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Abstract. We study here the existence and uniqueness of periodic solutions for evolution equa-
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1 Introduction

Many theoretical and numerical studies in applied mathematics focus on permanent regimes for
ordinary or partial differential equations. The main purpose of this paper is to establish existence

and uniqueness results for periodic solutions in the general framework of evolution equations :
a'(t) + Ax(t) = f(t), t € IR, (1)

by using the penalization method. Note that in the linear case a necessary condition for the
existence is given by : .
1
< f>= T/ f(t)dt € Range(A). (2)
0
Unfortunately this condition is not always sufficient for the existence (see the example of the
orthogonal rotation of IR?). Nevertheless the condition (2) is sufficient in the symmetric case. The

key point consists of considering first perturbed equations :
axe(t) + 2l (t) + Az (t) = f(t), tE€ R, (3)

where o > 0. By using the Banach’s fixed point theorem we deduce the existence and uniqueness
of the periodic solutions x4, « > 0. Under the assumption (2), in the linear symmetric case we
show that (4)a>0 is a Cauchy sequence in C' and by passing to the limit for a — 0 it follows

that the limit function is a periodic solution for (1).



These results have been announced by [4]. The same approach applies for the study of almost
periodic solutions (see [5]).

Results concerning this topic have been obtained previously by other authors by using different
methods. A similar condition (2) has been investigated in [3] by studying the range of sums of
monotone operators. A different way consists of applying fixed point techniques, see for example
2], [7].

The article is organized as follows. First we analyse the one dimensional case. Necessary and
sufficient conditions for the existence and uniqueness of periodic solutions are shown. Results for
sub(super)-periodic solutions are proved as well in this case. In the next section we show that the
same existence result holds for linear symmetric maximal monotone operators on Hilbert spaces.

In the last section the case of non-linear sub-differential operators is considered.

2 Periodic solutions for one dimensional evolution equations

In order to study the periodic solutions for evolution equations it is convenient to consider first
the one dimensional case :

o'(t) + g(x(t)) = f(t), teR, (4)
where g : IR — IR is increasing Lipschitz continuous in x and f : IR — IR is T-periodic and
continuous in ¢. By Picard’s theorem it follows that for each initial data 2(0) = z¢ € IR there is
an unique solution z € C1(IR; IR) for (4). We are looking for T-periodic solutions. Let us start by

the uniqueness study :

2.1 Uniqueness

Proposition 1 Assume that g is strictly increasing and f is periodic. Then there is at most one

periodic solution for (4).

Proof : Let x1, 25 be two periodic solutions for (4). By taking the difference between the two

equations and multiplying by z1(t) — x2(t) we get :
2L a1 (t) = w2 () + [g(01 () — glwa ()] () — 22(8)] =0, ¢ € R, (5)

Since ¢ is increasing we have (g(z1) — g(z2))(x1 — x2) > 0 Vzq,22 € IR and therefore we deduce
that |x1(t) — x2(t)] is decreasing. Moreover as x1 and x5 are periodic it follows that |1 () — 22(t)]

doesn’t depend on ¢t € IR and therefore, from (5) we get :

[9(z1(t)) = g(z2(0)][x1(t) — 22(8)] = 0, t € RR.

Finally, the strictly monotony of g implies that x7 = .



Remark 1 If g is only increasing, it is possible that (4) has several periodic solutions. Let us

consider the function :

r+e x<-—¢g,
g(xz) =1 0, T € [—e,¢l, (6)
r—e, T>¢,
t) = §cost. We can easily check that x(t) = A+ §sint are periodic solutions for (4) for

and f(
~5:3)

AE|

Generally we can prove that every two periodic solutions differ by a constant :

Proposition 2 Let g be an increasing function and x1,xe two periodic solutions of (4). Then

there is a constant C' € IR such that :
.’ﬂl(t) - ZL’Q(t) = C, vVt € IR.

Proof : As shown before there is a constant C € IR such that |z1(t) — z2(t)] = C, t € R.
Moreover z1(t) — x2(t) has constant sign, otherwise x1(to) = x2(to) for some ¢y € IR and it follows

that |x1(t) — x2(t)| = |z1(to) — 22(to)| =0, t € IR or x1 = x2. Finally we find that :

z1(t) — x2(t) = sign(z1(0) — 22(0))C, t € RR.
Before analysing in detail the uniqueness for increasing functions, let us denote by O(y), y € IR
the set :

{zeRle+ [y(f(s)—y)ds € g™ (y) Ve R} Cg ' (y), yeg(R),
0, y ¢ g(IR).
Proposition 3 Let g be an increasing function and f periodic. Then equation (4) has different

periodic solutions iff Int(O < f >) # 0.

O(y) =

Proof : Assume that (4) has two periodic solutions x; # x2. By the previous proposition we have
x9 — 21 = C' > 0. By integration on [0, 7] one gets :
T T T
| stwionae= [ swie= [ glastenar 7)
0 0 0

Since g is increasing we have g(z1(t)) < g(x2(t)), t € IR and therefore :

T T
/ g1 (1))t < / gl (t))dt. (8)
0 0

From (7) and (8) we deduce that g(z1(t)) = g(z2(t)), t € IR and thus g is constant on each interval
[z1(8), 22(t)] = [x1(¢), 21 (t)+C], t € IR. Finally it implies that g is constant on Range(z1)+[0,C] =
{z1(t)+y |t €1]0,T],y € [0,C]} and this constant is exactly the time average of f :

glar(t)) = g(xa(t)) =< f >, t€[0,T]. )



Let x be an arbitrary real number in ]z1(0), 21(0) + C[. Then :

x—l—/ot{f(s)—<f>}ds = x—21(0) +21(0 /{f (s))}ds
= z—21(0)+21(t)

> x1(t), teR.
Similarly :

x+/0{f(s)—<f>}ds = o= (0) + (0 /{f () }ds
= 1z —29(0) + x2(t)

< wo(t), telR.

Therefore x + fg{f(s)— < f >}ds €xy(t),xa(t)[C g Y (< f >), t € IR which implies that
xz € O < f > and hence |z1(0),22(0)[C O < f >.
Conversely, suppose that there is £ and C' > 0 small enough such that z,x +C € O < f >. It is

easy to check that x1,xo given below are different periodic solutions for (4) :

t):x+/0{f(s)—<f>}ds, e R,

t
xa(t) :x+C+/ {f(s)—< f>}s=z1(t)+C, teR.
0
Remark 2 The condition Int(O < f >) # () is equivalent to :
diam(g~' < f >) > diam(Range /{f(t)f < f >1}dt).

Example : Consider the equation a'(t) + g(x(t)) = ncost,t € IR with g given in Remark 1. We
have < ncost >=0 € g(IR) and :

0(0)

{xeB|x+/tncossdsegl(0), te R} (10)
= {xeﬂ%|x+nosinteg_1(0),tell%}
= {ze€eR| —e<z+nsint<etecR}

0, Inl>e,
= {0}, Inl=e (11)
(Inl —e,e=nll Inl <e.

Therefore uniqueness doesn’t occur if |n| < e, for example if ) = /2, as seen before in the Remark

1. If |n| > € there is an unique periodic solution.

In the following we suppose that g is increasing and we establish the existence result.



2.2 Existence
In order to study the existence, note that a necessary condition is given by :

Proposition 4 Assume that equation (4) has T-periodic solutions. Then there is xg € IR such

that < f >:= fo t)dt = g(xo).

Proof : Indeed, after integration on a period interval [0,T] we obtain :
x(T) — z(0) +/ ))dt = / f(t) (12)
0

Since z is periodic and g o z is continuous we get :

T)):/O Ftdt, 7€), T], (13)

and hence :

T
< f>= %/0 f(®)dt € Range(g). (14)

In the following we will show that this condition is also sufficient for the existence of periodic
solutions. We will prove this result in several steps. First we establish the existence for the
equation :

are(t) + 20 () + g(xa(t) = f(t), t€R, a>0. (15)

Proposition 5 Suppose that g is increasing Lipschitz continuous and f is T-periodic and conti-

nuous. Then for every a > 0 the equation (15) has exactly one periodic solution.

Remark 3 Before starting the proof let us observe that (15) reduces to an equation of type (4) with
go = alpp + g. Since g is increasing, is clear that g, is strictly increasing and by the Proposition
1 we deduce that the uniqueness holds. Moreover since Range(g.) = IR, the necessary condition

(14) is trivially verified and therefore, in this case we can expect to prove existence.

Proof : First of all remark that the existence of periodic solutions reduces to finding zy € IR such

that the solution of the evolution problem :

axa(t) + 2o (t) + g9(za(t)) = f(t),  t€10,T],
z(0) = zo,

(16)

verifies z(T'; 0, z9) = xo. Here we denote by z(-;0,z¢) the solution of (16) (existence and unique-

ness assured by Picard’s theorem). We define the map S : IR — IR given by :

S(xo) = z(T;0,20), zo € R. (17)



We demonstrate the existence and uniqueness of the periodic solution of (16) by showing that the
Banach’s fixed point theorem applies. Let us consider two solutions of (16) corresponding to the

initial datas x} and z3. Using the monotony of g we can write :

1d
alz(t;0,28) — x(t;0,23))* + §$|x(t 10, 23) —x(t;0,22)]* <0, (18)
which implies :
1d . 5,
5@‘{62 o (t;0,20) — x(t;50,23)[*} <0, (19)
and therefore :
|S(xp) = S(a3)| = [a(T50,25) — 2(T;0,25)] < €™ g — . (20)

For @ > 0 S is a contraction and the Banach’s fixed point theorem applies. Therefore S(z¢) = g

for an unique zy € IR and hence z(-;0, z¢) is a periodic solution of (4).

Naturally, in the following proposition we inquire about the convergence of (z4)a>0 to a peri-
odic solution of (4) as a — 0. In view of the Proposition 4 this convergence doesn’t hold if (14)
is not verified. Assume for the moment that (4) has at least one periodic solution. In this case

convergence holds :

Proposition 6 If equation (4) has at least one periodic solution, then (Tqo)a>o0 S convergent in

C°(IR; IR) and the limit is also a periodic solution of (4).

Proof : Denote by x a periodic solution of (4). By elementary calculations we find :

1d

alaze(t) — x(t)* + 3 g alt) = 2(t)]? < —ax(t)(za(t) — 2(1)), t € R, (21)
which can be also written as :
A ralt) — ()} < 0e™a(1)] - e [ralt) — 2(1)] £ € IR (22)

Therefore, by integration on [0,¢] we deduce :
1 at 2 1 2 ! as as
3 le%laa(t) —2@)}" < 5lza(0) —2(0)] + o ae |z(s)] - €**[xa(s) — 2(s)|ds. (23)
Using Bellman’s lemma, formula (23) gives :
t
e |z (t) — 2(t)| < |26(0) — z(0)] —|—/ ae*®|z(s)|ds, t € R. (24)
0

Let us consider a > 0 fixed for the moment. Since x is periodic and continuous, it is also bounded

and therefore from (24) we get :

|z (t) — 2(t)] < e |2a(0) = 2(0)| + (1 = e™*) 2] Lo (m), ¢ € RR. (25)



By periodicity we have :

|za(t) —z(t)] = |za(nT +t)—az(nT +1)]

IN

efa(nT+t)|xa(0) —z(0)]+ (1 — e*a(nTth))HxHLOO(ZR)

< 670‘("T+t)|xa(0) —x(0)| + [|2]| oo (m), t € R,n > 0.
By passing to the limit for n — co we deduce that (z4)a>0 is uniformly bounded in L*(IR) :
[Ta(t)] < [wa(t) —x(®)] + [2(t)] < 2[|z]Lem), t € R, o> 0.
The derivatives 2/, are also uniformly bounded in L*°(IR) for o — 0 :

zo B = [f(t) — aza(t) - g(za(t))]

< S llzoe(my + 20| Lo () + max{g2ll]| Lo (m))s —9(=2[|2 ] L (m)) }-

A

The uniform convergence of (4)q>0 follows now from the Arzela-Ascoli’s theorem. Denote by u

the limit of (24)a>0 as @ — 0. Obviously u is also periodic :
u(0) = lir% 2 (0) = lir% 2o(T) = u(T).
In order to prove that u verify equation (4), we write :

Fa(t) = 20 (0) + / {/(5) - 9(a(s)) — aza(s)}ds, t € R

Since the convergence is uniform, by passing to the limit for & — 0 we obtain :
) =u(0) + [ 1706) - otuls) s,
and hence u € C'(IR; IR) and :
u'(t) + g(ut) = f(t), teR.

From the previous proposition we conclude that the existence of periodic solutions for (4) reduces

to uniform estimates in L (IR) for (z4)a>0 :

Proposition 7 Assume that g is increasing Lipschitz continuous and f is T-periodic and conti-
nuous. Then the following statements are equivalent :

(i) equation (4) has periodic solutions;

(i1) the sequence (zo)a>0 is uniformly bounded in L (IR). Moreover, in this case (To)a>0 8

convergent in C°(IR; IR) and the limit is a periodic solution for (4).

Note that generally we can not estimate (z4)a>o uniformly in L°°(IR). Indeed, by standard

computations we obtain :

alalt) — ) + 3 5 (walt) — w)? < |F(1) — au — ()] -[aa(t) —l, t,u € R



and therefore :

%%{eht(xa(t) —u)?} < e f(t) —au— g(u)| - ez (t) —ul, t,u € R.

By integration on [t,t + h] we get :

1 t+h
S () P < [ @) - au - g [rals) - ulds
t

1
+ §e2at(xa(t) —u)’, t<t+h, uc R

Now by using Bellman’s lemma we deduce :

t+h

|2a(t +h) —u| < e |z (t) —ul + / e UHh=9)| £(5) — au — g(u)|ds, t < t+ h.
t

Since x, is T-periodic, by taking h = T we can write :

1 T
ralt) =0l £ 7= [ €T IUf) — au— glu)lds, t < R
- 0

and thus for u = 0 we obtain :
zall <71 /Tlf( ) —g(0)|ds ~ O L >0
T oo < S S ~ , O .
L>~(IR) Tp— o g o
Now we can state our main existence result :

Theorem 1 Assume that g is increasing Lipschitz continuous, and f is T-periodic and continuous.
Then equation (4) has periodic solutions iff < f >:= %fOT ft)dt € Range(g) (there is o € IR

such that < f >= g(xg)). Moreover in this case we have the estimate :
T
2l Lo (m) < |20l +/ [f()= < f>|dt,Vageg ' < f>,
0
and the solution is unique iff Int(O < f >) =10 or :
diam(g~" < f >) < diam(Range /{f(t)f < f >1}dt).

Proof : The condition is necessary (see Proposition 4). We will prove now that it is also sufficient.
Let us consider the sequence of periodic solutions (x4 )q>0 of (15). Accordingly to the Proposition
7 we need to prove uniform estimates in L (IR) for (z4)a>0. Since z,, is T-periodic by integration

on [0,T] we get :
T
/ {azo(t) + g(zo(t)}dt =T < f >, a> 0.
0

Using the average formula for continuous functions we have :

T

/ {aza(t) + g(za (1)) }dt = T{ax(ta) + 9(za(ta))}, ta €]0,T[, a > 0.
0

By the hypothesis there is 2 € IR such that < f >= g(xo) and thus :

axq(te) + 9(za(te)) = g(x0), a > 0. (26)



Since ¢ is increasing, we deduce :

azo(ta)[To = Talta)] = [9(z0) — g(za(ta))]lro — Za(ta)] 2 0, a >0,

and thus :

|xa(t0¢)|2 < wo(ta)ro < |zalta)l|zol-

Finally we deduce that z,/(t,) is uniformly bounded in IR :
|za(ta)\ < |$o|, Ya>0.

Now we can easily find uniform estimates in L*°(IR) for (z4)a>0- Let us take in the previous

calculus u = z,(t,)and integrate on [t,, 1] :

%ez"‘t(xa(t) — Za(ta))® < / | f(5) = aza(ta) = g(@a(ta))l - [2a(s) = za(ta)lds.

ta

By using Bellman’s lemma we get :

and hence by (26) we deduce :

|0 (1)

IN

T
o] + / F(8) — 0o (t) — g(a(ta))dt

T

|a:o\+/ [f(t)— < f>]dt, t € R, > 0. (27)
0

Now by passing to the limit in (27) we get :

T
[2(t)] < |zol +/ f(t)—<f>l|dt,te R, Vageg ' <f>.
0

2.3 Sub(super)-periodic solutions

In this part we generalize the previous existence results for sub(super)-periodic solutions. We will

see that similar results hold. Let us introduce the concept of sub(super)-periodic solutions :
Definition 1 We say that x € C*([0,T); IR) is a sub-periodic solution for (4) if :
a'(t) +g(x(t) = f(t), te€[0,T],
and z(0) < z(T).
Note that a necessary condition for the existence is given by :

Proposition 8 If equation (4) has sub-periodic solutions, then there is xg € IR such that g(xzo) <

< f>.



Proof : Let x be a sub-periodic solution of (4) . By integration on [0,T] we find :

z(T) — z(0) —l—/o glz(t))dt=T < f > .

Since g o x is continuous, there is 7 €]0, T'[ such that :

1
9(z(1)) =< f> -7 =(T) —2(0)) < < f>.
Similarly we define the notion of super-periodic solution :

Definition 2 We say that y € C1([0,T]; IR) is a super-periodic solution for (4) if :
y'(t) +g(y(t) = f(t), t0,T],

and y(0) = y(T).

The analogous necessary condition holds :

Proposition 9 If equation (4) has super-periodic solutions, then there is yo € IR such that g(yo) >

< f>.

Remark 4 It is clear that x is periodic solution for (4) iff is in the same time sub-periodic and

super-periodic solution. Therefore there are xg,yo € IR such that :

g(wo) < < f > < g(yo).

Since g is continuous, we deduce that < f >€ Range(g) which is exactly the necessary condition

given by the Proposition 4.

As before we will prove that the necessary condition of Proposition 8 is also sufficient for the

existence of sub-periodic solutions. We have the theorem :

Theorem 2 Assume that g is increasing Lipschitz continuous and f is T-periodic continuous.

Then equation (4) has sub-periodic solutions iff there is xy € IR such that g(xg) << f >.

Proof : The condition is necessary (see Proposition 8). Let us prove now that it is also sufficient.
Consider zp an arbitrary initial data and denote by z : [0, 00— IR the solution for (4) with the
initial condition x(0) = zg. If there is g > 0 such that z(tg) < z(to+T), thus zy, (t) := x(to+1t), t €
[0,T] is a sub-periodic solution. Suppose now that z(t) > x(t + T), ¥t € IR. By integration on
[nT, (n+1)T], n > 0 we get :

T
z((n+1)T) — x(nT) —|—/ glx(nT +t)dt=T < f >, n>0.
0
Using the hypothesis and the average formula we have :

glz(nT +71,)) =< f > +%{$(TLT) —z((n+1)T)} > g(xo), 7 €]0,T[, n > 0.



Since g is increasing we deduce that x(nT + 7,) > zo,n > 0. We have also z(nT + 7,) <
z((n— T +71,) < -+ < 2(7n) < supgepory [2(t)] and thus we deduce that (z(nT + 7,))n>0 is
bounded :

|e(nT + 7,)| < K, n > 0.

Consider now the functions z,, : [0,7] — IR given by :
n(t) = 2x(nT +1t), t € [0,T].

By standard computation we get :

1d

§%|xn(t)‘2 + [g(xn(t)) - g(O)]xn(t) - [f(t) - g(O)kcn(t)v te [OaT]

Using the monotony of g we obtain :
t
oa )] < fon(o)| + [ 1F(0) = g(Oldu, 05 <1< T,

Taking s = 7, €]0,T[ we can write :

t T
|20 ()] < fn(70)] +/ |f (u) = g(0)|du < K+/O | (u) = 9(0)|du, t € [70, T].

For t € [0,7,], n > 1 we have :

nT+t

0] = T+ 0] < el =0T+ [ g g0l

IN

(n+1)T
K+ /( () — 9(0)|du

n—1)T
T
< K2 / () — g(0)|du.

Therefore the sequence (z,,)n>0 is uniformly bounded in L*°(IR) and :

T
el ey < K +2 / F(t) — g(0)[dt = M.
0

Moreover, (z},)n>0 is also uniformly bounded in L*°(IR). Indeed we have :

2, (O] = [f(t) = g(@n ()] < [[f |~y + max{g(M), —g(=M)},
and hence, by Arzela-Ascoli’s theorem we deduce that (x,,),>0 converges in C°([0, 7], IR) :

lim ,(t) = u(t), uniformly for ¢t € [0, T].

n—oo
As usual, by passing to the limit for n — oo we find that w is also solution for (4). Moreover since

(x(nT))n>0 is decreasing and bounded, it is convergent and we can prove that u is periodic :

u(0) = lim z,(0) = lim z(nT) = lim z((n+ 1)T) = lim z,(T) = u(T).

n—00 n— oo n— oo n—oo
Therefore u is a sub-periodic solution for (4). The analogous result holds for super-periodic solu-

tions :



Proposition 10 Under the same assumptions as in Theorem 2 the equation (4) has super-periodic

solutions iff there is yo € IR such that g(yo) >< f >.
We state now a comparaison result between sub-periodic and super-periodic solutions :

Proposition 11 If g is increasing, x is a sub-periodic solution and y is a super-periodic solution
we have :

z(t) < y(t), vt € [0,T],
provided that x and y are not both periodic.

Proof : Both x and y verify (4), thus :

(z —y)'(t) + g(z(t) — g(y(t)) = 0, t € [0, T].
With the notation :

B = R A RIORS10 -
0 e (0.7, 2(1) = yl0),

we can write g(z(t)) — g(y(t)) = r(t)(z(t) — y(¢)), t € [0,T] and therefore :

(x —y)'(t) +r(t)(x(t) — y(t)) =0, t € [0, T],

which implies that :
2(t) — y(t) = (@(0) — y(0))e Jo )% (29)

Now it is clear that if (0) < y(0) we also have () < y(¢), t € [0,T]. Suppose now that z(0) > y(0).
Taking t = T in (29) we obtain :

#(T) — y(T) = (2(0) — y(0))e~Jo "%, (30)

Since ¢ is increasing, by the definition of the function r we have r > 0. Two cases are possible :(i)
either fOT r(t)dt > 0, (ii) either fOTr(t)dt = 0 in wich case r(t) = 0,¢t € [0,7] (r vanisches in
all points of continuity ¢ such that x(t) # y(¢) and also in all points ¢t with z(t) = y(t) by the
definition). Let us analyse the first case (i). By (30) we deduce that z(T) — y(T') < x(0) — y(0)
or z(T) — z(0) < y(T) — y(0). Since z is sub-periodic we have x(0) < x(T) which implies that
y(T) > y(0) which is in contradiction with the super-periodicity of y ( y(T') < y(0)).

In the second case (ii) we have g(z(t)) = g(y(t)), t € [0,T] so (z —y)’ = 0 and therefore there is a
constant C' € IR such that z(¢t) = y(t) + C, ¢ € [0,T]. Taking t = 0 and ¢t = T we obtain :

0> 2(0) —2(T) = y(0) —y(T) = 0,

and thus x and y are both periodic which is in contradiction with the hypothesis.



In the following we will see how it is possible to retrieve the existence result for periodic solu-
tions by using the method of sub(super)-periodic solutions. Suppose that < f >€& Range(g).
Obviously both sufficient conditions for existence of sub(super)-periodic solutions are satisfied and
thus there are xz((yo) sub(super)-periodic solutions. If yg is even periodic the proof is finisched.
Assume that yo is not periodic (yo(0) > yo(T")). Denote by M the set of sub-periodic solutions for
4) :

M ={z:[0,T] — IR|z sub-periodic solution , xo(t) < z(t), t € [0,T]}.

Since g € M we have M # (). Moreover, from the comparaison result since yq is super-periodic
but not periodic we have z < yg, Vr € M. We prove that M contains a maximal element in
respect to the order :

x1 < xo () z1(t) < xo(t), t € [0,T].

Finally we show that this maximal element is even a periodic solution for (4) since otherwise it

would be possible to construct a sub-periodic solution greater than the maximal element.

We state now the following generalization :

Theorem 3 Assume that g : IR X IR — IR is increasing Lipschitz continuous function in x, T-

periodic and continuous int and f : IR — IR is T-periodic and continuous in t. Then the equation :
2'(t) +g(t,2(t) = f(t), t € R, (31)
has periodic solutions iff there is xg € IR such that :
e I
< foim 7/ F(t)dt = 7/ ot 20)dt = G(ao). (32)
T Jo T Jo

Moreover, in this case we have the estimate :

T
|zl Lo (my < |0 +/ |£(t) — g(t,z0)|dt, Voo € G < f >
0

Proof : Consider the average function G : IR — IR given by :

1

T
G(z) = T/o g(t,z)dt, x € IR.

It is easy to check that G is also increasing and Lipschitz continuous with the same constant. Let
us prove that the condition (32) is necessary. Suppose that z is a periodic solution for (31). By
integration on [0, 7] we get :

T
%/O ot z(t)dt =< > . (33)

We can write :

m<z(t) <M, tel0,T],



and thus :
g(t,m) < g(t,x(t)) < g(t, M), t €[0,T],
which implies :
I I I
G(m) = T/o g(t,m)dt < T/o g(t,z(t))dt < f/o g(t, M)dt = G(M).
Since G is continuous it follows that there is zo € [m, M] such that G(z¢) = + fOT g(t,z(t))dt and
from (33) we deduce that < f >= G(xo).
Let us show that the condition (32) is also sufficient. As before let us consider the unique periodic
solution for :
axe(t) + 2l (t) + g(t, 2o (t)) = f(t), t € 0,T], a > 0,
(existence and uniqueness follow by the Banach’s fixed point theorem exactly as before). All we
need to prove is that (z4)a>0 is uniformly bounded in L% (IR) (then (z,,)a>0 is also uniformly
bounded in L*°(IR) and by Arzela-Ascoli’s theorem we deduce that z, converges to a periodic

solution for (31)). Taking the average on [0,7] we get :
1 T

T, {az(t) + g(t,zo (1)) }dt =< f >= G(xp), a > 0.

As before we can write :
ameg + g(t,ma) < axg(t) + g(t, zo(t)) < aM, + g(t, My), t € [0,T], a > 0,

where :

Mo < To(t) < Mo, t €[0,T], a >0,

and hence :
1 T
ame + G(ma) < f/ (0ma(t) + gt 2o (D) bt < aMy + G(M.), a > 0.
0
Finally we get :
1 T
G(xg) = ?/ {aza(t) + g(t, 20 (t)) }dt = aug + G(ug), ta E]Mma, My, @ > 0. (34)

0
Multiplying by u, — xg we obtain :

g (Ue — x0) = —(G(x0) — G(ua))(To — us ), @ > 0.

Since G is increasing we deduce that |us|? < uazo < |ual - |zo|, @ > 0 and hence (uq)a>o0 is
bounded :

lua| < |xol, > 0.

Now using (34) it follows :

7 [ om0 +attaanlar = 1 [ foug + gt ua)at



and thus there is t,, €]0, T such that :
azo(ta) + g(ta, ta(ta)) = aua + g(ta, ua), > 0.

Since (T (ta) —ta)? = —[9(ta; Ta(ta)) —9(ta, ta)][Ta(te) —ua] < 0 we find that 4 (ty) = Ua, @ >
0 and thus (24 (ta))a>0 is also bounded :

|za(ta)] < |xo|, @ > 0.

Now by standard calculations we can write :

1d

37pTe) —zalta)l” 4 lg(t7a(t) = g(t a(ta))][7a(t) = zalta)]

< [f(t) —azalta) — 9(t, 2a(ta))][za(t) — zalta)], t € IR,
and thus :
|20 (t) — za(ta)] < |f(s) — axq(ta) — g(s,za(ta))|ds, t > to, a >0,
which implies :
T
|z ()] < |20l +/O |f(t) — aza(ta) — g(t, za(ta))ldt, t € [0,T], a > 0. (35)
Since (24(ta))a>o is bounded we have :
Ug = xa(ta) — X1,

such that :
G(zp) = limo{aua + G(uq)} = G(aq).

Moreover, if o < x1 we have :
1 (T
0< 7 [ lott.0) ~ glt,m0)ldt = Glar) - Glan) = 0
0

and hence g(t,21) = g(t,x0), ¥Vt € [0,T]. Obviously the same equalities hold if g > x;. Now by
passing to the limit in (35) we find :

() < ol + / () — gt z0)|dt (36)

IN

T
= |0l +/ £(6) — glt.a0)ldt, t € [0,T), Vao € G < f >,
0

and therefore (24)a>0 is uniformly bounded in L*°(IR).



3 Periodic solutions for evolution equations on Hilbert spaces

In this section we analyse the existence and uniqueness of periodic solutions for general evolution
equations on Hilbert spaces :

2'(t) + Ax(t) = f(t), t > 0, (37)

where A : D(A) C H — H is a maximal monotone operator on a Hilbert space H and f €
CY(IR; H) is a T-periodic function. As known by the theory of Hille-Yosida, for every initial data
xo € D(A) there is an unique solution z € C'*([0, +oo[ ; H)NC([0, +oo[ ; D(A)) for (37), see [6], pp.
101. Obviously, the periodic problem reduces to find zo € D(A) such that z(T) = z¢. As in the
one dimensional case we demonstrate uniqueness for strictly monotone operators. We state also
necessary and sufficient condition for the existence in the linear symmetric case. Finally the case
of non-linear sub-differential operators is considered. Let us start with the definition of periodic

solutions for (37) :

Definition 3 Let A : D(A) C H — H be a mazimal monotone operator on a Hilbert space H
and f € CY(IR ; H) a T-periodic function. We say that x € C1([0,T] ; H)NC([0,T] ; D(A)) is a
periodic solution for (37) iff :

' (t) + Ax(t) = f(t), t € [0,T],

and z(0) = z(T).

3.1 Uniqueness

Generally the uniqueness doesn’t hold (see the example in the following paragraph). However it

occurs under the hypothesis of strictly monotony :

Proposition 12 Assume that A is strictly monotone ((Ax; — Axa,x1 — x2) = 0 implies v1 = x3).

Then (37) has at most one periodic solution.

Proof : Let x1, x2 be two different periodic solutions. By taking the difference of (37) and
multiplying both sides by x1(t) — x5 (t) we find :

1d ) B
5 g l71(0) = 22O + (Aw1 () = Awa(t), 21(t) — w2(8)) = 0, ¢ € [0, ],

By the monotony of A we deduce that ||z1 — z2||? is decreasing and therefore we have :
[21(0) = 22(0)[| = [|l1 () — 22 (D) = [l22(T) — 22(T)|, ¢ € [0, T].

Since x1 and x5 are T-periodic we have :

[21(0) = 22(0)|| = [l21(T) — 22(T) |,



which implies that ||21(¢) — z2(t)]| is constant for ¢ € [0, T] and thus :
(A.%‘l(t) — A.Tg(t), .’171(t> — .Z’Q(t)) =0,te [O,T]

Now uniqueness follows by the strictly monotony of A.

3.2 Existence

In this section we establish existence results. In the linear case we state the following necessary

condition :

Proposition 13 Let A : D(A) C H — H be a linear mazimal monotone operator and f €
LY(J0,T[; H) a T-periodic function. If (37) has T-periodic solutions, then the following necessary

condition holds : .
1
< f>i= T/ f(t)dt € Range(A),
0
(there is xo € D(A) such that < f >= Ax).

Proof: Suppose that x € C1([0,T]; H)NC([0,T]; D(A)) is a T-periodic solution for (37). Let us

consider the divisions A,, : 0 = tf <t} < ... <t =T such that :
lim max [¢] —t' | =0. (38)

n—oo 1<i<n

We can write :
(t7 =t )’ (4 y) + (67 =t ) Azt ) = (67 — ) f(t7 ), 1 <i<n.
Since A is linear we deduce :
i () + A ( S 1>> S SRR
i1 i—1 i=1
and hence :
Ti ~tim)z(ti)), Z — R )[f () — 2 ()] | € A

By (38) we deduce that :

n

T
T e ) = 5 [ et

i=1
and :

T ) )~ 3 [ -

i=1



Since A is maximal monotone Graph(A) is closed and therefore :

% /0 " e, % /0 oy

Thus L [ 2(t)dt € D(A) and < f >= A (% fOTx(t)dt).

e A.

Generally the previous condition is not sufficient for the existence of periodic solutions. For example

let us analyse the periodic solutions z = (x1,22) € C*([0,T); IR?) for :
' (t) + Ax(t) = f(t), t € [0,T], (39)
where A : IR?> — IR? is the orthogonal rotation :
A(z1,x2) = (—x2,21), (T1,22) € IR?,

and f = (f1, f2) € L'(]0,T[; IR?) is T-periodic. For a given initial data z(0) = zg € IR? the
solution writes :
t
z(t) = e ag + / e =4 f(s)ds, t >0, (40)
0

tA

where the semigroup e¢~*# is given by :

A cost sint
et = ,t e R. (41)
—sint cost

Since e~2™4 = 1 we deduce that the equation (39) has 27-periodic solutions iff :
2
/ et f(t)dt = 0. (42)
0

Thus if fo%{fl (t) cost— fa(t)sint}dt # 0 or fo%{fl (t) sint+ f2(t) cost}dt # 0 equation (39) doesn’t
have any 27-periodic solution and the necessary condition still holds because Range(A) = IR?.
Moreover if (42) is satisfied then every solution of (39) is periodic and therefore uniqueness doesn’t
occur (the operator A is not strictly monotone).

Let us analyse now the existence. As in the one dimensional case we have :

Proposition 14 Suppose that A : D(A) C H — H is mazimal monotone and f € C*(IR; H) is

T-periodic. Then for every a > 0 the equation :

ax(t) +2'(t) + Az(t) = f(t), t € IR, (43)
has an unique T-periodic solution in C*(IR; H) N C(IR; D(A)).
Proof : Since a + A is strictly monotone the uniqueness follows from Proposition 12. Indeed :

allz — y||2 + (Az — Ay, —y) =0, z,y € D(A),



implies aljz — y||? = 0 and hence z = y.
Consider now an arbitrary initial data xg € D(A). By the Hille-Yosida’s theorem, there is = €
C*([0,+oo[; H) N C([0, +00[; D(A)) solution for (43). Denote by (z,),>0 the functions :

zn(t) = x(nT + 1), t €[0,T], n>0.
We have :
a1 (t) + 2041 () + Aznga () = f(n+ DT +1), t € (0,77,
and :
axy,(t) + z),(t) + Az, (t) = f(nT +t), t € [0,T).

Since f is T-periodic, after usual computations we get :

1d
I? I?

o[ @nr1(t) — zn(t) + §£Hxn+1(t) — an(t)

+  (Azppa(t) — Azn (1), Tnga(t) —2n(t) =0, t €[0,7].
Taking into account that A is monotone we deduce :

[#n41(t) = 2n ()] < e J2n11(0) — 24 (0)]], ¢ € [0, 71,

and hence :
[20s1(0) = 2O = [laa(T) = 2uer ()]
< e 2 (0) = 201 (0)]
< e 2721 (0) — 2a(0)]
<
< ey (0) = wo(0)], n > 0. (44)

Finally we get the estimate :
[ens1(8) — 2 (®)ll < T4 S, (T50,0) — o, ¢ € [0,T], n > 0.

Here S, (t;0, zq) represents the solution of (43) for the initial data . From the previous estimate

it is clear that (z,,)n>0 is convergent in C°([0,T]; H) :

n—1
2 (t) = @o(t) + D (wr1 () — ax (1)), t € [0, 7],
k=0

where :
n—1 n—1
1Y (@ (t) —ze(@®)] < e+1(t) — 2 (t)]l
k=0 k=0
n—1
< ™ TS, (T;0,20) — |
k=0
e—at
< WHSQ(T; 0,20) — o]



Moreover ||z, (t)|| < ||Sa(t;0,20)|| + 176%,QT||SOZ(T; 0,x0) — ol||. Denote by 4 the limit of (z,)n>0
as n — oo. We should note that without any other hypothesis (z4)a>0 is not uniformly bounded
in L>°(]0,T[; H). We have only estimate in O(1 + 1) :

1 1
||xa||L°°([O,T];H) < C <]. + 1—6_("1—') ~ O (1 + a) .

The above estimate leads immediately to the following :
Remark 5 The sequence (axq)a>0 is uniformly bounded in L ([0,T]; H).

Let us demonstrate that z,, is T-periodic and solution for (43). Indeed :

26(0) = lim z,(0) = lim z,_1(T) = 24(T).

n—oo n—o0

Now let us show that (z),),>0 is also uniformly bounded in L*(]0,T[; H). By taking the difference

between the equations (43) at the moments ¢ and ¢ + h we have :

a(z(t+h)—z(t)) +2'(t+h) —2'(t) + Az(t + h) — Az(t) = f(t+ h) — f(t), t <t+h.
After multiplication by z(t 4+ h) — x(t) we obtain :
1d

=Nt +h) — x| < 1f(E+h) = FOI - ot + ) —x(@)],

alle(t+h) — 2@ + 5

which can be also rewritten as :
1 2at 2 ! as as
2¢ "zt +h) —2@IF < € 1f(s+h) = f(s)Il - e**[|(s + h) — x(s)||ds
1
+ sllz(h) - z(0)||%, t <t+h.
By using Bellman’s lemma we conclude that :
1 ‘ —a(t—s) 1
7lle+h) 2@l < o c 7 I1f (s +h) = f(s)llds
1
+ e_atﬁﬂx(h) —z(0)|l, 0 <t <t+h. (45)
By passing to the limit for h — 0 the previous formula yields :
t
l=" @ < e 2" (0)]] +/0 eI f(s) | ds

. 1
< e f(0) — axg — Azl + a(l — e VNN qo,rpm)

1
< £(0) = awo = Azo|| + —[lf |z o,rpy < +o0.
Therefore (x7,),>0 is uniformly bounded in L*°(]0,T[; H) since :

]l Lo o,y = 12" (0T + ()| Loe o,y < 112 Lo (0,400 H)»



and thus we have z),(t) = ya(t), t € [0,T]. We can write :
¢
(Tn (), 2) = (2,(0), 2) +/ (2!, (s),2)ds, € H, t € [0,T], n >0,
0
and by passing to the limit for n — oo we deduce :

(£a(t).2) = (za(0), 2) + / (vo(s), 2)ds, = € H, t € [0,T),

wich is equivalent to :
t
Zo(t) = 24(0) —|—/ Ya(s)ds, t €10,T7.
0

Therefore z,, is differentiable and z!, = y,. Finally we can write z/, (t) — «,,(t), t € [0,T]. Let us

show that z,, is also solution for (43). We have :
[2n(t), f(t) — ax,(t) — 2l ()] € A, n >0, t € [0,T].
Since x,,(t) — x4 (t), z,(t) — 2/,(t) and A is maximal monotone we conclude that :
[za(t), f(t) =z, (t)] € A, t €[0,T], a >0,

which means that z,(t) € D(A) and Az, (t) = f(t) — 2, (t), t € [0,T).

Now we establish for the linear case the similar result stated in Proposition 7. Before let us

recall a standard result concerning maximal monotone operators on Hilbert spaces :

Proposition 15 Assume that A is a mazimal monotone operator (linear or not) and ctug + Au, =
fy ua € D(A), f € H, a> 0. Then the following statements are equivalent :

(i) | € Range(A);

(#) (ua)a>0 s bounded in H. Moreover, in this case (uq)a>0 S convergent in H to the element

of minimal norm in A7Lf.

Proof : (i) — (i) By the hypothesis there is u € D(A) such that f = Au. After multiplication
by ue — u we get :

(Ugy U — ) + (At — Au,uq —u) =0, a > 0.
Taking into account that A is monotone we deduce :
luall® < (ua, w) < l|uall - |ull, a >0,

and hence |uy| < ||ull, @ >0, u € A71f which implies that u, — ug. We have [u,, f — au,] €
A, a > 0 and since A is maximal monotone, by passing to the limit for & — 0 we deduce that

[ug, f] € A, or ug € A=Lf. Moreover :

uol| = |lw — lim ug | < liminf |Jug | < limsup ||lua|| < [|Jul|, Yu € A7 f.
a—0 a—0 a—0



In particulat taking u = ug € A Lf we get :
— lim uy || = lim
||w Lim ol Llim lwall,

and hence, since any Hilbert space is strictly convex, by Mazur’s theorem we deduce that the
convergence is strong :
Ug — ug € A7Lf, o — 0,
where |luo|| = infyea-1y [l = min,ea-1y [Juf.
(i) — (i) Conversely, suppose that (uq)a>o is bounded in H. Therefore u, — u in H. We have

[Ua, [ — auy) € A, a > 0 and since A is maximal monotone by passing to the limit for « — 0 we

deduce that [u, f] € A or u € D(A) and f = Au.

Theorem 4 Assume that A: D(A) C H — H is a linear mazimal monotone operator on a com-
pact Hilbert space H and f € CY(IR; H) is a T-periodic function. Then the following statements

are equivalent :
(i) equation (37) has periodic solutions ;

(ii) the sequence of periodic solutions for (43) is bounded in C1(IR; H). Moreover in this case

(Ta)a>0 is convergent in C°(IR; H) and the limit is also a T-periodic solution for (37).

Proof: (i) — (ii) Denote by z, z,, the periodic solutions for (37) and (43). By taking the difference
and after multiplication by z(t) — z(t) we get :

allza(t) — z(t)]* + %%Hwa(ﬂ —z®)II* < allz@)l] - lza(t) — 2], t € R. (46)

Finally, after integration and by using Bellman’s lemma, formula (46) yields :

[za(t) —2@)] < 6’”‘t||fvoz(0)*»”6(0)H+/0 ae” =) |lz(s) | ds

< e 2o (0) =20 + (1 — e ™) [z]lL~, t € IR

Since x, and x are T-periodic we can also write :

lza(t) —2(@)] = [lza(nT +1) —2(nT + 1)

< e |20 (0) = 2(0)] + (1 — e T | e
By passing to the limit for n — oo we obtain :
[0 — @[ < [lzflLe, a >0,

and hence :

[zallLe < 2[|z]|ze, a>0.



Since A is linear we can write :

(ralt+ 1) = 2alt) + 3 (@h(t+h) —2o(0) + T Alralt +h) ~ za(0)

> Q

_ %(f(t—s—h)—f(t)), t<t+h a>0, (47)
and :

%(m’(t—l— h) —2'(t)) + %A(m(tJr h) — z(t)) = %(f(tJr h) — f(t)), t <t+h.

For every h > 0 denote by ya,n, yn and g, the periodic functions :

Yoult) = 3 (#alt+ 1)~ 2alt), t€ R, @ >0,
phlt) = 3 (el + ) — 2(t)), € R,

gult) = T (F(+h) ~ F(#), L€ R,
and hence we have :
o n(t) + Yo n(t) + Ayan(t) = gn(t), t € R,
and :
Yn(t) + Ayn(t) = gn(t), t € R.
By the same computations we get :

t
ya.n () = yn O] < €™ [ya.n(0) = yn (0)]] +/ ae™ 7 Jyp (s) | ds.
0

Now by passing to the limit for h — 0 we deduce :

t
e (t) = 2" @) < e*O‘tlléb“;(O)—:'3’(0)||+/0 ae” ) 2! (s)|ds

< e M2l (0) = 2" (0)l + (1 — e™*) |2’ [|z~, t € [0,T].
By the periodicity we obtain as before that :

lzo(®) =2 (O] = lleq(nT +1) — 2" (nT + )|

< T ! (0) — 2/ (O)]] + (1 — e T+ ) o/ o,
and hence by passing to the limit for n — oo we conclude that :
g = 2'llLoe < [|2"[[Loe, o> 0.
Therefore (x),)q>0 is also uniformly bounded in L :
lze e < 2]zl Lo, > 0.

Conversely, the implication (ii) — (i) follows by using Arzela-Ascoli’s theorem and by passing to

the limit for a — 0 in (43).



Let us continue the analysis of the previous example. The semigroup associated to the equation

(43) is given by :

cost, sint
e HatA) — gmat—tA _ mat ,te R, a>0,
—sint, cost

and the periodic solution for equation (43) writes :

Za(t)

T
(1 _ e—T(a+A))—1 / e—(T—s)(a+A)f(8)d8
0

¢
+ /ef(tfs)(aJrA)f(s)ds
0

1— e—T(a—A)

T
_ —(T=s)(a+4) f(g)q
(1—e2TcosT)? + (e=2TsinT)? /0 N f(s)ds

t
+ / e~ =)@+ £(5)ds, t >0, o > 0.
0

As we have seen, the existence of periodic solutions reduces to uniform L>°(]0,T'[; H) estimates for

ZTa)a>0 and (z)a>o . Since A is linear bounded operator (| Al (g gy = 1) we have :
o (H; H)

lealle=qorpm = If — aza — AzallL=qo,r;m)

A

< N fllzeqorsm) + (@ + [[All zca; my)llzall e qo,rm), >0,

and hence in this case it is sufficient to find only uniform L*°(]0,T[; H) estimates for (x4)a>0 Or
uniform estimates for (24(0))a>0 in H.

Case 1 : T =2nm, n > 0. We have :

1 T
lim z,(0) = lim 7/ e~ (T=3)(@tA) £(5)ds.
0

a—0 a—01—e—aT

If fOT e~ (T=9)Af(s)ds # 0 , then (£4(0))as0 is not bounded. In fact since e~2"™4 = 1 it is easy to
check that equation (39) doesn’t have any periodic solution. If fOT e~ (T=9)A f(s)ds = 0 then every

solution of (39) is T-periodic and (24(0))a>0 is convergent for o — 0 :

T/ —a(T—s —(T-s
- fo (em(T=3) —1)e=(T=9)Af(s)ds
a—0 1—e T

T
T —
= _/O Tse’(T’s)Af(s)

1 /7
= T/o se”(T=9)4 £ ().

Case 2 : T # 2n7 ¥n > 0. In this case (1 — e~ 74) is invertible and (24(0))a>0 converges to z(0)

!
e (0)

where z is the unique T-periodic solution of (39) :

T
lim 2,(0) = lim (1 — e Tla+A)~1 / e (T=)(@tA) £(5)ds

a—0 a—0 0



T
_ (l_efTA)fl/ ef(Tfs)Af(S)ds
0
1 T rix
= 7/ e (A4S (s)ds
0

25111(%)

We state now our main result of existence in the linear and symmetric case :

Theorem 5 Assume that A : D(A) C H — H is a linear mazimal monotone and symmetric
operator and f € C1([0,T); H) is a T-periodic function. Then the necessary and sufficient condition

for the existence of periodic solutions for (37) is given by :

T
< f>= %/0 f(t)dt € Range(A).

In this case we have the estimates :

_ VT T
]| oo qo, Ty < || A < f> ]+ THfHL?(]o,T[;H) + 5”fl||L1(]07T[;H)7

and :
1
2"l Lo o, Ty < ﬁ“f”LQ(]O,T[;H) + 1122 qo, ;1)

and the solution is unique up to a constant in A=1(0).

Proof : The condition is necessary (see Proposition 13). Let us show now that it is also sufficient.

Consider the T-periodic solutions (z4)a>0 for :
aze(t) + 2 (1) + Az (t) = f(t), t €[0,T], a > 0.

First we prove that (7, )as0 is uniformly bounded in C*([0,7]; H). Let us multiply by z/,(¢) and

integrate on a period :

! ! 2 Taac ! T ! = ! !
/0 I (1) [2dt + / (a(t), 21, () + (Ao (1), 2 (1) )dt / (F(8). 2 (1) .

Since A is symmetric and x,, is T-periodic we have :

T / / O‘d 2
| a2 + (ara .01 = / & & lma ()]t
+ / %di Az (t), za(t))dt
- 1{a||ma<>||2 T (Aza(t), zalt)} [T

Finally we get :

N

lzalZzgo0,rpmy < (f 20)2qorpm) < Ifllc2qorpm - Iealzaqorpm,



and hence :
lzoll 22 qo,rie) < I fllL2qo,rpm), @ > 0.
Therefore we can write :

min ||z, ()] < *LH%" | < *lﬁHfH
2 . 2 . .
refory e = JglTallzzqorim = Z 1L qo.rH)

As seen before, since A is linear we can write :

h h h

and by standard calculations we get :
1 —a(t—s) 1
Fllzalt+h) —z @)l < e 7 [Zals + 1) = za(s)l]

t
1
n / D f (7 4 k) = f@)lldr, s <, h>0.

By passing to the limit for h — 0 we deduce :

t
lze @I < e"’“(t’s)llﬂr;(S)llﬂL/ e~ £ (7) |ldr

IN

et o+ [ 15, s <t >0
From (48) and (49) we conclude that (z,)a>0 is uniformly bounded in L>°(]0,T[; H) :
6]l Lo o7y < %”fHL?'(]O,T[;H) + 1l qo, oy > 0.
As shown before, since A is linear and x,, is T-periodic we have also :
A< Ty >+A< s >=<f>.
By the hypothesis there is zo € D(A) such that < f >= Axg and hence :
I <o > =l(a+A)7" < f>]=l(a+A) " Azoll < [lzoll, &> 0.

Now it is easy to check that (z4)a>0 is uniformly bounded in L*(]0,T[; H) :

T
%/0 (20(t) — 2(8))ds

1 /Tt
7 / / x) (t)drds
0 s

VT T
THf”L?(]O,T[;H) + §||f'||L1(]o,T[;H)v

[2a(t) = <za > =

<
and thus :
lzallLeqorpm < Il <o >+ ngHHGO,T[;H) + %HleLl(]O,T[;H)
< ol + g”f”L?(]O,T[;H) + g”f'”Ll(]o,T[;H)-

% (alt + ) — o)) + 7 (alt+ R) = 2, (1) + 7 Alralt +h) — 2a(t) = 7 (7 +B) — F(2),



Now we can prove that (z4)a>0 is convergent in C1([0,7]; H). Indeed, by taking the difference
between the equations (43) written for a, 8 > 0, after multiplication by 7, (t) —2;(t) and integration

on [0,T] we get :

/0 {a(za(t) —2p(t), 20 () —253() +  llea(t) — 25017 + (A(za(t) — 25(t)), 24, (t) — z3(t)) bt

—(a—p) /OT(fﬂﬁ(f)vl’&(t) — ag(t))dt, o, 3> 0.
Since A is symmetric, z,,xg are T-periodic and uniformly bounded in L*°(]0,T[; H) we deduce
that :

2}, — 23l L2 o, rm) < o — 0 i‘il; 2 [l 22 qo,7 1) @, B >0,

or :

o — B

! / !
I = 2blle=qorien < = b 2y llezqorimy + o = Bl - sup sl go,riom, @, 6> 0,

and therefore (x],)a>0 converges in C([0,T]; H).
We already know that (< x4 >)aso = ((a + A)™! < f >)a>0 is bounded in H and by the
Proposition 15 it follows that (< z, >)a>0 is convergent to the element of minimal norm in
A7t < f >. We have : ,

Zo(t) = 24(0) +/O zl(s)ds, t € R,a > 0.

By taking the average we deduce that 2,(0) =< z, > — < fot a2l (s)ds > and therefore, since
(2!,)a>0 is uniformly convergent, it follows that (2,(0))a>0 is also convergent. Finally we conclude
that (z4)aso0 is convergent in C'1([0,7]; H) to the periodic solution z for (37) such that < x > is
the element of minimal norm in A= < f >.

Before analysing the periodic solution for the heat equation, following an idea of [7], let us state

the proposition :

Proposition 16 Assume that A: D(A) C H — H is a linear mazimal monotone and symmetric

operator and f € CH([0,T); H) is a T-periodic function. Then for every xg € D(A) we have :

o1 ,
tli)rgo f(ac(t +T30,20) — x(t;0,20)) =< f > —Projpoay < f>, (51)

where x(+;0,x9) represents the solution of (37) with the initial data xo and R(A) is the range of
A.

Remark 6 A being maximal monotone, A~' is also mazimal monotone and therefore D(A~1) =

R(A) is convex.

Proof : Consider 2y € D(A) and denote by z(-) the corresponding solution. By integration on
[t,t+ T] we get :

t+T
%(m(t—i—T) _ () + A (;/t x(s)ds) < f>. (52)



For each a > 0 consider z, € D(A) such that ax, + Az, =< f >. Denoting by y(-) the function

y(t) = % ttJrTx(s)dS7 t > 0, equation (52) writes :

y' () + Ay(t) = axg + Azq, t >0, a > 0.
Let us search for y of the form y; + yo where :
Yi(t) + Ay, (t) = azq, t >0,
with the initial condition y;1(0) =0 and :
Yo (t) + Aya(t) = Aze, t >0, (53)

with the initial condition y»(0) = y(0) = + fOTJ;(t)dt. We are interested on the asymptotic

behaviour of Ay(t) = Ayy(t) + Ayz(t) for large t. We have :

¢
yi(t) = eftAy1(0)+/ e~ =940z, ds
0

t
= / e~ =)0z ds,
0

and therefore :

¢
Ay (t) = /Aef(tfs)Aazads
0

e_(t_s)Aaxa|6
= (1—e"az,, t>0.
By the other hand, after multiplication of (53) by y5(t) = (y2(t) — zo)" we get :
2 (D11 + (Aly2(t) — a), (y2(t) — 2a)) = 0, t > 0.
Since A is symmetric, after integration on [0,¢] we obtain :
[ IS + A0 ~ ) 120 ~ 520 = (A(0) ). 0200) = ),
and therefore, by the monotony of A it follows that :

| W01 < 540800 - 20),12(0) - 2a)

Thus lim; . y5(t) = 0 and by passing to the limit in (53) we deduce that lim; ., Aya(t) =
limy oo (Azo — yh(t)) = Az,. Finally we find that :

Jim {%(x(t +T) —z(t) —e HMaz,} = Jim {y(t) — e Hax,}
= tlim {< f>—-Ay(t) — e Haxy}

= tlim {< f>—Ay(t) — Ays(t) — e Haxy}
= < f>-aw, — Az,

= 0, a>0. (54)



Now let us put y, = Az, and observe that y, +aA 1y, = Az, +axe =< f >, a > 0. Therefore :

li = lim(1 A~Ht

Jim ya a“\TB( +aAT) T < f>
= lmJA < f>

a0
= Projm <f>
= Projm < f>,
and it follows that :
Olél{r%)cwca = clyl\‘n%)(< f>—-Ax,)

= 33{%(< f > _ya)

= <f>—ProjW<f>.

Since Graph(A) is closed and [axq, ays] = [axq, Alazy)] € A, a > 0, by passing to the limit for
a ™\, 0 we deduce that < f > —Projgay < f>€ D(A) and A(< f > —Projgray < f>)=0 It
is easy to see that we can pass to the limit for o N\, 0 in (54). Indeed, for € > 0 let us consider

ae > 0 such that || limg~ 0 @zq — @20, || < §. We have :

1 ZtA 1 1 _
T(w(t +T) —a(t) —e 4 il\mo aze|| < T(a:(t +T)—z(t) — e “a.z,,
+ e_tAaEmaE —etA l% ATy
1
< | d e+ 1)~ () — e,
+  |laexs, — lim az, ||
< £.€
-2 2
— t> t(a, §> = 1(e),

and thus :
. 1 A .
tliglo{f(x(t +T)—x(t) —e (< f> —Projpoay < f >)}=0.
But e (< f > —Projm < f>) doesn’t depend on ¢t > 0 :

i —tA(

. _ —tA .
e <f>-Projmms<f> = —-Ae (< f> —Projgoay < f>)

R(A)
_ —tA .
= —e A f> —Projgray < f>)
= ()7
and thus the previous formula writes :
o1 .
tlirgo T(x(t—i—T) —x(t) =< f> —Projgpay <[>

Remark 7 Under the same hypothesis as above we can easily check that :

. z(T;0,29) — x . . —
z(,El%f(A) = TO) ol =|<f> —Projgay <[> | = dist(< f >, R(A)).




3.3 Periodic solutions for the heat equation

Consider Q ¢ IR?, d > 1 an open bounded set with 9Q € C2. The heat equation writes :

%(t,l‘) — Au(t,z) = f(t,z), (t,z) € R x Q,

with the Dirichlet boundary condition :

u(t,z) = g(t, ), (t,x) € R x 09,
or the Neumann boundary condition :
g—Z(t,x) =g(t,x), (t,x) € R x 09,

where we denote by n(z) the outward normal in z € 9.

Theorem 6 Assume that f € C*(IR; L?(Q)) is T-periodic and g(t,z) = 3“0 W (t,x), (t,x) € IRx 0N
where ug € CY(IR; H(Q)) N C%(IR; L*(2)) is T-periodic. Then the heat problem (55), (57) has

T-periodic solutions u € C(IR; H*(Q)) N C*(IR; L*(Q)) iff -

/ / tmdtdo—i—//ftxdtdx—o
a9

In this case the periodic solutions verifie the estimates :
1
lu" = upll L= (o, 1y:L20)) < ﬁllf — ug + Auo|l 20,522 (2)
+ I = ug + Augllzrgo,rize),
and the solution is unique up to a constant.

Proof : Let us search for solutions u = ug + v where :
ov Oug

E(t,x) — Av(t,z) = f(t,x) — 8—(1& x) + Aug(t,x), (t,x) € R x Q,
and :
0 4. 2) = glt U0 4 2y — 0, (1) € IR x 00
%(737)_9(’%)_%(7‘%)_ ,(7.'1?)6 X .

Consider the operator Ay : D(Ayx) C L?(Q) — L?*(Q) given by :
D(Ay) = {ve H*(Q) | %(x) =0, Yz e o},
and :
Anyv=—Av, Yv € D(An).
The operator Ay is linear monotone :

(Ayv,v) = / Av(x

ov
x)do +/ Vo(x)||*dz
[ St 702

/ V()| de
Q

0, Vve D(AN)

Y



Since the equation Av — Av = f has unique solution in D(Ay) for every f € L?(2), A > 0 it

follows that Ay is maximal (see [6]). Moreover, it is symmetric :
(AN'U17'U2) = / Vvl(gc) : V’UQ((E)dJJ = (Dl,ANUQ), Vv, ve € D(AN)
Q

Note that by the hypothesis the second member in (59) f — uf, + Aug belongs to C1(IR; L*(Q)).
Therefore the Theorem 5 applies and hence the problem (59), (60) has periodic solutions iff there
is w € D(Ap) such that :

wa—f/ 510 fd“‘) (t) + Aug(t) }dt.

Since wg is T-periodic we have fOT Luo (4)dt = 0 and thus w+ + fo ug(t)dt is solution for the elliptic

o (wt g wota) = 3 [ st -

with the boundary condition :
L /Tu (tdt | = aw 5+ L[ 0w (t)dt
671 T 0 0 n T 0 (971

*/

As known from the general theory of partial differential equations (see [6]) this problem has solution

iff [, G(x)do + [, F(x)dx =0 or :

/asz /OT g(t, x)dtdo +/Q/OT f(t, z)dtdz = 0.

The estimate (58) follows from the Theorem 5.

problem :

For the heat equation with Dirichlet boundary condition we have the existence result :

Theorem 7 Assume that f € C*(IR; L*(Y)) is T-periodic and g(t,x) = uo(t, ), (t,z) € IR x ON
where ug € CY(IR; H?(Q)) N C?(IR; L*(Q)) is T-periodic. Then the heat problem (55), (56) has an
unique T-periodic solution v € C(IR; H*(Q)) N CY(IR; L?(Y)) and there is a constant C(Q) such
that :

IA

Cf + Auol| Lo (jo,17;22(02))
VT

+ 5l - ugy + Augl| L2 0,712 ()

[lu = woll Lo (fo,71:22(02))

T
+ §||f' — ug 4+ Augl| L1 jo,ri209) (62)

and :

1
v = wolle o,z < —=If = uo + Auoll 2o rL2 ()
VT

+ I = g+ Augllpgo.rpe ) (63)



Proof : This time we consider the operator Ap : D(Ap) C L?(Q) — L*() given by :
D(Ap) = {v € H*(Q) | v(x) =0, Yx € 09},
and :
Apv = 7A’U, Yv € D(AD)

As before Ap is linear, monotone and symmetric and thus our problem reduces to the existence

for an elliptic equation : .
1
—Aw = —/ {f(t) + Aug(t) }dt,
T Jo
with homogenous Dirichlet boundary condition w = 0 on 92. Since the previous problem has all

the time unique solution verifying :

1 T
wllL20) < C(Q)HT/O {f(t) + Auo(t) }dt| 2(0) < CQIf + Auol| Lo ((0,15;22(2)) (64)

we prove the existence for (55), (56). Here we denote by C(£2) the Poincaré’s constant :

2

</Q w(ac)l%l:c)l/2 <C(Q) (/Q ||VIU(I)|2dx)1/ , Yw € HE ().

Moreover in this case the operator Ap is strictly monotone. Indeed, by using the Poincaré’s

inequality we have :

2

(f v<x>|2dm)1/2scm> (f ||w<x>||2da:)l/ — C@)(Apv, )2, Vo € D(Ap),

and hence if (Apv,v) = 0 we deduce that v = 0. Therefore, by the Proposition 12 we deduce the
uniqueness of the periodic solution for (55), (56). The estimates of the solution follow immediately

from (64) and Theorem 5.

3.4 Non-linear case

Throughout this section we will consider evolution equations associated to subdifferential operators.
Let ¢ : H —] — 00, +00] be a lower-semicontinuous proper convex function on a real Hilbert space

H. Denote by 0p C H x H the subdifferential of ¢ :
dp(z) = {y € H; p(z) — p(u) < (y,x —u), Yu € H}, (65)
and denote by D(y) the effective domain of ¢ :
D(p) = {z € H; p(x) < +o0}. (66)

Under the previous assumptions on ¢ we recall that A = Jp is maximal monotone in H x H and

D(A) = D(p). Consider the equation :

2’ (t) + Opx(t) > f(t), 0 <t <T. (67)



We say that « is solution for (67) if z € C([0,T]; H), = is absolutely continuous on every compact
of 10, T (and therefore a.e. differentiable on ]0,T[) and satisfies z(t) € D(9¢) a.e. on |0,T] and
z'(t) + Opz(t) o f(t) a.e. on ]0,T[. We have the following main result (see [1]) :

Theorem 8 Let f be given in L*(|0,T[; H) and o € D(0p). Then the Cauchy problem (67) with

the initial condition x(0) = x¢ has a unique solution x € C([0,T); H) which satisfies :

e W6, T[LH)Y0<d6<T, «t-z'eL*]0,T;H), poxzec LY0,T).
Moreover, if xg € D(p) then :
o' € L*(J0,T[; H), ¢@oxc L>®(0,T).

We are interested in finding sufficient conditions on A = d¢p and f such that equation (67) has
unique T-periodic solution, i.e. x(0) = z(T). Obviously, if such a solution exists, by periodicity
we deduce that it is absolutely continuous on [0,7] and belongs to W12(]0, T[; H).

It is well known that if ¢ is strictly convex then dy is strictly monotone and therefore the uniqueness

holds :

Proposition 17 Assume that ¢ : H —] — 00,4+00] is a lower-semicontinuous proper, strictly

convex function. Then equation (67) has at most one periodic solution.

Proof : By using the Proposition 12 it is sufficient to prove that dy is strictly monotone. Suppose
that there are uy,us € D(9¢), u1 # ug such that :

(0p(u1) — Op(uz),ur — uz) = 0.

‘We have :
p(uz) —p(ur) = (9p(ur),uz — u1)
= —(9¢p(uz),u1 — us)
> p(u2) — p(ur),
and hence :

p(uz) — (ur) = (9p(u1), uz — u1).
We can also write for A €]0, 1] :
o((1 = XNug + Aug) = p(ug + A(ug — uq))
> p(ur) + (9p(u1), Muz — u1))
= p(u1) + MI¢p(u1),uz — u1)
= p(ur) + Ap(uz) —p(ur))
= (1= N)p(ur) + Ap(ug).



Since ¢ is strictly convex we have also :
(1 = MNur + Auz) < (1= Np(u1) + Ap(uz),

which is in contradiction with the previous inequality. Thus u; = us and hence Oy is strictly

monotone.

We state now the result concerning the existence of periodic solutions :

Theorem 9 Suppose that ¢ : H —] — 00, +00] is a lower-semicontinuous proper convex function

and f € L*(]0,T[; H) such that :

lim {p(x)— (z,< f>)} = +o0, (68)

llzll—o0

and every level subset {x € H; p(z) + ||z||> < M} is compact. Then equation (67) has T-periodic
solutions = € C([0,T); H) N WY2(]0, T[; H) which satisfy :

2"l 2o, 7y < 1 l2qorpmy,  *(t) € D(@) Vit e [0,T], @oxze L¥(0,T).

Before showing this result, notice that the condition (68) implies that the lower-semicontinuous
proper convex function ¢ : H —] — 00, +00] given by ¢ (z) = ¢(z) — (z,< f >) has a minimum
point xg € H and therefore < f >€ Range(dy) since 0 = 0y (xzg) = dp(xo)— < f >.

Proof : As previous for every o > 0 we consider the unique periodic solution x, for :
axe(t) + ) (1) + Opxa(t) = f(t), 0 <t < T. (69)

(In order to prove the existence and uniqueness of the periodic solution for (69) consider the appli-

cation S, : D(0p) — D(9¢) defined by S, (z¢) = x(T';0,x¢), where z(-;0,29) denote the unique
solution of (69) with the initial condition zy and apply the Banach’s fixed point theorem. By the
previous theorem it follows that the periodic solution z, is absolutely continuous on [0,7] and
belongs to C([0,T]; H) N W12(]0,T[; H)).

First of all we will show that (z/,)a>0 is uniformly bounded in L2(]0,T[; H). Indeed, after multi-

plication by z,(t) we obtain :

T T T
/ (1) [Pt + / {0za(t), 20(1)) + (Dpa(t), 2l (1) }dt = / (F(8). 2 (1) .
0 0 0

Since x, is T-periodic we deduce that :

| fotea.a®) + @era.alode = [ LG hea(OI + elea )t

Il
no|
s
Q
—
~
-
o
+
S
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]
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Therefore ||x&||2LQGO,T[;H) < (f,2,)2qo,r;m) and thus :

2o 2 qo,riey < Ifllz2qo,rpmy, « > 0.

Before estimate (24 )a>0, let us check that (azqy)a>o is bounded. By taking zg € D(dyp), after

standard calculation we find that :

t

lza(t) = @0l < e |24(0) — o] +/ eI f(s) — awo — p(wo)|| ds, t >0, a>0. (T1)
0
Since z,, is T-periodic we can write :

[2a(t) —2oll = lim za(nT +1t) — o

n—oo

nT+t
< lim {eo‘("T+t)||xa(O) — x| —|—/ efa(”T‘Lt*S)Hf(s) — axg — Op(zo)|| ds}
0

1 nT+t
< —llazo + dp(ao)|| + lim e T ()] ds
n—oo 0
1
< ~llawo + dp(wo)| + lim { [1 e ot(eman=DT oy emoT 4 1)} : \|f||L1}

1 e—ot
= EHOZ% + dp(xo)|l + (1 + 1_6_071) N fllrqgo,r;my
1
< Cl(l’o,T, ||fHL2(]0,T[;H)) <1+a) ) OStST7 a > 0.

It follows that |z (t)|| < Cao(xo, T, || fllz2qo,rim)), 0 <t < T, 0 < a < 1. Now we can estimate

Za, o > 0. After multiplication by z,(¢) and integration on [0, 7] we obtain :

T T T
/ allzq ()P dt +/ (Op(za(t)), za(t))dt = / (f(t),za(t))dt. (72)
0 0 0
‘We have :
p(z0) = p(za(l)) + (Op(zalt)), xo — zalt)), t €(0,T], o >0,
and thus we deduce that :
T T T
| @at®)watndr = [ pleal®lit+ [ {@plwa(t))0) - olan)}t, a >0,
0 0 0

On the other hand :

T T
/ (Dp(wa(t)).z0) dt = / (F(8) — aa(t) — 2 (1), z0) d

T T
= </0 f(t) dt,l‘o) _/() (O@a(t)axO) dt

> —=Cs(xo, T, || fllzzqo.rp:m))s 0 <@ <1,

and therefore :

/0 (0(a(t)), T (t))dt > /O o(a(®)dt - Calao, T, If | 2qozpan), 0 <a < 1. (73)



Now by combining (72) and (73) we deduce that :
[ eattnae < it [ @plwalt))alt)i
0 0
T T
= it [ (= [ a0l
< Oy +/ (f(t),za(t)dt, 0 < a < 1. (74)
0
On the other hand we have :
T T T
/ (F(t), za(O))dt = / (F(H)— < > za(t))dt + </ za(t)dt, < f >>
0 0 0
T t
= / (f(t)— < f>,24(0) +/ zl(s) ds)dt + T(< xo >, < f >)
0 0

= /T(f(t)— <f >,/t zl(s) ds)dt + T(< zo >, < f>)
0 0

IN

T t 1/2
[ w0 <ss 1 ([P as) o2 as <o, s )
0 0
T
< flf-<f> HLQ(]07T[;H) : ||f||L2(]0,T[;H) : ﬁ +T(< 2o >, < f>).
Finally we deduce that :
T
/ {o(@a(t)) = (za(t), < f >)} dt < Cs(xo, T, || fllL2qo,rpm)), 0 <a <1, (75)
0
and thus there is ¢, € [0,7] such that :
Cs
o(za(t)) — (o (t), < f>) < T 0<a<l (76)
By the hypothesis (68) we get that (x4 (ta))o<a<1 18 bounded and therefore from (71) :

t
lza(t) = @oll < e [lz (ta) — ol +/ e~ || f(s) — awo — Dp(o)|| ds, t € [tasta + T,

ta

we deduce that (24)o<a<1 is bounded in L*°(]0, T[; H) and that there is z € L*>°(]0, T'[; H) such that
zq(t) = z(t) when « goes to 0 for ¢ € [0,T]. Moreover, from (76) it follows that (¢(z4(ta)))o<a<1
is bounded from above and we deduce that :

p(ra(t) = @(xa(ta))Jr/t(3¢($a(3)),w&(8)) ds

a

IN

o (zalta)) + / (F(5) — aa(s) — 2 (5), 2 (5)) ds

o4

N

< Cs(wo, T, || fllL2qo.rimy), 0 << 1.

On the other hand, by writting ¢(x4(t)) > w(xo) + (Op(x0), Ta(t) —x0), 0 <t < T, a > 0

we deduce that p(z,(t)) is also bounded from below so that finally (¢ o 24 )o<a<1 is bounded in

L>(]0,T[; H).



Now, by using the second hypothesis of the theorem (every level subset is compact) we deduce
that 2,(0) — 2(0) when a goes to 0 (at least for a subsequence a;, \, 0). In fact we can easily

check that z, converges uniformly to x on [0, 7] since :
Iza(®) = 26 (@) < 2a(0) =z O)l| +la = B- T sup llzsllL=qorpm, 0<t<T, 0 <o f <1
gl

Now, since limg\ o dzo/dt = dz/dt in the sense of H-valued vectorial distribution on |0, 7| and
(2!,)a>0 is bounded in L%(]0, T[; H) it follows that =’ belongs to L2(]0,T[; H) and in particular x is
absolutely continuous on every compact of |0, T'[ and therefore a.e. differentiable on |0, T[. In order
to complete the proof we need to show that z(t) € D(p) a.e. on 0,T[ and ' (t) + dpxz(t) > f(¢)
a.e. on |0, T[. For arbitrarly [u,v] € Op we have :

1 ¢
562°‘t||xa(t)—u||2 < 620‘5||J;a(s)—uH2—|—/ 2T (f(1)—au—v, x4 (T)—u) dr, 0 < s <t < T, a>0.
By passing to the limit for a \, 0 we get :

||$(8)—U||2+/ (f(1) —v,z(r) —u) dr, 0 < s <t <T,

lo(s) — ul? g/ (f(r) —v,a(r) —u)dr, 0< s <t <T.

@020 ~w) = T o (le) — 2(s),2(5) ~ )
. 1 ¢
< ll/r%t—s/s (f(r) —v,z(1) —u) dr
= (f(t) —v,z(t) —u), a.e. t €0,T[, ¥V [u,v] € dp. (77)

Finally, since Oy is maximal monotone and (f(¢) — 2/(t) — v,z(t) —u) > 0V [u,v] € Jp we
deduce that z(t) € D(d¢) a.e. on |0,T[ and z'(t) + Opx(t) > f(t) a.e. on |0,T[. Since g is

lower-semicontinuous we also have :

p(x(t)) < lim inf p(zq(t)) < lim inf || 0 24 Le < sup [[¢ o zy[[Loe.
a\,0 a\.0 0<vy<1

As previous, by writting :

e(x(t)) = ¢(@o) + (9p(xo), z(t) — o)
> p(zo) — [|0p(zo)l| - ([lzoll + il\H}J inf [|zq(t)]])
>

p(zo) = [0p(xo)|l - (llwoll + sup [[ay[lL=), 0 <t <T,
0<y<1

we deduce finally that ¢ oz € L>(0,T).



Remark 8 If dim H < +oc then the level subsets {x € H ; ¢(x) + ||z]|> < M} are compact as

bounded sets.

Remark 9 Assume that ¢ : H —] — 00, +00] is a lower-semicontinuous proper convex function

such that Range(Op) = H which is equivalent to :

lim {p(x) — (2,y)} = +oo, ¥y € H,

llzl|—o0

see [2], pp.41. In particular, by taking y =< f > we deduce that the hypothesis (68) is verified.

Remark 10 Assume that o is coercive :

(Op(x), x — x0)

im = +o00, Vo € D(p),
[l —o0 (||| (?)

which is equivalent to 1im|,) o @) — 4o (see [2], pp.42). Then Range(p) = H because the

[l

previous condition is satisfied : lim, |~ {p(z) — (2,9)} = +oo, Yy € H and therefore (68) is
verified.

We state also the following result :

Theorem 10 Suppose that ¢ : H —] — 00, +00] is a lower-semicontinuous proper convez function

and f € WHr(]0,T[; H) such that :

lim {p(z) = (2, < f >)} = +oo, (78)

llz]|—o0
and every level subset {x € H; ¢(x) + ||z||> < M} is compact. Then equation (67) has T-periodic
solutions x € C([0,T); H) N W1>°(]0,T[; H) which satisfy :
+

#(t) € D),V £ € 0,T), “n(t) + (Dpat) — £(1)° =0, ¥t € 0,T),

where (Op — f)° denote the minimal section of Op — f.

Proof : Since WH1(]0,T[; H) c L%*(]0,T[; H) the previous theorem applies. Consider z €
C([0,T); H)ynW2(]0,T[; H) a T-periodic solution for (67). Since ||2/|| 120,76y < | fIl 20,7 1)
it follows that there is t* €]0, T such that « is differentiable in t* and ||z’ (t*)|| < %HfHLz(]O,T[;H).

By standard calculation we find that :

I+ ) =2l < I + 1) =)+ [ I3 +1) = 1) dr

and therefore supy<,<p 40 |l (@(t + h) — z(t))|| < C which implies that « € W'*(]0,T[; H).

Making use of the inequality :

t+h
(x(t+h) —z(t),z(t) —u) < E/t (f(r) —v,z(1) —u)dr, 0 <t <t+h<T,

S



which holds for every [u,v] € d¢ we deduce that z(t) € D(dy), Vt € [0,T] and the weak closure
of the set {4 (2(t + h) — x(t)), h > 0} belongs to f(t) — dpx(t), Vt € [0, T]. On the other hand by

writting :
t+h
lz(t+h) —ul < |\x(t)—u||+/ |f(r) —v||dr, 0<t<t+h<T,
t
for u = x(t) and v € Opx(t) we find that :

I(Oe) )] < = fim 3 () ~(0) | < limsup | (a(t+h)—(8) | < Opr(t)0)°)

This shows that limp~ o +(z(t + k) — z(t)) = £x(t) exists for every ¢t € [0,7] and coincides with

—(9px(t) — f(1))°
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