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Abstract

We perform the asymptotic analysis of kinetic models which describe the behavior of
populations interacting through alignement. The asymptotic regime we are interested in,
corresponds to a large alignement frequency and assumes that the alignement effects are
dominated by the self propulsion and friction forces. The former hypothesis leads to a
macroscopic model, while the second one impose a fixed speed in the limit, and thus a
reduction of the dynamics to a sphere, in the velocity space. The analysis relies on the
averaging techniques, which have been successfully used in the magnetic confinement of
charged particles. Since at the limit, the particle distribution is supported on a sphere,
we need to work with measures in the velocity space. As for the Euler equations, the
fluid model comes by integrating the kinetic equation against the collision invariants, in
the velocity space. The main difficulty is the identification of the collision invariants for

the averaged alignement kernel.
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1 Introduction

?(Intro)?

The subject matter of this paper concerns the behavior of living organisms such as flocks of
birds, school of fish, swarms of insects, myxobacteria ... These models include short-range
repulsion, long-range attraction, self-propelling and friction forces, reorientation or alignment
see [44, 34, 25, 39, 38, 2, 3, 40]. We consider self-propelled particles with Rayleigh friction
[23, 22, 18, 21], and alignement, introduced through the Cucker-Smale reorientation procedure
[26], see also [37, 35, 19, 20, 41] for further details. If we denote by f = f(¢,z,v) > 0 the par-
ticle density in the phase space (z,v) € R? x R, with d € {2, 3}, the self-propulsion/friction
mechanism is given by the term div,{f(a — B|v|*)v}. Notice that the balance between the
self-propulsion and friction forces occurs on the velocity sphere |v| = r := y/a/3. We fixe the
speed 7, meaning that o and 3 are anytime related by the equality o = 8r2. The coefficients
a, > 0 can be interpreted as follows. In the absence of friction, the particles accelerate
with av, leading to a exponential growth of velocity, with frequency «. In the absence of
self-propulsion, the inverse of the relative kinetic energy grows linearly, with the frequency
283|v|?, where v is the initial velocity of the particle

d P P
ds[V(s)]> V()]

2(V(s) - V'(s)) = 2Bv]*.

Each individual in the group relaxes his velocity toward the mean velocity of the neighbors,
leading to the term v div,{f(u[f] — v)}, where v is the reorientation frequency and u[f] is

the mean velocity
 Jrafgaf (2 0 )R(z — 2")o" do'da
B Jpafgaf(t, &' v")h(x — 2) dv'da’

The weight application h is a decreasing, radial, non negative given function that determines

ulf(®)](z)

the interaction neighborhood around any position. Including also noise in the above kinetic

model, leads to the Fokker-Planck like equation

O f+divy (fv)+divy{ f(a—B|v|*)v} = v div { f(v—u[f])}+7A, f = v div,{ f(v—u[f])+o V., f}
Ol

where 0 = 7/v represents the diffusion coefficient in the velocity space. We investigate the
large time and space scale regime of (1) that is, we fixe large time and space units. In this

case, the equation (1) should be replaced by

5{0, f4+dive (fo)}+dive{ f(a—=Blv[D)v} = v divy{f(v—u[f])+0oVf}, (t,z,v) € Ry xRIXRY,

(2) a2



The choice of a large length unit leads to a local reorientation mechanism : the mean velocity

u[f] in (2) is now given by

u ) — Jpaf(t, z,v" )0 dv’
[f(@)](x) [oaf (G o) do

Notice that if f(¢,z,-) = 0, then the Fokker-Planck collision operator vanishes for any u. In

this case we can define u[f(t)] = 0, without loss of generality. We assume that the frequencies

4, a, v scale like

for some small parameters £1,£2 > 0 and thus the equation (2) becomes

Op fo1°2 —i—divgc(fel’”v)—i-Elldivv{fel’52 (a—Blv*)v} = 6—]/2divv{f€1’E2 (v—u[f12])+ oV, fE12 ],

3
Assume for the moment that €1 \, 0 and &5 is fixed. In this situation, the leading order term
in the Fokker-Planck equation (3) corresponds to the self-propulsion/friction mechanism, and

we expect that the limit density f2 = lim. \ o f'°? satisfies
div, {f*2(a — BJv|*)v} = 0.

The previous constraint exactly says that at any time ¢ and any position z, the velocity
distribution f°2(¢,z,-) is a measure supported in {0} UrS?~! cf. [10]. The particles will tend
to move with asymptotic speed r. These models have been shown to produce complicated
dynamics and patterns such as mills, double mills, flocks and clumps, see [31]. Assuming
that all individuals move with constant speed also leads to spatial aggregation, patterns, and
collective motion [27, 32, 43]. More exactly, it was shown in [10] that, by taking the limit

£1 \ 0, the solutions f€1:°2 of (3) converge toward the solution f¢2 of

8tf€2+divx(f62w)+§divw {f” <Id _Y Q’;‘*’) u[fsﬁ]} = ElAwa% (t, 2, w) € Ry xRExrs!
2 r 2
(4) [Equd]

with
€2  frgan R 2 w)w dw
u[f (t)]((l)) - erd*1f€2 (t,%,w) dw )

The above result states that in the limit e; \, 0, the Cucker-Smale model with diffusion is

(t,z) € Ry x RY.

reduced to a Vicsek like model. The evolution problem (4) on the phase space R? x 7S4~1,

with normalized field u[f®?] i.e.,

wRw

O f +divy(fw) + v divy, {f <Id -2 > Q[f]} =7A,f, (t,z,w) € Ry x R x rS§471 (5)[Equs]




YO = R

was also proposed in the literature as continuum version [29] of the Vicsek model [44, 25].

(t,ﬂf) € R+ X Rd

Our case, based on the relaxation toward the mean velocity u[f], is not included in the
model (5), whose alignement mechanism relies only on the direction of the mean velocity
Q[f] = u[f]/|u[f]|.- Nevertheless, our method still applies and allows us to handle the model
with normalization as well.

The original model in [44, 24] was derived as the mean-field limit of some stochastic
particle systems in [5]. In fact, previous particle systems have also been studied with noise
in [4] for the mean-field limit (see also [42, 16, 30, 17], in [36] for studying some properties of
the Cucker-Smale model with noise, and in [28, 33] for analyzing the phase transition in the
Vicsek model.

We assume now that both €1, 2 become small. The idea is to justify a macroscopic model

for (4), resulting from the balance between two opposite phenomena

1. The reorientation, which tends to align the particle velocities with respect to the mean

velocity ;

2. The diffusion, which tends to spread the particle velocities isotropically on the sphere

rSe-1,

Such hydrodynamic model was obtained in [29], by letting €2 \, 0 in the normalized aligne-
ment version of (4). Notice that this macroscopic model was obtained by passing to the limit
successively in (3) with respect to €1,e9. After letting e1 N\, 0, the dynamics was reduced to
the phase space (z,v) € R? x S9!, but still captures microscopic behavior in the tangent
directions to the sphere rS?~!. The second limit procedure, 5 \, 0, leads to the macroscopic
equations for the density frsdfl f dw and the direction of the flux erd,lw f dw.

We intend to obtain a macroscopic model, by passing to the limit in (3), simultaneously
with respect to (e1,e2). Motivated by the above discussion, we assume that ¢; = e2 and
g9 = &, where € > 0 is a small parameter, that is, the self-propulsion/friction mechanism
dominates the alignement. Therefore (3) becomes

divo{f*(o — Blv[*)v}

O fe+divy (fv)+ =

- gdivv {F5(v = ulf]) + oV [}, (t,2,v) € Ry xR

(6)

supplemented by the initial condition
fE00, 2, 0) = f(z,v), (z,v) € R? x R%

4



Very recently, by a similar scaling, fluid models have been obtained for the transport of
charged particles, under the action of strong magnetic fields, which dominate the collision
effects. The resulting macroscopic model is a gyrokinetic version of the Euler equations, in
the parallel direction with respect to the magnetic field [13, 15].

The behavior of the family (f¢).>0, as the parameter £ becomes small, follows by analyzing
the formal expansion

ff=r+ Ef(l) + 52f(2) + ... (7) [FormalExpansio

Plugging the above Ansatz into (6), leads to the constraints
div,{ f(a — Blo)o} =0 (8) [Eaut)
divy{ fM (a = Blo[*)o} = v divo{ f(v = u[f]) + oV, f} 9)
and to the time evolution equations
Ouf + dive(fv) + dive{f® (e = By} = v dive{ fN (0 = ulf]) + oV f D} (10)

o div ] g eV = ulf]) v
d v{f [oaf dvf

We expect a macroscopic model for the moments of f, similar to that obtained in [29]. The
main advantage for considering (6) instead of (4) with e2 = ¢ is that the resolution of (6)
for small € will provide a solution supported near R% x rS?~1, which fits much better the
behavior of living organism systems, than the solution of (4) on R? x rS?1. But the prize
to be paid is to deal with two Lagrange multipliers, appearing in (10), which have to be
eliminated, thanks to the constraints (8) and (9). The first constraint was analyzed in detail
in [10]. Tt exactly says that f is a measure supported in R? x ({0} UrS?1). We denote by

M;(Rd) the set of non negative bounded Radon measure on R

(FirstConstraint)

Proposition 1.1 Assume that (1+|v|?)F € M} (R?). Then F solves div,{F(a—B|v|*)v} =
0 in D'(R?) i.e.,

[ o= BluP)u- Vo dP(w) = 0. for any o € CL(RY)
if and only if supp F C {0} UrS?—1,
The proof of Proposition 1.1 is based on the resolution of the adjoint problem
—(a = Blf)v- Vop =¢(v), veR?

for any smooth function ¢ with compact support in (({0} UrS?1), cf. Lemma 3.1 of [10].



(AdjointProblem)

Lemma 1.1 For any C* function v = (v) with compact support in C({0} UrS?~1), there

is a bounded C' function ¢ = p(v) such that ¢(0) = 0 and
—(a=BvP)v- Vyp =9p(v), veRL

In the sequel, we introduce a projection operator onto the subspace of the constraints in (8).
This construction follows closely the gyro-average method in gyro-kinetic theory [6, 7, 8, 9,
11, 12, 14]. An average operator serves to separate between two scales. For example, in gyro-
kinetic theory, two time scales exist : a fast time variable, related to the rapid cyclotronic
motion, and a slow time variable, related to the parallel motion with respect to the magnetic
field. The gyro-average operator represents the average of the fast dynamics over a cyclotronic
period, provided that the slow time variable is frozen. Following this technique, we obtain
an accurate enough but simpler model, from the numerical approximation point of view. All
the fluctuations have been removed and replaced by averaged effects.

Our model (6) presents not two, but three time variables : t,¢/c and t/e2. The dynamics
is dominated by the self-propulsion/friction mechanism, introducing the fast time variable s =
t/e%. The average operator is related to the characteristic flow of the field % (a— BJv[*)v- V.

This characteristic flow V = V(s;v), written with respect to s = t/?

Y = (0= BV 0P Wisiv), V(O0w) =

conserves the direction ‘%' and has as equilibria the elements of {0} UrS?!. The Jacobian

matrix
Bu{(a — BloP)v} = (a— o)Ly — 28v @ v

being negative on rS?! and definite positive at 0, we deduce that the points of rS?! are
stable equilibria, and 0 is an unstable equilibrium. For simplicity we neglect the measure
of the unstable point 0 in the velocity space. More generally, some results of this work
have been rigorously justified, but some other have been discussed only at the formal level.
The complete mathematical analysis of these models is out of scope of this paper. We are
mainly interested in the two or three dimensional setting, but the same arguments apply for
any dimension d > 2. For the sake of generality, we state and prove all the results in any
dimension d > 2, and we distinguish, if necessary, between the cases d = 2 and d > 3.
Motivated by the previous observations, we define the average of a non negative bounded

measure cf. [10]. We will denote by f(z,v) dvdz the integration against the measure f.



This is done independently of being the measure f absolutely continuous with respect to the

Lebesgue measure or not.

Definition 1.1
1. Let F € M} (R?) be a non negative bounded measure on R%. We denote by (F) the

measure corresponding to the linear application

b — /Rdw(v) 1o_oF(v) dv + /Rd¢ (r’:j|> 1,0F(v) dv,

for all 1 € CO(RY), i.e.,
Rd¢(v) (F) (v) dv = /”:0 Y(v)F(v)dv + /v;£0¢ (T|U|> F(v)dv,

for all ¢ € CY(R?).
2. Let f € M (R x R?) be a non negative bounded measure on R? x R%. We denote by (f)

the measure corresponding to the linear application

v — /Rd Rdw(m‘,v) 1,—0f(z,v) dvdx + /Rd/]Rdw <x,r|z|> Lyzof(z,v) dvde,

for allp € CO(RY x RY), i.e.,

/R L0 ) () (@.v) dvda = / o)) duda + / X <xH> F(,v) dvda,

v

for all 1 € CO(R? x RY).

It is easily seen that the average of a non negative bounded measure is a non negative bounded
measure, with the same mass, but supported in {0} UrS?1, R? x ({0} UrS?1) respectively.

We have the following characterization (see Proposition 5.1 [10]).

(VarChar)
Proposition 1.2 Assume that f is a non negative bounded measure on RY x RL. Then (f)

is the unique measure f satisfying supp f C R% x ({0} urst1,
/ Y (x,rv> f(z,v)dvdz = / ) <x,rv) flx,v)dvdz, 9 € Cg(Rd x RY)
00 v 40 |v|

and f = f on R% x {0}.

A direct consequence of Proposition 1.2 is that any bounded, non negative measure, sup-
ported in R? x ({0} U rS?1) is left unchanged by the average operator. Another property
of the average operator is that it removes any measure of the form div,{f(a — S|v|*)v}, cf.

Proposition 5.2 [10].



(Elimination)

Proposition 1.3 For any f € M (R? x RY) such that div,{f(a— BJv]*)v} € My(R? x RY),
we have (divy{f (o — BJv[*)v}) = 0.

The above proposition plays a crucial role when eliminating the Lagrange multiplier f(?)
in (10). Indeed, for doing that, it is enough to average both hand sides in (10). By the
constraint (8), we know that f is supported in R% x ({0} UrS?1), and thus is left invariant
by the average. We check that (0,f) = 9, (f) = 0.f, and thus, averaging (10) still leads to a

evolution problem for f

. : . Jpa SO — ulf]) dv’
O f4-(dive(fv)) = <1/d1v1, {f(l)(’U —ulf]) + Uv”f(l)}>_<ydlvv {f : Jgaf AV’ }> '
(1) [Baut2)

Certainly, a much more difficult task is to eliminate the Lagrange multiplier f(V). We expect

that this can be done thanks to the constraint in (9). The solvability of (9), with respect to
f) depends on a compatibility condition, to be satisfied by the right hand side. Indeed, by

Proposition 1.3, we should have

(v div{f(v = ulf]) + oV f}) = (divy {f (e = Bo)o}) =0 (12)[Equid]

saying that f is a equilibrium for the average collision kernel

Q) =0, Q) =vdive{f(v—u[f]) +oV.uf}.

The equilibria of the average collision kernel form a d-dimensional manifold, that is one
dimension less than the equilibria manifold of the Fokker-Planck operatot @ (see also [29, 33]).
For any I € Ry, Q € S* !, we introduce the von Mises-Fisher distribution

exp (lQ . %)

Mig(w) dw = /
Tor o (192

p dw, wersi .

(AveEqui) Proposition 1.4 Let F € M:(]Rd) be a non negative bounded measure on R?, supported in

rS?1. The following statements are equivalent.

1. (Q(F)) =0, that is

/v;éo {—(v —u[F]) -V, [QZ <T|Z\>] + oA, [J (7"‘2’)] } Fdv=0 for any € C2(rst1).

2. There are p € Ry, Q € S¥! such that F = pMjodw where | € R, satisfies

foﬂ cos f elcsf gin?=2 9 dg o
foﬂ elcost sind=2 9 46 r2’




The modulus of the mean velocity is not a coordinate on the equilibria manifold, but it is

determined by the condition

] ol fgr cosf elcsfsin?=20d9 o
ul = — ==
r’ fow elcost gin?=2 9 49 72

Clearly I = 0 is a solution, which corresponds to the isotropic equilibrium

dw
F = pMog dw = p———
wqr
where wy represents the area of the unit sphere in R?. We prove that, if the diffusion is large
enough, then the only equilibrium is the isotropic one.

tropicEquilibrium)

Proposition 1.5 Let A\ : Ry — R be the function given by

fo cos Betcos? gind=2 9 49
fo elcost gind=2 9 46

A(l) = L leR,, d>2.

The function X is strictly increasing, strictly concave and verifies

A(0) =0, A’(O):%, lim A(l) =

l—+o00

If 7 =

é then the only solution of \(I) = %l is 1 = 0. If 5 €]0, é[, then there is a unique
=1(%) > 0 such that \(I) = 5.

Our main result establishes the macroscopic equations satisfied by the density p and orien-
tation €2, which parametrize the von Mises-Fisher equilibrium, obtained when passing to the
limit for € N\, 0 in (6). We retrieve the limit model in [29], written for any space dimension

d>2.

(MainResultl)
Theorem 1.1 For any o, such that % €]0, é[, we denote by | = l( ) the unique positive

solution of N(I) = %l. Let f € M (R x RY) be a non negative bounded measure on

R x R%, d > 2. For any € > 0 we consider the problem

th5+divx(f%)—%g%divv(fa(a—ﬁ|v|2)v) = gdivv[fe(v—u[fa])+avvf6], (t,z,v) € Ry xRIxRY

(13) (a7

fE0) = f (x,v) € R x R%
Therefore the limit distribution f = lim.\g f°, is a von Mises-Fisher equilibrium f =

pMiq(w) dw on rST1, where the density p(t, ) and the orientation Q(t,x) satisfy the macro-

scopic equations

. lo
Op + divy (prQ> =0, (t,z) € Ry x R? (14) [Equ73]



T Ve
O+ k(2 V)2 + Tl =2 © ) pp =0 (15)Equ7a
with the initial conditions

T) = in(2) do T) = fRdvfin(m) dv T d
p0) = [ 7o) o, 00,0 = EEEEE, e R

where

Jo et Ox(cos 0) cos §sin®~1 6 o

o €teosfx(cos 0) sin®~1 6 df

kg =

and x solves

D=

ST d N - ) = e, €] =11 X(-1) =x(1) =0 i d=2

and

d - _ _
—%& {elcxl(c)(l — 62)%}+(d—2)%elcx(c)(1—02)% = relc(l—cz)%, cel-1,1[, d > 3.

Our article is organized as follows. In Section 2 we study the equilibria of the average collision
operator. This analysis can be carried out by introducing some Bessel functions. In the next
section we investigate the notion of collision invariant. We determine the structure of these
invariants and present theirs symmetries. Section 4 is devoted to the derivation of the fluid
model for the macroscopic quantities, parametrizing the limit von Mises-Fisher equilibrium.

The proofs of some technical results can be found in Appendix.

2 The equilibria of the average collision operator

(AveColOpe)
We consider the collision operator Q(F) = vdiv,{F(v — u[F]) + cV,F} where u[F]| =

fRdvF dv/ fRdF dv is the mean velocity. The above operator should be understood in the du-
ality sense between non negative bounded measures on R? and smooth functions, compactly

supported in R?

Y()Q(F) dv = 1// [—(v—u[F]) - Vy¥(v) + 0 Ay (v)]F do
Rd Rd

for any F € M} (R?) and ¢ € C}(R?) such that [p.|v|F dv < 4+00. As suggested by the

formal expansion (7), we focus on measures satisfying (see (8), (9))
divy{F(a = Blo[)v} =0, Q(F) = div,{F"(a — Blo|*)v}.
Thanks to Propositions 1.3, 1.1, we deduce that supp F' C {0} UrS%! and
(Q(F)) = {div {FD (@~ Blo*)v} ) = 0.

10



We discuss the case of non negative bounded measures supported on the sphere rS?—!, that
is, we discard all difficulties related to the mass of the points at rest. For such measures, the

equality (Q(F')) = 0 can be interpreted in the following sense (see Proposition 1.2)

/#0 {—(v —ulF]) - Vy [J <T|Z|>] +oA, [J <r|z>} } =0, for any 9 € C2(rS% ).

The complete description of the above equilibria of the average collision operator @), called the
von Mises-Fisher distributions, is given by Proposition 1.4, whose proof is detailed below. We
start with the following easy integration by parts formula on spheres. The proof is postponed

to Appendix A.

(IntByPartsSphere)
Lemma 2.1 Assume that A = A(v) is a C* vector field in O = {v € R? : 1 < |v] < 72}

Then for any t €]rq, 2| we have

i w9 w d—1)w
/|w|:t(d1VUA>(w) dw = /th {;82) : OpA(w) + (tz) . A(w)} dw. (16) Tdento]

In particular, if A(v)-v=0,v € O, then

/ (diveA)(w) dw = 0, t €]r1, (17) [Taemst]
|w|=t
and for any function x € C1(O) we have
Vox(w) - A(w) dw +/ X (w)(divyA)(w) dw =0, t €]ry,rof. (18)[1dent2]
|w|=t |w|=t

It is very convenient to express the differential operators V,,div,, of functions and vector
fields on the sphere 7S*~! in terms of the differential operators V,,, div, applied to extensions
of functions and vector fields on a neighborhood of 7S¢~! in R?. The notation ~ stands for the

restriction on the sphere rS?~!. The proof of the following lemma is detalied in Appendix B.

(Extension)
Lemma 2.2

1. Let ¥ = (v) be a C* function in a open set of R, containing rS1. Then, for any

w € rST1 we have

Vob(w) = (Id - “’f’;“) V().

2. Let ¢ = P(w) be a C' function on rS™ and ¢ : O = {v € R : 1y < |v| < 12} — R be
the function defined by 1 (v) = 1; (rﬁ) ,v € O, with 0 <r; <r <rg < +oo. Then, for any

t €]r1,m2[, we have

(Vi) (1) = (V) () = T(Ved) (r50) o ol = ¢

11



3. Let € = g(w) be a C wvector field on rS¥' and & = £(v) a O extension of € in the set
O={veR?:r <|v| <re} such that £(v)-v =0 for any v € O. Then we have

(diveyd)(w) = (dived)(w), w e rst L.

(Complement) - - ~
Remark 2.1 Consider &€ = £(w) a O wvector field on rST! and &£(v) = € (Tﬁ) ,v € R4\ {0}.

We have £(v) -v = 0,v € R\ {0}, and for any t > 0
(div,©) (@) = (dive,€)(w) = 7(divud) (r5) wr e 1877,

The first equality comes by the third statement of Lemma 2.2. In oder to check the second
equality, pick a C' function vy on tS*1 and consider the function zbv(w) = Y(tw/r),w €
rST1. We have
~ t w
o = 0 ()
Ved(w) = LV (1

and thus

- / (i €) () () oy = / () - Vioy () de
|we|=t

|we |=t

[ ) w2 (2)

- /M:r Ew) - Vb (@) (t)H o

r

. /|w|zr<d”“f~>(“)i(w) <t)d_2 dw

T

We deduce that (divy,§)(we) = %(divwg)(rwt/t) for any w; € tS471,

Before giving the proof of Proposition 1.4, we indicate a formula which will be used several

times in our computations. For any continuous function G : [-r,r] = R, d > 2,Q € S*!, we
have
™
/ Gw- Q) dw= / G(rcos)sin® 26 d ri 1wy,
rSd—1 0
with w; = 2. In particular, for any continuous function g : [—r,7] — R, we have

/ o~ Q) Mig(w) dw = Jigac1g9(w - Q) exp (IQ-£) dw _ Jo g(rcos@)et s sin?2 6 do
rSd—1 K Jogarexp (I %) dw o eteosfsin®=2 6 dg '

( 19) -ForMag

Proof. (of Proposition 1.4)

1. = 2. We assume that F' is a equilibrium for the average collision kernel. We claim

12



that [pa@(v)F dv = 0 for any smooth function ¢ satisfying [ ci—1¢(w)M(w) dw = 0, with
M (v) = exp (—%) ,v € RZ, The idea is to solve the problem

—divy,(M(w)Vut)) = M(w)@(w), werst? (20)[Equi4]

where $ is the restriction on 7S%~! of ¢ and the notations div,, V,, stand for the divergence

and gradient operators along the sphere rS?~!. Notice that we have

/rgd_lg(w)M(w) dw = / p(w)M(w) dw = 0.

rSd—1

We introduce the Hilbert spaces

L2rSTh = {x : r$¥ 1 S R, / (x(w))2M (w) dw < +00}

rSd—1
HY(rs% 1) = {x : 1§91 5 R, /Sdl{(X(”))Q [ Vax P} M(w) dw < 400}

endowed with the scalar products
(6O = [ x@B@M) do, x.0 € L2085
rSd—1

(Ceon. = | L D)0@) + Ty  Voll] M) do. x.0 € 1Y)

We denote by |- |, || - ||» the norm induced by the above scalar products. There is a constant

C. such that the following Poincaré inequality holds true

M= [ @M@ dw <6 [ IV PM() d = GV

for any x € H'(rS% ') satisfying [ cs—1x(w)M(w) dw = 0. The previous inequality guaran-

tees that the application x — |V, x/|» is a norm equivalent to | - ||, on
ALrstY) = HL(rs4 1) 1 {0 € L2(rseL) - / 0(w) M (w) dw = 0}
rSd—1
Therefore, the bilinear form

(x,0) € H (rS$* 1) x H (r$T 1) — VX Vb M(w) dw
rSd-1
is symmetric, bounded and coercive. By the Lax-Milgram lemma, there is a unique solution
¢ € H'(rS*1) for the variational problem (20)

Voi Vox M) do = [ Blw)x(w)M ) do (21) [Bauts]

rSd-1 rSd-1
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for any y € H'(rS*1). Observe that (21) still holds true for any constant function on rS%!,
thanks to the compatibility condition [« 1@(w)M(w) dw = 0. Therefore the variational

formulation is valid for any function x € H'(rS?1), implying that

—divy,(M(w)Vut)) = M(w)@(w), werst

We consider the homogeneous function v of degree 0, which coincides with 1; on r§4-1

v =7 (r ). veR (0}

By Lemma 2.2, statements 2 and 3, we check that for any v € 7S we have

we) {19, [ (78] - a5 (v )| } = —avarwad) = 0z

and therefore we obtain

forses L2 )]l e

We deduce that the linear forms ¢ = [ «a-10(w)M(w) dw and ¢ — [a(v)F dv are propor-
tional, and thus there is C' such that for any ¢ € C(R%), we have

. Jgarplw)exp (245) aw .
pv)Fdv=C Pw)M(w) dw = p ] , p=C M (w) dw.
R4 rSd—1 erdilexp (T) dw rSd—1

Therefore the measure F has a positive density with respect to dw on rS?-!
exp (w u[F]) dw

Jyga-1exp (%[FU o

If p = 0, we obtain F' = 0, and we can take [ = 0 and any Q € S?!. Assume now that

F=p

p > 0. If u[F] =0, we obtain F = [y d - which corresponds to [ = 0 and any Q € S¢1. If

u[F] # 0, we introduce Q[F] = |UH|. By the definition of u[F, we have

Jiga-rexp <M> w dw fo7r 7 cos 6 exp (*T‘ULLF” cos 6) sin®=26 do
Jigarexp (w u[F]> dw o exp (H“T[F” oS 0) sin?=2 6 do

ul[F] =

QF).  (22)

For the last equality use the fact that

/TsmeXp (w 'Z[F]> = /Tsdlexp <w 'Z[F]) (@) dw Q

and formula (19). The equality (22) reduces to the condition

|u[F]| foﬂ cos 6 exp (@ cos 9) sin?=26 do

r o exp (@ oS 9) sin?26 do

14



We introduce the function A : Ry — R

foﬂ cos Betcos?gin?=2 9 46

Al) = , LeR;.
) Jo eteosfsin®=2 6 do *
Therefore the non negative number L‘U[F“ satisfies A(l) = %[, and thus the measure F' is
given by
exp (—T‘"O[.F” @, Q) duw
F=p = pMq dw
with p e Ry, Q = ﬁ{ﬂ' € S%1, 1 € Ry satisfying A(I) = .

2. = 1. Conversely, let F' be a measure given by F' = pM;qdw for some p € Ry, €
S911 € Ry such that A(l) = Gl. If p =0, F is the trivial equilibrium (with u[F] = 0). If
p > 0, the mean velocity writes

_ JgavFdv [eaa(w-Q)exp (1% - Q) dw

B fRdF dw erd_lexp (l% . Q) dw

™ 0 lcosO ; d—29 de
_ o cosOTSTI0d0 ) Lo = T
Jo eteosfsin® 26 do r

ulF]

saying that ‘Z{g‘ =Q and |u[F]| = %l For any test function ¢ € C2(rS*1) we have

M(v) {(v —ulF]) -V, [J <rv>] — oA, [{/7 (rvﬂ ] = —0div,(MV,1), verst!

[l |v]

where M (v) = exp (—%) ,v € R, Notice that for any v € rS?"! we have

2 o2l2
_l’_
M (v) = exp (—T’"Z) / exp (lQ . E) dw Mo (w)
rSd—1 r

and thus, the above equality becomes

Mg (v) {(v — u[F]) -V, [{5 <T|Z>] — oA, [{/? (H’)] } = —odivy (Mo V), ve rsit,

Therefore we obtain

/L. Lo—uten 2[5 (r2)] ~on 5 (r) [} a0
[ oty w5 ()] o0 [7 ()| oty

= —,00/ dive, (Mo (w) V) dw = 0.
rSd—1

The properties of the function A are summarized in Proposition 1.5, whose proof is detalied

below.

15



Proof. (of Proposition 1.5)
We introduce the function

1 i
Bo(l) = / elesfsind=29 dp, 1 eR.
0

s

It is a Bessel like function [1]. Indeed, it verifies the linear second order differential equation

PBY(1) + (d = 1)1Bo(1) =1Bo(1), 1E€R. (23) [EquBessel]

We recall that the standard modified Bessel function I,,(l) = % o €% cos(nf) df,n € N,

satisfy
PI/() +1I(1) = (I + nH) (1), 1€R.

Clearly B)(l) = 1 [ cos e °s? sin?=2 0 df and thus the function \ writes

_ B®)
Bo(l)

It is easily seen that 3)(0) = 0, implying that A(0) = 0. Indeed, we have

(D)

™ d sin"1o

wﬁ’(o):/ cosfsin?20do= | ————dh=0, d>2.
0 0 o do d—1

Moreover, A is strictly increasing. This comes by the formula

and by observing that the Cauchy inequality implies

1 (" 2
(Bo(1))? = (/0 cos fe! 39 sin?=2 ¢ d9>

™

1" L ["
< / eleost gind=29 49 = / cos? 0e! 39 sin?2 9 49 = Bo(1)B5(1).
0 0

T T

The derivative of A at [ =0 is

N(0) = 0(0) _ o cos? 0sin?2 60 df _ Jo cos 0%5“5:1 9 46 _ Jisind 0 do
BO(O) foﬂ' Sind_2 9 d9 fOﬂ— Sind_2 9 d0 (d - 1) f07r Sind_2 9 d0 .

But we also have

T . d
)\,(0):1_ fo sin® 6 d6 ‘
foﬂ sin®2 6 d6

We deduce that

which yields A'(0) = 1/d. We claim that A is strictly concave. Combining (24), (23), we

obtain for any [ > 0

v = GO DRSO (KO,

l

(25) (22



(Approximation)

As )\ is positive and strictly increasing, we deduce that A is strictly concave on R,. Clearly

the function A is bounded on R

fow cos Betcos? gin?=2 9 46

0=X0) <A(l) = foﬁ elcostgind=2 9 44 <!

and 2 = X(0) > X'(I) > 0,1 > 0. Let us denote by Ag,A; the limits

1
Ao = lim )\(l) G]O, 1}, A1 = lim )\/(l) S [O,g[

=400 =400

If A; > 0 then the inequality X' (1) > Ay,l > 0, implies

lim A() = lim {A(1) —A(0)} > lim [A; =400

=400 =400 =400

which contradicts the boundedness of A. Therefore A1 = 0 and thus A ([0, +o00[) =]0, \'(0)] =
10,1/d]. Passing to the limit, when I — 400, in (25), yields Ag = lim;_, ;o0 A(1) = 1.

If 5> é, the function I — A(l) — ;51 is strictly decreasing on R, and vanishes at [ =0

, o , o 1

N(l) = 2 <N(0) = 5 == -
implying that the only solution of A(I) = %l on Ry is [ = 0. If % E]O,é[, there is a
unique l~(7%) > 0 such that N () = % and the function [ — M(I) — % is positive on ]0, Z(%)[

and negative on |I(-%), +oo[. Therefore the function I — A(I) — %! is strictly increasing on
[0, l~(7%)], strictly decreasing on [l~(7%), +oo|

{)\(l) . %z} =0 =0, lim {)\(l) . %z} = —co.

—+o00

We deduce that there is a unique solution I(-%) > 0 such that A\(I(:%)) = ZI(;%)- O

r

dw
wgrd—1-

Remark 2.2 The value | = 0 corresponds to the isotropic equilibrium Myqg dw =
The limit when | — +oo leads to the Dirac measure on rS%1, concentrated at r), that is,

for any function 1% € O(rS*1) we have

lim U (w) Mio(w) dw = P (rQ).

l—+o00 J,gd—1

The function A can be computed explicitly, at least for d = 3. Nevertheless, very good

explicite approximations are available in any dimension d.

Lemma 2.3
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1. Consider the function

Vd2+412 —d 21
Ry —> Ry, l) = = , leR,.
1% + + (1) 2l 1A+ d +

The function p is strictly increasing, strictly concave and we have

p(0) = A0) =0, #(0) = X(0) = 5. lim () =1

l—+o00

d—1

W) < 1= ==p0) =2 @), pl) <D, 1>0.

2. If d = 3, the function X is given by A(l) = ZTSE((II)) — %,l > 0.

Proof.

1. By direct computations we obtain

2d

(1) = >0, leR
L V@ + AR(VE + 42 + d) *

and
d—1 2

11— ——p(l) — p2(l) = ——.
=0 = e

Therefore p satisfies the first order differential inequation

B 2d _ 2 g, d-1
V% + 42(Vd? + 412 + d) d?+ 412 +d l

(1) p(l) = p*(1), 1>0

and the initial condition 1(0) = 0. Recall that A satisfies the first order differential equation
(cf. (25))
d—1

N =1- TA(z) 22, 1>0

with the initial condition A\(0) = 0. By comparison principle, it follows that p(l) < A(l) for
any | > 0. Clearly p/(0) = & = N(0),limy_, 0o (1) = 1, /(1) > 0,1 € Ry, and 4/ is strictly
decreasing, saying that u is strictly increasing and strictly concave on R.

2. In the case d = 3 we obtain

ﬂﬂo(l):/ el°os0 sing dg = & le , 1>0
0
n [ R R
7756(1)2/ ¢! cos Osin ) df = +l€ - l; , >0
0

implying that
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In order to exploit the constraint (9) we will need to compute Q(F), where F' is a von Mises-
Fisher equilibrium, let us say F' = Mjq(w)dw. This computation is detailed in the following

lemma. The notation (-,-) stands for the pairing between distributions and smooth functions.

Lemma 2.4 Let F = Mg(w)dw be a von Mises-Fisher equilibrium. Then we have, for any

function p € C?(RY)

Mo d

(Q(F),¢) = VUw&’ lwt‘:tM(wt)(VvSD)(wt) : Tt duw;

where M (v) = exp (—%) ,v € R4,

Proof. Pick a test function ¢ € C?(R?) and notice that

((2(1?)7¢0 (F1 Olkvgﬁ (U __11 : v%ﬁ

_, (F, divy( Mvao >

:”“/wlmwﬂwv o)) 2 g,

M(w)

It is easily seen that the function ]\fj’ is constant on the sphere 7S¢!

2 +|ulF]|?
Mg (w) exp 20 d1
= ; , WETS
M (w) [ ga—rexp (I <) dw’
and therefore we have
Mg d .
QF),p) =vo——1|; / div, (MV,p) dv
QU ) =vo P olimr | divlM V)
Mg d
g —_— r M - d
Vo dt’t* ot (wt) Vo (we) wi
1
Thanks to the above result, we can determine F <F 1)> in terms of F'. More exactly we

prove

(FOneF)
Lemma 2.5 Let F = Mo(w)dw be a von Mises-Fisher equilibrium and F(Y) a bounded

measure such that
div, {FV (o — Blv|*)v} = Q(F).

Then for any function x € CH(R?), such that x|,ga—1 = 0 we have

/Rdx(v) (F(l) — <F(1)>> dv = /U#O x(0)FD dv = Va%%\tﬂ /M':t W dwy.
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Proof. For any function ¢ € C}(RY), we know that

—/ (o — ﬁ]v|2)v -V FO qy = (Q(F), ) =vo———|1= M(w)Vyp(we) - add dwy.
Rd M dt |0Jt‘=t t

The idea is to solve the adjoint problem (cf. Lemma 1.1)

—(a = Blo[*)v - Vo = x(v)
and to express the normal derivative of ¢ in terms of . Indeed, for any w; € tS?!, we have

wr X(Wt> _ X(wt)
Voplwr) -+ = t(Bt2 —a) B2 —r2)

Finally we obtain the formula

(1) g — _ Mg d M(wi)x(wr)
| 0FD do= @0 = oy Gl [ SEEE e

[

Once we have determined the form of the dominant distribution f(t,z) = p(t, ) Mo »)dw,
we search for macroscopic equations characterizing p(t,z) and Q(¢,x). For doing that, we
use the moments of (11) with respect to the velocity. The key point is how to eliminate o
in the right hand side of (11). Notice that this right hand side is the linearization around f,

with [pqf dv > 0, computed in the direction f (1), of the average collision kernel Q

o QU +2f) — (@)

lim 6 = <udivv [f(l)(v —u[f]) + O'va(l)]>

g [ e V@ = i) av
(o [ )

= (divo4; (/)

where

Jrad O = ul)) dv

AT = v [0 = ulfl) + 09us O] vy e
R4

We are looking for functions such that

[ b() (divy 47 (FV)) dv (26)[Equ23)

can be expressed in terms of the velocity moments of f, in order to get a closure for the

macroscopic quantities p(t, x), Q(t, ). For example 1)(v) = 1 leads to the continuity equation

8,5/ fdv+divx/ vfdv=0
Rd Rd
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which also writes
Oup + divg (png) —0.
r
Naturally, we need to find other functions v, which will allow us to characterize the time

evolution of the orientation Q. Recall that the constraint (9) determines f(1) — (f (1)> (in

terms of f), but not < f (1)>. Motivated by this, we are looking for functions v such that

[ $() (div,Ap(gV)) dv =0

for any measures f, g!) supported in R% x S9!, Indeed, in that case the expression in (26)

can be computed in terms of f, provided that we neglect the mass of f(!) at R% x {0}

[ b() <divUAf(f(1))> dv = /Rdw <divaf <f<1>>> dv + /Rdw <divaf [fm ~ <f<1>>}> du
- L e [0 (1))
Let us concentrate now on the collision invariants of the average collision operator. Recall

that the linearized of (@), around a measure F' such that fRdF dv > 0, writes

1 (QUF +eFW)) — (Q(F))
e\0 £

- <divaF(F(1))>

where

FfRdF(l)(v’ — u[F]) dv’
v

Ap(FD) =y [F“)(v —u[F)) + JVUF(I)} - T
R

We search for functions ¢ = 1(v) such that

b(v) <divaF(G(1))> dv =0 (27)
Rd

for any bounded measures F, G supported in 7S¢ 1. Actually, since we already know that
the dominant term is a von Mises-Fisher distribution, it is enough to impose (27) only for
F = Mjqdw, with A(l) = ZI, for some given {2 € S%-!. Doing that, to any orientation €,
we associate a family of suitable pseudo-collision invariants, allowing us to determine the
macroscopic equations satisfied by the moments p, €2, see also [29] for a similar construction.
Nevertheless the approach is not exactly the same. Actually, once we have determined % such
that (27) is verified for any bounded measure G supported in rS?1, we need to check that
(27) still holds true for any bounded measure, not necessarily supported in rS% !, satisfying
the constraint (9) (see Proposition 3.4 and C). The condition (27) should be understood in

the following sense
/ " (ﬁ)’,) divy{Ap(GW)} dv =0, F = Mg dw
v#£0
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for any G € My(R?), supp GV € rS% 1, that is

/#0 {—(v —u[F))- V, {J <7"Z|>} +oA, [J <T|Z|>] } o o

(0 = u[F)GW dv/ ~
N fvﬂ(vf?;[dz/ “.vv[w(rmpdv:o (28) [Eau2]
R4

v#£0

for F = Mjodw and any G € My(R?), supp GV ¢ rS% 1. Taking into account the

V. {{/? (rﬂ,)] — Vi A, {{E <T|Z|>] — A, ol =r

the condition (28) becomes

equalities

fTSdflvw”(ZMlQ dw’
Jogi-1 Mg dw’

=0, wers .

(29) (B3

[—(w —u[Mig)) - Vi + adivw(w;)} + (W — u[Mig)) -

3 The collision invariants

?7(ColInv)?
In the sequel we concentrate on the resolution of the linear equation (29). If we introduce

the vector

I — erdflvw@ZMlQ(w) dw _
Wivl= [gi Mig(w) dw TSd_leleQ(W) dw

the equation (29) becomes elliptic on S and writes

—odivy, (Mo V) = Mg (w)(w — u[Mq)) - W[4]. (30)
The solvability of (30) requires that the integral of the right hand side over rS¢~! vanishes,
which is true, by the definition of the mean velocity. But there is another compatibility
condition to be fullfiled. Take any vector W’ € R? and multiply the equation (30) by the
scalar function w — W’ - w, whose gradient along rS?~! is (I; — “’;%) W'. Integrating by

parts yields

o Mio(w)Vth dw - W' = Mg (w)(w — u[Mg)) @ (w — u[Mg]) dw : W] @ W’

rSd—1 rSd—1

saying that W{y] is an eigenvector of the matrix

Mg = SdflMlQ(w)(w — U[MZQ]) &® (w - U[MZQ]) dw

corresponding to the eigenvalue o. The following lemma details the spectral properties of the

matrix M;q.
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(SpecProp)
Lemma 3.1 For any | € Ry such that A\(I) = %I, and Q € rS41 the matriz Mg is

symmetric, definite positive and
2

Moo = Ty, Mg = (2 — (d— 1o — [u)Q@Q+o(ls— Q22 Q), >0, o<1

1
d d

If0 < % < %, we have r? — (d — 1)o — |u|? < o and, in particular ker(Mq — oI;) = (RQ)*.

Proof. Clearly M;q is symmetric and definite positive. The case [ = 0 is trivial, and we
have My = %Id. Assume now that [ > 0 and thus necessarily % €]0, é[ cf. Proposition

1.5. We consider a orthonormal basis {E1, ..., E4_1,}. It is easily seen that

d—1 d—1

- /Sd_l[((‘“ Q) = U2+ Y (W ENE] @ [(w- Q2+ Y (w- ) Ei]Mig dw
' i=1 i=1

:/ng_l((“"m"“‘)( Q) Mg, de®Q+Z/Sd1 My d B & E,

:/ (w0 9~ [uP) Mg d 0@ 0+ —— [ (7 — (- 0)Mig du(ly— 2.0,
rSd-1 Sd—1

We show that
/ (w - Q)QMlQ dw=r?— (d—1)o.
rSd-1
This comes by the condition A(l) = %/ and integrations by parts

r? [T sin 0l 00 sind=1 9 dg
I eleost gin?=2 9 dg
2f0 d leost gind—1 g 49
1 N elcoseslnd 29 de
72 f(;r cos 0et <59 sin?=2 9 46

r? — / (w - ) Mg dw =
gd—1

—d-1n=
( ) l fow elcost gind=2 9 49
2
~ (@- DA
r2 o
=(d—-1)— i 7n2l—(d—1)

We deduce also that

[ (o 92 = ) Mig o =12 — (@ = 1) = P

and therefore

Mg = (" = (d=1)o = [u)Q @ Q+0(ls — 2@ Q).
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2

We claim that the biggest eigenvalue is o, that is 72 — (d — 1)o — |u|? < o, or equivalently

r?2 < do + |u|?. This is a consequence of Lemma 2.3. Indeed, since [ > 0, we know that

21
_o,

W= JEram g =0

r2

implying that ,

2
\/d2—|—4l2>i—d>0, since r? > do
o

or equivalently

4 2
4% > 4 —4d.
o o
Replacing | = @ in the above inequality, yields r? < do + |ul?. O

The resolution of (29) follows immediately, thanks to Lemma 3.1. As (29) is linear and
admits any constant function on rS% ! as solution, we will work with zero mean solutions on
rS?1, that is frsd,li(w) dw = 0.

(CollInvBis)
Proposition 3.1 Let Mo be a von Mises-Fisher distribution i.c., Q € S 1 € Ry, \(1) =

%1, and Ey, ..., Eq_1 be a orthonormal basis of (RQ)L.
1 Ifl=0 and 5 # L. then the only (zero mean) solution of (29) is the trivial one.

2. Ifl=0and 5 = é, then the family of zero mean solutions for (29) is a linear space of

dimension d. A basis is given by the functions Jb ...,1,/;11 satisfying

—odive, (Moo Vi) = Moo (w)(w - E), Yilw) dw =0, i€{l,...d}, Bq=Q.
rSd—1
(31)[Eques

3 If0< 5 < 10> 0,M(1) = %1, then the family of zero mean solutions for (29) is a

=2
linear space of dimension d—1. A basis is given by the functions {bvl, e {/;d,l satisfying

—odivy, (Mo Vath) = Mig(w)(w - E;), di(w) dw =0, i€{l,...d—1}. (32)[Equés]

rSd—1

Proof.
1. Let ¢ be a zero mean solution of (29). Multiplying by (w - W’), with W’ € R¢, and
integrating by parts over rS?! yield

W] W =0 MooVeth - W dw = Moa(w — 0) - W] (w - W) dw
rSd—1 rS§d—1
~ 2 -
= MoaW[P] - W' = %W[w] W
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Therefore (0’ — %) W] = 0, implying that W[y] = 0 and
~dive,(Moo(w) Vut)) = 0.

We deduce that 1; is a constant, zero mean function on rS%!, and thus 1; = 0.
2. As =0, then fTSd,leOQ (w) dw = u = 0. Therefore the right hand sides in (31) are zero
mean functions on rS% !, and by Lax-Milgram lemma, the zero mean functions ({j)vi)lgigd
are well defined. Notice that these functions also solve (29). Indeed, after multiplication by
(w- W), with W’ € RY, and integration by parts we obtain, for any i € {1, ...,d}
) 1%@ W' Mg dw = / . (@ E)(w- W) Mog dw = Moo i - W',
rSa-— rSd-—

We deduce that
2

o TSd_lMOQ(w)vwiEi dw = Moo E; = %EZ- = oE;, ie{l,.,d} (33)[Equés|
which eactly says that (%Zi)lgigd solve (29). It is easily seen that the family (Ji)lgigd is
linearly independent : if Zle Cﬂf/;i = 0, then by (33) one gets
d d
ZciEi = Z ci Mgg(w)vw{/;i dw =0
i=1

i—1 =1 Jrsi!
implying that ¢; = 0,47 € {1, ...,d}. We show now that any zero mean solution ¥ for (29) is
a linear combination of (Ji)lgigw Let (c¢;i)1<i<d be the coordinates of the vector W[{/;] with
respect to the basis (E;)i<i<a

d
W] = Moo(w) Vet dw = > 6 E;.
=1

rSd—1

We claim that {/; = 2?21 cz{pvz Indeed, since 1; and Zle ci{/;i have zero mean, thanks to the
uniqueness of zero mean solution, it is enough to check that Z?Zl cuzi solves (30), with the

right hand side Myqw - W[¢]. Indeed, we have

d d

—odivy, (MoaVe Y cithi) = 3 eiMoa(w - E;) = Mog(w — 0) - W[J]
=1 =1

implying that 1) = Zle cith.
3. The arguments are similar. The solutions ({bvi)lgigd_l in (32) also solve (29), and are

linearly independent. But for any solution 1; of (29), we have for any W’ € R¢

WY)W’ = o MgV - W' dw = Mig(w—u[Ma))-W ) (w-W') dw = MW [g)]-W'.
rSd—1 rSd—1

Therefore W[] € ker(Mq — oly) = (RQ)L = span{E1, ..., E4_1} and we deduce that ¢ =

Sy eithi, with WY] = Y2 ;. O
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We focus now on the structure of the solutions of (29). This is a consequence of the symmetry
of Mg, by rotations leaving invariant the orientation (2. We concentrate on the case 0 <
g <3 A1) =5%1,1>0.
(Structl) ~
Proposition 3.2 For any W € RE W - Q = 0, let us denote by iy the unique solution of
the problem
—odiv,(MioVuyw) = Mg (w —u) - W = Mg (w- W), ) 11/}W dw = 0.
rS4—
For any orthogonal transformation @ of RY, leaving invariant the orientation Q, that is

00 = Q, we have

bw (Ow) = row (W), wers? .

Proof. We know that {/;W is the minimum point of the functional

Jw(z) = J/ Mg|Vez|? dw—/ Mio(wW)z(w) dw, z € Hl(rSdl),/ z(w) dw = 0.
2 rSd—1 rSd—1 rSd—1

It is easily seen that, for any orthogonal transformation @ of R?, and any function z €

H (rS41), J

~si-12(w) dw = 0, we have

z0 =200 € HY(r$% 1), / zo(w) dw =0
rSd—1
and

(Voz0)(w) = 'O(Vy2)(0Ow), werstt.

Moreover, for any z € H'(rS%!), [ cs12(w) dw = 0, and any orthogonal transformation
leaving invariant the orientation ) we obtain
Jeow (20) = ) Mg (w)|!O(V,2)(Ow)? dw — Mig(w)(w - 'OW)z(0Ow) dw
rSd—1 rSd—1
=— My (Ow)|(Vwz)(Ow)]? dw — Mio(Ow)(Ow - W)z(Ow) dw

2 Jysd—1 r§d—1
g

= — Mg (w)|Vez(w))? dw — Mig(w)(w - W)z(w) dw
2 rSd—1 rSd—1
::(]m/(z>.
Finally, one gets for any z € H'(rS*1), [ sy 1 2(w) dw =0
Jeow (Yw 0 0) = Jw(w) < Jw(zo '0) = Jiow(2)

saying that QZW 00 = IZtow. O
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We claim that there is a function x such that, for any i € {1,...,d — 1}, the solution QZI writes

G =x (2 ) e, ) = T w e ST (20,

(InvField) Lemma 3.2 We consider the vector field F given by
d—1 _
F(w) = Zwi(w)Ei, w e rstt
i=1
Then the vector field F' do not depend on the orthonormal basis {E1, ..., Eq_1} of (RQ)* and
for any orthogonal transformation O of R%, preserving 0, we have
F(Ow) = OF (w), werS?1

There is a function x such that

(lg — Q2@ Q)(w)
r2—(Q-w)?

Flw) = x (Q . %) w € r8IN {£rQ)

and thus, for any i € {1,...,d — 1}, we have

- E; _
w) 2w w e rSTI\ {£rQ}.
r

@Zz(w) :X<Q‘; m,

Proof. Consider any other orthonormal basis {F}, ..., F;_1} of (RQ)L. Thanks to the iden-

tities

E1®E1+...+Ed,1®Ed,1+Q®Q=Id, F1®F1+...—|—Fd,1®Fd,1—|—Q®Q:Id

we obtain
d—1 d—1d—1
szEzz Vp B = szd {5y, B = (E; - F))or, E;
=1 =1 j=1
d-1 _ d—l
=> 9r, ZW Fj.
J=1 z:l

Pick O any orthogonal transformation of R, leaving invariant . For any w € rS?!, we can
write, by Proposition 3.2
d—1
ZwE Ow)E Zwm )Ei =0 trop,(w) 'OE; = OF (w)
i=1
where, in the last equality, we have used the independence of F' with respect to the orthonor-
mal basis of (RQ)*. Take now w € rS4~1\ {£rQ2} and

 ([d- Qe Qw
B 2 —(Q-w)?
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Clearly F-Q =0, |E| =1.

If d = 2, as we know that F'(w) - Q =0, there is A = A(w) such that
(I2 - 0® Q)w
V2= (Q-w)?

If d > 3, take any unitary vector - FE, orthogonal to E and €2, and consider the symmetry

F(w)=Aw)FE = A(w)

0O=I1,-2+E® ‘E.

The above orthogonal transformation leaves invariant 2, and thus, by the hypothesis, we
know that
F(OW') = OF (W), o ers? 1

Observe that
w—(w-2)Q 1B w

0=1E-E="E. = :
V= (Qw)? = (2 w)?

Ow=w

and thus
Flw)=F(Ow)= ;-2 E® *E)F(w) = Fw) - 2(F(w) - *E)1E.

We deduce that F(w)- +E = 0 for any vector - E, orthogonal to E and . As F(Q)-Q =0,
we deduce that F'(w) is orthogonal to any vector orthogonal to E, anf thus there is A = A(w)

such that

(Id - 0O® Q)w
2 —(Q-w)?

We claim that A(w) depends only on € - . Indeed, for any d > 2, and any orthogonal

transformation O, such that OQ = Q, we have F'(Ow) = OF (w)

Fw)=Aw)E = A(w) w e rSTI\ {£rQ}.

(I;—Q®20Q) 0w = Ow— (- Ow)Q = Ow—(Q-wW)ON = O(I; — A VNw, w e rST 1\ {+rQ}
2 — (- Ow)? =|(Ig—N22Q)0w| = 0(I;— Q@ Nw| = |(I4—NRQ)w| = /12 — (- w)?

implying that A(Ow) = A(w),w € rS¥1\ {£rQ}. Actually, the previous equality holds true
for any w € rS%!, since ON = Q. We are done if we prove that A(w) = A(w’) for any
w,w’ € rSTI\ {£rQ} such that Q- w = Q- w',w # w'. Consider the rotation O such that

— _ /
OF = El? (O - Id)|span{E,E/}l =0, = (Id e Q)w E = (Id e Q)w

Notice that the condition OF = E’ exactly says that Ow = w’ and thus A(w') = A(Ow) =

A(w). We deduce that there is a function y such that A(w) = x (- %) and therefore
d—1

S GE = P =y (0. 9) 10000 S g 0y w B
i=1

prt r r2 —(Q-w)? r 72— (Q-w)?
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implying that

Giw) = x (2-2) m ief{l,..d—1}, werSt\ {+rQ}.
[

?(BiDim)?

Remark 3.1 In the case d = 2, we take E1 = +Q,w = r(cos §Q +sin @ +Q) and therefore 7:51
writes

il(r(cos 0 + sin 6 lQ)) = x(cos @)sign(sinf), 0 €| —m,0[U]0,n|[.

Clearly, the function 1, () := n (r(cos 02 + sin 6 +Q)) is odd (in particular [ U (w)dw =
ST _¢1(0)rdd = 0) and the condition

/ . Vet [2Mjg (w)dw < +o0
rS

implies that [T 091 |*d0 < +oo. Therefore ¥y is continuous on | —m, w[, and thus x(1) = 0.
Notice that x(—1) = 0 as well, since limg »r ¢, (0) = U1 (—rQ) = limgn,—r ¢ ().

Thanks to Lemma 3.2, in order to determine {/;i,i € {1,...,d — 1}, we only need to solve
for x. The idea is to analyse the behavior of the functionals Jg, on the set of functions

U p(w) = (Q2-2)¢(w),w € rSYL. The notation P, stands for the orthogonal projection

wRw
r2 -

on the tangent space to rS* ! at w, that is, P, = I —
Proposition 3.3 The function x constructed in Lemma 3.2 solves the problem

STl - @) ) = vt cel - L1 M(-1)=x(1)=0 ifd=2  (34)[prevm]

od d—1 T e =5 c d=2 :
i q {el x'(e)(1 =)z }+(d—2)r—261 x(e)1=c3) 2 =re(1-?)7 , ce]-1,1[, ifd > 3.
(35) [ProbsD)

Proof. For any i € {1,...,d — 1}, the gradient of ¥, ;, writes

F,Q

VoUin=Hh (Q - %) (W) == + b (Q : %) Vs

where

Ve = wi b
© 72 — (w- Q)2 + (r2 —(w- 9)2)3/2
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Therefore we obtain
(w- Ei)(w-Q)

w w- B P,Q h(2-9)
whin =h(Q- = . = r P,E; PO .
vah ( 7"),/7"2_(0).9)2 r +1/7"2_(w.Q)2 +T2—(W'Q)2
Notice that P, and V¢; are orthogonal, thanks to the equality |P,Q|?> = 1— (“T—?)Q Indeed,
we have
(w- Ej)(w- Q) (W-E)w-Q)  (w-E)(w-Q) 2
PQ-|PE,+——"———-PQ| =— P,QI*=0.
[ +r2—(w-Q)2 r? +r2—(w'Q)2| |

Observe also that

implying that

ot = (1 (0 et} 2 (0 2) e

(1 (©@-9)) @ B (h(2%))° [1 (- B’ ]

ri r2 — (w- Q)2 _r2—(w-Q)2

Performing orthogonal changes of coordinates, which preserve €2, we deduce that the integrals

fT‘Sd71 ]Vw\IJi’hPMlQ dw do not depend on i € {1,...,d — 1}, and thus

(- 2))?
| 9t do = o B2 e o P Mg dw (36) Eauamcr]
rSd—1

d—1 r§d—1 T
d—2 (h(2-2))"
— -T2 Mo dw.
+ d—1 /ng17“2— (w-Q)? 1 €W
We also need to compute the linear part of the functional Jg,

1

Mo (w- E)h (Q : %) ci(w) dw = —— Mo h (Q : %) V72— (w- Q)2 dw. (37)[EquFunces]

rS§d—1 d - 1 rS§d—1

The expression of Jg, (1 ) follows by (36), (37)
L o , w 272 — (- w)?

Tei(in) = 2(d—1) /ngfwm <h (Q r)) 7 d

od—2 (h(2-2))?

- APV ) g
2d—1 J,ga mr27(w-Q)2 “

1 w
N Mioh (- 9) /2 — (- Q)2 d
T Jgu Mot (2 5) V77T 07
B o Jo eteosf (W (cos 0))? sin? 6 df

S 2(d—1)2 [Feleosfsind=2¢ dg

2
od—2ly et (Meeg) sin? 26 do
2d—1 o eteosOsin®=2 6 df
1 [y e %h(cos O)rsinfsin®=26 do
d—1 o eteos?sin®=2 6 df
_ I
(d—1)mpo(l)
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where 78y(l) = [ €% sin?"? ¢ df and

o
2r2

1 d—2
- r/ enic)(1 - )7 de

-1

1 d—1 g — 1 d—>5
/ e(n'(e)?(1 - A2 de+ od-2 / e(h(e)?(1—cb) 2 de

2
1 2 r —1

J(h)

We consider the Hilbert spaces
Hy={h:]-1,1[=R, (1—-AY* eL*]-1,1]), h(-1) = h(1) =0}
and
Hy={hi]-1L1=R, (1-A)THel*|-11]), 1-)Thel*]-11)}, d>3

endowed with the scalar products

1
()2 = [ JWEVI= P de, g.he I
-1
and
1 d—1 1 d—>5
(g,h)a = / g ()1 -2 de+ / gle)h(e)(1 —c*) 2 de, g,h € Hy, ifd>3.
1 —1
By Lemma 3.2, there is a function x such that 1;1 = X(Q%) ci(w),i € {1,....,d — 1}.
We know that t;,i € {1,...,d — 1}, minimize the functionals Jp, (2), with z € H!(rS%1),

J.ga-12(w) dw = 0. In particular, for any h € Hq,d > 2, we have
Jg,(Yin) > T, (93), Uin(w)=nh (Q : %) ci(w)
implying that x, which belongs to Hy, is the solution of the minimization problem
J(h) = J(x), h€ Hg.
Thanks to the Lax-Milgram lemma, we deduce that x is the solution of the problem (34) if
d=2,and (35) if d > 3. O

Up to now, for a given equilibrium F' = M;q dw, we have determined the functions 1 such

that 0
F+eGWY)) —(Q(F
(o i (QU +C)) — (@(F)
R4 eNo 3
for any bounded measure GV, supported in S9!, But we need to control the linearization

dv=0

of (Q) around the equilibrium F' in the direction F(!), which is not necessarily supported in
rS%1. It happens that the constraint div,{F™ (a — Blv|?)v} = Q(F), see (9), will guarantee
that

[ o)t QT Q)

= 1 1) —
lim . dv Rd¢(v) <d1VUAF(F )> dv =0.

These computations are a little bit tedious and can be found in Appendix C.
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(ZeroAvePart)
Proposition 3.4 Let F = Mjqdw be a von Mises-Fisher distribution with | > 0, and F™M

be a bounded measure (not charging a small neighborhood of 0, for simplifying), satisfying
div, {FM (a — Blv|*)v} = Q(F). Then the linearized of (Q) around F in the direction F()

verifies

¥ (v) <divUAF(F(1))> dv =0, for any collision invariant 1 of (Q).
Rd

4 The limit model

(LimMod)
We identify the model satisfied by the limit distribution f = lim.\g f¢. We already know

that f is a von Mises-Fisher distribution f = p(t, ) M4 ) (w)dw with p > 0,Q € Sl >

0, A1) = Zl. If & > é, then | = 0 and M;qdw reduces to the isotropic measure on rS% 1,

that is f = p(t,m)ﬂ‘,ii‘fwd, with zero mean velocity u[f] = [ci1wpMig dw = 0. In this
case, the continuity equation reduces to the trivial limit model 0;p = 0,¢t € Ry. From now
on, we assume that % €|0, é[, and we consider [ > 0 the unique solution for A\(I) = %I cf.
Proposition 1.5. We are ready to justify the main result in Theorem 1.1.

Proof. (of Theorem 1.1)

The continuity equation (14) comes from the continuity equation of (13)

8,5/ fdv—i—divx/ fvdv =lim {875 fe dv—l—divx/ fv dv}zO
Rd Rd e\0 Rd Rd

and the formula for the mean velocity of a von Mises-Fisher equilibrium
lo
ul[f] = wpMq dw = p—Q = pA(D)r.
rSd—1 r

Equivalently, (14) is obtained by using the collision invariant ¢ = 1. The equation (15)
will follow, by using the (d — 1) dimensional linear space of collision invariants studied in

Proposition 3.1. Revisiting the expansion (7), we obtain

Of + dive(fv) + div,{ f@ (o — Blv]?)v} = vdiv, (A (fD)) (38)
together with the constarints
divy{f(a — Blv|*)v} =0 (39)
divo {/M (o = Blu)o} = Q(P). (40)
The first constraint (39) says that, for any (t,z) € Ry x R? supp f(t,z) C {0} U rS?-1.
Averaging the second constraint (40) leads to

Q) = {div{ /D (a = Blo)ur) =0
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and thus f(t,z) = p(t, 2) Mio 0 (w)dw, w € rS%1. Averaging (38) allows us to get rid of f(2)

Oy (f) + divy (vf) = u<dinAf(f(1))>. (41) B8]

In order to eliminate f(!) as well, we test (41) against the functions ;(v) = Jl (rl>, where

lv
({/;i)lgigd—l are the collision invariants constructed in Proposition 3.1. Indeed, by Proposition
3.4, we know that

/ " <r”> <divaf(f(1))> dv = / " <r”> divy A (fM) do = I[¢] =0, i€ {1,..,d-1}
v#£0 |U| #0 |U|

v

and therefore

/rSd_lat(pMm)Ji dw —|—/ div, (pMow) s (w) dw =0, i€ {1,....d —1}. (42) [Equ79]

rSd—1
Let {E1, ..., E4_1,9} be a orthonormal basis and @Zl, v Jd—l be the solutions of the problems
(32). We recall that
w) (Is— Qe Q)=

d—1
; X< 1= (0 9)?

r

The equation (42), written for ¢ € {1,...,d — 1}, says that

(Ig—Q® Q)/ [0¢(pMq) + div,(pMqw)] X (% . Q) ol dw =

rSd—1 /1_ (Q%)QT

We need to compute the vectors

X % -Q w
U :/ &gleQ(w)()z dw
- (@27
w .0
ng/ pMm(w)latQ.ng dw
rSd—1 r /1_(Q_g)2r
w .0
Us :/ w - VepMo(w) X(T ) 28 dw
(g
w .0
U, :/ Ipw - 9,02 MZQ(W)ME dw
rSd—1 /1_(9.%)27"
and to impose
4
> I - Qe QU; =0. (43) [Equss]
i=1
Clearly, the first vector Uj is parallel to 2, and thus
(Ij— Qe Q)U; =0. (44)[Equss|
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The treatment of the second and third vectors requires to compute

w.Q
A::/ W®EMIQ(OJ)M dw
r§a—1 T r 1— (Q £>2

[T sin? Geteost X020 ind=2 9 49 T, _ Q@ Q
N fow elcost gind=2 9 44 d—1
foﬂ cos? gelcost X(e0s9) 3 ,d—2 g g

sin 6
i Q@0
Jo eteos? sin?=26 do

We obtain, thanks to the identity 9,2 - Q = %(MQ\Q =0

T lcosf s d—1
pl Jo e x(cosf)sin®" 6 do
I;—QQ)Us = (I; — QR Q) plAGQ = 02 45)|Equs7
(Ia V2 = (L4 JPLAD, d—1 fowelCosesindeQde t ( )

and

T lcosf id—1
rfye X(cos0)sin®~" 6 do
Ig—QNUs =r(I; — Q@ Q) AVp = S
(s Vs (s ) P a1 K eleost gind=2 9 dg

(I; — Q@ Q) Vap.
(16)

We concentrate now on the last vector Uy. Observe that

(Id—Q®Q)U4:rpl/ o2 0,0 Mig(w) — e
rS§d—1T T /1 - (Q T) i1

and for any i € {1,...,d — 1}

/ f@)f:aIQMm(w)—X(?'Q) (Bi-2) aw

sd—1 T T /]_—(Q T)2

1—(Q. 2 . w .
:/ @-%)" Q)Mm(w)M dw [B; @ Q: 0,0+ Q@ E; : 0,9)]
rSd—1 w

d—1 T 1— (Q < )2
1 foﬂ sin? 0 cos el <os? X(C.Osee) sin=26 do
— sl 9,00 - E; + 19,090 - E;).
d—1 foﬂ elcost gind=2 9 46 ( )
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Thanks to the formula '9,Q0Q = 1V,|Q> = 0, we obtain

s s d— d—1
rpl [y cosBel 0y (cos0) sin?=1 9 dg '
d—1 [T eleosfsind=2 ¢ dg ;(amm E)E:
~rpl o cos el <39y (cos A) sin?~1 6 do
S d-1 o eteosfsin?2 6 df
rpl [y cos el <39y (cos B) sin?~1 6 d

= 000,
d—1 fow elcostgind=2 9 49

(I;— Q@ QU =

(I — Q ® 0)0,00

The evolution equation for the orientation 2 comes now by (43), (44), (45), (46), (47)

Pl +7(Ig — QR Q) Vap [y e cs? x(cos ) sin?=1 9 df

d—1 N elcowsmd 20 do
rpl [y cos Hil Cosax(c‘osl.iﬁ) sin?~16 dg 9,00 =0
d—1 Jo €teos?sin=2 0 do
which also writes
[ cos el <5 9x(cos ) sin? L 6 A Vap
O+ — Q- V)Q+ (I - Q20 =0.
! " fo elcosfy(cos @) sin~1 6 df ( 2 l( d ) P

Remark 4.1 Taking the scalar product of the equation (15) with §, we obtain
fatmr? (Q V)R =0, (t,2) e Ry x RY

implying that |Q(t, z)| =1, (t,z) € Ry x R4, provided that |Q(0,z)] =1,z € R%.
pLrying +

A Integration by parts on spheres

(4)
Proof. (of Lemma 2.1)

We pick a function € C}(Jry, r2]) and observe that

divo{n(|v))A(v)} = n'<|v\>,%|

Integrating with respect to v over O leads to

- A@) + () (dive A)(v), v e O.

UZ/Odin{n(\v!)A(v)} dv:/@n’(lv\)M‘A(v) dv+ [ n(|v])(div,4)(v) dv

(@]

72 T2
:/ n/(t)/ w - A(tw)td1 dwdt—i—/ T](t)/ (divyA)(tw)td™ dwdt
1 |w|=1 r |w|=1

= /: n(t) [—((ft /w:1w . A(tw)td_l dw + /|w|:1(diva)(tw)td—1 dw] dt.
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We deduce that

_d
dt Jjuj=1

- / {w- Qo A(tw)wt™™ +w - A(tw)(d - 1)t* %} dw
|w]=1

_ /Wt {“’ D g Aw) + e A(w)} d.

/ (divyA)(w) dw w - A(tw)t4! dw
|w|=¢

12 t2
Assume now that A(v)-v = 0,v € O. Taking the gradient with respect to v yields 'd, A(v)v+
A(v) = 0 implying 9,A(v) :v®@v = —A(v) -v = 0,v € O. In this case (16) reduces to (17).
The formula in (18) follows easily by applying (17) with the field v — x(v)A(v). O

B Differential operators on spheres

(B)
Proof. (of Lemma 2.2)

1. Pick a point w € rS9~! and a tangent vector X € T,,(rS*1). Let v :] — ¢,e[— rS%! be a

smooth curve such that v(0) = w, v'(0) = X. Then we have
- - d, -~ d

Vo - X = dyy(X) = a!tzowﬁ(t)) = a|t=0¢(7(t))

= Toi) X = (1= “5%) i) x

saying that

Vot - (Id - w?) Vot € Tu(r§") N (TL (") " = {0}.

Therefore we deduce that VWJ = (Id - “’?;w) m
2. For any w; € 8?1 and X € T, (tS% 1), pick a smooth curve v :] — &, [ tS?~! such that
v(0) = w,7'(0) = X. Therefore we have

r

Varblon) - X = elo0(6) = golemad (r150) = 9,5 (+5) - 7

saying that (V1) (w) = %(Vw{/;) (T%) Actually the function 1 has only tangent gradient
(to the spheres), and thus

(Voth) () = (Vurt)(w) = (V) (1) s el = .

3. Consider a C' function zZ on 7S ! and 9 a C' extension of 1; on 0. By Lemma 2.1, we

know that

Vo) €@ do+ [ d(w)diveé(w) dw =0. (48) [BquStept |

|w|:r ‘w‘:r

36



But, by the previous statement, we can write

()6 = o) (1= U5 ) ) = (1a = 252 ) Tob(e) €(6) = V)€

T2
(49)[Equstep2]
Combining (48), (49) yields
D(w)diveé(w) dw = — Vo (w) - E(w) dw = D(w)diveé(w) dw, ¥ € CL(rS? 1)

|w|=r |w|=r |w|=r
implying that divwg = Cﬂ\\/_v/f .

|

C Collision invariants and linearization of (Q)

(©)
Proof. (of Proposition 3.4)

Consider a collision invariant 1, and let us compute

] = b 7“i div, A My du
0= [0 (v ) divear(r)

s o o) o s ) o

+ v v —ulF) - FO qo.
/07&0( 7)) [

We consider the application

v ===t 9 3 (o) [+ o [3 o7 )

fv';éo Vo [J (Tﬁ)] F dv

that is

+ (v —ulF]) -

— u[F]-V, [@Z (T,;ﬂ ol [J (r\z\ﬂ

Ho-ulF)- [ (Vub)) M) da’, 020

rSd—1

As 1) is a collision invariant, we have y(w) = 0, for any w € S9! cf. (29). Thanks to Lemma

2.5, the integral I[t)] can be written

2
7] = V) gy = V0 Mo d  x(wr)
W=y [ xR0 = TR [ M)

v () 2 (1)



Thanks to the second statement in Lemma 2.2, we can write

v, {{5 (H)} (1) = "))

and by Remark 2.1, we have

2|3 (r )] () = (5) v

Therefore, the function t — x (t%) is given by
~ 2 ~ ~
¥ (12) = ZulF] - (Vod) @) + 0 (Aud) @) + (12 = ulF]) - W)

,
with W[y = erd,lvwlem(w) dw. As x(w) = 0,w € S9! because ¢ is a collision

invariant, we obtain

tt—r)(t+r)
ulF] - (V1)) (w)

= (1) Sy~ (69) i) — v (1) "
= f(t(fr) w - W] + ulF] - (Vi) (w)] — %diw (M (%) WZ) '

It is easily seen that [, M (t2)w dw € RQ and, as we know that W[y] € (RQ)*, we

deduce that

Taking into account that

~ 2 -1 M (t2) Vi - u[F
I[J] ”J@d‘tm 2 / (t2) Vot - u ]dw
8 M dt T rSd—1 rt(t + 1)
V2o My d A ~
rzoHa = - M o ulF
8 M dt‘t_ [(7”) rt(t+r) | Jyga-1 (@) Vit - ulF] deo
VQU MlQ d w ~
Hec, M (t2) Vi - ulF] dw.
* 5095 M ar' /TS“ (tr)v ¥ - ulF] dw
As before
Mg ~ B ~ R B
— M(w)Vy dw - ulF| = MoV dw - u[F] = W] - u[F] =0
M rSd—1 rSd—1
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implying that

~ v2o Mg d w ~
Iy = 2T3Bw&\t:r /TSd—lM (t;) Vot - ulF] dw

_ v?o Mg ulF] —w w ~
T 233 M ,,,SdflM w)( o .7“> (de)u[F]) dw
_ v Mg (ulF (Vo1 - ulF]) d
ot [, MiaulF] - = %) (Vs -ulF]) d
1/2

- o3 / o Mia(Vet - ulFI)(w - ulF]) deo

In the last equality we have used one more time that W[¢] - u[F] = 0. We claim that the
last integral vanishes. Indeed, multiplying by (w - u[F])? the equation (30) satisfied by the
collision invariant 7,; one gets

20 Sd_le(szZ- u[F))(w - u[F]) dw = W] - Sd_lMlQ(w ~u[F])*(w — u[F]) dw

= W] - Mg (w - u[F])*w dw.

rSd-1

It is easily seen that [ <, Mio(w - u[F])?w dw € RQ and therefore

W] - Mio(w - u[F])*wdw =0

rSd-1

saying that I[¢] = 0. ]
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