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Abstract

The subject matter of this paper concerns the asymptotic regimes for trans-
port equations with advection fields having components of very disparate orders
of magnitude. The main purpose is to derive the limit models: we justify rig-
orously the convergence towards these limit models and we investigate the well-
posedness of them. Such asymptotic analysis arise in the magnetic confinement
context, where charged particles move under the action of strong magnetic fields.
In these situations we distinguish between a slow motion driven by the electric
field and a fast motion around the magnetic lines.
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1 Introduction

In this work we focus on linear transport problems, where a part of the transport
operator is highly penalized

b
{ atUE _I_ a(t7y) . Vyug —I— g . Vyug - 0, (t,y) E R+ X Rm (1)

u6<07 y) = ug<y)7 Yy e R™,

Here a and b are given smooth fields and we also assume that b is divergence free.
Clearly we deal with multiple scales: slow advection along a and fast advection along
b. Formally, multiplying the transport equation in (1) by ¢ one gets b(y) -V, u® = O(e),
saying that the variation of u® along the trajectories of b vanishes as € goes to zero.
Following this observation it may seem reasonable to interpret the asymptotic € \, 0
in (1) as homogenization procedure with respect to the flow of b. More precisely we
appeal here to the ergodic theory.
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By Hilbert’s method we have the formal expansion
uf = u+euy + 2uy + ... (2)

and thus, plugging the ansatz (2) in (1) yields the equations

et b(y)-Vyu=0 (3)
e’ Qu+a(t,y) Vyu+bly) Vyu, =0 (4)
el 1 Gy + alt,y) - Vyur +b(y) - Vyug =0 (5)

The operator 7 = b(y) - V,, will play a crucial role in our analysis: the equation (3)
says that at any time ¢t € Ry the leading order term in the expansion (2) belongs to
the kernel of 7. Certainly this information (which will be interpreted later on as a
constraint) is not sufficient for uniquely determining u. The use of (4) is mandatory,
despite the coupling with the next term u; in the asymptotic expansion (2). Actually,
at least in a first step, we do not need all the information in (4), but only some
consequence of it, such that, supplemented by the constraint (3), it will allows us to
determine u. Since we need to eliminate u; in (4), the idea is to projet (4) at any
time ¢ € Ry to the orthogonal complement of the range of 7 (which coincides with
the kernel of 7', since div,b = 0), for example in L?*(R™). Indeed, we will see that this
consequence of (4) together with the constraint (3) provide a well-posed limit model for
u = lim.\ o u°. And the same procedure applies for computing u, ug, ... For example,
once we have determined u, by (4) we know the image by 7 of uy

Tuy = —0wu—a(t,y) - Vyu. (6)

Projecting now (5) on the orthogonal complement of the range of 7 we eliminate us
and one gets another equation for u;, which combined to (6) provides a well-posed
problem for u;. More precisely, if Y(s;y) is the characteristic flow associated to the
field b, we denote by (v) the average of any function v, let say in L?(R™), over the flow

1

) = lim 7 [ o0 (s ds g

Certainly, the key point which allows us to define the average over the flow is that for
any s € R, the map y — Y (s;y) is measure preserving. At least formally we have

O-Vyu) = im0V (si)) ds
= Tlirgw%/o d%{ul(Y(S;y))} ds
= im (Y () )} ds =0,

It is easily seen that the average function (v) is constant along the flow and satisfies
the variational formulation

/ (0(y) — (0} ()0 (y) dy = 0 (7)



for any function ¢ constant along the flow. In other words, the average (-) coincides
with the orthogonal projection over the kernel of 7. Since the leading order term in (2)
is constant along the flow, we have (u) = u. Therefore applying the average operator
in (4) yields the limit model

{ Ou+(a(t) - Vyu) =0, bly)-Vyu=0, (t,y) e Ry xR™ (8)
U(O,y) = uO(?J)» y € R™

where the average (a(t) - V,u) should be understood in the variational sense (7). We
develop a weak theory for (8) and justify the convergence of the solutions for (1) towards
(8) (see Proposition 3.1). A much difficult task is to identify a strong formulation for
(8). The key point here is to determine space derivatives commuting with the average
operator. This analysis leads naturally to the notion of fields in involution: a smooth
field ¢ is said in involution with b iff [¢-V,, b-V, | = (¢- V) (b-V,)—(b-V,)(c:V,) = 0. It

is well known that b, ¢ are in involution iff their corresponding flows Y, Z are commuting
Y(s; Z(h;)) = Z(h;Y(s;+)), s,h€R

and we check that the average operator associated to b is commuting with the direc-
tional derivative along any field ¢ in involution with b. For verifying that it si sufficient
to observe that the average operator is commuting with the translations along the flow
of ¢ and the commutation property between (-) and ¢ -V, follows immediately (see
Propositions 2.10, 2.11). When the field a is a linear combination of smooth fields in
involution with b

a(t,y) = a(t,y>b(y>+zai<t,y)bi(y>, (b -V,)(b-V,)) = (b-V,)(b'-V,) =0, i € {1,...,7}

it is shown (cf. Proposition 3.2, Corollary 3.1) that the limit model (8) is equivalent
to a linear transport problem which corresponds to the averaged transport operator

i (au(t)) - Vy

{ O+ 3 {oa(t) U - Vyu =0, (t,y) €R. x R" (9)
w(0, y) = uo(y), y € R™

In this framework we establish a strong convergence result justifying the asymptotic
behaviour as € \, 0 of the solutions in (1) towards the solution of the transport problem

(9).

Theorem 4.1 Assume that the field a is a linear combination of smooth fields b* €

,,,,,

pose that ug and (uf)e~o are smooth initial conditions such that b(y) - V,yug = 0,
lim~ouy = up in L*(R™) and let us denote by u,u the solutions of (9) and (1)
respectively. Then we have the strong convergence

li{%u6 =u, in L>°([0,T]; L*(R™)), VT > 0.

Our paper is organized as follows. In Section 2 we recall some notions of ergodic theory.
We introduce the average over a flow associated to a smooth field and we discuss the
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main properties of this operator. Section 3 is devoted to the study of the limit model.
We prove existence, uniqueness and regularity results. The main result (Theorem 4.1)
concerning the convergence towards the limit model is justified rigorously in Section 4.
In Section 5 we discuss some applications. It turns out that the asymptotic models for
strongly magnetized plasmas can be treated by using the general method previously
introduced. These limit models follow by applying the main convergence result in
Theorem 4.1. Some technical proofs are postponed to the Appendix A and B.

2 Ergodic theory and average over a flow

The main tool of our study is the average operator over a flow. In this section
we introduce rigorously this notion and investigate its properties. We assume that
b:R™ — R™ is a given field satisfying

be Wi (®™) (10)
div,b =0 (11)

and the growth condition
3C>0: b(y)| <CA+yl), yeR™ (12)

Under the above hypotheses the characteristic flow Y = Y'(s;y) is well defined

S =b(¥(s3), (s,y) R xR (13)
Y(0,y) =y, yeR™, (14)

and has the regularity Y € W,°(R x R™). By (11) we deduce that for any s € R, the

ocC
map y — Y (s;y) is measure preserving

/ O(Y (s:1)) dy = / 0(y) dy, ¥ 0 € L'(R™).

We have the following standard result concerning the kernel of u — Tu = div, (b(y)u(y)).
Proposition 2.1 Let u € L} (R™). Then div,(b(y)u(y)) = 0 in D'(R™) iff for any

loc

s € R we have u(Y (s;y)) = u(y) for a.a. y € R™.

Remark 2.1 Sometimes we will write u € ker T meaning that u is constant along the
characteristics, i.e., u(Y(s;y)) = u(y) for all s € R and a.a. y € R™.

For any ¢ € [1, +00] we denote by 7, the linear operator defined by 7,u = div,(b(y)u(y))
for any u in the domain

D, = {u € LYR™) : divy(b(y)u(y)) € LI(R™)}.
Thanks to Proposition 2.1 we have for any ¢ € [1, +00]
ker7, = {u € LYR™) : u(Y(s;y)) =u(y), s € R, a.e.y € R™}.
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For any continuous function h € C([a,b]; LY(R™)), with ¢ € [1,400], we denote by
fabh(t) dt € L(R™) the Riemann integral of the function ¢t — h(t) € L(R™) on the
interval [a, b]. It is easily seen by the construction of the Riemann integral that for any
function ¢ € L (R™) (where 1/q +1/q’ = 1) we have

/m(/abh(t) dt) (W)e(y) dy = /ab (/n@(t,y)cp(y) dy) dt (15)

implying that , .
[rwad < b d
a La (Rm) a

Moreover, by Fubini theorem we have

/ab (/f(t,y)sﬁ(y) dy) dt = /m(/abh(t,y) dt) o(y) dy

which together with (15) yields

( / bh(t) dt) (y) = / bh(t,y) dt, ae.yeR™

Consider now a function v € LI(R™). Observing that for any ¢ € [1,+00) the ap-
plication s — u(Y( )) belongs to C(R; L4(R™)), we deduce that for any T > 0
the function (u)r := % fo ) ds is well defined as a element of LZ(R™) and
(W) 7|l La@my < |lu||La@m)- Observe that for any function h € L*([a,b]; L>°(R™)),
the map ¢ € L}(R™) — fab Jamh(t,y)e(y) dy dt belongs to (L'(R™))" = L>*(R™).
Therefore there is a unique function in L>*(R™), denoted fab h(t) dt, such that for any
© € L'(R™) we have

/m(/abh(t) dt) (W)ely) dy = /ab (/Z}(t,y)gp(y) dy) dt.

In particular we have
b b
|[rwa < [ o
a [ (]Rm) a

(/abh(t) dt) (y) = /abh(t, y) dt, ae.yecR™

Notice that for any function v € L*(R™), the map s — u(Y( )) belongs to LOO(R- L>(R™))
and thus we deduce that for any 7" > 0 the function ( =7 fo ) ds is well
defined as a element of L>*(R™) and ||(u)p||Le@m) < HUHLOO(]RM)

Obviously, when u belongs to ker 7, we have (u)r = u for any ¢ € [1,+o00] and
T > 0. Generally, when g € (1,+00) we prove the weak convergence of (u)r as T' goes
to 400 towards some element in ker 7,. The arguments are standard and can be found
in Appendix A.

and as before



Proposition 2.2 Assume that ¢ € (1,4+00) and u € LI(R™). Then there is a unique
function (u) € ker 7, such that for any ¢ € ker 7, we have

[ w) = ) @))ety) dy =o. (16)

Moreover we have the weak convergences in LI(R™)

(uy = lim %/Ou(Y(s;-)) ds = lim %/U(Y(S,)) ds = lim 1 _uT(Y(s;-)) ds

T—+o0 _7 T—+oo 2T

and the inequality ||(u) || Lam) < [Ju||La@em). In particular the applicationu € LY(R™) —
(u) € LYR™) is linear, continuous and ||(-)||z(ze@m),La@mmy) < 1.

It is easily seen that if m < u < M then m < (u)7 < M for any T > 0. In particular
the average operator preserves the order of R.

Corollary 2.1 Assume that ¢ € (1,400) and uw € LIY(R™). Let us denote by (u) €
LY(R™) the function constructed in Proposition 2.2.

a) If u > m for some real constant m then (u) > m.

b) If u < M for some real constant M then {(u) < M.

We can prove that the operator (-) is local with respect to the trajectories.

Corollary 2.2 Let A C R™ be a invariant set under the flow'Y (i.e., Y(s; A) C A for
any s € R). Then for any u € LY(R™) with q € (1,400) we have (1au) = 14(u). In
particular if uy, ug € LYR™) satisfy uy = ug on A, then (u1) = (u2) on A.
Proof. For any ¢ € ker 7,/ we have [p,.(u— (u))¢ dy = 0. Since A is invariant under
the flow, the function 14¢ belongs to ker 7, and thus [;,.(u — (u))14¢ dy = 0 which
says that (Lau) = 1a(u). If uy,us € LIY(R™) coincide on A then 14(u; — us) = 0.
Consequently we have 14(u; — ug) = (1a(u; — ug)) = 0 saying that (u;) = (us2) on A.
]
During our analysis we will use the average operator in different settings LI(R™),
1 < ¢ < +o00. A natural question is what happens for functions u € L% (R™)NL%(R™);
it is true that the averages coincide? The answer to this question is affirmative.

Corollary 2.3 Assume that 1 < ¢1 < g2 < +00 and u € L™ (R™) N L2(R™). We
denote by (u)9 the function of LY(R™) constructed in Proposition 2.2 for q € {q1, ¢z}
Then we have (u)®) = (u)(@) € ker T,, Nker T,,.

Proof. For any 7' > 0 and ¢ € C.(R™) we have

/m@/;j(y(s?')) ds> We(y) dy = %/OT </?n(y(s;y))¢(y) dy) ds. (17)

1 /7
i — .. — (q1) ; q (pm
Thrf /o u(Y(s;+)) ds = (u) weakly in L (R™)
1 /7 )
1 — .. — q2 3 q2 m
ThrJIrl /0 w(Y(s;-)) ds = (u) weakly in L#(R™).

Therefore, passing to the limit for 7' — 400 in (17) yields

(u)®p(y) dy = Tgmw = (s:9)e(y) dy ds = | (u)@p(y) dy
m +oo T' m m

implying that (u)@) = (u)(@) ¢ ker T, Nker7,,. O

6



It is possible to prove that the convergences in Proposition 2.2 are strong. This is
the object of the next proposition. Actually the case ¢ = 2 corresponds to the mean
ergodic theorem, or von Neumann’s ergodic theorem (see [15], pp. 57). For the sake of
completeness, proof details can be found in Appendix A.

Proposition 2.3 Assume that g € (1,4+00) and u € LY(R™). Then

lim l/o w(Y(s;)) ds = lim l/ w(Y(s;-)) ds = (u) strongly in LY(R™).

T—+o0o T T—+o0o T _T
It is also possible to define the operator (-) for functions in L'(R™) and L>°(R™). These
constructions are a little bit more delicate and require some additional hypotheses on
the flow. As usual we introduce the relation on R™ x R™ given by

y1 ~ yo iff 3 s € R such that yo = Y (s;91).

Using the properties of the flow it is immediate that the above relation is an equivalence
relation. The classes of R™ with respect to ~ are the orbits. For any measurable set
A C R™ observe that 14 is constant along the flow iff A is the union of a certain subset
of orbits. We will also write 14 € ker 7 for such sets A C R™. Let us denote by A the
family

A = {A measurable set of R™ : 14 € ker 7 }.

We consider the family Ay of sets A € A such that the only integrable function on A,
constant along the flow, is the trivial one. We make the following hypothesis: there
are a set O € Ay and a function & : R™\ O — (0, +00) such that

Ey) =&Y (s59), seR, yeR™\O, W%@dy<+w- (18)

We check easily that if such a couple (O, &) exists, then the set O is unique up to a
negligible set. Let us analyze some examples.

Example 1 We consider m = 2, b(y) = (1, 0). In this case we have (Y7, Y5)(s;y) = (y1+
s,72), s € R, y € R? and thus the constant functions along the flow are the functions
depending only on y,. We claim that O = R2 Indeed, let f = f(y2) € L'Y(R?).
Therefore we have

(sl = [ ([ 17l an) an <o

implying that [; |f(y2)|dy2 = 0 which says that f = 0. In this case (18) is trivially
satisfied.
Example 2 We consider m = 2, b(y) = Ly = (y2, —y1). The flow is given by

COosSS sins
—sins coss

Y@w%=( )y,seR,y€R2

and the functions constant along the trajectories are f = f(|y|). In particular y — eI
belongs to L'(R?) implying that O = () and that (18) holds true (with &(y) = e ¥l > 0
on R?).



Example 3 We consider m = 2 and b(y) = (y2, —siny;). It is easily seen that
¥(y) = 3(y2)* — cosyy is constant along the flow. Actually the constant functions
along the trajectories are the functions depending only on 1(y2)? — cosy; = ¢. We
claim that O = {y € R? : 9(y) > 1} = O; U Oy where

O, ={yeR? : yy > 2|cos (y1/2)|}, Oy ={y€R? : yy < —2]cos (y1/2)|}.

Indeed, let f((y2)?/2 — cosy;) be a function in L'(O). In particular we have

o |f((y2)2/2 —cosyy)| dy < +o0.

Performing the change of variable 1 = y; € R, 2o = (y2)?/2 — cosy; > 1 we obtain

o ) o m)l
[ 1£twe?2 = cosy)l dy /( Wd)d

()]
2 /R< ! —m dCL’Q) dl’l.

Therefore [, % dze = 0 saying that f((y2)?/2 — cosy;) = 0 on Oy. Similarly
x2

we obtain f((y2)?/2 — cosy;) = 0 on Oy. Observe also that (18) holds true. Indeed we
have

RP\NO={yeR® : —1<9(y) <1} ={yeR® : |ya| <2|cos(1/2)|} = UpezAx

where
A=A+ (21k,0), A={ye[-m7m) xR : |yo| <2|cos(y1/2)|}

and | 4 dy = 16. Therefore we can consider the function

&)= %m(y)

kEZ

which is strictly positive on R? \ O, is constant along the flow and

1
/RQ\(Qg(y) dyzzﬁ-16:48<+oo.

Under the hypothesis (18) we have, for ¢ = 1, a similar result as those in Proposition
2.2. The proof follows by approximating L' norm with L? norms when ¢ \, 1 (see
Appendix A for details).

Proposition 2.4 Assume that (18) holds and v € L*(R™). Then there is a unique
function (u) € ker 7y such that (u)|o =0 and for any ¢ € ker T, we have

[0 = @)oo dy =0 (19)

Moreover we have the inequality ||(u)|| 1 @my < ||u||p1@my. In particular the application
u e L'(R™) — (u) € L'(R™) is linear, continuous and ||(-)|| st @m),Lr@my < 1.
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Employing similar arguments as those in the proof of Proposition 2.2 we analyze the
operator (-) in the L>*(R™) setting (see Appendix A).

Proposition 2.5 Assume that (18) holds and uw € L>*(R™). Then there is a unique
function (u) € ker T, such that (u) =0 on O and for any ¢ € ker Ty we have

[ ) - ) @hets) dy =0,
R7\O

Moreover we have the weak x convergence in L*(R™ \ O)

(uy = lim l/o uw(Y(s;-)) ds

T—+4o00 T

and the inequality ||(u) || Lo mm) < [Ju|| oo mm). In particular the application u € L>(R™) —
(u) € L®(R™) is linear, continuous and ||(-)|| z(Loe mm),Loe@my) < 1.

We inquire now about the symmetry between the operators (-)(@, (-Y(") when ¢, ¢ are
conjugate exponents. We have the natural duality result.

Proposition 2.6 a) Assume that q,q" € (1,40), 1/¢+1/q¢" = 1, v € LIY(R™),

o € LY (R™). Then
/u ()1 dy = /<U>(q’s& dy.

b) In particular (-)?) is symmetric on L>(R™) and coincides with the orthogonal pro-
jection on ker Ty. Moreover we have the orthogonal decomposition L*(R™) = ker T @
ker(-)(2).

¢) Assume that (18) holds and that u € L'(R™), o € L®(R™). We denote by (u)™,
(©)(>®) the functions constructed in Propositions 2.4, 2.5 respectively. Then

[t = [0 a.

m m

Proof. a) The function ()" belongs to ker 7, and therefore

/ (u— () @) ()@ dy = 0. (20)

m

Similarly (u)@ belongs to ker 7, and thus

/ (o — (2)4) ()@ dy = 0. (21)

m

Combining (20), (21) yields

Ju@ @ ay= [ dy = [

m m m

b) When ¢ = 2 we obtain

/ u (9)® dy = / (WP dy, ¥ u,p € LAR™).



By the characterization in Proposition 2.2 we deduce that (-} = Projy.,7,- Since
ker 75 is closed we have the orthogonal decomposition

L2 (R™) = ker T @ (ker T5)* = ker T3 @ ker(-)?).
c¢) By Proposition 2.4 we know that

/ (1 — () D) ()™ dy = 0.
Rm\O

By construction we have {¢)(®) =0 on O and thus we have also

/ (1 — () D)) dy = 0.

m

By Proposition 2.5 we deduce that
[ = @)m® ay=o
RM\O
Since (u)™ =0 on O, the above equality can be written

/ (6 — ()) ()™ dy = 0.

m

Finally we obtain

/ u (p)>) dy = / ()M () dy = / (u)Vep dy.

m m m

[
The following result is a straightforward consequence of the characterizations for (-)(")
with r € [1, +o0].
Corollary 2.4 Let w € LP(R™), v € LYR™) and 1/r = 1/p + 1/q with p,q,r €
[1,+00]. Assume that u is constant along the flow. Then {(uv)"™) = u (v)(@,

Proof. We distinguish several cases.
a) p,q,r € (1,400). Take any function ¢ € ker 7,/ (with 1/r + 1/r’ = 1) and observe
that gu € ker 7,/ (with 1/g + 1/q’ = 1). Therefore we know that

/ (v — () D)gu dy = 0

m

saying that (uv)™ = u (v)@.
b) r € (1,+00),p = r,q = +o00 (we assume that (18) holds). For any function ¢ €
ker 7, we have pu € ker 7; and thus

| ety =o
R™\O
Since pu = 0 on O (as function in ker 7;) we deduce that

/ (v — () pu dy = 0

implying that (uv)™ = u (v)(>).

The other cases are: ¢) r € (1,+00), p = +00, g =1r,d) r =1, p,q € (1,40), €)
r=p=1 qg=+4o00,f)r=q=1, p=+400,g) r =p =g = +oo. They follow in
similar way and are left to the reader. O
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Recall that our main motivation when constructing the average operator was that the
equality (b-V,u;) = 0 holds true for any function u;, making thus possible to eliminate
the first order correction term in (4) after applying the average operator. In the sequel
we justify rigorously this property. By the orthogonal decomposition in Proposition
2.6 we deduce that ker(-)®) = (ker 75)* = (ker 7,*)* = range7,. We have the general
result.

Proposition 2.7 Assume that g € (1,+00). Then ker(-)@ = rangeT,.

Proof. For any v = 7,u € range7, and ¢ € ker 7, we have

/(U—O)wdyz Tqus&dyz—/uqusodyZO

saying that (v)(@ = 0. Therefore range7, C ker(-)@ and also range7, C ker(-)(@.
Consider now a linear form A on L(R™) vanishing on rangeZ,. There is v € L¢'(R™)
such that h(w) =[5, wv dy for any w € L4Y(R™). In particular

Tuvdy=0, YueD,
Rm

saying that v € ker7,,. For any ¢ € ker(-)(9 we can write by Proposition 2.6

o) = [vedy= [0 dy= [ v ()@ ay=0

m m m

and thus h vanishes on ker(-)(@ implying that ker(-)@ C range7,. Consequently we
have range7, = ker(-)(?. O

At this stage let us point out that if range7, is closed, then ker(-)@ = range7, saying
that the equation Zyu = f € LI(R™) is solvable iff (f)(9 = 0. Let us indicate a simple
situation where the above characterization for the range of 7, occurs.

Proposition 2.8 Assume that all the trajectories are closed, uniformly in time i.e.,
37T >0 : VyeR"™ 3T, €[0,T] such that Y (T};y) = y.
Then for any q € (1,+00) the range of T, is closed and we have rangeT, = ker(-)(@.

Proof. By Proposition 2.7 we have range7, C range7, = ker(-)(@. Conversely, assume
that f € ker(-)@ and let us check that f € rangeZ;. For any u > 0 let u, € LY(R™)
solving

pruy + Tyu, = f. (22)

It is easily seen that the unique solution of the above equation is

0
wo= [ s as (23)
Observe that we are done if we prove that (||u,||e@m)).>0 is bounded. Indeed, in this
case we can extract a sequence (i, ), converging towards 0 such that lim, . u,, = u
weakly in LI(R™). Passing to the limit in the weak formulation of (22) we deduce
that v € Dy and f = Z,u € range7,. In order to estimate (||| zamm)) >0 We use the
immediate lemma, whose proof is left to the reader.
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Lemma 2.1 Let g : R — R be a locally integrable T periodic function. Then for any

t € R* we have
1/t 1 [T
[ aeas g o) a

By Proposition 2.3 we know that

T

2
< — [ lg(s)l ds.
1t Jo

lim (—% /SO fY(r;-) dT) = ()9 =0, strongly in LI(R™).

S§——00

In particular we have the pointwise convergence

k—+o00

1 0

lim (——/ fY(r;9)) d7'> =0, ae.y€eR"
Sk Sk

for some sequence (si); verifying limy_, o, s = —oo. Observe that

and thus, for a.a. y € R™ the function 7 — f(Y (7;y)) is locally integrable. Since the
function 7 — f(Y'(7;y)) is T, periodic, we have by Lemma 2.1

< T flagamy < +00
La(R™)

Arﬂwnme

1 Ty 1 0
[ s ar= i (< [ ar) <o aeyerr
and
1 [0 2 [Ty
H——/°fawfp»df ——/“|fo«ny»wh
S Js La(R™) |s| Jo La(R™)
2 T
H/ﬁﬂwﬂwWh
0 La(®m)
2T
< gllf\lm(ﬂw)
implying that
0
/fww»w < 2|l oaemy. (24)
s La(&m)

Coming back to (23) one gets after integration by parts

w=— [ et [ soveinark as= [ e [ e as

and therefore, combining with (24) yields

[l Laemy < 2T f|| Lagemy, ¥ > 0.
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Remark 2.2 The hypothesis that all trajectories are closed, uniformly in time, implies
a Poincaré inequality. Indeed, taking the weak limit of the previous uniform inequal-
ity yields ||u| pagmy < 27| f||Lagmy. Taking the average of (22) it is easily seen that
(u,) @ =0, > 0 and therefore (u)? = 0. Finally we obtain

ull a@my < 2T || Zqul|La@my, (u) = 0.

Remark 2.3 The hypotheses in Proposition 2.8 are verified in the case of a periodic
flow, with uniformly bounded periods. This happens to be true for the guiding-center
approximation (see Lemma 5.1) and for the finite Larmor radius regime with constant
magnetic field.

Generally the flow is not uniformly periodic. For later use we establish here a charac-
terization for ker(-)(@ = range7, in the general case (not necessarily periodic). This
result will be useful when justifying the asymptotic behaviour of (1) when & \ 0.

Proposition 2.9 Let f be a function in LY(R™) for some q € (1,+00). For any
p > 0 we denote by w, the unique solution of (22). Then the following statements are
equivalet

W) () = 0.
b) lim,~ o(puy,) = 0 in LI(R™).

Proof. Assume that b) holds true. Applying the operator {-)( in (22) one gets

<f>(q) = </“‘u>(q) + <Tquu>(q) = <Nuu>(q)a V>0

and therefore

(@) — 1; (@ — /13 (@) —
(f) Pl}{r})(uuﬁ <}}<%(N“u)> 0.

Conversely, suppose that a) holds true. Considering the function G(s;y) = fso fY(r;y)) dr
we obtain by the formula (23) (use the inequality |G (s; -)|| a@m) < |s]|| f]| o(®m) in order
to justify the integration by parts)

0 oG 0 G(s;) 1 /0 G(tp=t;)
—_ _ ws = (e, — us ) —_ t )
U, /_ooe P (s;-) ds /Oouse . ds M/oote—w1 dt.

We know that ||G(tp!)/(tp™") || pa@my < || f]|ze(rm) and by Proposition 2.3 we have for
any t < 0

= (D =0, strongly in LI(R™).
i = lim 7 (f) , gly (R™)

Consequently, by the dominated convergence theorem, one gets

G(tp™")

0
t
e B =

—0o0

dt — 0 as pu\,0.
La(Rm)

[

Remark 2.4 With the above notations we have ||pu,|| La@my < || f|lLa@my, ¥ p > 0.
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2.1 Average operator commutator with time/space deriva-
tives

Up to this point we have investigated the properties of (-)@ operating from LI(R™)
to LY(R™) with ¢ € [1, +00]. In view of further regularity results for the transport equa-
tions (1) we investigate now how ()@ acts on some particular subspaces of smooth
functions. These regularity results will be crucial when justifying the strong con-
vergence of the solutions of (1) when € \, 0. For this purpose we recall here the
following basic results concerning the derivation operators along fields in R™. For any
€= (&(y), .., &m(y)), where y € R™, we denote by L¢ the operator £ - V,. A direct
computation shows that for any smooth fields £, n, the commutator between L, L, is
still a first order operator, given by [L¢, L,| := L¢L,, — L,L¢ = L,, where x is the
Poisson bracket of £ and n

x =&, [l = (€ Vo) — (- Vy)& = Le(m) = Ly(&), 1 € {1,...;m}.

It is well known (see [3], pp. 93) that L¢, L, commute (or equivalently the Poisson
bracket [£, 7] vanishes) iff the flows corresponding to &, 1, let say Z;, Zs, commute

Z1(815 Za(52;y)) = Za(s2; Z1(s139)), s1,52 €R, y € R™
Consider a smooth field ¢ in involution with b and having bounded divergence

c € WEX(R™), divye € L°(R™), [c,b] =0

loc

and let us denote by Z the flow associated to ¢ (we assume that Z is well defined for
any (s,y) € R x R™). We claim that the following commutation property holds true.

Proposition 2.10 Assume that ¢ is a smooth field in involution with b, with bounded
divergence and well defined flow. Then for any q € (1, +00) the operator (-)@ commutes
with the translations along the flow of ¢

(wo Z(h; N = ()@ o Z(h;-), uwe L'(R™), heR.
Moreover, under the hypothesis (18) the above conclusion holds true when q € {1, +o0}.

Proof. Assume that ¢ € (1,+00). The commutation property of the flows Y, Z and
Proposition 2.3 allow us to write the strong convergences in LI(R™)

(wo Z(h; )@ = TETOOE/TUOZ(h;Y(sy)) ds
_ TETWE/TUOY(S;Z@;)) ds (25)
_ <T1ilfoo% /0 w(Y (s;+)) ds) o Z(h;-) (26)
= (W) Do Z(h;-). (27)

Notice that the third equality in the above computations follows by changing the
variable along the flow Z and by using the boundedness of div,c. The cases ¢ € {1,400}

14



require more careful analysis. The idea is to appeal to the variational characterization
of the average operator in Propositions 2.4, 2.5 by choosing appropriate test functions
invariant along the flow of b and then performing changes of variable along the flow of
¢. The main point here is that the divergence of any smooth field in involution with b
(in particular div,c) is invariant along the flow of b. The details are left to the reader.

[

Remark 2.5 In particular we have [b,b] = 0 and therefore {-)9 commutes with the
translations along the flow of b. We have for any h € R, u € LI(R™), q € [1, 4+00]

(¥ (A ) = () (Y (h;-)) = ().

We will show that for any smooth field ¢ in involution with b, the operator (-)@
commutes with ¢-V,. We denote by 77 the operator given by

D(7)) = {u € LY(R™) : divy(cu) € L(R™)}, T u = divy(cu)—(divyc)u, u € D(Z)).
We have the standard result (see [6], Proposition IX.3, pp. 153 for similar results).

Lemma 2.2 Assume that ¢ € (1,4+00) and let u be a function in LI(R™). Then the
following statements are equivalent

a)u € D(T)).

b) (A (w(Z(h;-)) — )y is bounded in LI(R™).

Moreover, for any u € D(7.°) we have the convergence

u(Z(h;-))

lim v T u, strongly in LI(R™).

h—0 h

The next result is a straightforward consequence of Proposition 2.10 and Lemma 2.2.

Proposition 2.11 Under the hypotheses of Proposition 2.10, assume that u € D(’];f)
for some q € (1,+00). Then (u)@ € D(Z*) and T (u)\? = (T u)@.

Remark 2.6 In particular Proposition 2.11 applies for ¢ = b. Actually, for any u €
D(T,), q € [1,+oc] we have T(u)? = (T,u)@ = 0.

Remark 2.7 Under the hypotheses of Proposition 2.10 we check immediately thanks
to Lemma 2.2 that if u € D(7f), then for any s € R, uoY(s;-) € D(7f) and

Te(wo Y (s;)) = (Teu) o Y (5;-).
In particular if u € ker T, N D(T7) then T u € ker 7.

The last result in this section states that ()@ commutes with the time derivation. The
proof is standard and comes easily by observing that

(u(t + h)) @D — (u(t)@ <u(t +h) —u(t) >(q)
h h

and by adapting the arguments in Lemma 2.2.

Proposition 2.12 Assume that w € W'?([0,T]; LY(R™)) for some p,q € (1,+00).
Then the application (t,y) — (u(t,-))@ (y) belongs to WLP([0, T]; LY(R™)) and we have
3t<u>(q) — <atu>(q)‘

15



3 Well-posedness of the limit model

We continue our mathematical analysis by studying the well posedness of the limit
model and surely, one of the key point will be to justify rigorously the asymptotic
behaviour towards this limit model. These items will be carried out in the next sections.
This section is devoted to the study of the limit model, when ¢ \ 0, for the transport
problems (1). Recall that b is a given smooth field satisfying (10), (11), (12). We
assume that a satisfies the conditions

a € L'([0,T]; Wh*(R™)), div,a = 0. (28)

Based on Hilbert’s expansion method we have obtained (see (3), (4)) the formula
u® = u + euy + O(e?) where

b(y) - Vyu=0, du+a(t,y)  Vyu+bly) - Vyu =0.
Projecting the second equation on the kernel of 7 leads to the model
O(u) + (a(t) - Vyu(t)y =0, (t,y) € (0,T) x R™.
Notice that Tu = 0 and thus (u) = u. Finally we obtain

{ Ju+(a(t) - Vyu(t)) =0, b(y) - Vyu=0, (t,y) €(0,T) xR™
U(O, y) = UO(y)v ye R™.

We work in the LI(R™) setting, with ¢ € (1, +00). For any ¢ € ker 7, we have

(29)

[ @t Ty = alt) () )ely) dy = 0
and we introduce the notion of weak solution for (29) as follows.

Definition 3.1 Assume that ug € ker 7, f € L*([0,T);ker 7,) (i.e., f € L*([0,T]; LY(R™))
and f(t) € ker Ty, t € [0,T]). We say that u € L>(]0,T); ker7,) is a weak solution for

{ O+ (a(t) - Vyu(®)) 9 = f(t,y), Tu=0, (ty) €(0,T) xR™
'LL(O, y) = UO(y)a y e R™

iff for any o € CH([0,T) x R™) satisfying T = 0 we have

(30)

// u(t,y) 8tg0+dlvy(gpa))dydt+/ 0(y)e(0,y) dy—l—/ fty (t,y) dydt = 0.
(31)

We start by establishing existence and regularity results for the solution of (30).

Proposition 3.1 Assume that ug € ker 7, f € L'([0,T]; ker 7,) for some q € (1,+00).
Then there is at least a weak solution u € L>°([0,T;ker 7,) of (30) satisfying

t
[w(®) | za@m) < [[uollra@m) +/ 1f()lpam), t€[0,T].
0
Moreover, if ug > 0 and f > 0 then u > 0.
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Proof. For any € > 0 there is a unique weak solution u® of

{ o +a(t,y) - Vyu® + @ -Vyut = f(t,y), (t,y) € (0,7) x R™ (32)

ut(0,y) = uo(y), y € R™.

The solution is given by

u(t,y) = uo(Z°(0:t, y)) +/Otf(5725(8;t,y)) ds, (t,y) € [0, T] x R™

where Z¢ are the characteristics corresponding to the field a + e~ 'b. Multiplying by
u®(t,y)|uf(t, )72 and integrating with respect to y € R™, we obtain thanks to Holder’s
inequality

t
[u]| Lamy < [Juol|La@m) +/ 1f(s)|agmy, t € [0,T].
0

We extract a sequence (gy), converging towards 0 such that u®™ — wu weakly *
in L>([0,T]; LY(R™)) for some function u € L*([0,T]; LY(R™)) satisfying

[ull oo o,p;20m)) < ol za@m) + || fI L1 (o, 15;L0Rm)).-

By the weak formulation of (32) with a function ¢ € C([0,T) x R™) we deduce that

T b T
//uk (8t<p+ <a+ 8—) -Vw) dydt + /W(O,y) dy+/ feo dydt = 0. (33)
0 m k m 0JR™

Multiplying by 5 and passing to the limit as k& — 400 one gets easily by Proposition
2.1 that u(t) € ker 7, t € [0, 7). If the test function verifies 7¢ = 0 we get rid of the
singular term in (33) and by passing to the limit for & — +o00 we deduce that the weak
* limit u satisfies the weak formulation of (30). If ug > 0, f > 0 then u® > 0 for any
€ > 0 and thus the solution constructed above is non negative. O

At this stage we mention that the numerical approximation of the limit model (30)
remains a difficult problem. The main drawback of the weak formulation (31) is the
particular form of the trial functions ¢ € ker 7NCL([0,T) x R™). Generally, the choice
of such test functions could be a difficult task. Accordingly, we are looking for a strong
formulation of (30). Therefore we inquire about the smoothness of the solution. We
also mention that the regularity results will allow us to prove strong convergence results
for the solutions of (1) towards the solution of (30) as € \, 0. A complete regularity
analysis can be carried out under the following hypothesis: we will assume that the
field a is a linear combination of fields in involution with % := b

a(t,y) :Zai(t,y)bi(y), b e WHS(R™), [0,0] =0, ie{l,..r} (34)

where («y); are smooth coefficients verifying

a; € L'([0,T); L>(R™)), ¥ -V,a; € L*([0,T); L>(R™)), 4,5 € {0,1,...,7}.  (35)
For any i € {1,...,r} we denote by 7/ : D(7)) C LY(R™) — LI(R™) the operator
D(Z,) = {u € LYR™) : divy(b'u) € LYR™)}, Tju = divy(b'u)—(divyb )u, ue D(Z)
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and by Y the flow associated to b°. Since [b%,b] = 0 then Y commutes with Y for any

i € {1,...,r}. Under the previous hypotheses it can be shown that the weak solution
constructed in Proposition 3.1 propagates the regularity of the initial condition. The

proof is rather technical and it is postponed to Appendix B.

Proposition 3.2 Assume that (34), (35) hold, ug € ker ,0(N;_,D(T}")), f € L*([0,T7; ker TN
(M=D(7)))) (ice., f € LN0,T[; LYR™)), T,f = 0 and T, f € LI([0,T}; L'(R™)),
ie{l,. T}) and let us denote by u the weak solution of (30) constructed in Proposi-

tion 3.1. Then we have u(t) € ker 7, N (M;_,D(7})), t € [0, T] and

10| ro,ryspagemy)  + Z||Tqi“||L°o<[o,T1;m<Rm>>SC(HfIILl([o,T];Lq(Rm))
=1

+ Z 173 £l o o, ryis ey + Z 17, woll Lagem))

for some constant depending on 20<1j<r 16"Vt || Lro,r7:L00 Rm))» Dio 1€l L1 0,77 100 (R -
Moreover, if f € L*([0,T]; LYR™)), a; € L>(]0, T] L>(R™)) for any i € {1,...,r
then Oyu € L*=([0,T]; LY(R™)).

Thanks to the previous regularity result we are able to establish the existence of strong
solution for (30).

Definition 3.2 Under the hypotheses (34), (35), (18) we say that u is a strong solution
of (30) iff u € L¥(0,T); LAR™), 0 € L1([0, T); LAR™), Tou € L((0, T); L1(R™))
for any i€ {1,...,r} and
o+ S0 Tiult) = S0, T =0 teOT) o
u(0) = up.

Corollary 3.1 Assume that (34), (35), (18) hold. Then for any uo € (N;_;D(7)) N
ker 7, and f € L'([0,T7; (Mi_;D(7,)) Nker7,), there is a strong solution u for (50)

verifyz’ng

|0l L qomzaemy + Y 1Tl peqoryza@my < ClFllooryLa@my)
=1

+ O AT fllw qoryzomeny + 175 ol Loem)}- (37)
i=1

Proof. Let u be the solution constructed in Proposition 3.2. This function has the
regularity in (37), satisfies Z,u = 0 and

T
/ w(Opp + divy(pa)) dydt + /uogp (0,y) dy +/ fgp dydt =0 (38)

m

for any function ¢ € CL([0,T) x R™) verifying Ty = 0. Since a = Y ;_, a;b" and
T,u = 0 one gets

T T
//u divy(ap) dydt = //u div, <¢Zaibi> dydt
0JR™ i=0
T .
— _Z / / ;T u dydt
i=1 JOJR™
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implying that
// u + Z o TZ e dydt = / f(p dydt. (39)

Using now the properties of the operators (-)(@, (-)(¢") we obtain for any t € [0, T]

[e0) SaTutwray = [ (o0 S aittTute) ay
= 3 [o® @OTun) 4 (@)

(we have used the equality (p(#))@") = (t) which is valid since 7, ¢ = 0). Combining

(39), (40) yields
T r .
// (@u + Z <ozi’1:;u>(q) — f> ¢ dydt = 0.
0JR™ i=1

Observe that the function dyu + > ;_, <a,-7;"u>(q) — [ belongs to ker 7, and thus we
obtain

O + Z (T = (), te(0,T).

Since for any i € {1,...,7} we have u(t) € ker 7, N D(7;), we deduce by Remark 2.7
that 7'u(t) € ker 7,. Therefore, by Corollary 2.4 we obtain

()T u() D = (1)) T u(t).
Finally u solves
{ s Sfes®) VT =10, 1< 07) @

[

Remark 3.1 Notice that if u is a strong solution of (41) whose initial condition belongs
to ker 7, then the constraint T,u = 0 is automatically satisfied. Indeed, we have

r

D ()T u(t) € ker T, t € [0,7]

i=1

and therefore Oyu € ker 7,. We deduce that 0,7,u = 0 implying that Tyu(t) = Tyug =0
fort e [0,T].

Remark 3.2 [t is easily seen that any strong solution of (30) is also weak solution for
the same problem.

Remark 3.3 The strong formulation is a transport problem corresponding to the av-
eraged advection field Y \_ (a;(t))®b and thus very easy to solve numerically.
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As usual, the existence of strong solution for the adjoint problem implies the uniqueness
of weak solution.

Proposition 3.3 Assume that (34), (35) hold. Then for any uy € ker7, and f €
L]0, T); ker 7,), with q € (1,400), there is at most one weak solution of (30).

Proof. Let u € L*([0,7];ker 7,) be any weak solution of (30) with vanishing initial
condition and source term. We will show that v = 0. We know that

T
L//u@ﬂ+a~Vﬁﬁm&:ﬂ (42)
O m

for any function § € C}([0,T) x R™) satisfying 76 = 0. Consider a function n = n(t) €
C([0,T]) and ¢ = ¢ (y) € (N;_;D(Z;,)) Nker Z,,. By Corollary 3.1 there is a strong
solution ¢ of

{ 0P — (a(T = 1) - V, )00 = (T —D)(y), () € (0,T) x R™

satisfying ¢, 7/,¢ € L>([0,T]; L a'(R™)), 0,p € L*([0,T); L* (R™)). It is easily seen
that ¢(t,y) = ¢(T — t,y) has the same regularity as ¢, p(t) € ker 7, and

{ —0p — <a(t) w2) 1 =n(tv(y),  (ty) €(0,T) xR"

We use now (42) with the function ¢ (observe that the formulation (42) still holds true
for trial functions having the regularity of ¢)

T
0 = //u(@tw +a- V) dydt
0 m

T T
= //uatgo dydt + //(u(t»(‘”a -V dydt
= // (Oup + (alt) - V)" dydt

= [ / u(t,y)0(y) dy .

We deduce that [, u(t,y)¢(y) dy = 0 for any ¢ E [0,T] and any ¢ € (Ni_;D(Z;,)) N
ker 7. Since u(t) € ker 7, it follows that u(t) =0, ¢t € [0, 7. O

Remark 3.4 The uniqueness of the weak solution for (30) guarantees the uniqueness
of the strong solution in Corollary 3.1.

For further use we establish the conservation of the L9 norm for weak solutions without
source term. We need the easy lemma.

Lemma 3.1 Let 3 € WY®(R™) be a smooth function and c(y) a smooth field with
bounded divergence. Assume thatv € D(c-V,) C LY(R™) for some q € (1,+00). Then
we have

[ Bte- 9,0 o2y = — [ o div, (o) d

RrRm
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Corollary 3.2 Assume that (34), (35) hold and that ug € ker Ty, f € L'([0,T); ker 7,)
for some q € (1,+00). Then the weak solution of (30) satisfies for any t € [0,T]

it dy = [ty [ [ 5ot 0) oy

]Rm
In particular, when f =10 the L9 norm is preserved.

Proof. Consider the sequences of smooth functions (ugy, ), and (f,,), such that lim,,_ 1 o ue, =
ug in LY(R™), lim,, o frn = f in L*([0, T); LY(R™)). Let us denote by u, u,, the unique
solutions associated to (ug, f), (uon, fn) respectively. Thanks to the uniqueness result
of Proposition 3.3 we deduce by Proposition 3.1 that

[tn — ullLoc o,/ La@m)) < [Jton — wollza@m) + | fn — fllLrqoryze@my)

and therefore it is sufficient to analyze the case of strong solutions (u,),. Taking into
account that |u,|? ?u, € ker 7, we have by Lemma 3.1

a0 Tyl = ) Ty ()
= [ alt) Ty (O ) dy

_ /g(t) . vy—’“"ét)‘q dy

1
= — [ |u,|*divya dy = 0.
q Jrm
Our conclusion follows immediately by multiplying the equation du,+{a(t)-V,u,(t))@ =
fn(t) by |, (¢)|9%u,(t) and integrating with respect to y € R™. O

Naturally we can obtain more smoothness for the solution provided that the data are
more regular. We present here a simplified version for the homogeneous problem.
The proof is a direct consequence of Propositions 3.2, 2.11 and follows by taking the
directional derivatives b* - V,, to the problem (30) (with f = 0). The proof is left to
the reader.

Proposition 3.4 Assume that (34), (35) hold and let us denote by u the solution of
(80) with f =0 and the initial condition uy satisfying for some q € (1,400)

Ug € (ﬂ:=1D<7:;)) A ker?—m q;ju() S m::lD(,]:]Z)v v] € {17 ...,7”}.
Then we have
Z Z H%ir];juHLoo([O,T};Lq(Rm)) <C (Z Z HT TJUOHL‘I (Rm) T Z ||’T UOHLQ(RW >
i=1 j=1 i=1 j=1

with C' depending on Y5, < 1T T arll ooy @my)s D o< jer 175 5l L1 (0,73 L00 ()
and

107 ull s oz + D N0 T ull 1 oryeey < C (Z > T T uol e + Z 17, U0||Lq)
i=1

i=1 j=1
with C dependmg on Zl<zg k<r HTTCWCHLI ©(R™)) > Zlgi,ng H,];ZCY] HLl([O,T};L(’o(Rm))y
Zz 1 HO‘ZHLl ([0,T);Lo° (R™)) and Zz 1 ||(9tozZHL1 oo (Rm)) -
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3.1 The limit model in terms of prime integrals

As seen before, the limit model for transport equations like (1) is given by
Ou+ (a(t) - Vyu(t)) =0, (t,y) € (0,T7) x R™.

When the field a is a linear combination of fields in involution with b, the above limit
model can be reduced to a transport equation. Moreover the computations simplify
when the prime integrals are employed. We detail here this approach, based on prime
integral concept. We assume that there are m — 1 prime integrals, independent on R™,
associated to the field b

b-V,' =0, i€{l,..,m—1} (43)
rank (82/1 (y)) =m-—1, yeR™ (44)
9y; (m—1)xm

Let us recall, that generally, around any non singular point yo of b (i.e., b(yy) #
0) there are (m — 1) independent prime integrals, defined only locally, in a small
enough neighborhood of yo (see [3], pp. 95). For any y € R™ we denote by M (y)
the matrix whose lines are V!, ..., V, ™"t and b. The hypotheses (43), (44) imply
that detM (y) # 0 for any y € R™. The idea is to search for fields ¢ = ¢(y) such that
c(y) - Vyu remains constant along the flow of b for any function v which is constant
along the same flow. If u is constant on the characteristics of b, there is a function
v=1uv(z) : R™! — R such that

u(y) = v (y), .., v" (y), yeR™

Therefore one gets

O e 28
implying that
m—1 m
_ (% 1 m—1 a¢k _ aw
c-Vyu= 2 7k(¢ (Y), ™ ))jzla—yjcg (Vo) (@(y)) - 8—y0(y)

0
In particular, if a—wc(y) do not depend on y, the directional derivative ¢ - V,u remains
)

constant along the trajectories of b. For any i € {1,....m — 1} let us denote by c'(y)
the unique solution of the linear system

M(y)c'(y) = €' = (di)1<j<m

where ¢;; are the Kronecker’s symbols. Notice that M (y)% = €™ and thus the
vectors c'(y), ..., ™ Y(y), b(y) are linearly independent at any y € R™. According to the
previous computations, for any function u constant along the flow of b, the directional

derivative ¢’ - V,u remains constant along the same flow for any ¢ € {1,...,m — 1}.
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We denote by 3y, 31, ..., Bm—1 the coordinates of a with respect to b,c!,...,¢™ ! and we
assume that (f3;); are smooth and bounded

alt,y) = Bolt,y)b +Zmy v). (t,y) € [0,7] x R™. (45)

Thanks to Corollary 2.4, one gets for any function u € (ﬂ?:llD(’Z:fi)) Nker 7,

m—1 (@
(alt) - Vyu(t)? = <Z Bit)c'(y) - Vyu(t)> = (B(t) ™) (y) - Vyult).

i=1

It remains to compute ([3;);. Multiplying (45) by M (y) yields

M(w)att, ) = Gult, DI + 3 Gt e

implying that

Bi(t,y) = M(y)a(t,y) -e', i€ {l,...,m—1}, Bo(t,y)b(y)]* = M(y)a(t,y) - ™

or equivalently to

_— a(t,y)-b
ﬁz(tay) = a’(t7y) ’ vy¢z7 (S {17 ey T — ]-}a 50(t7y) = ( |by(;)|2<y)
Finally one gets the following form of the limit model
Oyu + Z vV, M (y)et - Vyu = 0. (46)

4 Convergence towards the limit model

This section is devoted to the asymptotic behaviour of the solutions (u%).~o of (1).
We assume that b, a satisfy the hypotheses (10), (11), (12), (34) and we work in the
L*(R™) setting (¢ = 2). Motivated by Hilbert’s expansion method, we intend to show
the convergence of (u).~0 as € N\, 0 towards the solution w of (29). As usual such
kind of result is available provided that the solution of the limit model has enough
regularity. Therefore we assume that (29) has strong solution. Our main convergence
result is the following.

,,,,,

satisfy

Z il L (o, 79; 200 () + Z [0ci| 1.jo,7);10 )y < +00

=1 i=1

22 By + 3D Y BT arllniomzen) < +oo.

i=1 j=1 i=1 j=1 k=1
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Suppose that
Ug € (mzle(,]—Qz)) N ker%? 772]'”0 S ﬂzle(,Z—QlL vj S {17 -"7T}

and that (u§)e>o are smooth initial conditions (let us say C*(R™)) such that lim o u§ =
ug in L*(R™). We denote by u®,u the solutions of (1), (29) respectively. Then we have
lime o u® =u, in L>®([0,T]; L*(R™)).

Proof. By the Propositions 3.2, 3.3 and Corollary 3.2 there is a unique strong solution
u for (29), satisfying ||u(t)||r2®m) = ||uol|z2(rm) for any ¢ € [0,T] and

10eull oo o.77:22@myy + D T3 ull e o2y < C Y T3 ol 2@m).-

i=1 i=1
Since u(t) € ker To, t € [0, T], we have
(Oyu+ a(t) - Vyu(t))® = 0 (u)® + (a(t) - V,u(t)® = du + (a(t) - V,yu(t)® =0
and thus by Proposition 2.9 there are (v,),>0 such that
du+a(t,y) - Vyu+ pv,(t,y) +Tov, =0, }}{%(M%(t)) =0in L*(R™), t € [0,T]. (47)
Moreover, by Remark 2.4 we know that

||M%||Loo([o,T];L2(Rm)) < O+ alt) - Vy“||L°°([07T];L2(1Rm))

< |[0vul| Lo 0,112 (R)

+ C Y lallwra oz | T ul o o322 mmy)
=1

< O T uoll o em)- (48)
i=1
Combining (1), (29) and the equation Zou = 0 yields
b(y) . _
O +alt,y) -V, + - Vy ) (v —u—ev,) =pv, —e(Ow, +alt,y) - Vyv,). (49)

We investigate now the regularity of v,. By Remark 2.4 we have

ll O () || L2 @my <

Ofu+>  OriTiu+ Yy oi(t)0 T u
=1 =1

L2(R™)
and thus Proposition 3.4 implies
Wl 3o sy < C (Z ST Tl + 3 ||73uo|rLz<Rm>) o)
i=1 j=1 i=1
Applying now the operator 7/, i € {0,1,...,7}, in (47), yields
O Tiu+ S KT (Tou) + oy (T ) + uTv, + ToTfu, = 0.
j=1
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By Remark 2.4 and Proposition 3.4 we obtain as before
I T a2y < 10T u(t) + ) {(T3 g (0)( T u(t)) + ay(8) (TS w(t)) Hlrem)
j=1

implying that
1 Tl qoyzz@m) < C (Z D T T woll 2y + ||7;iuo||L2(Rm)) - (51)
i=0 i=1 j=1 i=1
Multiplying (49) by u® — u — ev,, and integrating over R™ yields

&€

Sl = u = e0) (O 2y S N0 L2 (6 — = £0,) (8) | 2m)

+ €

O (t) + Z ai(t) Lvu(t)

L2(R™)

X

[(u® —u — ev,) ()] L2@m)

and we deduce that

(uF —u—ev,) (1) | 2m) < 0 (8)| 2y +Ce(00a 0| amy + 3 1T 0 (8) [ 2gaemy).
1=0

2l
dt
Combining with (50), (51), we obtain for any ¢ € [0, T]

T
(0 == 0, ) Ol < 5= 0 = e0,Ollzzem + [ o )lzen ds

€ - i
+ C;(Huat%HLl([o,T];L?(Rm)) T vull o oryze@my)
=0
T £
< lug — up — v, (0) [ L2my + / | v, (s)|| L2 my ds + C’;.
0
Consequently one gets by (48) for any t € [0, T
g
[(u® = u) (@)l 2@m)y < lug — wollr2@m) + ;(||Mvu(t)||L2(Rm) + |10 (0) || L2rom))
£
+ C; + lloull ooy emy)
£
< Jug — uoll2rm) + C; + vl 2oy ez ey -

Since the functions ¢ — ||, (%) 2®m) converge pointwise to 0 as p ™\, 0 (cf. (47)) and
they are uniformly bounded on [0, 7] (cf. (48)) we deduce by dominated convergence
theorem that

U vl o1 qozyize ey = 0.
In particular, for u = €°, with § € (0,1) we have
[uf —ul| oo o rpsn2@my) < [|u§— ol 2@m) +Ce' 0+ ||€%0es || 1 (0,13 L2Rm)) — 0, as e\, 0.

[
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5 Applications

In this section we present some applications of the results obtained before. It
mainly concerns the effects of strong magnetic fields. Nevertheless, the method applies
in many other situations, each time we need to separate multiple scales. Motivated
by the magnetic confinement fusion, which is one of the main applications in plasma
physics today, we chose to analyse the dynamics of a population of charged particles
(electrons) under the action of strong magnetic fields B = B/e, 0 < ¢ << 1. Using
the kinetic description, the evolution of the particle population is given in terms of a
probability density f = f(¢,z,p) > 0 depending on time ¢, position x, momentum p.
When neglecting the collisions this particle density satisfies the Vlasov equation

O f + L. V.f—e (E(t,x) + 2 ABE(t,x)) -Vpf=0
me me

where —e < 0 is the electron charge and m, > 0 is the electron mass. The time evolution
of the electro-magnetic field (E, B) comes by the Maxwell equations. For simplicity we
restrict ourselves to the linear Vlasov equation by considering that B = B(x) is a given
stationary external magnetic field and that the electric field derives from a potential
E = V,¢. The asymptotic regimes we wish to address here are the guiding-center
approximation and the finite Larmor radius regime. Certainly, these regimes are now
well understood cf. [5], [9], [11], [10]. Nevertheless our approach allows us to analyse
both models by the same method, to treat more general situations, to compute the
drift velocities in the orthogonal directions with respect to the magnetic field, etc.

The numerical approximation of the gyrokinetic models has been performed in [12]
using semi-Lagrangian schemes. Other methods are based on the water bag representa-
tion of the distribution function: the full kinetic Vlasov equation is reduced to a set of
hydrodynamic equations. This technique has been successfully applied to gyrokinetic
models [13]. We also mention that the drift approximation of strongly magnetized
plasmas is analogous to the geostrophic flow in the theory of a shallow rotating fluid
[1], (2], 7], [16], [17].

We consider here only the two dimensional setting, i.e.,

f=f(t,z,p), (E,B)=(E\(t,z), Ey(t,x),0,0,0,Bs(x)), (t,z,p) € Ry x R? x R?
leading to the Vlasov equation

i
8tfa+£-vmf5—e(E(t,x)+M—p)-foazo (52)
Me £ Mg
where the notation *p stands for (py, —p;) for any p = (p1, p2) € R% We only indicate
the main steps but we clearly identify the average operators involved in the analysis.
The reader can easily adapt to the Vlasov equation the rigorous arguments detalied
in the general linear transport framework in order to justify the asymptotic behaviour
towards the limit model (cf. Theorem 4.1). We concentrate on the derivation of these
limit models by applying the properties of the average operators.

5.1 Guiding-center approximation

The asymptotic regime obtained for £ \ 0 in (52) is known as the guiding-center ap-
proximation, since the Larmor radius corresponding to the typical momentum vanishes
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as the magnetic field becomes very large. The Vlasov equation (52) can be written
1
8tf€ + Afs + ngE = 0, (t,l’,p) € R+ X RQ X R2 (53)

where A = £ .V, —cE(t,z)-V, and T = —w.(z) *p-V,. Here w.(r) = eBS( ) stands
for the (rescaled) cyclotronic frequency We complete the above model with the initial
condition

f20,2,p) = f*(z,p), (z,p) € R* xR (54)
Notice that (53) can be recast in the form (1) by taking m = 4,y = (z,p) € R? x R?,
U5<t7y) = fa(t,fl,’7p), a’(t7y) = (mLC7 —BE(t,ZL’)), b(y) = (0707 —633(.75);—}:) It is eaSﬂy

seen that the characteristic flow associated to the (dominant) transport operator 7 is
given by

X(s;0,p) =z, P(siz,p) = R(w(x)s)p, R(6)= ( cos 6 -sme)

sin 0 cos 0

The motion is T.(z) = @ ( 7 periodic and thus the average operator has the form

Te(x)
W) = 77 | s Plsi) as
_ % u(z, [plw) dw. (55)
Sl

The operators A, 7, (-) satisfy

Lemma 5.1 i) If inf,cpe |B3(z)| > 0 then the range of T is closed and we have
range 7 = ker(-).

ii) For any f € ker T then Af € range T and Af =

1
T (52 Vaf + e “E@) -V, f).

Proof. The first statement follows by Proposition 2.8 with T’ = 2% o = 1 e infoepe [ Bs(7)].

For the second one observe that for any u = (uy,us) € (ker 7 ) we have (tp-V,)(p-
u) =T p - u. Notice also that if f € ker 7 then V,f € (ker 7)2. Consequently one gets

- lvxf)

Ly
_vf— va (ilp'vp)(£

me me (S}

In order to transform the second term in .4 observe that any function in ker 7 is radial
with respect to p i.e., f(x,p) = g(x,r = |p|). Therefore eE(t)-V,f = (*p-V,)(e LE(t)-

V,f) and finally we obtain w.(x)Af = T( Vaof +etE(t)- pf) . O
Remark 5.1 A straightforward computation shows that for any f € ker T we have

<2.vmf> — (e *E(t)-V,f) = 0.

M
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Plugging the ansatz f = f +cf! +&2f2 + ... into (53) we deduce that
Tf=0, Of+Af+Tf =0, Of'+Af'+7Tf*=0, ... (56)

In order to identify the limit model satisfied by f = lim.\o f© we apply, as before,
the average operator to the second equation in (56) and one gets 0, f + (Af(t)) = 0.
By Lemma 5.1 we know that Af(t) € range 7 and thus (Af(¢t)) = 0. Finally the
dominant term satisfies 0,f = 0. For identifying the initial condition multiply (53) by
a test function n(t)p(z, p) with n € CH(R,) and ¢ € C}(R? x R?) Nker 7. Passing to
the limit as € \, 0 yields

- /R+ n'(t) /R2 o f(t, 2, p)p(x,p) dpdzdt — n(0) /R?/ﬂ@ iz, p)e(z, p) dpdz = 0.

Taking into account that [o,[e. /™ (2, p)e(2,p) dpdz = [ofee (f™)¢(z,p) dpdz one
gets that f(t) = (f), t € R,.. At the lowest order the particle density is stationary
and has radial symmetry with respect to p

lim fo(t) = (f™), t€R,.
;{%f ( ) <f >7 +
Consequently, at this order, there is no current

j(t,x) = —e f(zf,:v,p)i dp =0, (t,z) € R, x R?.
R2 me
In the sequel we intend to compute the first order drift velocities which are very im-
portant for the analysis of the confinement properties. In order to compute f! we use
the decomposition f! = g' + hl, ¢* = (f1), ' = f1 — (f1). Notice that T¢g' = 0 and
(h') = 0. The second equation in (56) combined with Lemma 5.1 and Remark 5.1 lead
to

1 ip
we() (Ee Vel + e E(t) fo) + h' € ker T Nker(-) = {0}
and therefore A1(t) = _f(r) (7%2 Vof +etE(t) - fo> . For determining g' we use

the third equation in (56) after eliminating f? by applying the average operator. Since
(Oph') = 9y(h') = 0 and (9,¢") = 0i(g") = Dig*, (Ag') = 0 (by Lemma 5.1) one gets
d:g" + (Ah') = 0. Actually the radial symmetric density g' gives no current and thus
we do not need to compute it explicitly. We have

e

2J_E
Pece [ PR g e [ WL S [ aivas e ap- s [ fap
R2 R2 R2

R2 Me Me we(z)m? Mew, ()

We introduce the charge density and cyclotronic velocity given by

; . ma(Vin(2))2 ) Ipl” 1n d
P () = —e /R2 [ (z,p) dp, C(VC2< )° fRf f T, p)pp'
]R2

Notice that we have by symmetry [, f dp = [g, /™ dp and div, [p.(p ®@* p)f dp =
—+V, fRQ o fi» dp. By direct computations one gets

L (V@R | | (V)P VLB, LE(a)
Jt) = V( @) @) )“” 20(r) Bow) 7 B
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We recognize here the cross electric field drift and the magnetic gradient drift given by
the standard formula used by physicists (cf. [14] pp. 162)

_'E_EAB (Vir(x))? +V,Bs  (Vi"(x))> BAV,Bs

Un =

Bs  |BP U°T ou(z) Bs(z)  2w.(x) EE

The previous results are summarized in

Proposition 5.1 Under the hypothesis in Lemma 5.1 we have
fo={f") +ole)

2we(z) + p™(z) vep + p"(x) va| + co(e).

jFo=—e| Fdp=c [va (pi“(fc)
R2

Me

5.2 Finite Larmor radius regime

In this case we assume that the (scaled) typical momentum in the plane orthogonal
to the magnetic field is very large, remaining of the same order as the magnetic field.
Note that in this case the Larmor radius corresponding to the typical velocity and
cyclotronic frequency doesn’t vanish anymore. We obtain the Vlasov equation (see [8],

[4])

1

atf€+nf .vzfe—e<E<t,x)+33<x> p€>.fo€:O (57)

€ €

and the corresponding asymptotic regime for € \, 0 is called the finite Larmor radius
regime. Observe that (57) can be recast in the form (1) by taking m = 4,y = (r,p) €
R? x R?, w*(t,y) = f(t,2,p), a(t,y) = —(0,0,eE(t, x)), b(y) = (;=, —w.(x)"p), where

we(z) = eBs(x)/m.. The characteristic flow Y = (X, P) associated to b satisfies
dX  P(s;z,p) dP

ds me  ds

= —w(X(s;2,p)) “P(s;3,p).

When Bj is constant it is easily seen that a set of independent prime integrals are given
by

71 72 73 Lo

V' (z,p) = eBsxa +p1, P (x,p) = —eBsri +pa, ¢°(p) = §|p| :

We intend to derive the limit model using the arguments in Section 3.1 and thus we
need to invert the matrix

0 €B3 1 0

~ . —GBg 0 0 1
M(p) = 00 p p
7‘% 51—26 —WeP2  WeP1

In order to simplify our computations it is very convenient to introduce the new variable
r=a— L = (=2 ") /(eBs) and the new unknown ¢°(¢,z,p) = f°(t,z,p). The
equation for ¢g° becomes

a€+1iEt+lp V.o Et+Lp V. — 2. Vo =0
_ z [ . P — e 72 —_ . _ . —
9 T g, ’ e Bs g eBs pd T PVl
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and thus the fields to analyze in this case are

a(t,z,p) = LLE tz+i —el tz+i b(p) = (0,0, —w, p)
77p Bg Y €B3 Y Y 683 9 p ] Cp'

A set of independent prime integrals is given by
1 2 g Lo
Y=z, YT =2, @ =§|P| .

The matrix M (p) and its inverse are given by

Lo 0 0 10 0 0
01 0 0 L 01 0 0

M = M - 1 2
(p) 0 0 D1 D2 ’ (p) 0 0 ‘5_2 _wcp\p|2
0 0 —wepa wWepr 00 o oo

In view of (46) we need to compute (a(t) - V(,,¥") >, i € {1,2,3}. A direct compu-
tation shows that the flow (Z, P)(s; z, p) associated to b is given by

cosf) —sind
Z(szap) =z, P(S,Z,p) - R(ch)pv R<9) - ( sin@ COS@ ) .
Consequently the constant functions along the flow are the functions with radial sym-
metry with respect to p. Observe also that the hypothesis (18) holds true with O = ()
and £(z,p) = e FP-IP° (2, p) € R%. Since all the trajectories are 27 /w, periodic, we
have

27
W, 1 2

(W) (z,p) = = /0 (e Rswp) ds = — [ ulz, R(O)p) 40

2 2m J,

for any bounded function u € L>(R*). We have

1 AN 1 ~(R(6)p)
A 1 (OO) — . - — - 5
) Vent) <B3,E2 (t’” eBa)> 27rBz/o b (t’H eDBy ) “

1 J‘p (o0) 1 2 J.(R(g)p)
. 2\ (00) — _ ( — — = —
(a(t)V o p¥?) <B3E1 (t, z+ €Bg>> 575, /(; By (t,z + —€B3 ) deé.

We claim that the coefficient (a(t) - V(,,)%?*)*® vanishes. Indeed

2m

~ ew, [we LP(s;2,p)
(a(t) ) v(z,1>)¢3>( )= — o /0 E (7572 + T) -P(s;z,p) ds.

Taking into account that E(t) derives from a potential ¢(t) i.e., E = V,¢ and that

d LP(s;2,p) LP(s;z,p)\ P(s;z,p)
. t ) Y — E t ) 7 . ) ?
ds¢(’z+ eBs ) (’Z+ eBs ) me

we deduce that

we d LP(s;2,p)
ny 3(oo):_em6”0/ Lol O HP)) qs =0
<CL( ) v(z,p)¢ > 2T o SQS , 2+ €B3 S 0




Plugging into (46) all these computations yields the limit model

2m 1
0 633

leading to a transport equation for the particle density f, whose advection field is given
by a gyroaverage type operator

&gg +

Proposition 5.2 If the magnetic field is constant By # 0 then the limit model of (57)
when € \, 0 is given by

Y tp  H(R(O)p)
8tf+27r33/0 E(t,x—eBg—i- B )de-vmf_o.

For more details, the reader can refer to [4] where a complete analysis of the coupled
Vlasov-Poisson equations (with finite Larmor radius) was performed.

6 Appendix A

We present here the proofs of Propositions 2.2, 2.3 concerning the convergence of the
averages over a flow and the proofs of Propositions 2.4, 2.5 which state the properties
of the average operator in the L'/L* setting.

Proof. (of Proposition 2.2) We start by checking the uniqueness. Consider two func-
tions uy, ug € ker 7, satisfying

/(U(y) —u1(y))e(y) dy = /(U(y) —uz(y))p(y) dy = 0

m m

for any ¢ € ker7,,. We deduce that

/(ul(y) —ua(y))p(y) dy =0, V¢ € ker 7.

m

Taking ¢ = |uy — ug|?*(uy — ug) € ker7y, we deduce that [, u; — us|? dy = 0
saying that u; = us. In order to justify the existence of (u) consider a sequence (75,),
such that lim,, . T,, = +00 and ({(u)7,), converges weakly in LI(R™) towards some
function @ € LI(R™). Observe that @ € ker 7,. For this it is sufficient to prove that for
any t € R and ¢ € L¢'(R™) we have

/ ()oY () dy = / a(y)(y) dy. (58)

m m
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Indeed, by using the weak convergence lim,,_, o (u)r, = @ we deduce

/ G (—ty) dy = Tim [ (@)Y (1)) dy

m n—+00 [pm

n—+100 Iy Jy m
1 t+Tn
- nETOOT_n/Tn g(Y(S,y))w(y) dy ds
1 t
= Jin o [ [ty ayas

It is easily seen that

t+Tn
/ / (s;y))(y) dy ds

i
< —||U||Lq @) [ ¢l o @m)- (61)

|t]
< 7 lullza@m) 19 Lo ey (60)

and

Y(s;9))v(y) dy ds

m

Combining (59), (60), (61) yields (58), implying that
w(Y(s;y)) =ul(y), s€R, ae yecR™

We claim that @ satisfies (16). For any ¢ € ker 7, and s € R we have up € L'(R™)
and thus by change of variable along the characteristics we obtain

/U(y)w(y) dy = /g(Y(s;y))sO(Y(s;y)) dy = /g(Y(S;y))sO(y) dy.

m

Taking the average on [0,7},] one gets

[uwetran= [ (3 [ utrs:9 as) ot ay = [ oto) av

Since ¢ € L7 (R™) we obtain thanks to the weak convergence lim,,_ o (u)7, = @ in
LY(R™) that

[t~ aw)ew dy =0, ¥ eker Ty

m

Therefore the existence of the element (u) in (16) is guaranteed, and by the uniqueness

of such element we deduce also the convergence limr_ o = fOTu(Y(s; ) ds = (w)
weakly in LI(R™). Similarly one gets
1[0 17
1 N T . _ o arm
TLHJIrlooT/ u(Y(s;+)) ds TLHEOO 5T Tu(Y(s, )) ds = (u) weakly in LI(R™).
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Since for any T' > 0 we have |[(u)7||ra@m) < ||| La@m) we deduce that ||(w)]|Le@m)
||| a(emy. The linearity of (-) follows immediately and we have [|(-)||z(zs@m),Lo(mm))
1.

<
<

[

Proof. (of Proposition 2.3) We analyze first the case ¢ = 2. Recall that the adjoint of
7, satisfies
D(7y) = D(73), Tu=—Tou, Yuec D(T).

Therefore we have ker 7, = ker 7, = (range7Z;)*, implying the orthogonal decomposi-
tion of L?*(R™)
ker 7, @ rangeT, = (rangeTs)" @ ((raungeTg)L)l = L*(R™).

By Proposition 2.2 we know that for any u € L*(R™), the function (u)® is the orthog-
onal projection of u on the closed subspace ker 7; and thus we have the decomposition
u = (u)® + (u— (u)®) with (u)® € ker T, and u — (u)® € rangeT;. As seen before,
for any T > 0 we have

and thus

] — (V@ ) ENIANC)) in L2(R™
TEIJrrloo<u>T = (u) +TLH£oo<u (uy*)p, strongly in L7(R™).

In order to prove that limy_ o (u)r = (u)® strongly in L*(R™) it remains to check
that limp_ o (v)r = 0, strongly in L*(R™) for any v € rangeZ;. Consider first
v = Tow for some w € Dy. Let us consider a sequence (w,), C C}(R™) such that

lim (w,, Tow,) = (w, Tow), strongly in L*(R™).

n—+00
We have for any y € R™
1 /T
Tw)rw) = 7 [ (Tu)(Visy) ds
0
1 [T d
= = —A{w, (Y (s; d
| ey as
1
= Fwan(Y(T3y)) — waly))
and therefore 5
K Z2wn) 7l z2emy < 7 llwallz2gem).-
Passing to the limit for n — +oo one gets ||(v)7| z2@m) < 2||wlr2m), implying that

limz_ 4 o (v)7 = 0 strongly in L?*(R™). Consider now a function v € rangeZ;. For any
d > 0 there exists vs € rangeT; such that ||[v — vs||L2mm) < §. We have

() rllz@wmy < {0 = vs)rllL2m) + [[{ve) [l L2 @em)
< ||U — UJHLQ(R"L) + ||<U6>T||L2(Rm)
< 0+ |[{vs)rllL2@m)-
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Passing to the limit for 7' — +o0o we obtain

limsup || (0) 7|2z < 8, V3 > 0
T—400

and consequently limy_, o ||(V) 7| z2@®m) = 0 for any v € range7s.

Consider now the general case ¢ € (1,400). By density arguments it is sufficient to
treat the case of functions u € C.(R™). Since C.(R™) C L"(R™) for any r € (1, +00)
we deduce thanks to Corollary 2.3 that (u) € L"(R™) and |[(u)||zr@=) < ||u||Lr@my for
any r € (1,+00). By the previous step we know that limy_, ;o (u)r = (u) strongly in
L*(R™) and it is easily seen that (u) € L'(R™) N L>®(R™) and satisfies ||(w)|| 11 ®m) <
2| 1 @my, || ()| ooy < ||| oo mmy (use for example the convergence limyp_ oo (u)p =
(u) in D(R™) and the bounds [[{urlss ) < l[ul iy, | ()rlleqm < lulliemn
for any 7' > 0). If ¢ € (1,2) we have by interpolation inequalities

ludr = @llpaemy < Idr — ) g ()7 — () [

2_q 2-2
< (@lullzren) e — ()| ademy — 0 as T — +oo.

If ¢ € (2, +00) we have

2 1—2
{w)z = (| 2y () = (@) || Lo e,

IN

[{w)z = ()| aem)

1-2 2
< @lullzem)' " 1w = (] Eaqgmy — 0 as T = +oc.

[

Proof. (of Proposition 2.4) Consider a sequence (uy,), C C.(R™) satisfying lim,_, ;o U, =
win LY(R™). For any n € N, q € (1, +00) the function u, belongs to LI(R™) and by
Proposition 2.2 and Corollary 2.3 we know that there is (u,) € ker7,, V ¢ € (1, 4+00)
satisfying

/ (ny) — () (1))o(y) dy = 0, Vg € ker Tor, q € (1, +o00). (62)

m

In particular since [|(-)||z(zs(mm),Larmy)y < 1 we have

|(un) — (u)|? dy < [ |up —w|? dy, n,l €N. (63)
R™ R™
By Fatou’s lemma we deduce that
[(un) — (w)| dy <liminf [ [{un) — (u)|? dy
Rm a\1 Rm

and by dominated convergence theorem we have

lim [ |u, —wl? dy:/|un—ul|dy.

a\1 Rm m

Therefore, passing to the limit for ¢ \, 1 in (63) yields
() = )| dy < [ [~ ] dy
Rm Rm™m
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saying that ((u,)), is a Cauchy sequence in L'(R™). Let us denote by (u) the limit of
((un))n in L*(R™). Since ({u,)), are constant along the flow we check easily that (u) is
also constant along the flow. Moreover, (u) belongs to L'(R™) and by the construction
of O we deduce that (u) = 0 on O. Consider a function ¢ € ker 7. Applying (62)
with

(€77 + [u))" @ Lamio € ker Ty,
(where &(+) is the function appearing in (18)) we deduce that

/R A ()" ¢ dy = / () (€71 + () dy. (64)

R™\O

We keep n fixed for the moment and we intend to pass to the limit for ¢ \, 1 in the
above equality. We use the trivial inequality 2 < 1+ z, for any x > 0, z € (0,1). One
gets for any ¢ € (1,2)

(E@NY 4+ () @))T <1+ E@NYT+ [(wn))] < 2+ E@) + ) ()

and thus

un(y) (W)Y + ) ()"

1

W) < lellaoem lltnll ey (€9) + 1) (w))
+ 2]l @m lun(y)| € L'R™\ O).

Since £ > 0 on R™ \ O we have the pointwise convergence

lim up (y) (€Y + ) ))* oY) = un(®)p(y), y €R™\O

and thus we deduce by Lebesgue’s theorem

i [ () (EG)Y + ) )) " o(y) dy = / wn(y)ply) dy.  (65)

a\1 Rm™\O R™\O

By similar arguments we can pass to the limit for ¢ \, 1 in the right hand side of (64)
(for this observe also that, by Corollary 2.1, we have [|(u)||zoc@m) < ||tn || oo (rm))

i [ () () (E@)Y+ () @)™ oy) dy = / (un)(W)p(y) dy.  (66)

N> Jrm\0 R™\O

Combining (64), (65), (66) yields
[ o)~ )l dy =0, ¥ p € ler T
R™\O
Passing now to the limit for n — +o0o implies
/ L)~ )l dy =0, Y € kar T, (67)
R™m\O

We consider the function ¢ = sgn(u). Since (u) is constant along the flow, we have
¢ € ker T, and therefore we deduce thanks to (67)

|<u>|dy=/ |<u>|dy=/ usgn<u>dys/ ol dy < [ Jul dy.
Rm R™\O R™\O R™\O Rm
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The uniqueness of the function (u) constructed above is immediate. Indeed, let us
consider two functions uy, us € ker 77 satisfying

/ (u—uy)p dy:/ (u—ug)pdy =0, V¢ € kerT,.
R™\O R™\O

By the definition of O we have u; = us = 0 on O and taking ¢ = sgn(u; —usg) € ker 7,

we deduce
/ luy — ug| dy = / (u; — ug)p dy = 0.
R™\O R™M\O

Finally u; = up on R™. The linearity of the application u € L*(R™) — (u) € L*(R™)
follows easily by using the characterization (19). O

Proof. (of Proposition 2.5) In order to prove the uniqueness, consider wuy, uy € ker 7o,
satisfying u; = uo = 0 on O and me\O(ul — uy)p dy = 0 for any ¢ € ker7;. By
Proposition 2.4 we know that for any 1 € L'(R™) there is () € ker 7; such that

/ (Y —())vdy =0, Yo e&kerT,.

R™\O

In particular we have for v = u; — uy € ker 7

J—wwdy= [ -wwdy= [ - ww) a0, voe L@

implying that u; = uy. The existence follows by considering (T5,),, such that lim,, T}, =
400 and
(u)y,, — @ weakly * in L*®(R™\ O)

for some function @ € L>*(R™ \ O). As in the proof of Proposition 2.2 we check that
€ ker T, / (u—u)pdy=0, VoekerTy, |ulremmo)< |luflremm o).
R™\O

We take (u) = @ 1gm\o. O

7 Appendix B

This section contains the proof of the regularity result stated in Section 3.

Proof. (of Proposition 3.2) For any € > 0 let u® be the solution of (32). We intend
to estimate ||7;u€||Loo([07T];Lq(Rm)) + Z;n:l ||/]:]ZUE||L00([O,T};Lq(Rm)) and ||8tu5||L1([0’T];Lq(Rm))
uniformly with respect to € > 0. Consider the sequences of smooth functions (ugy,)n,
(fn)n such that

lim wug, =up, lim T'ug, = Tjug, i € {0,1,...,r} in LY(R™)

n—-4o0o n——4o00

lim f, = f, nEIEoo,]:;fn = ,]:;fv (S {07 L, ...,T} in Ll([OaT]v Lq(Rm>)

n—-+4oo
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and let us denote by (u5), the solutions of (32) corresponding to the initial conditions
(ton)n and the source terms (fy,),. Actually (ug), are strong solutions. It is easily seen
that

t
[ (8) = w* ()| ogm) < lluon — wol| Laqm) +/O 1£n() = f(s)llzaem) ds, ¢ € [0, 7]

and therefore lim,, ;o u;, = u® in L>°([0,T]; L2(R™)). Assume for the moment that
e,n are fixed and let us estimate Y || 7 us, || o 0,17, am)) and |[0wus, || L1 (0,77 La ) -
Take h € R, ¢ € {1,...,7} and consider the functions

upy (t,y) = ug, (6, Y (hyy)), an(t,y) = @azi(—h;Yi(h;y))a(tYi(h; y))

oYy
b (1) =

A direct computation shows that

(=h; Y (R y))b(Y (h;9)), wonn(y) = uon (Y (h;9)), fan(t,y) = fu(t, Y (s y)).

{ Oy, + an(ty) - Vyugy + 22 Vyus, = fun(ty),  (Ly) € (0,T) x R™ (68)
5, (0,4) = uonn(y), y e R™.

Combining with the formulation (32) of uZ one gets

O (uihh_ui) + 4t Vyug, +alt,y) -V, <uihh—ui>
Ph Ly e, My <uihh_uz> — bt (t,y) € (0,T) x R™  (69)

uih(ovy)h_ui(ovy) _ uOnh(y)h_UOn(y), y € R™.

Obviously we have

upy —ug o up (Y () —un(By) o o e N i
lim = lim . =b'(y) - Vyur, (t,y) = Tju,
. fnh_fn . fn(t,Yi(h,y)) fn(t7y> 7 _ 3
lim ==—= = lim h = b'(y) - Vyfalt,y) = T, fr
Uonh — Uon R T u0n<Y (hu y)) - uOn(y) 74 o 7
}1}_}0 ; = ilzl—>0 . =0"(y) - Vyuon(y) = 7, uon-

Taking the derivatives with respect to y and then with respect to h in the equality
Yi(—h;Y(h;y)) =y, we deduce after some easy manipulations that

1 (oy? . b’
Ii R (—h:Yh: -1 - _
lim h{ a9 (=h; Y'(Rh;y)) m} 9

(y)

By direct computations we obtain immediately

. Gn —a i i i
}ILILI(I) ; =(b"-Vy)a—(a-Vy )b =[V',q]

b —b . .

}1111% =(b"-Vy)b—(b-V,)b' =[b',b] = 0.
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By passing to the limit for A — 0 in (69) we deduce that ’];iufl solves weakly the
problem

{ O(1juy) + a- Vy(Tjug) + z Vy(Tjuy) =T fa — [V, a] - Vyug, (70)

T us,(0,-) = T ugn.

As in the proof of Proposition 3.1 we obtain for any ¢ € [0,7] and i € {1,...,r}
t
I Dl < [Tl + [ 1735206) = 60 D) g . (71)

Since a = Y, _, apb® we obtain by direct computation, with the notation 7,” := 7,

T

b, a] =Y (T, )b

k=0

and therefore ;

b a) - Vyus, = Y (Taw) (T ).

k=0

Consequently (71) implies
. . t .
17 us, ()| amy < ||7:;U0n||Lq<Rm)+/O 17, fa($)l| o) ds
t T
" /0 DO - Vyan ()| @ 17505 (5) | o@my s, (72)

k=0

Actually (72) holds also for b replaced by b° = b since [b,b] = 0
t
70Oy < IT e + [ 1T e s
t T
i / DI V() | T s ()l agemy s (73)
0

k=0

Summing up the above inequalities one gets
r T t T
D T Ol < D 1T uonl| ey + / > 1T fa(s)llager ds
i=0 =0 i=0

T T t
135 9) B MR FHET PN

=0 k=0

TH () o). (74)
By Gronwall’s lemma we deduce that for any t € [0, 7]

Y Tl qoramy < C D {1 T uonllLam) + |75 full rqorpaemy ) (75)

=0 i=0
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for some constant depending on 3", .o, 10" - V|| L1 o ry;n0 mmy).  After extraction
eventually we can assume that (7u;,), converges weakly * in L*([0,T]; L*(R™)) to-
wards some function w’ € L*([0,T]; LY(R™)) for any i € {0,1,...,7}. Since we know
that lim,,_, 1o ué, = u® in L*°([0, T]; LY(R™)) it is easily seen that

us(t) € M_oD(Z)), T,u(t) =w'(t), te[0,T].

Moreover, passing to the limit with respect to n in (75) and taking into account that
limy, . 4 0o Tytion = Tyug = 0in LY(R™) and lim,, .y o 7, fr = Z,f = 0in L*([0, T]; L4(R™))
we obtain

Y T o aa@my < C Y T wollLo@m) + 1T flloqogiamy ). (76)
i=1 i=1

Recall that the weak solution u constructed in Proposition 3.1 has been obtained by
taking a weak * limit point of the family (u®).s¢ in L*([0,T]; L9(R™)). Therefore we
deduce by passing to the limit for £ \ 0 in (76) that u(t) € N_;D(7), t € [0,T] and

DT ulleeomzs@my < O {1 T uollaem) + 1T lrqoziizommy}. (77)
=1 =1

Since 7,u = 0, observe also that

la(t) - Vyu(®)lzogm) = | Y ai(®)b’ - Vyu®)|zsgm) < Y ()] o @m | T u ()| acem)

i=1 i=1

and thus
|0l o rypamyy = If = (@ Vo) D || agory Loy

< Nl oanzaemy + O 1 Tull o qoryzo@my ol o qo.ryzoe@m)
=1

< N Allwqorpzaeny + C D LT fllw oz + | Tuoll Loy }-

=1

When f belongs to L*([0,T]; LYR™)) and «; € L*([0,T]; L*(R™)) for any i €
{1,...,7} we obtain

10wull e o r;zaemy) < N flpqoaraemy + D llevll oo o,y oo @y 1 T3 wll Lo o, 77;Lacremy)
=1

< [ fllzeeqorpszaemy) + CZ{||7;if||L1([0,T];Lq(Rm)) + 17, uoll Laem) }-

i=1

[
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