,-,-,-) € ker 7 for any t € R,. We use now the same weak formulation,
but with ¢ € CH{(R/TZ x R3 x R3) Nker7. For example take ¢(s,z,p) = ¥(x,p —
meef(s) ta) with ¢ € CHR? x R?), let us say supp ¢ C {(z,q) : max{|z|, |¢|} < R}.
In this case supp ¢ C {(s,#,p) : max{|z[, [p[} < (1 + m|we[[|0]| o= (s)/2) R} Since
o(s,z,p) € ker T we have

MW,

2e

SOupltfe,p) + S0 (1)) - Vyplt/fe, ) = 0

and the weak formulation becomes

w0 [ [ rame e ame— [ o) [ [ nstse . aa

—/R n(t) /11@3/11@3](5 [% - Vap(t/e,z,p) + (eE + wb(t/e) Tp) - Vpp(t/e,x,p)| dpdzdt
~ 0. (36)

As before, by two-scale convergence one gets

im [ ') / F2(t, 2, p)o(t /e, 2, p) dpdadt
N0 JR, R3JR3

1 T
:/ n’(t)—// fO(t, s, z,p)p(s, z,p) dpdrdsdt.
Ry T Jo JrsJrs

Similarly one gets

i [0 [ [ 5[ 2 Vaplt/einp) + B+ wlt/2) “p) - Vot/z,m,p)] dpdade
eN\o0 R, JR3JR3 m

T
- / Q // fo(ta'S)xvp) [2 : VzQO + (€E + wcé(s) Lp) . VPSO:| dpdl’det
R+T 0 JR3JR3 m

Therefore (36) implies

o in . n't) ’ 0
00) [ [ o0 e e [ 90 [ s s, ) dpdrasat

i) ' 0 P LY.
/]R+ T /O/RS RSf (t,s,z,p) [m Voo + (eE 4+ wb(s) Tp) Vpgo] dpdzdsdt. (37)

We transform the term involving the initial condition. Since ¢ € ker 7 we have for any

seR

MW,

T@(O) Lx + e

T@(s) Lx)

cp(O,x,p) =@ (S,CC,p -
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implying that

T/Rg/RSfin@(O,x,p) dpdx :/OT/R?)/R?)fin(a:,p)@ (s,x,p - m;C(O(O) —0(s)) lx) dpdxds

:/OT/R?)/R?)fin (x,p B m2%<0<3) —0(0)) L*f) ¢(s,z,p) dpdads.
(38)

We transform now the right hand side of (37) thanks to Lemma 5.1. Indeed, since
f(t,-,+,-) € kerT, for any t € R, we have by the variational formulation of the

average operator in Proposition 3.1

T
// fO(t) [ﬁ Vo + (eE +wb(s) “p) - Vpgo} dpdzds
0 JR3JR3 m
’ p
= // / f° <— Vg + (eE +wb(s) Tp) - Vp<p> dpdxds
0 JR3JR3 m

= [ [ ro]Z-ew-o ) v

+ (eE + %(9(8) +(0)) *p+ %(<02> — 0%(s)) le) : Vpgp} dpdzds. (39)

Combining now (37), (38), (39) implies that fY is a weak solution of the transport
problem (13), (14). Equivalently, the function ¢° such that fO(t,s,z,p) = ¢°(t,z,p —
mw./2 0(s) L) is a weak solution of the transport equation (34), supplemented by the

initial condition
mw,

2

°0,z,q) = f™ (x,q + 6(0) lx) . (40)

]

Notice that the model (34), (40) is posed in a six dimensional phase space whereas

the model (13), (14) acts on a seven dimensional phase space. Thus, at least for the
numerical point of view it is preferable to appeal to (34), (40).

It is interesting to observe that, as € \, 0, the kinetic energy of fO(¢,t/e,-,) ~

fe(t,-,-) can be decomposed into kinetic energy and elastic energy associated to the

density ¢°
*)?

Wo(t):/RS/RS{%‘qum;C ) ix‘2+mT“3(<92>—<9>2) ;” }go(t,x,q) dgdz.

Moreover, when the electric potential solves the Poisson equation corresponding to the

concentration

fo(t,t/{f’.ilj,p) dp = / gO <t,l’,p—
R3 R3

MW,

e0it/) o) dp= [ 0w do
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the total energy is preserved. In order to simplify our computations we work with

smooth solutions.

Proposition 5.2 Assume that f™ is nonnegative, f™ € Wh°(R? x R?) such that

[ el + Py e.) dpds < +ox.
R3JR3
i) If B € L (R ; WH2(R3)) is a given electric field then

2
/ |2297L fo(t, /e, x,p) dpde — WO(t) weakly % in LL.(Ry) as e\ 0.  (41)
R3JR3

i) If f™ has compact support and E € Li (Ry; W°(R?)), then there is a continuous

nondecreasing function R depending on t, such that

supp ¢°(t,-,-) C {(x,q) : |z[ < R(t), |g] < R(1)}, t€R,.

i) If E belongs to € Li (Ry; Wh(R3)) and solves the Poisson equation

e

= V., —Ao(t) = — (/R3 9°(t,2,q) dg — no(flf)) (42)

€o
such that E(0,-) € (L*(R?))3, then

d 0 2
7 {W 2 |E| dx} 0.

Proof. i) It is easily seen that

| [ revemm i = [
R3JR3 R3JR3
= //g(t,w,q) dgdx

R3JR3
= //go(o,x,q) dgdz

R3JR3

— / fin x,q+mw09(0) lx) dgdz
R 2

3JR3
= //fm:r;p dpdx
R3JR3

saying that fO(t,t/e,-,-) belongs to L'(R3 x R3) uniformly in ¢ € Ry, ¢ > 0. We

O(t/e) * ) dpdx

consider the function

2
x(z,q) = —/ meQ(S) Lw) ds
g mwf o T2 we i
= om T W)t O )
mwc 2 mw? Lx)?
= o g T gy T ) — o)
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Observe that

We

(242 0) T (e84 2 0) 200 2 () <0 ) Ty = e (24 % 0) )

m 2 2

and thus multiplying (34) by x we deduce

//gqu dgdz = // (t,x,q)eE - < +—<9>Lx> dgdx (44)
R3JR3 R3S JR3 2
MWe 2 1
< //g |6E|{—‘q me 6) ‘z +—} dgdzx
R3JR3 2m

< leB(t)]| po ey / /g qudw—l—mf £ dpda.
2m R3JR3

By Gronwall’s lemma it follows that [o, [os 9°(-, 2, ¢)x (2, ¢) dgdz € LS. (Ry)

E oo )
//go(t,x,Q)x dgdz < (/ /gO(O,x,Q)X dqdw+H6 oo (M/ /f‘“ dpd:v>
R3JR3 R3JR3 2m R3JR3
t
X exp (/ leE(s) || poo(r3) ds) :
0

(R4) we can write

For any function n € L{

loc

0 Ids
ll{l{l) n(t)/ f (t,t/e,x p)2 dpdadt

. mwe ’p|2
= 1 t O(t/e) + dpdzdt
1 0 J =500 ) 5

mw
— i t t,,—’ Ot l’dddt
lim R+n()43439(xq)2mQ+ 5 (t/e) ~x| dqdax

= /R+ n(t) A3A3go(t7x,q)x(x7q) dgdzdt

saying that
/ Sgijfo(t t/e,x,p) dpdr — W°(t) weakly » in LS(R,) as €\, 0.
ii) Assume that supp f™ C {(z,p) : |z| < R™ |p| < R™} with R™ > 0. Therefore
supp ¢°(0,+,) € {(z,q) : o] < B™, gl < (1 +mlwel/2 [|0]|1=(zs)) B}
c {(z,q) : \/m < vR™ |z3] < vR™} (45)
for some v > 0. We consider a function £ satisfying
£eC'(R), 0<E<T, suppé =Ry, ¢'>0.
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Applying the weak formulation of (34) with the test function (¢, x,q) — £(\/x(z,q) —
a(t)), with a € CH(R,) yields by (43)

/RS/RS (t, 2, q)6(v/x(x,q) — alt) dqu—/}RR)/R3 (0, ,9)6(v/x (@, q) — a(0)) dgdz
- //Rg/Rggo(T’x’Q)g/{_o‘/(TH;L?%'(%Jr%(@) lx) dgdxdr

= //R?)/Rg 7, 2,q)¢ { ()+“6E(\/)2H_WTO(R3)}dqudr.

We take a(0) = vR™ and a'(7) = %, 7 € R,. Since ¢°(0,z,¢)é(v/x(z,q) —

a(0)) = 0 one gets

/Rs/Rg (t, 2, q)é(v/x(w, q) — a(t)) dgdz < 0

implying that supp ¢°(¢,-,-) C {(z,q) : /x(z,q) < a(t)}. Similarly, applying the weak
formulation of (34) with the test function (¢, z, q) — &(|xs—tqs/m|—pB(t)), 3 € C1(R,)

we obtain

43439%@%6])5(@3 —tg3/m| — ((t)) dgdx — 434390(0,x,q)§(]x3| — 5(0)) dgdz
= /Ot ASASQO(T,x,q)S’{—ﬁ’(T) - %ngn(xg —tq3/m)} dgdadr

t E. oo (R3
[ [ [#waas {-m+ PEO=E agqr

Taking 5(0) = vR™ and 3/(7) = w, 7 € Ry we deduce that

IN

supp ¢°(t,+-) € {(z,q) : |23 —tgs/m| < B(t)}.

We have proved that

0 in |€’
su t) C x, : r,q) < VR™ + FE [0 (R
pp g (t) {(z,q) x(z,q) /_QmH L2 (0,152 (o)) }

tllek e
A {<1">Q) |ZE3|<VRm_|_t|qg|+ “6 3||L1([0,t]7L (R3))}

C {(z,q) : |zl < R(Q), gl < R(t)}

m

for some continuous nondecreasing function R(t). Notice also that for any ¢t € R
supp fO(t, .+, ) C{(s,2.p) ¢ |zl S R(), [p| < (1+m|wel/2 0] oo e)) R(2)}-
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iii) Assume now that the electric potential solves the Poisson equation (42). By stan-
dard computations involving the continuity equation

@/godq—kdivw/ (£+&<9> Lx)godqzo
R3 R3

m 2

one gets

d g 2 q | We 1 0
—— El"dx = — E(t,z)- —+ — (0 dg dz. 4
o e == [ epa) [ (L+50) a)o dgar o

Combining (44), (46) yields

d
— //g“(t,x,q)x(azq) dqu+8—0/ |E(t,z)*> dz v = 0.
dt JgsJrs 2 Jgrs

[

In the sequel we inquire about the confinement properties of the limit model (34), (40)
(resp. (13), (14)). We exploit here the invariants of (34). Let us consider for the
moment that the potential is stationary. In this case notice that (34) writes under the

Hamiltonian form

" +V H -V, — V. H V9" =0

with the Hamiltonian

[taf?

2

H(r,q) = X(0) + e0(e) = 5 g + "o (6 “a| + T2 ((6%) — ()

+ ep(x).

In particular H is a stationary solution of (34) or equivalently H is an invariant of the

characteristic flow of (34)

dX dQ
— =V HX(1),QW). —= = ~V.H(X(1),Q(1).

Under additional hypotheses on the electric potential ¢ it is easily seen that the plasma
remains confined in a bounded region around the magnetic field lines. Indeed, assume
that the hypothesis in Theorem 2.2 holds true

E

L‘Q} = 400 (47)

lim {e¢(x)+%<<92>—<0>2) 5

[+ @] —+o0

uniformly with respect to x3 and that at the initial time we have
0<¢%0,2,q) < MH(2,q), (z,9) €R* xR’ (48)
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for some nonnegative profile A € C'(R), vanishing on [L,+o0o[. By the maximum

principle we deduce that
0<g¢°(t,x,q) < AH(z,q)), (t,x,q9) € Ry xR® x R?

which guarantees the compactness of the support of ¢°(¢) along the orthogonal direc-
tions to the magnetic lines, uniformly in time. Indeed, we have
s

() - (0)) 5 < L.

supp ¢"(t) C {(z,q) = H(z,q) < L} C {(z,9) : ed(z)+

By the hypothesis (47) there is R > 0 such that for any x € R? verifying |[*z| > R we
have
mw? [t x|?

o) — o)

> L
2

ep(z) +
and finally
supp ¢°(t) C {(x,q) : [Tz| < R}, Ve Ry,

Remark 5.1 If the electric potential depends only on |*x| and x5 then (q- *

x) is
another invariant of (34). If the electric potential depends only on |*z| then q3 is an

invariant of (34) as well.

When the electric potential depends on time, the previous Hamiltonian becomes H (¢, z, q) =
x(x,q) + ep(t,z) and therefore we obtain

2
mws;

8,5H+<%+%<0> ia;) V. H + (eE+%<6> R

(6%) Mx) -V H = ed,¢.
(49)

In this case we need to construct a particular super-solution for (34).

Proof. (of Theorem 2.2 for time dependent electric potential) We work in the phase
space (z, q), using the equation (34) and the initial condition (40). By the hypotheses

we know that
9°(0,2,q) < Mx(z,q) + ed(0,2)), (z,q) € R® x R?.

Let us consider the function & defined for any (¢, ,q) € Ry x R x R? by

h(t,z,q) = A <x($,Q) +ep(t, z) —/O sup{edi¢(s,y)} dS) :

yeR3
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Observe that
h0,2,q) = AMx(z,q) + ep(0,2)) > ¢°(0,2,9), (z,q) € R® x R,

Taking into account (49) it is easily seen, by the monotonicity of A, that

2
o (842 0y 1) Waor (e84 2 ) Lo P gy ) vz

By the maximum principle we deduce that
go(t7x7Q) < h(t,flf,Q), (trIaQ) S R+ X Rg X R3'

By the hypothesis (16) there is R > 0 such that for any (¢, z) € R, x R, with |[*z| > R
we have
L ?

((6%) - <9>2)T > L

2
mw;

ep(t,x) — /Ot sup{edip(s,y)} ds +

y€eR3 4

implying that for any ¢t € R

supp () € {(2.q) : x(w.0) + eo(t,z) — / sup{edho(s.y)} ds < L}

yER3

mw?

S(07) = (0)) - <1}

C {w.q) ¢ eottn) - | sup {edip(s,y)} ds +

y€R3 4

C {(z,q) : ["z[ <R}
Since fO(t,s,z,p) = ¢°(t,z,p — mwH(s)/2 L x) finally one gets
supp fO(t,s,-,-) C {(x,p) : |Tz| <R}, teR,,s€R.
In particular

supp fO(t,t/e, ") C{(z,p) : ['z| <R}, teR,, £>0.

6 Asymptotic behaviour

The aim of this section is to justify rigorously the Hilbert expansion (17). More
precisely we intend to prove that f&(¢,z,p) = fO(t,t/e, z,p) + O(e) strongly in L*(R? x
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R?), uniformly for ¢ in bounded intervals. The idea is to introduce the solution F* =

F=(t,s,z,p) of the transport problem
1
0. F + L V. F 4 (eB(t,x) +wb(s) *p) - V,F° + STF =0 (50)
m

with the initial condition

mwe

5 6(s) *x +

F8(07Saxap) = fin (xap_

and to observe that Fe(t,t/e, x,p) satisfies (5), (2), saying that Fe(t,t/e,x,p) =
fe(t,z,p). We start by estimating the error between F¢(t,s,z, p) and f°(t, s, x,p). We
also prove that for any I € R, the functions {F¢(t) : t € [0,I],e > 0} are uniformly

compactly supported.

Proposition 6.1 Assume that E € LL (R ;W?>(R3)), &,F € L] _(R,; L>(R?)) for

loc loc

any I € Ry, fi* € W2®(R3 x R3) and supp f™ is compact. Then for any I € R,
there is a constant Cy(I) such that

|F(t) — f°)]| < Ci(Q)e, tel, ¢>0.

Proof. By Proposition 5.2 ii), the solution of the problem (13), (14) has compact
support, uniformly for ¢ in bounded intervals i.e., V I € R, 3 R(I) such that

supp fO(t,+,-) C {(s,2,p) = [2| < R(D), |p| < R(D)}, t€[0,1].
Under our hypotheses, the solution f° has the regularity
oV am I Viap fO € L2([0,1] x Ry, x R* x R?), T € R,

Recall that the model (35) is equivalent to (33). By Proposition 3.2, for any ¢ € Ry,

there is a unique function f!(¢) of zero average such that
o f° + % Vo f' 4 (eE(t, ) + wb(s) “p) - Vo fO+Tf(t) =0. (52)

Since f° is smooth and has compact support (uniformly with respect to ¢ in bounded

intervals) the following set
o, P 0 L 0y .
{V(t,x’p) <8tf + . Vof" + (eE(t,x) +wb(s) “p) - V,f > : te |0, I]}
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is bounded in L% (R,; L*(R3 x R?)). By Propositions 4.4, 4.7 we deduce that

{Vieap () « te0,1]}

remains bounded in L% (Ry; L*(R3 x R?)). Combining (50), (52) and the constraint
(31) yields

1
(9 + -Vt (eB(t,2) +0(s) 0) - V) {FF = ' —ef' )+ TP = f* = ef')
= —c{af + 2Vl (B(tx) +wb(s) D) Vol |
and after integration with respect to (s, z,p) one gets

d
S = el < e

Ouf' + 2 Vo f' + (eB(t) +wed *p) - T, f|.

Taking into account that ¢, fO satisfy the same initial condition we deduce that

[F=(t)=£°() =<' ()] < el £ O)l]+2 / (0 + 2 9o+ (eE() + w0 *p) -V, ) £1]| dr

and finally
IF5(t) = fO Ol < Ci(D)e, tel, €>0.

[

Proposition 6.2 Assume that the electric field is smooth E € Li (R,;WhH>(R?))
and that f™ has compact support supp f™ C {(z,p) : |z| < R™, |p| < R™}. Then there

1s a continuous nondecreasing function 0 : R, — R, such that

mwe| [|0] o

supp F=(t,+,+,-) C {(s,2,p) : |p| <4(¢), 7| <6(t)}, t € Ry, >0,

In particular for any I € R

m|we| ||0|| L~
U supp Fo(te)  {(scap) + ol < o1y, 2l 1Ol

e>0,t€[0,1]

|z < 6(1)}.
Proof. Let us consider a function ¢ € C1(R) satisfying
0<¢<1, >0, supp{ =Ry, 2{'(2) <CE(2), z€R

for some constant C' > 0. We denote by h the function

mw, m\wc

|
0|
- 1615 Jz].

h(s,2,p) = |p — e (s) Laf + Tl
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Notice that h depends only on the invariants » and ¢ = p — "5=6(s) L2 and therefore

Th = 0. By direct computations one gets

mw mw Lq mw q
Velp— CQSL:B‘Z 0(s)—, V,|p— —=0(s) tz| = —
and therefore
202
p 1 mwe 1 q mw:0°(s) || q
— -V, + (e +wb(s p-V)‘p— 0(s m‘ = ebF(lt) —4+ ——— "1 —
2
mws:
< eB@®l=@s + 10]]7 o |2].
Similarly
p 1 ) m|we| [10]]z p mlwe| 0]z~
L.V, + (eE(t, 0 : Dol WL = 2 el WL 2
<m V. + (eE(t,x) +wb(s) “p)-V, 5 || - 5 ]
|we| [10]] =
< — 7.
< 5l

Finally the function h satisfies

|wel 101z

5 h.

1
(at + % V. + (eB(t,x) + wb(s) *p) -V, + ET) h < [leE()]|peoms) +

Using now the weak formulation of (50) with the test function (¢, s, z,p) — {(h(s, z,p)—
6(t)), with 6 € C*'(Ry) yields

/OYZRS/RSFE(t)E(h(S,x,p) — 6(t)) dpdads — /OT/RS/RSF&(O)g(h(s7$,p) — 5(0)) dpdads

< /0 t/OT/R /R (g (s, . p) — 6(r) {—5'(7) + leB(r) |1~ + %h} dpdadsdr.
(53)

Notice that
supp F<(0,-,-,-) C {(s,2,p) : [z] < R™, |p| < (1+m|we| [|0]|1)R™}

and therefore 0y := sup{h(s,z,p) : (s,x,p) € Uzsgsupp F°(0)} < +oo. In this case we
have

T
// / F=(0,s,z,p)¢(h(s,x,p) — dp) dpdzds = 0, & > 0. (54)
0 Jr3JR3

We determine the function ¢ by solving

|we| [[6]] =<

0'(r) = eE(T)l|= + =3

é(r), TeER,

32



with the initial condition §(0) = dp. The right hand side of (53) becomes
‘r e e _ |wel 10llzee ,
Fe(r)¢'(h(s,xz,p) — (7)) (h—6(7)) dpdzdsdr
0Jo Jr3JR3 2
jwel 1011z [* [ . _
< C Fe(T)¢(h(s,z,p) — 0(7)) dpdzdsdr. (55)
2 0J0 Jr3JR3

Combining (53), (54), (55) implies

[ [ ooy apsas <0 == [ [ periconmse) aptoasar

and by Gronwall’s lemma we deduce that

T
// / Fe(t,s,z,p)¢(h(s,z,p) — §(t)) dpdads =0, t € Ry
0 JR3JRS

and therefore

mwe| [|0] Lo

] < 0(2)}

supp F*(t) C {(s,z,p) : h(s,z,p) <6(t)} C{(s,2,p) : |p| <4(2),

[

Once we have estimated the error between F° and f°, the asymptotic behaviour of
fe(t,z,p) — fOt,t/e,z,p) as € \, 0 follows by using the Sobolev inequality in Propo-

sition 3.3.

Proof. (of Theorem 2.3) By Proposition 3.3 we have
||f€(tv " ) - fo(ta t/57 K ')||L2(R3><R3) = ||F6(t7 t/{-:, " ) - fo(t’ t/E, K ')||L2(R3><R3)

HFE(t? ERE ) - fo(ta RS ')||L§(RS;L2(R2XR2))

< CMIF®) = Ol + ITF®))

IN

since 7 f°(t) = 0 for any ¢ € R,. Thanks to Proposition 6.1 we know that
[F(t) = [Pl < Ci(D)e, t€[0,1], e>0
and we are done if we can find a constant Cy(I) such that
| TF(t)|| < Co(l)e, t€[0,1], €>0
since in that case we would obtain
1£2(8 ) = Ot e, ramexrsy < C(T)(CLI) + Ca(I))e, t€[0,1], &> 0.
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Obviously, multiplying (50) by F© and integrating with respect to (s, x,p) we control

the L? norm of F5(t,,-,-) uniformly in ¢t € R, and ¢ > 0

=@ = I1F2O)1* = T 1™ 1 Z2gs xes)-

We intend to control the derivatives V; , ) F° as well, uniformly with respect to e > 0.
The idea is to use the derivations commuting with 77, introduced in Proposition 4.6.

Indeed, with the notation a(t, s, z,p) = (0, Z,eE(t, z) + w.0(s) 1p) the equation (50)

7m7

becomes

1
atFE +a- v(s,x,p)FE + ETFE = 0.

Applying the operator ¢’ - V(s,,), ¢ € {1,...,6} and taking into account that ¢* -
v(sfmup)TFa = T(Cz ' v(s,z,p)F€> one gets

: 1
OG5 + 0 V(s G5 + [610) - Vs P+ ZTGE =0 (56)

where G5 = ¢ - V5.0 F° and [¢, a] are the Poisson brackets between the fields ¢,

i € {1,...,6} and a. Multiplying (56) by G5 and integrating with respect to (s,z,p)

th// |GS|? dpdads = ///GE ¢ a] - VisupF° dpdads
R3 JR3 R3 JR3

< NGO a] - VisenF O, i €{1,...,6}

yield

or equivalently
t
1G] < G 0)]] +/0 e’ al - Visap F=(7)|l d7, i € {1,...,6}. (57)

It is easily seen that for any i € {1,...,6} the field [, a] has no component along s,

since ¢, = ay = 0. Therefore [¢’, a] € span{c!, ..., %}
6
al = yylt,s,ap) &, i€{l,...,6}
j=1

for some coefficients v;; € Ll (Ry; L®(R x R* x R?)), 4,5 € {1,...,6}. Actually we

have

o :
[c',a] = —WT(S)cz + (e@xlEl — mrc 62(5)) ¢t + €0y, Exc® + €0y, Esc®

o :
[c?,a] = WT(S)C1 + €0y, Erct + <€@I2E2 - m:fc 92(s)> ¢ + €0y, B3
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3 1 2

[c* a] = Ze@xsEj I3 (et a] = %—%9(3) A, [ a] = %—i—%@(s) ¢t [ a] =
j=1

It follows that [¢, a] - V(s F* = Z?Zl 7i;G5 and (57) yields

IG2@)] < IG5 (O)]] + / Zm o= IG5 (7)) dr.
We deduce that

ZHGf H<ZHGE i+ [ o ZHGE ldr

with v(7) = max;eq,..6) S0 1174 (7)] > and by Gronwall’s lemma we obtain that

(Vi FE(t) : te[0,1], &> 0}

remains bounded in L% (Ry; L*(R2 xR?)). By Proposition 6.2 we know that Uz~ ejo,jsupp F=(t)
remains into a compact set of R,/TZ x R3 x R? and clearly there is a constant Cs(1)

such that for any ¢ € [0, I]

LS FE(t) + (eE + wb(s) p) - V,F*

m < G+ | E@) ||~ @) (58)

< Cu(D)(+ [E(O)| 2~ @s) + 0L L1 o.1:100 o) )-

sup
e>0

It remains to estimate the time derivative 0,F°. As before we write
1
8t(5tF€) +a- v(s,az,p) (@Fa) + e@tE : vaE + gT(@tFe) =0

implying that

1d

2dt||8tF€||2 = // OE(t) - V,Fe(t) 0,F°(t) dpdxds
Rs R3

led E(t) - VpE= (@) |0 F(2)]]-

IN

We deduce that
t
[0 F= ()| < [[0:F=(0)]l +/0 €0 E(T)|| o< [V F=(7)]| d.

The family of time derivatives {0;F(t) : t € [0,I],e > 0} remains bounded in
L% (Rg; L*(R x R?)) iff {||0,F=(0)|| : € > 0} remains bounded in L% (Ry; L*(R3 x R?)).
Notice that 7F¢(0) = 0 and therefore

Sup 10, F<(0)]] = Sup | —a VisepnF0)] (59)
= sug) ‘—a . V(S,:C,p)fi“ <:c,p — %9(3) Loe+ %9(0) Lx) H < +00
>
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Combining (58), (59) we deduce that there is a constant Cy(I) such that

sup (at + 2T, (B +wls) tp) - v,,) FE(t)H < cCOy(1)
e>0,t€[0,1] m
saying that sup..qeio. |7 F(t)[| < eCa(1). O

7 Three dimensional setting

In this section we study the particle dynamics under fast oscillating three dimensional

magnetic fields

BE(t,x) = 0(t/2) B(2)b(x), div,(Bb) =0

for some scalar positive function B(z) and some field of unitary vectors b(z) € R
The analysis is completely analogous to that for fast oscillating homogeneous magnetic
fields previously discussed. Therefore we only focus on the formal derivation of the limit
model. By Gauss’s magnetic law div,B® = 0 we can write Bb = curl, A, div,A =0
and by Faraday’s law 0, B¢ 4 curl, £° = 0 we deduce that the rotational part, curl,1,
of the electric field £* = —V ¢ + curl,¢ is given by

curl, v = —%9 "(t/e)A(x).

The Vlasov equation becomes, with the notations £ = —V ¢, w.(x) = ei(f)
O, f° + % SV, fE+ (eE(t, T) — MA(;E) + we(x)8(t/e)p A b(x)) -V, f*=0. (60)
We prescribe the initial distribution
F0,z,p) = f™(x,p), (x,p) € R® xR, (61)
Plugging the Hilbert expansion (17) into (60) yields
0sf’ —e0'(s)A(x) - V,f° =0 (62)

1

at the lowest order e~ and

Of®+ % Vaf '+ (eB(t, ) + we()0(s)p Ab(x)) - Vi f* + 0, f1 — e 0'(s)Alz) -V, f' =0
(63)
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at the next order €°. As before, the point is how to eliminate the first order correction

f! appearing in (63), based on the constraint (62). We introduce the operator
Tiu = div(spy{u(l, —e 0'(s)A(x))}
with domain
D(T)) = {u € Ly(Ry; L (RIXR})) : divisy) {u (1, —e 0/(s)A(x))} € L (Ry; L (R xR})) -

The characteristics (S, X, P)(7; s, z,p) of the first order differential operator 7; are
given by

S(t;s,x,p) =s+71, X(r;s,2,p) =z, P(r;s,2,p) =p+e(0(s)—0(s+71))A(z). (64)

Notice that a complete family of functional independent invariants is given by {x,p +

ef(s)A(x)} and therefore the constraint (62) becomes

39" =gt 2,q) : fOt,s,2,p) = ¢°(t,x,q = p + ed(s)A(x)).

In particular fO(¢, /e, x, p) is fast oscillating through the periodic profile §(s = t/¢) and
therefore we expect that fO(t,s,z,p) is the two-scale limit of f¢(¢,z,p) when & \ 0.

The average operator (-), along the characteristic flow (64) is given by

(u), (s,z,p) = %/0 u(S(rss,2,p), X(7:8,7,p), P(7;5,2,p)) d7 (65)
— %/0 u(s+7,x,p+e@(s)—0(s+7))A(x)) dr
B %/0 u(r,z,p+eb(s)Alx) —e0(r)A(z)) dr

for any function u € L% (R,; L*(R3 x R?)). The dynamics for f° is obtained by elim-
inating f' in (63) taking into account that the functions in the range of 77 are zero

average. We have
0+ L[+ (6Bt 7) + w@)Bls)p A b)) -V, = ~Tif' € Ramge T, = ker (),
and therefore (63) is equivalent to

(Of"+ 2 Vo f + (eB(t,2) + wi(@)f(s)p Abx)) - Vf ) =0

We need to average the derivatives with respect to (¢, z,p) of the density f°, under the
constraint (62). Clearly we have (9,f%), = 9, ("), = 9,.f".
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Lemma 7.1 Assume that f(s,z,p) = g(z,q=p+e0(s)A(x)) is smooth. Then we

have

(2ov.p) =1 OAD gy Coa0ya—c(0?) 4)- Vg

_ pt G(Q(S)T; (0)A(z) V.f+ %&CA (((8) — O)p + e(20 (8) — 6° — (6*))A(x)) - V, f

and

(eB(z) +wl pAb)-Vpf), = [eE+w((0)gNb—e(6?)A(x) Ab)] - Vg
= [eE +w. (D) pAb+ wee(d(0) — <62>)A(:L') A b} -V, f.

Proof. We have
Vof =Veg+eb(s) tf)xAng, V,f =V,

Since V(g are constant along the flow (64) we can write

e
<£ . fo> = @ Vg +— (p),- 10, AV ,g.
m 1 m m

It is easily seen by the definition of the average operator (-), that
(p), =p+eb(s)Ax) — e (0) A(x)

and
(p8), = (p+eb(s)A(x)) (0) — e(0?) A(x)
implying that

(Lov.p) =10 A gy Lo a0 e (%) AW) - Vo

m

Similarly one gets

(eB(z) +wd pAb)-V,f), = [eE +w({0) g Ab—e(6*) A(z) AD)] - Vyg.

Combining the previous computations and using the identities

O, AA+ANcurl, A= "0,AA 0,Aq+qAcurl,A= '9,Aq
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yield the transport equation in the space phase (z,q)

_ 2
Oy’ + 1= f,? AL g, g0+ (eE + = (0) "0 Aq—— (6%) '0,A A) Vag" =0 (66)

where fO(t,s,2,p) = ¢°(t,x,q = p+el(s)A(x)), since 71 f(t) = 0 for any t € R,. The

transport equation in the phase space (x,p) becomes

o0+ PEe(Ols) = (0)A@

Vo fO+ [eE + %((9) t9,A — 00, A)p
2

o (0(0) — (07) "0 AA + %(<9> —0) 0 axAA} Vo0 =0. (67)

We supplement these transport equations by the initial conditions
9°(0,2,q) = f™(x,q — e 0(0)A(x)) (68)

£2(0,8,,p) = f"(2,p + € (0(s) — 0(0))A(x)). (69)

Following the lines in Sections 5, 6 we can prove weak and strong convergence results,

which justify the Hilbert expansion in (17). In the weak framework we obtain

Theorem 7.1 Assume that E € L] _(R,;L®(R3)), A € L (Ry; Whe(R3))3, fin €
L?(R3 x R3). For anye > 0 let f¢ € L®(R,; L*(R3 x R3)) be a weak solution of (60),
(61). Then there is a sequence e, \, 0 such that (f), two-scale converges towards a

weak solution of (67), (69).
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