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Abstract

In this article we present a particle method for solving numerically the one
dimensional Vlasov-Maxwell equations. This method is based on the formu-
lation by characteristics. We perform the error analysis and we investigate

the properties of this scheme.
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1 Introduction

There are now several methods for the numerical resolution of the Vlasov-Maxwell
equations. We can use Lagrangian methods like particle-in-cell methods (PIC), re-

lying on the approximation of the population of charged particles by a finite number
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of macro-particles. At each time iteration we compute the new positions and im-
pulsions of the macro-particles by using the characteristics of the Vlasov equation
whereas the new values of the electro-magnetic field are calculated by using the
Maxwell equations. For updating the electro-magnetic field we need to approximate
the charge and current densities (which are the source terms of the Maxwell equa-
tions) on a mesh of the physical space, see [4]. For the convergence analysis point of
view, the approximation of the charge and current densities requires the smoothness
of the particle distribution.

Eulerian methods have been proposed as well. Finite volume schemes were con-
structed in [5], [8], [14], [17]. Other methods are the semi-Lagrangian ones, which
combine the advantages of both Eulerian and Lagrangian schemes. At each time
step the particle distribution function is computed on a fixed Cartesian mesh in the
phase space by backward integration along the characteristics and interpolation with
respect to the particle distribution values at the previous time step, cf. [1], [2], [25],
[12]. When performing the error analysis, in order to handle the interpolation on
the phase space mesh, we need to assume that the particle distribution is smooth.

The aim of this paper is to construct a new numerical scheme for solving the one
dimensional Vlasov-Maxwell equations, based on the formulation by characteristics.
Consider a population of charged particles with mass m and charge q. We assume
that the collisions between particles are so rare such that we can neglect them. The
particle distribution function f, depending on the time ¢ € [0, 7], position z € R

and impulsion p € R satisfies the Vlasov equation
Ohf +v(p)0ef +q E(t,2)0,f =0, (t,,p) €]0, T[xR x R, (1)
where E represents the self-consistent electric field, verifying the Maxwell equations

j(?ox)’ 0, F = p(i’ox)’ (t’x) E]O7T[XR. (2)

oE =—

Here ¢y is the dielectric permittivity of the vacuum, p is the charge density and j is



the current density, given by

p(t,x) =q /Rf(t,x,p) dp, j(t,r) = Q/Rv(p)f(t,x,p) dp, ¥V (t,r) € [0,T] x R.

The notation v(p) stands for the velocity associated to a given impulsion p € R. In

the non relativistic case we have v(p) = £ and in the relativistic case we have v(p) =

~1/2
2 (1 + mp;cQ) where c represents the light speed in the vacuum. Integrating the

Vlasov equation with respect to p € R leads to the continuity equation
Op+0.5=0, (t,z)€]0,T[XR, (3)

and we deduce as usual that if 0,E(0,-) = %O") then 0, E(t,-) = %ﬁi') holds true for
any t €]0,T]. We prescribe initial conditions for the particle distribution function

and the electric field

ft=0,2,p) = folz,p), (z,p) € R, (4)

E(t=0,z) = Ey(z), x €R. (5)

We assume that the initial conditions satisfy the constraint

d po(x) ¢ /
dx 0 o £o RfO(xap) D, vV € (6)

Obviously, in one space dimension and one impulsion dimension the Maxwell equa-

tions (2) degenerate to the Poisson equation

—0%P = p(i’ D) Blx) = —0,0, (t,2) €0, T[xR.
0

We consider physical units such that m =1, ¢ = 1, ¢g = 1. Assume for the moment
that the electric field is a smooth given function and let us introduce the system of
characteristics for (1)

% = v(P(s)), % = E(s,X(s)), 0<s<T, (7)

with the conditions



Notice that if £ € L*°(]0, T[; W *(R)) then for any (¢, z,p) € [0,T] x R x R there

is a unique solution for (7), (8) denoted
(X(s), P(5)) = (X(s:t,,p), P(s;t,2,p)), 0<s<T.

Observe that (1) can be written formally

d

s

and therefore we define the solution by characteristics (or mild solution) of (1), (4)
by

f(t,x,p) = fo(X(0st,2,p), P(0st,2,p)), (tx,p)€[0,T] xR

Since div(, ) (v(p), £(t,x)) = 0 we have

O(X(s;t,x,p), P(s;t,x,p))
det ( d(z,p)

Assume that fy is a non negative function which belongs to L'(R?). By using

) =1, YV (s,t,z,p) € [0,T]* x R (10)

the change of variables (z,p) — (X(s;0,z,p), P(s;0,2,p)), (z,p) € R?, s €
[0, T, we obtain easily that the mild solution satisfies the following formulation by

characteristics for any continuous bounded function v

/OT/R/Rfl/J dp dx dt = /R/Rfo(x,p) /OY;D(S,X(S;0,$,p),P(S;0,JJ,p)) ds dp dz.

(11)
Assume now that (f, £) is a solution of the one dimensional Vlasov-Maxwell problem
(1), (2), (4), (5) and let us see how the electric field can be expressed in terms of

characteristics. For any smooth function ¢ we have for t € [0, T

K?@xw@»m>: /EJ dx—///jsxp Yo(z) dp d ds.(12)

By using the formulation (11) with the test function (¢, z, p) = v(p)y(x) we obtain

///fsxp Jo(z )dpdxds—//fol’p /X(t;O,w,:;)(u) du dp dz.  (13)

Combining (12), (13) yields for any smooth function ¢ and t € [0, 7]

!&mmﬂwwz/%( m—//ﬁxp/tmﬂ)mwm;(m



Actually, when f, € L'(R?), Ey € L>(R) the above formula holds for any function
¢ € LY(R). We intend to construct a numerical scheme based on formula (14).
The main point here is that the computation of the electric field do not require
neither the calculation of the charge and current densities nor the explicit resolution
of the Maxwell equations. In fact such schemes rely only on the approximation
of the characteristics and the electric field, which are generally more regular than
the particle distribution (think that f can be a L' function or even a measure).
We do not need to ask for the smoothness of the particle distribution of the exact
solution since no interpolation is performed. We will see that this method allows
us to approximate solutions by characteristics, launched by initial particle densities
fo € L*(R?) verifying sup,.g fo(x, ) € L*(R) N L>=(R). At this stage let us mention
the recent analysis of the relativistic Vlasov-Maxwell equations in [16], where the
authors approximate particle distributions of bounded variation.

The convergence of the particle method for solving the one dimensional Vlasov-
Poisson system was analyzed in [10], [11], [29], [30]. Results for the multi dimensional
Vlasov-Poisson system were obtained in [24], [18], [26], [27], [28]. The convergence
of a finite volume scheme for the one dimensional Vlasov-Poisson system is done
in [15] and the convergence of a semi-Lagrangian scheme for the one dimensional
Vlasov-Poisson system is performed in [3]. The analysis of the particle method for
the relativistic Vlasov-Maxwell system can be found in [22].

This paper is organized as follows. In Section 2 we recall the existence and
uniqueness result of the solution by characteristics for the one dimensional Vlasov-
Maxwell equations. In Section 3 we introduce our numerical scheme. We perform
the error analysis and we indicate how this scheme can be localized in space, due to
the finite speed propagation property. The last section is devoted to numerical sim-
ulations based on our numerical scheme and we compare these results with respect

to that obtained by standard particle methods.



2 The one dimensional Vlasov-Maxwell system

The Cauchy problem of the Vlasov-Maxwell equations was studied by many au-
thors, cf. [9], [13], [19], [20], [21], [23], [7]. In this section we recall the existence and
uniqueness results for the one dimensional Vlasov-Maxwell equations. We present
them in the relativistic setting (i.e., v(p) = p/4/1 + p2/c?), but analogous results
hold in the classical case (i.e., v(p) = p). We assume that the initial conditions

satisfy

H1) there is a function gy € L'(R)NL>*(R) non decreasing on R~ and non increasing
on RT such that 0 < fo(z,p) < go(p), V (z,p) € R? ;

H2) fo belongs to L'(R?) ;

H3) Ej belongs to L*(R) such that Ej = po := [, fo dp.

Following the arguments in [6] we obtain by standard successive approximations

Theorem 2.1 Assume that (fy, Eo) satisfy the hypotheses H1, H2, H3. Then there
is a global unique (mild) solution (f, E) € L>®(]0;+oo[; L'(R?)) x L*(]0, +00[xR)
of (1), (2), (4), (5) satisfying

| E| Lo 0,400[xR) < @,

||axE||L°°(]U,T[><R) = H/f(v -,p) dp < b(T)> VT >0,
R

L>(]0,T[xR)

<ecb(T), VT >0,

L>(]0,T[xR)

/R (@) f (- p) dp

|0 E | Lo qo,7(xR) = ‘
where a = || Eo||p(r) + | foll z1r2) and b(T) = || goll 2y + 2l g0l =) T a.

The next result emphasizes the finite propagation speed of the solution constructed
above (in the relativistic case). The proof follows very similar lines to those presented

in [6].



Theorem 2.2 Assume that (f¥, E )ke{l 2y satisfy the hypotheses H1, H2, H3 and
denote by (f*, E* Jke(1,2y the global unique solutions of the relativistic Viasov-Mazwell
system in one dimension corresponding to the initial conditions (f¥, E, )ke{l 2y. Then

for any R > 0 there is a constant C(R/c) such that for all t € [0, R/c] we have

R
1B (O)=E*O)ll g -(r-et,m—ey < C(=) (1o = follrq-rapr) + 1B = Egllz=q-rap) -
In particular if f3(z,p) = fE(z,p), ¥V (z,p) €] — R, R[XR and E}(x) = E2(z), Vx €
| — R, R]| for some R > 0 then, for any t €]0, R/c| we have
fit,@,p) = f2(t,2,p), ¥ (z,p) €] = (R —ct), R — ct[xR,
E'(t,z) = E*(t,z), Vo €] — (R —ct), R — ct].
Corollary 2.1 Assume that (f, Ef)keq,2y satisfy the hypotheses H1, H2, HS and
denote by (f*, Ek)ke{l 2y the global unique solutions of the relativistic Viasov-Mazwell
system in one dimension corresponding to the initial conditions (f§, E§)keq1,2y. Then

for any T > 0 there is a constant Cp depending on T and the initial conditions such

that
[(XH = X2)(#:0, -, )z ey + [1(PT = P2)(t;0, -, ) o(rey + | BN () — E*(t) 2 (r)
< Cr(llfo = follore + 1By — Bgll=)) -
Proof. For any (z,t) € Rx]0,7[ we deduce by Theorem 2.2 applied with R = ¢T’
that
IE(t) — E*(t) ||z qumem—tyatem—p < CTllfo = fill21qumcTaterixR)
+ CTHEé - EgHL"o(]z—cT,x—i—cT[)
< Cr(Ifo = Kl + 1B = Efll~w®) »

and our conclusion comes by the continuous dependence of the characteristics upon

the electric field

X1 (t;0,2,p) = X*(t;0,2,p)| + [P(t;0,2,p) — PQ(t 0,2,p)| < exp(t(1+b(t)))

/ 1EY(s) — B2(8)]l 1=y ds,

where b(t) = max{b'(t), b*(t)}. O



3 Numerical approximation of the one dimensional
Vlasov-Maxwell system

Assume that the initial conditions (fy, Ey) satisfy the hypotheses H1, H2, H3 and
denote by (f, F) the global unique solution of the relativistic Vlasov-Maxwell system
(1), (2), (4), (5). In this section we construct a scheme for the numerical computation
of the solution (f, E). We perform the error analysis and study the properties of
this scheme.

Consider (z;,p;) = (iAz,jAp), (i,j) € Z* the mesh points of the phase space,
where Az, Ap > 0. Let ¢ : R — R be a compactly supported non negative function
satisfying fR o(u) du = 1. The time step is denoted by At and we consider t" = nAt,

n € N.

3.1 Approximation of the initial conditions

For any (i,7) € Z? let CF = [(i — 1/2)Az, (i + 1/2)Ax], C’f =1[(j—1/2)Ap, (j +
1/2)Ap[ and consider

1
i~ AzAp /c cr folz,p) dp dz, ¥ (i.j) € 2%, p) =Y Apfl, Vie L.

jez
Obviously we have
> AxApf) =Y Axpl = || follge)-
(i,5)€Z? i€z
In order to approximate the initial electric field consider the function py : R — R

given by

o) = Yabe (") weR (15)

i€z
Since ¢ has compact support the above function is well defined. Moreover py belongs

to L'(R) and

lpollrmy = Y Awpl = [ poll i r)-

1€Z



We approximate the initial electric field Ey by Ey:R—>R given by

Eo(x) = Bolx) + / " (o) — po)} dy, =€ R. (16)

—0o0

Since %EO = po > 0 and Ej is bounded, we deduce that lim, .. Ey(y) € R and

therefore the above formula can be written

. ' x ~ . r Ty —Y
Eo(a:):ygglooEo(y)Jr/ po(y) dl/:yE%EO(yHZp?/ SO( Az ) W
o i€z -
(17)

This choice will be motivated by further computations. Let us estimate the error

|1 Eo — Eol| oo (r)-

Proposition 3.1 Assume that (fy, Eo) satisfy H1, H2, H3 and consider ¢ a non
negative compactly supported function verifying fR o(u) du=1. Then Ey is bounded,

non decreasing and we have
1o — Eoller) < CAZ|\gollimys 1Bl zm) < Cllgollniry, (18)
for some constant C' depending on .

Proof. Since %EO = po > 0 we deduce that EO is non decreasing. Take R > 0
such that supp ¢ C [~R, R] and for any = € R consider the sets I,(z) = {i € Z
2+ RAx < 2}, Lz) = {i € Z : z; — RAzx < 2 < z; + RAz}, I3(z) = {i €
Z : x; — RAz > x}. Observe that we have [* ¢ (%) dy = Az, Vi € I;(z) and
e ( ) dy=0, Vie I5(x). Therefore we obtain

/_ dy-Zpr%—sz/ (

i€l (x) i€l (x

) dy. (19)

Notice that
card I(z) < 1+ 2R. (20)

By using H1 we have for any i € Z
PYAx = / /fo(x,p) dp dx < Az gol| 11 (r)- (21)
ce JR

9



Combining (20), (21) yields

S af (s

1612

) dy < (1+ 2R)Allgolos - (22)

Counsider now the subsets of Z

= {7 : ; — < = ) : , -
Lz)={i€Z : z;+ 5 <z} {ZEZ Z<{A:r+2]}’

Ax Azx T 1
Lx)={i€Z : z; 7 r<x;+ 9 —{[ x—l—z}},

Liz)={i€Z : xi—§>x}={z’ez L Q> {A%ﬁ%]}

We can write

/x po(y) dy = Z plAz+ Y / : (23)

2611 2612 AI/Z

Observe also that we have

> [ ) dy < Aalllmey < Aellgollsee 24
icly(z) Y ¥i—AT/2

We deduce from (19), (22), (23), (24) that

‘/x (Po(y) — po(y)) dy‘ < 2(R+ 1)Az|gol 1 r)

+ Z Pl Az + Z p)Az. (25)

i€l (z)—I1 (x) il (z)— 11 (x)
We check easily that I;(z) C Ij(x) and card (I;(z) NCIi(z)) < R+1/2if R > 1/2,
I(z) € I,(x) and card (I,(z) N0 (z)) < 3/2— Rif R < 1/2 and I,(z) = () if
R = 1/2. The inequality (25) implies immediately that

\ / (oly >>dy\<c< ) Azllgolla )

for some constant C'(R) depending on the support of . Finally one gets from (16)
Buta) = Bl = | [ (als) = ;o) o] < CCROAlilsy, ¥ € R

10



By (21) we have p) < ||go||:(r) for any i € Z and therefore we obtain

[Eg(@)| = po(x) < llgollrwllpllery card {i € Z : |z — z;| < RAz}

< @R+ Dllelrewlgollmr), ¥ eR.

3.2 Numerical scheme

Consider (X%, P%) = (x;,p;) for any (i,5) € Z* and E, the electric field given by

formula (16). We define our numerical scheme as follows

(X7 P2 gyeze — (XIHL PEY G jreze,

ijo

where for any n € N we put

X5t = Xp+ Atu(PY), (i,5) € 22, (26)
X u — Xl?l 2
Ej=E(Xp)— > fi ) du (kD) EZ(27)
(i,§)€Z2

’L]7

(i,7) € Z2. (28)

For any n > 1 let us introduce the electric field

Buw) = Bow) = 3 f° / T (“A_j) du, ¥z €R. (29)

(3,5)€Z2

By using the above definition, which is motivated by (14), the scheme (26), (27),
(28) can be written

n+1l __ n n .. 2
X5 =X+ Atw(F]), (1,7) € Z7, (30)

P = P+ At B (X7), (1,7) € Z°. (31)

Surely, for practical calculations one can only use a large but finite number of

( Zg,XZ’;, Pl})ijyezz- However we analyze first the mathematical properties of the

11



theoretical scheme (29), (30), (31). Later on we will see how to implement such
schemes. This will be achieved by neglecting the initial density fo(x,p) for x or p
large enough (for example by taking f; = 0 for any (7, ) € Z*N C{i1,ir+1,...,30 —
1} x {71,751 + 1, ..., j2 — 1}) with iy, 5; small enough and iy, jo large enough). Ob-
viously, more accurate scheme can be used for the numerical approximation of the

characteristics. For example start with ]32.;1/2 =pj — % E‘O(xi), X% = x; and use

ij

the leap-frog scheme

n+1/2 o TL*l/Q I n .o 2
P — pr + At En<X7;j)7 (4,7) € Z7,

i ]
quTLj+l = Xln] =+ At ’U(Pg+1/2)7 (7/7.7) ~ ZZ-

The reader can easily adapt the error analysis of our method in this case. Never-

theless we study here only the simpler scheme (29), (30), (31).

Proposition 3.2 Assume that (fo, Fo) satisfy H1, H2, H3 and consider ¢ : R — R
a non negative compactly supported function verifying fR o(u) du = 1. Then for
anyn € N (X P-n-)(i,j)ez?,En are well defined and we have for any (i,j) € Z*,n €

[ REE Y]
N0o<m<n
| X — Xij | < e(n —m)At, (32)
£l Loer) < 1Bl ey + Lfollzi r2y + CAZ I goll L1y, (33)
P — Pj| < (n—m)At (|| Eoll Ly + || foll g2y + CAZ|goll L1 m)) - (34)

Proof. Assume that (ij,ﬂ?)(i,j)ez%En are well defined and that (32), (33), (34)

hold. Obviously, by (30) X" is well defined for any (i,j) € Z* and we have
nt1 n ~ -
| X5 — X3 < cAt implying that

|Xl.anrl —XZ?| < |XZ.”jJrl —X,L."j| + |XZ —X;;»l| <(n+1-—m)cAt, 0 <m <n.

We analyze now the field En+1 given by

Brala) = Eola) = Y 1300 |

(i,§)€Z? v

xntl
)

? @ (UA_xx> du, © €R. (35)

12



Observe that for any z € R the sum in the above formula is well defined since we

have
n+1

X u—x
d
[e(s)

and therefore, by Proposition 3.1 we have

> fhAp

(i,5)€Z2

< Y fiAzAp = follre).

(i,9)€Z2

|Eniille® < IEollem) + Lol ey < IEollze + I follrre) + CAZ||goll i ry-
By formula (31) one gets easily that

[Pyt = PRl < Py = A+ Py - P

< (41 =m)A(|[Eol ) + [l follr®2) + CAz g0l 1 (R))-

]
Recall that the exact solution (f, F) satisfies 0,F = p > 0 and therefore E(t,-) is
non decreasing for any ¢ > 0. In the following proposition we prove that E, is non

decreasing for any n € N.

Proposition 3.3 Assume that (fo, Eo) satisfy H1, H2, H3 and consider ¢ : R — R
a non negative compactly supported function verifying fR o(u) du = 1. Then for any
n € N the electric field E, is non decreasing and we have

d -~ X —ux
—FE, = § OA Y R.
I ( ij pap( - ), HAS

i,j)€Z2

Proof. By formula (29) we can write

d - d - d (X—=)/Ax
%En = %Eo—% Z ioijAp/(x.x)/Ax e(y) dy
(3,5)€Z? :
= po(r) + Z DAp <¢< wa )_@(@Amx))
(i.4)€Z?
— Z Ao | —— €10,+[, z€R, neN. (36)
(3,5)€Z2

[

Remark 3.1 The above computation justifies our choice for the charge density po

in formula (15).

13



3.3 Convergence of the numerical scheme

We estimate now the error of the numerical scheme (29), (30), (31). We split our

computations in several steps.

Lemma 3.1 Under the hypotheses of Proposition 3.1 we have

‘ENO(-)—/REO(U)ﬁgD <UA;'> du

for some constant C' depending on .

< CAz ||goll Ry,
L*>(R)

Proof. For any x € R we can write

/REO(U)AL:U (“A_x‘”) du — By(x)

(B - o) 50 ()

u —x
IElm [ Ju—al5 ( )du

< ool Aa / yle(y) dy.

IN

A

Combining with Proposition 3.1 we obtain

0 s (5)

where C' depends on ¢. O

< CAz ||goll 21 (ry,
L= (R)

Lemma 3.2 Under the hypotheses of Proposition 3.1 denote by (f, E) the unique
global solution of the relativistic Vlasov-Mazwell system (1), (2), (4), (5) and by
(X, P) the characteristics of the Viasov equation (1) associated to the electric field
E. Then for any (i,7) € Z?, 0 < n < N we have

X7 — X (£"0,2:,p))| + | P — P(£"; 0,25, p;)| < C(T Atz 1B — E(t™)|| e +At

with C(T) = (14 (a/2 4+ ¢b(T)) T) exp((1 4+ 6(T))T) and T = NAt.

14



Proof. We introduce the notations DX}, = | X[: — Xy;(t")[, DPJ; = |Pj;— P;;(t")| for
any (i,j) € Z°,0 < n < N, where (X(t), P(t)) = (X(£0,2:,p;), P(£:0,7:,p;))-

We can write

tn+1

X5+ At U(Pg) — X;;(t") — / v(P;;(s)) ds

tn

n+l
DX =

tn+1

/t {v(B) = v(P(t") + v(By; (")) — v(By(s))} ds

n

< DXJ+

tn+1

< DX+ [0l DPjj At + Hv’HLw/ |Pij(s) = By (t")] ds. - (37)

tn

Observe that [|v/||z~ < 1 and that

| Pij(s) — Py (1) = < (s—t")a, s=1", (38)

/t E(r, Xy;(7)) dr

where a = || Eyl|1o(r) + || fol|21(r2)- Combining (37), (38) yields

2

At
n+1 n n
DX < DXjj+ At DPj+ = —a. (39)

We have also

tntl
DPIY = |Ph o At Bo(X]) — Py(t™) — /t E(s, X;;(s)) ds (40)
~ tn+1
< DP;;+At|En(xg;)—E(t",Xg)|+/ |E(s, X;5(5)) — E(t", X[2)| ds.
tn

By using the estimates ||0,E(s)||r=®r) < [l9ollzr®) + 2||g0]|L=®) sa = b(s) and
|0:E(s)||Lr) < cb(s) for any s > 0 one gets

|E(s, Xij(s)) = E(E'XG)| < |E(s, Xij(s)) = B Xy(")) [ +|E(E Xy (7)) — E(EX5)|

J

< [E(s, Xi5(s)) — E(s, Xi; (") + | E(s, Xiz(t")) — E(t", Xi; (t"))|

+ B, Xi(t") — E(t", X))

< 0L E(8)|lpoe| Xij(s) — Xij (@) [+ 0B 1o (5 — ") + |0 E(t") || Lo DX
< 2cb(s)(s —t") +b(t") DX, Vs > 1" (41)

Combining (40), (41) yields
DPI* < DPj+ At |E, — E(t")| o (r) + At b(t") DX, + cb(t™1) At*. (42)

15



Finally one gets from (39), (42)

DX 4+ DPIY < DX+ DPL+ At (b(t")DX]s + DPL) + At || E, — E(t")|| 1~

+ AP (g + cb(t”“)) . (i,§) € 2% neN, (43)

and therefore we obtain

DX + DP} < | At Z | B — E(t™)| e + At (% - ncb(t”))] exp(t"(1 + b(t")))
= |At Z 1w — E(t™)]| 1~ + At ( + cb(t”)) "] exp(t"(1+b(t")))
< Atz |E, — E(t™)]|| - + At

[

We can prove the following error estimates.

Proposition 3.4 Under the hypotheses of Proposition 3.1 denote by (f,E) the
unique global solution of (1), (2), (4), (5), by (X, P) the characteristics associated to
the electric field E and by (X75, Pf})nijyenxze (En)neN the numerical solution given
by (29), (30), (31). Then there is a constant C' depending on the initial conditions
and T'= NAt such that we have for any 0 <n < N

3 (X5 = X(30.2007)| +1P5 = P 0aippl} + 1Eal) = B, lieee
1,])€

< C(At+ Az + Ap).

Proof. We check easily that for any n € N we have

HE(t”,-) —/RE(t”,u)égo (“M ) du

< OB ()1~ Az / Iyl (y) dy
R

L= (R)

< (M)A / yloly) dy.  (44)
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By using (14), (29) and Lemma 3.1 one gets for any y € R,n € N
Buly) = [ B g (52 ) du] |~ [ Balwge (Y52 ) @
n\Y . U Ar Ar u olY olu A 2 Az u

+ Y £ / (“A )du—//fO/X(tnozp)Alx <“A_xy) du dp dx

<

(i,5)€Z2
< CAz ||glluiw + Th + T, (45)
where
(t™;0,z,p) u— X (t";0,z4,p5) .
Y u—-y
du — du | dpd
B (A O~ R A G EA P
(i,5)€Z2 g
and

© du| . 46
Z /X(t” ;0,x4,0;5) ( Az > ( )

(3,5)€Z2

For any € R we denote by x;(z) = i(x)Ax the point x; such that z; — % <z<
T+ % and similarly, for any p € R, the notation p,(p) stands for the point p; such
that p; — % <p<p;+ %. Observe that the term 77 can be written

(t":0.20) /1, _ X (t™0,@i(x),p; (p)) _

L= //Aa: (/m SO(Ax)du \/g;i(m) SO(Ax)dU) I d

< Ty + Tho, (47)
where

T = ( ) du dp dx|,
and
X (50,24 (
u—y
du dp dz| .
A'T X (t7;0,2,p) S0( Az ) P

Let us estimate

Tl 2

/X(sowz z),pj(p)) u—y o do d -
u T, s .
X (s0p) 2 Ar p ) =z

17



We have

(5:0,24(2),pj (p))—y)/ Az
Oxp / ©(z) dz dp dx
(X(5:0,2.0)—y)/ Az

T12<S) =

< /@(Z)//fO(%p)l X (s0mp)y | X505 ()X (si0,0,p) | AP AT A2
Z_ Az ‘< Az }

:/ //stsOxp)P(sOxp))

X 1{\X(30xp —y—zAz|<|X (5;0,2,p)— X (5;0,2; (x),p; (p))] } dp dx dz. (48)

We check easily by using the characteristic equations that

[X(5:0,2,p) = X (50, 2:(2), p;(P))| + | P(5;0,2,p) = P(s;0, 2:(x), p;(p))]
< (lz = zi(@)] + [p — pi(p)]) exp(s(1 + b(s)))

< (% + %) exp(s(1+b(s))) =: R(s). (49)

Therefore we obtain the following estimate for the term Ti5(s)

Ta() < [ ¢G) [ [ 15 X050,2.0) P 0td) L gy iy 0l 02

= /R v(2) /R /R F$, X, P)1 o nieiisyy OF AX dz

< / (|8 ()2 B(s) dz
= (Az+ Ap)exp((1+b(s))s) b(s). (50)

N

Taking s = 0, s = t" we deduce that T; < (Az + Ap)b(0), respectively Ti5 <
(Az + Ap) exp((1 + b(t™))t™) b(t") and thus we have

Ty <2 (Ax + Ap)exp((1 + b(t™))t") b(t"™). (51)
It remains to estimate the term T5. As before, observe that
Z(z i(p) —
/fo / gp(u y> du dp dx
X 0mi(@)pp) \ AT

/R / / Jo(@, D)V{1x (70,21 (@) 0y (0) ~y—28al <X ) X (E:0.25(2).0 o))}y AP A 2.

T, =

(52)

IN
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By Lemma 3.2 we know that for any 0 < n < N, (x,p) € R? we have

[ Xiwie — X" 0,2:i(x),pi(p))| < Atz 1B — BE™) | =) + At
— R, (53)
Since | X (t™;0,z;(z),p;(p)) — X(t";0,2,p)| < %exp((l + b(t"))t™) we deduce
that the following inclusion holds for any n
{(z,p) - [X(" 0, 2:(2), p;(p)) — y — 282| < |Xilp) — X (@0, 25(2), p; (p))[}
- {(-T,p) : ‘X(tn;oaxap) — Y- ZA:E‘ < Rn}7 (54)

where R, = R, + % exp((1 + b(t™))t"). From (52), (54) one gets

T2 S /RQO<Z) /R/RfO(x’p)1{|X(t";0,x,p)—y—zAx|§Rn} dp dx dz
= /R‘P(Z) /R/Rf(tnaX<tn7 0, xap)a P(tnv 07Ivp))1{|X(t”;0,x,p)—y—zAw\§]~%n} dp dx dz
= /RsO(Z) /R /R f X, P)lx oy onal<iy AP dX dz

< lp(t")|lz=r) 2 Ry
< B (2R + (Az + Ap) exp((1 + b)) (55)

Collecting the partial computations (44), (45), (51), (55) one gets for any y € R,

0<n<N

|En(y) — E(t",y)|

IN

b(t”)/ |z|p(2) dz Az + CAz||g||11(r)
R

+ 3(Ax + Ap)exp((1+ b(t"))t") b(t™)

n—1

+ 2(t)C(T) ALY ||Ep — E(t™)]| 1) + At
m=0
n—I1 B
< C(At+Az+Ap) + CALY [|Ey — E(t™)|| =)
m=0

for some constant C' depending on the initial conditions and 7" = NAt, but not on

y € R. Therefore we deduce that

n—1
|Ew — B(t") I~ < C(At+ Az + Ap) + CAL S || Ey — E(t™)| = g)- (56)

m=0
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We consider S,, = 22;10 |E,, — E(t™)||z=®) for any n > 1 and Sy = 0. From the

above inequality we deduce that
Spi1 < (14 CA)S, + C(At + Az + Ap), 0<n <N,

and therefore one gets easily
AtS, = Atz 1B — E(t™)||zery < C(At 4+ Az 4+ Ap), 0<n < N. (57)

Combining (56), (57) we obtain
1B = E(t") 1= < C(At+ Az +Ap), 0<n <N,

for some constant depending on the initial conditions and 7' = NAt. By Lemma

3.2 we deduce also that

sup {|X—=X(t";0 :L‘Z,p])H—‘ —P(t";0,x;,p;)|} < C(At+Az+Ap), 0<n <N.
(3,5)€Z2

[

For practical implementation of the scheme (29), (30), (31) we approximate the
initial particle density by

Fol@.p) = fol@, p)Li-1/2)a0<o<(io-1/2)80) X LGim1/280<p<(io-1/2089),  (58)
where 71, j; are small enough and i, jo are large enough such that

.t Tt i <

with € a small parameter. We consider the charge density p, = fR?o dp and the
electric field

Fola / o) — o)} dy, = €R. (59)

We have E(; = pp and

Fo(a)— Eolx)| < / {0()~Po()} dy < / / oy ) ~To(w.p)} dpdy <, z€R.
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Notice that by (58) we have 7;- =0 for any (4,7) € Z*2NC({iy, i1 +1,...,i5 — 1} x
{j1,71 +1,..., 72 — 1}) and therefore, by using the numerical scheme (29), (30), (31)

associated to the initial conditions (f,, Eo), we can compute X7, P E, for any

YRV E

(1,7) € {i1,i1 + 1,..;i0 — 1} x {j1,51 + 1,...,Jo — 1} and n € N. We obtain the

following result

Theorem 3.1 Assume that (fo, Eo) satisfy H1, H2, H3 and consider ¢ a non neg-
ative compactly supported function verifying fR o(u) du = 1. For any € > 0 let
(fo, Eo) given by (58), (59). Denote by (f, E) the unique global solution of (1), (2)
with the initial conditions (fo, Fo), by (X, P) the characteristics associated to the
electric field E and by X3, P}, E,. (i,7) € {ir, i1+ 1, i — 1} x {J1, 1+ 1, ..., Jo —
1},n €{0,1,..., N} the numerical solution given by (29), (30), (31) and the initial
conditions (f, Ey). Then we have

sup {1X5 — X (¢ 0, @3, p;)| + [ B — P(t"; 0, 23, p;) |}
(’i,j)E{’i1,’i1+1 7777 i2—1}X{j17j1+1 ----- j2_1}

+ 1B — E(t") |z~ r)

< C(At+Az+Ap+e¢), 0<n <N, (60)
for some constant depending on the initial conditions and T = N At.

Proof. Observe that since (fy, Fy) satisfy H1, H2, H3 therefore (f,, Ey) satisfy H1,
H2, H3 as well. We denote by (f, E) the unique global solution of (1), (2) with the
initial conditions (f,, Eo). By Corollary 2.1 we have

IE(t) — E@t)|1o® + (X —=X)&0, ) zere) + (P = P)(&0,-, )| r=re)

C(T) (Ilfo = Follrwey + 1 Bo = Eoll=w))
2:C(T), YVt el0,T], (61)

IA

N
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where (X, P) are the characteristics associated with the electric field E. By Propo-
sition 3.4 we obtain

(’L',j)e{’h,’il'i‘]. ..... iQ—l}X{jhjl-i-l ..... Jo— ].}

+ [En = E(@)ll=r)

< C(T)(At+ Az + Ap), 0<n < N. (62)

Our conclusion follows easily by combining (61), (62). O

We proved that the solution of the relativistic one dimensional Vlasov-Maxwell
system propagates with finite speed, cf. Theorem 2.2. We use this property for
localizing the numerical scheme (29), (30), (31) in space. Assume that we want to
approximate the solution of (1), (2), (4), (5) for (t,z,p) € [0,T] X [a,b] x R. Take
11,99 € Z,N € N such that NAt > T, z;, + cNAt < a < b < x;,_ 1 —cNAt. For
simplifying suppose also that f =0, (i,7) € Z x (ZNC{j1,...,j2 — 1}). For any

0 <n < N we consider

T" ={(i,j) € Z X {j1,....Jja — 1} + @z + ncAt < X7 < 24,1 — ncAt}.
From (32) one gets immediately that

{it,.ip =1} x {j1, s fo— 1} =TT > .. OT" DT 5 ... 5TV,

Proposition 3.5 Denote by (X[}, P}, E,, (i,j) € Zx{j1, ..., ja—1},n € {0,1, ..., N}

K

the numerical solution given by (29), (30), (31). Then for any n € {0,1,..., N} we

have

B - B@-Y Y %p/:g“”(u;mm) d“

m=1 (4 j)eTm-1n{T™

- Y / n (“g;) du, (63)

(4,5)ET™

for any x € [x;, + ncAt + RAz, x;,—1 — ncAt — RAx], where [—R, R] D supp .
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Proof. Take x € [z;, + ncAt + RAx,x;, | — ncAt — RAx]. For any (i,j) € Z?
such that i <4, we have max{z;, XJ}} < z;, + ncAt <z — RAr. We deduce that
fxz 9 (“ x) du = 0 for any 7 < ¢;. Similarly, for any (4, j) € Z? such that i > i — 1
we have min{z;, X7:} > x;, 1 —ncAt > r+ RAx, and therefore foZ © (“A—_;’) du =10
for any i > iy — 1. By the definition of E, (see (29)) one gets

Bulr) = Y / (“ A‘j) du

(3,5)€TO

X7 _
- B0-Y T g e(M)

m=1 (3 j)eTm—1n{T™

- ¥ ngp/_Z (“A_x‘”) du. (64)

(¢,5)eT™
We are done if we prove that fXT;,{ ¢ (2) du = 0 for any m € {1,...,n},(i,j) €
Tt N CT™. Indeed, if (i,7) € T™ ' N CT™ we have X[ < x; + mcAt or
X7 > wi, 1 —mcAt. In the first case we deduce that max{ X}, X7} < + (n —

m)cAt < x;, +ncAt < x — RAz, and in the second case one gets mm{Xm )
X7 — (n —m)cAt > 14, 1 — ncAt > r + RAz. Therefore in both cases we have
f))cfgf v () du=0. -
By using the previous proposition it is possible to construct a local numerical scheme
by slightly modifying the scheme (29), (30), (31). We start with (X, Pj}) =
(z4,pj), (i,7) € T° and we take as initial field L%'o on [z, x;,_1] the restriction of Ej
on [ry,, %, 1]. Assume that for some n > 0 we know (X7, P[?') for any (i,j) € T™,
m € {0,1,...,n} and a field én on [z;, + ncAt,x;,, 1 — ncAt]. We have to define
(X, Pt for any (i, 7) € T and a field f?nﬂ on [z;, + (n+1)cAt, x;, 1 — (n+
1)cAt]. We can take X[ = X7 + Ato(P}) for any (i,7) in 7" D T"*'. Note that
for any (i,7) € T" we have X7} € [z;, + ncAt, x;,_1 — ncAt] and therefore we can

define
Pt = P”+AtE (X72), (i,j) € T

It remains to define the field En+1 on [z + (n 4+ 1)cAt,x;, 1 — (n + 1)cAt]. By

Proposition 3.5 we can compute the field E, 11 on [ap 1, bps1] = [, + (n+ 1)cAt +
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RAx,xz;, 1 — (n + 1)cAt — RAz| by using the values X{;”H = X7 + Atw(P]}),
(i,7) € T™ m € {0,1,....,n}. We can take E,,1(z) = Enyi(any) for z € [z;, +

(n+ 1)eAt, anir[, Ens1(z) = E,(x) for © € [ani1, bpsa] and E:'nH(x) = E,(byyy) for
T €)bpy1, iy—1 — (n + 1)cAt]. After N time steps we obtain a field Z%N defined on
[, + NcAt, x4,y — NcAt] D [a,b]. We expect that the above scheme has the same
properties as the numerical scheme (29), (30), (31).

Finally, for any (n,4) € NxZ we introduce the charge and current approximations

. En(xi+1) — En(l’z) ~n En+1(xi> _ En<xz)

The quantities (5, j7)(n.qenxz verify the properties

Proposition 3.6 Under the hypotheses of Theorem 3.1 we have

ﬁ?“-—ﬁ?%_ﬂil—if
At Az

>0, =0, (n,i) eNxXZ, (65)

and

Zﬁ?Ax://fo(x,p) dp dx, n € N,
RJR

i€z
Proof. By Proposition 3.3 the electric field E, is non decreasing and therefore
pr > 0 for any (n,i) € Nx Z. Obviously, the discrete continuity equation (65) holds
true. It remains to compute the total charge Q" = > ., piAx. Since E, is non
decreasing and bounded we have Q" = lim,_, ;o Ep(z) — lim,_._o E,(x). By (29)
we have En = Eo — Fn where

Fo(x) = onp [ (Lt
n(x) = Z i Ap AW du, x € R.

(1,5)€Z2

We claim that lim, .1, Fy,(z) = 0 for any n € N. Indeed, for any ¢ > 0 take i. large

enough such that
Z ZgAxAp <e.

(i,§) €22 |i|>ie
Take R > 0 such that supp ¢ C [—R, R| and x such that |z| > RAz + i. Az + ncAt.

Observe that for any (i, j) € Z?, |i| < i. and u between z; and X7} we have % >R
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saying that

n

Z Z%Ap/ ijgp <u—x) du =0, |z| > RAx + i.Ax + ncAt.

N Az
(i:4) €22 Jil ie i

We deduce that

|E,(x)] < Z GATAp < e, |x| > RAz + i Az + neAt,

(4,5)€Z2,|i| >

and therefore we have

lirin E,(z)=0. (66)
By (16) one gets easily that
lim Fy(z) = lim FEy(z), hT Eo(z) = hrf Ey(z). (67)

Combining (66), (67) we obtain

Q" = lim Ey(z)— lim Ey(z)= /EO/(x) dr = /R/Rfo(x,p) dp dx, Vn e N.

T——+400 T——00 R

4 Numerical simulations

In this section we intend to compare the numerical scheme (29), (30), (31) with
respect to classical particle methods for solving the Vlasov-Maxwell equations. As
noticed before, the main advantage of (29), (30), (31) is that the convergence analysis
permits very rough particle densities (typically integrable densities) while the electric
field and the characteristics remain smooth (Lipschitz continuous functions at least).
We have also seen that the total charge is conserved (cf. Proposition 3.6) and, in the
relativistic case, we have proved that the numerical solution propagates with finite
speed (cf. Proposition 3.5). We wish to perform some numerical computations.

For this we will introduce also a standard particle method and we will compare the
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results obtained by using both methods. We work in the setting of spatial L periodic

functions, i.e., we are looking for solutions (f, E) of (1), (2) satisfying
ft,x+ L,p) = f(t,z,p), E(t,v+L)=E(x), (t,r,p) € Ry xRxR.

At this stage let us point out that the electric potential ®(¢,x) (i.e., E(t,z) =
—0,P(t,z)) is not necessarily L periodic, saying that, generally (2) can not be
replaced by the Poisson problem

—02® = p(t,r), ®(t,x+L)=d(t,x), (t,z) € Ry xR.

Indeed, the electric potential is L periodic iff the average of the electric field over a
period vanishes at any time ¢t € R,. Anyway, the system (1), (2) is equivalent to
the Vlasov equation (1) and the Ampere law 0,F = —j in (2) since the Gauss law
0. FE = pis a consequence of the continuity equation (3), when the initial conditions
in (4), (5) satisfy the constraint L Ey = [, fodp.

A standard particle method for approximating the Vlasov equation combined to

the Ampere law would be, with the notations at the beginning of Section 3

e Consider (X}, P}) = (x;,p;) for any (i,j) € Z* and E}) = Ey(xy) for any

57

ke Z.
o Given (X7, PJ})(ij)ez2 and (Ef )kez compute (X"Jrl Pg“)(i,j)ez? and (E,?H)kez
by using
X[ = XP+ Ato(PY), (i,)) € Z? (68)
P = Pl AVT(EM)(XD), (i)) € 22 (69)
Eptt = Bl — At (Z%;ZQ Ap V(P <X;;T) , kel (70)
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where the notation Z in (69) stands for an interpolation operator let say Z : *°(Z) —

L>(R). The formula (70) comes from the Ampeére law, by observing that

7tn+1

/tn i(s,ap) ds ~ At/Rj(t",x)ﬁ (I;xx’“) dz
:At//v(p)txp ( )dpdaz

At Y Apflu(Ph)e ( — ’“) (71)

(i,9)€Z2

Q

Surely, for more accuracy we can start with

(X5, P;"?) = (@i, — 5 Bo(@1), (i,j) € 27

R

and replace (68), (69), (70) by

b =P, T+ AtI(E")(X), (i,j) €Z (72)
n+l _ yvn n+1/2 .. 2
Xim =XG+Atu(P7), (4,j) €Z (73)
Bt =Ep— At Y Apfou(Pr e (JTk L kezZ  (74)
(i,9)€Z?
. n+1/2 n n+1/2
with X[/7/2 = X7 4 Aty

Obviously, the main difference between the schemes (29), (30), (31) and (68),
(69), (70) comes from the expressions for the electric field in (29) and (70) respec-
tively. Let us denote by ¢ the function given by ¢(z) = [* Lo (L) dy. If
[—R, R] contains the support of ¢ then it is easily seen that ¢ (z) = 0 for any
x < —RAz, ¢¥(x) =1 for any > RAx and ¥ (z) € [0,1] for any = € [-RAz, RAx].

Estimating the difference between the electric fields in (29) and (70) leads, up to
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other error terms, to terms like

o= Y Acdpf! / < AI“) du

(i,5)€Z?
n—1
1 X5 —
— AtAxA P -
> Y seaapigup e ()
m=0 (i,j)€Z?
= ) Awlpf [W(Xp — ax) — (xi — wy)]
(i,5)€Z2
n—1
— > AaApfl | D> o (XpT - X ¢'(X$—xk)]
(i.j)ez? m=0
= Z A'IApf’L‘j ZRUk’
(i,9)€Z2

where the notation R}, stands for

i ¢(Xm+l - iUk) ?ﬂ(X%l - JUk) - (XZ;'LH - XZLW’(XZ'I - 95k)

ijk

Therefore, the convergence analysis of (68), (69), (70) reduces to the convergence
towards zero for the error terms 7} when At, Az, Ap tend to 0. But estimating
terms like R, is not an easy task, since the function ¢ converges to the unitary

step as Ax tends to 0. Indeed, by Taylor expansion we are led to
. . VAL\?
R = 507 = X gl = 0 () (75)

where ¢ are intermediate points and V' is a bound for the maximal velocity (take
V' = 1 in the relativistic case or assume that f; has compact support in the non
0 if

relativistic case). A better idea is to observe that R, =

max{XmJrl — g, X — ) < —RAz or 1rn11r1{Xl-’}-hLl —xg, Xi7 — a1} > RAx. (76)

Obviously, in the other cases R,

i remain uniformly bounded (cf. (75)) under a CFL

condition. Nevertheless, the difficult job is to estimate for any fixed k the cardinal

of the set
A ={(i,5,m) « R #0}.
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Based on (76) this reduces to finding an upper-bound for card{ (i, j, m) : X*

i Xt e
[—RAz — VAt +x, RAx+ VAt +x;]}. And this is not of all evident, at least when
the particle density is only an integrable function. Actually we will see that in cer-
tain cases the numerical schemes considered above behave differently . Therefore
they are not equivalent.

The first numerical computation we address here concerns the oscillations of a

spatial homogeneous plasma in the non relativistic case (v(p) = p). We consider the

initial conditions

and we check immediately that the exact solution is given by

f(t.p) = \/% exp <_(p — \/azlen(\/ﬁt)F) . E(t) = Vn cos(v/nt). (77)

The following figures illustrate the behavior of the numerical approximations for
(f, E) obtained by using both new and standard particle method. These numerical
results are compared to the analytical expressions (77). The parameter values are
n = 25,60 = 0.1, At = 0.019 whereas the phase space domain [0, L] X [—Pmax, Pmax]
(here L = 0.5, pmax = 2) is discretized by using N, = 20 points along the space
direction and N, = 40 points along the momentum direction. On Figure 1 we plot
the time evolution of the electric field. The Figures 2, 3, 4 illustrate the time vari-
ation of the total current fOL Japf dpdz, kinetic energy fOL = %2 f dpdx and electric
energy fOL %EQ dx. We observe that the curves are in very good agreement for both
methods. Actually in this case the numerical schemes have similar behaviors.

We consider now the spatial periodic initial conditions

foliw,p) = o= exp (‘%) (1 oo (%Tx»

Eo(z) = vVnf <1 + QI;T\/\/% sin <27£x)) .

The values of the parameters are the same. The Figure 5 represents the time evolu-

tion of the total current fOL Japf(t,z,p) dpdx and kinetic energy fOL = p;f(t, x,p) dpdx.
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The left curves in Figure 6 show the variation of the total electric energy |

We observe that the curves are in very good agreement up to the time t = 5.5. The

curves in the right part of Figure 6 illustrate the long time evolution of the total

energy (kinetic and electric). They show that the total energy is better preserved

when using the new particle method. The total energy is conserved with a precision

of 1% when using the new particle method and with a precision of 14% when using

the standard particle method.
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